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Quasi-stationarity and quasi-ergodicity for
discrete-time Markov chains with absorbing
boundaries moving periodically

William Ocafrain®

March 15, 2018

Abstract

We are interested in quasi-stationarity and quasi-ergodicity when
the absorbing boundary is moving. First we show that, in the moving
boundary case, the quasi-stationary distribution and the quasi-limiting
distribution are not well-defined when the boundary is oscillating pe-
riodically. Then we show the existence of a quasi-ergodic distribution
for any discrete-time irreducible Markov chain defined on a finite space
state in the fixed boundary case. Finally we use this last result to show
the quasi-ergodicity in the moving boundary case.

Key words : Quasi-stationary distribution, quasi-limiting distribution,
quasi-ergodic distribution, Q-process, periodic moving boundaries, random
walk
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1 Introduction

Let (2, A,P) be a probability space and let X = (X,,)neny be a Markov
chain with a finite state space (F, &), £ being the o-algebra containing all
the subset of E. Let P, be the probability measure such that P, (Xy = z) =1
and, for any measure p on E, define P, = [P,du(x). Denote by P(E) the
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set of probability measures defined on E.

We define, for each time n > 0, a subset A,, C E called killing subset at
time n and we denote by E, the complement of A, called survival subset at
time n. We will call (A, )nen the moving killing subset or the moving killing
boundary. We denote by 7 the random variable defined as follows

T:=inf{n >0: X, € A4,} (1)
For any subset B C F, we define 75 as follows
g :=inf{n > 0: X, € B}

and, to make the notation easier, for any m € N, we denote by 7, the
random variable defined by

Tm = Ta,, = inf{n >0: X, € A} (2)

This article will deal with quasi-stationary, quasi-limiting and quasi-ergodic
distributions that we define as follows.

Definition 1. v is a quasi-stationary distribution if for any n > 0
P, (X, €7 >n)=r()

Definition 2. v is a quasi-limiting distribution if there exist some p € P(E)
such that

P, (X, € -] >n) — v(-)
Definition 3. v is a quasi-ergodic distribution or a mean-ratio quasi-stationary
distribution if for any p € P(E) and any bounded measurable function f

n—1
Ey (iZf(Xkﬂr >n> — / fdv

k=0

We will also be interested in the existence of a Q-process, which can be
interpreted as the process X conditioned never to be absorbed by (A4, )nen-

In the case where the sequence (A;)nen does not depend on the time, the
existence of these probability measures was established under several as-
sumptions. See for example [2, 4] for a general review on the theory of
quasi-stationary distributions. For modelling purpose, some recent works
(see [1]) introduce some Markov processes absorbed by moving boundaries



and the classical theory on quasi-stationary distributions does not allow
anymore to describe the asymptotic behavior of the process conditioned not
to be absorbed. Our purpose is therefore to check whether these probabil-
ity measures are still well-defined when (A;,),>0 depends on the time or not.

In all what follows, we will assume that for any = € Ey,
Pyt <o0) =1
and will also assume that the following hypothesis of irreducibility holds
Vn € N,Vz,y € E,,3m € NP (Xpmnr, =y) >0 (3)

Quasi-stationary distribution will be studied for general moving killing

boundaries. However, in a significant part of this article we will deal with
moving killing boundaries (A4, )nen which are y-periodic with v > 2.
In this article, we will actually show that there are no quasi-stationary dis-
tributions and quasi-limiting distributions in the sense of Definitions 1 and
2 when the boundaries are moving periodically. However, we will show
that the notion of quasi-ergodic distribution and Q-process still makes sense
even when the boundary is moving. In particular, we will show the following
statement.

Theorem 1. Assume that (Ap)nen s y-periodic. Then, under assumptions
which will be spelled out later, there exists a probability measure n such that
for any p € P(E), for any bounded measurable function f,

1n—1
E, (nkzzoﬂxm > n) — / Fdi

The proof is divided to several steps. First we reduce the problem to
the study of quasi-stationary distribution in a non moving domain, but for
a periodic Markov chain. Then we extend the result proved by Darroch and
Senata (see [3]) in the aperiodic case to the periodic situation (y € N*).
This article ends with an application of this theorem to random walks ab-
sorbed by 2-periodic moving boundaries.

2 Quasi-stationary distribution with moving killing
subset

The following proposition shows that the notion of quasi-stationary distri-
bution as defined in Definition 1 is not relevant when the killing boundary
is moving.



Proposition 1. Assume there exist l,m € N such that A; # A,,. Then
there is no measure v € P(E) satisfying the following property:

VneN, P, (X, € |t>n)=v() (4)
Proof. For any n € N, denote by f, : P(E) — P(FE) the function defined by
faip—Pu(X1 €|t >1) (5)

where 7, is defined in (2) and denote by p, the probability measure defined
by
i = Pu(X, € |7 > ) (6)

By the Markov property, we have for any n € N*
Hn = ]P)Mnfl(Xl € "Tn > 1) = fn(un—l)

Thus, by induction, we obtain for any n € N

Pu(X, €7 >n) = fno...0 fi(p)

We deduce from this equality that

VneN, P (X, |r>n)=v()<=VneN, f,(v)=r
<~ VneN, P(X; € |mn>1)=v()

In other words, v is a quasi-stationary distribution in the moving sense if
and only if it is a quasi-stationary distribution in the non-moving sense for
all the subsets A,,. In particular, if v satisfies (4),

v() =P (X1 € >1) and v(-) =P, (X1 € :|7n, > 1)

where | and m have been mentioned in the statement of the proposition.
However, since the assumption of irreducibility (3) holds, the previous state-
ment is impossible since the support of the quasi-stationary distributions are
different. O

Remark 1. The Proposition 1 can be extended to any general Markov pro-
cess defined on any space state. In particular, for continuous-time Markov
processes defined on a metric space (E,d), we may replace the assumption
of irreducibility (3) by the following assumption

Vt € Ry, Vo, y € By, Ve > 0,3ty € Ry, Py(Xeoar, € B(y,€)) >0

where B(y,€) :={z € E : d(y, z) < €}.
Notice moreover that we did not need any assumption about the behavior

of (A )nen. In all what follows, we consider that (A )nen is y-periodic with
v = 2.



3 Quasi-limiting distribution when the killing sub-
set is moving periodically

We are now interested in knowing whether the definition of quasi-limiting
distribution given in definition 2 is meaningful when the killing subset is
moving or not. In the usual case, it is well known (see [?] p. 345) that
quasi-stationary distribution and quasi-limiting distribution are equivalent
notions. This implies that the non-existence of a quasi-stationary distribu-
tion implies the non-existence of any quasi-limiting distribution. However,
this equivalence does not hold anymore in the moving case. Consider for ex-
ample (Ay,)n>0 such that there exists ng such that for any n > ng, A, = Ay,
and assume that there exists a quasi-stationary distribution vy, (in the non-
moving sense) such that for any probability measure p,

P, (Xp € |70y > 1) S Vno
Thus, by the Markov property, for any p € P(F) and any n > 0,
Py (Xntng € :|7 >n+ng) = Py, (X, € "TAnO >n) n:O Vno

where fi, is defined in (6) for any n € N.

From now on, we will assume that (A,,),en is periodic and will denote by ~
its period. We will show that quasi-limiting distribution is not well defined
when the killing subset is moving periodically.

Proposition 2. Assume (Ap)nen is y-periodic and there exist 0 < [,m <
v — 1 such that A; # Ap,.
Then there is no v € P(E) satisfying the following property:

du e P(E), Pu(X,e€: |T>n) —— v()
Proof. Consider again the functions f,, defined in (5):
fmip—Pu(Xq €|t > 1)

Then using the periodicity of (Ay)nen and by the Markov property, for any
ke{l,...,v}, meN*and p € P(F)

P (Xipmy € |7 > k+my) = gro f™(n) (7)
with

g = fro...0of1
f=fyo...0f1



Assume that there exists u € P(E) such that the sequence (P, (X,, € -|7 >
m))men converges to its limit v. Then

v= lim P,(Xy € [T >my)

m—o0

= lim f™(un)

m—ro0

So for any k € {1,...,~v}
v=gr(v) =P, (X; € |7 > k)
In other words, for any k € {1,...,7},

v=f(v)
We thus may conclude in the proof of proposition 1. O

The previous statement implies therefore that the quasi-limiting distri-
bution as defined in Definition 2 is not well-defined when the moving killing
subset is periodic. However, according to the proof of the previous propo-
sition, it seems that the sequence of these conditioned probabilities could
have some limit points.

The following proposition allows us to pass from a moving problem to a
non-moving problem. The existence of limit points will be therefore a con-
sequence of the existence of classical quasi-stationary distributions for the
transformed Markov chain.
Proposition 3. For any 0 < m <~y —1 and u € P(E), there is a Markov
chain (Xém))neN such that

P((Xm, - Ximgny) € |7 > mtny) = ]P)um((Xém), XY e rlm) s )
(8)
where fuy, s defined in (6) and = inf{n e N: x\™ e Apn}.

Proof. According to the Markov property, it is enough to show that for any
~-periodic sequence of subsets B = (By)nen and any measure p € P(FE),
there exists a Markov chain (Z,,),en such that

P,((Xy,...,Xny) € |7(B) >ny) =P, ((Z1,...,2Zn) € -|TB, >n)  (9)
where 7(B) = inf{m > 0 : X,,, € B,,} and 7, = inf{n € N : Z,, € By}.
Denote Fy the complement of By. For any = € Fy define p(z,-) by

plx, A) =P (X, € A, 7 > ), VAC Fy
p(z, Bo) = 1 — p(x, Fo)



and we denote by (Z,)nen the Markov chain for which the transition kernel
is p. We will show by induction that, for any ¢y, ..., ¢, bounded measurable
functions,

Eu((ﬁl(X'y) .- ~¢n(Xnv)]lr(B)>n7) = Eu(¢1(Z1) s ¢n(Zn)]l7‘BO>n)

By definition of (Z,)nen, for any probability measure p and any bounded
measurable function ¢,

Eu(¢(21)1%30>1) = Eu((z’(X’y)ﬂr(Bbw)

which entails the base case. Now assume that the equality for n — 1 is
satisfied. Let ¢1,..., ¢, be some bounded measurable functions. Then

Eu(01(X5) -+ 0n(Xnq) Lr(Bysny) = Eu(@1(X3) 1o (ysyEx, (92(X5) - - - dn(X(n—1)y) Lr(B)>(n-1)y))
=Eu(01(Z21) 155 51 Bz, (f2(21) - - - on(Zn-1) 17 >(n-1)))
= ]Eu((bl(Zl) cee ¢n(Zn)IL’FBO>n)

This concludes the proof. ]

4 Existence of quasi-ergodic distribution with pe-
riodic moving killing subsets

In this section, our aim is to show the existence of a quasi-ergodic distri-
bution as defined in Definition 3 when the boundary is moving periodically.
This section will be split into three parts :

1. We will first study quasi-ergodicity in the non-moving case (when A,, =
Ao, Vn € N) for irreducible Markov chains.

2. Then we will use the results obtained in the first part to deduce quasi-
ergodicity for general Markov chains (irreducible or not), but still con-
sidering non-moving boundaries

3. Finally we will show the existence of quasi-ergodic distribution when
(A )nen is moving periodically.
4.1 Quasi-ergodic distribution in the classical non-moving
sense in the irreducible case

In this subsection we will study the quasi-ergodicity of one irreducible Markov
chain Y = (Y},)nen in the classical non-moving sense, that is when the killing



edge does not move. Without loss of generality, assume Y is defined in the
state space Ey = {0,..., K} and that the cemetery is {0}. In this subsection
and the following, 7 will be defined as (1) but refering to Y, that is

7=1inf{n >0:Y, =0}

Denote by P the transition matrix of Y. Since 0 is an absorbing state for
Y, P has the following form
1 0
)

where Q) is the sub-transition matriz. We will assume that @ is irreducible
(i.e. Va,y € Ep,3n € N,Q"(x,y) > 0). As a result we can define T}, the
period of = as

T, := ged{n e N: P,(Y,, = z,7 > n) > 0}

where ged refers to the greatest common divisor. By irreducibility of @, all
the z have the same period and we denote by T' this common period.

The existence of quasi-ergodic distributions has already been proved by Dar-
roch and Seneta in [3] when 7' = 1. However we will see that this result is
not enough for our purpose and we need to extend it to periodic Markov
chains.

Due to the periodicity of @, there exist (C;)o<i<r—1 a partition of Ey such
that if the support of the initial distribution g is included in Cp, then for
anyn € Nand 0 < k<T —1,

P;},(Yk+nT € Cp, 7> k+ TLT) =1

Without loss of generality, we construct (Cj)o<i<r—1 such that 1 € Cp.
Formally (Cj)o<i<r—1 are defined by
Co:={y€ Ey:IneN" P (Yr=y,7m>nT) >0} (10)
Vi<:<T -1, C; = {y€E0§|$€CZ_1,Pm(Y1:y)>O} (11)
For each j € {0,...,7 — 1} and any v € CX, we will denote by v\ the

sub-vector of v restricted on Cj.
It is well known by the Perron-Frobenius theorem that the spectral radius

p:=max{|\ : XA € Sp(Q)}

is a simple eigenvalue of () and that one can find a left-eigenvector v =
(v(J))1<j<k and a right-eigenvector & = (£(j))1<j<k for p (ie. vQ = pv



and Q¢ = p§) such that v(j) > 0 and £(j) > 0 for all j € {1,...,K}. We
may choose v and £ such that

<yl >=<vé>=1
where < -, > is the usual Hermitian product on C¥. Moreover, since @ is
T-periodic,
2ikm
{Mpi=pe T :0<k<T-1} C Sp(Q)
and each )\ is simple. For each A; we can obtain a left eigenvector v; and

a right-eigenvector wy, from v and £ with the following transformation

275k

See Theorem 1.7 in [[5],p.23-24] for more details.

The vectors (v;)o<i<r—1 are linearly independent. We can complete this
family into a basis V = (v;)o<i<k—1 such that v; € Span*(vo, ...,vr_1) for
all T <7 < K — 1 where

Span™t(vg,...,vr_1) ={v e CK :<v,v;>=0, Vi {0,...,T — 1}}

Let us denote by R the matrix representing the change of basis from the
canonical basis to V. Then we have the following decomposition

Ao

0 Qo
where Qg is a (K —T') x (K —T) matrix. We define the matrix Q' by
0 O
@ 0 Qo

Proposition 4. Let f:{1,..., K} — R be a bounded measurable function.
Then for any x € {1,..., K} and n € N*,

n—1 T-1
]. __ 2inlm n
E, ( E f(Yk)]lT>n> = pn(p(f) E e T < wl76x >< o, 1> +O(p )

n
k=0 1=0

where



Proof. Let f:{1,..., K} — R be a bounded measurable function. In this
proof we will consider probability measures on {1,..., K} and functions
defined on {1,..., K} as K-vectors. Thus for any z € {1,..., K} we can
say

E:r (f(Y’I’L)]lT>TL) =< 53:Qna f > (13)

where 0, is the Dirac measure on z. For any = € {1,...,K}, define
(o (7))o<k<r—1 the unique family of CX such that there is u, € Span*(vo, . .
such that

T—1
S Zak(x)vk + py
k=0

We will use the following lemma whose proof is postponed after the proof
of the theorem.

Lemma 1. Forany 0 <k <T —1,

(ar(7))2er, = Wk

where wy, is defined in (12)

Thus we can write

T-1
0y = Zwk(:c)vk + Uy (14)
k=0

So, using (13) and (14), for any n € N

T

-1
By (f(Xn)Lrsn) =< Y wi(@)ueQ", f > + < Q" f >
k=0
1

S

=) MNuwg(z) < v, f >4 < p(Q)", f >
k=0

Now, using the Markov property, for any k < n,

Eu(f(Ye)lrsn) = Eu(Lrskf (Ya) Py, (7 > n — k) (15)
= EM<HT>k9k,n(f)(Yk)) (16)

where, for any y € Ej,

gk (F)(Y) = f(@)Py(70 > n — k)

10

. 7UT—1)



= A F @ wm(y) < vm, 1> +f(y) <y (Q)"F, 1>

m=0

Define, for any k € {0,...,7 — 1} and n € N,

ak(f) 1y = fly)w(y)
wn(f) :y = fly) < pny(Q)", 1 >

Then, using (16), for any k& < n,
Ex(f(yk)ﬂ‘r>n) =< 5kaa gk,n(f) >
T-1
= Muwy(x) < o grn(f) > + < 12(Q)F, grn(f) >
1=0

= Ak,n + Bk,n + Ck,n + Dk,n

where

T-1T-1

A = ZZA?)\Q@_kwl(x) < gm(f) >< vp, 1>
I=0m=0

T—1
By = Z)\fwl(a:) < v, W—g(f) >
=0

T-1
Ck,n = Z)\qrzn_k < Uy 1 >< Nm(Q/)k7gm(f) >
m=0

Dk,n =< N$(Q/>k7wnfk<f) >

Hence for any n € N*

n—1 n—1 n—1 n—1 n—1
ZEI(f(Yk)]lT>n) = ZAk,n + ZBk,n + ch,n + ZDk,n (17)
k=0 k=0 k=0 k=0 k=0

n—1
i) Study of Y Akn
k=0

11



For any n € N*,

n—1 T-1T-1 /n—1
St 23 (STt
k=0

I=0m=0

<, gm(f) >< U, 1 >

T—-1 ~

S N A ——

=) nAwg(e) <o, g(f) ><v, 1>+ An <H> wy(z) < v, gm(f) >< v, 1>
1=0 I#m !

On one side,

T—1
anfwz(-’ﬂ) <wv,gq(f) ><v, 1 >= npnze_%ghwl(ﬂf) <v,q(f) ><v,1>
— 1=0

On the other side, for any 0 <1 #m <T —1,

An N 2inlr _ 2inmmw
— (N — M _2imx [ ple” T —ple T T
>\ —_ = pe T . _
m \ 2\ ~ 2ilx ~ 2imx
L= Am pe” T —pe T
_ 2inlw _ 2inmm
n_— 2imm [ T — e T
= p € T _ 2w _ 2imm
e T —e T
2imar _ Zi%lﬂ' _ 2inTm7r
e T | Et—agpr—m is bounded, hence
neN

_ 2inlw _ 2inmm

1 _oimn (e T —e T

—Xe T - - — 0
(&

_ 2w 2imm n—00

_ 2inlm _ 2inmmw
2imm e T — e T
N — =7 — T
pe T ( _ 26lw _ 2imm ) - O(np )
€

T —e T
and therefore

Z)\ < _/\?”> wi(z) < vg, g (f) >< v, L >= o(np™)
l#m

since this is a finite sum. Hence

2znl7r
ZAIM—”P Z z) < v, gi(f) >< v, 1> +o(np")

12



n—1
ii) Study of Y Bin
k=0
Foranyye E,neNand 0<I<T -1

n—1 n—1
D Nwnk(HY) = fy) <y (ZM“(Q’)”"“) 1>
k=1 k=0

= f(y) < pyQ NIk — Q) '\ Kk — (Q)™), 1 >

where I is the K x K-identity matrix. For any 0 <[ < T — 1 and n € N,

2imnl

AL — (@) =p(e T I — p (@)

2imnl

and ("7 I — p~™(Q")")nen is bounded since the spectral radius of @’ is
smaller than p. Hence

1 iTn
— (eZT lIk — p‘"(Q')") — 0

n n—oo

where 0 is understood as the zero matrix, and we deduce that
< iy Q' NIk — Q) A T — (Q)™), 1 >= o(np")

As a result, for any n € N,

n—1
S Newn-1(£) () = o(np")
k=1

Hence for any n € N

n—1 T-1 n—1
ZBk,n = sz(w) < UhZM““%—k(f) >=o(np")
k=0 =0 k=0

n—1
iii) Study of Y Cin
k=0

n—1
In the same way as Y By,
k=0
n—1 n—1T-1
ch,n = Z Z Ak < U,y 1 >< Mw(Q/)kagm(f) >
k=0 k=0 m=0

T—1 n—1
= Z < Uy 1 >< iy (Z A%_k(Q/)k> » gm(f) >
m=0 k=0

13



Forany0<m<T—-1andn > 1,

n—1
D oAHQY = A x (Al = Q)T (A Ik — (@)")

k=0
We already showed that for any 0 <m <T —1landn >1
Amlx — Q") NIk — (Q)") = o(np")
Finally,

n—1
> Crn = o0(np")
k=0

n—1
iv) Study of > Dy,
k=0

Finally, let us denote by (q’)gj}), for i, € {1,...,K — T} and n € N, the

coefficient of (Q')™ located at the ith row and the jth column. Then for any

neN . .

. . n—Fk k

S Din= > ) (@)i(m) (Dq')ﬁn,l ><q'>§,j’> (18)
k=0 i.4,l,m k=0

Let ,7,l,m € {1,..., K}. By definition of the matrix @', the spectral radius

of @' is strictly smaller than p. We deduce from this

(@) = o(p™), (@)% = o(p™) (19)
In particular there is a positive number C' such that for any n € N and
m,le{l,..., K},
(q/)(n—k) < Cpnfk

m,l —
Hence,
n—1 n—1
—k k — k
S @5 @) < o> (20)
k=0 k=0
W (152 k)
=Cnp" [ = p ()i (21)
k=1
However, by (19), p_"qz(g-) — 0 when n tends to infinity and using Cesaro’s
lemma,
1n—1 )
- —k n(k
nkzzop (@) n;)oo



Thus using (18) and (21), we deduce that

n—1
ZD’“’” = o(np")
k=0

Hence, gathering all these results and using (17),

n—1

T-1
2inlmT
D Eo(f(Yi)lrsn) =np™> e 7 wi(z) < v, gi(f) >< v, 1 > +o(np")
k=0 =0

(22)
However we have for any [ € {0,...,7 — 1}

K
<wv,a(f) > =Y _fHul)wl)
j=1

T-1
- Z Z f(@)v(z)w(x)

j=0zeC;

-1 il 274l
=YD f@)e T @) ()
jZOIGCj
=< o, gO(f) >

As a result,
n—1 -1
E; (Zf(yk)ﬂ7>n> =np" <wvo,90(f) > Y e T wy(z) <w,1>+o(np")
k=0 =0
O
Now we prove the lemma 1 quoted in the previous proof.

Proof of the lemma 1. Let us start by proving that «; is a right-eigenvector
associated to A;. Since @) is a real matrix, it is equivalent to show that aj is
a right-eigenvector associated to \;.

First remind that «; is defined by the relations

T-1
O = Zal(k)’ul + 52
=0

15



for any k € Ey and with ), € Span=*(vo, ...,vr_1). This implies for any k

T-1
< O, Uy, >= Zal(kz) < vy, U >

=0

or, in other words,
< Ok, v9 > < Vg, Vg > < vr_1,09 > Oéo(k)
< O, vp_1 > <wg,V7r-1> ... <Up_1,U1r_1 > aT_l(k‘)
Denote by A the matrix
< vg,Vy > < vr—1,v9 >
A= : :
<v9,V7—1 > ... <UP_1,VU7_1 >

A is simply the Gram’s matrix of the basis (v;)o<i<7—1. Thus the determi-
nant det(A) is positive and for any = € Ej

1 < Vg, Vg > < Oz,00 > < vVr_1,09 >
< v9,V7-1> ... <5w,’UT,1 > ... <Ur_1,Up_1 >
where the column (< 0, v9 >, ..., < 6z, vr_1 >)T is the [-th columns of the

matrix. We want to show now that «; is a right-eigenvector associated to
A7, that is

Vo e CK <v,Qa; >= N <v,a7 > (23)
In fact it is enough to show (23) when v is one of left-eigenvectors and when
v € Span*(vg,...,vr_1). In the case where v = vy, for k € {0,...,T — 1}
K < vg,Vg > <5j,’U0> < vr—1,v09 >
<wfﬂz>=2vk(j)L : :
, det(A) : '
J=1 <wg,V7-1> ... < 5j,UT—1 > ... <Upr_1,Vv7-1 >
< Vg, Vg > < Vg, Vg > < vr—1,v9 >
~ det(A) ' : :
< v9,V7-1> ... <V, Ur—1> ... <VUP_1,V7p—_1>

(1 ifl=k
“ 1 0 otherwise
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We deduce from this

<wup,Qag >=N <uvp, >, VO<k<T-1

Finally, for any v € Span(vo, ...,vr_1)",
1 < vg,V9 > ... 0 ... < vr_1,09 >
< v, >= : : =0
T det(A) : - :
<wvg,vr—1> ... 0 ... <wvp_i,vp_q1>
Thus we have
<v,Qa;>=0= )\ < vg,a; >
because tQu € Span(vy,...,vr_1)".

Hence for each k € {0,...,T — 1}, there is 8y € C such that o = Srwy
(where wy, is defined at the beginning of the subsection). We will show that

Br = Bo =1 for any k.
T
Remark that A can be written as > a;_1P,, where P,, is the permutation
i=1
matrix of o; where o; = (i i+1 ... i—2i—1) and ap > O and aq,...,ap_1 €
C. In other words, A is of the following shape

ao a, ay ... ar—1
ar—1 ap aj ... ar_—9
A =
a a2 az ... ap
with ag > 0 and a1, ...,ar_1 € CT~1. Moreover, since 1 € Cy, < d1,v; >=<
d1,v9 >= vy forany l € {0,...,T—1}. Asaresult, forany ! € {0,...,T—1},
ag ... 1 ... ar—1
det(Aay() = |1 - 1 (24)
a ... V1 ... aiq
v(l) a1 ... ... @
e (25)
v(l) aio ... ... @
v(l) ag ... ... ap—1
| ; (26)
v(l) az ... ... ag
= det(A)ap(1) (27)



Indeed, from (24) to (25), we applied a circular permutation for the columns
in order to put the vector ‘(v(1),...,v(1)) at the first column, and the
determinant stays the same after this transformation. From (25) to (26),
we did a circular permutation on the rows, which does not affect either the
determinant.

We deduce from this equality that 8, = [y for any k € {0,...,T—1} because
wg (1) = wp(1). Concerning the fact that Sy = 1, remark that

K K

> vli)ao(i) =Y _vo(i)ao (i)

=1 =1

1 < Vg, Vg > < V7_-1,V0 >
~ det(4 : :
<wvg,Ur—1> ... <Ur_1,vr—1>
=1
And
K K

D wli)ao(i) = Boy v(D)E@E) =1
=1 =1

O]

The statement of Theorem 1 is meaningful provided the coefficient of
the leading term p™ is not equal to 0. In the following proposition we prove
that this coeflicient is actually not 0.

Proposition 5. For any n € N and any x

T-1

2inlm
Ze* T < wp,ly ><uv,1l>#0
1=0

Proof. Let « € Ey. Then there exists k € {0,...,T — 1} such that z € C.

18



Thus, for any n € N,

T-1 T-1 T— 1
_ 2inlw ———— 2z(n+k)l7r 2z7rlg
Ze T w(x) <v,l>=) e
=0 =0 j:()ye ';
T-1 T—-1 _
_ 2im(n+k—j)l
- Sl (e
J=0yeC; =0
=T > &)y
T|n+k—jyeC;

in(ntk—(T-1) sin(m(n + k — j
+ Z Zf(@”(y)e r ((ﬂ(mrk]) )
Tin+k—jyeC; sin(=—7—)

=7 3 Y éwly) >0

Tn+k—jycC;

O]

4.2 Quasi-ergodic distribution for the classical non-moving
sense in the general case

Now assume that the sub-transition matrix ) is not necessarily irreducible.
For each = € {1,..., K}, we denote by D, the subset of {1,..., K} defined
by

Dy:={ye{l,...,K}:3In,m e N,P, (Y, =y) >0 and Py(Y,,, = z) > 0}

It is well-known that (Dy)geq1,..,k} are equivalence classes. Note that, for
each z, the restriction of Y on D, is irreducible. Thus we can associate,
for each D,, a period T,. We can also associate to D, a spectral radius
p- and some left and right-eigenvectors (vy;)o<i<7,—1 and (wg1)o<i<7,—1
constructed in the same way as in the subsection 4.1. Particularly, for
every x € {1,..., K}, vy := vy0 and & := wy are vectors whose all the
components are positive and such that < v, 1 >=< v,, &, >= 1. We define

also, for any =,
| Dz

e f = > FO)va(i)6 ()
j=1

where |D,| is the number of elements in D,. Now fix p € P({1,...,K}).
Denote by Supp(p) the support of p. Then we can define

B={ze{l,...,K}: Supp(u) N D, # 0}
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Pmaxr = MaX Py
zeB
and we define B,,,4, as follows
Biaz = {37 eB: Pz = pma:p}
We set the following hypothesis
Hypothesis 1. There erists Tmar € {1,..., K} such that
Bmax - D:pmaz

Under this hypothesis, the following notation will be used

Vmaz = Vemae (28)
Emaz = gx'maa; (29)
Pmazx = Prmaz (30)

In all what follows, we have to keep in mind that the definition of B4
implicitly depends on the initial distribution p (more precisely on the sup-
port of p).

The following statement explains therefore that the quasi-ergodic distribu-
tion exists if the Hypothesis 1 holds.

Theorem 2. Let p € P({1,...,K}). Then, if the Hypothesis 1 holds,
the following convergence holds for any measurable bounded function f :
{1,...,K} = R,

n
k=0

n—1
E;L (1 Zf(yk)"r > TL) njo (Pmaz(f)

Proof. According to Proposition 4, giving the fact that Y is irreducible on
each D,, we have for any = € {1,..., K}

1n71 Tr-1 _ 2inlm
E,]j (n;)f(Yk)]lT>n> = pchx(f)ge Tw < wx,l,(sx > 'U;p,l, :[]- > +O(p2)

(31)
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Thus, for any p € P(E)

K . Tj—1 _ 2inix
ZIM(J)p?soj(f) 2 e T < wig, 0 >< g, 1> +o(p})
= 0

K Tj -1 _ 2inlw

Zlu(j)p? lZ e T <wji, 0y >< vy, 1> +o(pl)
j= =0

Tj—1  2inix

> opi(HuG) Xe B <wjpdp >< v, 1> +o(1)
0

_ J€Bmaa I=
N . Tj—=1  2inix
BZ p(g) o e T <wjg, 6 ><wj, 1> +o(1)
je max =0

Tj -1 _ 2inlw

(Pmaz(f) Z :UJ(]) Z e T < wj,ladm >< Uy, 1> +0(1)
=0

_ JE€Bmaz
N . ijl _ 2inlw
S ) S e < il > < v 1> ()
jE max =0

Then using Proposition 5, we can conclude

n—1
EM (TllZf(Yk)’T > n) njo (Pmax(f)
k=0

O]

4.3 Quasi-ergodic distribution with periodic moving killing
subset

In this subsection we are interested in the quasi-ergodicity of the chain
X defined in the Introduction considering that the boundaries are moving
~-periodically. We denote by Y = (Y, )nen the Markov chain defined on
E X Z/yZ by

Y, = (Xmﬁ) (32)

Y is therefore a Markov chain defined on a finite space state, which is ir-
reducible if and only if ged(T(X),v) = 1, where T'(X) is the period of
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(Xn)nen. If the chain Y is actually irreducible, the associated period is
T =LCM(T(X),7)

where LC'M (-, -) refers to the least common multiple.
Moreover we have

T=inf{n>0:X, € 4,} =inf{n>0:Y, € 0}

with B

0:={(z,k):x € A}
Remark that 0 is a non moving killing subset for the chain Y. Thus we can
apply theorem 2 to the process Y which yields the following theorem

Theorem 3. Let pn € P(Ep). Assume that (An)nen is periodic and Y
defined in (32) satisfies the Hypothesis 1. Then, for any measurable bounded
function f,

n—1
EH (:LZf(Xk)T > n) n—> Z f(l‘)l/mam(l',y)gmax(rf, y)

—00
k=0 (z,y)EEXZ/~Z—0

where Vmay and Emae are the probability measures defined in (28) and (29)
relatively to Y .

We can also give the following corollary which requires assumptions on
X and (An)nen.

Corollary 1. Assume that (Ap)nen s y-periodic and that ged(T,~v) = 1
(where T is the period of X ). Then there exists n € P(E) such that, for any
€ P(Ep) and any f bounded measurable,

1n71
By (an(Xk)T > n) d /fdn
k=0

Proof of the theorem 3. 1t is enough to apply Theorem 2 to the chain Y
defined on (32) and to deduce the results on X thanks to the following
equality

1 n—1 1 n—1 ~
E, (an(Xk)h > n) = Eugs, (nZﬂYk)h >n|, Yn>1
k=0 k=0
where f is the projection on the first component. ]
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5 Existence of Q-process with boundaries moving
periodically

In this section, we are interested in the Q-process, which can be interpreted
as the law of the process X conditioned never to be killed by the moving
boundary. As before, we still consider that the boundary moves periodically
period 7.

To show the existence of the Q-process, we will consider again the Markov
chain Y defined in (32), that is defined by

Y, = (Xnaﬁ), Vn € N

and we take back the notation introduced in subsection 4.2 associated to Y.
The following statement ensures the existence of a Q-process even when
the boundary moves. However, it is interesting to observe that we lose
the homogeneity of the Q-process because of the movement of the killing
boundary.

Theorem 4. For any n € N and any x € Ey, the probability measure Q,
defined by

QI(Xle',...,XnE'): lim Pm(X1€',...,Xn€"7_>m)

m—o0

is well-defined and, under the probability Q, (X, )nen is a time-inhomogeneous
Markov chain such that for any n € N, for any (y,z) € E,—1 X E,

§x(2,M)
e " pala(y,n—1) 7
Proof. For any m,n € N, for any f1,..., f, measurable bounded functions

and for any = € FEj,

E:p(fl (Yl) e -fn(Yn)ﬂT>n+m)
P.(t >n+m)

—E, < A . fa(Yn) lgff ;T;:)‘))

(34)

E.(fitY1) ... fan(Yo)|T >n+m) =

(33)

According to the equality (31) applied to the function equal to 1, for any
yeE EXZ/yZ — 0 and n € N,

T,—1
Y 2inlw

Py(r >n) = py Z e T <y, by >< vy, 1> +o(p))
=0
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Thus, using this in (34),

Eo(fi(Ya). .. fu(Yo)|T > m +n) (35)

TYn _ 2imlw
Lrsnpy, Z e mo <wy,,dy, ><wvy, 1, 1> +o(py)

—‘rme_l 2i(n+m)lm ntm
Z e Tz < Wg 1, 62: >< Vg 1, 1> +0(px )

(36)

Te—1 _ 2imln

Lesnpl Do e To < wgy,dy, >< vz, 1> +o0(pl)
=E, | i(V1). ..fnm) =

+m 2i(n+m)lm ntm
Ze Ty < Wy, 0p >< Vg1, 1> 4o0(pz™)

(37)

Te—1  2imix
Lrsp > e T2 <wgy,dy, >< vz, 1> +o(1)
=0
=EBo [ i(11)... fu(Yn) Te=1  2i(ntm)in
s Z e T < wﬂ:,l75a: >< Vg1, 1> _|_0(ng)
=0

(38)

The passage from (36) to (37) is due to the fact that, for any n € N, Y;, € D,
almost surely and the quantities 17, p,, w,; and v;; depends only on D,.
Since the restriction of the chain Y on D, is irreducible, we can construct
as in the subsection 4.1 some clusters (C})o<j<7,—1 such that x € Cy and

Pm(YkJrnTz € Cy, 7> ]C—i—TLTx) =1, Vke {0,...,Tx— 1},Vn€ N

For any y € D, denote by j(y) the integer such that y € Cj). Then
we deduce from the equality (12) in the subsection 4.1 that for any y €
E XZ/yZ — 0 and n € N,

_ 2inlx _ 2im(n+j(w))l
e Tz Jwgy, 53; >=e Tz &(y)

Thus, according to (38) and the previous equality,
Eu(f1(Y1) ... fa(Yn)|T >m +n)
Tel _ 2im(mti(Yn)l

1r5néz(Yn) < 120 e To < Vg, 1> —l—o(l))

Ty—1 2im(m+n+j(z))l

Py () ( e T Tm <y, 1> —i—o(l))
=0
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However, for any n € N,
j(Y,) =j(x)+n mod T, a.s.

and for any m,n € N,

Tz—1 217T(m+n+](7‘))l
e Tz <1, 1 >#0

=0

We deduce that,

Ez(fl(Yl) ces fn(Yn)|T >m+ n) m:zo E,; <f1(Y1) o fn(Yn)W>

Préa(
The statement on X is obtained using projection functions and we can

deduce from it the transition kernel of the Q-process.
O

6 Example : discrete-time random walk

We shall illustrate the previous results by looking at a discrete-time random
walk. Let p €]0,1[. We denote by (M%),en the Markov chain defined on Z

such that

P(M), = MF+1|ME)=1-p
P(My .y = My — 1Mp) = p
Before dealing with the quasi-ergodicity with moving boundaries, let us

recall some properties about quasi-stationarity concerning random walks.
For any K > 1 we define

Tk =inf{n >0: MP € (—o00,0] U [K +1,00)}

The sub-Markovian transition matrix associate to (M?, . )nen is the matrix

n/\TK
Qr € Mk(R) defined by :

0 1—p 0 0 0

P 0 1—0p 0 0

0 0 0 0
Qi =

0 0 0 0 1—-p

0 0 0 P 0



For any K > 1, denote by Pg(X) the characteristic polynomial of Q.
Using standard algebraic manipulations, one can show that for any K > 1,
the following recurrence relation is satisfied

Pg12(X) = =X Pr11(X) — p(1 — p) P (X)

with Py (X) = —X and Py(X) = X2 — p(1 — p). We set Py(X) = 1.
For any K > 0, define

p(1—p

K
Uk (X) = (—1)> Pic (2v/p(1=p)X)

Then the following equation is satisfied
Urg12(X) =2XUkg4+1(X) — Uk (X)

for which Up(X) = 1 and U;(X) = 2X. In other words, the sequence
(Uk) k>0 are the Chebyshev’s polynomials of the second kind and we have
for any € R
sin((K + 1))

sin(6)

The set of roots of Uk, hence of Pk, is thus well-known. It follows

5p(@k) = {2y = 2T preos (274 ) s € (1 KD

We are interested now in the eigenvectors of Q.

Uk (cos(0)) =

Proposition 6. Let K > 1. Then, for any j € {1,...,K}, Ker(Qx —
Nil) = Span(xj) where

750) = (—@)i_lpﬂuj) - (E)H : E{“; vie{l,. K}

K+1

Proof. Let A € Sp(QK). We want to find all the eigenvectors z = (z())1<i<k
associated to A such that z(1) = 1. We will prove the proposition by double
induction.

Base case: According to the relation Qxz = Az, we have

Ma(1) = (1 - p)a(2) (39)
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Having z(1) = 1, we will have therefore z(2) = 2\ = —ﬁPl()\), which
conclude the base case

Inductive step: Let i € {3,..., K — 1}. We assume that the equality
is satisfied for ¢ — 1 and i — 2, so we have

Using A\ = Qkz,

So
z(i) = 1o (Az(i — 1) — pz(i — 2))
i—2
— 1ip < <—1ip> Pi—a(A) — px(i — 1)>
1 \!
_ <_1_p) (“APr—2(A) — p(1 — p)Pi_s(N)
i—1
= (—1;7) Pi—1(\)
which concludes the proof. u

The previous proposition gives us left and right eigenvectors of Qg : if
we denote by (vi)1<i<k (respectively (w;)1<i<k) the left (respectively right)
eigenvectors satisfying v;Q g = \;jv; (respectively Qxw; = \jw;), then

. 1—p 7=1 sin (%)
vi(j) = D ) P
N

ijm

i = (22) E;

SN\ KT

—
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In particular, considering the spectral radius A1, the quasi-stationary distri-
bution v and the right-eigenvector & associated to Aj satisfying < v, & >=1
are as follows:

s T

We are interested now in moving boundaries. Let NV > 1 and consider the
simplest case where (A;,),en is defined by

_J (=00,0]U[2N, 00) if n is even
A= { (00, JU[2N —1,00) if n is odd (40)
Recall the previous notation
VP = (MJrz, 1) (41)

with 7 € Z/2Z. The chain is not irreducible (if M{ is even, then for any n,
MPE have the same parity as n). It admits exactly two irreducible subsets:

1. P={(z,y) € E:x+yis even}
2. ZT={(z,y) € E:x+yisodd}

But, as we can see in Figure 1, the chain Y? behaves as a random walk on
each irreducible subsets:

1. On P, YP? has the same behavior as a random walk on Z starting from
[2,2N — 2] absorbed by {1,2N — 1}.

2. On Z, YP? has the same behavior as a random walk on Z starting from
[1,2N — 1] absorbed by {0,2N}.

Denote by Y}, (respectively Y7) the Markov chain such that for any 1 € P(P)
(respectively P(Z))

Pu(¥? € ) = Bu(Yh)1 € ) (respectively P,(Y] € ) = Bu(V2)1 € )
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Figure 1: The black dots represent the states in 9. The irreducible subsets
P and 7 are represented respectively by the dashed path and the filled path.
On each path, we see that Y? behaves as a random walk.

Let u € P(E x Z/27). Then there are A € [0, 1] and pp, uz € P(P) x P(ZT)
such that

p=Aup + (1= A)puz

Hence we see that two cases are possible

Proposition 7. 1. if N\ =1, Bpaz = P. Then pmaz = 2+/p(1 — p) cos (2(]\[1)),

and

n—1 2N-3 in2 Jm
1 L sin” (5
(A0 ) S 0 ()
= =y sin® (k)
k=1

2. if \# 1, Bpaw =Z. Then pmae = 2+/p(1 — p) cos (3 ), and

n—1 2N—1 in2 T
1 ] Sin IN
E, (an(M;f)‘T > n) e Z f(])ZN,l ( )
=Y i (3
k=1

When (Ap,)nen is moving as (40), the quasi-ergodic distribution is the
same as the non-moving quasi-ergodic distribution for one random walk
absorbed at {0,2K} except when the support of the initial distribution is
included in the set of even numbers. As a matter of fact, if the chain starts
from the set of even numbers, it can be absorbed only by {1,2N — 1}. Re-
mark also that the quasi-ergodic distribution of one random walk does not
depend on p anymore.
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We have also the existence of a Q-process according to theorem 4 which
is the time-inhomogeneous Markov chain (Z7),cn defined by

. (D)7
Pu(ZF =y +1|ZF | =y) = ;mﬁﬂ( Syl: <)K(§Z:)<> - >

K(y,n) K(y,n)

with K(y,n) = 2N — 1+ (=1)"Y,
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