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Abstract

We derive the hydrodynamic limit of a kinetic equation where the interactions
in velocity are modelled by a linear operator (Fokker-Planck or Linear Boltzmann)
and the force in the Vlasov term is a stochastic process with high amplitude and
short-range correlation. In the scales and the regime we consider, the hydrodynamic
equation is a scalar second-order stochastic partial differential equation. Compared
to the deterministic case, we also observe a phenomenon of enhanced diffusion.
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1 Introduction

1.1 Kinetic equations

Let N € N*. We denote by TV the N-dimensional torus. Let ¢ > 0. We consider the
following kinetic equation

Of +ev-Vof +E(t,z)-Vof =Qf, t>0,zecTV veRY, (1.1)
which is a perturbation of the equation
oOf+Etz) Vof =Qf t>0,ze TV, veRV. (1.2)

The operator @ is either the linear Boltzmann (LB) operator

2
Qunf = oD = f. plf)= [ Fodde M) = e (<15) 0
or the Fokker-Planck (FP) operator

Qppf = diVU(VUf + Uf) (14)

The force field E(t,z) in (1.2) is a Markov, stationary mixing process ¢ — E(t) with
state space F' = C1(TV;R") (see Section 2 for more details). We show in Section 3 that



there is a unique, ergodic, invariant measure for (1.2) and that this invariant measure
is the law of an invariant solution (z,v) — p(xz)M(z,v) parametrized by p(z). See
(3.6)-(3.7) for the definition of M;. Consider the solution f to (1.1) starting from a state

fin(z,v) = pin(x)Mo(z,v). (1.5)

Rescale over time intervals of order e—2:

fe(t,x,v) = f(s_zt,x,v). (1.6)

Then f¢ is solution to the equation
1 - 1
Bfs + ; Vot + SEE ) Vof = 5Qf, t>0zeTVveRY.  (17)

On bounded time intervals [0, 7], we expect

fa(t’x’v) %p(x,t)ME—%(:C,v), (1'8)

where p is solution to a given equation (the hydrodynamic equation) which we would like
to identify. We do not prove (1.8), but find the limit equation satisfied by p = lim._,¢ p®,
where p° = p(f¢). We show in Theorem 1.1 that p satisfies a diffusion equation, where
the drift term is a second order differential operator in divergence form with respect
to the space-variable x. Showing that p® is close to p with p a diffusion (in infinite
dimension) is therefore a result of diffusion-approximation (in infinite dimension). See
Theorem 1.1 for the precise statement.

1.2 Trajectories

The phase space associated to (1.1) is TV x RY. Consider the following systems of
stochastic differential equations:
dX; = edVy,

i _ (1.9)
dVy = E(t, X¢)dt 4+ jumps,

and
dXt = 66“/;5,

AV = (E(t, X;) — V;)dt + \/2dB,. (1.10)

In (1.9) the second equation describes the following piecewise deterministic Markov
process (PDMP). Consider the Poisson process associated to the times (7},) and to the
probability measure Mdv: the increments 7,1 — 7;, are i.i.d. with exponential law
of parameter 1. At each time t = T, V; is jumping to a new value Vr, chosen at
random, according to the probability law Mdv. Between each jump, (V;) is evolving by
the differential equation

dvi



which is coupled with the first equation of (1.9). In (1.10), B; is an N-dimensional
Wiener process. In both the LB case and the FP case, the extra stochastic processes
which we introduce are independent of (E(t)). In this context, the equation (1.1) gives
the evolution of the density, with respect to the Lebesgue measure on TY x RY | of the
conditional law of (X, V;): let FF = o((Es)o<s<t). If the law of (Xo, Vo) has density fin
with respect to the Lebesgue measure on TY x RY, then

E [p(X:, V)| FF] = // o(x,v) fi(z,v)dzdo, (1.12)
TN xRN
for all ¢ € Cp(TY x RY). From (1.12), it follows that
Bl = [ el@Epladde, o= plfo) (113

for all p € Cy(T™V). We are interested in equation (1.7). The associated process is then
(X.-24, V.-2;) and the associated density p.-2;. Our main result, Theorem 1.1, describes
the limit behavior of p.—2,.

1.3 Main result

Notations. The three first moments of a function f € L*(RY,|v|?dv) are written

o) = [ dwin 3= [ o K= [ oeew, 114)

where a ® b is the N x N rank-one matrix built on a,b € RY with ij-th elements a;b;.

We use the notation
sym

a®b=a®b+b®a (1.15)

to denote the symmetric version of a ® b. We denote by K the second moment of M
(because M is a Maxwellian, this is simply the identity matrix of size N x N here):

K=K(M)= /]RN v®@vM(v)dv = Idy. (1.16)

For m € N, we denote by J,,,(f) the total m-th moment of f:

In(f) = // || f(z,v)dzdv. (1.17)
TN xRN
Let us also introduce the Banach space
G = {f € LYTN x RN); Jo(f) + Jn(f) < +o0}, (1.18)

with norm || f||c,, = Jo(f) + Jm(f). Eventually, we define the diffusion matrix Ky and
the vector field © of the limit equation (1.24) by the formula

K =K+ %E E(0) 2 [Ro(E(0)) + (b— V)R (EO)]] | (1.19)



o= gdivxE [R1(E(0)) ® E(0)| +E [RiRo(E(0)div,(E(0)],  (1.20)

where b"B = 2 in the case Q = Qg and b¥F = 1 in the case Q = Qpp, and where the
resolvent Ry is defined by (2.15). For i,j € {1,...,N}, =,y € TV, we set

Hi,2.3.5) = 5E ([Ro(Bo(@))], [Bo(w)], + [Bo(Bow))], [Bo@)],) - (121)

The function H is a kernel on the space L? (TN ‘RN ). The associated operator is denoted
by S:

N
S Z(.%') = H(i,.%’, ‘, ) j( )d . (1.22)
p ;/TN 5, 9)p; (y)dy

We show in Proposition 5.9 that S is symmetric, non-negative and trace-class. Our main
result of diffusion-approximation for p® is the following one.

Theorem 1.1. Let Ky and © be defined by (1.19) and (1.20) respectively. Let f;, € G3 be
non-negative. Let (E;) be a mizing force field on H? (TN ;RYN) according to Definition 2.1.
Let f¢ € C([0,T); LY(TYN x RY)) be the mild solution to (1.7) with initial condition f,,
in the sense of Definition 4.1 or 4.2, depending on the nature of the collision operator
Q. Let p* = p(f). Assume the convergence

p(f5) = pin in L*(TV). (1.23)

Let Ky and © be defined by (1.19) and (1.20) respectively. Then (p°) converges in law on
C([0,T); H-Y(TN)) to p, the weak-L' martingale solution in the sense of Definition 5.1
of the stochastic equation

dp = div,(K;V,p + Op)dt + V2div,(pSY/2dW (1)), (1.24)

with initial condition
p(0) = pin- (1.25)

In (1.24), W(t) is a cylindrical Wiener process on L*(TY;RY), and S is defined by
(1.22).

Remark 1.1 (Enhanced diffusion). Lemma 5.3 below and (1.19) show that K; > K. It
is a remarkable fact that the stochastic forcing term E; has an influence on the diffusion
matrix at the limit, and that it increases the diffusion effects. Note that the influence
of stochastic mixing forcing terms in kinetic equations has also been investigated in
[15, 8]. The context and the results in these two papers are different from the present
one however. Indeed,

1. the starting kinetic equations in [15, 8] are not collisional,



2. In [15, 8], in the scaling that is considered, a collisional kinetic equation is obtained
at the limit. The collision operator (an operator acting on functions of the variable
v thus) is a diffusion operator. At the level of trajectories, the apparition of this
operator is explained by the convergence of the velocity V; of particles to a diffusion
like the one solving equation (1.10) with E = 0.

The Stratonovitch formulation of (1.24) is
dp = divy (KyVep + Op)dt + V2div,(p o SY2dW (1)), (1.26)
where

Ky =K+ %(b ~DE |Ry(E(0)) & E(0)],

with "B = 2, b"P = 1. Note that, in the Fokker-Planck case, no additional diffusion
appears when one uses the Stratonovitch form of the limit equation, since Ky = K.
However, the average r := E[p], which is solution to the equation

Opr — divy (KyVer) =0, (1.27)
does satisfy a diffusion equation with enhanced diffusion in any case.

Note the weak mode of convergence of p° in Theorem 1.1. It is weak in the probabilistic
sense (convergence in law). This is inherent to the limit theorems (like the Donsker
theorem) which lay the bases of diffusion-approximation results. The convergence is
weak with respect to the space-variable also. We obtain below a bound in G3 on f¢ thus
by interpolation a better convergence than convergence in C([0,T]; H~1(T")) holds.
But this is still in a space with negative regularity with respect to . We intend to
improve this point, and to consider non-linear equations in a similar regime, in a future
work. Nevertheless, note that, in the very special case where E is independent on the
space variable, strong convergence can be established. Indeed, the spatial derivatives of
f¢ then satisfy the same equation as f¢. Bounds in L' on the derivatives of f¢ can be
obtained in this way, by using the estimate (4.4).

An other standard tool in the study of kinetic equations are entropy estimates. In our
context, we are not able do establish such estimates. This may be due, in part, to the
fact that f in (1.1) is not a probability density function (one has to use conditioning with
respect to the process E to obtain a probability density function, see (1.12)). The lack
of entropy estimates has several consequences. One of those is that we do not have any
L?-bound in space on p°. We have some uniform bounds in L' however, and this is why
we consider solutions to the limit SPDE (1.24) taking values in L! (see Definition 5.1).
For such weak solutions, proving uniqueness for the limit problem is problematic at
first sight. We use a duality method, using a backward SPDE, to establish pathwise
uniqueness: see Theorem 5.14.

The plan of the paper is the following one. In Section 2 we describe the type of forcing
field E(t) which we consider. In Section 3, we prove some mixing properties and compute
the invariant measures for the unperturbed equation (1.2). In Section 4, we solve the
Cauchy Problem for the kinetic equation (1.1). In Section 5, we establish our main result
of diffusion-approximation, Theorem 1.1.



2 Mixing force field

Let m > N 41 be a given integer and let F' = H?™(T"; R") be endowed with the norm

1/2

N
lellr = Z ZHaaeiH%2(TN) . (2.1)

|a|<2m i=1

where the first sum in (2.1) is over all multi-indices o € NV of length |a| = a3+ -+ an
less than 2m. The space F will be the state space for the mixing force field E: we assume
that we are given (E});>0, a stationary, homogeneous Markov process of generator A
over F' (the generator is defined according to the theory developed in Appendix B). Let
P(t,e, B) be a transition function for (E}) associated to the filtration generated by (£;)
(see, e.g., [7, p. 156] for the definition), satisfying the Chapman-Kolmogorov relation

P(t+s,e,B) = / P(s,e1, B)dP(t,e,dey), (2.2)
F

for all s,t > 0, e € F, B Borel subset of F. It will be helpful (and it is often more
natural) to see (E}) as the particular evolution (E;(e)) of a process starting from e,
when e is drawn according to the equilibrium measure. Let us give the details of this
procedure: let P(F') be the set of Borel probability measures on F'. By [7, p. 157], up to
a modification of the probability space (Q, F), say into a probability space (Q, F), there
exists a collection {P,;u € P(F)} of probability measures and some Markov processes
(E(t,s))e>s with transition function P such that, P,(E(s,s) € Dg) = p(Dp) for all
Borel subset Dy of F. When p is the Dirac mass u = e, we use the shorter notation
Pe instead of Ps,. By [7, p. 157] additionally, for all D € F, e — Po(D) is Borel
measurable. Let ey be a random variable on F' of law u. We do a slight abuse of
notation and denote by (E(t,s;eg),P) the couple (E(t,s),P,). This means that the
finite-dimensional distribution of both processes are the same, i.e.

]P)(E(ths;eO) € D17--- 7E(tn78;e0) € DN) = PM(E(tlas) € Dla'-' ,E(tn,S) € Dn)7
(2.3)
forall s <ty <--- <ty,, and Dy,..., D, Borel subsets of F'. For simplicity, we also use
the notation E(t;e), or Ei(e), instead of E(t,0;e). Note that, by iteration of (2.2), we
have

GDo,E(tl)GDl,...,E( )ED )
/ / P(ty—tn_1,€n-1,D,)P(ty—1—tn_2,en_2,de,_1)--- P(t1,ep,der)dv(eg)
Dy Dp—1
— P, (B(t1,0) € Dy, ..., E(t,,0) € Dy), (2.4)

where v is the law of E(0). Therefore E; and E;(Ep) have the same finite-dimensional
distributions: E; is a version F;(Eg). The probability space Q used in [7, p. 157] to
define the probability measures Pe is the path-space F0:12°) (the o-algebra F is the



product o-algebra). Assume in addition that (E}) is cadlag. Then it is clear that we
can take the Skorohod space D([0,+00); F) as a path space to define Pe. The o-algebra
F is then the trace of the product -algebra, which coincide with the Borel o-algebra
when the Skorohod topology is considered on D([0,+00); F'). In this context, it holds
true that e — Pe(D) is Borel measurable for all D € F (see the proof of Proposition 1.2
p. 158 in [7]). To sum up (see [18, Section 1-3]), if (E;) is cadlag, we can assume that
t— E(t,s;e) is cadlag, for all s € R and e € F. As a last remark, note that it is always
possible, using the Kolmogorov extension theorem, to build a cadlag stationary process

(E(t))ter indexed by t € R with the finite-dimensional distributions

P(E(s) € Do, E(s +t1) € Dy,...,E(s +t,) € Dy,)

= P(E(0) € Do, E(t)) € Dy,...,E(ty) € D), (2.5)

for all s € R, 0 < t1,...,t,. Instead of adding a new notation (E(t));cr, we simply
denote this process by (E(t))iecr. We also denote by (GF) the usual augmentation (cf.
[18, Definition (4.13), Section I-4]) of the canonical filtration (F;) on D([0,400); F') with
respect to the family (Pe)ecr. In successive order, (F;) is the filtration generated by the
evaluation maps (m;), m(w) = w(t); F; is the intersection over e € F' of the o-algebras
.Epe obtained by completing F; with Pe-negligible sets; and G; is F/, :

G =()7:. (2.6)

s>t

Definition 2.1 (Mixing force field). Let (E;)¢>0 be a cadlag, stationary, homogeneous
Markov process of generator A, in the sense of Appendix B, over F. We say that
(Et)i>0 is a mixing force field if the conditions (2.7), (2.8), (2.10), (2.14), (2.17) below
are satisfied.

Our first hypothesis is that there exists a stable ball: there exists R > 0 such that:
almost-surely, for all e with |le|| <R, for all t > 0,

|E(t;e)llr <R. (2.7)

Our second hypothesis is about the law v of E;. We assume that it is supported in the
ball By of F' (therefore, it has moments of all orders) and that it is centred:

/Fe dv(e) =E [E;] =0, (2.8)

for all £ > 0. Note that a consequence of this hypothesis is that: almost-surely, for all
t>0,

|EellF <R. (2.9)
Our third hypothesis is a mixing hypothesis: we assume that there exists a continu-

ous, non-increasing, positive and integrable function ynix € L'(R.) such that, for all
probability measures p, ' on F, for all random variables ey, €, on F of law p and p/



respectively, there is a coupling ((E} (eo))t>0, (Ef (€())i>0) of ((E¢(eo))>0, (Et(€)))e>0)
such that
E|Ef (eo) — Ef (ep)llr < Rymix(t), (2.10)

for all ¢ > 0. Typically, we expect Ymix to be of the form vpix(t) = Cmixefﬁmixt, Bmix > 0
(see the example treated in Section 2.3 for instance).

2.1 Some consequences of the mixing hypothesis

Let ¢ be a Lipschitz continuous function on F. We have

Eo(E; (e0)) = (e, )

(where e denote the semi-group associated to A: Eep(E;) = et4p(e)). From (2.10), it
follows that

(e, 1) — (e, 1) | < (10| LipRYmix (1), (2.11)

for all t > 0. Let v denote the law of (E(t)) and let e € Bz. We will use (2.11) in
particular when ey = e a.s. and e{, has law v. Then (2.11) gives the following mixing
estimate:

A
le"* () — (o, )lIF < Rl@lLipmix(), (2.12)

for allt > 0, for all e € Bg. The estimate (2.12) has an extension to quadratic functionals:
for all linear and continuous A: F' — R, for all bi-linear and continuous ¢: F' x F' — R,
we have, for all e € By,

le A + gl(e) — (A + ¢, ) lr < B ([IAllp(r) + 2R]lall Berxr)) Yimix (D), (2.13)

where ||Al|g(r) is the norm of the linear form of A and ||¢||p(rxF) is the norm of the
bi-linear form of ¢q. Note that, actually, (A,v) = 0 by (2.8). The factor R in front of
gl B(rxry in (2.13) is due to the decomposition (recall that ey = e a.s. and e has law
V)
e“tq(e) — (a.v) = E [a(E; (en), B (e0)) — a(Ef (e0). E (¢f))]
+E [q(E; (eo), Ef (e)) — q(E; (ep), Ef (e)))] -

We have indeed

e q(e) — (g, )| < lallprxmE [(I1E] (eo)llr + 1E; (eh)lr) | Ef (o) — E; (ef)| ]
< 2R|lqll (r ) EII Ef (€0) — Ef (e))[[F by (2.7),
< 2R?||ql| p(rx pyYmix(t) by (2.10).

Without loss of generality (as we can rescale vy if we rescale R), we assume

[ Ymixll L1 R,y = 1. (2.14)



Using (2.12), the resolvent
Ryp(e) :== / e M (etAgp) (e)dt, (2.15)
0

is well defined for all A > 0, e € By and all ¢: F — R which is Lipschitz continuous
and satisfies the cancellation condition (p,r) = 0. Using (2.8), we can therefore define
Rypn(e) for A > 0, where ¢p,(e) = (e, h) 2(pnvy. Moreover by (2.12), there exists Ty: F' —
F' such that Rypp(e) = (Ta(e), k) p2(pvy. By aslight abuse of notation, we write Ry (e) =
Tx(e). By (2.10) (with eg = e a.s. and e{, ~ v) and (2.14), we have

[Ro(e)||F <R, (2.16)

for all e with ||e||r < R. Eventually, let A: FF — R be a linear functional. Then, with
the notations above, pp := Ao Ry is a map F' — R. The generator A acts on ¢ and on
the square of ¢, and we will assume that there exists a constant C > 0 such that the
following bounds are satisfied:

[AlealP)(e)l < CRIAIEry:  [[Apal(e)l < CRIAI B, (2.17)

for all e with |le|]|r <R.

2.2 Covariance

Ollr mixing hypothesis has the following consequence on the covariances of (E;) and
(Et)l let B B B
Te(s,t) = E[Es(e) @ Ey(e)], T(t) =E [E(t) ® E(0)]. (2.18)

Let t > s > r > 0. Conditioning on gfis, we have
Lot —r,t —s) =449 2 0)(e), 6O(e) =e
It follows from (2.13) that, for all e with |le||r <R,
|Te(t — 7t —5) —T(s —)||r < 2R%ymix(t — $). (2.19)
Note also that I'(—t) = E [F(0) ® E(t)] so that, using the notation (1.15), we have

D(t) +T(—t) =E [E(t) ® E(O)] . (2.20)
2.3 Some simple examples

Let (En(e))n>0 be a Markov chain on F' with Ey(e) = e, and let (Nt)i>o be a Poisson
process of rate 1 (Ny = 0) independent on (E,). We assume that the ball By of F is
stable by (E,,), that (E,(e)),>0 has the invariant measure v and the mixing property

E[|E;, (eo) — E;(ep)| < CRY™, (2.21)

10



where v < 1 for a coupling (E}(eo), E;(e()) of (Ey(eo), En(ep)). Let
E(t,s;e0) = En,_,(eo) (2.22)

and let B, = E(t,0;8&p), where & is a random variable of law v independent on (Ej,),>0
and (N¢)i>0. Then (E}) is a stationary process (it is a time-homogeneous Markov process
and is initially at equilibrium). It is cadlag, it satisfies (2.7), (2.8) if v is centred, and
also (2.10) since

E|E; (e0) — Ef (ep)|lr = Y P(N: = n)E| E;(eo) — Eyy(ep)|
n=0

o
Lt 0
< CRZO6 7" = CRe™UT = Ri(8).
n—=

Let us simplify still by considering the situation where E,11(e) is drawn independently
on E,(e), with law v. We can then consider the synchronous coupling (E;(eq), E;;(e))
of (Ey(ep), En(e))) which is such that E(eg) = E}(e) for all n > 1. It gives us

E| E/(eo) — Ef(ep)||r < 2RP(N; = 0) = 2Re .
In addition, the semi-group, generator and resolvent Ry have the explicit forms
ep(e) = e fple) + (1 — e ") (o),
and
Agp(e) = (p,v) —p(e), Rop(e) =e.
From these formula, we deduce the second inequality in (2.17) with Cy > R. The first
inequality in (2.17) is obtained with any Cy > 2R

An other instance of mixing force field is a function n(Xy), n: R™ — F, of an Ornstein-
Uhlenbeck process (X;) on R™:

dX; = —X,dt + V/2dB;, (2.23)

where (By) is a Wiener process on R™. We choose 7 Lipschitz and taking values in the
ball By of F. We will not develop that example much, but simply check that the mixing
condition (2.10) is also satisfied here. Since 7 is Lipschitz, it is sufficient to check it
directly on (X;). We use once again a synchronous coupling: let

t t
X*(t; Xo) = e " Xo + \/5/ e UdB,,  X*(t:; X)) = et X} + \/5/ e~ =) 4B,
0 0
and let ymix(t) = Chixe” !, where Ciix is a constant. Then

e'| X7 (t; Xo) — X (1 Xp)| < | Xol + | Xol,

hence (2.10) is satisfied provided we limit ourselves to initial laws p and g/ with first
moment below a given threshold. This is not a limitation since the invariant measure
associated to (2.23), which is Gaussian, has a finite first moment.
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3 Unperturbed equation: ergodic properties
We consider first the equation
Btft + E(t) . vat = th t>0,ve RN, (31)

where Q = Qrp or Q = Qpp. In (3.1), E(t) stands for E(x,t), where (E(t)) is a mixing
force field. We will not indicate the dependence with respect to x, which is a simple
parameter here.

To find the invariant measure for (3.1), we solve the equation starting from a given time
s € R, and then let s — —oo. More precisely, given e € RY, we consider the following
evolution equation:

Ouft + E(t,s;e) -Vofi =Qf; t>s,veRV. (3.2)

Let f € L'(RY) and s € R. The solution to (3.2) with initial condition f;—, = f is
t
;?(v) = e*(t*s)f <v —/ E(r,s;e)dr)
t

+p(f)/ o (t=0) [M <v— /tE(r,s;e)dr>] do, (3.3)
when @ = Q1B, and

¢
Etp(v) — N(t=s) / f (e(ts)v - / e " E(0,s,e)do + \ e2(t=5) — 1w> M (w)dw,
RN s

(3.4)

when @ = Qpp. A brief explanation to (3.3) and (3.4) is given in Appendix A. By the
term “solution to (3.2)”, we mean weak solutions, i.e. functions f € C([s, +o0); L}(RY))
satisfying the identity

i) = )+ [ o Blorti0) - V) + U @l

almost-surely, for all p € C®(RY), for all + > s. We may also consider mild solutions
(this is equivalent, actually), as we do in Section 4. We do not need to be very specific on
that point here. All that matters to us is to understand the limit behaviour of f;; defined
by (3.3)-(3.4) when s — —oo. This is the content of the following result, Theorem 3.1.

Theorem 3.1 (Invariant solutions). Let (E(t)) be a mizing force field in the sense of
Definition 2.1. Let fgjf and fif be defined by (3.3) and (3.4) respectively, with e € By.
Then

(far B(t,s:€)) = (p(f)M{P, Er) and (fi7, E(t,s1e)) = (o(f)M; ", Er)  (3.5)

s,t
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in law on L*(RYN) x RN when s — —o0, where M}® and MFY are defined by

M = /_ :O e~ (=) [M (v - /a t E(r)dr)] do, (3.6)

MFP =M <v - /t e—(t—")E(r)dr> : (3.7)

—00

and

respectively.

We denote by p, the invariant measure (parametrized by p) defined by
<§0, Mp> = Egp(th Et)7 (38)

for all continuous and bounded function ¢ on L'(RY) x RV,

Remark 3.1. We will call M{® and M[T the “invariant solutions”, since their laws are

the invariant measure for (3.1). Note that (E(r)) in (3.6) and (3.7) is defined for all
r € R (see the discussion and convention of notations around (2.5)).

Remark 3.2. Let ¢ be a bounded continuous function on RY x R¥. Similarly to (1.12),
we have, by conditioning on the natural filtration (FF) of (Ey):

E[p(Vst, E(t,s;€))] = IE/RN fst(v)p(v, E(t, s;e))dv, (3.9)

where Vj ; is the solution to (1.9) or (1.10) (with E(t) instead of E(t, X;)) starting from
Vs at time ¢ = s, where V; follows the law of density f with respect to the Lebesgue
measure on RY. Since

O: (f,e) — /]RN f)p(v, e)dv

is continuous and bounded on L'(RY) x R¥, we deduce from Theorem 3.1 that

lim E[p(Var, E(t,5:))] = (p, ) = pE /R W ()e(o, Fde,  (310)

S—>—00

where p = p(f).
The proof of Theorem 3.1 uses the estimates (3.13) and (3.14) in the following lemma.

Lemma 3.2. For w,z € RY, we have the estimates and identities

w2
1M (- = w)l[72 31y = €T, (3.11)
|M(-—w) — M(- — Z)H%Q(Mfl) — vl 4 ol _gewz, (3.12)
in L>(M~1Y), and
M (- —w)||pr@yy =1, (3.13)
IM( =) — M — )|y <24 |—0 =2 v (3.14)
N (R R

in LY(RN).
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Proof of Lemma 3.2. Standard manipulations and identities for Gaussian densities give
(3.11), (3.12) and (3.13) (one can also use (3.15) below to prove (3.11) and (3.12)). By
(3.13) and the triangular inequality, we have the bound by 2 in (3.14). To obtain the
second estimate, we use the identity

[M(- —w) = M(- = 2)[|[ ey = [M(- —w+2) — M[p1(ryy,
and the expansion
1 _ lv—w?

et =M(w) Y Hy(v)w", (3.15)

neNN

M —w)=

where H,, is the n-th Hermite polynomial (see [13, Section 1.1.1]). This yields the
inequality

1M (- = w) = Mlpreny < M(w) Y ([ Hall oy ol
neNN\{0}
Since [|Hpllz1@yy < | HullL2ar-1) = \/—ln—' (c¢f. [13, Lemma 1.1.1]), the Cauchy-Schwarz

inequality yields, for |w| < 1,

el 177 7wl V2
|rM<-—w>—MHL1<RN)SM<w>[ ] <l

1= |wl 1 — |wl

Indeed, setting a = |w|, we have a € [0,1] and

1/2 1/2
M(w)elw‘/Q = 1 ea_a2 / < ;61/4 / <1
(2m)N —L@emy -

since el/4 < 2m. |

Proof of Theorem 3.1. Let e € By t € R, let ®: L'(RV) x F — R be a bounded and
uniformly continuous function and let € > 0. Our aim is to show that

E®(fo(v), Elt, s;e)) — E®(plli, By)| < K, (3.16)

for s < min(0,?), |s| large enough, where K is a finite constant (it will turn out that
K = 5, but this does not matter). Note that it is sufficient to consider uniformly
continuous functions in (3.16), ¢f. Proposition I-2.4 in [10]. We denote by n a modulus
of uniform continuity of ® associated to .

Step 1. Reduction to the case f € L?(M~!). The maps f — fs¢, f + p(f)M; are
continuous on L!, uniformly in s < ¢:

I follzr @y o) MEP @y < N f Il ey)-
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Using the uniform continuity of ® on K, we have
[ED(fs1(v), E(t, 57€)) — E®(pMy, Ey)| < 26 + [EQ((f)s s E(t, 5€)) — E@(p(f) M, Ey)|

if ||f — fHL1(RN) < 1. Therefore, to prove (3.16), we turn to the case f € L2(M~1).

Step 2. Cut-off after time s. For s < t, introduce

MEP = /: e~ (=) [M (v - /:E(r)drﬂ do, (3.17)

t
Mgf =M (v —/ e_(t_r)E(r)dr>. (3.18)

s

and

We have HM},}? - Z\_@LBHU(RN) < e~(t=9) by a direct computation and

S
INEEP — Py < ([

—00

e_(t_r)E’(r)dr>

where b(Jw — z|) is the right-hand side of (3.14). We use the bound

b(r) < \/757’1/2

(3.19)
and (2.7) to obtain, almost-surely, ||MIf — MFPHD(RN) < @Rlﬂe*%(t*s). To sum up,
in both the LB and FP case, we have a bound almost-sure on || My; — My|[11 g~y by a
deterministic quantity which tends to 0 when ¢t — s — 4o00. It follows that, for ¢t — s large
enough,

[E®(p(f) ;) — ED(p(f) My, By)| < .

In the next step we prove that
[EQ(fst, E(t, 55€)) — ER(p(f)Ms)| < 2e, (3.20)

for t — s large enough.

Step 3. Convergence in law. Let e € Bp. Let ¢y = e a.s. and e = E,. Since
E(s,t;e) has the same law as E;_s(ep) and E(t) has the same law as E;_4(e}), (2.10)
gives a coupling
(E(S’ & e)’ E(t))tZS - (E*(S’ t; e)’ E;)tzs
such that
EHE*(t’S;e) _E:HF < R'Ymix(t_s)a (321)

for all ¢ > s. We have

E®(fsr, E(t, s3€)) —ER(p(f) My, Ey) = EQ(fS,, E* (s, t;€)) —E®(p(f) M

st

E}), (3.22)
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where the superscript star in fs; and M;; indicates that E(s,t;e) has been replaced by
E*(s,t;e) and E(t) by Ef. Since
[ER(fSy, B (s, ti€)) — ER(p(f) MS,, Ef)|
< e+ |@llpc [BUIFL: — pF)ME sy > m) + BOE (s, :0) — B[ > )]
it is sufficient to prove that fF, — p(f)Mz, — 0 and E*(s,t;e) — Ef — 0 in probability

on L'(R™) and F respectively. We show the strongest (strongest, as is proved classically
by means of the Markov inequality) property

lim E|f:, - p(F)M ey =0, lim E|[E*(s,tie) — Efllp=0.  (323)
S——00 S——00

The second limit in (3.23) is a consequence of (3.21). Let us prove the first limit.
Consider first the LB case. Using (3.13) and the estimate |p(f)| < || f]l.1®n), we have

El|fa™ - P(f)MsL,E’*HLl(RN) < N fllpgevye )
t

t
+”f”L1<RN>E/ 6‘“‘””)(/ \E*(r,s,e)—E*(r)\dr> do,

where, as in (3.19), we denote by b(Jw — z|) the right-hand side of (3.14). From (3.19)
follows

5
26(r) < —r.
(r)y<e+ 467“

We deduce the estimate
Ellfy = p()My @y < I lpagvy(e” 7 + )
5 t _
2y [ ¢ CIBIE s,e) - B ()l

By (3.21), this yields the following estimate:

. I B.x (s 5R [t .,
B = oM oy < Il (e e+ [ e nte—ryar)

(l—s 5R t—s (s
= 11l vy (6 =) et I er(t )%nix(r)dr) :

0
(3.24)
We fix r; such that %R fflo Ymix(T)dr < 2. Then

5 t—s 5 T1
ZR/ e”*(t*s)wmix(r)dr <24 ZR/ Vmix (1) dr e —(t=s) < 9g2
0 0

for t — s large enough and (3.23) follows from (3.24). In the FP case, we start first from
the exponential estimate

157 |B=0 — p(F)M || p2(0s-1) < €N Fll2(ar-1)- (3.25)
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In (3.25), f§f|E;0 denote the function (3.4) obtained when E = 0. The estimate (3.25) is
a consequence of the dual estimate in L?(M) for functions h such that (h, M) 2 ®y) =0,
cf. [1, p. 179]. It implies

1 |m=0 — p(H)M 1 @ny < € I f lp2qarry. (3.26)
The translations
v — /t e~ E(0,s,e)do, v v — /t e~ E*(0)do,
E s
leave invariant the L!'-norm. Therefore (3.26) yields
EHst,tP’* - P(f)MtFP’*HLl(RN) < e N2

+p(f)IE HM ( - /t e_(t_U)E*(U)dU> -M ( - /t e_(t_")E*(a,s,e)da>

S S

L1(RN) .

We conclude as in the case @) = Qg by means of (3.14). O

4 Resolution of the kinetic equation

We consider the resolution of the Cauchy problem of (1.1) or (1.7) at fixed ¢ > 0. We
set € = 1 for simplicity. Then (1.1) and (1.7) are the same equation

atf +v- va:f + E(t7x) ’ va = Qf (4'1)

What is relevant actually is the dynamics given by (f,e) — (f:, Et(e)), where f; is the
solution to the equation

O f +v-Vuf + E(t’ x) Vof =QFf, (4'2)

with E(t,xz) = Ei(e(x)). Therefore, this is (4.2) which we solve. We simply assume that
t — E(t,-) is a cadlag function with values in F' (see Section 2 for the definition of the
state space F'). In the particular case E(t,z) = Ei(e(z)), we define in this way pathwise
solutions. We solve the Cauchy Problem for (4.2) in the LB-case and in the FP-case in
Section 4.1 and Section 4.2 respectively. Then, in Section 4.3, we establish the Markov
property of the process (ft, Fi(e)), where the first component f; is the solution to (4.2)
with the forcing E(t,z) = Fy(e(x)).

4.1 Cauchy Problem in the LB case

Let t — E(t,-) be a cadlag function with values in F. Let ®4(x,v) = (X¢(z,v), Vi(z,v))
denote the flow associated to the field (v, E(t,x)):

Xi =V, Xo=u,
V. =E(t,X;), Vh=v.
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The partial map (x,v) — ®4(z,v) is a C'-diffeomorphism of TV x RY. We denote by
®! the inverse application: ®! o ®; = Id. Note that ® and ®; preserve the Lebesgue
measure on TV x R,

Definition 4.1 (Mild solution, LB case). Let fi, € LY(TY x RY). Assume Q = Qp.
A continuous function from [0, 7] to L'(TY x RY) is said to be a mild solution to (4.2)
with initial datum fj, if

F(B) = e fin o B 4 /0 e~ =5)[p( f(s))M] 0 ®'*ds, (4.3)

for all ¢t € [0,T.

Proposition 4.1 (The Cauchy Problem, LB case). Let fi, € LY(TY x RY). Assume
(2.7). There exists a unique mild solution to (4.2) in C([0,T]; L*(TN x RN)) with initial
datum fin. It satisfies

”f(t)HLl(TNXRN) < ”fiHHLl(TNXRN) for all t € [0,T7. (4.4)

If fin > 0, then f(t) > 0 for all t € [0,T] and (4.4) is an identity. In addition, if
fin € WELTN x RN) with k < 2, then

[ £l oo 0,551 (o8 xrvyy < C(k, T, fin), (4.5)
where the constant C'(k, T, fin) depends on k, T, N, and on the norms

sup [|E(t,-)[[r and | finllwea v xmw)
t€[0,T]

only. Eventually, if fin € Gy, then f(t) € Gy, for all t € [0,T].

Proof of Proposition 4.1. Let Xp denote the space of continuous functions from [0, 7]
to LY(TN x RY). We use the norm

[fllxz = sup [[f(E)]lr(rn xray
t€[0,T]

on X7. Note that
()L eny < 1l rw xrny- (4.6)
Let f € Xp. Assume that (4.3) is satisfied. Then, by (4.6), we have

t
£ ) 1o ey <€ finll ooy +/0 6_(t_8)Hf(S)HLl(TNXRN)dS-

By Gronwall’s Lemma applied to ¢ +— ¢'[| f(t)[| 1 (1~ xrry, We obtain (4.4) as an a priori
estimate. Besides, the L!'-norm of the integral term in (4.3) can be estimated by (1 —
e || fllx,- Therefore existence and uniqueness of a solution to (4.3) in L(Q; X7) follow
from the Banach fixed point Theorem. To obtain the additional regularity (4.5), we do
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the same kind of estimates on the system satisfied by the derivatives and incorporate
these estimates in the fixed-point space. To conclude the proof, let us assume fi, > 0.
Since s — s~ (negative part) is convex and satisfies (a+b)” < a™ +b~, we deduce from
(4.3) and the Jensen inequality that

O < [ Npra o0 as

Since M > 0 and p(f)~ < p(f~), (4.6) yields the estimate

t
1= @Ol e xrev) S/O e NS (8) o av xmvyds.

We conclude to f~ = 0 by the Gronwall Lemma. Eventually, that f;, € G,, implies
ft) € Gy, for all t € [0,T] (propagation of moments) is proved in Proposition 5.6. O

4.2 Cauchy Problem in the FP case

Let K¢(z,v;y,w) denote the kernel associated to the kinetic Fokker-Planck equation

O f =Qrpf —v-Vyf. (4.7)

Let us recall some elementary facts about K (see [3] for more results about the analytical
properties of K, and [17] for the probabilistic interpretation of K;). The function
Ki(-;y,w) is the density with respect to the Lebesgue measure on TV x RV of the law

ng,w) of the solution (X, V;) to the SDE

dX; =V,dt, Xo =1y, (4.8)
dV, = — Vidt + V2dBy, Vo = w.

where By is a Wiener process over RY. Therefore
Kif(o) = ([ Koy w)f (. w)dyde
TN xRN
satisfies the identity
(Kief, o) = // Ep(Xe, Vi) f(y, w)dydw, (4.10)
TN xRN

for f € LY(TV x RY) and ¢: TV x RY — R continuous and bounded. The solution to
(4.8)-(4.9) is given explicitly by

t
Xi=y+(1—eHuw+ / (1 —e %))dB,,
. 0 (4.11)
V, =e tw +/ e =) dB,.
0
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The process (X, V%) given by (4.11) when y = 0, w = 0 is a Gaussian process with
covariance matrix

t
/ |1 — e %|%ds 56_5(1 — e %)ds
0
/ e (1 —e?®)ds fg e 2%ds
0

Using (4.12) and (4.10)-(4.11), one can show that K;: LP(TN x RY) — LP(TN x RV)
N
with norm bounded by e?". We have also the estimate

Qr = ® Iy. (4.12)

// VoK (2, 03y, w)|dedv < Ct~Y2, (4.13)
TN xRN

for all (y,w) € TV x RN, t € [0,7T], with a constant C' independent on (y,w) and 7.
The estimate (4.13) also follows from the estimate between Equations (26) and (27) of

[3].

Definition 4.2 (Mild solution, FP case). Let t — E(t,-) be a cadlag function with
values in F. Let p € [1,4o00[. Let fi, € LP(TN x RV). Assume Q = Qrp. A continuous
function from [0,7] to LP(TN x RY)) is said to be a mild solution to (4.2) in LP with
initial datum fi, if

F(8) = Ko fn + /0 VKoo B(s)f(s)]ds, (4.14)
for all ¢ € [0,T.

Proposition 4.2 (The Cauchy Problem, FP case). Lett — E(t,-) be a cadlag function
with values in F. Let p € [1,400[. Let fiy € LP(TN x RN). Then (4.2) has a unique
mild solution f in LP with initial datum fi,. If fin > 0, then f(t) >0, for all t € [0,T].
In addition, for every k < 2, the regularity W*P(TN x RN)) is propagated:

Sup LF O llwkr @y xrry < O T finllws oy crw), (4.15)
€|0,

where the constant C(k,T) depends on k, T, N and supycpoq |E(t,-)||F. If p=1 and
fin 20, then || f(O)ll L1 ov xryy = [ finllpion xrvy- If, more generally, there is no sign
condition on fi, € LY(TN x RY), then (4.4) is satisfied. Eventually, if fin € G, then
f(t) € Gy, for allt € [0,T).

Proof of Proposition 4.2. The existence-uniqueness follows from the Banach fixed point
Theorem using (4.13), in a manner similar to the proof of Proposition 4.1. To obtain
(4.15) for k = 1, we assume first that f(t) is in W*P(TN x RY) for all ¢ and we use the
relations

V:BKt('Ia vy, U]) = _vth('T7 VY, ’U)),
vat(xa vy, U]) = _(1 - eit)vth(x’ vy, ’U)) - eitvat(x, vy, ’U)),
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and Gronwall’s Lemma, to obtain (4.15). We can drop the a priori requirement that
f(t) is in WEP(TN x RY) for all ¢ either by incorporating this in the fixed-point space,
or by working with differential quotients. The case k = 2 is obtained similarly. To prove
that fi, > 0 implies f(¢t) > 0, we use a duality argument: it is sufficient to prove the
propagation of the sign for L°° solutions to the dual equation

o(T) =9, (4.16)
Ohp=—v-Vyp—E-Vyp— Qfpp, 0<t<T. (4.17)
This follows from the maximum principle, since Qppy = Ay — v - Vyp. The maxi-

mum principle for the solutions to (4.16)-(4.17) also yields the L!-estimate (4.4). The
propagation of moments is proved in Proposition 5.6. ]

4.3 Markov property

We prove the following result.

Theorem 4.3 (Markov property). Let (E(t)) be a mizing force field in the sense of
Definition 2.1. We denote by A the generator of (E;). Let X denote the state space

X =LY TN xRY) x F. (4.18)
For (f,e) € X, let fi denote the mild solution to (4.2) with initial datum f and forcing
Ei(e). Then (ft, Ei(e))i>0 is a time-homogeneous Markov process over X .

Proof of Theorem 4.3. We will just give the sketch of the proof. We use the propagation
of the W?!-regularity stated in Proposition 4.1 and Proposition 4.2. when f; has the
regularity W2H(TV x RY), it is simple to prove that

fe="W(f, (E(0))o<o<t), (4.19)

where Wo,(f,-) is a continuous map from L'([0,¢]; F) to L} (TN x RY). Indeed, if f},
i € {1,2} are two solutions to (4.2) corresponding to two different forcing terms E'(t, z),
i € {1,2}, we just need to write

[0+ E' -V, = Q] (ff = f}) = (B> = E') - V. ff,
multiply the equation by sgn(fi; — f2) and integrate, to obtain

t
£ = SEll o vy < C/O 1E?(s) — E*(s)| pds, (4.20)

where the constant C' depends on the L?L;W—norm of V, f2. Without loss of generality,
we can assume that  is the path-space, in which case (4.19) gives

Jo="Wu(f,w). (4.21)

Setting 0yw = w(t + -), we see that ¥ satisfies the co-cycle property ¥, (f,w) =
U (Us(f,w),fsw). In this context of random dynamical system, it is clear that the
process (f:, Ei(e))i>0 is a Markov process, [4]. The extension to the case where f €
LY(TY x RY) results from a density argument. O
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Let us introduce the operators

"%So(fa e) :ASD(f, e) + (Qf —€- va, DfSD(fa e))’ (422)
Zo(f,e) == (v-Vaof,Dyo(f,e)), (4.23)
and . = % + 4. Formally, £ is the generator associated to the Markov process
(ft, E¢). In the proposition 4.4 below, we describe a class of test-functions that are in

the domains of both .2} and &}, the class being big enough to be used to characterize
the limit process by the perturbed test-function method.

Proposition 4.4. Let (E(t)) be a mizing force field in the sense of Definition 2.1. Let
A be the generator of (Ey), let X be the state space defined by (4.18), and let 244 and
£, be defined by (4.22)-(4.23). Let ¢: R™ x F' — R be a continuous function which is
bounded on bounded sets of R™ X F' and satisfies the following properties:

1. for allu € R™, e — (u;e) is in the domain of A and (u,e) — Ay(u;e) is bounded
on bounded sets of R™ x F,

2. for all e € F, u — ¢(u;e) is differentiable, (u,e) — Vy(u;e) is bounded on
bounded sets of R™ x F and continuous with respect to e.

Let &1, ..., &, € OX(TN x RN). Then the test-function

e: (f.e) = P((f, &), ([, m)i @) (4.24)

satisfies Zyp(f,e), Lo(f,e) < 4oo for all (f,e) € X and ¢ is in the domain of £ in
the sense that

Pt@(f’ e) = Qp(f, e) + tg@(fa e) + 0f7e(t)a (425)
for all (f,e) € X.

Proof of Proposition 4.4. Let £ = (§;)1,m. We have
Zyo(f,e) = {Ap(we) + ([, Q"¢+ e- Vob) Vur(uie) } |, o
Zolf.0) = (f,v- Vo Vuvluie)| o

therefore (f,e) — (L(f.e),Le(f,e)) is bounded on bounded sets of X. To obtain
(4.25), we use the decomposition of Pp(f,e) — ¢(f,e) into the sum of the terms

E(f,e)sp(fa Et) - Qp(f’ e) (426)
and
E(re) lo(ft, Et) — o(f, E)] - (4.27)

By item 1, we have the asymptotic expansion (4.26) = tAi(u;e)| + o(t). In

addition, by (4.2), we have

Ut = u+t((f,Q*£+e- vv£> + <fav : V:B£>) +0(t)’

u=(f,§)
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where u = (f,£), u= (f,§). By item 2, we obtain the asymptotic expansion
(4'27) = t(<f7 Q*f +e- VU§> + <f7 v - Va:@)vuib(% e)‘u:<f7§) + O(t)'

This concludes the proof. O

Remark 4.1. The result of Proposition 4.4 holds true if we consider some functions &;
not as smooth and localised as Cg° functions, provided there is a sufficient balance with
the regularity and integrability properties of f. For example, we apply Proposition 4.4
in Section 5.1.3 with &(z,v) = &(2)¢(v), where & is in some Sobolev space H*(TN)
and (;(v) is a polynomial in v of degree less than two. In that case, we view (f;, E}) as
a Markov process on X3 := G3 x F' and the conclusion of Proposition 4.4 is valid for
feaGs.

Remark 4.2. Note that, in the context of Proposition 4.4, the function |1|? has the same
properties (item 1 and item 2) as 9. Therefore |t)|? is also in the domain of .Z.

5 Diffusion-approximation

We consider the Markov process (ff, Ef) (see Theorem 4.3). The generator .£¢ of this
process can be decomposed as

75 =1

g2

1
9%_{_2“%’

where %} and .Z are defined by (4.22) and (4.23) respectively. For every ¢ in the domain
of £¢, the process

t
ME(t) = o(f52 ) — ol fins Fo) — /0 25 (2, B2)ds (5.1)

is a (G;/.2)-martingale (this is a consequence of Theorem 4.3 and Theorem B.1 in Ap-
pendix B). The equation associated to the principal generator % is (1.2). It has been
analysed in Section 3. Our approach to the proof of the convergence of (p°) uses the
perturbed test-function method introduced by Papanicolaou, Stroock, Varadhan in [14].
Let us explain the main steps of the proof.

1. Limit generator. To find the limit generator £ associated to the equation
satisfied by the limit p of (p), which acts on test functions ¢(p), we seek two
correctors ¢1 and o such that, for the perturbed test function

P°(f.e) = p(p) +epi(f,e) +%pa(f.e), (5.2)
we may write Z°¢° = Lo+ o(1). See Section 5.1.

2. Tightness. We prove the tightness of the sequence (p°) in an adequate space.
First, we obtain some bounds uniform with respect to € by perturbation of the
functional which we try to estimate. See Section 5.2. Then we establish some
uniform estimates on the time increments of (p°). See Section 5.3.
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3. Convergence. We use the characterization of (1.24)-(1.25) as a martingale prob-
lem to take the limit of the processes (p.). This is a very classical approach to the
convergence of stochastic processes, see the introduction to [11, Chapter III]. We
will consider the class © of test-functions ¢(p) of the form

w(p) =4 ((p,€)), (5:3)
for ¢ € C3(TN), p € LY(TY), and + a Lipschitz function on R such that v/ €

C°(R). This class O is a separating class in L'(T"): if two random variables p;
and pq satisfy Ep(p1) = Eg(p2) for all ¢ as in (5.3), then p; and ps have the same
laws (this is because © separates points, see Theorem 4.5 p. 113 in [7]).

5.1 Perturbed test-function

Let ¢: L}(TY) — R be a given test-function as in (5.3). Consider the perturbation
(5.2). To obtain the approximation £°¢° = Zp + o(1), we identify the powers in ¢ in
each side of this equality. This gives, for the scale e 72, the first equation 24 = 0. This
equation is satisfied since ¢ is independent on e. Indeed, we have Ap = 0, consequently,
and also

(Qf —e-Vuf, Dro(p)) = (p(Qf —e- Vo f), Dpp(p)) =0

since p(Qf) = 0 and p(e - V, f) = 0. At the scales e~ ! and " respectively, we obtain
the equation for the first corrector

L1+ Zp =0 (5.4)
and the equation for the second corrector
Lipa + L1 = L. (5.5)

If (5.4) and (5.5) are satisfied, then .£°¢p® = Lo + %, p2. We solve (5.4) and (5.5) by
formal computations first, see Section 5.1.1 and Section 5.1.2. In Section 5.1.3 then, we
give and prove the rigorous statement concerning the resolution of (5.4) and (5.5), see
Proposition 5.4.

5.1.1 First corrector

We seek a solution to (5.4) by means of the resolvent formula

er(fee) = [ Eqouthn Bt v =2
where f; is obtained either by (3.3) or (3.4) with s = 0. The right-hand side ¥ is

(f e) = ZLp(f,e) = =(dive(vf)), Die(p)).
Since p(vf) = J(f), this gives

¥(f,e) = = (dive(J(f)), Dpe(p))- (5.6)
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Lemma 5.1. Let fs; be equal either to (3.3), or to (3.4). The two first moments of fs;
(see (1.14) for the definition of the moments) are, respectively, p(fs+) = p(f), and

J(far) =" T(f) + p(f) / e = E(q, s;e)do. (5.7)

Proof of Lemma 5.1. We use the formula
/ (1,0, )M (v — w)dv = (1, w, K + w®?), (5.8)
RN

where K is defined by (1.16). By (5.8) (and a change of variable in the FP-case), we
obtain (5.7). O
Remark 5.1. Similar computations done on the equilibria M® and Mf? defined by

(3.6) and (3.7) give the formula

J(MEBY = J(ME?) = / ’ e’ E(o)do. (5.9)

—00

Using (2.12) and (5.7), it is also simple to establish

[T s < v, [T RIG0E =0+ DR (510
Combining (5.6) and (5.10), we obtain the following candidate as first corrector:
901(f7e) = _(div$(H(f7e))7DP(P(p))7 H(fae) = J(f)+p(f)R0(e) (5'11)

5.1.2 Second corrector and limit generator

Let p1, be the invariant measure parametrized by p associated to %}, defined by (3.8).
Since £y, = 0 and (L, n,) = ZL¢(p), a necessary condition to (5.5) is that

Lo(p) = (Lyp1, 1p)- (5.12)

If (5.12) is satisfied, then we set

wa(f,e) = /0 (E (.00 L01(ft: Er) — (L1, 1)) d. (5.13)

The equation (5.12) gives the limit generator .£. Since f — H(f,e), defined in (5.11),
is linear, we have
Zyp1(f.e) = —(diva(vf), Drpi(f,e))

= (diVJ: [H(divx(vf)v e)]? Dp@(p)) + thp(p) : (diV$(H(f7 e))? dlvx(J(f)))a
(5.14)
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and thus
Lo(p) = (¢, 1), Dpip(p))+ ExFDﬁw(p)-(divx(H(f,e)),divx(J(f)))dup(f,e% (5.15)

H(div,(vf),e). Let us compute the first term in the right-hand
5.11), we have

where (f,e) = divy(
side of (5.15). Using (

¥(f.€) = DK (f) + dive [Ro(e)diva ()] (5.16)
The part (D2:K(f), o) = D2: [pEK (My)] is given by (5.17) below.

Lemma 5.2. Let M® and MFY be defined by (3.6) and (3.7) respectively. The expec-
tation of the second moment of My is

E [K(M,)] =K + gE [E(O) & Rl(E(o))} , (5.17)

where BB = 2 and b*F = 1.

Proof of Lemma 5.2. We compute, using (5.8),

K(VILR) = /_OOO o (x + [/:E(r)dr} ®2) do.

E [K(MyP)] =K + /io e’ /00 /JOF(T — s)drdsdo,

where T'(t) is the covariance of (E(t)) (see (2.18)). We decompose the Lebesgue measure
on the square [0,0]? as a sum of one-dimensional Hausdorff measures supported on the
intersection of lines parallel to the diagonal {r = s} with [o,0]? to obtain

This gives

/00 /UOI_“(T — 8)drds = /Uo(r — 0)[D(r) + T(=r)]dr.

Two successive integration by parts and (2.20) give then (5.17). Similarly, we have by
(3.7) and (5.8),

B 0 B ®2
K(MEP) = K + [/ e"E(a)da] :
—00
To conclude to (5.17), we use the following Lemma 5.3. O

Lemma 5.3. For § > 0, we have

0

E [R5(E(O)) & E(o)] — 26F [ / e‘SUE’(J)dU] - (5.18)

—00

sym _

In particular, when 6 > 0, E [R(;(E’(O)) ® E(O)} is a non-negative symmetric matric.

26



Proof of Lemma 5.3. We compute

E [ / io e&fE(a)da] - = /_ OOO /_ io SHIE[E(s) ® E(0)]dods

_ /0 / SCHIE[B(s) & E(o)]dods (5.19)

Then we set 0/ = 0 — s, and some standard rearrangements and computations give the
formula (5.18). It is clear then that the left-hand side of (5.18) is a non-negative matrix
when § > 0. This is also true for § = 0 be continuity. U

Remark 5.2. Using (5.9), we obtain
_ _sym _ 0 o _ sym _
® E0)|. (5.20)
To identify the contribution of the second part in (5.16), we adapt (5.20) to get
0
(divy [Ro(e)dive(J(f))], p) :amj/ ¢’E [Ro(E;(0))0y, (pEi(0))]

:8%.151 [RlRo(Ej(O))aa;i (pEZ(O))] .
The first-order part in (5.15) is therefore ({4, up), Dpp(p)), with
b

(4, pp) = D% [p <K +E [E(O) @ Rl(E(O))] )} + div, E [Ry Ro(E(0))div, (pE(0))] .
(5.21)

This can be rewritten as
(¥, pp) = divg (KyVap + Op), (5.22)

where Ky and © are given in (1.19) and (1.20) respectively. To compute the second-order
part in (5.15), we have two terms to consider: (J(f)® J(f), 1) and (Ro(e) ® J(f), tp)-
We have already established

(Ro(e) ® J(f), up) = E [R1Ro(E(0)) ® (pE(0))] -
By (5.9) and (5.18), we have also

(J(f)® J(f), o) = E [(pR1(E(0))) @ (pE(0))] -

It follows by the resolvent identity Ry Ry = Ry — Ry that

Dyp(p) - (dive(H(f)), dive(J (f)))dpo(f, )

ExF
=ED2¢(p) - (dive(pRo(E(0))), dive(pE(0))). (5.23)
To sum up, we find the following expression for the limit generator .Z:

Zo(p) = (diva(K;Vap + Op), Dpp(p)) + ED2p(p) - (diva(pRo(£(0))), divm(pE((z)))- |
5.24
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5.1.3 First and second correctors

Recall (see (1.17), (1.18)) that
In(f) = // || f(z,v)dzdv, G, = {f € Ll(']I‘N X ]RN); In(f) < +oo}.
TN xRN

Recall also that F' = C*(TV). Let us introduce the following notations. We write a < b
with the meaning that a < Cb, where the constant C' may depend on R (¢f. (2.7)), on
CY (cf. (2.17)), on various irrelevant constants, and on the dimension N.

Proposition 5.4. Let ¢ be of the form (5.3), with ¢ € C3(TN) and ¢ a Lipschitz
function of class C* on R such that the derivatives ), j € {1,2,3} are bounded. Let
1, @2 be the correctors defined by (5.4), (5.13) respectively. Then the functions p1, 2
satisfy Lipi(f,e) < +o00, Lpi(f,e) < +oo for all f € G3, e € F and are in the domain
of Z£¢. We have the estimates

ler(f. @)l S ¥l €]l ereomy (Jo(f) + J1(f)), (5.25)
and B B
(L1 (f,e)| S 1 ey @) I€1 G2 ny ([T + 1 T2()I7), (5.26)
on w1 and the following estimates on ps:
[o2(F, @)l S 19 ll o my € NE oy (1T (NP + 1 T2(£)1%), (5.27)
and B B
(L2 (f, @) S 1 ez €1 Gs ony ([T + 1T3(F)), (5.28)

for all f € Gs, for all e € F with |le||r <R. The estimate
Z0(p)| S 1 llcy@)lIENZn o 1121 oy (5.29)
is also satisfied for all p € L*(TV).
Proof of Proposition 5.4. For ¢ as in (5.3), the formula (5.11), (5.14) read
p1(f,€) =¥ ({0, ) (H(f.€),V2E)), H(f.e)=J(f)+ p(f)Ro(e), (5.30)
and
Zp1(F.0) = V' (0, ) [ (Kiy (1), 02,0, ) + (Ji(F). On, (Ro(e)0, )
0" (. E))H(f,), Vo) (I(f), Vat), (5.31)

respectively. The two estimates (5.25), (5.26) then follow from the bound (2.7), (2.16)
on E; and Ry(e). The formula (5.12) for .Z¢ and (5.26) then give (5.29). Let us focus
on the estimate (5.27) on |¢2(f,e)| now. For simplicity, let us denote by ', ... the
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derivatives of 1) evaluated at the point (p,&). We start from the formula (5.13), which
gives

p2(f,€) = /Ooo E(f.e) [Lo1(ft: Et) — (Lo, o)l dt, (5.32)

where f; is obtained either by (3.3) or (3.4) with s = 0. Consider the LB-case. There
are two terms in f; and three terms in 4,1, which makes at least six terms to consider.
We find out more than six terms actually, because of the translations in v. Consider the
first term in (3.3). By (5.8), and for

t
wy ::/ Eq(e)ds
0
we have

K(f(-—wy)) = K(f)+ J(f) © we+ p(fHwP®,  J(f(-—we) = J(f) + p(f)w
In (5.31)-(5.32), and regarding the linear terms with factor ¢/, this gives the contributions
bro= ' [ [T K0+ 50 F w110 D2,
™ Jo
and
ba =0’ [ [T B +olh)w) - ValRo(Eile)) - V) ded.
™ Jo
Using the bound [[wt|[r < tsupyejoq [|Es(e)|r and (2.7), (2.16), we have
D00, [P S N [ley @ 1€z rny (Jo(f) + J1(f) + J2(f))-
Since Ji(f) < 5Jo(f) + 5J2(f), this gives us a bound by [[¢'[lc,m®) €llc2(rny(Jo(f) +

Jo(f)). Using (5.8) again, and still regarding the linear terms with factor ' only, we
see that the second term in the expansion (3.3) of f&B has the contributions

= /’]I‘N/ 0. (+00))dtdz, P®yq=1) ’IFN/ (0a(t) — b4(+00))dtdz,

where

0.(t) =p(f) /O ~(t-)

K+E < / E( >®2] :D%¢do, (5.33)

ba(t) =p(f) / ~-o)R [/ Ey(e)ds - Vo[ RolE <>>-vxs@ do,  (534)

By standard manipulations on the integrals in (5.33), we have
0.(t) = p(f)(1 — e H)K:D2¢ + 2p(f / / / — 8):D%¢dsdrdo,
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where the covariance I'e is defined by (2.18). The most delicate term to estimate in ®5 .

1S
o5, =2 / / / / / o(t — 1t —s) —I[\(s — )] :D2¢dsdrdodtdz.

The other terms are bounded by [|€]| 2wy (Jo(f) + J2(f)) using (2.7). Using also (2.19),

we have
’(13 c‘ < 2J0 ”§HCQ(TN / / / / 'Ynux de?“dO’dt

< 270(F)lEllczcn / / it — ).

Neglecting the term —e™" and using (2.14) gives a bound |®3 .| < 2Jo(f)]|€]|cz(pyy. We
have also

t o
£ / e / E[E_.(e) - ValRo(E(e)) - Vae]] dsdo.
0 0
Conditioning on G;_g, we see that

E[E;_s(e) ® Ro(Ei(e))] = =94 [y @ e Roy] (e), t(e) =e.
By (2. 13) (2 16), (2. 14) we obtain

e[y V(e Rop - V,€)] (e)

— (¢ - Vo(PsRot) - V), u>} dsdodt

C(TN)

<R? / / / e (t — 5)dsdordt||El| o1 )

< R3¢l vy

With this estimate, it is easy to prove that [®g 4 < Hf”cz(qrzv)jo(f). Let us look as
the quadratic terms with factor 1" now. There are two terms in (3.3), so four terms
Py, ..., Doy to consider here. The first term in (3.3) has a factor et like in ®,, Pp.
There is no contribution from (%, ¢1, 1,) in @o ., P2 ¢, P2 4 hence, and the convergence of
the integral in (5.32) is clear. Therefore, using the same arguments as above, we obtain
the estimates

|Pa,cls (D21, [P2,6] S 119" [l @) IV ooy (1T () + [TL () (5.35)

Let us illustrate this on the example of ®; ,. We have

) t t
By = o /O /O -0 { / (P(F)Er(), Vab) p2(owdr

<)+ o) [ Ble)ds+ o) Ro(ED). Vabhagam |
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which gives (5.35). The last term @5, is

Byp = /0 0 (t) — On (o0,

//// e (p(f) Bye), Vi) 2oy

(p(f)Eg(e) + c(t) p(f)Ro(Ei(e)), Vo) r2(pnyds'dsdo’ do.

// (tU)deO'_/O'BO—l—(t—{—l)

The technique used to estimate the terms ®; . and ®, 4 applies here to give

|@2nl S 19" [l @) I Vbl B ny | Jo ().

This concludes the estimate on @9 in the LB-case. The estimate on s in the FP-case
is obtained by the same arguments. This follows from the expressions for K(f:), J(fi),
which involve various terms, similar to those estimated in the LB-case. For example, a
careful computation based on (3.4) and (5.8) gives

K(FP) =p(f) [(1 —emr ([ t ey e)do .

where

The coefficient c(t) is

+e K(f)

‘ t
et | [ B0 )+ 1) [k e)da]
0 0

A comparable expansion for J(ffY) gives the result, like in the LB-case. Using (2.17),
a careful study of the terms composing 9 shows that ¢; and ¢y are of the form (4.24)
with some ¢; as in Remark 4.1. By Proposition 4.4, we deduce that Zp;(f,e) < +o0,
Zpi(f,e) < +oo for all f € G, e € F and that ¢; and ¢9 are in the domain of Z*.

There remains to prove (5.28). Compared to the development of 2, when computing
%, 2, still more terms appear, which combine the derivatives of ¥ up to the order three.
However, all the questions of convergence of the integrals with respect to ¢ have been
dealt with in the estimate of p9. Although lengthy, it is not problematic to prove (5.28):
we do not expound that part thus. ]

Remark 5.3 (Linear test function). In Section 5.3, we apply Proposition 5.4 to a linear
test-function (p) = (p, &) r2(rnvy, which means 9" = 1, ¢ = 0. In that case, the bounds
on the first corrector is a little bit simpler: we have

le1(f, @)l S ll€llorrmy (Jo(f) + T1(f)), (5.36)

and
[ L1 (£ @)l < M€l oy (Jo(f) + (1)), (5.37)
for all f € G, for all e € F' with |le|]|r <R.
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By Theorem 4.3, Remark 4.2 and Theorem B.1, we obtain the following corollary to
Proposition 5.4.

Corollary 5.5. Let o be of the form (5.3), with & € C3(TN) and 1) a Lipschitz function
of class C3 on R such that the derivatives ) Jj €4{1,2,3} are bounded. Let 1, @2 be
the correctors defined by (5.4), (5.13) respectively. Let 6 be the correction of ¢ at order
0,1 or2:

0 € {p,p+ep1,p+epr +e2pa}.
Then

t
Mg (t) := 0(f;, EF) — 0(fin, Eo) — /O LE0(f5, ES)ds (5.38)

and

M5 (t)]* ~ /O (L7107 — 20.2°0] (f2(s), B (s))ds

are (Gy/c2)-martingale.

5.2 Bounds on the moments

Recall that J,,,(f) denotes the m-th moment of f (see (1.17)) and that G, is the space
of functions f € LY(TN x R¥) such that J,,,(f) < +oo0.

Proposition 5.6. Let f§ € Gp,. Let (ff) be the unique mild solution to (1.7) on [0,T]
given by Proposition 4.1 or 4.2. Then, for all m € N, almost-surely, for all t > 0,

T (f5) < CR.m, ) [In(f5) + Jo(f5)] (5.39)
where C'(R,m,t) is a constant which is bounded for t in a bounded set.

Proof of Proposition 5.6. By density, we can assume that fi, € W2Y(TN x RY). We can
also replace v — |v|™ by v — |[v|™xy,(v), where x,, is a function with compact support
which converges pointwise to 1 when 7 — 0. By the results of propagation of regularity
given in Proposition 4.1 and Proposition 4.2, the following computations are licit then.
For simplicity, we take directly xy = 1. First, we have

d

L om(F5) = % | T (Qf2) + 2m / / W2V B (2, 0)dado| . (5.40)
dt 82 TN xRN

If m = 0, then, for all ¢ > 0, almost-surely, Jo(ff) = Jo(f§) since the equation is
conservative. If m > 0, then we use the following inequality (which is a consequence of
Young’s inequality)

1
2l < o™+ 2R(2m — D
d

to infer, by (5.40) and (2.9), that
1
dt g2

Tom(@FF) + 5 Tom( ) + RIZR(2m = 1P Ty (1)
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We have, in the case Q = QuB,
j2m(QLBf) = j2m(M)j0(f) - j2m(f)

If Q = Qrp, then

Jom(Qrpf) = — 2m //WV x |v|2(m’1)v (Vo f(z,v) +vf(z,v))dzdv
=(N 4 2(m — 1)) Jogn—1)(f) = 2mJom (f).

In the first case Q = QLB, we obtain
Tom(f5) < €732 Jon (f§) + 2(1 — €73 [Jom (M) + R[2R(2m — D)]*™ 1] Jo(f5).

This gives (5.39). If Q = Qpp, we conclude similarly by a recursive argument on m. O

5.3 Tightness
For o > 0, we denote by H~?(T¥) the dual space of H°(T"). Let J{ = (Id — A,)~°.
In the standard Fourier basis (wy) of L2(TY), J{ is given by

Jowp = (14 M) wg, M =472k]?,  wi(z) = exp(2mik - 2).

As Jf/Q is an isometry L?(TV) — H°(TY), the norm on H~°(T") is
1/2

Al -ony = | S WA I 2w poaom | (5.41)
keZd

Proposition 5.7 (Tightness). Let f§ € Gs. Let (f7) be the unique mild solution to
(1.7) on [0,T] given by Proposition 4.1 or 4.2. Then (pf)ico,r) s tight in the space
c((o,7); H=H(TY)).

Proof of Proposition 5.7. Let us introduce the decomposition
pF =0+ (%, 0° =edive(J(f°) + p(f°)Ro(E)). (5.42)

Note that, contrary to p°, which has continuous trajectories, 6° and (¢ are, a priort,
cadlag processes, just like E. We show first that p° is close to (% in the norm of
C([0,T); H=1(T¥)) and then prove in a second step that (¢¢) is tight in the Skorohod
space D([0,T]; H~Y(TY)). In the third last step, we show that (pf),co7] is tight in
C((0,T); H(TY)).

Step 1. p® is close to (°. This is a straightforward consequence of the bound on the
moments (5.39). Let us extend the notation a < b to denote the inequality a < Cb,
where the factor C' may depend on R, on CY, on N and also on supgc..q Jm(f§) for
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m =0,...,3 and on T. Note that C' should not depend on ¢, nor on w. Then, by (5.39),
we have supycpo ) 107 [ -1 (v S €

Step 2. (¢%) is tight in D([0,T]; H=!(T")). The bound on the moments (5.39) shows
that supscio.r1 110l 2(rvy and supyeio 7y [10f | -1 ¢y are almost-surely bounded. Since
(¢ = p® — 6%, the quantity sup,cio 77 [|¢f | z—1 (7~ is also almost-surely bounded. By [12,
Theorem 3.1], it is sufficient therefore to prove that, for all & € C?(T¥), the family of
real-valued processes ((%,&) is tight in D(][0,7]). Let us fix such a &, and let us set

p(p) = (p,€) and 7 = (¢%,&). Denote by

p1(fe) = (J(f) + p(f)Ro(e), &)

the first corrector associated to . To obtain an estimate on the time increments of ¢,
we introduce the perturbed test function p° = ¢ + ey and the martingale (cf. (5.38))

ME(t) = o (f5(t), E=(t)) — ©°(f°(0), E(0)) —/O Lo (f5(s), ES(s))ds.  (5.43)
We have thus .
= [ L) B o) + M), (5.44)

To prove that (75) is tight in D([0, 7)), we will use the Aldous criterion, [11, Theorem 4.5,
p.356]. Let 1 > 6 > 0. Let 71,7 be some (F;)-stopping times such that

Mm<mn<n+60, wn<T, as. (5.45)
By the Doob optional sampling theorem, we have
E [|M®(12) — M*(11)]?] = E [[M*(n)]? — |M*(m1)[] .

Let (A$) be defined by (B.4), where ¥ = £¢ and ¢ = ¢°. By Theorem B.1, |M*(t)|>— A$
is a martingale. Consequently,

E [|M°(ms) — ME(m)]?] = E [A5, - 45] <6,

~

We also have )

E / " 2 (o), B (s)ds| < 62

Using the decomposition (5.44), we conclude that the increments of 7¢ also satisfy the
estimate

E 1, — 7] S 6.

By the Markov inequality, the Aldous criterion

lim lim sup sup P(|y5, —75,| >7) =0
=0 c€(0,1) 1,72
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is satisfied for all > 0, (the sup on 71, 79 being the sup over the stopping times satisfying
(5.45)). This gives the desired conclusion.

Step 3. (p°) is tight in C([0,T]; H~'(T")). Using Step 1. and [11, Lemma 3.31
p.352], we deduce that (X7) is tight in D([0, T]; R?). Since (X§) is in C([0, T]; R?), it is
actually tight in C([0,T];R?%). To establish this fact, it is sufficient to use the relation
wy(0) < 2w, () (t = p(t) continuous) between the modulus of continuity of continuous
functions and the modulus of continuity of cadlag functions, see [2, (12.10) p. 123]. O

5.4 Convergence to the solution of a Martingale problem

Assume that the hypotheses of Proposition 5.7 are satisfied. Let ey = {g,;n € N},
where (g,,) 4 0. By the Skorohod theorem [2, p. 70], there is a subset of ey, which we
still denote by ey, a probability space (Q,]—i , Iﬁ’), some random variables {5°;¢ € en}, p
on C([0,T); H='(TY)), such that

1. for all € € ey, the laws of p° and p° as C([0, T]; H~'(T"))-random variables coin-
cide,

2. P-as., () is converging to j in C([0,T]; H~'(TV)) along ey.

By lower semi-continuity, we have P-a.s., for all t € [0,T], p; € L' (TV). Let (]}t)te[o,T}
be the natural filtration of (5(t))scpo,77- Our aim is to show that the process (5(t))sejo,1)
is solution of the martingale problem associated to the limit generator .Z.

Proposition 5.8 (Martingale). Let & € C3(TY), and let p be of the form (5.3), where
¥ is a Lipschitz function of class C® on R such that the deriwatives \9), j {1,2,3}
are bounded. Let £ be the limit generator defined by (5.24). Then the process

t
1,(8) = 5(0) = (50) ~ [ Z(pl)ds (5.46)
s a continuous martingale with respect to (j:t)te[O,T}- Let
Q(p;€) =E [{p, Ro(E(0)) - Va&){p, E(0) - V)] - (5.47)
The quadratic variation of (My(t)) has the expression
L t
(0t J15)e =2 [ 140 )PQUs ), (545)

for all t € [0,T].

Proof of Proposition 5.8. Recall that L¢(p(s)) is well defined by (5.29). For ¢ given
by (5.3) in the expression (5.24) of the limit generator, we get the decomposition

Zo(p) =V ((p, ) (p, dive (K3Vi) + O - Vif)
+ 4" ((p, €))E [(p, Ro(E(0)) - V&) (p, E(0) - V)] . (5.49)
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Since ¢ € C3(TV), we obtain that p — Zp(p) is continuous for the H~!(T™)-topology,
thereby showing that the process (M¢ (t)) is continuous. Let us prove now the martingale
property. Let 0 < s <t <T. Let 0 <t; < --- <t, < s and let © be a continuous and
bounded function on [H~'(TV)]". Note that F, is generated by the random variables
O(p(t1),...,p(ty)), for n € N*, (t;)1, and O as above. Our aim is therefore to prove
that

E |(My(t) = Mo(s)O (1), plta)) | = 0. (5.50)

Let ¢° = ¢ + e + €25 be the second order correction of ¢, with ¢ and 9 given by
Proposition 5.4. We start from the identity (see (5.38))

E [(ME(8) = ME())O(5 (1), ., 7 ()] = O, (5.51)
where .
ME(t) = o (f5(t), E}) — ¢ (fin, EG) —/0 L7 (f5(s), E3)ds, (5.52)

Recall that Z¢¢p° = Ly + 4 2. By (5.51), the estimates on the correctors (Propo-
sition 5.4) and the uniform estimates on the moments of (ff) (Proposition 5.6), we
have

E [(X5(t) — X5(5)O(p" (1), - - -, p°(t))] = O(e),
where the process (X (t)) is
X5(t) = ¢l () = olom) = | Lolo? (o)ds

By identities of the laws, it follows that

E[(@(ﬁe(t))—w(ﬁe(@)— / f@(ﬁa(S))@) OF (), ... (k)| = OC).  (5.53)

We must examine the convergence of each terms in (5.53). By a.s convergence of (5°) in
C([0,T); H=1(TY)) along ey, we have

[mﬂt)) - zso(ﬁf(s))ds] O (1) - 77(1)
= W(t» - zw(ﬁ(s))ds} O (t1). ... 7(tn))
0

almost-surely when ¢ — 0 along ey. Since © is bounded and ¢(p°(t)) and Zp(p(t)) are
a.s. bounded by a constant (a consequence of (5.39)), we can apply the dominated con-
vergence theorem. This gives (5.50). Because MSO is continuous, the quadratic variation
of M, is the unique non-decreasing process (A;) such that [M,(t)|* — A; is a martin-
gale. Theorem B.1 and a straightforward computation based on (5.49) show that the
right-hand side of (5.48) is indeed the quadratic variation of M,,. O
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5.5 Limit SPDE
5.5.1 Covariance

Proposition 5.9. Let S be defined by (1.22). The operator S is symmetric, non-negative
and trace-class on the space L*(TYN;RN).

Proof of Proposition 5.9. It is clear that S is symmetric. That S is non-negative means
(Sp,p) >0, where (-,-) is the canonical scalar product on L*(TV;R¥) given as the sum
over i € {1,...,N} of the L?-scalar product of the components. By Lemma 5.3, we
have, for all p € L2(TV;RY),

2

(Sp,p) = lim 0E >0,

6—0

/ e (p, Ey)dt

0

which shows that (Sp, p) > 0 indeed. Let us prove that S is trace-class. We fix an arbi-
trary orthonormal basis ((;) of L2(T™;R¥). For all 4, z, we have H(i,z,-) € L2(TN;RY),
where H defined by (1.21) is the kernel of Q . We can use therefore the orthonormal
decomposition

H(i,,) =Y (H(i, ), G)C = Y SC(i, )G (5.54)
k

k

We evaluate this expansion at (i,z), sum over (i,z) and use the fact that S is non-
negative to obtain the classical identity that expresses Trace(S) has the sum over the
set {1,...,N} x TV of the diagonal part (i,z) — H(i,,4,x). The bounds (2.7), (2.16)
then imply that Trace(S) < NR is finite. O

To define the square-root of S we employ the usual functional calculus for symmetric
compact operators, based on the spectral decomposition. We have

S= " Ml ® G (5.55)

keN

where (\g, () are the spectral elements of S and ¢ ® ¢’ is the notation for the rank-one
operator that maps p on (p,{)(’. The square-root S1/2 of S is defined by the formula

S22 =300 ® ¢ (5.56)
keN

We establish now the following result.

Proposition 5.10. The sum
k k Hm( N;RN)
k

1s finite.
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We will use Proposition 5.10 in the proof of Theorem 5.14. A direct consequence of
Proposition 5.10 is also that we can extend S/? as a bounded operator H=™(TN; RY) —
L2(TV;RN):

I1SY2 2] p2ern mvy < Cllzllgr-m(po mvy- (5.57)
This extension is used in Proposition 5.11 in particular.

Proof of Proposition 5.10. Recall that F = H?"(TV;R"M) has the standard Sobolev
norm defined by (2.1). Let a be a multi-index of length |a| < m. We integrate the
identity Ap(r = S( against (—1)‘“'620‘(/€ and integrate by parts to obtain the identity

MN0 el 72 ov iy = (=D NOH, G @ Gi). (5.58)

Note that the procedure is valid because H € H?*™ (TN x TV;RY x R¥Y), a regularity
property due to (1.21) and (2.16). Using (1.21), we have also the identity

(02%°H, G, ® (i) = E(0** Ro(Eq), Ci) (Eo, Ck)-

By the Parseval identity and the Cauchy-Schwarz inequality, it follows that

5 A0 Gl vy < E [16% Rol(Bo)ll aowiamy | Bollpages )
k
which is bounded by R?, owing to (2.7) and (2.16). This concludes the proof. O

5.5.2 Representation formula

Let (pt) be the process considered in Section 5.4, defined as the a.s. limit of (pf). For
pc HHTN), ve L2(TVN;RY) let us set

®(p)v = V2div, (pSH?v). (5.59)

Proposition 5.11. Let s > 2+ N. Fort € [0,T], the application t — ®(p;) is well
defined as a map from U := L*(TN;RYN) into H := H=*(TV) and is a.s. continuous
from [0, T] into Lo(U; H), the set of Hilbert-Schmidt operators from U to H. Moreover,
the process t — ®(py) is adapted for the filtration (F;) generated by (p;).

Proof of Proposition 5.11. For smooth v and p defined on TV, we have
[(diva(p5"/20), )| = (v, S (pV20))] < Clellpzev g IV akllr-mv),  (5.60)

where the estimate from above in (5.60) is deduced from (5.57). The norm of the product
pV ;€ is bounded as follows:

HPV:z:fHH—m(TN;RN) < ||P||H—1(TN)H5||C2(TN)-

Let 51 € (24 N/2,5 — N/2). Using the Sobolev injection of H*!(T") into C?(TV), we
get the first bound
[P | w51 (xvyy < Cllpell -1 (Tvy.-
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Then we use the fact that the injection H~51(TV) — H~%(T") = H is Hilbert-Schmidst,
to obtain the desired estimate

2P0 Lowiry < Cliptl -1 (1)

Taking into account the almost sure continuity of ¢ + j; from [0, 7] into H~*(TV), it is
easy to conclude the proof. O

Note that t — ®(p;) is a predictable L(U; H)-valued process (because the process is
adapted and has left-continuous trajectories).

Proposition 5.12. Let (X}) be the continuous H-valued martingale defined by
_ t
Xt = ﬁt — ﬁin - / dlvx(KﬁV$ﬁS + @ﬁs)ds (561)
0

There exists a filtered probability spgceff),f",?, (]E't)), a LZ(']I'N;RfV)—vqlued cylindrical
Wiener process W defined on (2 x Q,F x F,P x P), adapted to (F; x Fi)s, such that

Xi(@,0) = /0 P (ps, 0, 0)dW (s, 0,w), (5.62)

where

Proof of Proposition 5.12. We apply Theorem 8.2 p. 220 in [5], with @ the identity of
U. The representation of X; as the stochastic integral (5.62) is then a consequence of
the identity

(X, %), = /0 D(5,)®(5s)"ds, (5.63)

giving the quadratic variation of (X;). It is clear that, as claimed above, X; takes values
in H=H(TV). Actually, 5(t) being in H~'(TV), X, even takes values in H3(T").
For &€ € H3(TVN), we have (X;,&) = M%(t), where ¢¢(p) = (p, &) and M, is defined by
(5.46). The quadratic variation of the H-valued martingale (X;) is defined as

(X, X =) (X, X1k @ &,
ol

where (&) is an orthonormal basis of H and X, (t) = (X (t)&k, &). The formula (5.64) is
true, therefore, if, and only if, for all £ € H*(T"), the real-valued martingale (M, (t))
has the quadratic variation

t
<M<P57M905>t:/0 HCI)(ﬁS)*g“%?(TN;RN)dS- (5.64)
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The quadratic variation of ]\;Ig, is given by the formula (5.48) with i(s) = s. To
conclude, we simply need to observe that, by definition of S and of Q(p;§) in (5.47), we
have

Q(p; &) = (S(pV2), PVl 2iovmny = 12 (0Val)| 2w vy
and thus Q(fs: €) = [ 2(5s) €172 vy O

We gather the results of Section 5.4 and Proposition 5.12 to give the following theorem.
It is essentially the consequence of a slight abuse of notations, denoting by (€2, F,P) the
whole probability space (2 x Q, F x F,P x P).

Theorem 5.13. Under the hypotheses of Theorem 1.1, let ey = {en;n € N}, where (g,,)
is a sequence decreasing to 0. There is a subset of ey still denoted by en, a filtered proba-
bility space (Q, F, P, (F;)), some random variables {0 e € en}, p on C([0,TY; H-YTN)),
a L2(TN; RN )-valued cylindrical' Wiener process W defined on (0, F,P, (F;)) such that:

1. for all ¢ € ey, the laws of p° and p° as C([0,T); H=(TN))-random variables coin-
cide,

2. P-a.s., (5°) is converging to p in C([0,T); H~Y(TN)) along ey,

3. the H-Y(T%) process p is (Fy)-predictable, supeio,r] 19l L1 vy < llpwnllrrvy s,
and the following equality (in H—*(TN), s > 2+ N/2) is satisfied:

t ~

t
pt = Pin + / div, (KyVps + ©ps)ds + / O (ps)dW (s), (5.65)
0 0

for allt € [0,T], almost surely, where ®(s) is defined by (5.59).

Theorem 5.13 states that, up to subsequence, (p°)cc., is converging in law in the space
C([0,T); H~1(TV) to a weak-L' martingale solution to Equation (1.24) with initial da-
tum py,. This notion of “weak-L!' martingale solution” is defined in the following section.

5.5.3 Limit equation

Definition 5.1. Let pi, € L*(TV). A weak-L! martingale solution to Equation (1.24)
with initial datum p;, is a multiplet

(Qw’fv ]fba (ﬁt)7 Wa (ﬁt)%

(~ +)) is a filtered probability space, W is a L?(TN; RN )-valued cylindrical
defined on (92, F,P, (F;)), (p¢) is a process satisfying the properties given in item 3 of

where (Q, F, I@
(€
Theorem 5.1

3.

Theorem 5.14. Let pi, € LY(TV). Two weak-L' martingale solution to Equation (1.24)
that have the same initial datum py, and are constructed on the same stochastic basis
coincide a.s.

Lwhen we do not specify the covariance of the Wiener process, it is understood that it is the identity
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To establish this result of pathwise uniqueness for (1.24), we will use the following result.

Lemma 5.15. Let Ky be defined by (1.19). Let (A, () denote the spectral elements of
S (cf. Section 5.5.1) and let g, = )\,19/2@. For all x € TV, the inequality

Ky(2) > K+ op(x) @ pg(x) (5.66)
B

is satisfied in the sense of symmetric matrices.

Proof of Lemma 5.15. To establish (5.66), we use first (1.19) and (1.21), which gives
Kﬁ(%‘) > K+ (H(i,x,j,x))ij,

since b > 1, whereas the term in factor of (b —1) in (1.19) is a non-negative symmetric

matrix by Lemma 5.3. Since ¢ = )\/,1C 2(19, the expansion (5.54) can be rewritten as
H(i,z,j,x) = > lon()]; [pr(2)];. This gives the desired result. O

Proof of Theorem 5.14. We are given two weak-L' martingale solution to (1.24) both
with initial datum pi,, and associated to the same probabilistic data (Q, F, P, (F;), W).
For simplicity of notations, we get rid of the tildas in what follows. By linearity, it is
sufficient to consider the case where py, = 0 is trivial. If (1.24) was deterministic, a
possible approach to uniqueness would be to regularize the equation, with the help of
the Yosida regularization of the operator —div(K;V-). In that way, and although p; has
no space-derivatives a priori, one can deal with the commutators that appear when one
tries to do an energy estimate for a regularization of p — |[p||1(rvy. This approach
does not work for (1.24), since there are actually two second-order operators at stake
there: the second one appears when we write the It6 correction to the martingale term.
Instead of proving a renormalization property therefore, we will use a duality method.
Let t, € (0,7T] be fixed, and let 1, be a given ]:gf/ -measurable function. We consider a
solution (¢, Z) of the backward SPDE

dyp = [—div,(Ky V) + O - Vol dt — V2 -V Zdt + Z - dW (1), (5.67)
for t € (0,t,), with terminal condition
Y(ty) = Vs (5.68)

Let us explain the notations used in (5.67) and what we mean by “solution” (1, Z).
The component @y of ¢ are defined in Lemma 5.15. Let n = [%] + 1. Since m >

% + n, Proposition 5.10 and the usual Sobolev’s embedding show that ¢ is an element
of £2(N; C™(TN)). The products ¢ - V,Z and Z - dW (t) stands for

> ok VaZi, Y ZrdBi(t)
K K
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respectively. Here, we use the decomposition (see Proposition 4.1 of [5])

SYPW(t) Z(Pk/@k

where (S1(t),B2(t),...) is a family of independent one-dimensional Wiener processes.
By P we denote the o-algebra of predictable sets, based on the filtration (F;). A couple
(v, Z) is said to be solution to (5.67)-(5.68) on (0,t,) if

L ¢ € L2(Q x (0,t.), P, HX(TYN)), Z € L*(Q2 x (0,tx), P, (*(N; HY(TV))),
2. ¢ € O([0,t,]; L>(TV)) almost surely,

3. for all t € [0, ], almost surely,

(t,z) = () + / " [divy (Fy(@) V(s 7)) — O(x) - Vib(s, 2)] ds
+ \/_/t* -VaZ(s,x)ds — /t* Z(s)-dW(s), (5.69)

for a.e. x € TV,

The equation (5.67) is super-parabolic in the sense of Assumption 2.2 of [6]. This is an
application of the estimate (5.66). By Theorem 2.2 in [6], a solution (¢, Z) to (5.67)-
(5.68) as above does exist, provided 1, € L2(Q, 7V, HY(TV)). Actually, Theorem 2.2
of [6] applies in the case where W is a finite-dimensional Wiener process. However, as
asserted in Remark 2.3 of [6], the result continues to hold in the case of the cylindrical
Wiener process W as considered here. This assertion must be specified a bit however.
Indeed, recasting the condition (2.4) of [6] in our framework, we need a bound on the
quantity

1/2
[Z Lipm)?] . (5.70)
k

As ¢ € 2(N;C™(TY)) (recall Proposition 5.10), the quantity (5.70) is indeed finite.
Similarly, using Theorem 2.3 of [6] and the fact that ¢ € £2(N;C™(T)), we get the
higher differentiability property

¥ e L*(Q x (0,t,), P, H"P(TY)), Z € L*(Q x (0,tx), P, 2 (N; H"*1(TV))),

provided v, € L2(Q, 7V, H"1(TVN)). Since n > N/2, this shows that (¥, Z) have
respectively C? and C! regularlty in z. In particular, the equation (5.69) is satisfied
pointwise, for every x € TV. By subtracting (5.69) written at ¢ = 0, we obtain

P(t, x) = (0, ) —/0 [dive (Ky(2) Vi (s, x)) — O(x) - Vip(s, x)] ds
—\/_/ Vstds—i—/OZ (s), (5.71)
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for every x € TN. Let Js be the regularizing operator defined by convolution with an
approximation of the unit on TV. By testing (5.65) with a function J;¢, we obtain the
regularized equation

ps(t, ) = ps(0,7) + /0 divs(K;Vp(s, 2)) + O(x)p(s, 2))ds

+v2 /0 divs(p(s,z)o(z) - dW (s)), (5.72)

where ps = Jsp, divs = Jsdiv,. We apply the It6 formula to the two diffusions (5.71)
and (5.72), take expectancy and integrate the result with respect to . Since ps(0) = 0,
this gives the identity

E(ps(ts), 1) = E/O {(p = ps)(5), div(K;Vp(s)) — © - Vib(s) — V20 - VZ(s))ds

+E /0 (p(5), div(K4(V5 — V)i(s)) — © - (Vs — V)b(s) — V3 - (Vs — V) Z(s))ds,
(5.73)

where we use the duality product between L'(TY) and C(T) and the notation Vs =
VJ;. The regularity of (1, Z) is sufficient to justify that, in the limit 6 — 0, (5.73) gives
E(p(ts),«) = 0. Since 9, is arbitrary in the class L?(Q, 7}V, H"*1(TV)), this implies
p(ty) = 0 almost surely. O

5.5.4 Conclusion

We use the Gyongy-Krylov argument, [9, Lemma 1.1]. We deduce that (1.24) has a
weak-L"! solution, strong in the probabilistic sense: there does exist a weak-L! martingale
solution with probabilistic data that coincide with a set of probabilistic data prescribed in
advance. Moreover, weak-L' martingale solutions with given initial datum to (1.24) are
unique. Consequently, the whole sequence (p.) considered in Theorem 5.13 is converging
in law to the weak- L' martingale solution to (1.24) with initial datum py,. This concludes
the proof of Theorem 1.1.

This work was supported by the LABEX MILYON (ANR-10-LABX-0070) of Université de Lyon,
within the program “Investissements d’Avenir” (ANR-11-IDEX-0007) operated by the French
National Research Agency (ANR), by the ANR project STAB and and by the LABEX Lebesgue
Center of Mathematics, program ANR-11-LABX-0020-01.

A Resolution of the unperturbed equation
Consider the LB case first. By integration with respect to v in the equation

Oift + E(t,s5e) - Vo ft + fr = p(fr) M, (A1)
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one checks that p(fi) = p(f) for all ¢ > 0. Therefore, the formula (3.3) is simply the
Duhamel formula associated to the PDE (A.1). In the FP case, instead of working on
the PDE

Oift + E(t,s5e) - Vi fi = Qrp fi, (A.2)

we work on the solution V; to the equation
dVy = (=V, + E(t,s;e))dt +V2dB;, t>s. (A.3)

If V, has the law of density f with respect to the Lebesgue measure on R, then by
(1.12) (with no dependence on z here), we obtain, by explicit integration in (A.3),

| e o

t
// < (tsv—i—/ ~t=9) E(0,s;e)ds + V1 — e=2(t=5) > (v)dwdwv.
RN JRN s

A change of variable gives (3.4) then.

B Martingale property of Markov processes

In this section, we make the connection between a Markov process and the Martingale
problem associated to its generator. Although this is a fundamental topic, we found
complete references (of Formula (B.3), giving the expression of the quadratic variation
in terms of the integral of the Carré du Champ operator) only in the case of finite-
dimensional state spaces. Theorem B.1 is given for functions ¢ € BC(FE) (continuous and
bounded functions). Some standard argument, using truncates, allow a generalization
to Lipschitz functions, as long as the processes at stakes have sufficient moments. This
generalization of Theorem B.1 is used in the proof of Proposition 5.8 for instance.

Let E be a Polish space. Let (X;) be an E-valued time-homogeneous Markov process
with respect to a filtration (F;), with Markov semi-group (P;). The generator .£ as-
sociated to (P;) is defined by means of the bounded pointwise convergence [16]. Let
Ay = t74(P, — Id). A function ¢ of BC(E) is in D(.%) if the family (A;p)o<i<1 is
bounded for the norm |l¢[|gc(r)y = supgep |¢(7)| and if there exists ¢ € BC(E) such
that

Agp(z) = ()
when t — 07 for all z € E. We set then Ly = .

Theorem B.1. Let E be a Polish space. Let (X;) be an E-valued time-homogeneous
Markov process with respect to a filtration (Fy), with Markov semi-group (P;) of generator
ZL: for all p € BC(E)

E[ (Xt-i-s)’]:t] ( s‘p)(Xt) (B'l)
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Assume that t — Pyp(x) is continuous, for all ¢ € BC(E), z € E. Assume that
(w,t) = Xy(w) is measurable Q x Ry — E. Then, for all ¢ in the domain of £,

Mo(t) = o(X2) — p(Xo) — /0 Lo(X,)ds (B.2)

is a (F)-martingale. Assume furthermore that |¢|? is in the domain of . Then the
process (Zy) defined by

2= 1Moo = [ (216l = 2020)(X,)ds, (B.3)

s a martingale.

Remark B.1. Assume that (X;) is cadlag. Then the process

A= (LIl —2020) (X )ds (B.4)
0

is continuous and adapted, and thus predictable. Consequently, (A;) is the predictable
quadratic variation (M, M), [11, p.38], of M: this is the compensator, [11, p.32], of
the quadratic variation [M,, M), [11, p.51], of M.

Note that we assume also continuity from the left of t — P,p(z) in Theorem B.1. If
¢ € D(Z), this ensures that ¢ — Pp(x) is differentiable, with %Ptgp(x) = P,.Zy(z),
[16, Proposition 3.2].

Proof of Theorem B.1. Let 0 < s <t. By the Markov property (B.1), we have
E[My ()| Fs] — My(s) = E[My(t) — My(s)|Fs]

— Prap(X) = 0lX) - [ [PrnZgl(X)do

We use the relation %Ptgo(x) = P,.%Z¢p(z) to obtain the martingale property. Indeed,
this gives

t
P sp—p= / Py_sZLpdo,
s

and thus E[M,(t)|F,] — M,(s) = 0. The proof of the martingale property for (B.3) is
divided in several steps. By C(y), we will denote any constant that depend on ¢ and
may vary from lines to lines. We fix a subdivision o = (¢;)o,, of [0,7]. In a first step,

we show that
n—1

At = hm E [At/\ti-H — AtAti’Bi] y (B5)

|o]—0 P

with a convergence in L?(Q). Indeed, we have

n—1

At - Z At/\ti+1 - At/\tia (Bﬁ)
=0
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and C(tl+1) = At/\tiJrl — At/\ti — E [At/\t¢+1 — At/\ti|]:ti] satisﬁes

E[C(t:)Ct)] =0, i#j, [C(tiy1)] < C(p)(tiv1 — ti), (B.7)

where C(p) = [|.2¢%||sc(m) + 2llllBom) 1€ ¢llBo(E)- 1t follows that

n—1 2 n—1
E|> C(tiv)| =ED [K(t)* < C(e)To],
i=0 i=0

which tends to 0 when |o| — 0. Using (B.6), we obtain (B.5). In a second step we prove
that

’Mw(ti-f-l) - Mso(ti)’Q = ’(P(Xti-q-l) - (P(Xti)P + Rti7ti+17 (B'8)
with .
EY |Rips| = Olo?). (B.9)
i=0
By definition of M,(t), (B.8) is satisfied with a remainder term
tir1 2 tit1
Rij i = ' t Lo(Xs)ds| —2(p(Xeyy) — 0(Xy,)) t Lo(Xs)ds.  (B.10)

Using the fact that ¢? € D(.%), we have also

’(P(Xti-q-l) - (P(Xti)P - M<p2 (ti-f-l) - M<p2 (tl) - 2()0(Xti)(M<P(ti+1) - Mso(ti))
[T pr(xds - 20(%0) [ Le(X)ds.

ti ti

It follows that

Bllo(Xi) —o(Xe) 7] = [ BI(£0) = 2006 Z0(X0) 7] ds. (B11)

t;

Taking expectation in (B.11), we get the following bound.
Ellp(Xiip1) = (Xe) "] < Coltivr — 1) (B.12)

Consider now the cross-product term in the right-hand side of (B.10). Using Young’s

inequality with a parameter 7 > 0, we see that the term E|R;, ¢, ,| can be bounded by

+ UEH@(XUH) - (p(Xti)‘z]v

tit1

(1+nHE ZLo(X,)ds

ti

and thus, taking n = (t;;1 —t;)'/2, bounded from above by C/()(tiy1 —t;)3/?. This gives
(B.9). The third step establishes the limit

n—1

Ay = lim Y E[|My(tip1) — My(t) | F,] (B.13)

|o|—0 =0
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with a convergence in L'(Q2). To that purpose, we note that (B.8) shows that we can
replace the increment My (t;11) — My (t;) by the increment ¢(t;41) — ¢(t;) in the right-
hand side of (B.13). This gives an error term &1(|o|) which converges to 0 in L(Q),
taking (B.9) into account. By (B.5) and(B.11), we deduce that

n—1

Ay =Y B [[My(tigr) — My(t:)*|F,] = e2(lo]) +r(t,0), (B.14)
=0

where e5(|o|) converges to 0 in L}() and

n—1 tiv1
r(t,o) <23 / (X)) — (X)) Lop(X,)| ds.
i=0 “ti
We have in particular
n—1 tiv1
r(t,0) < Ce) 3 / o(Xe,) — p(X,)| ds
=0 i

and an estimate similar to (B.12) (obtained by working on the increment ¢(X;) —o(Xy,)
instead of p(Xy, ) — ¢(Xy,)) shows that

Elp(Xs) — o(Xe,)* < C(p)(s — 1) (B.15)

We deduce that r(¢,0) is converging to 0 in L?(2) when |o| — 0. At last, let us show
that Z; = |M,(t)|> — A; is a martingale. Let 0 < s < t. Set t,41 = min{t;;t; > t},
tjv1 = min{t;;t; > s}. We may assume t, > s. Then E[Z; — Z4|F] is the limit when
|o| — 0 of the quantity

n—1
E[IMw(t)F — My (s)]” = DB [|My(tir1) — M (t:)*| F.]
=l

}"s] (B.16)

By the tower property E[E[Y |F,]|Fs] = E[Y|Fs] if t; > s, and the usual cancellation
properties for martingales, (B.16) is equal to

E (1M () = M (ta) 2 + El| M (s) — My ()21

fs}. (B.17)
Using (B.15), we see that (B.17) tends to zero in L'(2). This gives the desired result
E[Z, — Z,|F,] = 0. O
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