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Existence and uniqueness of periodic solution of
nth-order Equations with delay in Banach space having
Fourier type

Bahloul Rachid?!

L Department of Mathematics, Faculty of Sciences and Technology, Fez, Morocco.

ABSTRACT

The aim of this work is to study the existence of a periodic solutions of nth-order differential

equations with delay £z (t)+ %x(t) + %x(t) +..+ i—n;x(t) = Ax(t)+ L(z:)+ f(t). Our approach
is based on the M-boundedness of linear operators, Fourier type, B, ,-multipliers and Besov spaces.

Keywords: Differential equations, Fourier type, B, ,-multipliers.

1 Introduction

Motivated by the fact that neutral functional integro-differential equations with finite delay arise
in many areas of applied mathematics, this type of equations has received much attention in recent
years. In particular, the problem of existence of periodic solutions, has been considered by several
authors. We refer the readers to papers [[1],[5], [7], [14]] and the references listed therein for
information on this subject.

In this work, we study the existence of periodic solutions for the following integro-differential
equations with delay

" d d? d? dr
—x(t) + Sz z(t) + ﬁx(t) Tt oo

50 = 370+ () = Ac(t) + L) + f(t),  (1.1)

Jj=
where A : D(A) C X — X are a linear closed operators on Banach space (X, ||.||) and f € LP(T, X)
for all p > 1. For ror := 20N ( some N € N) L is in B(LP([-r2-,0], X); X) is the space of all
bounded linear operators and z; is an element of LP([—r2x ,0], X) which is defined as follows

x¢(0) = z(t +0) for 0 € [-r2r, 0]

In [7], Bahloul et al established the existence of a periodic solution for the following partial functional
differential equation.

d

—lx(t) = L(ze)] = Alz(t) = L(ze)] + Gla:) + f(2)

where A: D(A) C X — X is a linear closed operator on Banach space (X, ||.||) and L and G are in
B(L?([-r2x,0], X); X).

In [1], Arendt gave necessary and sufficient conditions for the existence of periodic solutions of the
following evolution equation.

d

E9[;(,:) = Ax(t) + f(t) for t € R,
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where A is a closed linear operator on an UMD-space Y.
In [13], C. Lizama established results on the existence of periodic solutions of Eq. (1.1) when L = 0,
namely, for the following partial functional differential equation

%x(t) = Ax(t) + G(x¢) + f(t) for teR

where (A, D(A)) is a linear operator on an UMD-space X.

In [12], Hernan et al, studied the existence of periodic solution for the class of linear abstract
neutral functional differential equation described in the following form:

d
dt
where A : D(A) — X and B : D(B) — X are closed linear operator such that D(A) C D(B) and
G € B(L*([-2m, 0], X); X).
This work is organized as follows : After preliminaries in the second section, we give a main result
and the conclusion.

[(t) — Bz(t — )] = Az(t) + G(z¢) + f(t) for t R

2 vector-valued space and preliminaries

Let X be a Banach Space. Firstly, we denote By T the group defined as the quotient R/27Z. There
is an identification between functions on T and 27-periodic functions on R. We consider the interval
[0,27) as a model for T .

Given 1 < p < oo, we denote by LP(T; X) the space of 2m-periodic locally p-integrable functions

from R into X, with the norm:
27 1/p
i1, = ([ s a)
0

For f € LP(T; X), we denote by f(k), k € Z the k-th Fourier coefficient of f that is defined by:

2 1
FHH) = fR) = 5
For 1 < p < oo, the periodic vector-valued space is defined by.
Let S(R) be the Schwartz space of all rapidly decreasing smooth functions on R. Let D(T) be the
space of all infinitely differentiable functions on T equipped with the locally convex topology given
by the seminorms ||f||» = sup,cr |f™(z)| for n € N. Let D'(T; X) = £(D(T), X). In order to
define Besov spaces, we consider the dyadic-like subsets of R:

27 .
/ e ™ f(t)dt for k€ Z and teR.
0

Ih={teR:|t| <2}, Iy = {t e R 2" " < |t] <2Ft!}

for k € N. Let ¢(R) be the set of all systems ¢ = (¢ )ren C S(R) satisfying supp(¢r) C I, for
each k € N, 37, .y or(z) = 1.
Let 1 <p,g <o00,s € Rand (¢;);>0 € ¢(R) the X-valued periodic Besov space is defined by

B} o(T;X) = {f € D'(T; X) : [|fll 55, = Q271D endi (k) f(R)I[F)"/* < oo}

>0 keZ

Proposition 2.1. [14]

1) B, ,((0,27); X) is a Banach space;

2) Let s > 0. Then f € Byt ((0,27); X) in and only if f is differentiale and f' € By ,((0,27); X)
3) Let s > 0. Then f € B35/ ((0,27); X) in and only if f is differentiale four times and 9 e
B, ,((0,2m); X) for all j € N



Definition 2.1. [14]
For 1 < p < oo, a sequence {My},., C B(X,Y) is a By ;-multiplier if for each f € B, (T, X),
there exists u € B3 ,(T,Y) such that @(k) = My f(k) for all k € Z.

Definition 2.2. [1]
The Banach space X has Fourier type r €]1, 2] if there exists C» > 0 such that

IFOI- < Collfllr, f € LT(R, X)
where % + % =1.

Definition 2.3. [14]
Let {My},., € B(X,Y) be a sequence of operators. {M}, ., is M-bounded of order 1( or M-
bounded) if

sup [ M| < o0 and.sup [(Ms: — My < oo (2.1)

Theorem 2.1. [1]
Let X and Y be Banach spaces having Fourier type r €]1,2] and let {My}, ., € B(X,Y) be a
sequence satisfying (2.1). Then for 1 <p,q < oo,s € R,{My},., s an By s-multiplier.

Lemma 2.2. [7]
Let L : LP(T, X) — X be a bounded linear operateur. Then

L(u.)(k) = L(ext(k)) := Lya(k) for all k€ Z
and {Ly}rez is r-bounded such that

Ry((Li)kez) < (2r2q)/P L]

3 Main result

For convenience, we introduce the following notations:

ap =n+ Y17} Y (k)Y Rt ST OB (ik) PPt O = 2l
b =237, Ch(ik) PP+ 32720 (k) T+ 32720 30— CF (k) PP+ 300 CF(ik)™PiP 3272 (ik)' ™"
C = 0o CR(R)™Pi Y1 (k) — (k)" S, 33y CF(ik) V¥

Li(z) := L(exx) and ex(0) := ", for all k € Z and suppose that {Li}, ., is M-bounded.

Definition 3.1. : Let 1 < p,q < oo and s > 0. We say that a function x € B, ,(T; X) is a strong
B; -solution of (1.1) if z(t) € D(A),z(t) € By (T; X), j € {1,..n} and equation (1.1) holds for
aeteT .

We prove the following result.

Lemma 3.1. : Let X be a Banach space and A be a linear closed and bounded operator. Suppose

that (327, (ik)’I — A — L) is bounded invertible and (ik)"(3_7_, (ik)’I — A — Li)™" is bounded.

Then

{Nk = (Z?zl(ik)jl —A- Lk)_l} ASk = (1k)" Ny} e, and {Tx = Ly Nk}, o, are M-bounded.
kez

Proof. The proof is given by several steps.
Step 1: We claim that {kby }rez is bounded.



‘We have

kbk:2i(}£(ik) +Z (ik)7~ "+ZZC” (ik)? P~ "”+ZC” (ik)~ Z(zk)f*"
p=1

j=1 p=0 j=1
n j n—1
=2y Ch(ik)' PP — Z (ik)' 7~ "+ZZC” (ik)' TPt chp (ik)~Pi" " (ik) "
p=1 Jj= Jj=1p=0 j=1
is bonded because:
1<p = ZCﬁ(ik)lfpipfl is bounded
p=1
n—1 )
l1+j<n = Z(ik‘)lﬂ*n is bounded
j=1
l+j<nandp>0 = ZZCf(ik)HJ‘*p*"iP*l is bounded
j=1p=0
n—1 7 )
l+j<nandp>1 = ZZCf(ik)lﬂ_p_”i”_l is bounded
j=1p=0
Step 2: New, we claim that, for all kK € Z
cr = (ik)*" by (3.1)
n J )
= S S — (0" Y3
p=0 Jj=1 j=1p=0
n—1 j
[(ik)" +Zcp (k)" P> (ik)’ + (ik)"] — (ik)" ZZcf (ik)? =P P+Zcp (ik)™ PP
p=1 j=1 j=1 p=0
n—1 J
[(ik)" +Zcp (k)" P> (ik)’ + (ik)"] — (ik)" ZZcf (ik)? =P P+Zcp (ik)" PP 4 (ik)™]
p=1 =1 j=1 p=0
n—1 j n—1 ]
(ik)" ZCP (ik)"~Pi? + Z ik)” + ZZC" ik)’ " ”—f—ZC” ik)" P’ (Zcﬁ(ik)”_pi")(Z(ik)J)
p=1 j=1 j=1 p=0 p=1 p=1 =1
n n—1 7 —
= (ik)*"[2)  Ch(ik)"i +szﬂ T > OBk T Zcp ik) """ Z
p=1 j=1 p=0 j=1
= (¢ 2 1 Py 1 + 1 1 1 1
(7Y R+ S 4 S S ey T
p=1 j=1 p=0 p=1 j=1
= (i 2 i Py i + i + i ik) ™"
(S R T+ S Sy 3R S )
p=1 j=1p=0 j=1
= (ik)*"by,.

Step 3: We claim that



supy, [|[k(Ni+1 — Ni)|| < oo,
supy, [[k(Sk+1 — k)| < oo, (3.2)

supy [|k(Tt1 — T)[| < 00

By hypothesis we have, { Ny }rez and {Sk}rez are bounded. Then We have

sup [b(Nie+1 = Ni) | = sup | kNisa ( Z (ik)'T — A — Ly) — Z ))’I — A — Li41)| Nk
€ € j=1 j=1
= sup ||kNi11 [ (k)T — A= L) — (O Z CP(ik)’"Pi"T — A — Ly 41)] Nk
kez j=1 j=1p=0
n—1 7
=sup ||—kNiga[Y Y CP(ik)’Pi" + Zcp ik)""Pi|Ny, + Nip1k(Li, — Liy1) N
kEZ -
Jj=1p=1 p=1

n—1 7
=sup || —kNpsa[D_ D> CP(ik) i + Zcp (ik)" " 4 in(ik)" " '|Ng + Niy1k(Lx — Liy1) N

kez =1 p=1

n—1 7
1

_ P (;1.\J—P;P
,ilég kak_H[nJri(ik)n_l ZCJ (ik)? PP +

RN o neppr
TR > Ch(ik)""Pi®)i(ik)" ' Ni + Nigak(Lk — Lit1) Nk
p=2

j=1p=1

n—1 7
= sup —Nk+1[n+ZZC’p Zk gtl=n= pzp ! +ZC" Zk 1=p p 1](Zk) Nk+Nk+1k(Lk —Lk+1)N
p=2

kEZ

j=1p=1
n—1 7
=sup || —Npa[n+ D> > CP@k)’ PP 4 ZC" ik)' 7P’ 'Sk + Nipak(Li — Liy1) Ni
kEZ g =2
= sup || —=Ne+1axSk + Ne41k(Le — Li+1) Ni||
kEZ
‘We obtain:

sup [[k(Nis1 — Ni)|| < oo (3.3)
keZ



On the other hand, we have

sup 15 (Sk+1 — Sk)ll = sup IE[(E(k +1))" Ni41 — (ik)" Ni]|

n n

= sup kNgy1[(ik + i)”(Z(ik)jI —A—Ly) - (ik)"(Z(i(k + 1)) T — A— Liy1)]Ny
= sup kN1 [(ik + i)"(Z(ik)jI —A—Ly) - (ik)”(Z(ik +i)T — A — Ly 1) Nk
= sup kN1 [(ik + ©) Z (ik)’ T — i(z’k + )71 — (ik 4+ )" (A + Ly) + (ik)" (A + Ly+1)] Ny

= sup ||kNk11 [Z CP (ik)"Pi? Z(ik)jl — (k)" > Y CP(ik) TP = > CR(ik)" PP (A + Li) + (ik)" (A + Lit1)] Nk

keZ p=0 =1 j=1 p=0 p=0

= sup ||kNys1lex — Y Ch(ik)" P (A + Ly) + (ik)" (L4 — Li)]Ni
kEZ

p=1

= sup || kNy41[(ik)*" b — Y Ch(ik)"PiP (A + Ly) + (ik)" (L1 — Lx)INi
kEZ

(by (3.1))

p=1

= sup || kNy41(ik)*" b Ny, — kNy1 D Ch(ik)" i (A + Li) Ny, + Ns1k(Lit1 — Li) Sk
kEZ

p=1

= sup ka+1(Zk)nkak — ka+1 Z Cf{(zk)_pz”(A =+ Lk)(lk)nNk =+ Nk+1k(Lk+1 — Lk)Sk

kez =

= sup ||( ik )" Skt1kbi Sk — LSk«rl Zn: CP(ik) """ (A + Li)Sk + Nit1k(Lky1 — Li) Sk
vez || ik 4+ (ik + i)™ = "

Then

supkez [[k(Sk+1 — k)| < 00
Finally we have
sup [|k(Th+1 — Ti)|| = sup || (k[Lr+1Ne41 — L Ni]]|
keZ keZ
= sup lk(Lkt1 — L) Ni+1 + Lik(Ne+1 — Ni) ||
€

< sup [|k(Lk+1 = L) Nia || + sup | Lgk(Net1 — Ni |
keZ k€EZ
< sup [|k(Lk+1 — L) Nisa || + sup || Lg || sup [|k(Nit1 — Nio) ||
keZ kEZ kEZ
Then by (3.3) we have

supgez, [[k(Th1 — T[] < o0
0, (Nk)kez, (Sk)kez and (Tk)kez are M-bounded. O

Theorem 3.2. Let 1 <p,q < oo and s > 0. Let X be a Banach space having Fourier type r €]1,2]
and A be a linear closed and bounded operator. If Suppose that (3°7_, (ik)’I — A — Ly) is bounded




invertible and (zk)"(zyzl(zk‘)q — A—Li)~" is bounded. Then for every f € B3 (T, X) there exist
a unique strong B, ,-solution of (1.1).

Proof. Define Py = Y7 (ik)’ Ny = (1 + Y7 (ik)’"")Sy for k € Z. Since by Lemma(3.1),
(Nk)kez, (Sk)kez, (Tk)kez and (Pr)rez are M-bounded, we have by Theorem 2.1 that (Ni)kez, (Pk)rez
and (Tx)rez are an B, ,-multipliers. Since Py — ANy — Ly Ny, = I (because ((Zyzl(ik‘)jl —A-
Li)Ni = I), we deduce AN}, is also an B, ,-multiplicateur.

Now let f € By (T, X). Then there exist u,v,w,z € B, 4(T, X), such that

a(k) = Nipf(k),0(k) = Pyf(k),w(k) = ANyf(k) and @(k) = T f(k) for all k € Z. So, We have
(k) € D(A) and Ad(k) = w(k) for all k € Z, we deduce that u(t) € D(A). On the other hand
Jv € By (T, X) such that d(k) = Pef(k) = 7, (ik)’ N f (k) = Y7, (ik)’d(k). Then we obtain
S Lou(t) = v(t) ae. Since u(t) € ByH (T, X), j € {1,..n}.

J=1 dtj
We have >°7_, ;Tjju(k) = Z;L:l(zk)Jﬂ(k) and Lu. (k) = Lya(k) for all k € Z, Tt follows from the
identity
> (ik)Y Ng — ANy — Lg Ny = I
j=1
that

ST Loty = Aut) + Liu) + f(1)

For the uniqueness we suppose two solutions u; and ws, then v = u; — ug is strong LP-solution of
equation (1.1) corresponding to the function f = 0, taking Fourier transform, we get (Z?:I(ik)jl—
A — Ly)u(k) = 0, which implies that 4(k) = 0 for all k¥ € Z and u(t) = 0. Then u; = up. The proof
is completed. O

4 Conclusion

We are obtained necessary and sufficient conditions to guarantee existence and uniqueness of
periodic solutions to the equation » 7, jT]ju(t) = Au(t) + L(z¢) + f(¢t) in terms of either the
M-boundedness of the modified resolvent operator determined by the equation. Our results are
obtained in the Besov space.
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