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Abstract

We derive the hydrodynamic limit of a kinetic equation where the interactions
in velocity are modelled by a linear operator (Fokker-Planck or Linear Boltzmann)
and the force in the Vlasov term is a stochastic process with high amplitude and
short-range correlation. In the scales and the regime we consider, the hydrodynamic
equation is a scalar second-order stochastic partial differential equation. Compared
to the deterministic case, we also observe a phenomenon of enhanced diffusion.
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1 Introduction

1.1 Kinetic equations

Let N € N*. We denote by TV the N-dimensional torus. Let ¢ > 0. We consider the
following kinetic equation

Of +ev-Vof +E(t,z)-Vof =Qf, t>0,zecTV veRY, (1.1)
which is a perturbation of the equation

Of+Et,z) Vof =Qf t>0,zeTV veRV. (1.2)



The operator @ is either the linear Boltzmann (LB) operator

U2
Qunf = oM = f. plh)= [ Fode, M) = e (<1) 0

or the Fokker-Planck (FP) operator

QFPf = divv(vvf + Uf) (14)

The force field E(t,z) in (1.2) is a Markov, stationary mixing process (see Section 2 for
more details). We show in Section 3 that there is a unique, ergodic, invariant measure
for (1.2) and that this invariant measure is the law of an invariant solution (z,v)
p(z)My(z,v) parametrized by p(x). See (3.6)-(3.7) for the definition of M;. Consider
the solution f to (1.1) starting from a state

fin(z,v) = pin(x)Mo(z,v). (1.5)
Rescale over time intervals of order £~ 2:
et z,v) = f(e %t z,v). (1.6)

Then f¢ is solution to the equation
1 - 1
O f* + g Vo ft+ E—QE(a_Qt,x)-VUfE = ngE, t>0,2eTV,veRY. (1.7)

On bounded time intervals [0, 7], we expect

fe(t,x,v) = p(a, t)M —2(z,v), (1.8)

where p is solution to a given equation (the hydrodynamic equation) which we would like
to identify. We do not prove (1.8), but find the limit equation satisfied by p = lim._,¢ p®,
where p® = p(f¢). We show in Theorem 1.2 that p satisfies a diffusion equation, where the
drift term is a second order differential operator in divergence form with respect to the
space-variable z. Showing that p® is close to p with p a diffusion (in infinite dimension) is
therefore a result of diffusion-approximation (in infinite dimension). See Theorem 1.2 for
the precise statement. Theorem 1.1 is concerned with the limit behaviour of the average
Ep®, a deterministic issue. The proof of this result is easier and related to characteristic
equations associated to (1.1), which we discuss in the next section.

1.2 Trajectories

The phase space associated to (1.1) is TV x RY. Consider the following systems of
stochastic differential equations:

dXt = 66“/;5, (1 9)
dVy; = E(t, X;)dt + jumps, '



and
dXt = 66“/;5,

AV, = (E(t, X;) — V;)dt + \/2dB,. (1.10)

In (1.9) the second equation describes the following piecewise deterministic Markov
process (PDMP). Consider the Poisson process associated to the times (7},) and to the
probability measure Mdv: the increments 7,1 — 7, are i.i.d. with exponential law
of parameter 1. At each time t = T,, V; is jumping to a new value Vr, chosen at
random, according to the probability law Mdv. Between each jump, (V;) is evolving by
the differential equation

d
d_‘f — E(t,X,), Tp<t<Tp, (1.11)

which is coupled with the first equation of (1.9). In (1.10), B; is an N-dimensional
Wiener process. In both the LB case and the FP case, the extra stochastic processes
which we introduce are independent of (E(t)). In this context, the equation (1.1) gives
the evolution of the density, with respect to the Lebesgue measure on TY x R, of the
conditional law of (X, V;): let FF = o((Es)o<s<t). If the law of (Xg, Vo) has density fin
with respect to the Lebesgue measure on TY x RY, then

E [p(X,, V)| FE] = //]I‘N @) il v)dedv, (1.12)
for all ¢ € Cp(TY x RY). From (1.12), it follows that
Efp(Xy)] = /]TN o(x)Epy(z)dz,  pr = p(f1), (1.13)

for all p € Cy(TV).

We are interested in equation (1.7), the associated process is (X.-2, V.—2;) and the
quantity of interest is p.—2;.

We have two main results. The first one, Theorem 1.1, gives the limit behaviour of
Ep.-2;. The second one, Theorem 1.2, describes the limit behaviour of p.—2;. The first
result should follow from the second one. However, there are various reasons for giving
two separate statements:

1. we obtain the limit behaviour of Ep.-2;, by proving the convergence in law of X_—2,
(hence focusing on the left-hand side of (1.13)),

2. on the contrary, the limit behaviour of p.-2; is obtained by working at the level of
the PDE (1.7),

3. the proof of Theorem 1.1 uses the central limit theorem for martingales. This
approach to the limiting behaviour of (1.9) or (1.10) is very classical in a certain
mathematical community (see, e.g., the second paragraph of the introduction to
[15], and also Chapter 13 of the same reference), but is certainly not familiar to
a large group of analysts, and we wanted to emphasize these probabilistic aspects
here,



4. in the proof of Theorem 1.1, we introduce some tools and some results that are
used later on in the proof of Theorem 1.2; with this progression, the proof of
Theorem 1.2, which is quite long, is more gradual.

Note, however, that we establish Theorem 1.1 in the restrictive case of a field E; inde-
pendent on zx.

1.3 Main results

Notations. The three first moments of a function f € L'(RYN, |v|?dv) are

o) = [ dwin 3= [ o K= [ veew, 1149

where a ® b is the N x N rank-one matrix built on a,b € R with ij-th elements a;b;j.
We denote by K the second moment of M (due to the particular fact that M is a
Maxwellian, this is simply the identity matrix of size N x N):

K=KM)= /RN v®@uvM(v)dv = Idy. (1.15)

For m € N, we denote by J,,,(f) the total m-th moment of f:

In(f) = // || f(z,v)dzdv. (1.16)
TN xRN
Let us also introduce the Banach space
G = {f € LNTN x RN); Jo(f) + I (f) < +0}, (1.17)

with norm | f||c,, = Jo(f) + Jm(f). Eventually, we define the diffusion matrix K; and
the vector field W of our limit equations by the formula

Ky = K +E [E(0) ® [Ro(E(0)) + (b~ D) Ri(E(0))] (1.18)
and
¥ =E [bE(0) - VzR1(E(0)) 4+ [Ro(E(0)) + (b — 1) Ry (E(0))]div4(E(0))] (1.19)

where b"B = 2 in the case Q = Qg and b¥F = 1 in the case Q = Qpp, and where the
resolvent R) is defined by (2.14).

Deterministic convergence Our first result gives the convergence of the average
Ep® in the case of a spatially constant F.



Theorem 1.1. Let Ky be defined by (1.18). Let fin € G be non-negative. Let (E;) be
a mizing force process according to Definition 2.2. Let f¢ € C([0,T]; LY(TN x RN)) be
the mild solution to (1.7) with initial condition fi,, in the sense of Definition 4.1 or 4.2,
depending on the nature of the collision operator Q. Let ¢ = Ep(f¢). Assume that fi,
has the following structure:

fin(xvv) - pin(x)g(v)v (1'20)

where g € LY(RYN), p(g) = 1. Then, r — r in C([0,T]; L*(TN) — weak), where r is the
solution to the diffusion equation

Oyr — divy (KyVer) =0, (1.21)

with initial condition
7(0) = Tin. (1.22)

We show in (5.31) that Ky > K. It is a remarkable fact that the stochastic forcing
term E; has an influence on the diffusion matrix at the limit, and that it increases the
diffusion effects. Note that the influence of stochastic mixing forcing terms in kinetic
equations has also been investigated in [18, 12]. The context and the results in these
two papers are different from the present one however. Indeed,

1. the starting kinetic equations in [18, 12] are not collisional,

2. In [18, 12], in the scaling that is considered, a collisional kinetic equation is obtained
at the limit. The collision operator (an operator acting on functions of the variable
v thus) is a diffusion operator. At the level of trajectories, this operator appears
due to the convergence of the velocity V; of particles to a diffusion like equation
(1.10) with £ = 0.

Diffusion-approximation Our main result of diffusion-approximation for p® is the
following one.

Theorem 1.2. Let Ky and ¥ be defined by (1.18) and (1.19) respectively.. Let ff € G3
be non-negative. Let ¢ > 2+ 3N. Let (E;) be a mizing force field on H?(TV;RN)
according to Definition 2.1. Let f¢ € C([0,T]; LY(TN x RN)) be the mild solution to
(1.7) with initial condition fg, in the sense of Definition 4.1 or 4.2, depending on the
nature of the collision operator Q. Let p* = p(f¢). Assume the convergence

p(f2) = pin in LY(TN), with py, € L2(TV). (1.23)

Let Ky and ¥ be defined by (1.18) and (1.19) respectively. Then, for allG > o > 2+%N,
(p°) converges in law on C([0,T); H=°(TN)) to p, the weak solution in the sense of
Definition 6.1 of the stochastic equation

dp = div,(KyVep + Up)dt + V2div,(pSY/2dW (1)), (1.24)



with initial condition
p(0) = pin- (1.25)

In (1.24), W(t) is a cylindrical Wiener process on [LQ(']I‘N)]N, and S'? is the Hilbert-
Schmidt operator on [LQ(TN)]N defined in Section 6.5.1.

Remark 1.1 (Stratonovitch Formulation). The Stratonovitch formulation of (1.24) is
dp = divy(KyVaep + Up)dt + F - Vpdt 4+ v/ 2div,(p o SY2dW (t)), (1.26)
where

Ky =K+ (b—1E[Ri(E(0))]]
U =E [bE(0) - Vo R1(E(0)) + (b — 1) Ry (E(0))div,(E(0))] ,

and F = —div(E[Ry(E(0)) ® E(0)]), with B = 2, p'F = 1.

Note the weak mode of convergence of p® in Theorem 1.2. It is weak in the probabilistic
sense (convergence in law). This is inherent to the limit theorems (like the Donsker
theorem) which lay the bases of diffusion-approximation results. The convergence is
weak with respect to the space-variable also. We obtain below a bound in G3 on f¢ thus
by interpolation a better convergence then convergence in C([0,7]; H=°(T")) holds.
But this is still in a space with negative non linearity. We intend to improve this point,
and to consider non-linear equations in a similar regime, in a future work. A final remark
in this direction is that if £ is spatially independent, then the spatial derivatives of f¢
satisfy the same equation as f¢ so that if the spatial derivatives of f: are in G'3 we have
a bound in WH!(T¥) and obtain strong convergence.

The plan of the paper is the following one. In Section 2 we describe the type of forcing
field E(t) which we consider. In Section 3, we prove some mixing properties and compute
the invariant measures for the unperturbed equation (1.2). In Section 4, we solve the
Cauchy Problem for the kinetic equation (1.1). In Section 5, we prove Theorem 1.1 (de-
terministic limit). In Section 6, we establish our main result of diffusion-approximation,
Theorem 1.2.

Note that the present paper is quite long. There are various reasons for these, first the
fact that the whole proof of Theorem 1.2 requires many step. However, the heart of our
diffusion-approximation result is the computations done by the perturbed test-function
method in Section 6.1. An other reason for the length of the paper is that we have
taken the care to present all the details of some intuitive facts, like the statements of
Theorem 4.3 or Theorem B.3 for example. Indeed, semi-groups, generator and Markov
processes in infinite dimension require some circumspection. With that regard, we have
used in particular the references [10] and [19].



2 Mixing force field

Let 6 > 2+ 3N and let F = H?(TV;R"). This is the state space for the mixing force
field E. Let (E}):>0 be a stationary, homogeneous Markov process of generator A over
F (the generator is defined according to the theory developed in Appendix B). Let
P(t,e, B) be a transition function for (E}) associated to the filtration generated by (E;)
(see, e.g., [10, p. 156] for the definition), satisfying the Chapman-Kolmogorov relation

P(t+s,e,B) = / P(s,e1,B)dP(t,e,dey), (2.1)
F

for all s,t > 0, e € F', B Borel subset of F. Let P(F) be the set of Borel probability
measures on F. By [10, p. 157], up to a modification of the probability space (€2, F), say
into a probability space (€2, F), there exists a collection {P,;u € P(F)} of probability
measures and some Markov processes (E(t, s));>s with transition function P such that,
P.(E(s,s) € Dg) = u(Dg) for all Borel subset Dy of F'. When p is the Dirac mass
i = de, we use the shorter notation Pe instead of Ps,. By [10, p. 157] additionally, for
all D € F, e — Pe(D) is Borel measurable. Let ey be a random variable on F' of law p.
We do a slight abuse of notation and denote by (E(t,s;eg),P) the couple (E(t,s),P,).
This means that the finite-dimensional distribution of both processes are the same, i.e.

]P)(E(ths;eO) € D17--- 7E(tn7s;e0) € DN) = PM(E(tlas) € Dla'-' ,E(tn,S) € Dn)7
(2.2)
forall s <ty <---<t,,and Dq,...,D, Borel subsets of F'. For simplicity, we use the
notation E(t;e), or Ey(e), instead of E(t,0;e). Note that, by iteration of (2.1), we have

E Do,E(fl) € Dq,... ,E(tn) € Dn)
/ / th—tn—1,€n—1, Dp)P(th—1—tpn_2,€4_2,de,_1)--- P(t1,eq,de)dv(eo)
DO Dn 1

=P,(E(t1,0) € Dy,...,E(t,,0) € D), (2.3)

where v is the law of E(0). Therefore E; and E;(Ep) have the same finite-dimensional
distributions: E; is a version Ej(Ep). The probability space  used in [10, p. 157] to
define the probability measures Pe is the path-space Fl0:+00) (the o-algebra F is the
product o-algebra). Assume in addition that (E}) is cadlag. Then it is clear that we
can take the Skorohod space D([0,+00); F) as a path space to define Pe. The o-algebra
F is then the trace of the product g-algebra, which coincide with the Borel o-algebra
when the Skorohod topology is considered on D([0,400); F'). In this context, it holds
true that e — Pe(D) is Borel measurable for all D € F (see the proof of Proposition 1.2
p. 158 in [10]). To sum up (see [22, Section I-3]), if (E}) is cadlag, we can assume that
t— E(t,s;e) is cadlag, for all s € R and e € F. As a last remark, note that it is always
possible, using the Kolmogorov extension theorem, to build a cadlag stationary process
(E(t))ter indexed by t € R with the finite-dimensional distributions

P(E(s) € Do, E(s +t1) € Dy,...,E(s+t,) € Dy,)
= P(E(O) € Do,E(fl) € Dq,... ,E(tn) € Dn), (24)



for all s € R, 0 < t1,...,t,. Instead of adding a new notation (E(t));cr, we simply
denote this process by (E(t))icr. We also denote by (GF) the usual augmentation (cf.
[22, Definition (4.13), Section I-4]) of the canonical filtration (F;) on D([0,400); F') with
respect to the family (Pe)ecr. In successive order, (F) is the filtration generated by the
evaluation maps (m;), m(w) = w(t); F; is the intersection over e € F' of the o-algebras
.Epe obtained by completing F; with Pe-negligible sets; and G; is Ff, :

G =()F:. (2.5)

s>t

Definition 2.1 (Mixing force field). Let (E;)t>0 be a cadlag, stationary, homogeneous
Markov process of generator A, in the sense of Appendix B, over F. We say that (E});>0
is a mixing force field if the conditions (2.6), (2.7), (2.9), (2.13), (2.16) below are satisfied.

Our first hypothesis is that there exists a stable ball: there exists R > 0 such that:
almost-surely, for all e with |le||z <R, for all t > 0,

|E(t;e)llr <R. (2.6)

Our second hypothesis is about the law v of E;. We assume that it is supported in the
ball By of F' (therefore, it has moments of all orders) and that it is centred:

/ edv(e) =E [E] =0, (2.7)
F

for all £ > 0. Note that a consequence of this hypothesis is that: almost-surely, for all
t>0,
|E¢]|F < R. (2.8)

Our third hypothesis is a mixing hypothesis: we assume that there exists a continu-
ous, non-increasing, positive and integrable function ynix € L'(R.) such that, for all
probability measures p, ' on F, for all random variables ey, €, on F of law p and p/
respectively, there is a coupling ((E} (eo))t>0, (Ef (€())i>0) of ((Et(eo))t>0, (Et(€)))e>0)
such that

E[| 7 (e0) — E7 (ep)|lr < Bymix(t), (2.9)
for all ¢ > 0. Typically, we expect Ymix to be of the form vpix(t) = Cmixefﬁmixt, Bmix > 0
(see the example treated in Section 2.3 for instance).
2.1 Some consequences of the mixing hypothesis
Let ¢ be a Lipschitz continuous function on F. We have
Ep(Ef (e0)) = (o, 1)

(where e denote the semi-group associated to A: Eep(E;) = et4p(e)). From (2.9), it
follows that

(e, 1) — (e, 1) | < NlolILipRYmix(£), (2.10)



for all t > 0. Let v denote the law of (E(t)) and let e € Bz. We will use (2.10) in
particular when ey = e a.s. and €{, has law v. Then (2.10) gives the following mixing
estimate:

A
le"*(e) — (e, )lIF < Rl@lLipmix(), (2.11)

for allt > 0, for all e € Bg. The estimate (2.11) has an extension to quadratic functionals:
for all linear and continuous A: F' — R, for all bi-linear and continuous ¢: F' x F' — R,
we have, for all e € By,

e A+ g](e) — (A + g, )| < R (IABr) + 2RIal B(rx ) Yni(2), (2.12)

where ||Al|p(r) is the norm of the linear form of A and ||¢||p(rxF) is the norm of the
bi-linear form of ¢. Note that, actually, (A,v) = 0 by (2.7). The factor R in front of
lqll B(pxr) in (2.12) is due to the decomposition (recall that ey = e a.s. and e{ has law
v)

eq(e) — (¢.v) = E [¢(E; (eo), E; (e0)) — a(E; (o), Ef (ep))]

+E [q(E/ (e0), Ef (en)) — q(Ef (e), Ef (ep))] -
We have indeed
le"q(e) — (q,v)] < lallprxmE [(1E; (eo)llr + | Ef (e0) || )| Ef (e0) — Ef (eh)l|r]
< 2R||q|| p(rx ) El| Ef (e0) — E; ()l by (2.6),
< 28?||q|l B(rx ) Ymix (1) by (2.9).

Without loss of generality (as we can rescale vy if we rescale R), we assume

[ Ymixl L1 () = 1- (2.13)
Using (2.11), the resolvent

Ryp(e) = /000 e M (etAgo) (e)dt, (2.14)

is well defined for all A > 0, e € By and all ¢: F — R which is Lipschitz continuous
and satisfies the cancellation condition (p,v) = 0. Using (2.7), we can therefore define
Rypn(e) for A > 0, where oy (€) = (e, h) 2 (p~). Moreover by (2.11), there exists Ty: F —
F such that Rypn(e) = (Tx(e), h)r2(rnvy. By aslight abuse of notation, we write Ry (e) =
Tx(e). By (2.9) (with ey = e a.s. and e, ~ v) and (2.13), we have

[Ro(e)||F <R, (2.15)

for all e with |le[|r < R. Eventually, let A: FF — R be a linear functional. Then, with
the notations above, pp := Ao Ry is a map F' — R. The generator A acts on ¢ and on
the square of ¢, and we will assume that there exists a constant C > 0 such that the
following bounds are satisfied:

[Alpal’l(e)] < CRIAIry  [[Apal(e)l < CRIAB(r), (2.16)

for all e with |le||p <R.

10



2.2 Covariance

Our mixing hypothesis has the following consequence on the covariances of (E;) and
(Et)l let B B B
Te(s, t) = E[Es(e) ® Ex(e)], T(t)=E [E(t) @ E(0)]. (2.17)

Let t > s > r > 0. Conditioning on gf_s, we have
Lo(t —r,t —s) = 9449 0 0)(e), O(e) =e
It follows from (2.12) that, for all e with |le||r <R,
|Te(t — 7t —5) —T(s —)||r < 2R%ymix(t — $). (2.18)

Note also that, for all i,j € {1,..., N}, z,y € TV, we have

Lij(t,z,y) =E <[Et(1')]l [Eo(y)]]) = /BR etAWm(e)ﬂw(e)du(e),
where 7, ;(e) := e;(x). Consequently, (2.12) implies that
T35 )| 1o my ) < 2R (), (2.19)
for all i,7 € {1,...,N}.
2.3 Some simple examples

Let (Ep(€e))n>0 be a Markov chain on F' with Ey(e) = e, and let (Ny);>0 be a Poisson
process of rate 1 (Nyg = 0) independent on (E,). We assume that the ball By of F is
stable by (E,,), that (E,(e))n>0 has the invariant measure v and the mixing property

E[|E;,(eo) — E;,(ep)| < CRY™, (2.20)
where v < 1 for a coupling (E}(eo), E;(ef)) of (En(ep), En(ep)). Let
E(t, S eo) = ENFS (eo) (2.21)

and let B, = E(t,0;8&g), where & is a random variable of law v independent on (Ej,),>0
and (N¢)i>0. Then (E}) is a stationary process (it is a time-homogeneous Markov process
and is initially at equilibrium). It is cadlag, it satisfies (2.6), (2.7) if v is centred, and
also (2.9) since

E|E; (e0) — B (ep)|lr = Y P(N: = n)E| E;(eo) — Eyy(eh)|
n=0

- (1=t
- n o_ —(1-t _. .
< CR E Oe n!’y = CRe =: Rymix (¢).
n=

11



Let us simplify still by considering the situation where F,11(e) is drawn independently
on E,(e), with law v. We can then consider the synchronous coupling (E}(eo), E;:(e())
of (Ey(ep), En(e))) which is such that E(eg) = E}(ep) for all n > 1. It gives us

E|E;(eo) — Ef(ep)||r < 2RP(N; = 0) = 2Re ™ ".
In addition, the semi-group, generator and resolvent Ry have the explicit forms

eple) = e "ple) + (1 — e Np,v),
and
Ap(e) = (p.v) —p(e), Rop(e)=e.

From these formula, we deduce the second inequality in (2.16) with Cy > R. The first
inequality in (2.16) is obtained with any Cy > 2R

An other instance of mixing force field is a function n(X;), n: R™ — F, of an Ornstein-
Uhlenbeck process (X;) on R™:

dX; = —X,dt + V/2dB;, (2.22)

where (By) is a Wiener process on R™. We choose n Lipschitz and taking values in
the ball By of F. We will not develop that example much, but simply check that the
mixing condition (2.9) is also satisfied here. Since 7 is Lipschitz, it is sufficient to check
it directly on (X;). We use once again a synchronous coupling: let

t t
X*(t: Xo) = e ' Xo + V2 / eU=VdB,,  X*(t:Xp) = e X)+ V2 / e -9)4B,
0 0

and let ymix(t) = Chixe” !, where Ciix is a constant. Then
e'| X (t; Xo) — X*(t; Xp)| < | Xol + [ Xpl,

hence (2.9) is satisfied provided we limit ourselves to initial laws p and p' with first
moment below a given threshold. This is not a limitation since the invariant measure
associated to (2.22), which is Gaussian, has a finite first moment.

2.4 Mixing force process

In Theorem 1.1 and Section 5, we consider the case where E; is independent on . This
means that the state space is RY, and (E}) is simply a process on RN, In this simpler
framework, the notion of mixing force field is reduced to the following notion of mixing
force process.

Definition 2.2 (Mixing force process). Let (E;) be a cadlag, stationary, homogeneous
Markov process of generator A over RV. We say that (E}) is a mixing force process if
the conditions (2.23), (2.24), (2.25) below are satisfied.

12



Condition (2.23) is the condition of localization
|E(t;e)| <R, (2.23)

almost-surely, for all t > 0, for all e € Bg, where By is the closed ball of center 0 and
radius R in RV, We require then that the invariant measure v of (E;) is supported in
Bg and that

/ e dv(e) =E[E] =0. (2.24)
RN
The mixing hypothesis is

E|| 7 (eo) — E7 (€p)[| < Bymix(t), (2.25)

like in (2.9), except that now, ey and e, are random variables on RY. Note in particular
that F' C Cy(TV;RY). Therefore, if (E;) is a mixing force field, then, for each x € TV,
(Ei(x)) is a mixing force process.

3 Unperturbed equation: ergodic properties

We consider first the equation
Btft + E(t) : vat = th t>0,ve RN, (31)

where Q = Qup or Q = Qpp. In (3.1), E(t) should stand for E(z,t), where (E(t))
is a mixing force field, since (3.1) is the instance of Equation 1.1 obtained for ¢ = 0.

However, = is just a parameter and we may as well consider that (E(t)) is a mixing
force process. Thus, in all this section, (E(t)) is a mixing force process in the sense of
Definition 2.2.

To find the invariant measure for (3.1), we solve the equation starting from a given time
s € R, and then let s — —oo. More precisely, given e € RY, we consider the following
evolution equation:

Oifs + E(t,s;e) -Vofi =Qf; t>s,veRY. (3.2)

Let f € L'(RY) and s € R. The solution to (3.2) with initial condition f;—, = f is
t
;?(v) = ef(tfs)f <v —/ E(T,s;e)dr>
T t
—|—,0(f)/ e (=) [M <v—/ E(T,s;e)dr>] do, (3.3)
when @ = Q1B, and
t
TPy) = eNE=9) / f (e(t_s)v - / e G E(0, s, e)do + /e2(t=s) — 1w> M (w)dw,
' RN s
(3.4)
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when Q = Qpp. A brief explanation to (3.3) and (3.4) is given in Appendix A. By the
term “solution to (3.2)”, we mean weak solutions, i.e. functions f € C([s,+o0); L'(RY))
satisfying the identity

<ﬁww=qug/uawamva»+anwmm

almost-surely, for all p € C®(RY), for all + > s. We may also consider mild solutions
(this is equivalent, actually), as we do in Section 4. We do not need to be very specific on
that point here. All that matter to us is to understand the limit behaviour of fs; defined
by (3.3)-(3.4) when s — —oo. This is the content of the following result, Theorem 3.1.

Theorem 3.1 (Invariant solutions). Let (E(t)) be a mixing force process in the sense of
Definition 2.2. Let }? and fSFtP be defined by (3.3) and (3.4) respectively, with e € By.
Then

(far B(t,s:€)) = (p(F)M7, Ey) and (fif, E(t,s1e)) = (p(f)M; ", Er)  (3.5)

in law on LY*(RYN) x RN when s — —o0, where M}B and MFY are defined by

M = /_ ; e~ (=) [M (v - /a t E(r)dr)] do, (3.6)

M =M <v - /t e“”E(r)dr) : (3.7)

—00

and

respectively.

We denote by p, the invariant measure (parametrized by p) defined by

(0, 11p) = Ep(pMy, Ey), (3.8)

for all continuous and bounded function ¢ on L'(RY) x R¥.

Remark 3.1. We call M® and MF? the invariant solutions, since their laws are the
invariant measure for (3.1). Note that (E(r)) in (3.6) and (3.7) is defined for all r € R
(see the discussion and convention of notations around (2.4)).

Remark 3.2. Let ¢ be a bounded continuous function on RY x R¥. Similarly to (1.12),
we have, by conditioning on the natural filtration (FF) of (Ey):

Efo(Ver, Elt,5 )] =B [ fualo)(v. Bt si))do (39)
R
where V; ; is the solution to (1.9) or (1.10) (with E(t) instead of E(t, X;)) starting from

Vs at time ¢ = s, where V; follows the law of density f with respect to the Lebesgue
measure on RY. Since

O: (f,e) — /RN f)p(v, e)dv
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is continuous and bounded on L'(RY) x R¥, we deduce from Theorem 3.1 that

lim E[p(Vi, E(t,s5€))] = (Ap, ) = pE /]RN M;(v)p(v, Ey)do, (3.10)

S§—>—00

where p = p(f).
The proof of Theorem 3.1 uses the estimates (3.13) and (3.14) in the following lemma.

Lemma 3.2. For w,z € RY, we have the estimates and identities

w2
[M(- - w)Hé(Mﬂ) =l (3.11)
|M(-—w) — M(- — Z)H%z(M—l) — elwl® ol _ 26, (3.12)
in L>(M~1Y), and
M (- —w)|| g1 @y =1, (3.13)
M0 = w) = M= Dmy <24 [ 22 (314)
FED =T o=

in LY(RYN).

Proof of Lemma 3.2. Standard manipulations and identities for Gaussian densities give
(3.11), (3.12) and (3.13) (one can also use (3.15) below to prove (3.11) and (3.12)). By
(3.13) and the triangular inequality, we have the bound by 2 in (3.14). To obtain the
second estimate, we use the identity

[M(-—w) = M(- = 2)[| ey = [M(- —w+2) — M|y (ryy,
and the expansion

ﬁf%ﬂ =M(w) Y Hy(v)uw", (3.15)

neNN

M —w)=

where H,, is the n-th Hermite polynomial (see [16, Section 1.1.1]). This yields the
inequality
1M (- —w) = Mg eny < M(w) Y ([ Hallp gy [l
neNN\{0}
Since || Hn 1@y < [[Hnllz2(r-1) = \/—1n— (¢f. [16, Lemma 1.1.1]), the Cauchy-Schwarz

]
inequality yields, for |w| < 1,

M M < M(w) | 221 ! <[l 77
IV~ ) = Ml < M) | 7| < [

Indeed, setting a = |w|, we have a € [0,1] and

M (w)el?!/? = L o] P v <1
N IO TSE = enN°

since el/4 < 2. O
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Proof of Theorem 3.1. Let e € By t € R, let ®: L'(RY) x F — R be a bounded and
uniformly continuous function and let € > 0. Our aim is to show that

E®(fo(v), E(t, s;¢)) — E®(plly, By)| < K, (3.16)

for s < min(0,t), |s| large enough, where K is a finite constant (it will turn out that
K = 5, but this does not matter). Note that it is sufficient to consider uniformly
continuous functions in (3.16), ¢f. Proposition I-2.4 in [13]. We denote by 7 a modulus
of uniform continuity of ® associated to e.

Step 1. Reduction to the case f € L(M~!). The maps f — fs¢, f > p(f)M; are
continuous on L', uniformly in s < t:

I follzr@y o) M @y < Nf |-
Using the uniform continuity of ® on K, we have
[ED(fs4(0), E(t, 55€)) — E®(pMy, Ey)| < 22 + [EQ((f)ss, Bt 57€)) — ER(p(f) My, Ey)|

if ||f — fHLl(RN) < 1. Therefore, to prove (3.16), we turn to the case f € L2(M~1).
Step 2. Cut-off after time s. For s < ¢, introduce

MEP = /: e~ (=) [M <v - /:E(r)drﬂ do, (3.17)

t
MEY =M <v - / e<”>E(r)dr> . (3.18)

S

and

We have ||MEB — MEB|| 1 pyy < e~ by a direct computation and
8.t t  IILL(RN) Yy

S
INEEE — sy < 0 ([

—00

e_(t_r)E’(r)dr>

where b(Jw — z|) is the right-hand side of (3.14). We use the bound

\/5T1/2

b(r) < > (3.19)

and (2.6) to obtain, almost-surely, ||M§f - MtFPHLI(RN) < @Rlﬂe*%(t*s). To sum up,
in both the LB and FP case, we have a bound almost-sure on [[Ms ¢ — M| ;1 ny by a
deterministic quantity which tends to 0 when ¢t —s — 4o00. It follows that, for ¢t — s large
enough,

[E®(p(f)My) — E@(p(f) M, Er)| < e

In the next step we prove that

B (fse, E(t, 5:€)) — E@(p(f) Miy)| < 2e, (3.20)
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for t — s large enough.

Step 3. Convergence in law. Let e € Bp. Let ¢y = e a.s. and e, = E,. Since
E(s,t;e) has the same law as E;_s(ep) and E(t) has the same law as E;_4(e}), (2.25)
gives a coupling

(E(s t;e), E(t))i=s = (E7(s,t;€), B )1>s

such that B
E||E*(t,s;e) — Ef||F < Rymix(t — ), (3.21)

for all t > s. We have

E®(fst, E(t,51€)) —E®(p(f)Msy, Br) = EQ(f7;, E*(s, t;e)) —E®(p(f) M

s,t) s,

E}), (3.22)

where the superscript star in fs; and M st indicates that E(s,t;e) has been replaced by
E*(s,t;e) and E(t) by Ef. Since

[ED(f7 1 B (s, t ) — E@(p(f) M, E7)]

< e+ @] po [PULSL — o)l gy > )+ PUE (5, t:¢) = B L > )]

it is sufficient to prove that f¥, — p(f)M;; — 0 and E*(s,t;e) — Ef — 0 in probability
on L'(RY) and F respectively. We show the strongest (strongest, as is proved classically
by means of the Markov inequality) property

lim B[ f5 = p(N)Mllieny =0, lim E[E*(s,t;e) - Ef|lp =0.  (3.23)
5——00 5——00

The second limit in (3.23) is a consequence of (3.21). Let us prove the first limit.
Consider first the LB case. Using (3.13) and the estimate [p(f)| < [|f||z1 ), We have

El|fi™ - P(f)MsL,E’*HLl(RN) < fllpgeye )

t t
+ ”f”LI(RN)E/ e~ (t=9)p </ |E*(r,s,€e) — E’*(r)\dr) do,

where, as in (3.19), we denote by b(Jw — z|) the right-hand side of (3.14). From (3.19)
follows

5
26(r) < —r.
(r)y<e+ 467“

We deduce the estimate

Elfsr = oM o ny < I fllpamy (™) +2)

5 t —(t—r * LS
2l [ ¢RI s,e) - B (1)l

S
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By (3.21), this yields the following estimate:

* v * —(t—s 5R [t _ —r
B = oM oy < Il (€ e+ [ e nte = ryar)

(t—sg 5R t—s (s
= Al @y (6 =) 4o+ — er(t )%nix(r)dr> .

4e 0
(3.24)

We fix 71 such that %R fflo Ymix(r)dr < 2. Then

5 t—s 5 1
ZR/ er_(t_s)’ymix(r)dr <4+ ZR/ Vmix (1) dr e —(t=5) < 9g2
0 0

for ¢t — s large enough and (3.23) follows from (3.24). In the FP case, we start first from
the exponential estimate

I/t |B=0 — p(S)M || z20s-1) < €N fll2(ar-1)- (3.25)

In (3.25), f¥7 |p=o denote the function (3.4) obtained when E = 0. The estimate (3.25) is
a consequence of the dual estimate in L?(M) for functions h such that (h, M) r2@®vyy =0,
cf. [1, p. 179]. It implies

Ifst lE=0 — p(N )M vy < €N fll2ar-1)- (3.26)

The translations
VU — /t e I E(o,s,e)do, v v— /t eI E*(0)do,
leave invariant the L'-norm. Therefore (3.26) yields
E||f£f’* - P(f)MtFP’*HLl(RN) < e N 2
+ |p(f)|E HM ( - /t e_(t_U)E*(J)ab) - M ( — /t 6_(t_U)E*(O', s,e)da)

We conclude as in the case @) = Qrp by means of (3.14). O

L1(RN) '

4 Resolution of the kinetic equation

We consider the resolution of the Cauchy problem of (1.1) or (1.7) at fixed € > 0. We
set € = 1 for simplicity. Then (1.1) and (1.7) are the same equation

Of +v-Vuf + E(t’x) Vo f=Qf. (4.1)

More generally, what matters to us is the dynamics given by (f,e) — (f;, Et(e)), where
ft is the solution to the equation

O f +v-Vuf + E(t’ x) Vof =QFf, (4'2)
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with E(t,z) = Ei(e(x)). Therefore, this is (4.2) which we solve. We simply assume that
t — E(t,-) is a cadlag function with values in F' (see Section 2 for the definition of the
state space F'). In the particular case E(t,x) = E(e(x)), we define in this way pathwise
solutions. We solve the Cauchy Problem for (4.2) in the LB-case and in the FP-case in
Section 4.1 and Section 4.2 respectively. Then, in Section 4.3, we establish the Markov
property of the process (f;, E(e)), where the first component f; is the solution to (4.2)
with the forcing E(t,z) = Fy(e(x)).

4.1 Cauchy Problem in the LB case

Let t — E(t,-) be a cadlag function with values in F. Let ®4(x,v) = (X¢(z,v), Vi(z,v))
denote the flow associated to the field (v, E(t,x)):

Xt :V;fa XO =,
Vi =E(t, X;), Vo=v.

The partial map (z,v) — ®(z,v) is a C'-diffeomorphism of TV x RY. We denote by
®! the inverse application: ®! o ®; = Id. Note that ®* and ®; preserve the Lebesgue
measure on TV x RV,

Definition 4.1 (Mild solution, LB case). Let fi, € L} (TN x RY). Assume Q = Q.
A continuous function from [0, 7] to L}(TV x R¥) is said to be a mild solution to (4.2)
with initial datum fj, if

F(O) = e fin o @ 4 /0 e~ =5)[p( f(5))M] 0 ®'5ds, (4.3)

for all ¢ € [0,T.

Proposition 4.1 (The Cauchy Problem, LB case). Let fi, € LY(TY x RY). Assume
(2.6). There exists a unique mild solution to (4.2) in C([0,T]; L*(TN x RN)) with initial
datum fin. It satisfies

IF Oy rn xrry < A finllpr v crny  for all t €10, T]. (4.4)

If fin > 0, then f(t) > 0 for all t € [0,T] and (4.4) is an identity. In addition, if
fin € Wk’l(’]I‘N X RN) with k < 2, then

[ £l oo o,mswet(on xrvyy < C(KS T, fin), (4.5)
where the constant C(k, T, fin) depends on k, T, N, and on the norms

sup [[E(t, )|l and | finllwwra oy xrw)
te[0,7

only. Eventually, if fin € Gy, then f(t) € Gy, for all t € [0,T].
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Proof of Proposition 4.1. Let Ep denote the space of continuous functions from [0, 7] to
LYTN x RY). We use the norm

1fller = sup [If(O)llLrryxry)
t€[0,T]

on Ep. Note that
Hp(f)HLl(TN) < HfHLl(TNxRN)- (4.6)
Let f € Ep. Assume that (4.3) is satisfied. Then, by (4.6), we have

¢
”f(t)HLl(’]I‘NXRN) Se_t”finHLl(TNxRN) +/0 e_(t_s)Hf(s)”Ll(’]I‘NXRN)dS-

By Gronwall’s Lemma applied to ¢ +— e'[| f(t)[| 1 (7~ xry, We obtain (4.4) as an a priori
estimate. Besides, the L!'-norm of the integral term in (4.3) can be estimated by (1 —
e || fllzy- Therefore existence and uniqueness of a solution to (4.3) in L(2; Er) follow
from the Banach fixed point Theorem. To obtain the additional regularity (4.5), we do
the same kind of estimates on the system satisfied by the derivatives and incorporate
these estimates in the fixed-point space. To conclude the proof, let us assume fi, > 0.
Since s — s~ (negative part) is convex and satisfies (a+b)~ < a~ +b~, we deduce from
(4.3) and the Jensen inequality that

F) < /O eI [p( () M]™ 0 B*2ds.

Since M > 0 and p(f)”™ < p(f7), (4.6) yields the estimate

t
1~ ()l ) < /0 &)1 () L o sy .

We conclude to f~ = 0 by the Gronwall Lemma. Eventually, that fi, € G,, implies
f(t) € Gy, for all t € [0,T] (propagation of moments) is proved in Proposition 6.3. [
4.2 Cauchy Problem in the FP case

Let K;(x,v;y,w) denote the kernel associated to the kinetic Fokker-Planck equation

Of =Qrpf—v-Vaf. (4.7)

Let us recall some elementary facts about K; (see [4] for more results about the analytical
properties of K;, and [21] for the probabilistic interpretation of K;). The function
Ki(;y,w) is the density with respect to the Lebesgue measure on TV x RV of the law

ng,w) of the solution (X¢,V;) to the SDE

dX; =V,dt, Xo =1, (4.8)
dV, = — Vidt + V2dBy, Vo = w. (4.9)
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where By is a Wiener process over RY. Therefore

Kef@o)i= [[ | Kiay) s w)dyda

satisfies the identity

(Kif, o) =//TN x Ep (X, Vi) f (y, w)dyduw, (4.10)

for f € LY(TN x RY) and ¢: TV x RN — R continuous and bounded. The solution to
(4.8)-(4.9) is given explicitly by

t

X =y+(1—eHw+ / (1— ef(t*s))dBS7

. 0 (4.11)

V, =e tw +/ e =) dB,.
0

The process (X, V,?) given by (4.11) when y = 0, w = 0 is a Gaussian process with
covariance matrix

t
/ |1 — e %|%ds fg e (1 —e®)ds
0
/ e (1 —e?)ds fg e 2%ds
0

Using (4.12) and (4.10)-(4.11), one can show that K;: LP(TYN x RY) — LP(TV x RY)
N
with norm bounded by e?". We have also the estimate

Qr = ® Iy. (4.12)

// Vo Ky (2, 05y, w)|dedv < Ct~/2, (4.13)
TN xRN

for all (y,w) € TV x RN, t € [0,T], with a constant C' independent on (y,w) and T.
The estimate (4.13) also follows from the estimate between (26) and (27) that can be
found in [4].

Definition 4.2 (Mild solution, FP case). Let t — E(t,-) be a cadlag function with
values in F. Let p € [1,4+o00[. Let fi, € LP(TY x RY). Assume Q = Qpp. A continuous
function from [0, 7] to LP(TY x R¥)) is said to be a mild solution to (4.2) in LP with
initial datum f;, if

t
£ = Kifiut [ Vuki B f()ds, (414)
0
for all ¢ € [0,T.
Proposition 4.2 (The Cauchy Problem, FP case). Lett— E(t,-) be a cadlag function
with values in F. Let p € [1,4+o00[. Let fiy € LP(TN x RN). Then (4.2) has a unique
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mild solution f in LP with initial datum fin. If fin >0, then f(t) >0, for allt € [0,T].
In addition, for every k < 2, the regularity WFP(TN x RN)) is propagated:

Sup. LF O llwrr ey xrry < O T finllws ey cr), (4.15)
€10,

where the constant C(k,T) depends on k, T, N and supycpoq |E(t,-)||F. If p=1 and
fin 20, then || f(O)llLron xryy = || finlloion xrvy- If, more generally, there is no sign
condition on fi, € LY(TN x RY), then (4.4) is satisfied. Eventually, if fin € G, then
f(t) € Gy, for allt € [0,T).

Proof of Proposition 4.2. The existence-uniqueness follows from the Banach fixed point
Theorem using (4.13), in a manner similar to the proof of Proposition 4.1. To obtain
(4.15) for k = 1, we assume first that f(¢) is in W*P(TN x RY) for all + and we use the
relations

Vth(I', vy, ’l,U) = —Vth(x, vy, ’LU),
vat(xa vy, ’l,U) = _(1 - e*t)vth(x7 vy, ’LU) - eitvw[(t(x? vy, ’LU),

and Gronwall’s Lemma, to obtain (4.15). We can drop the a priori requirement that
f(t) is in WEP(TN x RN) for all ¢ either by incorporating this in the fixed-point space,
or by working with differential quotients. The case k = 2 is obtained similarly. To prove
that fi, > 0 implies f(¢t) > 0, we use a duality argument: it is sufficient to prove the
propagation of the sign for L solutions to the dual equation

o(T) =9, (4.16)
Op=—v-Vep—E - Vyp—Qfpyp, 0<t<T. (4.17)
This follows from the maximum principle, since Qppy = Ay — v - Vyp. The maxi-

mum principle for the solutions to (4.16)-(4.17) also yields the L!-estimate (4.4). The
propagation of moments is proved in Proposition 6.3. ]

4.3 Markov property
We prove the following result.

Theorem 4.3 (Markov property). Let (E(t)) be a mizing force field in the sense of
Definition 2.1. We denote by A the generator of (E;). Let X denote the state space

X =LY TV xRY) x F. (4.18)

For (f,e) € X, let fi denote the mild solution to (4.2) with initial datum f and forcing
Ei(e). Then (ft, Ei(e))t>0 is a time-homogeneous Markov process over X .

Proof of Theorem 4.3. For a synthetic treatment of the proof, we use the following no-
tations:
G =LY TNV xRY), H=w> (TN xR").

22



For ® bounded and measurable on X, e € F', define

P@(f,e) = E(1e)2(fi, Er(e)). (4.19)

Let (G;) be the filtration defined in (2.5). The process (ft, Fi(e)) is (Gi)-adapted. To
prove this assertion, note that f; is obtained as the solution of a fixed-point equation
(see the proof of Proposition 4.1 and Proposition 4.2 respectively). Consequently (f¢)
is the limit of the sequence obtained by iterating the fixed-point map, starting from f.
It is simple to check that each element in this sequence is (G;)-adapted. Since (G;) is
complete, this implies that (f;) also is (G;)-adapted. Assume that ® is continuous and
bounded. Our aim, first, is to prove the following identity: for 0 < s, ¢,

E(f.e)(®(fers: Errs(e))|Gs) = (B ®)(fs, Es(e))- (4.20)

We can use the propagation of the W2 !-regularity stated in Proposition 4.1 and Propo-
sition 4.2 and an argument of density to reduce the proof of (4.20) to the case where
f € H. In that case, (f;, E;) is seen as a process with state space ) = H x F'. We apply
this reduction because, when f; has the regularity W21 (TV x RV), it is simple to prove
that

fr = Wou(f, (E(0))o<o<t), (4.21)

where Wo,(f,-) is a continuous map from L1([0,¢]; F) to L} (TN x RY). Indeed, if f},
i € {1,2} are two solutions to (4.2) corresponding to two different forcing terms E*(t, x),
i € {1,2}, we just need to write

[0+ B" -V, — Q] (f! — f2) = (B* = B') - Vi, f2,

multiply the equation by sgn(f; — f2) and integrate, to obtain

t
£ = f2l o v xmvy < C/O 1E?(s) — E*(s)| pds, (4.22)

where the constant C' depends on the LtOOLglﬁ7v—norm of V, f2. Similarly, we may introduce
the solution map WU, ;, which associates to the path (E(0))s<s<+ and to the datum f, at
o = s, the solution to (4.2) at time ¢. We have then the semi-group property

\I’O,tJrs(f’ (E(J))OSUStJrs) = \I’s,tJrs(\I]O,s(fa (E(U))Oﬁogs)a (E(J))s§0§t+s)- (4-23)

Using (4.23), the relation (4.20) is equivalent to

E ((I) [\IJS,H_S (f, (Eo (e))s§a§t+s)7 Et+8 (e)]

G,) = (BO)(& Eule).  (4.24)

where £ = fs is Gs-measurable. The property (4.24) is true for every random variable &
which is Gs-measurable. The reason for this is that Wy (&, (Ey(€))s<o<t+s) is a functional
of (Ey(e))s<o<t+s- The proof of (4.24) is clear if we replace (E,(e))s<o<tt+s by the
piecewise constant path (E,(e))s<o<tss, Where E,(e) = Fqyy,(e) for all o € [s +t;,5 +
ti+1), where

s=s+tg<s+t1 < - <s+itny=s5+1
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is a subdivision of the interval [s, s + t]. Indeed, we have then

P [\IIS,t+S(§7 (EG (e))SSUSH—S)a EH-S (e)] = (fN(f; Es+t0 (6)7 v 7E8+tN (e))7

where ® is continuous in its arguments. By considering the finite-dimensional distri-
butions of (E}), we obtain

E [‘i)N(éa Eg ity (e)’ ooy Esyey (e))|gs] = PN,tq)(g’ Es(e))’ (4'25)

where

PN,tq)(f’ e) = Ee(i)N(f; Eto (e)’ s ’EtN (e)))
=E.® |Vo(f, (Es(e))o<o<t) Er(e)|,

where (E,(e))o<o<: is the piecewise-constant path defined by E,(e) = Ej,(e) for all
o € [titiv1), © = 0,...,N — 1. Since (E,(€e))s<o<t+s is cadlag, we can approxi-
mate (Ey(€))s<o<t+s DY (Eo(e))sgggHs, due to the continuous dependence of ¥y ;s on
(Ey(€))s<o<tt+s With respect to the LY([s,t + s]; F)-norm. When the size max(t; 11 — t;)
of the subdivision tends to 0, we have Pn;®(f,e) — P,®(f,e). This yields (4.20).
Using (4.21) and approaching f € G by a sequence of H, using also the fact that
e — P.(D) is measurable for all Borel subset D of D([0,+00); F') (see Section 2), we
see that (f,e) = P()(A) is measurable for all Borel set A C X. We conclude then by
Proposition B.2 and Remark B.1 in the appendix. U

Let us introduce the operators

Zip(f.e) =Ap(f.e) +(Qf —e-Vuf, Dyp(f,e)), (4.26)
%Qp(fae) = (U : vxfa Df(p(f7 e))? (427)

and .2 = % + 4,. Formally, .Z is the generator associated to the Markov process
(ft,Er). We do not need to be much specific on that point here. Indeed, what is
relevant to apply the perturbed test-function method in Section 6 (see (6.2)) are sufficient
conditions for a test function to be both in the domain of .%; and in the domain of .%.
We prove the following result.

Proposition 4.4. Let (E(t)) be a mizing force field in the sense of Definition 2.1. Let
A be the generator of (Ey), let X be the state space defined by (4.18), and let 244 and
£, be defined by (4.26)-(4.27). Let ¢: R™ x F' — R be a continuous function which is
bounded on bounded sets of R™ x F' and satisfies the following properties:

1. for allu € R™, e — 1(u;e) is in the domain of A and (u,e) — Ap(u;e) is bounded
on bounded sets of R™ x F,

2. for alle € F, u — ¢(u;e) is differentiable, (u,e) — Vy(u;e) is bounded on
bounded sets of R™ x F and continuous with respect to e.
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Let &1,...,&m € CX(TYN x RN). Then the test-function

P (fae)Hw(<f,£l>a"'a<f,£m>;e) (428)

satisfies Lyp(f.e), Lo(f,e) < 4oo for all (f,e) € X and ¢ is in the domain of £ in
the sense that

Lip(f.e) = ¢(f,e) +1Lo(f,e) + o(t), (4.29)
for all (f,e) € X.

Proof of Proposition 4.4. Let £ = (§;)1,m. We have

Zyo(f.e) = {Ad(uie) + (£,Q"¢ + e Vo)V (ue) }|,_ s s
Zp(fre) = (f,v0- Val)Vutb(wie)| ;e

therefore (f,e) — (L(f.e), Le(f,e)) is bounded on bounded sets of X. To obtain
(4.29), we use the decomposition of Pp(f,e) — ¢(f,e) into the sum of the terms

Ere)ef, Et) — o(f,e) (4.30)

and

Es.e) [p(fe; Et) — o(f, Et)] - (4.31)
By item 1, we have the asymptotic expansion (4.30) = tAy(u; e)|u:<f7£> + o(t). In
addition, by (4.2), we have

Ut = ’U,+t(<f,Q*§+e vv§> + <f,1) ' vx§>) +0(t)7

where uy = (fi, &), u = (f,£). By item 2, we obtain the asymptotic expansion
(4'31) = t(<f7 Q*f +e- VU§> + <f7 v - Va:§>)vu¢(% e)‘u:<f7§) + O(t)'

This concludes the proof. ]

Remark 4.1. The result of Proposition 4.4 holds true if we consider some functions &;
not as smooth and localised as Cg° functions, provided there is a sufficient balance with
the regularity and integrability properties of f. For example, we apply Proposition 4.4
in Section 6.1.3 with &(z,v) = &(2)¢(v), where & is in some Sobolev space H*(TN)
and (;(v) is a polynomial in v of degree less than two. In that case, we view (f;, E}) as
a Markov process on X3 := G3 x F' and the conclusion of Proposition 4.4 is valid for
f € Gs.

Remark 4.2. Note that, in the context of Proposition 4.4, the function |¢|? has the same
properties (item 1 and item 2) as . Therefore ||? is also in the domain of .Z.

25



5 Deterministic convergence

In this section, we prove Theorem 1.1. We establish the convergence

lim sup
e—0 te [O,T]

[ ri@et)is = [ nia)ps

TN

=0 (5.1)

for all ¢ € C(TY). We use the two following results.

Theorem 5.1 (Martingale characterization of Markov processes). Let (X;) be a RV -
valued time-homogeneous Markov process of generator L. Assume that (X;) is cadlag.
Then, for all continuous bounded p: RN — RY in the domain of L,

2(t) = p(X,) — p(Xo) - /0 Lo(X,)ds (5.2)

is an RN -valued (F{X)-martingale. If p? is in the domain of L, then the quadratic
variation of (Z(t)) is

t
(Zi, Zj] = /0 (Lpip; — pilypj — o L) (Xs)ds. (5.3)

Theorem 5.2 (CLT for martingales). Let (Z;) be a RN -valued cadlag martingale satis-
fying

limeE | sup |Z;—Zi—|| =0. (5.4)
e—0 0<t<T/e2
Assume )
;[Z, Z)y — oo in probability, (5.5)
where o 1s an N X N matriz. Then
€22 — oWy (5.6)

in law on C([0,T);RY), where (W,) is an N-dimensional Wiener process.

Proof of Theorem 5.1. We apply [10, Proposition 1.7, p. 162]. Since (X;) is cadlag, it is
progressive. We obtain the fact that (Z(t)) is an (F;X)-martingale. The proof of (5.3)
is a consequence of Theorem B.3 in the appendix B. U

Proof of Theorem 5.2. Let (e,) { 0. We apply [10, Theorem 1.4, p. 339] to
Mn(t) = 5nZt/5%a Cij(t) = (O'*O')Z'jt.

Indeed, Condition (1.14) in [10, p. 340] is fulfilled by (5.4). O
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Remark 5.1. Assume, in the context of Theorem 5.1, that (X}) is ergodic, with invariant
measure A and let Z be defined by (5.2). We have then

1 . -
71Zi: Zjle > (Leipj — ¢ilpj — ¢jLpi, A) - in probability
= — (piLyj + pjLy;,v) since L*\ = 0.

Therefore, we obtain (5.6) with

(0%0)ij = —(pily; + @;Lgi, A). (5.7)

5.1 Classical diffusion limit

Let us first illustrate the application of Theorem 5.1 and Theorem 5.2 in the case where
E =0in (1.7) and Q = Qrp. The equation (1.7) is deterministic then. An argument
using a PDE theory approach gives the convergence of 7 = p to r solution to (1.21) in
L?(0,T; L?(TY)), see [9, Theorem 1.1] for example. Using a probabilistic approach, we
consider the jump process (V;) associated to (1.2) (this is a pure jump process since we
assume E = 0). We obtain the convergence of the process (X{) that is behind r® = p°,
and a convergence to 7 in C([0,T]; L2(TV) — weak). Indeed, let us set

t/e?
5/ Vids
0

where X follows a law with density pi, with respect to the Lebesgue measure on TV,
In (5.8), [Y] denote the equivalence class in TV = RV /Z" of an element Y € RY. By
(1.20), Xy and Vj are independent, Vj having the law of density g with respect to the
Lebesgue measure on RY. Then 7€ is the density, with respect to the Lebesgue measure
on T, of the law of X;. For all 1/: RN — R continuous and bounded, we have

Xi=Xo+ ; (5.8)

/11‘N re(x, t)(x)de = Ev(X]). (5.9)

The generator L of (V;) is Lyp(v) = (v, M) — ¢. We apply Theorem 5.1 to the Markov
process (V;) with ¢ such that
Ly = —1d. (5.10)

The solution to (5.10) is ¢ = Id. We have then
Xi =Xo+eZye2 —e(Vyyer — Vo) = Xo + €22 + O(e), (5.11)

where the O(¢) is in L}(Q) (and thus, in probability) since V; has either the distribution
of Vy or, if a jump has already occurred, the density M with respect to the Lebesgue
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measure on RY. We obtain, using (5.7), the convergence (5.5) with o*0c = 2K, where
K is given by (1.15). By Theorem 5.2 thus, we have

X;;: —)Xt = XO — \/2KWt
in law on C([0, T]; RY). Using (5.9), we obtain

/TN ré(z, )Y(x)dr — r(z,)Y(z)de in C(]0,T)), (5.12)

TN
for all : RY — R continuous and bounded, where r satisfies (1.21). Since (r°) is
bounded uniformly in ¢ in C([0, T]; L2(TV)) (see [9]), the convergence (5.12) is satisfied
for all ¢ € L2(TV). We conclude to the convergence of (r¢) to r in C([0,T]; L?(RY) —
weak).

Remark 5.2. In the FP case, the proof is direct and does not require Theorem 5.1 and
Theorem 5.2. Indeed, we have (5.8) where V; satisfies (4.9). We replace V; in the integral
in (5.8) by —dV; + v/2dB; to obtain

Xi =Xo+eBye2 —e(Vyye2 — Vo)

Since (4.11) gives a bound (in L?(Q2) for example) on (V;), we have (5.11) with Z; = B,
and we conclude using the scale invariance of the Wiener process.

5.2 Diffusion limit for the stochastically forced equation

We consider now the general case of Equation (1.7) with a non-trivial mixing force process
(E;) (cf. Definition 2.2). Recall that F is the o-algebra generated by (FEs)o<s<;. For
¢: RN = R continuous and bounded, we have

[ ¢ @ tipla)ds = B [p(XDIFL.a].

and (5.9), where X7 is like in (5.8) and (V%) is either the stochastic process described in
(1.9) in the case Q = Qi (given E, this is a PDMP), or the Ornstein-Uhlenbeck process
(1.10) in the case @ = Qpp. The process (V;, Ey) is Markov and has the generator L
given by

Lo(v,e) = Q% p(v,e) —e - Vyp(v,e) + Ap(v, e). (5.13)
The proof of this result is analogous to (actually, simpler than, since the state space has
finite dimension) the proof of Theorem 4.3. By Theorem 3.1 (see Remark 3.2), (V;, Ey)
is ergodic and has the invariant measure A defined by

(A p)=E M (v)p(v, Ey)do.
RN
This is a consequence of (3.10) and of the fact that (V;, E¢) is time homogeneous. More

precisely, denoting by (e‘*) the semi-group generated by (V;, Ey), (3.10) gives, for all
f € LY(RY), and for all ¢ bounded and continuous on RY x R¥,

lim fw)etlp(v, e)dv = <)\,cp>/ f(w)dv. (5.14)
RN RN

t—+00
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To apply Theorem 5.1 and Theorem 5.2 like in Section 5.1, we need to solve the Poisson
equation
Lo(v,e) = —v. (5.15)

Using (5.7) then, we need to compute

(0" 0)ij = (pivj + pjvi, A). (5.16)

5.3 The auxiliary test-function

Our aim is to find the solution ¢ to the Poisson equation Ly = 9 (with ¢(v) = —v in
our case). An perturbation argument (of the case E' = 0) suggests the solution

o(v,€) = v+ Role), (5.17)
where the resolvent Ry(e) is defined in (2.14) and (2.15). The test-function (5.17) indeed
satisfies (5.15) since @*v = —v and ARy(e) = —e. However, there is a more systematic
way to obtain (5.17) than just guessing, and we explain it below, since it involves some
computations that are necessary later in Section 6. To solve Ly = ¢ (with ¢(v) = —v
in our case, thus), we use the resolvent formula

o
Y= —/ etlapdt. (5.18)
0

This may work at least if (1, \), which is equal to limy_, ., /¥4 by ergodicity, vanishes.
In our case ¥(v) = v, this condition is satisfied as we will see. Note first that, for
f € LY(RY) and fy; given either by (3.3) or (3.4) with s = 0, we have, by (3.9),

/ f(w)ettap(v, e)dv = Ee/ Jor(v)Y(v, e)dv. (5.19)
RN RN
With ¢ (v,e) = —v, we obtain

[ F o) = ~Eod (o) (5:20)

Lemma 5.3. Let fs; be equal either to (3.3), or to (3.4). The two first moments of fs;
(see (1.14) for the definition of the moments) are, respectively, p(fs+) = p(f), and

t
J(fs,t) Zef(t*S)J(f) + p(f)/ ef(t*")E(a,s;e)da. (5.21)

Proof of Lemma 5.3. We use the formula

1 1
/ v | M(v—w)dv = w , (5.22)
RY \0®? K+ w®2,

where K is defined by (1.15). By (5.22) (and a change of variable in the FP-case), we
obtain (5.21). O
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Corollary 5.4. Let fs; be equal either to (3.3), or to (3.4) and let M} and MFY be
defined by (3.6) and (3.7) respectively. We have then, for all e € B,

/0 BT (fou)ldt < +oo, / TEI(fodt = () + p(H)Role).  (5.23)

0

0
J(MEBY = J(MEP) = / e’ E(o)do. (5.24)

Proof of Corollary 5.4. We take t =0, p = 1 and the limit s — —oo in (5.21) to obtain
(5.24). To prove (5.23), we use the following formula:

oot >
/ / e IEQ(E(0, 5 e))drdt = / Ep(E(0,r;e))dr.
0 0 0

Comparing (5.18)-(5.20) and (5.23), we obtain (5.17).

5.4 Diffusion matrix
Now that we have found ¢ solution to (5.15), let us come back to (5.16).

Lemma 5.5. Let M['® and MY be defined by (3.6) and (3.7) respectively. The expec-
tation of the second moment of My is

E [K(My)] =K + bE [E(0) ® R1(E(0))], (5.25)
where b*B =2 and b¥F = 1.

Proof of Lemma 5.5. We compute, using (5.22),

K(MOLB):/O <K+ [/ E(r } )da.
E [K(M§®)] :K+/_OOO e’ /UO /Uof(r—s)drdsda,

where ['(t) is the covariance of (E(t)) (see (2.17)). By symmetry, we have

/00 /Jor(r — $)drds = Q/UO(T — )T ((r)dr.

By two successive integration by parts, we have next

/ / (r — o)L((r)drdo 2/ / r)drdo = 2 /_OOO e’T'((0)do.
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Coming back to the definition (2.17), we obtain

0 B 0 B B
/ e’T((o)do :/ ¢’E [E(0) ® E(0)] do

— 00 —00

_ / " R [B(=0) & E(0)] do
0

_ /0 " R [B(0) © B(0)] do = E [E(0) & Ri(E©))]

and we conclude to (5.25). Similarly, we have by (3.7) and (5.22),
B 0 B ®2
K(MEP) = K + [/ e"E(a)da] :
—00
To conclude to (5.25), we use the following Lemma 5.6.
Lemma 5.6 (Symmetry and positivity). For 6 > 0, we have

E [Rs(E(0)) ® E(0)] = 6E [/0 e‘SUE(U)dJ] ®2.

—00

(5.26)

(5.27)

In particular, if § > 0, we have E [Rs(E(0)) ® E(0)] = E [E(0) ® Rs(E(0))] and this

quantity 1s non-negative.

Proof of Lemma 5.6. We compute

E [ /_ io e&’E(J)dU] - = / ' / ' SHIE[E(s) © E(0)]dods

:/ /_OO (+IE[E(s) ® E(o))dods

Eo =—00

=3 /_Oo ¢"E[E(0) ® E(0))do

:% /oo _6‘7E[E(O') ® E(O)]d(f =<E [R(S(E(O)) & E(O)] s
0

which gives the result.

By (5.16) and (5.17), we have

oo =2E [K(Mp)] + E [Ro(E(0)) ® J(Mo) + J(Mo) ® Ro(E(0))] .
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We use (5.24) to derive the following expression

E [Ro(Ep) @ J(My)] = / ’ ¢’ [Ro(E(0)) ® E(0)] do. (5.29)

As in (5.26), this is E [R1Ro(E(0)) ® E(0)] and thus
o*c =2E [K(Mo)] + E [R1Ro(E(0)) ® E(0) + E(0) ® R1Ro(E(0))] .

To obtain a more tractable expression of o*c, we use the resolvent identity RjRy =
Ry — R; which yields, by the symmetry property stated in Lemma 5.6,

oo =2E [K(Mo)] + 2E [E(0) ® (Ro(E(0)) — R1(E(0)))] .
Using (5.25), we obtain
oo =2K + 2E [E(0) ® [Ro(E(0)) + (b — 1)R1(E(0))]] - (5.30)

We have therefore (5.1) for all ¢ € C(TY), where r is the solution to (1.21) starting
from ri,. Note that, as a consequence of Lemma 5.6, we have

K;> K, (5.31)

in the sense of symmetric matrices.

6 Diffusion-approximation

In this section, we consider a spatially dependent process (E;) and establish the limit
behaviour of p® as stated in Theorem 1.2. We forget now the probabilistic origin of f¢,
the solution to (1.7). This probabilistic aspect has been used in the previous Section 5.
Our main probabilistic object of study now is the process (ff) solution to the SPDE
(1.7). More precisely, we consider the Markov process (ff, E5) (see Theorem 4.3). The
generator £ of this process can be decomposed as

1 1
iﬂazg%*‘giﬂb,

where .} and . are defined by (4.26) and (4.27) respectively. For every ¢ in the domain
of .£¢, the process

t
ME(t) = o(fi, Ef) — (fin, Eo) —/0 Lp(f5, ES)ds (6.1)

is a (G;/.2)-martingale (this is a consequence of Theorem 4.3 and Theorem B.3 in Ap-
pendix B). The equation associated to the principal generator % is (1.2). It has been
analysed in Section 3. Our approach to the proof of the convergence of (p°) uses the
perturbed test-function method introduced by Papanicolaou, Stroock, Varadhan in [17]
and adapted in the setting of hydrodynamic limits in [8]. Let us explain the main steps
of the proof.
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1. Limit generator. To find the limit generator £ associated to the equation
satisfied by the limit p of (p), which acts on test functions ¢(p), we seek two
correctors @1 and o such that, for the perturbed test function

v°(f.e) = 0p) +ep1(f ) +%a(f, @), (6.2)
we may write Z°¢° = Lo+ o(1). See Section 6.1.

2. Tightness. We prove the tightness of the sequence (p°) in an adequate space.
First, we obtain some bounds uniform with respect to € by perturbation of the
functional which we try to estimate. See Section 6.2. Then we establish some
uniform estimates on the time increments of (p°). See Section 6.3.

3. Convergence. We use the characterization of (1.24)-(1.25) as a martingale prob-
lem to take the limit of the processes (p.). This is a very classical approach to the
convergence of stochastic processes, see the introduction to [14, Chapter III]. The
class © of test-functions ¢(p) of the form

2(p) = v ({0,120 (6.3)

for ¢ in a dense subset of L?(T") and 1 a Lipschitz function on R such that
Y € CP(R), is a separating class in L2(TY): if two random variables p; and po
satisfy Ep(p1) = Ep(p2) for all ¢ as in (6.3), then p; and ps have the same laws
(this follows from the fact that © separates points and from Theorem 4.5 p. 113
in [10]). This is why we put a special emphasis in Section 6.1.3 on the application
of the perturbed test-function method to test-functions as in (6.3).

6.1 Perturbed test-function

Let ¢: L?(TY) — R be a given test-function in the variable p. We specify its regularity
later. Consider the perturbation (6.2). To obtain the approximation .£°¢® = Zp+o0(1),
we identify the powers in € in each side of this equality. This gives, for the scale 72,
the first equation £ = 0. This equation is satisfied since ¢ is independent on e, hence

Ap =0, and

(Qf —e-Vuf,Dso(p) = (0(Qf — e Vuf), Dpp(p)) = 0

since p(Qf) = 0 and p(e - V, f) = 0 separately. At the scale ¢! and €, we obtain the
equation for the first corrector
L1+ L =0 (6.4)

and the equation for the second corrector
Lypr + Lyp1 = L, (6.5)

respectively. If (6.4) and (6.5) are satisfied, then Z°¢° = Ly + L 2. We solve
(6.4) and (6.5) by formal computations first, see Section 6.1.1 and Section 6.1.2. In
Section 6.1.3 then, we discuss more rigorously the resolution of (6.4) and (6.5).
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6.1.1 First corrector

We seek a solution to (6.4) by means of the resolvent formula

Spl(f,e) = /OO E(f,e)¢(ftaEt)dta ¢ :ﬁﬂpa
0
where f; is obtained either by (3.3) or (3.4) with s = 0. The right-hand side ® is
U(f,e) = Zo(f,e) = =(dive(vf)), Dip(p)) = =(diva(J(f)), Do (p));
since p(vf) = J(f). By (5.23), we obtain the candidate
p1(fre) = —(dive(H(f)), Dpp(p)),  H(f) := J(f) + p(f)Ro(e). (6.6)

6.1.2 Second corrector and limit generator

Let p1, be the invariant measure parametrized by p associated to %}, defined by (3.8).
Since £ p, = 0 and (L, u,) = ZL¢(p), a necessary condition to (6.5) is that

Lo(p) = (L1, f1p)- (6.7)

If (6.7) is satisfied, then we set

pa(f,e) = /O (E(t.e)L01(ft, Er) — (Lo, p)) di. (6.8)
The equation (6.7) gives the limit generator .. Since f — H(f) is linear, we have

9%901(f5 e) = _(divll?(vf)’ DfSDI(fa e))
= (dive[H (dive(vf))], Dpp(p)) + Dag(p) - (dive (H(f)), diva(J(f))), (6.9)

and thus

ZLo(p) = (Y, 1p), Dpp(p)) + o D2o(p) - (dive(H(f)), diva(J(f)))du,(f,e€), (6.10)

where ¥(f,e) = div,(H (divy(vf)). Let us compute the first term in the right-hand side
of (6.10). Using (6.6), we have

W(f,e) = DI:K(f) + div, [Ro(e)divy(J(f))] - (6.11)

The part (D2:K(f), pp) = D2: [pEK (Mp)] is given by (5.25). To identify the contribu-
tion of the second part in (6.11), we adapt (5.29) to obtain

0
(dive [Ro(e)dive (J(f)] s p1p) =0x /_ e’E [Ro(£5(0))0x, (pE; (0))]

=05, E [R1Ro(E;(0))8s, (pE; (0))] .
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The first-order part in (6.10) is therefore ((¢, 11,), D,p(p)), with

(Y, pp) = Di: [p (K + bE [E(O) ® Rl(E(O))])} + div,E [RlRO(E(O))divx (pE(O)()} . |
6.12
This can be rewritten as

(), pp) = dive(KyVap + Wp), (6.13)

where Ky and ¥ are given in (1.18) and (1.19) respectively. Note that this is consistent
with the result (5.30) obtained for a E independent on x (indeed, the drift coefficient
U vanishes if F is independent on x). To compute the second-order part in (6.10), we
have two terms to consider: (J(f) ® J(f), ) and (Ro(e) ® J(f), pp). We have already
established

(Ro(e) @ J([), jtp) = E [R1Ro(E(0)) @ (pE(0))] -
By (5.24) and (5.27), we have also

(J(f)® J(f), o) = E [(pR1(E(0))) @ (pE(0))] -

It follows by the resolvent identity Ry Ry = Ry — Ry that

[ Dlele) - (iva(H(P).diva((9)diy(£.)
— ED%p(p) - (diva(pRo(E(0))), div, (pE(0)).  (6.14)

Remark 6.1 (Energy estimate). From the explicit expression of the limit generator .2,
we can draw a first consequence (in an informal way, in a first step; see the proof of
Theorem 6.9 for more details), which is an energy estimate for the SPDE associated to
Z. Indeed, let (p;) be a solution of this SPDE (see Equation (1.24)). We have

1 2 1 2 ! L2
§E||Pt||L2(qu) = §EHPO||L2(TN) +/0 EZ¢(ps)ds, ¢(p) = §||P||L2(TN)-
If we compute Z¢(p), the first-order term ({1, p1,), Dyp(p)) gives

- <Kﬁvxp, pr>L2(TN) - <\Ilp, pr>L2(TN). (6.15)

Using Lemma 5.6, the fact that K is the identity and the Cauchy-Schwarz inequality
give us

(6.15) > _”vpo%Q(’EN) —E(Ry(E(0)) - Vap, E(0) - Vap) p2¢p)
— 1 Lo cxmylloll 2 omy [ Vzpl L2 (ony. - (6.16)

The contribution of the second order term (6.14) to L¢(p) is

E(diva.(Ro(E(0))p), diva(E(0)p)) 12z (6.17)
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By developing the divergence terms in (6.17), we recognize one of the terms in (6.16)
(with the opposite sign) and some lower order terms (lower with respect to the order of
differentiability in x). Therefore we have a bound from below

(6.15) + (6.17) = —[VaplZams; — COpllzzem) IV apll 2wy — CR o
where, thanks to (2.15), C(R) is a constant which depends on R. It follows that
1
(6.15) + (6.17) > ~ 2 [Vapl 22wy — CR)plEacevy

for a different constant C'(R). We conclude to the energy estimate

t t
EMﬁmm+AEWmem®SEMMmm+QMAMWﬁmmw

Using the Gronwall inequality and the initial condition pg = pin, this gives, for 0 < ¢ < T,

t
Blpl2ey + [ EIVapldaoyds < CRDElaltogy (615
where C(R,T") depends on R and 7.

6.1.3 First and second correctors

Recall (see (1.16), (1.17)) that
// [v|™ f(z,v)dzdv, ={feL¥ (TN x RN); Jn (f) < 4oo}.
TN xRN

Recall also that ' = H(TY). Let us introduce the following notations. We write a < b
with the meaning that a < Cb, where the constant C' may depend on R (¢f. (2.6)), on
CR (cf. (2.16)), on various irrelevant constants, and on the dimension N.

Proposition 6.1. Let ¢ be of the form (6.3), with ¢ € C3(TN) and ¢ a Lipschitz
function on R such that ' € C°(R). Let 1, @2 be the correctors defined by (6.4), (6.8)
respectively. Then 1, o satisfy Lipi(f,e) < 400, ZLpi(f,e) < 4oo for all f € G3,
e € F and are in the domain of £°. We have the estimates

|o1(f, @) S Mldllwroo @y €l cr vy (Jo(f) + J1(f)); (6.19)
and
[ Zer(f ) S 1 lwzeo @) €1 Z2ny (1To ()1 + 1 T2(H)), (6.20)
on w1 and the following estimates on s
lo2(f, @)l S 1llwae @) €12 rny (1o (£ + | J2()I), (6.21)
and
[ Lpa(fr @) S 1 lwseo @) €1 Gs ony (1To ()P + T3 (HF), (6.22)

for all f € Gs, for all e € F with |le|]|r <R.
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Proof of Proposition 6.1. Let us focus on the estimate (6.21) on |p2(f,e)|. Since

(h Dr(p) =¥ ((0,€) vy ) (p(R): €) (o),

the equation (6.6) gives a first corrector

p1(f,e) =9/ (<P7 §>L2(1IN)> (J(f) + p(f)Ro(e), Vi) L2y, (6.23)
For simplicity, let us denote by ¢’,1”, ... the derivatives of 1 evaluated at the point
(P, &) p2(1vy- By (6.9), we have
Bprlf.0) =" [ KD+ (1) - ValRole) - V.tlds
+ ¢I/<J(f), Vz5>L2(TN)<J(f) + p(f)Ro(e), Vz§>L2(1IN)a (6.24)

and

alf.e) = /0 E(re) (L1 (for Er) — (Loor )] dt, (6.25)

where f; is obtained either by (3.3) or (3.4) with s = 0. Consider the LB-case. There
are two terms in f; and three terms in 4,1, which makes at least six terms to consider.
We find out more than six terms actually, because of the translations in v. Consider the
first term in (3.3). By (5.22), and for

t
wy ::/ Es(e)ds,
0
we have

+ J(f) @ w + w @ J(f) + p(fw?,
+ p(fwy.

In (6.24)-(6.25), and regarding the linear terms with factor ¢/, this gives the contributions
b= [ [T B K+ 20(0) @ ot ol Dl
and
b=’ [ [T B0 + o) - VlRo(Ei(e)) - V€] ded,
Using the bound [Jw||p < tsupscjoq | Es(e)|F and (2.6), (2.15), we have

@20l P2 S 19"l poo ) €Ml o2 vy (Jo(f) + 1 (f) + 2(f))-
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S_ince Ji(f) < %jo(f) + %jg(f), this gives us a bound by ||1/)’\|Loo(R)H£||CQ(TN)(jo(f) +
J2(f)). Using (5.22) again, and still regarding the linear terms with factor ¢’ only, we
see that the second term in the expansion (3.3) of f&B has the contributions

-y /TN/ ) — B (4o00))dtdr, Boy =1 /w/ (Ba(t) — Bu(+00))dtd,

where

K+E </ E( >®2] :D?¢do, (6.26)

a(t) =p(f) / ~-o)R [/ Ey(e)ds - Vo[ RolE <>>-vxs@ do,  (627)

0ty =p(s) [

By standard manipulations on the integrals in (6.26), we have

0.(t) = p(f)(1 — e HYK:D2¢ + 2p(f) /Ot e ? /OU /0 Deo(t — 7.t — 5):D2€dsdrdo,

where the covariance I'g is defined by (2.17). The most delicate term to estimate in ® .
is

5, = 2/TN o(f) / / / / o(t =1t —s)—I[(s—r)] :D2¢dsdrdodtdz.

The other terms are bounded by [|€]| 2wy (Jo(f) + J2(f)) using (2.6). Using also (2.18),

we have
’(13 c‘ < 2J0 |’§HC’2('H‘N)/ / / / 7m1x de?“dO’dt

S 2oell, [ [ 567" = ¢ et — )i

Neglecting the term —e~* and using (2.13) gives a bound |®5 | < 2j0(f)”§Hc2(TN). We
have also

t o
f)/ e_(’/ E[E;_s(e) - V. [Ro(Ei(e)) - V]| dsdo.
0 0
Conditioning on G;_g, we see that

E[E;—s(e) @ Ro(Ei(e))] = e~ [v @ " Roy] (e), 1(e) = e.
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By (2.12), (2.15), (2.13), we obtain

|4 [y V(™ Rovo - V,6)) ()

— (¢ - Vo(PsRot) - V), u>} dsdodt

C(TV)

<R2/ / /%mx — s)dsdodt||§]|cr vy

< B?[[€]lcr (rvy-

With this estimate, it is easy to prove that |®g 4 < Hf”cz(qrzv)jo(f). Let us look as
the quadratic terms with factor 1" now. There are two terms in (3.3), so four terms
Py, ..., Pap to consider here. The first term in (3.3) has a factor et like in ®,, Pp.
There is no contribution from (Z,¢1, 1,) in @oc, P2 ¢, P2 4 hence, and the convergence of
the integral in (6.25) is clear. Therefore, using the same arguments as above, we obtain
the estimates

[2.cl, [®of], [@2,g] S 119" | ow @) IV lIEs ry (1T (F) + [T ()I)- (6.28)

Let us illustrate this on the example of ®; ,. We have

o0 t t
Drg =" /0 /O (-0, { | DB (), Vobaos i
t
<)+ 0ld) [ Ble)ds+ o) Ro(ED. Vabhaam |

which gives (6.28). The last term ®5, is

Byp = /0 " (On(t) — On(+00))dr,

//// e p(f) Ey(e), Vi) 2oy

(p(f)Eg(e) + c(t)" p(f)Ro(Ei(e)), Vo) p2(pnyds'dsdo’ do.

// (ta)dsda—/ae(’—l—(t—i—l)

The technique used to estimate the terms ®; . and ®, 4 applies here to give

P2 S 19" oo @) | V|G (v | Jo ().
(TY)

where

The coefficient ¢(t) is
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This concludes the estimate on @9 in the LB-case. The estimate on ¢y in the FP-case
is obtained by the same arguments. This follows from the expressions for K(f:), J(ft),
which involve various terms, similar to those estimated in the LB-case. For example, a
careful computation based on (3.4) and (5.22) gives

®2

K(fFP) =p(f) [(1—e2t>f<+( /0 e<”>Eo<e>da> e K (f)

; t
tet { | e o () + I [ e Eedo]
0 0

A comparable expansion for J(ffF) gives the result, like in the LB-case. Using (2.16),
a careful study of the terms composing ¢, shows that p; and @9 are of the form (4.28)
with some &; as in Remark 4.1. By Proposition 4.4, we deduce that Z¢;(f,e) < 400,
Zypi(f,e) < oo for all f € G, e € F and that ¢; and ¢9 are in the domain of .Z*.

There remains to prove (6.22). Compared to the development of o, when computing
L, 9, still more terms appear, which combine the derivatives of ¥ up to the order three.
However, all the questions of convergence of the integrals with respect to ¢ have been
dealt with in the estimate of o. Although lengthy, it is not problematic, to prove (6.22):
we do not expound that part thus. O

Remark 6.2 (Linear test function). In Section 6.3, we apply Proposition 6.1 to a linear
test-function ¢(p) = (p, &) L2(rny, which means ¢ = 1, ¢” = 0. In that case, the bounds
on the first corrector is a little bit simpler: we have

le1(f, @)l S ll€llorrmy (Jo(f) + i (f)), (6.29)

and
(L1 (£ @)l S N€llo2 oy (Jo(f) + (), (6.30)
for all f € G, for all e € F' with |le|]|r <R.

By Theorem 4.3, Remark 4.2 and Theorem B.3, we obtain the following corollary to
Proposition 6.1.

Corollary 6.2. Let ¢ be of the form (6.3), with & € C3(TN) and + a Lipschitz func-
tion on R such that ' € Cg°(R). Let @1, @2 be the correctors defined by (6.4), (6.8)
respectively. Let 0 be the correction of ¢ at order 0, 1 or 2:

0 € {p,p+ep,p+ep +epa}.
Then .
Mg (t) = 0(f5, B5) — 0(fim, Fo) — / Lo0(f%, B )ds (6.31)
0

s a (gt/ez)—martingale with quadratic variation given by
t
(Mg, M) = / (27101 — 20.2°6] (f(s), B (s))ds,
0
for allt > 0.
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6.2 Bounds on the moments

Recall that J,,(f) denotes the m-th moment of f (see (1.16)) and that G, is the state
space of functions f € LY(TY x RY) such that J,,(f) < +oo.

Proposition 6.3. Let f§ € Gp,. Let (f{) be the unique mild solution to (1.7) on [0,T]
given by Proposition 4.1 or 4.2. Then, for all m € N, almost-surely, for all t > 0,

In(ff) < CR.m,t) [Tn(f5) + Jo(£5)] (6.32)
where C'(R,m,t) is a constant which is bounded for t in a bounded set.

Proof of Proposition 6.3. By density, we can assume that fi, € W2Y(TN x RY). We can
also replace v — |v|™ by v = |[v|™xy,(v), where x,, is a function with compact support
which converges pointwise to 1 when 7 — 0. By the results of propagation of regularity
given in Proposition 4.1 and Proposition 4.2, the following computations are licit then.
For simplicity, we take directly xy = 1. First, we have

d

_ 1. _
L (£ = 2 | Tom(@F2) + 2m / / 2V - B 5 (2, ) dado| . (6.33)
dt 82 TN xRN

If m = 0, then, for all ¢ > 0, almost-surely, Jo(ff) = Jo(f§) since the equation is
conservative. If m > 0, then we use the following inequality (which is a consequence of
Young’s inequality)

1
2m\v\2m*1 < ﬁ]va + [2R(2m — 1)]2"“1,

to infer, by (6.33) and (2.8), that

C Tonl17) < 25 | T @U7) + 5o (7) + RE2R(m — 1P (f7)

We have, in the case ) = QrB,
Jom(Quef) = Jon (M) Jo(f) — Jom(f)-
If Q = Qpp, then
Jom(Qrpf) = — 2m // |v|2(m71)v (Vyof(z,v) +vf(x,v))dxdv
TN xRN

=(N +2(m = 1)) Jom—1) (f) — 2mJam (f).

In the first case Q = Q1B, we obtain
Tom(ff) < €2 o (f5) +2(1 — ¢ 22) [Jom (M) + R[2R(2m — 1)2"1] Jo(f5).

This gives (6.32). If @ = Qpp, we conclude similarly by a recursive argument on m. O
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6.3 Tightness

For o > 0, we denote by H—?(T%) the dual space of H°(T"). Let J{ = (Id — A,)~°.
In the standard Fourier basis (wy) of L2(TY), J{ is given by

Jowp = (14 M) wg, M = 472k]?,  wip(z) = exp(2mik - x).
As Jf/2 is an isometry L?(TY) — H°(T"), the norm on H~°(T¥) is

1/2

Al -o@ny = | S A I 2w o aomy | (6.34)
keza

Recall also that, by the Sobolev embedding, for all ¢ > 2 + %, there is a constant
C(o) > 0 such that

[€llcz(rvy < C(@) €l o ()- (6.35)

Proposition 6.4 (Tightness). Let f§ € Gs. Let (f7) be the unique mild solution to
(1.7) on [0,T] given by Proposition 4.1 or 4.2. Let o > 2+ 3N. Then (PE)iejo,m) is tight
in the space C([0,T); H=(TV)).

Proof of Proposition 6.4. Let us fix 0 > 09 > 01 such that
N N N
01>2+5, 02>01+5, 0’>02+5. (6.36)

Let us introduce also

¢ = pf —ediva (J(f°) + p(f*) Ro(EF))-

We show first that p° is close to ¢¢ in C([0,7); H~°(T")) and then prove that (¢%) is
tight in C([0, T]; H=°(TV)).

Step 1. p° is close to (°. Let & = Jf2/2wk. Let ¢ (p) = (p, &) L2(rvy and let

er1(f,e) = (J(f) + p(f)Ro(e), Valk) 2 (v

be the first corrector associated to ¢. By the estimate on the first corrector in Propo-
sition 6.1 and the estimates on the moments of f¢ in Proposition 6.3, we have

[(p% () = C*(1), &) 2oy | S €llékllor vy S elléklloz ey (6.37)

In (6.37), we have extended the notation a < b to denote the inequality a < Cb, where C
depends on R, on CF, on N and also on the constant C(o7) in (6.35), on supgc.<1 Jm (f§)
for m=0,...,3 and on T. Note that C should not depend on &, nor on w.

Let us prove that the sequence (||{x[|c2(rnvy) is square-summable. By (6.35), it is sufficient
to consider the behaviour of (|[§k || o1 (rvy). This sequence is square summable by (6.36)
since

g1—09

1€kl o oy = 1wkl gor-2 = Ay, 2,
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with A, = 472|k|?. Summing the square of (6.37) over k, we obtain thus

1p° = Clleqorm—=mry) S € (6.38)

almost-surely.

Step 2. (¢°) is tight in C([0,7]; H=?(TY)). For M > 0, 6 € (0,3/4), define the set
Ky = {C € C([0,T); H= (T™)); 11Kl s oy - vy + ¢l e o,rps =1 (r3vy) < M} :

Since the injection H=(TV) < H~?(T¥) is compact, and by the Ascoli theorem, K/
is compact in C([0,T]; H=?(TY)). Our aim is to show that P((* ¢ K);) is small for
large M, uniformly with respect to . Using the Markov inequality, this follows from the
bounds
4 4

Blicles oaym=o@vy 1 ElICloqozya-—oav) S 1 (6.39)
The second bound in (6.39) is a direct consequence of the estimate on the moments of
order zero and one of ¢, cf. Proposition 6.3, and of the injection L!(TV) < H—71(TV)
due to the condition (6.36) on ;. To obtain an estimate on the time increments of (%,
we introduce the perturbed test function ¢}, = ¢ +epy1 and the martingale (¢f. (6.31))

M;i(t)=<Pi(f€(t)7E€(t))—wi(fE(O)EE(O))—/O Loy (f9(s), E*(s))ds.  (6.40)

For 0 < s <t <T, the time increment ((*(t) — (*(s), k) r2(rvy reads

(C°(8) = € (), k)2 (rny = / LG5 (f7(0), E°(0))do + M (t) — Mi(s).

This gives us two terms to estimate. Regarding the first term, we compute .,?f(pi =
Zypr,1. By Proposition 6.1 and (6.30), we obtain [£°¢5(f,e)| < [I€kllc2ervy(Jo(f) +
J2(f)). The estimates on the moments of f¢ yields the following bound:

2

t —
| 20, B0 o] 5 1t 56 (6.41)

S

almost-surely. To estimates the time increments of the martingale Mg (t), we use the
Burkholder, Davis, Gundy inequality, [5]:

E|Mj(t) — Mi(s)]* <E sup. | M (r) — Mi(s)[* S B[(M5, Mi): — (Mg, Mi)[>.
s<r<

By Corollary 6.2, the quadratic variation of M, is

t
(Mj;, M)t :/o (L7165 — 205 2°05] (f°(s), E°(s))ds.
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Since Df|gpi|2 — 207 Dypr = 0, only the part £72A of the generator ¢ is contributing
to the quadratic variation. Since, in addition, A|p|? =0, Ap = 0, we obtain

¢
(Mg, Mi)y = /0 [Alr1* = 20k A0k1] (f°(s), B (s))ds. (6.42)
As p1(f,e) = c+ A(Ro(e)), where A(e) = (p(f)e, V&) r2(rny, we have
[Aleral* = 20r1A0k1] (f.€) = AJA(Ro(e))[* — 2A(Ro(e)) AA(Ro(e)).
Since [|A]| < Jo(f)lIkllcr vy, the estimates (2.16) give, for o < T,

|[Alor1* = 20k140k1] (f5(0), B (0))] S I&kl1Z2 vy

almost-surely, and we obtain
EIME () — ME()* S [t — 54l 4 om. (6.43)
Gathering (6.41) and (6.43), we see that
4
E[(¢7() = C*(5): & aomy| S It = s I€kllEa oy,

for 0 < s,t <T. By the Garsia - Rodemich - Rumsey inequality, [2, Theorem 7.34] with
q =4, a:%—i—é, we obtain

(60 = ¢*5) ) agom |

4
E sup T— S Csll€kll oz opy- (6.44)
We deduce that
4
T e P
We have then
2
€ € a/2 2
(€ (1) = (), T Pwid )|
<Z(g€ gkLQTN(ZHAk”U (6.46)

since Jf/ka =1+ )\k) > &, The second sum in (6.46) is finite by (6.36). It follows
that EHC&Héé([o,T];H—U(TN)) < 1 and we conclude that (p°) is tight in C'([0, T]; H=°(TN)).
O
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6.4 Convergence to the solution of a Martingale problem

Assume that the hypotheses of Proposition 6.4 are satisfied. Let ey = {e,;n € N},
where (g,,) { 0. By the Skorohod theorem [3, p. 70|, there is a subset of ey, which we
still denote by ey, a probability space (Q,]—i , I@’), some random variables {5°;¢ € en}, p
on C([0,T]; H=(T")), such that

1. for all ¢ € ey, the laws of p° and ¢ as C([0,T); H 7 (T"))-random variables
coincide,

a=hl

2. P-as., (p°) is converging to p in C([0,T]; H=?(TY)) along ex.

Let (F¢)sejo,r be the natural filtration of (5(t))cjo,r7- Our aim is to show that the process
(P(t))tefo,1) is solution of the martingale problem associated to the limit generator ..

Proposition 6.5 (Martingale). Let o > 2+ %N, €€ H°T2(TN), and let ¢ be defined by
o(p) = ({p, ) -0 g ), where ¥ is a Lipschitz function on R such that ¢/ € C°(R).
Then the process

M (t) = ¢(p(t)) — ¢(p(0)) — /0 Zp(p(s))ds (6.47)

is a continuous martingale with respect to (]:—t)te[O,T}-

Proof of Proposition 6.5. Let 0 < s <t <T. Let 0 <t; < --- < t, < s and let © be
a continuous and bounded function on [H~7(TN)]". Note that F, is generated by the
random variables ©(5(t1),...,p(ty)), for n € N*, (¢;)1,, and © as above. Our aim is
therefore to prove that

E |(My(t) = Mo(s)O (1), plta))| = 0. (6.48)

Let ¢f = ¢ + 1 + €2y be the second order correction of ¢, with ¢ and ¢, given by
Proposition 6.1. We start from the identity (see (6.31))

E [(Mg(t) — M(5))O(p(t1), - -, p°(tn))] = 0, (6.49)
where
ME(t) = o (f°(t), E}) — ¢ (fin, EG) —/0 L7 (f5(s), B3 )ds, (6.50)

Recall that Z¢¢p° = Ly + . 4p2. By (6.49), the estimates on the correctors (Propo-
sition 6.1) and the uniform estimates on the moments of (ff) (Proposition 6.3), we
have

E [(X3(t) — X()O(p"(t1), - -, p°(tn)] = O(e),

where the process (X (t)) is
X5(t) = ol (0) = ol = | Lol s))ds.
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By identities of the laws, it follows that

E[(W(t))—so(,a%s))— / 3@(55(8))d8> O (t1),.... 5" (ta))| = 0(©).  (651)

We must examine the convergence of each terms in (6.51). By a.s convergence of (5°) in
C([0,T); H=°(T")) along ey, we have

[90(/35(75)) -/ Xw(ﬁE(S))dS] O (1) .- 77(t))
= W(t» -/ zw(ﬁ(s))ds} O3 (t1). ... (1))
0

almost-surely when & — 0 along ey. Indeed, .Z¢ is continuous on H~°(TV), in virtue of
(6.10)-(6.13)-(6.14) and the fact that £ € H°T2(TY). Since © is bounded and o(5°(t))
and Zp(p°(t)) are a.s. bounded by a constant (a consequence of (6.32)), we can apply
the dominated convergence theorem. This gives (6.48). O

6.5 Limit SPDE

6.5.1 Covariance

Fori,j € {1,...,N}, z,y € TV, we set

H(i,z,j,9) = B ([Ro(Bo(2))], [Fo)], ) - (6.52)

This defines a kernel on the product space [L2 (TN )]N, and an associated operator S,

N
Spute) =52 [ B 9)os ). (65
p ;/TN 5,9)p;(y)dy

Proposition 6.6. The operator S is symmetric, non-negative and trace-class on the
2Ny

space [L*(TN)] ™.

Proof of Proposition 6.6. That S is non-negative means (Sp, p) > 0, where (-,-) is the

canonical scalar product on [Lz (TN )]N given by

N

(p.0') = {pi, i) p2 oy

i=1
By Lemma 5.6 indeed, we have

2

(Sp, p) = lim 6E > 0.
6—0

|t B

0

46



Let (C) be an orthonormal basis of [L?(TV )]N Using the Bessel-Parseval identity, we
have

Trace(S) = Y (SCk, Gx) = E(Ro(Ey), Eo) <1,

k

therefore S is trace-class. O

Proposition 6.7. The operator S admits a square-root SY/? which is associated to a
kernel H(/2),

Proof of Proposition 6.7. By the spectral theorem, there exists an orthonormal basis
(Ck) of [L*(TV )]N and some non-negative eigenvalues Ay > 0 such that

S = Mk © (p, meaning that Sp = > M(p, )k, Vp.
keN keN

It follows that the operator S1/2 := > keN )\IIC/QCIC ® (x is well-defined, S = [51/2]2' In
addition, H is given by

H(i’ z, 7, y) = Z Akgk(l’ x)Ck(]a y)

keN

and S/2 is associated to the kernel H1/2) with

HY2(i,,5,y) = 3" AN 2Cil@)s(v)

keN

and
H(i,z,5,y) = (HY? (i,2,.), HYD (4,y,)). (6.54)
]

Proposition 6.8. Let & > o > 0. The operator SY? can be extended as an operator
[H*U(’]I‘N)]N — [LQ(']I‘N)]N which is bounded by R:

1/2
[572@)] gy < BlPlgz-ocomy (6.55)

for all p € [H*"(’IFN)]N

Proof of Proposition 6.8. The last line (5.28) in the proof of Lemma 5.6, gives us

|52 —@ﬁ@»=ém@®m®MM

[L2(T™)) Y

where T'(t) is the covariance defined in Section 2.2. The result follows then from the
estimate (2.19). O
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6.5.2 Limit equation

Let (Br(t))ken be some independent one-dimensional Wiener processes, let (Ag, (x) de-
note the spectral elements of S, as in the Proof of Proposition 6.7 and let

W(t) =" B(t) (6.56)

keN

be a cylindrical Wiener process on [L?(TY) N Consider the equation (1.24) with the

cylindrical Wiener process W (t) given by (6.56). In a first formal step, we test (1.24)
against a test-function £. This gives

d(pt, ) 11~ 1o = blpe, €)dt + > ok, §)dBi(1), (6.57)

keN

where

b(p,€) = {p, diva(K; Vi) — OVE) o oy 01(p,€) = V2N 2 (0V1E, Gi) 2

Since

% Z lok(p, §)I? = ”51/2(pvx£)”2

: 6.58
pperd [L2(T Y (658)

the equation (1.24) is indeed the equation associated to the limit generator .Z.

6.5.3 Resolution of the limit equation

Definition 6.1. Let p;, € L*(TY). Let W(t) be given by (6.56), let (F}V) be the
filtration generated by W. A (F}V)-adapted process p € C([0,T]; L?(TV)) is said to be
a weak solution to (1.24)-(1.25) in L2(TV) if p € L?(0,T; H*(T")) almost-surely and

t t
(pt: E)rr=o e = (Pin, §) -0 1o +/0 b(ps, §)ds + Z/o ok (ps, §)dBr(s), (6.59)

keN
for all ¢ € CY(TV), for all ¢ € [0, T].

Theorem 6.9. Let S1/2 be the Hilbert-Schmidt operator defined in Section 6.5.1. Let
W (t) be given by (6.56). Then there exists a unique weak solution to (1.24)-(1.25) in
L2(TN).

Proof of Theorem 6.9. it follows essentially from the energy estimate (6.18) derived in

Remark 6.1. Let us give the sketch of the proof. The energy estimate (6.18) was derived

as a consequence of the computation of the limit generator .Z by considering the test-
1

function ¢(p) = 5/pll3. (TN Such a test function is not plainly admissible, but, using

the Parseval identity, we can decompose

1
o)=Y enlp),  onlp) = 5lpswn) 2w,
n€zZN
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where (wy,),ezv is the Fourier basis on TYV. Then each ¢, is of type (6.3), hence admis-
sible. To justify (6.18), is is sufficient to compute Z,, and to justify the summation
over n € ZN. This latter is licit if

p € C([0,T); L*(TV)) N L*(0,T; H'(T™)),
which is assumed here. Uniqueness follows from (6.18) therefore. Existence can be
proved using a Galerkin approximation. O
6.6 Uniqueness for the limit martingale problem
Denote by (p}) the weak solution in L*(T™) to (1.24)-(1.25) given by Theorem 6.9.

Proposition 6.10 (Markov property). Let (F}V) be the filtration generated by the cylin-
drical Wiener process (6.56). For ¢: L*(TV) — R measurable and bounded, define

Fe(pim) = Ep(pp)- (6.60)
Then (P})¢>o0 is a Markov semi-group and
E [p(pi Y] = (Pro)(03), as., (6.61)

for all t,s > 0, t+s < T. Furthermore, let Dy be the set of functions ¢(p) =
) ((p, £>H70'7Ho'), where v is a Lipschitz function on R such that ¢/ € Cg°(R). Let
Z* be the generator of (P}). Then Dy C D(£*) and L*p = Ly for all ¢ € Dy.

Proof of Proposition 6.10. We only give the sketch of the proof. First, assume that we
regularize the equation (1.24) into the following SPDE:

dp® = div, (KyV.p° + Upd)dt + V2 5div, (02 SV 2dW (1)), (6.62)

where Js = (Id — dA,)~ /2, and let us solve (6.62) starting from py, (we apply Theo-
rem 7.4 in [7]). We claim that the energy estimate (6.18) can be adapted to establish
that p® — p* in L2(Q; C([0,T]; L*(TY))). The process (P?)te[O,T] is Markov and satisfies
the analog to (6.61) (see Theorem 9.8 in [7]). By taking the limit [¢ — 0], we obtain
(6.61) for ¢ continuous and bounded on L?(T?). The remaining arguments to conclude
to the Markov property are given by Proposition B.2. The last statement about the
generator is clear, using It6’s formula. O

Conclusion: end of the proof of Theorem 1.2. Using Proposition 6.5, we can
apply Theorem B.4 (see Remark B.2). We obtain the identity in law of (5;) and (pf).
By uniqueness of the limit, we also deduce that the whole sequence (p7) is converging in
law. This concludes the proof of Theorem 1.2.

Remark 6.3 (Identification of the limit by representation of martingale). There is an
alternative approach to the identification of (5;). It consists in computing the quadratic
variation of the martingale (6.47). Indeed, using Theorem B.3, we can show that

2

(M, M), = 2/; HSI/Q(ﬁSW)H[LQ(TN>1N
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Then we use a theorem of representation for martingales (see, e.g., Theorem 8.2 p. 220
in [7]) to introduce the cylindrical Wiener process W (t) and the equation (1.24). The
interest of this method is that one only needs to show the limit martingale property of
Proposition 6.5 for linear and quadratic test-functions. Also, uniqueness of the limit law
of p* follows from Yamada-Watanabe theorem since it states that pathwise uniqueness
implies uniqueness of the law of solutions of (1.24). However, in the approach we have
adopted here, we do not need any theorem of representation for martingales, and it may
be considered more consistent than this alternative one, since we remain focused on the
Martingale Problem.

This work was supported by the LABEX MILYON (ANR-10-LABX-0070) of Université de Lyon,
within the program “Investissements d’Avenir” (ANR-11-IDEX-0007) operated by the French
National Research Agency (ANR), by the ANR project STAB and and by the LABEX Lebesgue
Center of Mathematics, program ANR-11-LABX-0020-01.

A Resolution of the unperturbed equation

Consider the LB case first. By integration with respect to v in the equation

Oife + E(t,s5e) - Vo fy + fr = p(fe) M, (A1)

one checks that p(fi) = p(f) for all ¢ > 0. Therefore, the formula (3.3) is simply the
Duhamel formula associated to the PDE (A.1). In the FP case, instead of working on
the PDE

Ocft + E(t,s;e) - Vo fy = Qrp ft, (A.2)
we work on the solution V; to the equation
dVy = (=V, + E(t,s;e))dt +V2dB;, t>s. (A.3)

If V, has the law of density f with respect to the Lebesgue measure on RY, then by
(1.12) (with no dependence on z here), we obtain, by explicit integration in (A.3),

/so(v) FP ()

t
// < (tsv+/ —t=o)p Jseds+mw> (v)dwdv.
RN JRN s

A change of variable gives (3.4) then.

B Martingale characterization of Markov processes

B.1 Semi-groups

Let us first give our definition of Markov semi-group. Let E be a Polish space. We
denote by BM(E) the set of bounded measurable functions on F with norm

lollBMm (E) = sup [p(z)].
zel
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We denote by BC(E) the subspace of BM(E) constituted of bounded continuous func-
tions.

Definition B.1. A family {P;;¢t > 0} of operators BM(E) — BM(FE) is said to be a
Markov semi-group if

awmwaé¢@MMm@m o € BM(E), (B.1)

where ); has the following properties:
1. for all t > 0, for all z € E, Q(x,-) is a Borel probability measure on E,
2. for all x € E, Qo(z,-) = 0, the Dirac mass at z,
3. for all A € B(E), (t,x) — Q(x, A) is Borel measurable on R} x E,

4. the following Chapman-Kolmogorov relation is satisfied:

Qm@@zé%@@@@@) (B.2)

for all 0 < s,t, x € E, A € B(E).
We assume besides that, for all ¢ € BC(FE), for all x € E,
Fip(x) = ¢() (B.3)
when t — 0.

Note the condition of continuity (B.3) (“stochastic continuity”), which is not always
required for Markov semi-groups. Let us now introduce the two following notions: -
convergence, T-semi-group, taken from [19].

Definition B.2 (7m-convergence). A sequence (¢,,) in BM(F) is said to 7-converge to a
function ¢ € BM(E) if sup,, [[¢n|lBmz) < +oo and @n(z) — ¢(x) for all z € E.

Note that this mode of convergence, denoted ¢, — ¢ in what follows, has no standard
denomination (it is called the bp-convergence in [10] for example, [10, p. 111]).

Definition B.3 (7-contraction semi-group, [19]). A semi-group of operators (P;)¢>0 on
BM(F) is said to be a w-contraction semi-group if Py = ¢ and

1. for all ¢ € BC(E), for all z € E, t — P,p(z) is continuous from the right on R,

2. for all t > 0, P, is continuous (BM(E),7) — (BM(E), ), in the sense that

pn—>% =  Pipn — P, (B.4)
3. for all t >0, ||P|| <1 in operator norm.
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Note that, in [19], semi-groups P;: BC(E) — BC(F) are considered and ¢ — Pyp(z) is
assumed to be continuous (not just continuous from the right) on R,. We have modified
slightly the notion of 7-semi-group introduced in [19], because it gets easier then to
compare m-contraction semi-groups and Markov semi-groups. This is the object of the
following Proposition B.1.

Proposition B.1. Markov semi-groups are exactly the mw-contraction semi-groups that
preserve the positivity (¢ > 0 implies Prp > 0) and fix the constants (P21 =1).

Proof of Proposition B.1. Assume that (P;);>0 is a m-contraction semi-group that pre-
serves the positivity and fixes the constants. Set Qu(z, A) = P,14(z) fort e Ry, x € E,
A € B(E). We have several points to consider.

Probability measure. The set function A — Q¢(z, A) is a probability measure. Indeed
Qi(r,A) > 0since 14 > 0, Q¢(x, F) = 1 since P;,1 = 1 and we will see that the property
of o-additivity is satisfied. Let Ay, A, ... be disjoint Borel subsets of E. We have then

N
Qu(x, AU+ UAN) = Bi(1a, + -+ 1ay) (@) = > Qu(x, Ap). (B.5)
n=1

The right-hand side of (B.5) is converging to > Q¢(z, A,) when N — +o0. The left-
hand side of (B.5) is Pypn(x), where pn = 14,0U..uay 1S m-converging to 14, A = U, A,,.
Therefore Pypy — P14 by (B.4), and we obtain the countable additivity. Similarly,
using the continuity property (B.4), and approaching ¢ € BM(FE) by a sequence of
simple functions, we deduce from the relation Q;(-, A) = P;14 that (B.1) is satisfied.
We have also Qo(z,-) = J, since Pyp = .

Measurability. Let A € B(E). We want to show that (t,z) — Q:(x, A) is measurable.
The Radon measure Q(z,-) is inner regular [3, Theorem 1.1]: Q¢(x, A) = sup Q¢(z, F),
where the supremum is taken over closed sets F' C A. Therefore it is sufficient to consider
the case A closed. If A is closed, there is a sequence (¢y) of Lipschitz bounded functions
that m-converges to 14 (consider the sup-convolution ¢ (x) = sup,cp(1a(y) +kd(z,y))).
Consequently Q;(z, A) is the limit of P,y (z) when k — +o0, and that (¢, z) — Qu(z, A)
is measurable follows from the fact that (¢,x) — Pyp(x) is measurable when ¢ € BC(E).
Indeed, the map h: (t,z) — Pip(z) is continuous from the right in ¢ and measurable
in x. Consider a regular partition of Ry \ {0} in intervals (a,b] of length N~! and
approximate h(-,x) on (a,b] by the value h(b,z) at the right of the interval, we obtain'
a sequence of B(R4 x FE)- measurable functions hy that m-converges to h.
Chapman-Kolmogorov property. The Chapman-Kolmogorov property (B.2) follows
from the semi-group property of (P;);>0 and (B.1).

Conversely, assume now that (P;);>0 is a Markov semi-group. By dominated conver-
gence, (P;) satisfies (B.4). The semi-group property and the stochastic continuity (B.3)
imply that ¢ — Pyp(x) is continuous from the right when ¢ € BC(F). This concludes
the proof. O

Lwe also set hn (0, ) = h(0, z)
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Several times in the paper, modulo Remark B.1 (see Theorem 4.3, Proposition 6.10,
Theorem B.4), we encounter the following situation: we have a family of F-valued
stochastic processes (X;(x)) indexed by the starting point z: Xo(x) = z a.s. We define
the family of operators P;: BM(E) — BM(E) by

Pip(z) = (o, pi(,-)) = Ep(Xe(z)), (B.6)

where (X (z)) is a known stochastic process and p(x, -) denote the law of X;(x). Assume
that we have

Elp(Xeps (@) Fs] = (Prp) (Xs(2)) ass., (B.7)

for all 0 < s < ¢, for all x € E, for all ¢ € BC(E), where (F;) is a given filtration.
Then we want to show that (Xy(x)) is an (F;)-Markov process, with Markov semi-group
(P;). Under few additional hypotheses, this will be is a consequence of the following
proposition.

Proposition B.2. Let {P;;t > 0} be a family of operators defined by (B.6) and satisfying
(B.7). Assume that, for allt >0, (w,x) — X¢(w,x) is measurable Q x E — E. Assume
the stochastic continuity at 0: Pip(x) — @(x) when t — 0, for all x € E, for all
¢ € BC(E). Then (X¢(z)) is an (F;)-Markov process, with Markov semi-group (Py).

Proof of Proposition B.2. The fact that (w,z) — Xy(w,z) is measurable Q x £ — FE
ensures that P;: BM(E) — BM(E). It is clear that (P;) satisfies the criteria 1, 2, 3
in Definition B.3. Besides, P; preserves positivity and fixes the constants. However,
we do not know at that stage that (FP;) is a semi-group. Indeed, (B.7) is satisfied for
¢ continuous and bounded only. Nevertheless, taking s = 0 and taking expectation in
(B.7), we see that Piis¢(x) = (Ps o Pip)(x) for all ¢ € BC(E). This means that, for all
x € E, for all ¢ € BC(E),

(@ s, ) = (@ vsp(@,-)), wsplw, A) i= (Ps o Pla)(x).

The set function v, ¢(x,-) is a measure (same proof as for Q¢(z, ) in the proof of Propo-
sition B.1). Since BC(E) is a separating class, we deduce that p44(,-) = vs(z, ), i.e.
Piisp(x) = (Ps o Pip)(z) for all ¢ € BM(E). This shows that (P;) is a semi-group.
By Proposition B.1, (P;) is a Markov semi-group. There remains to prove (B.7) for
¢ € BM(E). We want to establish

ﬁmw(m(m))] - ﬁEuB(mm(m)n, (B.3)

where B € F; is non-trivial (P(B) > 0). Again, both sides of (B.8) define probability
measures. Since BC(FE) is a separating class, the result follows. O

Remark B.1. If, instead of (X;(x),P),ecr we are given (Xy, Py)zer with Py(Xo =2) =1,
then Proposition B.2 holds true under the hypothesis that x +— P,(A) is measurable for
all Borel subset A C E. Indeed, this ensures that P, maps BM(F) into BM(E).
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B.2 Martingale characterization of Markov processes

The generator . associated to a m-semi-group (P;) is defined by

D(Y) = {cp € BO(E): 3¢ € BC(E), Ay — o when ¢ — o+} , (B.9)

ZLo(z) = lim Awp(2), (B.10)
where p_1d
A= ; :

With this notion of generator of generator, we have the following characterization of
Markov processes (Theorem B.3 & Theorem B.4).

Theorem B.3 (Martingale characterization of Markov processes). Let E be a Polish
space, let (Gy) be a filtration. Let (X;) be an E-valued time-homogeneous Markov process
with respect to a filtration (Ft), with Markov semi-group (P;) of generator £ : for all
v € BM(E)

E[p(Xt45)[Ft] = (Psp)(Xe). (B.11)
Assume that t — Pyp(x) is continuous, for all ¢ € BC(E), € E. Assume that
(w,t) = Xy(w) is measurable Q x Ry — E. Then, for all ¢ in the domain of £,

Molt) = (X0) = olX0) ~ [ Zo(x s (B.12)

is a (F;)-martingale. Assume furthermore that (X;) is cadlag and that |p|* is in the
domain of . Then (My(t)) is a cadlag martingale with quadratic variation given by

(M, M), = /0 (LIl — 20.20)(X.)ds, (B.13)

for allt > 0.

Note that we assume also continuity from the left of ¢ — P,p(z) in Theorem B.3. If
¢ € D(Z), this ensures that t — Pyp(z) is differentiable, with & Pip(z) = P.Lp(z),
[19, Proposition 3.2]. Conversely, we have the following result.

Theorem B.4. Let E be a Polish space. Let (P;)i>0 be a m-contraction semi-group with
generator L. Assume that t — Pup(x) is continuous for all ¢ € BC(E), for all x € E.
Let (Fi)e=0 be a filtration, let (Xi)i>0 be an E-valued process such that (w,t) — Xi(w) is
measurable  x Ry — E. Assume that, for all ¢ € Dy C D(Z), the process (My(t))e>0
defined by (B.12) is an (F;)-martingale. Then (X¢)i>o satisfies

E[SD(XSH)‘-E&} = Psp(Xt), (B.14)

for all o € Dy, for allt,s > 0.
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Remark B.2. Theorem B.4 is the full reciprocal statement to Theorem B.3 in the fol-
lowing situation:

1. we are given an indexed process (X¢(z),P).cr such that P(Xy(z) = ) = 1 (or
equivalently, a process (X;) and indexed probability measures (P,),cr such that
P.(Xog=2)=1)

2. Dy is a separating class.

Indeed, we can apply Proposition B.2 then, to infer that (X;) is a Markov process with
Markov semi-group (P;).

Proof of Theorem B.3. Let 0 < s < t. By the Markov property (B.11), we have
E[M(t)|Fs] — My(s) = E[My(t) — My(s)|F]
¢
— Prap(X,) = 9(X) ~ [ [Po)(X.)do

We use the relation %Ptgo(x) = P,.Z¢p(z) to obtain the martingale property. Indeed,
this gives

t
P sp—p= / Py _sZpdo,
S
and thus E[M,(t)|Fs] — My(s) = 0. The proof of (B.13) is divided in several steps. By

C(p), we will denote any constant that depend on ¢ and may vary from lines to lines.
We fix a subdivision o = (¢;)o, of [0,7] and introduce the notation

t
A= [ (LIl ~202)(X )i

In a first step, we show that

li E A Aine, | Fe, | - B.15
Iallf_f)lo Z tntier — Atnt; | ;) (B.15)
Indeed, we have
n—1
At - Z At/\ti+1 - At/\tia (B16)
=0

and C(tl-i-l) = At/\ti-H — At/\ti — K [At/\ti+1 — At/\ti ’Ez] satisﬁes

E[C(t:)C(t)] =0, i #4,  |C(tir1)] < C(@)(tigr — ti), (B.17)
where C(p) = [|20*|Brme) + 2ll¢llBre) 1L ¢l Brrs)- It follows that

2

- EZ ‘C H—l C(@)T’UL

n—1

Z tz—f—l

=0

E
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which tends to 0 when |o| — 0. Using (B.16), we obtain (B.15). In a second step we
prove that

|Mlp(ti+1) - Mtp(ti)|2 = |90(Xti+1) - SD(Xti)|2 + Rti,t¢+1’ (B'18)

with )
E Z ‘Rti7ti+1’ = O(‘U‘l/z) (B.19)

=0

By definition of M, (t), (B.18) is satisfied with a remainder term

2 tit1

= 2(p(Xtipy) — 0(Xt,)) ZLp(Xs)ds.  (B.20)

t;

Rti,t fgp(Xs)dS

tit1
i1
1

Using the fact that p? € D(.%), we have also

’(P(Xti-q-l) - @(Xti)’2 - M<p2 (ti-f-l) - M<p2 (tl) - 2()0(Xti)(M<P(ti+1) - Mso(ti))
+ o L (X)ds — 2p(Xt,) o Lo(Xs)ds.

ti t;
It follows that
tit1
Ello(Xt,.,) — o(Xe) 1 Fe] = / E[(£L9*(Xs) = 20(Xy,) L o(X)) | Fi,] ds. (B.21)
t;

Taking expectation in (B.21), we get the following bound.
Ello(Xtiy1) = o(Xe)P) < Cpltin — ta). (B.22)

Consider now the cross-product term in the right-hand side of (B.20). Using Young’s
inequality with a parameter 7 > 0, we see that the term E|R;, ¢, ,| can be bounded by

+ UEH@(XUH) - (p(Xti)‘z]v

tiy1

(1+nHE ZLo(X,)ds

t;

and thus, taking 1 = (t;;1 —t;)'/2, bounded from above by C(¢)(tiy1 —t;)3/?. This gives
(B.19). The third step is the conclusion: we have

n—1

<Msz>= M30>t = ‘ii‘glo E [‘Mcp(ti-i-l) - Mso(ti)mfti] ’ (B-23)
=0

with a convergence in L?(Q2). The convergence (B.23) is a classical result (it can be
obtained easily by adaptation of the proof of [10, Proposition 3.4 p. 67]). Using (B.15),
(B.18), (B.19), (B.21), we deduce that

(My,My)t = Ay +e(lo]) +r(t, o), (B.24)
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where £(|o|) — 0 in L?(Q2) when |o| — 0 and

141

n—1 .4
rt,0) <23 / (o(X0,) — 9(X:)Lep(X,)| ds.
i=0 “ti

We have
n—1 tig1
ol <C Y [ 1) - Xl ds
i=0 /ti
and an estimate similar to (B.22) (obtained by working on the increment o(X;) —o(Xy,)
instead of ¢(X¢, ) — ¢(Xy,)) shows that Elp(X,) — o(Xy,)|* < C(p)(s —t;). We deduce
that r(t, o) is also converging to 0 in L?(Q2) when |o| — 0. O

The proof of Theorem B.4 is very similar to the proof of Theorem 4.1 p. 181-184 in [10],
but is also different in many anecdotal aspects, so we expound on it.

Proof of Theorem B.4. Let ¢ € Dy. Let us first show that the martingale property for
(B.12) implies the martingale property for

My(t) = v6.X0) = 0(0.X0) = [ (0. +2)0] s, X,)ds (B.25)
with ¥(t,z) = 0(t)p(z), § € C1(Ry). If (M;)¢>0 is a martingale, then
t— MO(t) — /t M0 (o)do
0

is a martingale. For M, given by (B.12), using the Fubini theorem we obtain (B.25).
Taking now (t) = e~ X\ > 0 gives us

t+T
e M DE[( Xy i) | F) = e Mp(X,) +E / Ae M (AL —1d)p(X;)ds }"t] . (B.26)
t
Doing the change of variable s = s’ + ¢ in the integral shows that
T
o(Xt) = e ME[p(Xiy1)|Fi] — E / Ae ML —1d)p(Xs4e)ds|Fy | -
0
We let T'— 400 to obtain
+oo
o(X;) =E / Ae M (Id — ALL)o( Xyt )ds| Fr | (B.27)
0

The convergence is easy to justify since ¢ and Z¢ are bounded. Compare (B.27) to
Formula (B.28) for the resolvent. Actually, both the formula

RAcp:/ e MPypdt, (B.28)
0

o7



and (B.27) can be written more concisely by introducing a random variable independent
7 with exponential distribution of parameter A\. We may work on the probability space
(Q,F) (it suffices to assume independence of 7 and (F;)¢>0). However, the lines below
will be more explicit if we consider that 7 is defined on a probability space (QF, F¥, P¥).
Let Jyp := ARxp. We rewrite (B.28) and (B.27) as

I =E'Pp,  (X;) =EE {( ;1@)(X7+t)‘ft}7

respectively. By iteration of the two formulas (we apply it to Jyep, chp, etc.), we obtain,
for k > 1,

T =P, o, Jip(X;) = EE [@(Xam)(ft], (B.29)

where o, = 11 + -+ + 7 for 7q,..., 7 some i.i.d. £(N) independent random variables.
from (Fi)t>0. Take now A = N, where N — +o00 and k = [Ns| for a given s > 0. By
the weak law of large numbers, we have o, — s in probability (for P¥). Consequently,
the limit [N — +o0] of the first equality in (B.29) gives

J][(;S]go 5 Pyp. (B.30)

The map 6: o — E[p(X,1¢)|F:] is continuous since, for o/ > o, and by the martingale
property,

t+o!
000 =00 = | [ BLZe(XIFds| < Lol (@ o)

+o

Consequently, at the limit [N — +o0] in the second identity in (B.29), we get (B.14). O
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