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Global well-posedness and asymptotics for a penalized
Boussinesg-type system without dispersion

Frédéric Charve*

Abstract

J.-Y. Chemin proved the convergence (as the Rossby number ¢ goes to zero) of the
solutions of the Primitive Equations to the solution of the 3D quasi-geostrophic system
when the Froude number F' = 1 that is when no dispersive property is available. The result
was proved in the particular case where the kinematic viscosity v and the thermal diffusivity
v are close. In this article we generalize this result for any choice of the viscosities, the key
idea is to rely on a special feature of the quasi-geostrophic structure.

1 Introduction

1.1 Presentation of the models

The Primitive Equations we consider in this article (also called Primitive System) are a Boussinesq-
type system that describes geophysical flows located in a large scale at the surface of the Earth
under the assumption that the vertical motion is much smaller than the horizontal one. Two
phenomena have a great influence on geophysical fluids: the rotation of the Earth around its axis
and the vertical stratification of the density induced by gravity. The former induces a vertical
rigidity in the fluid velocity as described by the Taylor-Proudman theorem, and the latter induces
a horizontal rigidity to the fluid density: heavier masses lay under lighter ones.

In order to measure the importance of these two concurrent structures, physicists defined two
numbers: the Rossby number Ro and the Froude number Fr. We refer to the introduction of
[6, 11] for more details and to [3, 17, 4, 23] for an in-depth presentation.

The smaller are these numbers, the more important become these two phenomena and we will
consider the Primitive Equations in the whole space, under the Boussinesq approximation and
when both phenomena share the same importance i.-e. Ro =¢ and Fr = ¢F with F €]0,1]. In
what follows € will be called the Rossby number and I’ the Froude number. The system is then
written as follows (we refer to [13, 1] for the model):

QU. +v. - VU. — LU. + LAU,. = L(~Va.,0),
divv. =0, (PE.)
Us|t:0 - UO,E-

The unknowns are U = (v, 0:) = (v}, v2,v3,0.) (where v. denotes the velocity of the fluid and 6.

the scalar potential temperature), and ®. which is called the geopotential. The diffusion operator

L is defined by

LU, d:ef (vAve, V' AB),
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where v, V' > 0 are the kinematic viscosity and the thermal diffusivity. The matrix A is defined
by

0 -1 0 0

def[ 1 0 O 0
A= 00 O F-!

0 0 -F1 0

We will also precise later the properties satisfied by the sequence of initial data (as & goes to
Z€ero).

Remark 1 This system generalises the well-known rotating fluids system and for more precisions
we refer to [11]. The fact that AU, is divided by the Rossby number e imposes formal conditions
to the limit system as e goes to 0, this term is said to be penalized. The major difference between
the classical Navier-Stokes system and (PE.) consists in this penalized term which involves a
skew-symmetric matrix, so that for the canonical C* inner product and any L? or H*/ H* inner
products, we have AU, - U. = 0 therefore for all fixed € > 0, any energy method will not ”see”
these penalized terms and will work as for (N'S). Then the Leray and Fujita-Kato theorems are
very easily adapted and provide global in time (unique in 2D) weak solutions if Uy . € L? and
local in time unique strong solutions if Uy, € H2 (global for small initial data). We refer to
Remark 6 for the notion of well/ill-prepared initial data.

Remark 2 As explained in [5, 11] two distinct regimes have to be considered regarding the
eigenvalues of the linearized system: the case F €]0,1] where the system features dispersive
properties, and the case F' = 1, with simpler operators but where no dispersion occurs. In the
dispersive case (see [6] for weak solutions, [5] for strong solutions), using the approach developped
by Chemin, Desjardins, Gallagher and Grenier in [14, 15, 16] for the rotating fluids system, we
manage to filter the fast oscillations (going to zero in some norms thanks to Strichartz estimates
providing positive powers of the small parameter ) and prove the convergence to the solution of
System (QG) below (even for blowing-up ill-prepared initial data as in [7, 11], less regular initial
data as in [8] or with evanescent viscosities as in [9]). On the contrary when F' = 1 no dispersion
is available and only well-prepared initial data are considered. In addition, in [13] the asymptotics
are obtained only when v and V' are very close, in [20] is dealt the inviscid case. We refer also
refer to [21, 22, 24] for results in other context such as periodic domains for example where there
is no dispersion, and resonences have to be studied.

1.2 The limit system

We are interested in the asymptotics, as the small parameter ¢ goes to zero. Let us recall that in
[13, 6] the limit system, which is a transport-diffusion system coupled with a Biot-Savart inversion
law, is first formally obtained, and is called the 3D quasi-geostrophic system:

{%QQG + 5QG-V§QG — FQQG =0 QG)

Ugc = (Voa,0gc) = (—d2,01,0, —Fd3) AR Qqc,
where the operator I is defined by:
I Y AN 0} + v0E + v F203),
with Ap = 8?7 + 03 + F203. Moreover we also have the relation
Qo = 0iU;¢ — 0:Ubg — FosUSg = 01h 6 — D20he — Fdslqc-.

Remark 3 The operator Ap is a simple anisotropic Laplacian but I' is in general a tricky non-
local diffusion operator of order 2. In the present article we will focus on the case F' = 1 where



Ap =A and T = v0? +v03 +1/'93. We refer to [10, 11] for a study of T in the general case (then
neither the Fourier kernel nor the singular integral kernel have a constant sign and no classical
result can be used).

Remark 4 From now on we will consider the very particular case F = 1. On one hand the
operator I" is much simpler, but on the other hand (and as explained for example in [6, 10, 11])
the system is not dispersive anymore. This lack of dispersive and Strichartz estimates (that were
abundantly used in previous works) will force us to use completely different methods, part of
them coming from [13].

Led by the limit system we introduce the following decomposition: for any 4-dimensional
vector field U = (v, 0) we define its potential vorticity (U) (here in the case F' = 1):

QU) Y 910* — ap0! — 850,
then its quasi-geostrophic and oscillating (or oscillatory) parts:

0
Uge = Q(U) < 6(1) ATIQU), and Um = P(U)

— 03

def U—Ugqgg. (1.1)

As emphasized in [6, 9] this is an orthogonal decomposition of 4-dimensional vector fields (similar
to the Leray orthogonal decomposition into divergence-free and gradient vector fields) and if Q
and P are the associated orthogonal projectors on the quasi-geostrophic or oscillating fields, they
satisfy (see [13, 6, 5]):

Proposition 1 With the same notations, for any function U = (v, ) we have:

1. P and Q are pseudo-differential operators of order 0.

2. For any s € R, (P(U)|Q(U)) . = (AU|P(U))y. = 0.

3. The same is true for nonhomogeneous Sobolev spaces.

4. PU)=U<«<=Q(U)=0<= Q(U) =0.

5. QU) =U < P(U) = 0 <= there exists a scalar function ® such that U = (—02, 01,0, —05)®.
Such a vector field is said to be quasi-geostrophic and is divergence-free.

6. If U = (v,0) is a quasi-geostrophic vector field, then v - VQ(U) = Q(v - VU).

7. If U is a quasi-geostrophic vector field, then TU = Q(LU).

Thanks to this, System (QG) can for example be rewritten into the following velocity formulation:

@ﬁQG + 5gg.V(7QG - LﬁQG = /P‘T)ng
Ugc = QUge), (or equivalently P(Ugg) = 0), (QG2)
Uqali=o = Uo,qc-

Back to System (PE.), if we introduce Q. = Q(U.), Uc gc = Q(U:) and U osc = P(U:), they
satisfy the following systems (see [6] for details):

08 +v. - VQ. — Q. = (V - V/>A8396,OSC + g, (12)



where ¢c is defined by

qe = Q(Ua,osc; Ua) = 63’()3

2 1 3
s,osc(alvs - 62UE) — Oy

2 3 1
51056631)5 + Jov 631)5

£,0s¢C

+ aBUE,QG : vos,osc + aSUs,osc : V967 (13)

and
— 0y
OUepse — (L= “PAe oo = —Plo. VU — [ O | A~ ( VO + qg)
_y
0,0,
v | T (1.4)

611)? — 62’1}81
Remark 5 For more conciseness and without any loss of generality, we will write in what follows
qe = VUs,osc - VUe.

Remark 6 It is natural to investigate the link between the quasi-geostrophic/oscillating parts
decomposition of the initial data and the asymptotics when e goes to zero. This leads to the
notion of well-prepared/ill-prepared initial data depending on the fact that the initial data is
already close or not to the quasi-geostrophic structure, i.-e. when the initial oscillating part is
small/large (or going to zero/blowing up as € goes to zero). We refer to [11] for more details about
this subject. For example in [7, 10, 11] we focussed on the case F' €]0, 1] for very ill-prepared
cases in the sense that the initial oscillating part norm goes to infinity as € goes to zero, a way
to balance these large norms was to take advantage of the dispersive estimates satisfied by the
oscillating part, providing positive powers of €. On the contrary when F = 1, as in [13], we will
consider well-prepared initial data.

1.3 Statement of the main results

The aim of the present article is to generalize the results of Chemin from [13], which were obtained
only in the case where v ~ /. To the best of our knowledge, this study has never been investigated
any further in the non-dispersive case F' = 1. First let us define the family of spaces Ef. for s € R,

Ep = Cr(H*) N Ly (H**),
endowed with the following norm (see the appendix for notations):

T
def .
11 " A e+ minte) [ 1)y

When T = oo we denote E* and the corresponding norm is over R4 in time.

Theorem 1 (Global existence and uniqueness) There exists a positive constant C such that for
any initial data Uy € H' = L?> N H*, if

1 min(v,v')4 I1Uoll2]|Uo || g2
Uoosoll sy < — V) —C—=——1
H 0,osc||H =2 ||UOH§'{1 xp min(y, 1/’)2 ’

min(v, v/ )*

U0||L2|U0|H1)

e < ! ( (C'
> =5 X - A
C 10114, (IToll 5 + max(v,1)) min(v, v')*



then System (PE.) has a unique global solution in the space ' and we have ||U.|| 1 < 2||Uo|| g1 -

Remark 7 Of course, due to the Leray estimates, we obtain that in fact all norms in E* for
s € [0,1] are uniformly bounded and more precisely, for all t > 0,

2(1-s s
|U-(8)[1%,. + min(v, ") /||U (% eandr < U635 (2|1 Uo|l 111)?

The second result is devoted to the asymptotics as ¢ — O:

Theorem 2 (Convergence) Let (Uoc)zc)o,co] be a family of initial data, uniformly bounded in
L2N H'. Assume in addition that Uoe,osc € H~! and there exists a quasi-geostrophic function
UO,QG and § > 0 such that:

Uo,c.osc —> 0 In H_l,

e—0
Uo.c.osc is uniformly bounded in H'*9,
UO,a,QG — UO,QG in Hl,

e—0

then there exists €1 €]0,e¢] such that for any € < €1, the assumptions from the previous theorem
are fulfilled so that System (PE.) admits a unique global solution U, and the family (Uc)ce)o,c,]

converges to the unique global solution l?QG of System (QG) with initial data ﬁO,QG in the
following sense:

U. ose — 0 in E* for any s € [—1,1],
e—=0

Uega — ﬁQG —()) 0 in E* for any s €]0,1].
e

Remark 8 The extra regularity assumption 1 + § on the oscillating part is needed to prove the
convergence of the quasi-geotrophic part.

2 Proof of Theorem 1

In this section, we will follow some parts of the method from [13], we will also explain which parts
are useless if we do not assume v ~ v/ anymore, and explain how (as in [11]) the quasi-geostrophic
structure can once more help obtaining the result.

Let us recall that according to Remark 1, as Uy € L? we have a global weak Leray type
solution U, € L>®(L2)NL2(H"). Moreover as in addition Uy € H! then it also belongs to Hz and
thanks to the Fujita and Kato theorem, and the weak-strong uniqueness, U. is also the unique
local strong solution in ET% for all T' < T which is the maximal lifespan.

Moreover we recall the classical propagation of regularity estimates (we refer for example to
[12, 2], or [13] section 2, for more details in the Navier-Stokes setting, and the proofs which only
rely on energy estimates, are still valid in our case), for all s €] — 1, 1], for all ¢,

) t C t
HUE(t)H?{S + min(, 1/')/0 VU (T)||%.dm < ||Uol%,, exp (m/o ||Ua(7)|2%d7) , (2.6)

Thanks to this we also have U. € E4 for all T < T* and finally we have the classical blowup
criterion:

7
T < 00 = / VU, dr = oc. 2.7)
0 2



Remark 9 Let us emphasize that the previous blowup criterion is given by results adapted to
the general Navier-Stokes system (the penalization term is invisible to them so we can use them)
but according to our computations, and as also observed in [13], it is in fact the smaller quantity

fOT: HVU&OSC(T)Hi_{ldT that controls the lifespan (see (2.19)).
2

2.1 First step: estimates on 0,U, + %AU&OSC
The first important idea in [13] consists in changing the formulation of System (PE.): taking the
divergence of the first three equations from (PE.) we get:

1 . 1
_EA(I)E = div (Ua'VU)—f' le (AU;) Z 0;0; (vivd) — EQE.

1<4,5<3

Observing that AU. g¢ = —(VA~1Q.,0), we end up with the following equivalent formulation
of (PE.):

OU. + vz - VU. — LUz 4+ 2 AU. pse = (V2 ose, 0) = ( 3 00,A wivd), )
1<4,5<3

dive. =0,

UE\t:O = UO,&-

(P E872)
From this reformulation, Chemin connects the H~' or L? norm of the block e 'U. o4 to 9;U.
through the following proposition, that we state here in the general setting for v, v/:

Proposition 2 There exists a constant C' > 0 such that for any U, solution of (PE.) in Cr(L*N
H?), the following estimates hold for all t < T':

1
Hat £) + AUz onclt H < U0 g (max(e, ') + CIUB)] 3),

Then we derive in time System (PE;2) and obtain (we easily adapt [13], Section 2 step 3, and
skip details) that for all ¢:

X (2.8)
OU-() + = AUsosc(t)| | < WUl (max(v, ') + CIU0) ] ).

t

OO +min(r’) [ 1000 edr < 1O oxp (s [ d)
0

29)

Using (2.8) to roughly estimate ||0;U(0)|| ;-1 we obtain:

t
10U ()%, + min(v, /) / 10U (7) |27
0

1 2
< (Gl + 1000 (maxt) + €10l ,3)) e (s / U1y r).
(2.10)

Then, writing

1 1
||EAU€,osc(t)HH—1 S ||EAUe,osc(t> + atUE(t)”Hfl + ||atU€(t)HH*17



and thanks once more to (2.8), we get:
Werose®ll g+ < MUl 1 (max(v, ) + CIUD)] )
(W -+ 1ol () + 1)) 0 (s / 071 )
(2.11)

Thanks to (2.6) we end up with:

1Weose@®liz-1 < (IWo.osell -1 + 2Tll s (max(v, ') + CUoll )

X exp <ﬁ /Ot ||U5(T)|§.{gd7'> . (2.12)

Similarly, we obtain that for all t:

t 2
win(v.") [ |Ueore(r) o < 4(1Wosoell -1 + Vol g (max(vs ') + €] 1)
0

X exp (ﬁ /Ot ||UE(T)|2%dT)  (213)

2.2 Second step: Energy estimates

n [13], Chemin uses the quasi-geostrophic/oscillating orthogonal decomposition of the solution
and estimates each part by energy methods applied to Systems (1.2) and (1.4), combining them
through:
2 2 2 2 2
IUelln ~ 1Ue.@allfn + 1Ueosellpn ~ 121172 + [1Ue oscll1»
More precisely, instead of (1.4), using the changes in the pressure term that lead to System

(PE.32), Chemin studied the following system (that we write here in a more accurate QG/osc
decomposition):

[ve - V, 05471
O e 0 VWegne - F AUz e = (Vpeues0) + | 10 V087 g,
—[ve - V, 05471
—0s 0
+ 601 ( — (v —1")0s30. + A_lqg) + (=) 8 Q.. (2.14)
—0s 03

In the general case where v — v/ is not assumed to be small, this method is bound to fail. Indeed
taking the L%-inner product of (1.2) with Q., we obtain:

1d

5 dtHQ |2 + min(v, v)||[VQe] 22 < (v — V') (0340 osc, Q)12 + (qe, Q) 12

As emphasized in [11] the first term of the right-hand side features too many derivatives for us
to be able to prove it is small, the best we can hope for is to bound it by ||Us oscl| g2 ||| ;1 and
obtain that this term is at most bounded whereas we need it to go to zero with e.

Any hope to neutralize this term thanks to the H'-innerproduct of (2.14) by Uk, 0sc 1s also
completely out of reach as the last term in (2.14) will produce the exact same term in the right-
hand side of the energy estimate instead of a cancellation.



The only way to get rid of this difficulty is to go back to the original system and use another
very important feature of the quasi-geostrophic decomposition. As was first obtained in [11] (in
the case F' # 1, see Section 4, let us emphasize that even in this case, dispersion cannot help
when it is about estimating in L?), we can take advantage of Point 6 from Proposition 1 (this
property was first observed in [5]) and gain important cancellations. Taking the H'-inner product
of (PE.) with U,, we obtain that

1d

2dt
As before —(LU.|U:) > min(v, 1/')HVUE||§-1,1 and thanks to the decomposition U, = Us osc +
U:,gc we develop the right-hand side as follows:

HUsHi'p - (LU6|U€)H1 = —(ve - VU€|U€)H1- (2.15)

('Ua : VU&"UE)HI = (Ua : vUElUE,Osc)Hl + ('Ua : VUa,oscan,QG)Hl + (Us,osc : VUE,QG|UE,QG)H1
def
+ (ve,gc - VUe,0alUe0a) i < A+ Ay + Az + Ay (2.16)

Then, as emphasized in [11], the last term (which is the most dangerous term as it does not
involve any occurence of the evanescent oscillating part, and therefore has no reason, at first
sight, to go to zero as € goes to zero) is equal to zero, this is the key property allowing us to
complete the proof. To show this we simply use the following elementary computation related
to the quasi-geostrophic decomposition: for any function f, we have (here in the particular case
F=1):

— 0y

(flUe@c)in = =(fI| g | Re)ez = (QHIQ) L2

—05

Then, thanks to Point 6 from Proposition 1 and the fact that divv. gg = 0, we obtain:

(ve,06 - VUe,0c|Ue,a) g = (Uve,0c - VUe,a)|Q:) 12 = (ve,0a - V()12 = 0.

Next let us estimate the first three terms. Thanks to the Sobolev injections or product laws (see
appendix),

[A1] < (v - VUEHH% ”UE,OSCHH% S vell g - 1Uell e - ||Us,oscHH%7

(2.17)
|As| < [|ve - VUe oscll 2| Ue,qcll g2 < llvell g - ||VU€,OSC||H% NNUel g2
Next using div v g5 = 0 for As,
[As| = | Z / 0i(Ve,0sc - VU 0a) - 0iUe gadx| = | Z / OiVe,0sc - VUe @6 - 0iUe gadx]
i=1,...,37/ R i=1,...,37/ R
< I VUeosellre - [VUe,qallre - [VUe,allrz < [VUeosell 1 - 1Uell g - 1Uel ga- - (2.18)

s
Plugging this into (2.15) and thanks to the classical estimates 2ab < a? + b? we get:

d 2 : / 2 C 2 2
EHU&‘”HI +min(v, V)| VUel[ 3, < mHUapr NUeosell 25

and thanks to the Gronwall estimates, we end up (as announced in Remark 9) with for all ¢ < T

) t C t
1U=(®)]1%, + min(v, u’)/o VU3, dr < |[Uo,ell%, exp (m/o IIUE,OSC(T)Ili,ng)-
(2.19)



Consequently, if
¢ 9 In2 | ,
; HU&OSC(T)HH%dT < e min(v, '),

then we have ;
|U(t)1%: + min(v, V')/ [VU(T) 7 dr < 2||Uo.ell 35 (2.20)
0

and thanks to the Leray estimates together with interpolation:

t t 1 t 1
: Y RN e [ P L P
L Iv @ yir < ([ 1vvoia) ([ 1vveaar)” < ve ,

min(v, V)
which allows us to state some analoguous to Corollary 2.1 from [13]:

Proposition 3 Let U. € C([0, T/[, H') N L?

2 ([0, T7[, H?) be a solution of (PE.). If there exists
some T. > 0 such that
T
| Weane(r)
0

2
||2%d7' < % min(v, V'),

then for all t < T,

t
1U=(8)[1%: + min(v, V’)/ |1Us(T) |32 d7 < 2||Uoll%.,
0 (2.21)

t |VU(7)|? sdr < ﬂM
0 c i = .

min(v, ')

2.3 Third step: boostrap and proof of Theorem 1

From the previous estimates we will develop a boostrap argument to prove the first theorem. For
e > 0 fixed (and which will be precised later), we consider the unique local strong solution U,
built in the beginning of the previous section. We recall that U. € Ej for all t < T and s € [0, 1]
and that in addition, thanks to the Leray estimates, [[Ue|| 5o < [|Uol[r2 for all ¢ < T7.

Let us define:

t
In2
T. = sup{t G]O,TE*L/ HUg,osc(T)Hi-{ng < —Iclj min(v, v')}. (2.22)
0

Obviously, T €]0,7.], and if T. = T then by Proposition 3 and the blowup criterion from (2.7)
we immediately obtain that U, is global and (2.21) becomes valid for any time.
If not then, as T €]0, T2, it is finite and

T
| Weane(r)
0

Moreover for all ¢ < T, combining (2.12), (2.13) with (2.21), we get that for all t < T,

In2
2 _ 3 /
”H%dT = min (v, v'). (2.23)

t
([ (O 0in00/) [ V) )
0

2 U Uol| 71
< A0l +el00l g (st ) + €10l ,3)) e (A0 ) 20

min(v, v)?



As Us psc = PU, (with P homogeneous Fourier multiplier of order zero), the first majoration from
(2.21) is also true for Us ysc, and combining it with the previous estimates through interpolation
(3/2=(1-0)-0+0 -2 with § = 3/4) we obtain:

5 3
0ol , :
(10.0scll -1 + €lT0l 1 (max(e, ') + CUoll 1))

[Uollz>[1Uol| g2
— . (2.25
min(v, V)2 (225)

t ) 2
| Wty <

min(v, ')
X exp (C

This quantity is therefore less than 22 min(v, v/) as soon as

2C
In2)2 min(v, v')* C [[Uoll 2 1Uoll g2
exp| —=—"7——5— |
V2 min(v, )2

which is realized when ¢ and Up s satisfy (1.5) and then we have proved that for any ¢ < T, we
have in fact

. . /
||U01056HH*1 +€HU0||H1(H1&X(Z/,I/ ) + CHUOHH%) < 022% ||UO||:13LI1

t
In2
/ Ve se(T) 1%, g dr < ;—Cmin(y, V),
0 2

which contradicts (2.23) and the definition of 7, then T, = T} = oo and (2.21) and (2.24) are
valid for any time and Theorem 1 is proved H.
By interpolation we deduce that for all s € [—1,1],

1—s

Weosellr < € (10o.oscll i1 + Vol g1 (max(v,v') + Cll s | 1))

U Uoll Lis
X exp (CM) HUOHHZ1 . (2.26)

min(v, V)2

As ||Uo,oscll -1 is constant, this estimate is useless, but if we consider the initial data from
Theorem 2, if ||Up.| g < Co, then

1 min(v,v")* 1Uol| 2| Uol| g2 min (v, V') ccg
T\ _ > .~
C2 HUOH%H exp { ~C min(v, )2 - cE <P min(v, )2 >0,

which bounds ||Up e osc|| ;-1 when € is small enough, thanks to the assumptions. Then there exists
a positive constant My, such that:

1—s

||UE,OSCHE'3 S MO,U,I/ (HUO,E,OSCHH—l + EMO,U,V/) ’ — 07

e—0

which ends the proof of the first half of Theorem 2.

3 End of the proof of Theorem 2

Here we prove in a direct way the convergence (in [13], (Q:)o<c<e, Was proved to be a Cauchy
sequence).

Let us emphasize that, as in Theorem 2 the sequence of initial data (Up,c)cejo,,] is assumed to

be bounded in L2NH?, then the same is true for its quasi-geostrophic part Up . g (we recall that
Q is a homogeneous operator of order zero). Moreover as Uy .. g goes to some quasi-geostrophic

vector field 1707QG in H! then we immediately obtain (thanks to the uniqueness of limits in the

10



sense of distributions) that Uo oG in also in L?. Next, we only have to use Theorem 2 from [5]

claiming that System (QG) has a unique global solution UQG € E°N E' as soon as Uy oc € H.

Let us consider the initial data according to the assumptions of Theorem 2 and the unique
global solution given by Theorem 1 for a small enough . In the previous section we already
proved that the oscillating part goes to zero and we only have to study the convergence of the
quasi-geostrophic part as € goes to zero. Let us define 6Q2 = Q. QQG where QQG is the potential

vorticity of the global solution UQG of the limit system. It satisfies the following system:

00 + vego - VIR -T2 = > B;

i=1,...,4

_(UEaQG - 5QG) ) VQQG + (V - V/)a?)AGE,osc + VU, - vUes,osc — Vg ,0sc * VQ., (3-27)

supplemented by the initial data 69(0) = Q(Uo.c.oa — Uo.ga), which goes to zero in L2, Taking
the L? inner product with 62 we obtain:

5 1600, + min(, ) [5QU%, < S (B 60 el (3.28)

Three terms are easily estimated:

|(B1,0) 2] < ||(ve,6 — Vaa) - VQqall -1 102 g0 < [lve,06 — Voall i [IVQall ;-1 1092 g1

~ min(v, ') 5 C 9 1~ 2
< 18002019l 109 g < 10823, + s 691 Dl (3:29)
Similarly we get that:
min (v, v’) 5 C 9 9
B3, 00) 2| < 0% 7~ U, 2 Uosc~la
(B5,69) 2] < 0820 + O VUL VUl .
Bu,6Q)pe) < B0 sz 4 O 2 U2 |
(Ba.69) 2] < 0520+ Ul Ul

The last term seems more delicate at first sight, as the same problem as before appears here due
to the three derivatives: we wish this term to go to zero and from the previous section Us os. goes

to zero but only in E* for s € [~1,1[. As we cannot transfer more than one derivative to 6Q we
are stuck as Ug osc is only bounded in E'. To overcome this difficulty we will simply cut the low
and high frequencies in order to take advantage of both and obtain two parts that will be small
each for a different reason (we refer to the appendix for the definition of the operator S,,):

|(B2,6Q) 2| < |v — /| (|(63A98,osc; S 0Q) 2| + [(03A0: osc, (Ig — S'm)5Q)L2|)

© oy +Cs. (3.31)

For the low frequencies we take advantage of the convergence of U, o5 to zero:

Cs < |v— V/|H83A9€,OSCH g3 HS 59” 3 <lv- V/|HU€ OSCH 322 ||5Q||H1
min(v, V') 2 |V_V/|2 2
<—2"7 : m 221 .. (3.
— ) ||5Q||H1 + 2 min(y, I/I) HU&OSC”H% (3 32)
Estimating the low frequencies as follows, we will not rely anymore on Uy s, it is then about to
choose m large enough so that this term is small:

Cs < |v— V/|H33A95,oscHH—1H(Id - SmMQHHl
def
< = V0N s (100~ 802l + s — S0 ) < 10l (D1 + D). (3.3)

11



The scheme of the proof will be, for some fixed n > 0 small, to choose m large enough so a part of
the right-hand side from (3.28) (after time integration) is bounded by #, then to choose & small
enough so that the rest (which features in particular 2™ multiplied by functions going to zero as
€ goes to zero) is also bounded by 7. In (3.33), due to Dy such an m a priori depends on e which
makes the previous argument impossible to perform, so we will try to cut the dependancy in &
and give a majoration by an expression going to zero as m goes to infinity independantly of €. It
is not necessary for D but for more simplicity we use the same argument for both terms, let us
begin with D5 as it is simpler. Thanks to the initial regularity of Uge we will not need sharp

estimates, and it will be sufficient to write that (no need to introduce commutators):
0T — $)Q06 — T(1d — Sm)Q0c = —(Ia — Sm) (aQG : VQQG) .

Next we compute the inner product in L? with (I; — Sm)ﬁQGz

| &

1(Za = $m)Q0c 132 + min(v, )| (s — Sm)Qqc 1%

N | =
S

t
< (s = Sm) (Fag - V506 -1 (2 = Sm)acl 1

Thanks to the classical estimates 2ab < a® 4 b? and using that for all f € H* N H5te,

. . >
|(Ig = Sm) fll = < C P IFOPdE | < o—IIfIl otes
le|>32m 2

we get (with s = —1, a = 1):
. ~ t . ~
(0 = ) 8ec(0)» + minG) [ (L = Sw)Baa(r)Iy, dr
0
L~ Cc [t ~
< 0= $)80c(0)1 + 5 [ Iao - Vaa(r)If, 4 dr

. c [t ~
< I(Ig — Sm)Qa(0)]|72 + 2_’"/0 Pqc (7)1 10ga (7)1 dr.

Finally, thanks to the estimates provided by Theorem 1, we obtain:

t
I(Za = Sm)Qc(®)7 + min(v, V’)/O 1(Za = Sm)Qqe (7)1 dr

¢ I100.qcllt,

< (g — Sm)Q0c(0)]|2: + 2 min(, o)

We do the same for the last part (i.-e. Cg), starting from:

Or(Ig = Sm)Qe —T(Ig = Sm)Qe = > Ei =
i=1,2,3

- (Id - Sm) (Us : VQE) + (V - V/)AaB(Id - Sm)oe,osc + (Id - Sm) (VUE : VUE,OSC) s
and as before

1(Za = Sim ) (8)]|72 + min(v, V’)/O 1(Za = Sim)Qe(7)|| 3 d7

. 1 t
<10a= 2% O+ e [ 3 1B
’ i=1,2,3
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(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)



Similarly as before (we skip details):

! 2 2 C HU075|Z;‘{1
B+ 1B dr < ooy (3.41)
and for the last term,
' 2 v —v* [ - 2
: |\E2(T)||H71d7 < m o (1a — Sm)Us(T)HszT, (3.42)

we cannot perform as for the other terms as we do not have enough regularity, instead we repeat
once more the same argument of truncation: applying (I — Sy,) to (PE.) we get that:

Oi(Ig — Sm)Ue — L(Ig — Sp)U- + %A(Id — S)U. = %(—V@E, 0) — (Ig — Sm) (ve - VU.),

and computing the innerproduct in H' with (Iq— Sm)UE, we obtain (skipping details as they are
close to the previous computations):

(I = Sm)Ue ()72 + min(v, V’)/O 122 = Sm)Ue (7)1 d7

< |1y — Sim)Uo <]

C ¢ .
2 - I, — .- . 22
ot e [0 = $0) (0 V0. [t

- C 1 [t
<N Ua = Sm)Uocll3 + mQ_m/o [|ve - VUsHiﬁdT

C IWoeltn

<N (La = Sm)Uoel % + 27 min(v, V)2

(3.43)

Gathering (3.28), (3.29), (3.30), (3.32) and (3.33) and performing an integration in time, we end
up for all ¢ with:

t
DI + min(r.") [ 162U < 1Vn.ci06 ~ Doeally
0

C t ~
) / (19903 1Tagl 3 + VU221 VUesosell?,, + 1022 Vel ) b7

min(v, v/

v-v| [
+Cgmmin(y i 1U- oscll%, 3 47

t 3 t ~
o ([ 00dar) ([ (100 S0, + 10~ 8,000l ) 7). G.4)

Thanks to the Gronwall estimates (first term in the first integral of the right-hand side), using
that

3

tHﬁ H2 dr < HUQGHLQHUQG”Hl
o T =

min(v, V)
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and combining it with (3.38) to (3.43) we obtain:

t o
. UG 2UG'1 ~
|wﬂunﬁzﬂnmu«w>/’|@Q@vmpdTSexp<c' acllzz] Q'ff)x 1Us.e.0c-Toaall
0

min(v, )2

¢ 2 2 m P
(o Vel (100l +271 =)
v -V NS 2 : s =P
C— Ul % { I (Ta—5m)2 La=S$m)Q (0122 =L ||(Ig— Sy ) U

+C I W0l {0806 1 Fa= )2 Ot e N = Uy,
C 1 ~ lv —v'|? 3
——(|U 4 L+ ———) Vol )} . (3.45
2™ min(v, V') (” O’QG”H1 +1+ min(v, /)3 )l 0,s||H1 ( )

We have to be careful that in the previous estimates, for any fixed e, ||(Iz — Sm)Q:(0)]|2, and

[[(1g — Sm)Uo, E|| go to zero when m goes to infinity, but nothing ensures the convergence does

not, depend on . To solve the problem, we use here the extra-regularity assumption on Up ¢ osc
and (3.36):

|(Ta=$m)0 <mm<cmm )Vl < Cll(Ta=$ Kunwﬁﬂ%uM*%Qd+%@@Mﬁ

< 26,” 1To.c,05¢ll 145 + CllU0.c.06 = Uoallg + Cll(Ta = Sm)o.c
< 25m +CUoc.c — Uoqall g + Cll(Ta = Sm)Uo.gall - (3.46)
To sum up we obtained that
169 go < (14 2™)F(e) + G(m),

where F(g) — 0 and G(m) — 0. For a given n > 0, let us fix m large enough so that
£— m— o0
G(m) < 2, then fix ¢ small enough so that (1 +2™)F(¢) < 3 and Theorem 2 is proved. W

Remark 10 On could wonder why not using the extra regularity on Uy ¢ osc from the beginning
n (3.31)
(B2, Q) 12| < v — V/[[| 0380z 05c || gr-145 10| g1

This would imply that we can prove that this additional regularity is transmitted for any time to
Uk 0sc; which is not clear as taking the H+ inner-product of (2.14) with Us o5 we would have
to deal with the term

|V - V/|(63Q5, ea,osc)f{l+5-
As 039, can only be estimated in L?, we put 2 + 2§ derivatives on the other term which is not
possible as 0. 5. is at most in H?%9. So we are not able to estimate this term and propagate the
extra regularity on U, . unless we ask extra regularity also on the quasi-geostrophic part.

4 Appendix: notations

For s € R, H* and H*® are the classical homogeneous/inhomogeneous Sobolev spaces in R?
endowed with the norms:

fully. = [ ePa©las, and fulf = [ (0 6P,
We also use the following notations: if E is a Banach space and T > 0,
CrE=C(0,T],E), and LL.E=LP(0,T],E).

We make abundant use of the Sobolev injections, and product laws:
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Proposition 4 There exists a constant C' > 0 such that if s < %, then for anyu € H*, u € LP(R3)
with p = ﬁ and
[ullzr < Cllull g.-

Proposition 5 There exists a constant C' such that for any (u,v) € H® x H', if s,t < % and
s+t >0 then wv € H*~3 and we have:

[[woll

Hs+tf% S C‘HUHHS

Ol ge-

Finally, we introduce the frequency truncation operator $™: consider a smooth radial function
supported in the ball B(0, %), equal to 1 in a neighborhood of B(0, %) and such that r — x(r.e1)
is nonincreasing over R, . For any u,

S =x(27"Dyu < F7 (x279)a(9)).

This operator smoothly cuts the frequencies of size greater than 2™. For more details on general
dyadic decompositions and Besov spaces we refer to [12, 2].
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