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Abstract

In this work we develop arbitrary-order Discontinuous Skeletal Gradient Discretisations (DSGD) on gen-
eral polytopal meshes. Discontinuous Skeletal refers to the fact that the globally coupled unknowns are
broken polynomials on the mesh skeleton. The key ingredient is a high-order gradient reconstruction
composed of two terms: (i) a consistent contribution obtained mimicking an integration by parts for-
mula inside each element and (ii) a stabilising term for which sufficient design conditions are provided.
An example of stabilisation that satisfies the design conditions is proposed based on a local lifting of
high-order residuals on a Raviart—Thomas—Nédélec subspace. We prove that the novel DSGDs satisfy
coercivity, consistency, limit-conformity, and compactness requirements that ensure convergence for a va-
riety of elliptic and parabolic problems. Links with Hybrid High-Order, non-conforming Mimetic Finite
Difference and non-conforming Virtual Element methods are also studied. Numerical examples complete
the exposition.

Keywords: Gradient discretisation methods, Gradient Schemes, high-order Mimetic Finite Difference
methods, Hybrid High-Order methods, Virtual Element methods, non-linear problems
2010 MSC: 65N08, 656N30, 65N12

1. Introduction

The numerical resolution of (linear or non-linear) partial differential equations (PDEs) is nowadays
ubiquitous in the engineering practice. In this context, the design of convergent numerical schemes
is a very active research topic. The Gradient Discretisation Method (GDM) is a recently introduced
framework which identifies key design properties to obtain convergent schemes for a variety of linear and
non-linear elliptic and parabolic problems. Several models of current use in fluid mechanics fall into the
latter categories including, e.g., porous media flows governed by Darcy’s law, phase change problems
governed by the Stefan problem [36], as well as simplified models of the viscous terms in power-law
fluids corresponding the Leray—Lions elliptic operators. The latter also appear in the modelling of glacier
motion [38], of incompressible turbulent flows in porous media [26], and in airfoil design [37].

A Gradient Discretisation (GD) is defined by a finite-dimensional space encoding the discrete un-
knowns, as well as two linear operators acting on the latter, and corresponding to reconstructions of
scalar functions and of their gradient. For a given PDE problem, convergent GDs are characterised
by four properties, which can also serve as guidelines for the design of new schemes: coercivity, which
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corresponds to a discrete Poincaré inequality; GD-consistency, which expresses the ability of the scalar
and gradient reconstructions to approximate functions in the space where the continuous problem is set;
limit-conformity, linking the two reconstructions through an approximate integration by parts formula;
compactness, corresponding to a discrete counterpart of the Rellich theorem.

In the recent monograph [28], several classical discretisation methods have been interpreted in the
GDM framework. These include: arbitrary-order conforming, nonconforming, and mixed Finite Elements
(FE) on standard meshes; arbitrary-order discontinuous Galerkin (DG) schemes in their SIPG form [1]
(see, in particular, [35] on this point); various lowest-order Finite Volume methods on specific grids;
lowest-order methods belonging to the Hybrid Mixed Mimetic family (see the unified presentation in [29]
of the methods originally proposed in [8, 27, 34]) as well as nodal Mimetic Finite Differences (MFD) [9]
on arbitrary polyhedral meshes; see also [4].

In this paper we present an important addition to the GDM framework: arbitrary-order Discontinuous
Skeletal (DS) methods [18], characterised by globally coupled unknowns that are broken polynomials on
the mesh skeleton. Specifically, the primary source of inspiration are the recently introduced Hybrid High-
Order (HHO) methods for linear [22, 20] and non-linear [16, 17] diffusion problems, and the high-order
non-conforming MFD (ncMFD) method of [41]; see also [2] for an interpretation in the Virtual Element
framework and [3] for an introduction to the latter. We also cite here the Hybridizable Discontinuous
Galerkin methods of [14], whose link with the former methods has been studied in [13]; see also [6]
for a unified formulation. Like DG methods, DS methods support arbitrary approximation orders on
general polytopal meshes. DS methods are, in addition, amenable to static condensation for linear(ised)
problems, which can significantly reduce the number of unknowns in some configurations. They also
have better data locality, which can ease parallel implementations. Moreover, lowest-order versions are
often available that can be easily fitted into traditional Finite Volume simulators. Finally, unlike DG
methods, DS methods admit a Fortin operator in general meshes, a crucial property in the context of
incompressible or quasi-incompressible problems in solid- and fluid-mechanics; see, e.g., [20, 23].

Let a polynomial degree k > 0 be given. The Discontinuous Skeletal Gradient Discretisations (DSGD)
studied here hinge on face unknowns that ensure the global coupling and that correspond to broken
polynomials of total degree up to k on the mesh skeleton, as well as locally coupled element-based
unknowns that correspond to broken polynomials of total degree up to l € {k — 1,k,k + 1} on the mesh
itself. The reconstruction of scalar functions is defined in a straightforward manner through the latter
if [ = 0, or by a suitable combination of face-based unknowns if [ = —1. The gradient reconstruction,
on the other hand, requires a more careful design. The seminal ideas to devise high-order gradient
reconstructions on general meshes are already present, among others, in HHO methods (see, e.g., [22,
Eq. (13)] and [16, Eq. (4.3)]) as well as in ncMFD methods (see [41, Eq. (21)]). These gradient
reconstructions, however, are not suitable to define a convergent DSGD because they fail to satisfy the
coercivity requirement. In addition, when considering non-linear problems, the codomain of the gradient
reconstruction has to be carefully selected in order for the GD-consistency requirement to be satisfied
with optimal scaling in the meshsize for k > 1 (this point was already partially recognised in [16]). In the
context of DG methods, a stable discrete gradient based on a variation of the method originally proposed
in [12] has been recently studied in [42].

The main novelty of this work is the introduction of a gradient reconstruction that meets all the
requirements to define a convergent GD, and which satisfies the limit-conformity property with an error
that scales optimally in the meshsize. This gradient reconstruction is composed of two terms: a con-
sistent contribution closely inspired by [16, Eq. (4.3)] and a stabilisation term. Two design conditions
are identified for the stabilisation term: (i) local stability and boundedness with respect to a suitable
boundary seminorm and (ii) L2-orthogonality to vector-valued polynomials of degree up to k. When
considering problems posed in a non-Hilbertian setting, an additional condition is added stipulating that
the stabilisation is built on a piecewise polynomial space. An example of stabilisation term that meets
all of the above requirement is proposed based on a Raviart-Thomas-Nédélec space on a submesh.

The rest of the paper is organised as follows. In Section 2 we recall the basics of the GDM and give a
few examples of linear and non-linear problems for which GDs are convergent under the coercivity, GD-



consistency, limit-conformity, and compactness properties discussed above. The construction of arbitrary-
order DSGD is presented in Section 3, the main results are stated in Section 3.5, and numerical examples
are collected in Section 3.7. The links with HHO, ncMFD, and ncVEM schemes are studied in detail in
Section 4. Appendix A contains the proofs of the main results. The material is organised so that multiple
levels of reading are possible: readers mainly interested in the numerical recipe and results can primarily
focus on Sections 2-3; readers also interested in the relations with other polytopal methods can consult
Section 4.

2. The Gradient Discretisation Method

We give here a brief presentation of the Gradient Discretisation Method (GDM) in the context of
homogeneous Dirichlet boundary conditions, and we refer to the monograph [28] for more details and
other boundary conditions.

2.1. Gradient Discretisations and Gradient Schemes

Let © be a bounded polytopal domain in R%, where d > 1 is the space dimension. We consider elliptic
or parabolic problems whose weak formulation is set in VVO1 P(Q), where p € (1, +o0) denotes a Sobolev
exponent which we assume fixed in what follows.

A Gradient Discretisation (GD) is a triplet D = (Xp o,Ip, Vp) where:

(i) Xp, is a finite dimensional vector space on R encoding the discrete unknowns, and accounting for
the homogeneous Dirichlet boundary condition;

(ii) Op : Xpo — LP(Q) is a linear mapping that reconstructs scalar functions in LP(€2) from the
discrete unknowns in Xp o;

(iii) Vp : Xpo — L (Q)9 is a linear mapping that reconstructs the “gradient” of scalar functions in
LP(Q)? from the unknowns in Xp o. This reconstruction must be defined such that [V p-| s (qya is
a norm on Xp o.

In a nutshell, the GDM consists in selecting a GD and in replacing, in the weak formulation of
the PDE, the continuous space and operators by the discrete ones provided by the GD. The scheme
thus obtained is called a Gradient Scheme (GS). To illustrate this procedure, consider the simple linear
problem: Find u : 2 — R such that

—V-(AVu) = f in Q,

1
u=0 on 02, )

with diffusion tensor A bounded and uniformly coercive, and source term f € L?(2). The weak formu-
lation of (1) is

Find u € H}(Q) such that, for all v e H} (1), J AVu-Vu = f fu. (2)
Q Q
Given a gradient discretisation D, the gradient scheme for (2) is then
Find up € XD70 such that, for all vp € XD70, J AVpup-Vpup = J fpvp. (3)
Q Q

The same procedure applies to non-linear problems. Consider, e.g., the following generalisation of (1)
that corresponds to Leray—Lions operators: Find u : 2 — R such that

—V.o(x,u,Vu) = f in Q,

4
u =0 on 012, )



where the flux function o :  x R x R? — R? satisfies the requirements detailed in [28, Eq. (2.85)]. A
paradigmatic example of this class of problems is the p-Laplace equation which, for a fixed p € (1, +00),
corresponds to the flux function

o(x,u, Vu) = |VulP > Vu. (5)

Assuming f € L? (Q) with p/ == 527, Problem (4) admits the following weak formulation:

Find u € W, (Q) such that, for all v e Wy*(Q), J

Qa'(ac,u,Vu)~Vv = Lz fu. (6)

Given a gradient discretisation D, the gradient scheme for (6) is then
Find up € Xp o such that, for all vp € Xp o, J o(x,lIpu, Vpup)-Vpup = f flpvp. (7)
Q Q

2.2. Convergent Gradient Schemes

The accuracy and convergence of GSs, for linear and non-linear problems, can be assessed by a few
properties of the underlying GDs. In many situations, and in all cases considered in this paper, GDs
are obtained starting from a mesh of the domain. We consider here polytopal meshes corresponding to
couples My, == (Tp, Fr), where T, is a finite collection of polytopal elements T' of maximum diameter
equal to h > 0, while F}, is a finite collection of hyperplanar faces F. It is assumed henceforth that the
mesh M}, matches the weak geometrical requirements detailed in [28, Definition 7.2]; see also [25, Section
2]. Our focus is on the so-called h-convergence analysis, where we consider a sequence of refined meshes
(M) new whose sizes are collected in a countable set H < R having 0 as its unique accumulation point.
We further assume that the polytopal mesh sequences that we deal with are regular in the sense of [25,
Definition 3], and we denote by ¢ > 0 the corresponding regularity parameter.

The following properties allow us to single out sequences (Dp)nerr = (Xp, 0, D, VD, )hen of GDs
that lead to gradient schemes that converge, for both linear and non-linear problems:

(GD1) Coercivity. Consider, for all h € H, the norm of the linear mapping IIp, defined by:

10D, vlr0)

Cp, =
D veXp, o\{0} [Vp,v

‘LP(Q)d.
Then, there exists a real number Cp > 0 such that Cp, < Cp for all h e H.

(GD2) GD-Consistency. For all h e H, let Sp, : W, (2) — [0, +o) be such that

Sp, (¢) = Ef)T(an (ITp, v = @l Loy + IV D0 — VO 1o(0a) Vo e Wy (Q).
hs0

v

Then, it holds that
lim Sp, (9) =0 Yo e Wy (). ®)

(GD3) Limit-conformity. Let p’ == —£5 denote the dual exponent of p, and set Wpl(div;ﬂ) = {1 €
P
LY ()4 . Vp e LV (Q)}. For all h € H, let Wp, : WP (div; Q) — [0,40) be such that, for all
P e WP (div; ),

1
Wo, @)= swp o [ (Tp,0(a) (@) + n, o(@) V() da.
vexp, M0} VD0l |Jo
Then, it holds that
lim Wp, (1) =0 Vip € WP (div; Q). (9)

h—0



(GD4) Compactness. For any vy, € Xp, o such that (|Vop,vn|rr)e)nen is bounded, the sequence
(Ilp, vp ) e is relatively compact in LP ().

A few comments are of order. Property (GD1) is linked to the stability of the method, and stipulates
that the LP-norm of the reconstruction of scalar functions is uniformly controlled by the LP-norm of
the reconstruction of their gradient. It readily implies the uniform Poincaré inequality |IIp, vn|ze ) <
CPHV’DhUhHLp(Q)d valid for all A € H and all Vp € XDh,0~

Properties (GD2) and (GD3) are linked to the consistency of the method. More specifically, property
(GD2) states that the reconstructions Ilp, of scalar functions and Vp, of their gradients are able to
approximate functions that lie in the space I/VO1 "P(Q) where the continuous problem is set. In the context of
the FE convergence analysis, this property is an attribute of the underlying discrete space, and is usually
called approzimability; see, e.g., [33, Definition 2.14]. Property (GD3), on the other hand, establishes
a link between Ilp, and Vp, in the form of a discrete integration by parts formula. Its counterpart in
the context of the FE convergence analysis for linear problems is asymptotic consistency; see, e.g., [33,
Definition 2.15]. Notice, however, that the formulation in (GD3) is in a sense more general, as it is
not linked to a specific underlying problem and is in particular readily applicable to non-linear problems
(whereas [33, Definition 2.15] is restricted to linear problems).

Finally, property (GD4) is a discrete Rellich compactness theorem, and can be regarded as the key
ingredient to obtain strong convergence results by compactness techniques.

Remark 1 (Limit-conformity or compactness implies coercivity). Either one of (GD3) or (GD4) imply
(GD1), see [28, Lemmas 2.7 and 2.11]. The coercivity is however kept as a separate property to highlight
its importance.

The above properties are sufficient to carry out a convergence analysis, either by error estimates
(when the model is amenable to these) or by compactness, for a variety of linear and non-linear elliptic or
parabolic models. An example of such convergence results for gradient discretisations of the Leray—Lions
problem (6) is provided by Theorems 2 and 3 below; see [28] for a comprehensive collection of convergence
results for various linear and non-linear elliptic and parabolic problems.

Theorem 2 (Convergence). We assume that o satisfies the classical properties of Leray—Lions operators
(see [28, Eqs. (2.85) and (2.87)]). Let (Dp)nen denote a sequence of GDs satisfying (GD1)-(GD4).
Then, for all h € H, there exists at least one up, € Xp, o solution to (7) and, along a subsequence as
h — 0, (i) Hp,up, converges strongly in LP(Q) to a solution u of (6); (i) Vp,up, converges strongly
in LP(Q)¢ to Vu.

Proof. This is a special case of [28, Theorem 2.45]. O

Theorem 3 (Error estimates). Let D be a gradient discretisation, and let o be the Leray—Lions operator
corresponding to the p-Laplace equation (see (5)). Then there exists a unique up solution to (7) and, if
u 18 the solution to (6), then there exists C' depending only on p, f and an upper bound of Cp such that

o Ifl1 <p<2,
v — Mpup| o) + VU — Vpup| o) < C[Sp(u) + Sp(w)?~" + Wp(o(Vu))].
o If2<p,
= Tpup o) + [V = Voup L) < C [Sp(w) + Sp() 7T + Wap(o(Vu) 77| .

Proof. These error estimates are simplified forms of the ones in [28, Theorem 2.39). O

3. Discontinuous Skeletal Gradient Discretisations

In this section, we construct a family of Discontinuous Skeletal Gradient Discretisations (DSGD). The
notation is closely inspired by HHO methods; see, e.g., [25].



3.1. Local polynomial spaces and projectors

Local polynomial spaces on mesh elements or faces and projectors thereon play a crucial role in the
design and analysis of DSGD methods.

For any X < €, we denote by (-,-)x the standard L?(X)- or L?(X)%products. This notation is
used in place of integrals when dealing with quantities that are inherently L?-based. Let now X be a
mesh element or face. For an integer £ > 0, P‘(X) denotes the space spanned by the restriction to X of
scalar-valued, d-variate (if X is a mesh element) or (d — 1)-variate (if X is a face) polynomials of total
degree ¢ or less, and conventionally set P~1(X) == {0}.

Let again X denote a mesh element or face. The L2-orthogonal projector 7'('8(’[ c LYX) - PYX) is
defined as follows: For all v e L'(X), Wg(,z is the unique polynomial in P*(X) such that

(7% —v,w)x =0 Vwe PY(X). (10)

In the vector case, the L?-projector is defined component-wise and denoted by ﬂgf.

For any mesh element T' € T, we also define the elliptic projector 73 : WL 1(T) — PY(T) as follows:
For all v € WH(T), 73 v is the unique polynomial in P*(T)) that satisfies

(V(W%év — ), Vw)r = 0 for all we P(T) and (m}ﬁev —v,1)r =0.

On regular polytopal mesh sequences, both 71'31’( and 7r1T’L] have optimal approximation properties in
P*(T) (see Theorem 1.1, Theorem 1.2, and Lemma 3.1 in [17]): For any « € {0,1} and s € {a, ..., + 1},
there exists a real number C' > 0 independent of h, but possibly depending only on d, p, o, ¢, a, and s,
such that, for all '€ T, and all v e W*P(T),

ai

v — 75 vlwrsr) < CRF olweniry  ¥re{0,...,s}, (11a)

and, if s > 1,
1
hilv — 13 vlwro(ry < Ch " olwewry  Vre{0,...,s —1}, (11b)

where W"P(Fr) = {ve LP(T) : vjp € W™P(F) for all F € Fr} and hy denotes the diameter of the
element T

3.2. Computing gradient projections from projections of scalar functions

We continue our discussion with a crucial remark concerning the computation of the L2-orthogonal
projection of the gradient from L2-orthogonal projections of a scalar function and its traces. This remark
will inspire the choice of the discrete unknowns as well as the definition of the gradient reconstruction
in DSGD methods. In what follows, we work on a fixed mesh element T' € 7}, denote by Fr the set of
mesh faces that lie on the boundary of T' and, for all F' € Fr, by nrp the normal vector to F' pointing
out of T

Consider a function v € WH(T). We note the following integration by parts formula, valid for all
¢ e C°(T)%

(Vo,9)r = —(0, V-¢)r + Y. (v,¢nrp)p. (12)
FE]'—T
Let now an integer k > 0 be fixed. Specialising (12) to ¢ € P*(T)?, we obtain
(77" Vo, ¢)r = ~(xg" v, Ved)r + 3 (v, pnre)r, (13)
FeFr

where we have used (10) to insert ﬂ%k into the left-hand side, and F%k_l and ﬂ'logik into the right-hand
side after observing that V-¢ € P*~1(T) and, since we are considering planar faces, P pmrF € P*(F) for
all F' e Fr. The relation (13) shows that computing the L2-orthogonal projection of Vv on P¥(T)? does
not require a full knowledge of the function v. All that is required is



(1) ﬂ%kilv, the L2-projection of v on P*~1(T). Other possible choices are ’/T%k’l) or w%kﬂv

any polynomial degree larger than or equal to k — 1 will do);

(in fact,

(ii) for all F' € Frp, W%’kv, the L2-projection on P¥(F) of the trace of v on F.

3.3. Space of discrete unknowns and reconstruction of scalar functions

Inspired by the previous remark, for two given integers k > 0 and [ € {k — 1, k, k + 1} we consider the
following set of discrete unknowns:

Uyl = ( X P’(T)> x ( X IP”“(F)>~
TeTh FeFy,

The choice I = k—1 can be traced back to the ncMFD of [41], the choice [ = k to the Hybrid High-Order
method of [22], and the choice | = k + 1 to the Hybridizable Discontinuous Galerkin method of [40,
Remark 1.2.4]. Notice that, for k = 0 and [ = k — 1, element-based unknowns are not present.

For a generic element of U Z’l7 we use the standard HHO underlined notation

vy, = ((vr)7eTs,, (VF)Fer,)

and we define the interpolator l]fb’l :WHH(Q) — Qz’l such that, for all v e Wh(Q),

k,l 0, 0,k
L v = ((WT V)TeT;, (TF U\F)Fe}‘h) .
To account for Dirichlet boundary conditions strongly, we introduce the subspace
QZ’,E = {yh € QZ’Z cvp=0forall Fe .7-'};},

where Fp is the set collecting the mesh faces that lie on the boundary of Q.
The restrictions of Qi’l, lﬁ’l and v, € QZ’I to a generic mesh element 1" € T, are denoted by Q?’l, l’%’l,
and vy, respectively. That is,

Ul = {up = (vr, (vp)Fery) : vr € PAT), vp € PR(F) YF € Fr}
and, for all ve WhH(T),
k,l 0,1 0,k
LIy'v = (77 v, (T3 v|F) peFr)-
Moreover, we adopt the convention that, for all T € Tj,,

v = Z WTFVR if Il < 0, (14)
FE]'-T

where, following [41, Appendix A], the weights {wrF} reF, are defined in such a way that > p. . wrr(q, 1)r =

(q,1)r for all ¢ € P1(T) (this condition is required in the above reference to obtain L2-superconvergence,
not treated in this work). For all v, € U fl’l, we also define the broken polynomial field v, such that

V|7 = VT VT € Th. (15)

The space of discrete unknowns and the reconstruction of the scalar variable for a DSDG are given
by, respectively,
Xp, 0= Qﬂ) and Ip, v, = vy, for all v, € Q’Zg (16)

3.4. Reconstruction of the gradient

To complete the definition of a DSGD, it remains to identify a reconstruction of the gradient, which
makes the object of this section.



3.4.1. A consistent and limit-conforming high-order gradient

Let a mesh element T' € 7, be fixed. Taking inspiration from the integration by parts formula (13),
we define the gradient reconstruction G, : Q’%’l — P¥(T)9 such that, for any v, = (vr, (VF)Fer,) € Q’%’l,
Gk, satisfies, for all ¢ € PF(T)4,

(Ghop, @)1 = —(vr, V-@)r + Y. (v, pnrr)p. (17)

FeFr

By construction, it holds for all v € W(T),
GhIlly = whF (Vo). (18)

Recalling the estimates (11) on ﬂOT’k, this implies that G]%[ ?lv optimally approximates Vv in P*(T)4
when v is smooth enough.
A reconstruction of the gradient that meets the consistency requirement expressed by (GD2) can be

obtained at this point letting Vp, be such that, for all v;, € QZ:%,

Vop,v), = G]fiﬁm (19)

where Glfb U z’l — P*(T;,)? is the global consistent gradient reconstruction operator obtained patching
the local reconstructions: For all v, e U Z’l,

(Ghuy)ir = Ghop YT €Ty (20)

However, for general element shapes, the LP-norm of this gradient reconstruction is not a norm on
the space Xp, o = Qlfb:g, hence the coercivity requirement expressed by (GD1) cannot be met. This
initial choice of reconstructed gradient therefore has to be stabilised by accounting for jumps between
element and face unknowns. These jumps can be controlled in turn via a discrete counterpart of the
WlP_seminorm, which gives us an emulated Sobolev structure on U’ ’;’l.

Remark 4 (Non-conforming P! finite elements). If T is a d-simplex (i.e., a triangle if d = 2, a tetrahedron
if d = 3, etc.) and we take k = 0 and | = —1, the gradient reconstruction Guv; defined by (17) coincides
with the gradient of the non-conforming P* function ¢ such that [F|~'{,.¢ = vp for all F € Fp. In
this case, the LP-norm of the global gradient given by (19) defines a norm on the space of discrete
unknowns, and stabilisation is not needed. To recover the usual non-conforming P! scheme (often called
the Crouzeix-Raviart scheme, although historically this name refers to the usage of non-conforming P'—
PY discretisations for the velocity—pressure unknowns in Stokes and Navier—Stokes equations [15]), (16)
has to be modified setting Ilp, vy, = rhup forall T € Ty, and all vy € Q%_l, where r%. is the high-order
reconstruction of scalar function defined in the following section.

3.4.2. High-order reconstruction of scalar functions and discrete W1P-seminorm

Let vp e U ?’l. Recalling the convention (14), vy defines a reconstruction of scalar functions inside T’
of degree max(0,1). However, taking again inspiration from the integration by parts formula (13), this
time specialised to ¢ = Vw with w € P¥*1(T), one can define a higher-order reconstruction r?’l U }%’l —
PE+1(T) such that, for all vy € Uk', r5 1y, satisfies, for all w e PF+1(T),

(Vri g, Vw)r = —(vr, Aw)r + Z (vp, Vw-nrp)p. (21a)
FGJ:T

k+1
T

Equation (21a) defines r7." v up to an additive constant, which we fix by imposing

(th oy — vy, 1) = 0. (21Db)



Remark 5 (Optimal approximation properties of r’}fl ol ;l) When [ > 0, following the reasoning of [22,

Lemma 3], it can be proved that ri' o I ?F’l = ﬂ';lkﬂ, and optimal approximation properties in P*+1(T)

follow from (11) with @« = 1 and £ = k + 1. The case [ < 0, on the other hand, can only occur when
k = 0. Owing to the specific choice for the reconstruction of a (constant) element value in (14), optimal
approximation properties analogous to (11) with = 1 and ¢ = 1 can be proved also in this case.

To define the discrete Sobolev seminorm on U Z’l7 for all T € T, we introduce the difference operators
s, :QI;JZ — PY(T) and, for all F € Fr, 0kp : Q’%’l — P¥(F) such that, for all vy € Qg’l,

5ITQT = W%’I(T?FHQT —or), 5§“FQT = W%k(rl}HQT —vp) VEe€Fr. (22)

The role of these difference operators in the context of HHO methods has been highlighted in [25,
Section 3.1.4]. We also note here the following relation:

(8vr, (87 pvr) Fers) = l’%’lri}ﬂﬂT - Ur, (23)

which will be exploited in Section 4.5 and Lemma 21 below.
The discrete W'P-seminorm is defined setting

HQhHZf,p,h = 2 HQTHZf,p,T’
TeTh

where, for all T € 75, the local seminorm is such that, denoting by hr the diameter of the face F',

k 1— k 1
”QT”Il),p,T = HGTQT”ZL)p(T)d + |QT|Z,&‘T’ |QT‘§,6T = Z h P (07p — 5T)QTHZ£p(F)' (24)
FeFr

As a result of Proposition 20 below, [|-||1,,,» is a norm on the subspace Q,l%.

3.4.83. A stabilised reconstruction of the gradient
We can now describe the general form of the gradient Vp, : U Z’l — L2(2)%, built inside each mesh
element from the consistent and limit-conforming part G? and a stabilising contribution:

(VDth)|T =Grur = GITC“QT + Spur Vuy, € QZ’Z s VT € Th, (25)
where S, : U %l — L2(T)? satisfies the following design conditions:

(S1) L2-stability and boundedness. For all T € T;, and all v € UN!, it holds that

[Srvrlie(rys = lvrl2.6r, (26)

where a ~ b means Ca < b < C~'a with real number C' > 0 independent of h and of T, but possibly
depending on d and on discretisation parameters including g, k, and .

(S2) Orthogonality. For all vy € Qg’l and all ¢ € P*(T)9, it holds
(Srvp, @)r = 0. (27)

(S3) Image. If p # 2, there exists ks € N independent of h and of T such that the image of S is
contained in P*s (Pr)?, the space of vector-valued broken polynomials of total degree up to kg on a
regular polytopal partition Pp of T. Here, regular means that, for all P € Pp, denoting by rp and
hp the inradius and diameter of P, respectively, it holds that

ohp <rp, ohr < hp. (28)



Remark 6 (L2-based stabilising contribution). Property (S2), which is crucial to ensure the stabilising

properties of S, requires to work with an inner product space. In our case, a natural choice is L?(T).

The role of orthogonality properties analogous to (S2) has been previously recognised in the context of
specific stabilised method, see for example [7, Proposition 7] for the lowest-order Compatible Discretisa-
tion Operator methods, [28, Theorems 13.7 and 14.5] for the Hybrid Mimetic Mixed methods and the
nodal Mimetic Mixed Methods, and [32, Section 4.2] for numerical methods for elasticity models.

Remark 7 (LP-stability of S;). Property (S3) is required to extend the stability properties expressed by
(S1) to LP; see the proof of point (i) in Proposition 19 for further details.

The above construction of a DSGD is summarised in the following

Definition 8 (Discontinuous Skeletal Gradient Discretisation). Given a polytopal mesh M, a Discon-
tinuous Skeletal Gradient Discretisation (DSGD) is given by Dj, = (Xp, 0,1Ip,, Vp,) where Xp, o and
IIp, are defined by (16), and Vop, is given by (25) with a family of stabilisations {S; : T € My}
satisfying properties (S1)—(S3).

3.5. Main results

The construction detailed above yields a GD that meets properties (GD1)—-(GD4) identified in
Section 2, as summarised in the following

Theorem 9 (Properties of DSGD). If (Mp)rew is a reqular sequence of polytopal meshes, then the
sequence of the corresponding DSGDs (Dp)new given by Definition 8 satisfies properties (GD1)-(GD4).

Proof. See Appendix A.3.1. O

Since we are dealing with arbitrary-order methods, given the error estimates in Theorem 3, a relevant
point consists in estimating the convergence rates of the quantities Sp, (¢) (see (GD2)) and Wp (1)) (see
(GD3)) when their arguments exhibit further regularity. This makes the object of the following

Proposition 10 (Estimates on Sp and Wp). Let M, be a polytopal mesh and Dy, be a DSGD as in
Definition 8. Then, denoting by a < b the inequality a < Cb with real number C > 0 not depending on
h, but possibly depending on d, p, o, k, I, and ks, it holds with [T = max(l,0),

+ +
Vo e WyP () n W HLP(Ty), ITp, 16 — o) S 1 0l yrs srner,); (292)
Vo € Wy P (Q) n WHFP(T,), IV, I3 ¢ — V| 1oya < K dlwrszm(r)- (29b)

As a consequence,
Vo e Wolp(Q) A Wmin(k,l+)+2,P(ﬁl)7 Sp, (6) < hmin(k,l+)+1||¢||Wmin(k)l+)+2,p(7—h). (30)

Moreover,
Vep € WP (div; Q) n WHIP(T) W, () < B[4l s 75 0 (31)

Here, for an integer s = 0 and a real number q € [1,+00), W4(Ty) = {v e LY(Q) : v e W>I(T) VT €
Tn} is the broken space on Ty, constructed on W9 and endowed with the norm

1
”U”WSvQ(Th) = ( Z ’U|T({1/Vs,q(T)> .

TeTh
Proof. See Appendix A.3.2. O

Remark 11 (Order of Sp, ). In the case [ > k, (30) yields the optimal order O(h**!) for interpolations of
smooth enough functions. If | = k — 1, one order is lost and (30) gives an O(h¥) estimate (but, as shown
by (29), this loss is only perceptible on the approximations of the functions, not of their gradients).
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3.6. Local stabilising contribution based on a Raviart—Thomas—Nédélec subspace

We construct in this section a stabilising contribution that fulfils the requirements expressed by (S1)—
(S3).

3.6.1. An inspiring remark
Let, for the sake of brevity,
5%7T = ikt - Gk

We start by observing that it holds, for all v, € UN' and all ¢ € P¥(T)4,

(5]%’TQT7 &)1 = (Vik o, ¢)r — (Ghor, @)1

= (vr =5 0y, V@) + ) (5 ug — vp, dnrp)p
FG]:T
= (W%l(UT - 1"§+1ET>7 V-g)r + Z (W%k(f?lyT —VF), ¢ nrF)F
FE]:T
— 05wy, V-@)r + Z (0% pup, pmrE)F
FEJ:T
(V&rur, ¢)r + Z ((67p — 6 vp, dnrP)F,
FE]'-T

where we have used the definition of 6]%’7« in the first line, an integration by parts together with the

definition (17) of G% in the second line, (10) together with the fact that V-¢ € P*~Y(T) < PY(T)
since [ =2 k —1 and ¢jp-nrp € P*(F) for all F € Fr to introduce the projectors in the third line, the

definition (22) of 6% and 8%, in the fourth line, and an integration by parts to conclude. Rearranging
the terms, we arrive at

(6%, = Vo g, d)r = Y, (05 — 0p vy, ¢nrr)p. (32)
FE]:T
A few remarks are of order to illustrate the consequences of the above relation.

Remark 12 (Control of the element-based difference through face-based differences). A first notable
consequence is that the element-based difference (5’%1 — V6k)vy can be controlled in terms of the face-

based differences {(0%, — 04 vy : F € Fr}: For all T € Ty, and all vy € US!, it holds

1(8% 7 — V& vl r2crye < logplz.er, (33)

where a < b means a < Cb with real number C > 0 independent of h and of T, but possibly depending
on d, g, k, and l. To prove (33), it suffices to observe that

68— Vourlaye = s (8%~ Vh)up B)r
GEPH(T) bl 2y =1
- Sup 2 ((‘%F - 6lT)QT7 ¢nrr)r

BEPF(T) |l L2 rya=1 Fery

1
< sup lvpl2.erhi|dnr| 2o S lvrleers
¢6Pk(T)da”¢”L2(T)d:1

where we have used the fact that (5’%’7« — VoL vy € PE(T)? in the first line, (32) in the second line, the
Cauchy—Schwarz inequality in the third line, and the discrete trace inequality (A.6) below with p = 2 to

infer h%‘“d)'nTHL?(OT) S |9l L2(rya and conclude.

11



Prr

F

Figure 1: Illustration of Prp.

Remark 13 (Stabilisation based on a lifting of face-based differences). Let now vy € U ?’l be fixed.
Relation (32) no longer holds true in general if we replace ¢ by a function n belonging to a space &S
larger than P*(T)%. Tt then makes sense to define the nontrivial residual linear form Rz (vy;-) : &4 — R
such that

Rr(vrsn) = —((8% 7 — Vv, n)r + Z ((67p — 07)vp, nnrE)F.
FeFr

Assume now & large enough for the L?(T)?%-norm of the Riesz representation Lrv, € &4 of Ry (vp;-)
to control |vp|s o7 (hence also H(d’%,T — V) vrllL2(rya by (33)). Property (S1) is then fulfilled letting
the stabilising contribution in (25) be such that S;vy = Lpvy for all vy, This choice also satisfies
(S2) by construction since P*(T)¢ &, and Ry (vy;-) vanishes on P¥(T)¢ for any vy € Q];Jl owing
to (32). Finally, property (S3) is satisfied provided that & is a piecewise polynomial space on a regular
polytopal partition of T

The above procedure can be interpreted as a lifting on & of the face-based differences {(6% . — %) vy -
F e Fr} realised by means of the operator Ly. This interpretation justifies the terminology employed in
Section 3.6.3 below.

3.6.2. A Raviart-Thomas—Nédélec subspace

In this section we define a good candidate to play the role of the space &, in Remark 13. From this
point on, we work on a fixed mesh element 7' € 7, and assume, for the sake of simplicity, that (i) the
faces of T are (d—1)-simplices and that (ii) T is star-shaped with respect to a point &7 whose ortogonal
distance drp from each face F € Fr satisfies

drr = ohrp, (34)

where, as in Section 2.2, ¢ denotes the mesh regularity parameter. These assumptions can be relaxed
using a simplicial submesh of T" and at the price of a heavier notation. For all F' € Fr, we denote by Prp
the d-simplex of base F' and apex 7, and by Frp the set of (d — 1)-simplicial faces of Prp, see Figure
1. In what follows, we work on the face-based simplicial partition Pp == {Prp : F € Fr}.

For an integer m > 0 and a face F' € Fr, we let RT™(Prp) = P™(Prp)? + xP™(Prr) denote the
Raviart—-Thomas—Nédélec space [44, 43] of degree m on the simplex Prp. Each function n € RT™(Prr)
is uniquely identified by the following degrees of freedom (see, e.g., [5, Proposition 2.3.4]):

(NMo.q)e Vo€ Frp,VgeP™(o),
(M, X) Prr Vx e PN (Prp)?,

12



where, for all 0 € Frp, the normal n, points out of Prp. Additionally, we note the following relation,
valid for all § € RT™(Prp):
0,m—1
HWH%Q(PTF)d ~ |7wp 77H2L2(pTF)d + Z he|nnel?z (), (35)

ceFTFR

where ~ means Ca < b < C~'a with real number C > 0 independent of h and of Pry, but possibly
depending on g and m.

The candidate to play the role of the space &, in Remark 13 is RT*"!(Py), the broken Raviart-
Thomas-Nédélec space of degree (k + 1) on the submesh Pr.

3.6.3. Lifting of face-based differences

We are now ready to construct the lifting of face-based differences. Owing to the specific choice of
&, we can proceed face by face. Specifically, for all F' € Fr, we define the lifting operator L?}l U ’%’l —
R’]I‘]”l(PTF) such that, for all v, € Q];Jl, L?}lyT satisfies for all € R’]I‘]”l(PTF)

(LITC’-;}QT? n)PTF = _<<6]%,T - V(Sé“)QT7 n)PTF + ((y%F - 65“)2Ta 77'nTF)F- (36)

In what follows, we extend L?}lyT by zero outside Prg.

Proposition 14 (Stabilisation based on a Raviart—-Thomas—Nédélec subspace). The following stabilising
contribution satisfies properties (81)—(S3):

T @
FeFr

Proof. (i) Proof of (S1). We abridge by a < b the inequality a < Cb with real number C' independent of
both h and T, but possibly depending on d, g, k, and [. We start by proving that

lvpl2.or S IIS7vr] L2y (38)

Let n € RT*(Prp) be such that

(n'na7 q)a Vo e ]:TF\{F}v VC] € Pk+1(0)7 (39)
(M, X) Prr = Vx € P¥(Prp)?.

(mnre,q)p = hp' (05p — 60)vp, @)r  Vge PFPU(R),
0
0

Plugging this definition into (36) and using the Cauchy—Schwarz inequality, we infer that

— k
hF1||(517€’F - 5ZT)QTH2L2(F) < ||LT-;‘1QTHL2(PTF)L£HTIHLZ(PTF)d
_1
< L5 vl e prpyahip (056 — 60 vp L2 (F),s

where we have used (35) and (39) with ¢ = p-ngp € PF*1(F) or ¢ = n-n, € P**1(0) to estimate the

1
L2-norm of n. Dividing by h2||(0%, — 6ZT)QTHL2(F), squaring, summing over I’ € Fp, and taking the
square root of the resulting inequality proves (38).

Let us now prove that

ISrvrlLe(rye S lvpl2or- (40)
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Letting in (36) n = L’%}C}QT, summing over F' € Fp, and using multiple times the Cauchy—Schwarz
inequality, we obtain

k+1
||ST2TH%2(T)4 = Z HLT;‘ QTH%%PTF)d
FeFr

1
2
< ((6% VS oy + Y B (0 5lT>vT|%2(F))
FE]‘—T

3
x <|STUT%2(T)d + hT|STUT'nT|2L2(aT)>

S |QT|2,5THSTQT”L2(T)%

where we have used (33) and the discrete trace inequality (A.6) below with p = 2 to conclude. Combin-
ing (38) and (40) gives (S1).

(ii) Proof of (82). Let ¢ € P*(T)4, set p = ®ppy € P*(Prp)? ¢ RT* (Prp) in (36), and sum over
F € Fr to obtain

(Srvr, @)1 = Z (L§}12T7¢>PTF
FE]'-T

= _((6%,T — Vv, ) + Z (6% — 85 ) v, pmrp) P = 0,
FE]‘—T

where we have used (32) to conclude.
(iii) Proof of (88). The regularity of the face-based partition Pr follows from (34) in view of [24,
Lemma 3]. Property (S38) is then satisfied with kg = k + 2. O

Remark 15 (The lowest-order case). The lifting operators Ly and stabilisation S, described above are
some of the possible choices that satisfy (S1)—(S3). In certain cases, simpler liftings can be designed.
Consider for example k = 0 and [ € {—1,0}. In this case, (i) 6%7TQT = 0 since PY(T)? = VP(T), so that
GY = Vrk; (ii) 671 = 6% = 0 by (21b). Hence, (36) reduces to

(Lppvr M pre = (05 pvp, nnre)p. (41)

An appropriate lifting can then be constructed in PO(Prp)? instead of RT'(Prr) as described hereafter,
and the assumption that the faces of T' are simplices can be removed (for any F' € Fr, Prp is then the
pyramid with base F and apex 7). Define LI : US' — PO(Prp)? such that, for all vy € UY,

HMM _ |F| 0 _ d 0
Lrpuvp = 7|PTF|5TFQTT"TF = 7dTF OrpurnTF.

Notice that this lifting is designed to satisfy (41) for all n € P°(Prg)?. Defining, for all T € T, Sy by
(37), the discrete elements of the corresponding DSGD D are then

Xpo = {v, = ((vr)reT,, WF)Fer,) s vr €R, vp R, vp =0 VF e Fp},
and, for all v, € Xp o and all T € Ty, expressing (17), (21) and (22) for k = 0,
(Opvy)ir = vr,

d
(VDQh)\PTF = G%yh + E ('UT + G%QT . (EF — :BT) — UF) nrr VF e Fr

where Zp is the centre of mass of F' and Gy, == ﬁ Yirery |[Flvrnrp.
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Figure 2: Triangular, Cartesian, hexagonal and locally refined meshes for the numerical examples of Section 3.7

This gradient discretisation corresponds, for £ = = 0, to the Hybrid-Mixed-Mimetic methods of [29]
(with the isomorphism Ap = —ﬁId in [29, Section 5.3.1]). The coercivity, GD-consistency, limit—
conformity and compactness of families of such GDs are established in [28, Chapter 13], and can also be
proved by checking that S, satisfies (S1)-(S3) (use n = hz'6%purnrr in (41) to establish > in (26),
and [28, Eq. (13.10)] to see that {.S;v; = 0 and thus that (S2) holds).

3.7. Numerical examples

In this section we provide numerical evidence to support our theoretical results.

3.7.1. Trigonometric solution for p = 2
We solve inside the two-dimensional unit square = (0, 1)? the p-Laplace problem (6) corresponding
to the exact solution
u(x) = sin(rxy) sin(rxs), (42)

with p € {2,3,4} and source term inferred from w. We consider the matching triangular, Cartesian,
(predominantly) hexagonal, and locally refined mesh families depicted in Figure 2 and polynomial degrees
ranging from 0 to 4. The first, second, and fourth mesh families originate from the FVCAS5 benchmark [39],
whereas the third from [24]. The local refinement in the third mesh family has no specific meaning here:
its purpose is to demonstrate the seamless treatment of nonconforming interfaces.

We report in Figure 3 the error |G (Il — up)| Ly ()2 versus the meshsize h, where GV is the
consistent (but in general not stable) global gradient reconstruction defined by (20). The reference
slopes correspond to the convergence rates resulting from Theorem 3 together with Proposition 10 (more
precisely, the order corresponds to the dominating term). The theoretical orders of convergence are
perfectly matched for p = 2. Similar considerations hold for p = 3 and k£ < 2 whereas, for k£ > 2,
the order of convergence is limited by the regularity of the function v +— [|P~24), which impacts on
the regularity of |[Vu[P~2Vwu. Finally, for p = 4 the theoretical orders of convergence are matched for
k € {0,1,2}, while faster convergence than predicted by the error estimates is observed for k € {3,4}.
This phenomenon will be further investigated in the future. For a comparison with the HHO method of
[16], see Figure 5 below.

3.7.2. Exponential solution for p < 2
As pointed out in [17], the trigonometric solution (42) does not have the required regularity to assess
the convergence order of the DSGD method when 1 < p < 2. For this reason, we consider instead the
exponential solution
u(x) = exp(z1 + wa2),

and solve the p-Laplace problem with p = %, Dirichlet boundary conditions on 052, and right-hand side

f inferred from the expression of w. The error HGﬁ(lﬁ’lu —uy,)| Lr(@ye versus the meshsize h is plotted in
Figure 4 for the mesh families illustrated in Figure 2 and polynomial degrees ranging from 0 to 4. For
the sake of completeness, a comparison with the HHO method (49) is also included. We observe that
the DSGD and HHO methods give similar results in terms of the selected error measure (which accounts
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only for the consistent part of the gradient, common to both methods). When including the stabilisation
seminorm in the error measure, computations not shown here for the sake of brevity hint to a slightly
better accuracy for the HHO method.

4. Alternative gradient and links with other methods

In this section we discuss an alternative to the gradient reconstruction Gr defined by (25), and links
with other methods.

. : E+1
4.1. A consistent gradient based on r.

An alternative to using Gg in (25) would be to use VrkT’H. This would lead to a local gradient defined

by
(V‘Dhyh)u" = gTyT = Vr];«JrlyT + STQT Vyh € QZ’I 5 VT € 7’h (43)

The stabilisation term §T is still required to satisfy the L2-stability and boundedness property (S1)
and the image property (S3). As shown in (A.13) below, the property (S2) is required on S;v, to
ensure that it is orthogonal to the consistent part GI%QT of Grvp. For éTyT, the consistent part is
Viktly, € VPF+1(T), and the orthogonality property on S, vy can therefore be relaxed into

(S2) For all vy € UR! and all ¢ € VPFHL(T), (Spvp, é)r = 0,

where, with respect to (S2), the space for ¢ is VP**1(T) instead of P*(T)<.
Performing integration-by-parts and introducing projection operators in (21a) leads to

— (Vohoy, Vw)r = ) (65 — 67)vp, Vwrngr)r , Yw e PFFY(T). (44)
F€.7:T

Comparing with (32), we see that the volumetric term 5’%,TQT has disappeared, and the only remaining
volumetric term Vékv, belongs to VP!(T). This is a gain with respect to the situation in Section 3.6,
in which the degree of the volumic term was constrained by 6’%7TyT to be k, whatever the choice of [.
As a consequence, the construction of §T can be done in a (possibly) smaller space than R’IFkH(PTF),
as detailed in what follows.
First, considering w = —d%vy in (44) and using the trace inequality (A.6) with p = 2 on Vékw,
yields (compare with Remark 12)
IV vl ey < lurl2or. (45)

~k
Then, following the ideas of Section 3.6.3, we construct the lifting Ly, : Uk — RT™>R) (Prp) such
that, for all 5 € RT™**UR) (pp gy,

~k
(Lypvp, M) prp = (V(SlTyT7T]>PTF + ((§§“F - 5ZT)2T777'nTF)F~ (46)

Since Véhwy € VPYT) < PHT)? and (6%, — 64 vy € PmaxR)(F), following the proof of (S1) in
Proposition 14 shows that, with this choice of f;]; 7, we only need (39) to hold for ¢ € P™*(:%)(F) and
x € PYT). The space RT™>ER) (Prp) enables these choices of ¢ and x, and the L2-stability of
S, =3 FeFy EI;F therefore follows. When [ € {k — 1,k}, this stabilisation term is constructed on a

piecewise RT* space, instead of a piecewise RT**! space for St in Section 3.6.3.

Although the choice (43) leads to coercive, consistent, limit-conforming, and compact families of
gradient discretisations, it can turn out to be far from optimal for general problems. More precisely, its
limit-conformity properties are much worse than those of (25). Indeed, the full orthogonality property
(S2) is essential to establish the O(h¥*1) estimate (31) on Wp, (see Remark 24). In general, we cannot
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establish more than an O(h) estimate on Wp,, irrespective of k, if the gradient is reconstructed via
(43). For anisotropic linear problems, a modification of r?“ embedding a dependence on the diffusion
coefficient can be constructed to recover optimal rates of convergence [21]; for fully non-linear models,
though, the only option to recover a truly high-order method seems to be using the gradient Glr}yT in
the full polynomial space P*(T)4.

To illustrate numerically the loss of convergence experienced when using the gradient reconstruc-
tion (43) in the context of fully non-linear problems, we solve the problem described in Section 3.7.1
using two numerical methods: the HHO method of [16] (see (49) below), and the method obtained from
the latter replacing G% by Vrh™!. We report in Figure 5 the error Hlﬁ’lu — uy, |l1,p,n versus the meshsize
h, with reference slopes corresponding to the estimates of convergence rates derived in [17, Theorem 3.2].
The leftmost column, corresponding to the Poisson problem with p = 2, shows that both G’% and VrkT'H
can be used when Wp, is applied to ¥ = Vu. For p € {3,4}, on the other hand, a significant loss in the
convergence rate is observed for k£ > 1 (the dashed line corresponding to Vr’;fl departs from the solid
line corresponding to Glfp) Notice that, for £ > 3 and p = 3, the order of convergence is again limited by
the regularity of the function 1 +— |1|P~21p. The results presented here replace the ones of [17, Figure
3], which were affected by a bug in one of the libraries used in our code. From these new tests, the error
estimates of [17, Theorem 3.2] appear to be sharp also for p > 2.

4.2. Hybrid High-Order methods
The HHO method proposed in [22] for problem (2) with A = I; reads

Find u, € Ql,% such that, for all v, € QZ:G, al™(u, v,) = (f,vn), (47)

where the broken polynomial function vy, is defined by (15), and the bilinear form alﬁho : Ql}:’l X QZ’l —-R
is assembled from the elementary contributions

ag“ho(@Tng) = (Vrgﬂﬂm VI@HQT)T + Z h;l(((%ﬁF - 5lT)@Ta (5§“F - SlT)yT)F' (48)
FeFr

Here, the consistent gradient is Vr'%“7 as in (43), and the stabilisation is not incorporated in the gradient
reconstruction, but rather added as a separate term in the bilinear form.
For the non-linear problem (6), on the other hand, the HHO method considered in [16, 17] reads

Find u, € Qﬁ’,g such that, for all v, € Qﬁ”g, Aoy, v,) = (f,vn),

with function Aﬂho : Qlfl’l x U Z’l — R assembled from the elementary contributions

A}YI“hO (@Tv QT) =

J o(Ghur)Ghop + 3 ho! j (e — Sy P2 (55 — 6 (B — O)up. (49)
T FE]:T F

Also in this case, stability is achieved by a separate term, and only the consistent (but not stable)
gradient reconstruction appears in the consistency term. Notice that, unlike the linear case, the gradient
reconstructed in the full polynomial space P*(T)? is present here; see comments at the end of Section
4.1.

4.8. High-order non-conforming Mimetic Finite Difference

The ncMFD method of [41] hinges on degrees of freedom (DOFs) that are the polynomial moments
of degree up to (k — 1) inside the mesh elements and the polynomial moments of degree up to k on the
mesh faces. X, is the space of vectors gathering such DOFs. Given a function v € H'(Q2), we denote by
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Figure 5: ||Gﬁ(lﬁ’lu —up)lpp(nya v- h. Trigonometric test case, p € {2,3,4}, HHO.
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vl its interpolation in X}, that is, the vector collecting its moments in the elements and on the faces. If
v e X}, we denote by vy € P*"YT), T € Ty, and vp € PF*(F), F € Fy, the polynomials reconstructed
from the moments represented by v. This defines an isomorphism

ve Xy, vy, = ((vr)rem, (vr)per,) € UR* (50)

Denoting by v|p the sub-vector made of the DOFs of v € X}, in the mesh element 7" € 7T, and on the
mesh faces in Fr, the ncMFD method for problem (2) with A = I, reads

Find u € X}, such that, for all ve X, Z HTTMTV‘T = Z Ly(vir), (51)
TeTh TeTh
where Lg(vy) is a discretisation of {. fv, and the matrix My is positive semi-definite with suitable
consistency and stability properties. Setting Ny = dim(P*~1(T)) and selecting a basis (9i)i=0,...Ng—1
of IP”"_l(T) with gy = 1, the required consistency and stability properties on My lead to the following
decomposition (see [41, Eq. (35)]):
Mr = MY + ML = Rp(REN)IRE + ML

where A’ is the transpose of A, ker(M%.) = {(v%)r : v € PF1(T)}, N has columns N; = (¢;)* for

i=1,...,Ngr—1, and ﬁT is the matrix with columns (ﬁT,i)#Lm,NM defined by
¥ e Xp, (Rri)vir = —(vr, Ag) + Y. (vp, Vginre)r. (52)
FEJ'-T

The stabilising matrix ML does not have any impact on the consistency of the method; its sole role is
to stabilise the matrix M so that its kernel is R1! (which is expected: a matrix My representing the
bilinear form §,. Vu - Vv should vanish on interpolants of constant functions). The matrix MY, on the
other hand, contains all the consistency properties of the method. The analysis of the stabilisation part
is made in Section 4.5, alongside the analysis of the stabilisation in the HHO and ncVEM methods.

Let us analyse here the consistent part M3 of My. Take v € X}, and let v, € Q]Z’]“l corresponding
to v through the isomorphism (50). Comparing (21a) and (52) shows that
(Vi lor, Vo) r = Rei)vir = (Revir)i, Yi=1,..., Nay — L.
Hence, with obvious notations,
virMgwir = Rivir) (REN) ™ (Riwir)
= (V25 or V) rlicy, v REN) (VI g, Va)rlicr v (53)

Applying (52) to vir = (¢;)* and integrating by parts shows that (ﬁ%ﬂl)m = (V¢;, Vg;)r, that is, ﬁ%ﬁ
is the Gram matrix of (V¢;)i=1,... N, ,—1 in L?(T)%. Equation (53) can therefore be re-written as

VltTM%W|T = (Vr]%HQT, VrI%HQT)T.
Thus, recalling the isomorphism (50) between X and U Z’kil, the ncMFD method (51) is equivalent to

Find u,, € QZ’k_l such that, for all v, € Q’;’k_l, Z (Vb Wikl ) r + s2(u, v) = 2 Ly(vir),
TeTh TeTh

where s is the stabilising bilinear form assembled from the local matrices (M%) rer, . Here, the consis-
tent part is constructed from Vr'%“, as in (43), but the stabilisation is external to the gradient. In the
ncMFD method, the loading term is discretised (for k& > 2) by

Ly(vir) = JT T (for = L fur. (54)

A modification of (54) is necessary for the low orders k = 0,1 — see [41, Section 2.7].
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4.4. Non-conforming Virtual Element Method

For a given mesh element T € 7Tj, we define the local non-conforming virtual element space as
follows [2]:

VT = {op, € HY(T) : nyp-Voy, e PF(F) VF e Fp, Av,ePFY(T)}. (55)

This space is finite dimensional and its functions are described by their face moments against the poly-
nomials of degree up to k on each face F' € Fr and the cell moments against polynomials of degree up to
k — 1 inside cell T'. The unisolvency of these degrees of freedom has been proved in [2].

The global non-conforming virtual element space of degree k is given by:

V,jjb"C(Q) = {nh e L?(Q) : J [vnla=0 VFeF,, VqePH(F)
F

(56)

and vy, € VreT) VT e Th},

where [ v, || denotes the jump operator with the usual definition at interfaces (the sign is not relevant),
and extended to boundary faces setting [[ vy, ]| = vp.

The polynomials of degree up to (k + 1) are a subspace of th’"C(T ). The jump conditions on the
elements of Vk%"c(ﬂ) ensure that ;""" Vk]f(’)”c(Q) -U ’Z:g_l is well defined (there is only one interpolant
on each face, and the polynomial moments up to degree k of functions in Vk%"c(Q) vanish on each
Fe .7-'};). Moreover, the unisolvent property of the set of DOFs shows that I Z’k71 is an isomorphism
between Vk%m(Q) and QZ:gfl.

The virtual element discretisation of problem (2) with A = Id reads as:

Find uy € Vk%m(Q) such that, for all v, € Vk%nc(Q), ap(up, on) = (fn,on) (57)

where the bilinear form ay(up, bp) approximates the left-hand side of (2) and fj,|p = W%k_lf.

Mimicking the additivity of integrals, we assume that the virtual element bilinear form is the sum-
mation of local elemental terms

an(un,0n) = > anr(un, o). (58)
TeTh

Two different formulations of the local bilinear form aj 7 can be found in the literature, both including
a consistency and a stability term:

— first formulation [2]: for every wy, vy, € V;""(T):

an1(un,on) = (V" u,, Var o) e + S((1d — 7"y, (Id — 7)oy (59)

— second formulation [11, 10]: for every wy, v, € V,""(T):
an(un, 0p) = (T Vg, m3Vo,)r + S((Id — 73 My, (1d — 72" Hoy,). (60)

In these definitions, the first term on the right is the consistency term designed to provide the exactness
of the integration whenever at the least one of the entries uy, or vy, is a polynomial of degree up to (k+1).
The second term is a stabilisation, and S can be any symmetric and positive definite bilinear form for
which there exist two positive constants ¢, and ¢* such that

Cx | VoR]7a0rya < S(on,08) < *[Vop|Foipya Yop € V""(T) such that m7* o, = 0. (61)

Remark 16. The connection between formulation (59) and the ncMFD method of [41] reviewed in Sec-
tion 4.3 has been established in [2].
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4.5. HHO, ncMFD and ncVEM are gradient discretisation methods

In the previous sections, we showed that the consistent gradient in the HHO, ncMFD and ncVEM
methods (first formulation) is, for the Poisson problem, identical to the consistent gradient in (43).
We show here that the stabilisations used in these methods can actually be represented by well-chosen
stabilisation terms S; satisfying (S1)—(S3), and thus that these methods are gradient discretisation
methods.

Following the discussion in the previous sections, for the Poisson problem the HHO, ncMFD and
ncVEM (first formulation) can be written, upon an isomorphism of the space of discrete unknowns and

with the proper choice of I € {k — 1,k, k + 1}: Find u, € U} such that, for all v, € UM,

2 (Vb luy, Wk o) + Z Stabr (up I?lr’}HuTmT I lr’}HvT 2 Ly ¢(vp), (62)
TeTh TeTh TeTh

where Lty : U g’l — R is a specific linear form and Staby is a symmetric bilinear form on U ?’l that is
coercive and stable on Im(Id — I%'r51), that is,

k.l k,l_k+1 k,l_k+1 2
Yup € Up', Stabr(vy — If vy vy, vp — Lp'vpvg) = [vrl3 o7, (63)

where a ~ b means Ca < b < C~'a with real number C' > 0 independent of h and of T.

Remark 17 (Stabilisation term). For the HHO scheme ( 8), by (23) the vector ((6%, — 6% )vr)Fer, is
the difference of the face- and cell-unknowns of vy — I5'r% v, Hence, the definition

Stabr (ug f%?“lm vp — I lrlfrH”T Z hp' ((0Fp = 07)ur, (0FF — 67)ur) R
FE}—T

is valid and ensures that the stabilisation terms in (48) and (62) coincide. This also shows that Staby (v, —
bbbty v — Ik ) = lur|3 o7, and thus that (63) holds.

For the ncVEM version (any formulation), comparing the stabilisations in (60)—(59) and in (62) leads
to defining, for all uy, vy, € Vh "(T) and setting up = l’}’luhw and vy = [’;JlUMT,

Staby (up IT r§+ W, U — [k lr?“vT) S((Id - Ty k“)uh, (Id - ’R’%kJrl)Uh).

Estimate (63) then follows from (61) and from (A.17) in Lemma 22.

Due to the orthogonality condition (S2), the GS (3) for Problem (1) with A = I4, based on the
gradient reconstructions (43) (with S, = S;) and some function reconstruction HDh, is given by

Z (Vb ug, Wkt ly ) + Z (Squg, Srvp)r = f flp, vy, (64)
TeTh TeTh

For all methods except the ncMFD with k& = 1, accounting for (14) when &k = 0 and | = —1, we have
Ly r(vy) = (f,vr)r and thus the choice ﬁph = IIp, defined in (16) ensures that the right-hand sides of
(62) and (64) coincide. For the ncMFD with & = 1, a slightly different discretisation of the right-hand
side has to be considered in order to ensure optimal L2-error estimates under elliptic regularity; see [41,
Section 2.7] for further details.

To prove that (62) can be written as (64), it remains to show that for any stabilisation Stabr as
above, there exists S; satisfying (S1)—(S3) and such that

Vup, vp € Ql}’l s (Spup, Srur)r = Stabr (up — l];“lrl;“JrluTavT l?rlr?rHUT) (65)

Let us fix an initial ST, satisfying the design properties (for example, the stabilisation defined by (37)).
The property (S1) on ST and Lemma 21 in Appendix Appendix A.2 below show that S0 : Qk LN Im(SO )
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and (Id — l’%’lr’;fl) : Qi}’l — Im(Id — l%lr];fl) have the same kernel. As shown by (63) and Lemma 21,
Stabr is an inner product on Im(Id— I l}’lri}ﬂ). Applying thus [29, Lemma A.3] produces an inner product
(-,>r on Im(SY.) such that

Yup,vp € UR', (STup, Shvrdr = Stabr(ug — L'tk up, vy — Ip'ehi lug). (66)

Using then [30, Lemma 5.2] with the inner products (-, -y and (-, -)7 on Im(S%.), we find an isomorphism
L7 of Im(S%) such that

Vur,vp € Uy, (Shug, Sqor)r = (LrStur, Lr8Gvr)r. (67)
Combining (66) and (67) shows that (65) holds with
S; = LrSh.

The proof that S, defined above satisfies the design properties is easy. The L2-stability and boundedness
(S1) is a direct consequence of (65) with v, = uy and of (63). The image of S} is, by assumption,
L?(T)%orthogonal to P*(T)¢ and contained in some P*s(Pr). Since L is an isomorphism of Im(S%.),
we have Im(S;) = Im(S%) and Properties (S2) and (S3) on S therefore follow.

Remark 18 (Formulations based on Gé) With minor modifications, it is easy to construct a stabilisation

Sp that satisfies (§/2) instead of (S2). This can be done at a reduced cost, as discussed in Section 4.1.
The reasoning above can also be easily adapted to the first formulation of ncVEM, provided that the

terms Vrk™! in (62) are replaced with G%.

Appendix A. Proofs of the results on DSGDs

This section contains the proofs of Theorem 9 and Proposition 10 preceded by some preliminary
results: the study of the properties of stabilising contributions satisfying (S1)—(S3) and uniform equiv-
alences of discrete W1P-seminorms. We also include lemmas used in Section 4 to show that the HHO
method, ncMFD method and ncVEM are GDMs.

Appendixz A.1. Properties of the stabilising contribution

Proposition 19 (Properties of S;.). Let {S; : T € Tp} be a family of stabilising contributions satisfying
assumptions (S1)—(883). Then, the following properties hold:

(i) LP-stability and boundedness. For all T € Ty, and all vy € Qi}’l,

ISzvrlre(rye = luplpor, (A1)

with hidden constant as in (26) and additionally depending on p and kg.
(ii) Consistency. For all T € T;, and all v e W*+2P(T),

HSTlIIC“JM‘LP(T)d < hquﬂ+l\v|w'c+2,p(T), (A.2)

where a < b means a < Cb with real number C' > 0 independent of both h and T, but possibly
depending on d, o, k, l, p and kg.

As a consequence of (A.2), if ve PFYL(T), then STffp’lv =0.
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In the proof, we will need the following direct and reverse Lebesgue embeddings, proved in [16,
Lemma 5.1]: Let X denote a measurable subset of R¢ with inradius rx and diameter hx, and let two
reals 7, s € [1, +o0] and an integer £ € N be fixed. Then, for all g € P*(X), it holds that

qllzs(x) (A.3)

where a ~ b means Ca < b < C~'a with real number C > 0 only depending on d, a lower bound of the
ratio ,%, r, s, and /.

We will also need the following LP-trace inequality (see, e.g., [16, Eq. (A.10)]): For all T' € T}, and all
ve WhP(T),

1
s

1_
lall-cxy = X[~

1
hi vl ey S [llpery + hr |Vl Loy, (A4)

where a < b means a < Cb with real number C > 0 independent of i and of T, but possibly depending
on d, p, and 0. When v € P(T) for some integer £ > 0, combining (A.4) with the following inverse
inequality (see, e.g., [16, Remark A.2]):

IVl Lo (rya S byt [0l Loy, (A.5)
yields A
hi vl eory S [vllpe ey, (A.6)

where the hidden multiplicative constant in (A.5) and (A.6) can additionally depend on Z.
We are now ready to prove Proposition 19.

Proof of Proposition 19. (i) LP-stability and boundedness. When p = 2, (A.1) coincides with (26). Let
us now consider the case p # 2 and recall the following inequalities valid for all integers n > 1 and all
reals ¢ € [1,+0), a; =0 (1 <i < n):

1
n n q n n n q
q q—1 q 1-gq
Zai< Zai <n Zai, n-a Zaié Zai éZai. (A7)
=1 =1

i=1 =1 =1

Q=
Q=

We also notice that, owing to (28), it holds for all T' € T}, that
P|~[T| VPePr,  card(Pp)~1. (A5)

To prove |P| =~ |T|, it suffices to observe that |P| ~ h%, ~ h%, ~ |T'|, where we have used, respectively, the
first and second conditions in (28) and the mesh regularity to conclude. The bound on card(Pr) follows
by writing |T| = X pep,. [Pl = X pep, |T| = card(Pr)|T].

Let now T € T}, and vy € QI;JZ be fixed. Since S;v, € PFs(P) for all P € Pr, we have that

”STQTHip(T)d = Z HSTQT”ip(p)d

PePr
1_1
~ S PP IS ur b Eqgs. (28) and (A.3)
PePr
1_1
~ PG N Srupltapye Ea. (AS).

PePr

In the second line, condition (28) is invoked to use g as a lower bound for ;T; when applying (A.3). Using
the first pair of inequalities in (A.7) with ¢ = £ if p > 2, the second pair of inequalities in (A.7) with
q= % if p <2 and, in both cases, a; = ||STyTH2L2(P)d and n = card(Pr) ~ 1, we infer

%

1_1 1_1

ISz0r|?, gy > [TPPG) ( > ||sTvT|iz<p)d> = 1T G2 ru | Ba oy
PePr
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Taking the pth root of the above relation, we arrive at

||STETHLP(T)d ~|T|»"2 HSTQTHH(T)GI- (A.9)

Proceeding similarly using (A.3) repeatedly on the faces of T' and using |F|hr ~ |T|, we can prove
that
[oplzor > |T* % lugp or- (A.10)
Combining (A.9) and (A.10) with (26), (A.1) follows.
(ii) Consistency. Let a mesh element T € Tj, be fixed and set, for the sake of brevity, o, = I%'v.

Using the uniform equivalence (A.1) proved in the first point, and recalling the definition (24) of the
|:|p,or-seminorm, it is inferred that

~ 1— ~
IS727[7 Le(T)d ~ < [orlpor = Z hy " 1(0%p — 5£f)ETH1£p(F)
FE}-T

For all F' € Fr, using the triangle inequality followed by the discrete trace inequality (A.6), we infer that
R N 1 [ LS - [

Using the above inequality together with the uniform bound on the number of faces of T (see [19,
Lemma 1.41]) for the second term, and expanding the difference operators according to their defini-
tions (22), we arrive at
~ —p) 0,0l k+1n 1— k41
HSTQTHip(T)d < hy|mp (0" Op — Lp(T + Z hp p”ﬂ' (r7" Dp — )Hip(Fy
FGJ:T

We notice that the projectors in the above bound can be removed invoking the L?(T")-boundedness of w%l
for the first term and the LP(F')-boundedness of ’/T%’k for the second (see [16, Lemma 3.2]). Combining
this observation with the optimal approximation properties of r?“ ol ?l discussed in Remark 5, we then
conclude that
k+1s 1-p k+1s (k+1)
HSTUT”Lp(T 4 S hp pHrT+ Ur — U”ip(T) + Z hg p”rT+ Ur — UHZzp(F) < hp |U|Wk+2 2 (T)" O
FE}-T

Appendiz A.2. Uniform equivalence of discrete W'P-seminorms

The second preliminary result is the uniform equivalence of various W!P-seminorms on the global
space of discrete unknowns U’ fl’l.

Proposition 20 (Uniform equivalence of discrete W1P-seminorms). Define the discrete seminorm |-

Lp,h
such that, for all v, € QZ’l,
lonllf o = 25 ol ,
TeTh
(A.11)
1—
|HQT||p,p, HVUTHLp(T d + Z hF pHUF - ’UTHIE/P(F) VT € 771
FE]'—T
Then, ||-ll1,p,n % a norm on the subspace Qi’,lo and, denoting by {St : T € Tn} a family of stabilising

contributions that satisfy (S1)—-(S3) and defining Vp, by (25), it holds for all v, € Qz’l and all T € Ty,
1o, = Vo, 2o (1ye, (A.12)

where a ~ b means Ca < b < C~'a with real number C > 0 independent of T and h, but possibly
depending on d, p, o, k, |, and ks. As a consequence, for all v, € QZ’Z

1ph = [ Vo, Le @) (A.13)

llorllvpr = lor|

Zhllil,p,h = lI¥h
o] ~ v

26



Proof. The fact that ||-||1,,» is a norm on Qﬁ’,f) can be proved in a similar manner as for the case p = 2
and [ = k considered in [20, Proposition 5]. The local seminorm equivalence ||vy,||1p7 =~ [v,]1,p,7 valid
for all T € Ty, on the other hand, is proved in [16, Lemma 5.2] (see also references therein) for the case
[ = k, and the same reasoning extends tol =k —1and [ = k + 1.

Let now a mesh element T € 7, be fixed. We have that

IV, vpllerye = 1Grvr|rrye = T2 72 Grog| L2y

1
2

1_1
= 17157% (IGhvr|3acrya + 1Szurl3aery.)

~ |T|

(A.14)

D=

_1
2 (HGITC‘QTHLQ(T)d + |QT|2,5T>

or) = vy

where we have used a reasoning similar to the one leading to (A.9) in the first line (recall that Grup
is piecewise polynomial on T owing to (S3)), the orthogonality property (S2) in the second line, the
stability and boundedness property (S1) in the third line, and (A.10) together with the discrete Lebesgue
embeddings (A.3) in the last line. This concludes the proof of (A.12). The global version (A.13) follows
by raising (A.12) to the power p and summing over T € Tj,. O

|1,p,Tv

k
~ (HGTQTHLP(T)d + [vp

The following lemma, which justifies the importance of the seminorm |- |, o7, was used in Section 4.5
to prove that HHO, ncMFD and ncVEM are GDM.

Lemma 21. For any T € T;, and any vy € Qi}’l, it holds that

k,l_k+1
lT r

o — orllip T = oglpor, (A.15)

where a ~ b means C a < b < Ca with real number C > 0 depending only on d, o, p, k, and l. As a
k+1

consequence, Vp — IT r7 vy = 0 if and only if |vp|peor = 0.

Proof. Here, a < b means that a < Cb for some real number C > 0 as in the statement. Using
direct and inverse Lebesgue inequalities as in the proof of Proposition 19, we deduce from (45) that
IV 8k vp|porya < [uplp,er. Hence, using the relation (23) together with the definitions (A.11) of ||-[[1.7
and (24) of |vp|p,er, we obtain

k,l k+1
lT r

1—
vy — QTHp,p, _HV(STUTH Tyt Z hi Pl 5TF 5T UTHLP (F) = |QT|§,6T>

FE]:T

which is (A.15). If vy — I%'r5 Ly, = 0, the relation above shows that |[vp|,er = 0. Conversely, if

l’;«lr?'lvT, we have that [|wp||1,,r = 0, which implies in turn that

wr is constant equal to ¢ and that wg = wp = ¢ for all F' € Fr. Then, r’%*le = r’%*lf}’lc = 7T1T’k+1c =c
(see Remark 5 and additionally observe, for k = 0 and [ = —1, that wyr = ¢ owing to the choice of the

weights wrp). We then have that

|| p,or = 0 then, letting wp == vy —

k,l k,l
e = 5 g = b g — TR ) = oy — bRy <~y =

where we have used the definition of wp in the second equality, the linearity of r?“ in the third, the
f k+1 7kl _k+1 _ _k+1 . k+17k,l _ _1,k+1 .

act that v L7ty =17 in the fourth (since r7 I = 77 preserves polynomials up to degree
< k + 1). Thus, the constant ¢ is 0, which shows that v, — l’;ilrifﬁlyT = 0. O

The last lemma of this section was used in Section 4.5 to analyse the ncVEM stabilisation in the
context of the GDM.
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Lemma 22. For all T € Ty, and all vy, € V"™(T) (with V(T defined by (55)), it holds that

kk—1
IVoR|L2erya =~ || 17" onl

1,2,Ts (A.16)

where ||+ ||1.2,7 is defined in (A.11) and a ~ b means C~ta < b < Ca with real number C' > 0 independent
on h, but possibly depending on d, k, | and 0. As a consequence,

fOT’ all vy, € th’nc(T) such that W,}w’kbh =0, HVUhHLQ(T)d ~ |l§1’k710h|1’2’T. (A17)

Proof. Here, a < b means a < Cb with C as in the statement. Since Vv,-nypp € PE(F) for all F € Fp
and Avy, € P*~1(T), integrating by parts and setting v, = l’%’kilnh,

— (on, Avp)7 + D (0h, Vopnrp)r
FE]'-T

HVUhH2L2(T)d

= (—vp, Avp)r + > (vp, Vopmre)p
FE.FT

= (VUT, Vnh)T + Z (’UF —vr, Vnh-nTF)F.
FG}—T

The Cauchy—Schwarz inequality and the trace inequality (A.6) applied on Vop,-nrr then yield [Vop |2y <
[lvrll1,2,7, which is half of (A.16).

To prove the second half for & > 1, recall first that vy = W%kflt)h. A triangle inequality and (11a)
with{ =k —1,p=2, =0 and r = s =1 thus show that

IVor|Lz(rye < [ Vor| L2y (A.18)
Then, write

0,k— 0,k

N - 3
lor = vr|L2er) = 75" (0n — 73" 0n) | 2y < lon — 73" on] L2y < B2V OR] L2(7ya,

where (11b) was used with £ = k—1,p =2, a =0, 7 = 0 and s = 1. Combining this estimate with (A.18)
concludes the proof of (A.16). The above argument can be extended along similar lines to the case k = 0,
the only variation being linked to the fact that, in this case, vy is not an L?-orthogonal projection of vy,

(see (14)).
To prove (A.17), notice that if ﬂ%ﬂkﬂnh = 0 then r’{,ﬂ“yT = rl}“ﬂ}’lnh = m}ﬁkﬂnh = 0. Hence, (A.16)
yields
kil k
IVon|L2erye = llur — Iy vi  opll e,

and the proof is complete by invoking (A.15). O

Appendiz A.3. Main results

We are now ready to prove the main results stated in Section 3.5.

Appendiz A.3.1. Properties of Discontinuous Skeletal Gradient Discretisations
Proof of Theorem 9. We use a polytopal toolbox in the spirit of [31] and [28, Section 7.2]. Let

XTh,O = {Qh = ((wT)TeT;Ly(wF)FeJ-';L) cwreR, wpeR, wp =0 VFE]'-}L)} IQ%%

and Il7; : X7;,.0 — LP(Q), V7, : X770 — LP(Q)? be defined by, for all w;, € X7, o and all T € Ty,

Z |F|’LUF1’1TF.

1
(Ipwp)r =wr and  (Vyw,)r = |
FEJ:T

7]
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By [28, Corollary 7.12], the coercivity, limit-conformity, consistency, and compactness of (D, )pep follow
if we find a mapping ® : QZ?ZO — X7,.0 (“control” of D) such that, recalling the definition (A.11) of
[Ill1,p,» and setting

P
|®|p, 7, = m, (A.19a)
v,eUt 0,3 VD, 04| Lr ()
1I — Il ® »
WDy, Th, ®) =  max [T, 0 7 2 (wn) |2 () ; (A.19b)
v, eUNI\{0,} IV D, 05 e (e
1
71" |§,(Vp,v, — V7, @,))|")"
OJV('Dh,E, P) = max (ZTeTh ‘ | ’ST( DrZh Th (7h))‘ ) 7 (A.19¢)
v, €URo\{0,} HV’D;LQh”LP(Q)d
we have
|®||lp, .7 < 1and, as h — 0, W"(Dy, Th, ®) — 0 and w” (D, Tp, ®) — 0, (A.20)

where a < b means a < Cb with real number C > 0 independent of h, but possibly depending on d, g, k,
l, and k‘s.

Let ® be defined the following way. For all v, = ((vr)reT,, (VF)Fer,) € QZ’I, we let ®(v),) = v) =
((U%)Ten, ('U%)Fe]—‘h) € X7, 0 be such that v3 = F%OUT for all T € T;, and v% = W%OUF for all F' € Fy,.
Properties (A.20) follow if we establish that, for all v, € U ’;:g,

I 5.0 < 1V D01 Lo (245 (A.21a)
Mp, vy, — HThQ(iJLHLP(T) < MV, vl Le @), (A.21b)
and, for all T' e T, and all vy € Ql%’l,
(Grop,mr = Y, (vp.mnre)r  ¥neP'(T)" (A.21c)
FeFr

Indeed, (A.21a) gives a bound on |®|p,, 7, (A.21b) gives an O(h) estimate on W (Dy,, Ty, @), and (A.21c)
shows that w¥ (Dy, Tr, ®) = 0.
(i) Proof of (A.21a). By the definition (A.11) of the [[[|1 , n-seminorm along with that of v9, we have

that
1—
I9Z = 3 S AP — o1 - (A.22)
TeTn, FeFr

Let now a mesh element T € T;, be fixed and observe that, for all F' € Fr,

0,0
vy — U%HLP(F) = |7z (vr — vg‘)HLP(F) < Jvr — U%”LP(F)
< |vp — vzl Loy + lor — V3 oy
_1
< lve = vrllor) + hp? lor — 03| Lot
1—1
< [ve —vr|Leey + by PIVUT| L0 (1)as (A.23)

where we have used the LP-boundedness of the L?-orthogonal projector (see [16, Lemma 3.2]) in the first
line, the triangle inequality in the second line, the discrete LP-trace inequality (A.6) in the third line, and
a local Poincaré-Wirtinger inequality which can be inferred from (11a) with « = ¢ =r =0 and s =1 to
conclude.

Taking the pth power of (A.23), multiplying by h};p ~ thfp and summing over F' € Fr and T € Ty,
leads to [[vY| |1,p,n- Estimate (A.21a) follows by using (A.13).

EERSY 1Y

29



(ii) Proof of (A.21b). Using a local Poincaré—Wirtinger inequality as above we infer, for all T € Ty,
or — U%HL;D(T) < hr|Vor| pe(rya. Taking the pth power of this inequality, summing over T' € T, and
using hp < h and the uniform norm equivalence (A.13) to bound the right-hand side, (A.21b) follows.

(iii) Proof of (A.21c). Let n € PO(T)% = P*(T)4. Since V-n = 0, using the orthogonality property
(S2) followed by the definition (17) of G% we infer that (Grvp, n)r = Yrer, (VE,mrR)F. Equa-
tion (A.21c) then follows by noticing that, n-nrp being constant on F', (vp,n-nrr)r = (W%OUF, nnrr)F =
(’U%, n'nTF>F-

The GD-consistency follows from Proposition 10 (proved below), and from [28, Lemma 2.17] which
shows that the consistency holds provided that Sp, (¢) — 0 for all ¢ in a dense subset of Wy?(Q). [

Remark 23 (Condition (A.21a)). In [28], a slightly different norm is considered in the argument of the
maximum in (A.19a). The original expression is obtained replacing [[v% |}, by

1—
Z Z drg |vp _U%Hip(p),
TeTy, FeFr

0,k

where the only difference with respect to (A.22) is that the role of the local length scale is played by dr,
the orthogonal distance between a point @ inside T and the face F', instead of hp. If, for all T € T}, we
choose the point 7 such that condition (34) is verified, it can easily be proved that drp ~ hp, and the
two norms are uniformly equivalent.

Appendiz A.3.2. Estimates on Sp and Wp

Proof of Proposition 10. (i) Estimates on the addends in Sp,. Take ¢ € Wy P(Q) n WHL2(T,) and let
vy, = lﬁ’lqﬁ € Q’Z’l. For all '€ Ty, if I = 0 then (Ilp,v,)r = vr = w%lgb on T so the approximation
estimate (11a) applied with a =0, { =1, s = £+ 1 and r = 0 yields

[, vy, — ¢HLP(T) < thJr1|¢|Wl+1vP(T)- (A.24)
On the other hand, if | = —1, the specific choice (14) of vy yields
Ip, vy, — @l Lrry S hrldlwie - (A.25)

Combining (A.24) and (A.25), taking the pth power, summing over T' € Ty, and taking the pth root of
the resulting inequality gives (29a).

For a fixed mesh element T € Ty, use the definition (25) of Vp,, the commutativity property (18) of
GIF}, the approximation property (11a) of W?F’k with s = k+ 1 and r = 0, and the consistency (A.2) of S,
to obtain

IVp,v), — V¢HLP(T)d < HGI%QT - V¢HLP(T)d + HSTQTHLP(T)d

< h§+1|v¢|wk+1‘p(fzﬂ)d + h?«+1|¢|wk+2,p(’1‘) < h§+1|¢|wk+2,p(T).

The estimate (29b) follows taking the pth power, summing over T € Tj, and taking the pth root of the
resulting inequality.

If I € {k,k +1} or I = —1 (in which case k = 0), the estimate (30) on Sp,(¢) is an immediate
consequence of (29). Consider now [ = k — 1 and k > 1. An easy modification of the proof above shows
that, for all ¢ € Wy P(Q) A WFLP(T), [ Vp, v, — Vo|rr@y S B¥|¢lwrsrn(r,). Then (30) follows from
this modified version of (29b) and from (29a).

(ii) Estimate on Wp, (¢). For all v, € Xp, o,

L Vo, (@)p(x)de = Y. (Vp,u,, ¢ — w3 P)r + Y. (Vp,u,, w3 )7

TeTn TeTn (A.26)
= Z -AT + Z BT.
TeTh TeTh
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The approximation property (11a) of w%’k with s =k + 1, » = 0 and p’ instead of p yields

Z |-AT| < Z h?“HVD;LQ}LHLIJ(T)dH"ﬂ“wkﬂ,p'(T)d
TeTh TeTh

1/p 1/p (A.27)
g hk+1 ( Z |VDhUh|1[)/p(T)d> < Z Hw'lwarl p’ (T > '

TeTh TeT

= hk+1”VDh,thLP(Q)d”’lpHW"‘*lvP'(Th)d‘
By definitions (25) and (17) of Vp, and G%., and by the orthogonality property (S2) of Sy,

Br = (Ghop, w3 )y = — (v, V-myfep)r + Z (vp, wpnrp)p
FG]‘—T

= — (v, V(@ —))r + D) (vp, (7Y — ) mrp)p

FE]‘—T

— (or, V)1 + ) (vF, pnrr)F

FGJ:T

= (Vor, (WOT’k’l/’ —))r + Z (vp — v, (F%k’lﬁ —Y)nre)r

FE]:T

= (Ip,vy,, V-9)r + Z (vr, ¥ mrp)p
FeFr

= Bri — (p, v, V-Y)r + Z (v, Y nrr)F,
FE]‘—T

(A.28)

where we used an integration-by-parts and the definition (16) of IIp, in the penultimate line. For any
interface F with T, T as neighbouring mesh elements, since ¥ € WP (div; Q) we have ¥-np, p+¢¥-np,p =
0 on F. Moreover, vp = 0 whenever F' is a boundary face. Hence

Y ) wenrp)r = Y (vp,nne + Y mne)e+ Y (Ve mre)r = 0.

TeTs, FeFr FeF Fery

Summing (A.28) over T' € Tj, and using the previous relation leads to

>, Br= ) Br *J p, v, (x)V-1p(x) de. (A.29)

TeTh TeTh

Recalling the definition (10) of 71' , it is readily inferred that the first term in BT 1 is zero since Vur €

VPY(T) < P*(T)4. Moreover, using again the approximation properties (11) of 7rT withr =0,s=k+1
and p’ instead of p, we can write

0,k
Bral s ) lvr = vrlem |75 — ) o (e

FE]'—T
Z h ‘UF — 7| Lo )|'¢|Wk+1,p'(T)d
FE]‘—T
< P e (T)d ( 2 hp \UF - UT|Lp(F)>
FE]'—T

where we used hp < hr in the last line. Sum over T € 7, and invoke Holder’s inequality, the property
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Card(Fr) < 1, and the norm equivalence (A.13) to deduce

1/p
Z |BT,1| $ hk;+1|’lp|Wk+l,p,(77L)d ( Z Z h}:'_pH'UF _UT|I[);7(F)>

TeTs TeT, FeFr
S PP s (73 VD, 2 | o e (A.30)

Finally, using (A.27), (A.29) and (A.30) in (A.26), we get

S hk“H’/’HWHLP’(Th)dHVDthHLP(Q)d~

J Vb, v, (x)p(x)de +J- Ip, v, (x)V-1p(x) de
Q Q

The estimate (31) follows immediately. O

Remark 24 (Choice of the gradient reconstruction). An inspection of the above proof shows that using (43)
in place of (25) can lead to significant losses in the order of convergence for Wp, (¢) (while the convergence
expressed by (9) still holds true). As a matter of fact, with this choice one would have to replace
throughout the proof w9:"4 by the L2-orthogonal projection of 4 on VP**1(T). The latter quantity has
optimal approximation properties only if either k = 0 (since VIP*(T') = P°(T)%) or there exists w € L? ()
such that 1/J|T = Vwr for all T' € Tj,. Recalling Theorem 3 with p = 2 and o(x,u, Vu) = Vu, we see
that for the Poisson equation, Wp, is applied to ¥ = Vu. In this case, the gradient reconstruction (43)
leads to optimal convergence rates. However, there is a real loss of estimate for more general problems
for which error estimates are written in terms of Wp, (AVu) (for anisotropic linear diffusion, see [28,
Theorem 2.29]) or Wp, (|[Vu[P~2Vu) (for the p-Laplace equation, see Theorem 3).
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