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MALLIAVIN AND DIRICHLET STRUCTURES FOR
INDEPENDENT RANDOM VARIABLES

LAURENT DECREUSEFOND AND HELENE HALCONRUY

ABSTRACT. On any denumerable product of probability spaces, we con-
struct a Malliavin gradient and then a divergence and a number opera-
tor. This yields a Dirichlet structure which can be shown to approach
the usual structures for Poisson and Brownian processes. We obtain
versions of almost all the classical functional inequalities in discrete set-
tings which show that the Efron-Stein inequality can be interpreted as
a Poincaré inequality or that Hoeffding decomposition of U-statistics
can be interpreted as a chaos decomposition. We obtain a version of
the Lyapounov central limit theorem for independent random variables
without resorting to ad-hoc couplings, thus increasing the scope of the
Stein method.

1. INTRODUCTION

There are two motivations to the present paper. After some years of de-
velopment, the Malliavin calculus has reached a certain maturity. The most
complete theories are for Gaussian processes (see for instance (22, 31]) and
Poisson point processes (see for instance [1, 27]). When looking deeply at
the main proofs, it becomes clear that the independence of increments plays
a major role in the effectiveness of the concepts. At a very formal level,
independence and stationarity of increments induce the martingale represen-
tation property which by induction entails the chaos decomposition, which
is one way to develop Malliavin calculus for Poisson [23], Lévy processes [25]
and Brownian motion. It thus motivates to investigate the simplest situation
of all with independence: that of a family of independent, non necessarily
identically distributed, random variables.

The second motivation comes from the Stein’s method'. The Stein method
which was initially developped to quantify the rate of convergence in the
Central Limit Theorem [29] and then for Poisson convergence [9], can be
decomposed in three steps (see [13]). In the first step, we have to find
a functional identity which characterizes the target distribution and solve

Key words and phrases. Dirichlet structure, Ewens distribution, log-Sobolev inequality,
Lyapounov CLT, Malliavin calculus, Stein’s method, Talagrand inequality.

!Giving an exhaustive bibliography about Stein’s method is somehow impossible (ac-
tually, MathSciNet refers more than 500 papers on this subject). The references given
here are only entry points to the items alluded to.
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2 LAURENT DECREUSEFOND AND HELENE HALCONRUY

implicitely or explicitely (as in the semi-group method) the so-called Stein’s
equation. It reduces the computation of the distance to the calculation of

sup (E L1 F(X)] + E [LF(X)] ),
FeH

where H is the set of test functions which depends on the distance we are
considering, L1 and Lo are two functional operators and X is a random
variable whose distribution we want to compare to the target distribution.
For instance, if the target distribution is the Gaussian law on R,

L1F(z) = xf'(z) and LoF(z) = —f"(z).
If the target distribution is the Poisson law of parameter A,
LiF(n)=n(F(n)— F(n—1))and LaF(n) = A(F(n+1) — F(n)).

In the next step, we have to take into account how is defined X and trans-
form L1 F such that it can be written as —LoF +remainder. This remainder
is what gives the rate of convergence. To make the transformation of LqF,
several approaches appeared along the years. One of the most popular ap-
proach (see for instance [4]) is to use exchangeable pairs: Construct a copy
X' of X with good properties which gives another expression of L1 F', suitable
to a comparison with LoF'. To be more specific, for the proof of the CLT, it
is necessary to create an exchangeable pair (S,5") with S = > | X;. This
is usually done by first, choosing uniformly an index I € {1,---,n} and
then, replacing X; with X’ an independent copy of X7, so that the couple
(S, =8 — X7+ X’) is an exchangeable pair. This means that

(1) E[F(S)|I=a; X5 b#a] =E[F(S)| X, b+#a.

Actually, it is the right-hand-side of (1) which gave us some clue on how to
proceed when dealing with functionals more general than the sum of random
variables. An alternative to exchangeable pairs, is the size-biased [10] or zero
biased [16] couplings, which again conveniently transform L; F'. For Gaussian
approximation, it amounts to find a distribution X™* such that

E[L,F(X)| = E [F"(X")].

Note that for S as above, one can choose S* = S’. If the distribution of X*
is absolutely continuous with respect to that of X, with Radon derivative A,
we obtain
E[LiF(X)]=E [F"(X)AX)],

which means that we are reduced to estimate how far A is from the constant
random variable equal to 1. This kind of identity, where the second order
derivative is multiplied by a weight factor, is very similar to what can be
obtained via integration by parts. Actually, Nourdin and Peccati (see [20])
showed that the transformation step can be advantageously made simple
using integration by parts in the sense of Malliavin calculus. This works
well only if there exists a Malliavin gradient on the space on which X is
defined (see for instance [15]). That is to say, that up to now, this approach
is restricted to functionals of Rademacher [21], Poisson [15, 26] or Gaussian
random variables [24] or processes |11, 12]. Then, strangely enough, the first
example of applications of the Stein’s method which was the CLT, cannot
be handled through this approach. On the one hand, exchangeable pairs
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or size-biased coupling have the main drawback to have to be adapted to
each particular version of X. On the other hand, Malliavin integration by
parts are in some sense more automatic but we need to be provided with
a Malliavin structure. So, in order to prove the CLT without exchangeable
pairs or size-biased coupling, we need to construct a sort of gradient on a
space of independent random variables.

The closest situation to our investigations is that of the Rademacher space,
namely {—1, 1}, equipped with the product probability ®,en iy where py
is a Bernoulli probability on {—1,1}. The gradient on the Rademacher
space (see [21, 27]) does exist but it requires, for its very definition to be
meaningful,

DpF(Xy,--, Xn) = E[Xp F(Xq, -, X)) [ Xi, L # K],

that the random variables are real valued. In what follows, it must be made
clear that all the random variables may leave on different spaces, which are
only supposed to be Polish spaces. That means that in the definition of the
gradient, we cannot use any algebraic property of the underlying spaces.

Since Malliavin calculus is agnostic to any time reference, we do not even
assume that we have an order on the product space. It is not a major feature
since a denumerable A is by definition in bijection with the set of natural
integers and thus inherits of at least one order structure. However, this
added degree of freedom appears to be useful (see the Clark decomposition
of the number of fixed points of a random permutations in Section 4) and
bears strong resemblance with the different filtrations which can be put on
an abstract Wiener space, via the notion of resolution of the identity [30].
During the preparation of this work, we found strong reminiscences of our
gradient with the map A, introduced in [6, 28| for the proof of the Efron-Stein
inequality, defined by

ApF (X, Xn) =E[F[ X1, Xg| —E[F| Xy, , Xp].

Actually, our point of view diverges from that of these works as we do not
focus on a particular inequality but rather on the intrisic properties of our
newly defined gradient.

We would like to stress the fact that our Malliavin-Dirichlet structure gives
a unified framework for many results scattered in the literature. We hope
to give new insights on why these apparently disjointed results (Efron-Stein,
exchangeable pairs, etc.) are in fact multiple sides of the same coin.

We proceed as follows. In Section 2, we define the gradient D and its
adjoint &, which we call divergence as it appears as the sum of the par-
tial derivatives, as in R™. We establish a Clark representation formula of
square integrable random variables and an Helmholtz decomposition of vec-
tor fields. Clark formula appears to reduce to the Hoeffding decomposition
of U-statistics when applied to such functionals. We establish a log-Sobolev
inequality, strongly reminding that obtained for Poisson process [32], to-
gether with a concentration inequality. Then, we define the number oper-
ator L = 6D. It is the generator of a Markov process whose stationary
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distribution is the tensor probability we started with. We show in Section 3
that we can retrieve the classical Dirichlet-Malliavin structures for Poisson
processes and Brownian motion as limits of our structures. We borrow for
that the idea of convergence of Dirichlet structures to [8]. The construction
of random permutations in [18], which is similar in spirit to the so-called
Feller coupling (see [2]), is an interesting situation to apply our results since
this construction involves a cartesian product of distinct finite spaces. In
Section 4, we derive the chaos decomposition of the number of fixed points
of a random permutations under the Ewens distribution. To the price of an
additional complexity, it is certainly possible to find such a decomposition for
the number of k-cycles in a random permutation. We finish in Section 5 by a
quantitative version of the Lyapounov central limit theorem for independent
but not necessarily identically distributed random variables.

2. MALLIAVIN CALCULUS FOR INDEPENDENT RANDOM VARIABLES

For A a countable set, let (E4,a € A) be a family of Polish spaces. For
any a € A, let &, and P, be respectively a o-field and a probability measure
defined on E,. We consider the probability space Eg = [],c 4 Ea equipped
with the product o-field £4 = aé/ASa and the tensor product measure P =

® P,. The coordinate random variables are denoted by (X,,a € A). For
acA

any B C A, Xp denotes the random vector (X,,a € B), defined on Eg =
[l.c5 Ea equipped with the probability Pp = ® P,. A process U is a
a€eB

measurable random variable defined on (A x E4, P(A) ® £4). We denote
by L?(A x Ej4) the Hilbert space of processes which are square integrable
with respect to the measure acA€a @Pa (where g, is the Dirac measure
at point a):
U vy = 2 E[UZ] and (U, V) 1yaxpy) = > E[UaVd]
a€A acA

Following the vocabulary of point processes theory [17], we have the following
definition.

Definition 2.1. For a € A, the exvisible o-field G, is defined as G, =
o(Xp, b€ A\{a}). A process (U, a € A) is said to be exvisible if for any
a € A, the random variable U, is exvisible, i.e. U, € G,,.

We now introduce the set of cylindrical functionals, denoted by S, which
is as usual, of key importance.

Definition 2.2. A random variable F is said to be cylindrical if there exist
a finite subset B C A and a function Fg : Eg — L2(EA) such that F =
Fporpg, where rg is the restriction operator:

rp EA — EB
(xq,a € A) — (24,0 € B).

This means that F' only depends on the finite set of random variables (Xg, a €
B).
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It is clear that S is dense in L?(FE,).

2.1. Gradient.

Definition 2.3 (Discrete gradient). For F' € S, DF is the process of L?(Ax
E4) defined by one of the following equivalent formulations: For all a € A,

DoF(X4) = F(X4) —E[F(X4)]|Gdl
=F(Xa)— F(Xaa,®a) dPo(z4)

E,
= F(Xa) — B [F(Xawa, XJ)]

where X is an independent copy of X,.

For F € S, (D,F,a € A) defines an element of L?(A x E,) since there
exists a finite subset B C A such that F' = Fp orpg. Thus, for every a ¢ B,
F is G,-measurable and then D, F = 0. This implies that

E | IDFP| =E | [D.FP

acA acB
Definition 2.4. Let (g4, a € A) be an orthonormal basis of 1*(A). The set of
simple processes, denoted by So(I12(A)) is the set of random variables defined
on A x E4 of the form

U=> Uaga,

a€eB
for B a finite subset of A and such that U, belongs to S for any a € B.

= < 00.

IDFIZ2(ax)

Theorem 2.5 (Integration by parts). Let F' € S. For every simple process
U,

(2) (DF,U)r2(axE,) =

FZDU

acA

Proof. The process trace(DU) = (D,U,, a € B) belongs to L?(A x Ea):
Using the Jensen inequality, we have

E | DU,

a€B

(3) | trace(DU)|7. (AXE,)

<22E [U2] <

a€eB

Moreover,

<DF7U>L2(A><EA) :E

Z(F_E[F‘ga]) Ua

acA
=E|) (F-E[F|G]) Us| =E |F Y (Us ~E[Ua|Ga]) |,
acB acB
since the conditional expectation is a projection in L*(Ey). O

Corollary 2.6. The operator D is closable from L?(E4) into L>(A x Ey).
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Proof. Let (Fy,, n > 1) be a sequence of random variables defined on S such
that F, converges to 0 in L?(E,) and the sequence DF), converges to 7 in
L?(A x E4). Let U be a simple process. From the integration by parts
formula (2)

E ZDaFn U,| =E|F, ZDaUa
acA acA
where Z DU, € L*(E4) in view of (3). Then,
acA
(0, U)12(axp,) = lim E | Fy, 2;1DaUa =0,
ac

for any simple process U. It follows that 7 = 0 and then the operator D is
closable from L2(E4) to L?(A x Ejy). O

We denote the domain of D in L?(E4) by D, the closure of the class of
cylindrical functions with respect to the norm

NI

1Pl = (IF ) + IDF I3 )

We could as well define p-norms corresponding to LP integrability. However,
for the current applications, the case p = 2 is sufficient and the apparent
lack of hypercontractivity of the Ornstein-Ulhenbeck semi-group (see below
Section 2.3) lessens the probable usage of other integrability order.

As A is countable, we can choose with no loss of generality an order on
A, or equivalently say that A = N and define F,, = o(Xg, k < n), for any
n € A. Define Fy = {@,EA}.

Lemma 2.7. If there exists a sequence (Fy,, n > 1) of elements of D such
that 1) F,, converges to F in L?*(E4) and 2) sup,, || DF,||p is finite, then F
belongs to D and DF = lim,,_,, DF,, in D.

Proof. Since sup,, || DF,||p is finite, there exists a subsequence which we still
denote by (DF,,n > 1) weakly convergent in L?(A x E4) to some limit
denoted by n. For k > 0, let ny be such that ||F,,, — F||;2 < 1/k for m > ny.
The Mazur’s Theorem implies that there exists a convex combination of
elements of (DF,,, m > ny) such that

My,

| Zaf‘DFmi —nllz2axe,) < 1/k.
i=1

Moreover, since the af are positive and sums to 1,

My,
1D el Fo = Fllg2 < 1/k.
=1
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We have thus constructed a sequence

M,
§ k
i=1

such that F¥ tends to F' in L? and DF* converges in L%(A x Ej4) to a
limit. By the construction of D, this means that F' belongs to D and that
DF =n. O

Lemma 2.8. For any F € D, F is Fi-measurable if and only if D, F = 0
for any n > k. As a consequence, DF =0 if and only if F = E[F].

Proof. Let k € A. Assume that F' € Fi. Then, for every n > k, F is G-
measurable and D, F = 0.

Let F' € D such that D, F = 0 for every n > k. Then F' is G,-measurable
for any n > k. From the equality F, = ngkgn, it follows that F is Fj-

measurable. O
Lemma 2.9. For any F € D, for any k > 1, we have
(4) Dy E[F|Fi] = E[DpF | Fy] .

Proof. For any k > 1, F, NG = Fi_1, hence

DyE[F | F] = E[F|F] = E[F | Fr1] = E[DpF'| Fi] .
The proof is thus complete. O
Theorem 2.10 (Clark formula). For A=N and F € D,

+ZDk [F| Fil.

If A is finite and if there is no pmmleged order on A, we can write

A
Fl+ 2 <|B|> %D”E[F'XB]'

BCA

Proof. Let F an F,-measurable random variable. It is clear that

F-E[F]=) (E[F|F-E[F|F]) =) DiE[F|F].
k=1 k=1
For F' € D, apply this identity to F,, = E[F'| F,,] to obtain

F,-E[F] =) DiE[F|F].
k=1
Remark that for [ > k, in view of Lemma 2.8,
()  E[DyE[F|R]DE[F|FA]=E[DDEF|FEF|FA] =
since Dy, E[F'| Fy| is Fi-measurable. Hence, we get

E[|F-E[F|? >E[|F, -E[F]?] = E [DkE F| fk]Q] .
k=1
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Thus, the sequence (DyE[F|Fi], k > 1) belongs to I>(N) and the result
follows by a limiting procedure.

If A is finite, each bijection between A and {1,--- ,n} defines an order on
A. Hence, there are |A|! possible filtrations. Each term of the form
DikE[F’Xiu T 7Xik]
appears (k—1)! (|A| —k)! times since the order of X;,, -, X;, , is irrelevant
to the conditioning. The result follows by summation then renormalization
of the identities obtained for each filtration. O

The chaos decomposition is usually deduced from the Clark formula by
iteration. If we apply Clark formula to E [F'| Fi], we get

o
DyE[F|Fe) =Y DpDE[F | Fine = DE[F| Fil,
j=1
since j > k implies D;E [F'| F;] = 0 in view of Lemma 2.8 and the same
holds when k > j since it is easily seen that D;D;, = DyD;. For j = k,
simply remark that DDy = Dj. Hence, it seems that we cannot go further
this way to find a potential chaos decomposition.

For U-statistics, we can however simplify the Clark formula and retrieve
the so-called Hoeffding decomposition.

Definition 2.11. For an integer m, let h : R™ — R be a symmetric func-
tion, and X1, ,X,, n random variables supposed to be independent and
identically distributed. The U-statistics of degree m and kernel h is defined,
for any n > m by

Uy =U(X1,- , Xn) = (Z)l ST h(Xa)

A€([n],m)

where ([n],m) denotes the set of ordered subsets A C [n] = {1,--- ,n}, of
cardinal m.

More generally, for a set B, (B,m) denotes the set of subsets of B with
m elements.

If E[|h(X1, -+, X,)|] is finite, we define h,, = h and for 1 <k <m — 1,
hi(Xv, - Xi) = E[A(Xq, -, X)) [ X1y X
Let 6 = E[h(X1, -, X)], consider g1(X;1) = h1(X1) — 0, and

k—1
ge(X1, o, Xp) = hi(Xa, -, X)) =0 =) > g;(Xp),
J=1 B&([k].j)
for any 1 < k < m. Since the variables Xy, .-, X, are independent and
identically distributed, and the function h is symmetric, the equality

E[h(Xaup) | XB] = E[h(XcuB) | XB],
holds for any subsets A and C' of [n]\B, of cardinal n — k.
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Theorem 2.12 (Hoeffding decomposition of U-statistics, [19]). For any in-
teger n, we have

(6) Up=0+> HP
k=1

where H,(f) is the U-statistics based on kernel gy, i.e. defined by

Hﬁ“Z(Z)l > gk(Xg).

BcC([n],k)

Proof. Take care that in the argument of h, all the sets are considered as
ordered: When we write B U C, we implicitely reorder its elements, for
instance

h(X{1330p2)) = M(X1, X2, X3).
Apply the Clark formula,

no=(0) 3 S () e

A€([n],m) BCA beB
-1
n
() z(,B‘) HE Y DERC)|X
BCln] beB ADB
Ae([n],m)

() B ) F 5. E, peseana

BC[n beB Ce([n)\B,m—|Bl)

It remains to prove that

:C:L)_l 2 (\B[) ,Z > DE[(Xpuc) | X5l

BC[n],|B|<m beB Ce([n]\B,m—|B|)
for any integer n. For n =1, it is straightforward that
91(X1) = h(Xl) -0 = DlE [h(X1)|X1] .

Assume the existence of an integer n such that (7) holds for any set of
cardinal n. In particular, for any [ € [n + 1]

(M k)
Z(k)HAl
k=1

1

:@) > (!B\) ,Z S DE[MXpuc) | Xpl.

BC[A],[Bl<m beB Ce([A\B, m—|B|)
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where A; = [n 4+ 1]\{l}. Let m such that m < n. Then,

k=1
m n+1
m> (n + 1) Z Z
— Z 9:(XB)
k:1<k k n—|—1— 1=1 Be([A]k)
1 rili m\ (n\ ! Z (Xp)
= — I 9x(XB
=1 k=1 Be([Al] k)

Il
3
—+ | =
—
3
+
[
N
3 3
N———
I

x > <|B|> 3l > > DyE [M(Xpuc) | XB]
BC

beB Ce([A]\B,m—|B])

x > (!B\> Z > DyE [M(Xpuc) | XB]

BC[n+1],|B|<m beB Cce([n+1)\B, m—|B|)

:<n+1>_1
Sy (13\) FY X DEBa) | X,

BCln+1],|B|<m beB Ce(In+1]\B, m—|B])

where we have used in the first line that each subset B of [n+ 1] of cardinal k
appears in n+ 1 — k different subsets A; (for [ € [n+ 1]\ B), and in the same
way, in the penultimate line, that each subset B U C of [n+ 1] of cardinal m
appears in n+ 1 —m different subsets 4; (for [ € [n+1]\BUC). Eventually,
the case m = n + 1 follows from

n+1

> D 9(Xp)=h(Xjy) — 0
k=1 Be([n+1],k)
- 5 () S oE b x0),

BC[n+1] beB

by applying the Clark formula to h. O

As mentioned in the Introduction, it may be useful to reverse the time
arrow. Choose an order on A so that A can be seen as N. Then, let

/Hn:O'{Xk, k‘>n}.
and for any n € {0,--- ,N — 1},
HY = H, N Fx and HY = Fo={0, Ea} for k> N.
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Note that %év = Fn and as in Lemma 2.8, F' is Hp-measurable if and only
if D, F =0 for any n < k.

Theorem 2.13. For every F in D,

(8) F=E[F]+) DyE[F|H;1].
k>1

Proof. Remark that
DyE[F|HY || =E[F|Hy ] —E[F|H) 1 NGk
=E[F[H0] -B[F2].
For F' € Fy, since the successive terms collapse, we get

F-E[F|=E[F|H)]| -E[F|H}]

N 00
k=1 k=1

by the very definition of the gradient map. As in (5), we can show that for
any N,

E [DyE[F|H) ] DIE[F|HY,]] =0, for k# 1.
Consider Fy = E[F | Fy| and proceed as in the proof of Lemma 2.10 to
conclude. O

In the present context, the next result is a Poincaré type inequality as it
gives a bound for the variance of F' in terms of the oscillations of F'. In other
context, it turns to be called the Efron-Stein inequality [6].

Corollary 2.14 (Poincaré or Efron-Stein inequality). For any F' € D,
var(F) < HDFH%?(AXEA)’

Proof. According to (5) and (4), we have

2
> Dy E[F|F
keA

—E Z DLE[FIF) (2
Lke A i

var(F) = E

~E|} ‘E[Dk F|F] (2

LkcA i
<E|) E[DiFPIF]| =E|> IDiFP]|,
LkeA keA
where the inequality follows from then Jensen inequality. U

Another corollary of the Clark formula is the following covariance identity.
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Theorem 2.15 (Covariance identity). For any F,G € D,

(9) cov(F,G) =E | Y DiE[F|F] DiG| .
keA

Proof. Let F,G € D, the Clark formula entails

cov(F,G) = E[(F - E[F])(G - E[G])]
=E| > DE[F|F] DE[G|F)
| k,leA

=E |) DiE[F|F] DE[G]|Fi
Lica

- E ZDkF DE G| Fi]
Lke A

where we have used (5) in the third equality and the identity DyDy = Dy
in the last one. O

Theorem 2.16 (Concentration inequality). Let F' for which there exists an
order on A with

M = sup Y |DF(X)|E[|DyF(X)|| F] < oo.
XeE k=1

Then, for any x > 0, we have

P(F—E[F] > 2) < exp (‘m)

Proof. Assume with no loss of generality that F' is centered. Apply (9) to
OF and e/F

G‘E [FeGFH:e E

S" DyF D,E [eeF ]]-"k]] ‘
keA

<03 E [\DkF\ ‘DkE [eGF yfk} H .
keA
Recall that

DE [F | 7| = B/ [E [ | F| - B [/FOeXD | 7]
—E [E’ [eGF _IF <XﬁkvXé>] (fk}
=B [TE [1 -] | 7]
where AgF = F — F(X_4, X},) so that DyF = E' [AF].

Since (x +— 1 —e™7) is concave, we get

DyE [e"F | fk} <E [e”u — ¢ ODF) |}'k] <OE [e"F |DyF| |}'k] .
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Thus,

[o.¢]
¢’ " |DyF|E[| Dy F| | Fi]
k=1

‘E [FeGF” <OE

gMeE[eGF].

By Gronwall lemma, this implies that
92
E{ ] <exp(2 M)-
Hence,

2
P(F ~ B[F| > ) = (") > ) < exp(—a + ).

Optimize with respect to 6 gives Oopt = /M, hence the result. O

In the Gaussian case, the concentration inequality is deduced from the
logarithmic Sobolev inequality. This does not seem to be feasible in the
present context. However, we still have an LSI identity.

Theorem 2.17 (Logarithmic Sobolev inequality). Let a positive random

variable G € Llog L(E4). Then,
(10) E[GlogG] — E[G]log E[G] < ZE[ |DiGI* ]

E |G| G

Proof. We follow closely the proof of [32] for Poisson process. Let G €
L?(E4) be a positive random variable such that DG € L?(E4 x A). For any
1nteger N, define Gy = min(max(+,G), N), for any k, L, = E [Gn|F] and
Ly = [GN]. We have,

n—1
Lynlog Ly, — Lolog Lo = > _ Lyy1log Lyt — Ly log Ly
k=0
n—1 n—1
= Z log Li (L1 — Ly) + Z Liy1(log Li 1 — log Ly).
k=0 k=0

Note that (log Ly(Lgy1 — Lx), k> 0) and (Lgi1 — Lg, k > 0) are martin-
gales, hence
E [Ln log Ln — LO log LQ]

[n—1

=E Z Lyy1log Ly1 — Liy1log L — Li1 + Ly,
Lk=0

n—1
- E Z Ljy1log Lyy1 — Ly log Ly, — (log Ly + 1)(Lpy1 — Lk)]
Lk=0
n—1

=E | Lk, Ly — Ly)
Lk=0

where the function ¢ is defined on © = {(z,y) € R*: 2 > 0,z +y > 0} by
U(z,y) = (z +y)log(z +y) —xlogz — (logz + 1)y.
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Since £ is convex on O, it comes from the Jensen inequality for conditional
expectations that

n—1 n—1
> E[U(Lk, Liyy — L)) = Y EU(E Gy | Fi], Dt E [Gn | Fipr))
k=0 k=0

S |l

E [((E[G, | Fi-1] . E [DyGr | Fi])]

ol

Sl

—_

IN

E E[((E[G.|Gk], DxGn) | Fill

B
Il
—

E[({(E |Gy |G|, DrGy))

M T

E [((E[G) |Gk, DrGy)] -

B
Il
—_

We know from (32| that for any integer k, {(E[Gy, | Gk], DrG,) converges
increasingly to /(E [G| Gk, DiG) P-a.s., hence by Fatou Lemma,

E[GlogG] — E[G]log E[G Z E[G|Gi], DrG)].

k=1
Furthermore, for any (z,y) € ©, £(z,y) < |y|?/z, then,

> D.G|?
E [Glog G] — E[G]logE G Z [‘é‘;k}

The proof is thus complete. O

2.2. Divergence.
Definition 2.18 (Divergence). Let
Dom ¢ = {U € L*(Ax Ey):
3¢>0,YF €D, (DF,U)p2(axpy| < c HFHLQ(EA)}.
For any U belonging to Dom d, 6U is the element of L>(E4) characterized
by the following identity
(DE\U)r2(axE,) = E[F0U], for all F € D.
The integration by parts formula (2) entails that for every U € Dom 4,

SU = Z D,U,.

acA

Definition 2.19. The Hilbert space D(I?(A)) is the closure of So(I*(A)) with
respect to the norm
U124y = E +E

> U

a€A

DD DU

acAbcA
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In particular, this means that the map DU = (D,U,, a,b € A) is Hilbert-
Schmidt as a map from L?(A x E,) into itself. As a consequence, for two
such maps DU and DV, the map DU o DV is trace-class (see [33]) with

trace(DU o DV) = Y D,Uy, DyV,.
a,beA

Theorem 2.20. The space D(I?(A)) is included in Domé. For any U, V
belonging to D(I2(A)),

(11) E [6U 6V] = E [trace(DU o DV)].

Proof. For U and V in Sy(I%(A)), from the integration by parts formula,
E[0U V] =(Dé(U),V)r2(axE)

=E|) DUV,

LacA

=E Z VoD,Upy| — E Z V E [Dan | ga]
(a b)c A2 | (a,b)€A?

=E Z VDUb —E Z E[Va‘ga] Dan

| (a,b)cA? | (a,b)cA?

- E Z DyV, D,Us
_(a,b)eA2
= E [trace(DU o DV)].

It follows that E [6U?] < HUHD(P(A Then, by density, D(I2(A)) C Dom §
and Eqn. (11) holds for U and V in Dom §. O
Theorem 2.21 (Helhmoltz decomposition). Let U € D(12(A)). There erists

a unique couple (o, V) where p € L*(E4) and V € L?*(A x EA) such that
E[p] =0, 6V =0 and

Ua = DaS0+Va
for any a € A.

Proof. We first prove the uniqueness. Let (¢, V) and (¢’, V') two convenient
couples. We have Dy(p — ¢') = V] =V, for any a € A and 3.4 Do(V, —
Va) = 0, hence

0=E|(p—¢)>_ DalV,

a€A

E ) Dale—¢)(V)—Va)

a€A

=E|) (Vi -W)?
acA
This implies that V' = V' and D(p — ¢') = 0. The Clark formula (Theo-

rem 2.10) entails that 0 = E[p — ¢/ = ¢ — ¢'.
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We now prove the existence. Since E [Dy¢|G,] = 0, we can choose
Va:E[Ua’ga]a

which implies Dy, = D,U,, and guarantees V' = 0. Choose any ordering
of the elements of A and remark that, in view of (5),

<§:E[DkUk’fk]> =E (kaE[Uk’ka
k=1 k=1

oo (o]
=E Z(DkE (U | Fi ) ] Z [IDLUL?] < 101D 2y
k=1 k=1
hence
o0
v =Y E[DyUy|Fil,
k=1
defines a square integrable random variable of null expectation, which satis-
fies the required property. O

2.3. Ornstein-Uhlenbeck semi-group and generator. Having defined
a gradient and a divergence, one may consider the Laplacian-like operator
defined by L = —§ D, which is also called the number operator in the settings
of Gaussian Malliavin calculus.

Definition 2.22. The number operator, denoted by L, is defined on its do-

main
E | |DFP?
acA

Dom L = {F € L*(E,) : < oo}

F—=_6DF = — ZDQF.
a€A

The map L can be viewed as the generator of a symmetric Markov process
X, which is ergodic, whose stationary probability is P 4. Assume first that A
is finite. Consider (Z(t),t > 0) a Poisson process on the half-line of rate |A|,
and the process X (t) = (X1(t), -+, Xn(t), t > 0) which evolves according
to the following rule: At a jump time of Z,

e Choose randomly (with equiprobability) an index a € A,
e Replace X, by an independent random variable X! distributed ac-
cording to P,.

For every © € E4, a € A, set 2y = (T1,"** , Ta—1, Tatl, " , xw). The
generator of the Markov process X is clearly given by

4] Z| i L (P ) - Fa) P.(e) = =3 DaF (2

The factor |A]| is due to the intensity of the Poisson process Z which jumps
at rate |A|, the factor |A|~! is due to the uniform random choice of an index
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a € A. Thus, for a finite set A, L coincides with the generator of X. To
extend this result to the case of a countable set, we apply the Hille-Yosida
theorem:

Proposition 2.23 (Hille-Yosida). A linear operator L on L%*(E.) is the
generator of a strongly continuous contraction semigroup on L*(E4) if and

only if

(1) Dom L is dense in L*(E4).
(2) L is dissipative i.e. for any A > 0,F € Dom L,

IAF = LF12(5,) = M Fll2(54)-
(3) Im(AId —L) dense in L*(E4).

Proof. We know that S C Dom L and that S is dense in L?(E4), then so
does Dom L.

Let (A, n > 1) an increasing sequence of subsets of A such that U,>1 A4, =
A. For F € L*(Ea), let F,, = E[F| Fa,]. Since (F,, n > 1) is a square inte-
grable martingale, F}, converges to F both almost-surely and in L?(E4). For
any n > 1, F, depends only on X4, . Abusing the notation, we still denote by
F,, its restriction to E 4, so that we can consider L, F,, where L,, is defined as
above on E4,. Moreover, according to Lemma 2.9, D, F,, = E[D,F | Fa,],
hence

2
PEalagss) < N = LnFalas,,) = B (AF" -2 DaF">
acA

2
n—00

=E |E T2 |AF = LF|[72(g,)-

AF =3 D,F ‘ Fa,
a€A

Therefore, point (2) is satisfied.

Since A, is finite, there exists G,, € L?(FE4,) such that
Fp = (Ald=Ly)Gn(Xa,) = AGn(Xa,) = > DaGn(Xa,)
acAn

= )\én(XA) — Z Daén(XA) = )‘én(XA) - Z Daén(XA)’

acAn acA

where G,(X4) = Gn(X4,) depends only on the components whose index
belongs to A,. This means that F,, belongs to the range of AId —L and we
already know it converges in L2(E4) to F. O

Definition 2.24. The Ornstein-Uhlenbeck semi-group of generator L, de-
noted (P;)¢>0, s defined on L*(E4) by

PF(z) = E[F(X(1))| X(0) = z]
for any x € E4.
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From the sample-path construction of X, the next result is straightforward
for A finite and can be obtained by a limiting process for A denumerable.

Theorem 2.25 (Mehler formula). For a € A, z, € E4q and t > 0, let
Xo(xq,t) the random variable defined by
X, (0. ) = :ca/ wz:th pmbabz:lz:ty (1t— e ),
X)  with probability e™*,
where X! is a Py-distributed random variable independent from everything
else. In other words, if PE' denotes the distribution of Xa(xg,t), Prel s q
convex combination of €5, and P:

Prol = (1 —e ) ey, +e 1P,

For anyx € E4, anyt > 0,
PE@) = [ F@) 5 dPit.)
Ea acA
It follows easily that (P, t > 0) is ergodic and stationary:
lim P,F(z) = [ FdP, and X(0) %P, = X(t) "% P,.
t—o0 E4
Theorem 2.26. Let F € L?(E,). For everya € A, x € Ea,

(12) D, P,F(z) = e 'P,D,F(x)

Proof. For A finite, denote by Z, the Poisson process of intensity 1 which
represents the time at which the a-th component is modified in the dynamics
of X. Let 7, = inf{t > 0, Z,(t) # Z,(0)} and remark that 7, is exponentially
distributed with parameter 1, hence

E[F(X(t)1izr, | X(0) = 2]

=(1—-e"HE [ ; F(X_o(t),2)) dP,(z})

— (1- ¢ ) BB[F(X(1)|G.) | X(0) =]
—B[E[F(X(1) ]G] Lizr, | X(0) = a].

0 =1

Then,
Do P F(z) = BF(z) — E[PF(z)|Gd]
= E[(F(X(t)) — E[F(X(2)) [ Ga]) i<, | X(0) = 2]
+E[(F(X(1) - E[F(X()) [ Ga])Lizr, | X(0) = 2]
= e 'P,D,F(x).
For A infinite, let (A4, n > 1) an increasing sequence of finite subsets of A
such that U,>14, = A. For F € L?(E,), let F,, = E[F | Fa,]. Since P is a
contraction semi-group, for any ¢, P,F,, tends to P.F in L?(E4) as n goes to

infinity. From the Mehler formula, we known that P, F,, = P'F,, where P"
is the semi-group associated to A, hence

13 D,P,F, = D,P"F, = e 'P"D,F,.
t t
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Moreover,
Z |D P F, 2| =e Z E [|P.D,Fy|?]
acAn ac€An
72t Z |D F |
a€An
= Y E[E[D.F|Fa,] ]
ac€An
—2t Z ‘D F’
a€An

< e | DFfp.

According to Lemma [2.7], this means that P.F belongs to D. Let n go to
infinity in (13) yields (12). O

From (12), can be deduced another covariance identity.

Theorem 2.27. For any F,G € D,

E|Y DiF / ~'P,E [D,,G|F] dt] .

keA

(14) cov(F,G)

Proof. Let F,G € L*(E,).

cov(F,G) Z Dy E [F|Fy| DyE [G|F]

keA

keZADkE [F| Fi] <— /0 LP,E [G|F] dt>]
> DyE[F|F] (Z Dy PE [G|Fy] dt)]

o0
0 keA leA
[oe)
= / e 'E
0

when we have used the orthogonality of the sum, (12) and the Fj-measurability
of P.D,E [G|Fy] to get the last equality. O

=E

> DyFP.DiE [G|F]
keA

3. DIRICHLET STRUCTURES

For the definitions and properties of Dirichlet calculus, we refer to the
first chapter of [7]. On (E 4, P 4), we have already implicitly built a Dirichlet
structure, i.e. a Markov process X, a semi-group P and a generator L
(see subsection 2.3). It remains to define the Dirichlet form £4 such that
Ea(F) = E|[F LF)] for any sufficently regular functional F.
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Definition 3.1. For F' € D, define

> [DaFf?

a€A

Ea(F) =E = [IDFIIE2 (4,

The integration by parts formula means that this form is closed. Since
we do not assume any property on F, for any a € A and since we do not
seem to have a product rule formula for the gradient, we cannot assert more
properties for £4. However, following [8], we now show that we can recon-
struct the usual gradient structures on Poisson and Wiener spaces as well
choosen limits of our construction. For these two situations, we have a Polish
space W, equipped with B its borelean o-field and a probability measure P.
There also exists a Dirichlet form £ defined on a set of functionals D. Let
(En, An) be a sequence of Polish spaces, all equipped with a probability
measure Py and their own Dirichlet form £y, defined on Dpy. Consider
maps Uy from Ey into W such that (Uy )Py, the pullback measure of Py
by Up, converges in distribution to P. We assume that for any F' € D, the
map F o Uy belongs to Dy. The image Dirichlet structure is defined as
follows. For any F' € D,

EUN(F) = EN(F o Uy).
We adapt the following definition from [8].

Definition 3.2. With the previous notations, we say that (Un).Pn, N >
1) converges as a Dirichlet distribution whenever for any F € Lip ND,

lim EYN(F) = E(F).
N—o0

3.1. Poisson point process. Let Y be a compact Polish space and Ny be
the set of weighted configurations, i.e. the set of locally finite, integer valued
measures on Y. Such a measure is of the form

o]
W = an efna
n=1

where ({,, n > 1) is a set of distinct points in Y with no accumulation point,
(pn, n > 1) any sequence of positive integers. The topology on Ny is defined
by the semi-norms

pr(w) =

)

> pn £(Gn)
n=1

when f runs through the set of continuous functions on Y. It is known (see
for instance [17]) that Dy is then a Polish space for this topology. For some
finite measure M on Y, we put on 91y, the probability measure P such that
the canonical process is a Poisson point process of control measure M, which
we consider without loss of generality, to have total mass M(Y) = 1.

On Ny, it is customary to consider the difference gradient (see [14, 23, 27]):
For any x € Y, any w € Ny,

D,F(w) = F(w+¢&;) — F(w).
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Set

Dp = {F : Ny — R such that E [/ |D,F|? dM(y)} < OO}
Y

and for any Fe Dp,

(15)  &(F)=E [/Y\DQCF]QdM(y)] .

To see the Poisson point process as a Dirichlet limit, the idea is to partition
the set Y into N parts, C{, -+, C¥ such that M(CY) = p¥ and then for
each k € {1,--- , N}, take a point C,iv into C,iv so that the Poisson point
process w on Y with intensity measure M is approximated by

N
WwN = w(eh) ECN-
k=1

We denote by P the distribution of w”. By computing its Laplace trans-
form, it is clear that Py converges in distribution to P. It remains to see
this convergence holds in the Dirichlet sense for the sequence of Dirichlet
structures induced by our approach for independent random variables.

Let (¢, k=1,---,N) (respectively (py, k=1,---,N)) be a triangular
array of points in Y (respectively of non-negative numbers) such that the
following two properties hold: 1) the p]kv ’s tends to 0 uniformly:

1
(16) p" = sup py = O(5);
k<N
2) the C,iv ’s are sufficently well spread so that we have convergence of Rie-
mann sums: For any continuous and M-integrable function f : Y — R, we
have

N
N
a7) > @ 2 [ @) aM).
k=1
Take f =1 implies that >, p]kv tends to 1 as N goes to infinity.

For any N and any k € {1,--- , N}, let ,u]kv be the Poisson distribution on
N, of parameter p]kv. In this situation, let Ey = NV with pV = ®fc\;1,uév.
That means we have independent random variables M{¥, --- M JJ\\,T , where
M ,iv follows a Poisson distribution of parameter p]kv for any k € {1,--- ,N}.
We turn these independent random variables into a point process by the map

Uy defined as
Uy : NN — Ny
N

(mi,--- ,mn) — ka EeN -
k=1
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Lemma 3.3. For any F € Dp,
(18) EY¥(F)

N oo 00 2
=2 2 FE (Z( w<m>+fe<N>—F<wfx;>+Te<,zg>)nﬁ<7>> i (o),

m=1 (=0 7=0

where w =D ktm My Ecy-

Proof. According its very definition,

EUN ZE ( —|—M €<N ZF +T€CN)Mm( ))

The result follows by conditioning with respect to M2, whose law is . O

Since the vague topology on 9y is metrizable, one could define Lipschitz
functions with respect to this distance. However, this turns out to be not
sufficient for the convergence to hold.

Definition 3.4. A function FF Ny — R is said to be TV — Lip if F is
continuous for the vague topology and if for any w, n € Ny,
|F(w) = F(n)| < distry(w, n),

where distpy represents the distance in total variation between two point
measures, i.e. the number of distinct points counted with multiplicity.

Theorem 3.5. For any F € TV — Lip N Dp, with the notations of Lemma [3.3]
and (15),

UN(F) X2 g().

Proof. Starting from (18), the terms with 7 = 0 can be decomposed as

2%2 [( @, +g<N>_F<wg;)>)1 1N (1) + RY.

Since F belongs to TV — Lip,

N oo
Ry < Z Zl%u%(l) < e N(pV)’E [(Poisson(pN) + 2)2] < ey N(pM)?,

m=1 (=2

where the ¢; and ¢y are irrelevant constants. As Np" is bounded, R(])V goes
to 0 as N grows to infinity. For the very same reasons, the sum of the terms
of (18) with 7 > 1 converge to 0, thus

N 2
lim EY¥(F) = lim Z e B [(F(wf\[n) +een) — F(wf\[n))) } N,

N—oo N—oo
m=1
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Consider now the space NG = Ny x {Cév, k=1,---,N} with the product
topology and probability measure Py =Py ® ), pN ECN- Let

YNy x{N, k=, ,N} —FE

(. O (Flw— (@(Q) ~ Do)~ Pl —w(Q)eo))

Then, we can write

iv: E [(F(wffn) +een) — F(wffn))>2] Py = /m§{ P(w,n) dPy(w, ().

m=1

Under Py, the random variables w and ¢ are independent. Equation (17)
means that the marginal distribution of ¢ tends to M (assumed to be a
probability measure at the very beginning of this construction). Moreover,
we already know that Py converges in distribution to P. Hence, Py tends
to P®M as N goes to infinity. Since F'is in TV — Lip, 9 is continuous and
bounded, hence the result. O

3.2. Donsker theorem. For details on Gaussian Malliavin calculus, we
refer to [22, 31]. We now consider P as the Wiener measure on W =
Co([0,1];R). Let (hg, k > 1) be an orthonormal basis of the Cameron-Martin
space H,

t
H={f:[0,1] >R, 3f € L? with f(t) = /O F(s)ds} and [fllm = [l Fllz2-
A function F' : W — R is said to be cylindrical if it is of the form
F= f((SBvl’ e ’6an)’

where vy, -+ , v, belong to H, v is the Wiener integral of v and f belongs
to the Schwartz space S(R"™). For h € H,

0
VhF(w) = Z a—mi((stl,- o 75an) hk.
k=1

The map V is closable from L2(W;R) to L?(W; H). Thus, it is meaningful
to define Dpg as the closure of cylindrical functions for the norm

[Fll2 = [[1Fll2 + IVFl 2w )
Definition 3.6. A function F : W — R is said to be H-C! if

o for almost allw € W, h — F(w + h) is a continuous function on
H,

e for almost allw € W, h — F(w+ h) is continuously Fréchet differ-
entiable and this Fréchet derivative is continuous from H into RQ H .

We still denote by VFE' the element of H such that

diF(w Y rh)| = (VFW), B
T 7=0
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For N > 1, let
t
(1) = VN Ly ®) and 1Y (0) = [ el (s)d.

The family (b)Y, k& > 1) is then orthonormal in H. For (M, k > 1) a
sequence of independent identically distributed random variables, centered
with unit variance, the random walk

N
wN () = My 1Y (t), for all t € [0,1],
k=1

is known to converge in distribution in W to P. Let Exy = R equipped
with the product measure Py = ®f€\7:11/ where v is the standard Gaussian
measure on R. We define the map Uy as follows:

UN:EN—>W
N

m = (ml,--- ,mN) — kahé\[
k=1

We can then restate the Donsker theorem by saying that (Un).Pxn converges
to P. It follows from our definition that:

Lemma 3.7. For any F € L?>(W;R),

o) (s - [ty )
k=1

where w% = wV — M, h]kv and Mj is an independent copy of My. The

expectation is taken on the product space RNTY equipped with the measure
Py®vu.

The definition of Lipschitz function we use here is the following:

Definition 3.8. A function F : W — R is said to be Lipschitz if it is H-C*
and for almost all w € W,

(VE, k)| < [|A]| 1.

In particular since eév > 0, this implies that

1
VE, B < h¥ (1) = hY(0) = —-
(V)< (1) = Y (0) = —
For F € D NH-C!, we have
(19) F(w+h) = F(w) = (VF(W), b + [|B]l 11 e(w, ),

where £(w, k) is bounded and goes to 0 in L2, uniformly with as ||A]| 1 tends
to 0.

Theorem 3.9. For any F € D N H-C!,
EUNV(F) 2= B [|VF|%] = £(F).
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Proof. For F € Dg N H-C!, in view of (19), we have
F(w") = F(w{y + Mj.hy)
| My — M|

= (M, — M}) (VF(w(jy), b )m + i e(w(ty hr)-

> () & gy 2 )]
|

’Mk\/ﬁ w(k)’hév)bﬁ

iE (V). hVh] + Rem,
k=1

N
-y E {(Mk (VEwi), b )y +E

and N
Cc N Ny 2| N—oo
Rem < N Eﬁ E [a(w(k),hk ) ] — 0,

by the Césaro theorem. It follows that EYN (F') has the same limit as

N
SB [(VE), i -
k=1

As N goes to infinity, we add more and more terms to the random walk, so
that the influence of one particular term becomes negligible. The following
result is well known [8, Proposition 3|: For any k, for any bounded ¢ and ¢,

N—o0
E [{(M)p(w™)] === B[{ (M) E [p(w)].
Since |V F| g belongs to L and ||hY ||« tends to 0, this entails that for any
k,

lim B [(VFl), h)%] = lim E[(VF@Y), i)]

N—oo

. Ny (|12
= lim E [|lry, VEW")|[%] .

where 7y, is the orthogonal projection in H onto span{h{cv yk=1,--- N}
We conclude by dominated convergence. O

4. APPLICATIONS TO PERMUTATIONS

For every integer N, denote by &y the space of permutations on {1,--- , N'}.
We always identify Gy as the subgroup of Gy, stabilizing the element
N + 1. For every k € {1,--- N}, define J, = {1,--- ,k} and

T=N"xTox - XIN.
The coordinate map from J to Jj is denoted by Ij. Following [18], we have

Theorem 4.1. There exists a natural bijection I' between J and Sy .
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Proof. To a sequence (i1,--- ,iy) where iy € Ji, we associate the permuta-
tion

F(il,--- ,iN) = (N, ZN) o (N - 1, iN—l) ...0 (2,i2).

where (i, j) denotes the transposition between the two elements i and j.

To an element oy € Sy, we associate iy = on(IN). Then, N is a fixed
point of oy_1 = (N, ix) ooy, hence it can be identified as an element oy _;
of 6ny_1. Then, iy_1 = on_1(N — 1) and so on for decreasing indices.

It is then clear that I' is one-to-one and onto. O

In [18], I is described by the following rule: Start with permutation o1 =
(1), if at the N-th step of the algorithm, we have iy = N then the current
permutation is extended by leaving N fixed, otherwise, N is inserted in on_1
just before i in the cycle of this element. This construction is reminiscent
of the Chinese restaurant process (see [2|) where iy is placed immediatly
after N. An alternative construction of permutations is known as the Feller
coupling (see [2]). In our notations, it is given by

o1=(1); on =0on_10 (0;[171(2']\/), N).

Definition 4.2 (Ewens distribution). For somet € R", for any k, consider
the measure Py, defined on Jy by

1 .
P.({j}) = .
_ i = k.
P — for j

Under the distribution P = ®,Py, the random variables (I, k =1,--- ,N)
are independent with law given by P(Iy = j) = Pr({j}), for any k.

The Ewens distribution of parameter t on Sy, denoted by P!, is the pull-
back of P by the map T'.

A moment of thought shows that a new cycle begins in the first construc-
tion for each index where i, = k. Moreover, it can be shown that

Theorem 4.3 (see [18|). For any o € Gy,
tcyc(a)
t+D(t+2)x--x(t+N-1)

where cyc(o) is the number of cycles of o.

Pi({c}) =

For any F', a measurable function on Gy, we have the following diagram
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(Iv ®{CV:1P/€)
(Gy, PY) R

We denote by i = (i1,--- ,iy) a generic element of 7 and by o = I'(4).

Let Ci(o) denote the number of fixed points of the permutation o and
C’l = Cyol. For any k € Jn, the random variable Ug(o) is the indicator
of the event (k is a fixed point of o) and let Uév = Uk oI'. The Clark
formula with reverse filtration shows that we can write Uév as a sum of
centered orthogonal random variables as in the Hoeffding decomposition of
U-statistics (see Theorem 2.12).

Theorem 4.4. For any k € {1,--- |N},
(20) Uy = (1, =k) (1,0 £k, me{kt1, ,N})-

and under Pt, f],iv 18 Bernoulli distributed with parameter tpray, where for
any k€ {1,--- |N},

N

j—1
and oy, = H -
j:k+1t+’]_1

1

Pk =1

Moreover,

N
U/ziV = tppay + (1(Ik:k) - tpk) H L1,k
m=k-+1
N—k-1

frk—1 N—k
~ Pk jZ: Tkt _2 (1<Ik+j:k> _pk+j> lljllluwék)-

Proof. By the previous construction, for

N

i= (i, in) € Lk=k)N () Um#k),

m=k-+1

the permutation o = I'(7) admits k as a fixed point. Hence,

N
{(Ikzkm N (Im#m} c (OF =1).

m=k-+1

As both events have cardinal (N — 1)!, they do coincide. The values of py
and «y are easily computed since the random variables (I,,,, k < m < N)
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are independent. According to Theorem 2.13,
U =E [ffg] + fj DE [ffk | 7—LH]
=1
—E [ffg] +ij [z?,gvml,l} _E [Ugvml} .
=1

Since Uév € Hi—1, DIE [Uk |’H1_1} =0 for [ < k. For [ = k, we get

N
E | 1,—r H 17,20 H ks Tigas - ]
m=k+1
N
—E L(1=k) H L1, k) | Tit1, Tryo, ]
m=k-+1
N
= (l(lk:k) - Pk({k})> H 11, k)
m=k-+1

Forl =k +1,

N
E|15-n [] 1(Im75k)’1k+171k+27"']
m=k-+1

- E

N
1(Ik:k) H 1(Im75k) | Ik+2, Ik+3, o ]
m=k+1
N

= 1Pk (1(Ik+17ék) - Pk+1({k}6)> H L(1,,2k)
m=k+2

N
= =t (120~ Penn(@8D) TT L
m=k-+2

The subsequent terms are handled similarly and the result follows. O

Since
N
Cr=> UL
k=1
we retrieve the result of [3]:

B[0] = 5T

and the chaos decomposition of C can be easily deduced from the previous
theorem.
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Theorem 4.5. We can write

N -1 N
Cl:t<1 N+t—1> Z DU +Zt+l Z<ZH1”’"¢’“>>

=1 k=1m=l
N N
t—1 t
—t(1- - 1
(1= 55) * X - =) 1T 2
N-1o, -1 <
> 52 (Lu=n - ) H Lt th)-
= 2 H'l =I+1
Proof. By the very definition of C7, we have
(21) Ci=E [cl} +3°S DE [U,ﬁv | Hl_l} .
k=1 1=k

For k=1, B [U,gV |’Hl_1} = U and for I > k,

=

- t 1 1
N — _ -
E[Uk |Hl_1]_t+k—1<1 t+k>"'<1 t+l—2>mll(l’”¢k)
" N
=iz L s

It is straightforward that [ > k,

N
Dy <H 1(%#)) = (1@#) - (1= Hl_ T > H L(1, k)
m=l

=I+1

:—<1(nk> tH > H (1,0 0)-

=Il+1

The result then follows by direct computations. O

This decomposition can be used to compute the variance of Cj.

Theorem 4.6. For anyt € R, we get

N Nt t 2 L1
Ch| = 1-— == - - 1.
varlCi] t+N—1<t+N—1+ N kz_lt+/<:—1>

Proof. Recall that for j # [, D/E [Uév | H,— 1} and D;E [ m | Hji— 1] are or-

thogonal in L2. In view of (21), according to the integration by parts formula,
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we have
N N N
Var[él]: ZZ E[DlE[Uk ‘Hl 1]DE[ m‘H] 1“
m=1 l=k j=m

™M= 1=

> om0 170 e[ |

1i=kv

N N N
zz S Y E[UNDE[ON ]|
k=1m=k+1il=m
N
D

k=11

HMZ

3

+E

Mz

N DE [0,§V|"Hl_1]] :

[
B

Then, for I > m > k,

B 67 b [0 14

N
t
R {1@@”6) II 1 <1Uzm> t+1— 1> H Ly, ¢m>]

p=k+1 j=l+1
N
tPr({k})
=2 \Fidmh - t+g H Lo | B | TT Lapgtemy
p=k+1 p=I+1

since, for any [ > m > k

1

E [Yg=mLzn)] = B [Lu=m] = Pilim}) = o7

Furthermore, for [ > k,

E [0,? DE [U,ﬁv | ’HHH

= —#E 1, — INl 1 (1 —k) — ;> |N| 1 ]
t +l _ 2 (Ik*k) p:k+1 (Ilﬁék;) (Il*k) t + l _ 1 p:lJrl (Izﬁék)
= — ! —Pr({F}E [ [T 1 Ip;ék]
(t+1—-1)(t+1 ) et

t2
T+ l—D){E+I—2)(t+N—-1)
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as H}];V:kﬂ 11,20 (5,=k) = 0, for I > k. Finally, for [ = k, we get

E [0,? DE [U,ﬁv | ”HHH

N N
t
=E 14— [] Lazn <1(Ikk> Ty 1) II 1
p=k+1 p=k+1

_ t t2 t+k—1
S \t+k-1 (t+k-12)t+N-1
B t(k —1)

(t+k-—1)(t+N-1)
It follows that

var [C1]
N

_t+N—1k:”:k+l(t+l—1)(t+l—2) t+N -1t +k—1

N
t Nt 1
= N-223 ——
t+N—1<t+N—1+ k1t+k—1>’

so that we retrieve

var [Cy] —— t,
N—o00

as can be expected from the Poisson limit. O

5. LYAPOUNOV CENTRAL LIMIT THEOREM

To the best of our knowledge, there is no quantitative version of the Lya-
pounov CLT [5] for independent but not identically distributed random vari-
ables. The main reason being that the usual coupling mentioned in the in-
troduction is no longer effective when the random variables do not have the
same distribution. We now show how to use our framework to get such a
theorem.

The Wasserstein (or Kolmogorov-Rubinstein) distance between p and v,
two probability measures on R is defined by

dist(p,v) = sup / Fd,u—/qu.
FeLip, JR

The Stein’s method [4, Lemma 2.3] says that when p is the standard Gaussian
measure,

dist(u,v) = ??EIZ/R(QUF@) — F'(z)) dv(z),

where L is the set of C? functions such that || F”||s < 2.
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Theorem 5.1. Let (X,,, n > 1) be a sequence of thrice integrable, indepen-
dent random variables. Denote

n

02 = var(X, Za and Y, = Z(Xj—E[Xj]).
" j=1
Then,
6
dist (Yy, N g—gz [1X; -E[X;]P].

Proof. With no loss of generality, we assume that E [X,,] = 0 for any n > 1.
For the sake of notation, we introduce

For any j, X, is centered and independent from G; hence D; X; = X;. Then,

E[Y, F(Y,)] = —ZE D)X, F(Y,)]

:—ZEX D;F(Y,)]

j=1
X X!
~Llyw [Xj (F(Y,:ﬂ TR R —J))] ,
Sn = Sn, Sn

where X ]’ is an independent copy of X; and the expectation is computed
on the product space. The Taylor expansion with integral remainder can be
interpreted as

E[Y, F(Y,)] = o ZE X)) F'(Y, )]

1 . X X X!
T3 >k [XJ‘XJ‘ = X)) PV, + 2 (2 - —JD} = Ayt Ay,

Sn Sn Sn

where O is a [0, 1]-uniformly distributed random variable independent of the
other variables. Since ||F"||s < 2, it is easily seen that

A2<—ZE 1 X51(X; — X)) ZE X, °]

nog=1

Furthermore,

b= g DB



MALLIAVIN-DIRICHLET STRUCTURES FOR INDEPENDENT R.V. 33

Thus, since F’ € L is 2-Lipschitz continuous,

1| iy
A= E[F(¥)] | = = |3 o} (B [F(v,7) - F(v)])
2 2
<3 Z BlXl =< 5 Z [1%51°]
Sh j=1 Sn j=1
In brief,
|E [Y, F(Y,) — |<—ZE 1X;51%]
and the result follows. O
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