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Abstract

In this work we develop arbitrary-order Discontinuous Skeletal Gradient Discretisa-
tions (DSGD) on general polytopal meshes. Discontinuous Skeletal refers to the fact that
the globally coupled unknowns are broken polynomial on the mesh skeleton. The key
ingredient is a high-order gradient reconstruction composed of two terms: (i) a consistent
contribution obtained mimicking an integration by parts formula inside each element and
(ii) a stabilising term for which sufficient design conditions are provided. An example
of stabilisation that satisfies the design conditions is proposed based on a local lifting of
high-order residuals on a Raviart—-Thomas-Nédélec subspace. We prove that the novel
DSGDs satisfy coercivity, consistency, limit-conformity, and compactness requirements
that ensure convergence for a variety of elliptic and parabolic problems. Links with Hy-
brid High-Order, non-conforming Mimetic Finite Difference and non-conforming Virtual
Element methods are also studied. Numerical examples complete the exposition.

MSC2010: 65N08, 65N30, 65N12

Keywords: Gradient discretisation methods, gradient schemes, high-order Mimetic Fi-
nite Difference methods, Hybrid High-Order methods, Virtual Element methods, non-
linear problems

1 Introduction

The numerical resolution of (linear or non-linear) partial differential equations (PDEs) is
nowadays ubiquitous in the engineering practice. In this context, the design of convergent
numerical schemes is a very active research topic. The Gradient Discretisation Method
(GDM) is a recently introduced framework which identifies key design properties to obtain
convergent schemes for a variety of linear and non-linear elliptic and parabolic problems.
Several models of current use in fluid mechanics fall into the latter categories including,
e.g., porous media flows governed by Darcy’s law, phase change problems governed by the
Stefan problem [34], as well as simplified models of the viscous terms in power-law fluids
corresponding the Leray—Lions elliptic operators. The latter also appear in the modelling
of glacier motion [36], of incompressible turbulent flows in porous media [25], and in airfoil
design [35].



A Gradient Discretisation (GD) is defined by a finite-dimensional space encoding the dis-
crete unknowns, as well as two linear operators acting on the latter, and corresponding to
reconstructions of scalar functions and of their gradient. For a given PDE problem, con-
vergent GDs are characterised by four properties, which can also serve as guidelines for
the design of new schemes: coercivity, which corresponds to a discrete Poincaré inequality;
GD-consistency, which expresses the ability of the scalar and gradient reconstructions to
approximate functions in the space where the continuous problem is set; limit-conformity,
linking the two reconstructions through an approximate integration by parts formula; com-
pactness, corresponding to a discrete counterpart of the Rellich theorem.

In the recent monograph [27], several classical discretisation methods have been interpreted in
the GDM framework. These include: arbitrary order conforming, nonconforming, and mixed
Finite Elements (FE) on standard meshes; various lowest-order Finite Volume methods on
specific grids; lowest-order methods belonging to the Hybrid Mixed Mimetic family (see the
unified presentation in [28] of the methods originally proposed in [9, 26, 33]) as well as nodal
Mimetic Finite Differences (MFD) [10] on arbitrary polyhedral meshes; see also [5].

In this paper we present an important addition to the GDM framework: arbitrary-order
methods supporting general polyhedral meshes. Our focus is on Discontinuous Skeletal
methods [18], characterised by globally coupled unknowns that are broken polynomials on
the mesh skeleton. Specifically, the primary source of inspiration are the recently introduced
Hybrid High-Order (HHO) methods for linear [22, 20] and non-linear [16, 17] diffusion prob-
lems, and the high-order non-conforming MFD (ncMFD) method of [39]; see also [2] for an
interpretation in the Virtual Element framework and [4] for an introduction to the latter.
We also cite here the Hybridizable Discontinuous Galerkin methods of [14], whose link with
the former methods has been studied in [13]; see also [7] for a unified formulation.

Let a polynomial degree k > 0 be given. The Discontinous Skeletal Gradient Discretisations
(DSGD) studied here hinge on face unknowns that ensure the global coupling and that
correspond to broken polynomials of total degree up to k& on the mesh skeleton, as well
as locally coupled element-based unknowns that correspond to broken polynomials of total
degree up to l € {k —1,k, k + 1} on the mesh itself. The reconstruction of scalar functions is
defined in a straightforward manner through the latter if [ > 0, or by a suitable combination
of face-based unknowns if [ = —1. The gradient reconstruction, on the other hand, requires
a more careful design. The seminal ideas to devise high-order gradient reconstructions on
general meshes are already present, among others, in HHO methods (see, e.g., [22, Eq. (13)]
and [16, Eq. (4.3)]) as well as in ncMFD methods (see [39, Eq. (21)]). These gradient
reconstructions, however, are not suitable to define a convergent DSGD because they fail
to satisfy the coercivity requirement. In the context of discontinuous Galerkin methods,
a stable discrete gradient based on a variation of the scheme originally proposed in [3]
for the treatment of viscous terms in the incompressible Navier—Stokes equations has been
recently studied in [1]. In addition, when considering non-linear problems, the codomain
of the gradient reconstruction has to be carefully selected in order for the GD-consistency
requirement to be satisfied with optimal scaling in the meshsize for £ > 1 (this point was
already partially recognised in [16]).

The main novelty of this work is the introduction of a gradient reconstruction that meets
all the requirements to define a convergent GD, and which satisfies the limit-conformity
requirement with an error that scales optimally in the meshsize. This gradient reconstruction
is composed of two terms: a consistent contribution closely inspired by [16, Eq. (4.3)]



and a stabilisation term. Two design conditions are identified for the stabilisation term:
(i) local stability and boundedness with respect to a suitable boundary seminorm and (ii) L2-
orthogonality to vector-valued polynomials of degree up to k. When considering problems
posed in a non-Hilbertian setting, an additional condition is added stipulating that the
stabilisation is built on a piecewise polynomial space. An example of stabilisation term that
meets all of the above requirement is proposed based on a Raviart—Thomas—Nédélec space
on a submesh.

The rest of the paper is organised as follows. In Section 2 we recall the basics of the GDM
and give a few examples of linear and non-linear problems for which GDs are convergent
under the coercivity, GD-consistency, limit-conformity, and compactness properties discussed
above. The construction of arbitrary-order DSGD is presented in Section 3, the main results
are stated in Section 3.5, and numerical examples are collected in Section 3.7. The links
with HHO and ncMFD schemes are studied in detail in Section 4. Appendix A contains the
proofs of the main results. The material is organised so that multiple levels of reading are
possible: readers mainly interested in the numerical recipe and results can primarily focus
on Sections 2-3; readers also interested in the relations with other polytopal methods can
consult Section 4.

2 The Gradient Discretisation Method

We give here a brief presentation of the Gradient Discretisation Method (GDM) in the
context of homogeneous Dirichlet boundary conditions, and we refer to the monograph [27]
for more details and other boundary conditions.

2.1 Gradient Discretisations and Gradient Schemes

Let Q be a bounded polytopal domain in R¢, where d > 1 is the space dimension. We consider
elliptic or parabolic problems whose weak formulation is set in VVO1 P(Q), where p € (1, +0)
denotes a Sobolev exponent which we assume fixed in what follows.

A Gradient Discretisation (GD) is a triplet D = (Xp o, lp, Vp) where:

(i) Xp,o is a finite dimensional vector space on R encoding the discrete unknowns, and
accounting for the homogeneous Dirichlet boundary condition;

(ii) IIp : Xpo — LP() is a linear mapping that reconstructs scalar functions in L”(12)
from the discrete unknowns in Xp o;

(iii) Vp : Xpo — LP(Q)? is a linear mapping that reconstructs the gradient of scalar
functions in LP(Q)¢ from the unknowns in Xp o. This reconstruction must be defined
such that [Vp-|ppqe is a norm on Xp .

In a nutshell, the GDM consists in selecting a GD and in replacing, in the weak formulation
of the PDE, the continuous space and operators by the discrete ones provided by the GD.
The scheme thus obtained is called a gradient scheme (GS). To illustrate this procedure,
consider the simple linear problem: Find u : {2 — R such that

—V-(AVu) = f in Q,

1
u=0 on 0, (1)



with diffusion tensor A bounded and uniformly coercive, and source term f € L?(€). The
weak formulation of (1) is

Find u € H}(Q2) such that, for all v e HZ(Q), J AVu-Vu = J fo. (2)
Q Q
Given a gradient discretisation D, the gradient scheme for (2) is then

Find up € XD70 such that, for all vp € X’D70, J AVpup-Vpup = f fllpvp. (3)
Q Q

The same procedure applies to non-linear problems. Consider, e.g., the following generalisa-
tion of (1) that corresponds to Leray—Lions operators: Find u : Q — R such that

—V.o(x,u,Vu) = f in ©,

4
u=0 on 052, )

where the flux function o : Q x R x RY — R? satisfies the requirements detailed in [27,
Section 3.3.2]. A paradigmatic example of this class of problems is the p-Laplace equation
which, for a fixed p € (1, +00), corresponds to the flux function

o(x,u, Vu) = |VulP2Vu. (5)

Assuming f € L (Q) with p/ = 57, the Problem (4) admits the following weak formula-
tion:

Find u € WyP(Q) such that, for all v € Wy (Q), f

Qa(sc,u, Vu)-Vou = JQ fu. (6)

Given a gradient discretisation D, the gradient scheme for (6) is then

Find up € Xp such that, for all vp € Xp o, j o(x,pu, Vpup)-Vpup = J fMpup.
0 0
(7)

2.2 Convergent Gradient Schemes

The accuracy and convergence of GSs, for linear and non-linear problems, can be assessed
by a few properties of the underlying GDs. In many situations, and in all cases considered in
this paper, GDs are obtained starting from a mesh of the domain. We consider here polytopal
meshes corresponding to couples My, = (T, Fp), where Ty, is a finite collection of polytopal
elements T of maximum diameter equal to h > 0, while F}, is a finite collection of hyper-
planar faces F'. It is assumed henceforth that the mesh M}y matches the weak geometrical
requirements detailed in [27, Definition 7.2]; see also [24, Section 2]. Our focus is on the
so-called h-convergence analysis, where we consider a sequence of refined meshes (Mp)pen
whose sizes are collected in a countable set H < R} having 0 as its unique accumulation
point. We further assume that the polytopal mesh sequences that we deal with are regu-
lar in the sense of [24, Definition 3], and we denote by ¢ > 0 the corresponding regularity
parameter.

The following properties allow us to single out sequences (Dp)ren = (Xp, .0, 1D, , VD, )nen
of GDs that lead to gradient schemes that converge, for both linear and non-linear prob-
lems:



(GD1) Coercivity. Consider, for all h € H, the norm of the linear mapping IIp, defined by:

Ip, vl e ()

Cp, = X I ol
D veXp, 0\{0} HVth“LP(Q)d

Then, there exists a real number Cp > 0 such that Cp, < Cp for all h € H.

(GD2) GD-Consistency. For all h € H, let Sp, : Wol’p(ﬂ) — [0, 4+00) be such that

Spu(6) = min (|Tp,0 = Bloo) + [VD,0 — Volmae) Yo WP (Q).

VEAD, 0

Then, it holds that
lim 5p,(¢) =0 Ve Wy "(Q). (8)

(GD3) Limit-conformity. Let p' = p%l denote the dual exponent of p, and set W¥ (div; Q) ==
{p € LV (Q) : Vap e Lf’(Q)}. For all h e #, let Wp, : WP (div; Q) — [0, +m) be
such that, for all ¥ € WP (div; ),

1
Wp, (%) =  sup o
" veXp, 0\{0} HVDhUHLP(Q)d

L (Vth(w)-v,b(w) + thv(m)v.¢(m)) deel

Then, it holds that

lim Wp, () =0 Vipe WP (div; Q). (9)

(GD4) Compactness. For any vy € Xp, o such that (|Vp,vs|rr@)e)nen is bounded, the
sequence (IIp, vp)ney is relatively compact in LP(Q).

A few comments are of order. Property (GD1) is linked to the stability of the method, and
stipulates that the LP-norm of the reconstruction of scalar functions is uniformly controlled
by the LP-norm of the reconstruction of their gradient. It readily implies the uniform Poincaré
inequality |Tlp, vp||zr(0) < Cp[ VD, vn|Lr()e valid for all h € H and all vy € Xp, 0.

Properties (GD2) and (GD3) are linked to the consistency of the method. More specifi-
cally, property (GD2) states that the reconstructions Ilp, of scalar functions and Vp, of
their gradients are able to approximate functions that lie in the space VVO1 P(Q2) where the
continuous problem is set. It the context of the FE convergence analysis, this property is an
attribute of the underlying discrete space, and is usually called approzimability; see, e.g., [32,
Definition 2.14]. Property (GD3), on the other hand, establishes a link between IIp, and
Vp, in the form of a discrete integration by parts formula. Its counterpart in the context
of the FE convergence analysis for linear problems is asymptotic consistency; see, e.g., [32,
Definition 2.15]. Notice, however, that the formulation in (GD3) is in a sense more general,
as it is not linked to a specific underlying problem and is in particular readily applicable to
non-linear problems (whereas [32, Definition 2.15] is restricted to linear problems).

Finally, property (GD4) is a discrete Rellich compactness theorem, and can be regarded as
the key ingredient to obtain strong convergence results by compactness techniques.

The above properties are sufficient to carry out a convergence analysis, either by error
estimates (when the model is amenable to these) or by compactness, for a variety linear



and non-linear elliptic or parabolic models. An example of such convergence results for
gradient discretisations of the Leray—Lions problem (6) is provided by Theorems 1 and 2
below; see [27] for a comprehensive collection of convergence results for various linear and
non-linear elliptic and parabolic problems.

Theorem 1 (Convergence). We assume that o satisfies the classical properties of Leray—
Lions operators (see [27, Section 3.3.2]). Let (Dp)ney denote a sequence of GDs satisfying
(GD1)-(GD4). Then, for all h € H, there exists at least one up, € Xp, o solution to (7)
and, along a subsequence as h — 0, (i) lp,up, converges strongly in LP(?) to a solution u
of (6); (ii) Vp,up, convergs strongly in LP(Q)? to Vu.

Proof. This is a special case of [27, Theorem 3.34]. O

Theorem 2 (Error estimates). Let D be a gradient discretisation, and let o be the Leray—
Lions operator corresponding to the p-Laplace equation (see (5)). Then there ezists a unique
up solution to (7) and, if u is the solution to (6), then there exists C' depending only on p,
f and an upper bound of Cp such that

o If1<p<2,

|u —pup| r) + [|Vu — Voup| sy < C [Sp(u) + Sp(u)P~! + Wp(a(Vu))].
() ()

e If2<p,
_1 _1
lu —pup|pr) + [Vu— Vpup|pr) < C [SD(H) + Sp(u)rT + WD(U(VU))H] -

Proof. These error estimates are simplified forms of the estimates in [27, Theorem 3.28]. [

3 Discontinuous Skeletal Gradient Discretisations

In this section, we construct a family of Discontinuous Skeletal Gradient Discretisations
(DSGD). The notation is closely inspired by HHO methods; see, e.g., [24].

3.1 Local polynomial spaces and projectors

Local polynomial spaces on mesh elements or faces and projectors thereon play a crucial role
in the design and analysis of DSGD methods.

For any X c Q, we denote by (-,-)x the standard L?(X)- or L?(X)%products. This notation
is used in place of integrals when dealing with quantities that are inherently L?-based. Let
now X be a mesh element or face. For an integer £ > 0, P’ (X) denotes the space spanned by
the restriction to X of scalar-valued, d-variate (if X is a mesh element) or (d — 1)-variate (if
X is a face) polynomials of total degree ¢ or less, and conventionally set P~1(X) == {0}.

Let again X denote a mesh element or face. The L?-orthogonal projector Wg(’e D LN(X) —
P*(X) is defined as follows: For all v e L'(X), Wg(’g is the unique polynomial in P*(X) such
that

(70 —v,w)x =0  VYwe PY(X). (10)



In the vector case, the L2-projector is defined component-wise and denoted by ﬂ'gf.

For any mesh element T € 7},, we also define the elliptic projector wilr’e :WHHT) — PYT) as

follows: For all v e WH(T), W;JZ’U is the unique polynomial in P*(T") that satisfies

(V(ﬂ%’év —v), Vw)7 = 0 for all we PY(T) and (W;JZ’U —v,1)p =0.

On regular polytopal mesh sequences, both TI'%E and W,}Jg have optimal approximation prop-
erties in P*(T) (see Theorem 1.1, Theorem 1.2, and Lemma 3.1 in [17]): For any a € {0,1}
and s € {a,...,¢ + 1}, there exists a real number C' > 0 independent of h, but possibly
depending only on d, p, 0, ¢, a, and s, such that, for all T' € T, and all v € W*P(T),

v — 75 Vo) < CRG " olwewry  Vre{0,...,s}, (11a)

and, if s > 1,

1
h%"l} — W%’EU‘W’F,])(]:T) < Ch%_T’U|WS,p(T) VT’ € {0, ceey S — 1}, (llb)

where W"™P(Fr) = {v e LP(0T) : vp € W"P(F) for all F € Fr} and hy denotes the diame-
ter of the element 7.

3.2 Computing gradient projections from projections of scalar functions

We continue our discussion with a crucial remark concerning the computation of the L?-
orthogonal projection of the gradient from L?-orthogonal projections of a scalar function
and its traces. This remark will inspire the choice of the discrete unknowns as well as the
definition of the gradient reconstruction in DSGD methods. In what follows, we work on a
fixed mesh element T € Ty, denote by Fr the set of mesh faces that lie on the boundary of
T and, for all F' € Fr, by npp the normal vector to F' pointing out of 7.

Consider a function v € WH1(T). We note the following integration by parts formula, valid
for all ¢ € C®(T)%:

(Vo,)r = —(v,V-d)r + > (v,0nrp)r. (12)

FeFr

Let now an integer k = 0 be fixed. Specialising (12) to ¢ € P¥(T)?, we obtain

(ﬂ-g“’kvva ¢)T = _(Tr’(])“’kilvv V¢)T + Z (T‘-%kva ¢'nTF)F; (13)
FG]'—T
where we have used (10) to insert w%k into the left-hand side, and m%k*l and ﬁ%k into the

right-hand side after observing that V-¢ € P*~1(T") and, since we are considering planar
faces, ¢pnrr € P*(F) for all ' € Fr. The relation (13) show that computing the L2-
orthogonal projection of Vv on P¥(T)¢ does not require a full knowledge of the function v.
All that is required is

(i) w%kilv, the L2-projection of v on P*~1(T). Other possible choices are m%kv or W%k“v

(in fact, any polynomial degree larger then or equal to k — 1 will do);

(ii) for all F' € Fp, W%k’l}, the L?-projection on P¥(F) of the trace of v on F.



3.3 Space of discrete unknowns and reconstruction of scalar functions

Inspired by the previous remark, for two given integers k > 0 and | € {k — 1,k,k + 1} we
consider the following set of discrete unknowns:

Uy = (>< P%T)) x ( X P’f(F)).
TeTh FeFy

The choice [ = k—1 can be traced back to the ncMFD of [39], the choice | = k to the Hybrid
High-Order method of [22], and the choice | = k + 1 to the Hybridizable Discontinuous
Galerkin method of [38, Remark 1.2.4]. Notice that, for k = 0 and [ = k — 1, element-based
unknowns are not present.

For a generic element of U i’l, we use the standard HHO underlined notation
v, = ((vr)reTs,» (VF)FeF,)

and we define the interpolator lﬁ’l WhHQ) — Qi’l such that, for all ve WH1(Q),
k,l 0, 0,k
lh’ V= ((Wf U)TeTha (Wﬁ U|F)Fe]—'h> .

To account for Dirichlet boundary conditions strongly, we introduce the subspace
Qi:g = {Qh GQ]Z’Z :vp=0forall Fe ]:;f} ,

where ]-";f is the set collecting the mesh faces that lie on the boundary of €.

The restrictions of U Z’l, I ﬁ’l and v, e U i’l to a generic mesh element T € Tj, are denoted by
U I;Jl, I g’l, and v, respectively. Moreover, we adopt the convention that, for all 7" € Tj,

vT = Z WTFEFUR if | < 0, (14)
FeFr

where, following [39, Appendix A], the weights {wrr}rer, are defined in such a way that
Yirer, wrr(g, 1)r = (¢, 1)r forall g € PY(T) (this condition is required in the above reference

to obtain L2-superconvergence, not treated in this work). For all v, € U Z’l, we also define
the broken polynomial field vy, such that

Uh|T = VT VT e 771 (15)

The space of discrete unknowns and the reconstruction of the scalar variable for a DSDG
are given by, respectively,

Xp, 0= Qﬁ:lo and Ilp, v, = v, for all v, € Qz’}). (16)

3.4 Reconstruction of the gradient

To complete the definition of a DSGD, it remains to identify a reconstruction of the gradient,
which makes the object of this section.



3.4.1 A consistent and limit-conforming high-order gradient

Let a mesh element T € 7T, be fixed. Taking inspiration from the integration by parts
formula (13), we define the gradient reconstruction G : U. ];Jl — P*(T)? such that, for any

vy = (vr, (VF)Fer,) € Qf}’l, Gk satisfies, for all ¢ € PF(T),

(G];“QT7 ¢)T = _(UT7 V¢)T + Z (UFv ¢'nTF)F~ (17)
FeFr

By construction, it holds for all v € W1(T),
k,l Kk
GhIby = wk (Vo). (18)

Recalling the estimates (11) on ﬂ%k, this implies that G?l %lv optimally approximates Vv
in P*(T)¢ when v is smooth enough.

A reconstruction of the gradient that meets both the consistency and limit-conformity re-
quirements expressed by (GD2) and (GD3), respectively, can be obtained at this point
letting Vp, be such that, for all v;, € Qz’i),

(Vo,up)ir = Ghop VT € Th. (19)

However, for general element shapes, the LP-norm of this gradient reconstruction is not a
norm on the space Xp, o = U z’i), hence the coercivity requirement expressed by (GD1)
cannot be met. This initial choice of reconstructed gradient therefore has to be stabilised by
accounting for jumps between element and face unknowns. These jumps can be controlled in
turn via a discrete counterpart of the W1P-seminorm, which gives us an emulated Sobolev
structure on U Z’l.

Remark 3 (Crouzeix—Raviart discretisations). If 7' is a d-simplex (i.e., a triangle if d = 2, a
tetrahedron if d = 3, etc.) and we take k = 0 and [ = —1, the gradient reconstruction Gk,
defined by (17) coincides with the gradient of the unique Crouzeix—Raviart [15] function
¢ such that |F|~! Sro(xr) = vp for all F e Fr. In this case, the LP-norm of the global
gradient defined by (19) defines a norm on the space of discrete unknowns, and stabilisation
is not needed. To recover Crouzeix—Raviart discretisations, (16) has to be modified setting
thth = r%yT for all T € Ty, and all v € U %71, where r%, is the high-order reconstruction
of scalar function defined in the following section.

3.4.2 High-order reconstruction of scalar functions and discrete IV !P-seminorm

Let vp e U ?l. Recalling the convention (14), vy defines a reconstruction of scalar functions
inside T of degree max(0,1). However, taking again inspiration from the integration by parts
formula (13), this time specialised to ¢ = Vw with w € P**(T), one can define a higher-
order reconstruction r?’l U %l — ]P’kH(T) such that, for all vy € U. ?’l, r?lyT satisfies, for
all w e PET1(T),

(VI"I%JAQT, VU))T = —(UT, Aw)T + Z (UF, Vw-’I’LTF)F. (20&)
FeFr

k+1
T

Equation (20a) defines r7." vy up to an additive constant, which we fix by imposing

(tF vy —vp, )7 = 0. (20b)



Remark 4 (Optimal approximation properties of r?ﬂ ol ?l) When [ = 0, following the rea-
soning of [22, Lemma 3], it can be proved that rkHoI kol _ ;ﬂkﬂ and optimal approximation

properties in P*+1(T') follow from (11) with o = 1 and ¢ =Fk+1. The case [ < 0, on the
other hand, can only occur when k = 0. Owing to the specific choice for the reconstruction
of a (constant) element value in (14), optimal approximation properties analogous to (11)
with @ = 1 and ¢ = 1 can be proved also in this case.

To define the discrete Sobolev seminorm on U i’l, for all T' € T, we introduce the difference
operators &} : Qlfp’l — PYT) and, for all F € Fp, k.. : Ql}’l — P*(F) such that, for all
vr € Ql’;la

I k
Spop =y (i vy —vr),  Sfpup = mp" (5 ey —vp) VF € Fp. (21)

The role of these difference operators in the context of HHO methods has been highlighted
in [24, Section 3.1.4]. We also note here the following relation holds:

k,l
<6ITQT7 (5];’FQT)F€]:T) I k+1 T - QT) (22)

which will be exploited in Section 4.5 and Lemma 20 below.

The discrete W1P-seminorm is defined setting

zl),p,h = Z ”QT||11)7p,T7

TeT,

Hﬂh|

where, for all T' € 7}, the local seminorm is such that, denoting by hg the diameter of the
face F,

p,dT = Z hl p“ 5TF 5T)UTHLp(F (23)
FE.FT

lor | T = HGTUTH Ty T |QT|Z,;7~T7 ol
As a result of Proposition 19 below, |-|1 4 is a norm on the subspace Qi:g

3.4.3 A stabilised reconstruction of the gradient

We can now describe the general form of the gradient Vp, : U I;L’l — L?*(Q)?, built inside
each mesh element from the consistent and limit-conforming part G? and a stabilising con-
tribution:

(VDth)\T =Grup = G%ﬁT + Spvp Yoy, € QZ’Z , VT € T, (24)

where S : Q?l — L*(T)? satisfies the following design conditions:
(S1) L2-stability and boundedness. For all T € T;, and all vy € U, it holds that
HSTQTHLQ(T)d ~ |vplaer, (25)

where a ~ b means Ca < b < C~'a with real number C' > 0 independent of h and of
T, but possibly depending on d and on discretisation parameters including p, k, and [.

(S2) Orthogonality. For all vy € Q?’l and all ¢ € P*(T)?, it holds
(Spvp, @) = 0. (26)
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(S3) Image. If p # 2, there exists ks € N such that the image of S is contained in P*s (Pr),
the space of broken polyomials of total degree up to kg on a regular polytopal partition
Pr of T. Here, regular means that, for all P € Pr, denoting by rp and hp the inradius
and diameter of P, respectively, it holds that

ohp <rp, ohr < hp. (27)

Remark 5 (L?-based stabilising contribution). Property (S2), which is crucial to ensure the
stabilising properties of S, requires to work with an inner product space. In our case, a
natural choice is L?(T)%. The role of orthogonality properties analogous to (S2) has been
previously recognised in the context of specific stabilised method, see for example [8, Propo-
sition 7] for the lowest-order Compatible Discretization Operator methods, [27, Proposition
12.5 and Theorem 13.5] for the Hybrid Mimetic Mixed methods and the nodal Mimetic
Mixed Methods, and [31, Section 4.2] for numerical methods for elasticity models.

Remark 6 (LP-stability of S;). Property (S3) is required to extend the stability properties
expressed by (S1) to LP; see the proof of point (i) in Proposition 18 for further details.

The above construction of a DSGD is summarised in the following

Definition 7 (Discontinuous Skeletal Gradient Discretisation). Given a polytopal mesh My,
a Discontinuous Skeletal Gradient Discretisation (DSGD) is given by Dy, = (Xp, 0,11p,, Vp,)
where Xp, o and IIp, are defined by (16), and Vp, is given by (24) with a family of stabil-
isations {S; : T € My} satisfying properties (S1)—(S3).

3.5 Main results
The construction detailed above yields a GD that meets properties (GD1)—(GD4) identified
in Section 2, as summarised in the following

Theorem 8 (Properties of DSGD). If (Mp,)nen is a reqular sequence of polytopal meshes,
then the sequence of the corresponding DSGDs (Dp)pen given by Definition 7 satisfies prop-
erties (GD1)-(GD4).

Proof. See Appendix A.3.1. O

Since we are dealing with arbitrary-order methods, given the error estimates in Theorem 2,
a relevant point consists in estimating the convergence rates of the quantities Sp, (¢) (see
(GD2)) and Wp(9) (see (GD3)) when they arguments exhibit further regularity. This
makes the object of the following

Proposition 9 (Estimates on Sp and Wp). Let My, be a polytopal mesh and Dy, be a DSGD
as in Definition 7. Then, denoting by a < b the inequality a < Cb with real number C > 0 not
depending on h, but possibly depending on d, p, o, k, 1, and ks, it holds with [T = max(l,0),

Vo e WP (Q) n WL (T,), [, I'6 — éll o) < B M8l i), (280)
Vo e WoP(Q) n WH2P(T,), |V, L' — V| oiaye < W dlwnizniry.  (28b)
As a consequence,

Vg e Wy (@) n W20 S, (9) < BB ] iy sy (29)
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Moreowver,
Vap € WP (div; Q) n WEEL (T W, () € WETY 9k o - (30)

Here, for an integer s = 0 and a real number q € [1,+0), W*U(Ty) = {v e LI(Q) : v €
WUT) VT € Ty} is the broken space on Ty, constructed on W4 and endowed with the norm

[vlweacp) = <Z |U|T|(1]/Vs,q(T)>

TeT,

q

Proof. See Appendix A.3.2. O

Remark 10 (Order of Sp,). In the case | > k, (29) yields the optimal order O(h¥*1) for
interpolations of smooth enough functions. If [ = k — 1, one order is lost and (29) gives an
O(hF) estimate (but, as shown by (28), this loss is only perceptible on the approximations
of the functions, not of their gradients).

3.6 Local stabilising contribution based on a Raviart—Thomas—Nédélec
subspace

We construct in this section a stabilising contribution that fulfills the requirements expressed
by (S1)—(S3).

3.6.1 An inspiring remark

Let, for the sake of brevity,
k k+1 k
EV,T = C I‘T+ — G'T.

We start by observing that it holds, for all vy € U :kr,l and all ¢ € P*(T)4,

(0% yup, d)r = (Vriop, ¢)r — (Ghop, )7

= (vy — 5wy, Vo) + Z (5 vy — v, dnrp)p
FeFr

! k
= (7 (vr — 5 ug), V-@)p + > (r2 (B vy — vp), pmrp) p
FE./—'T

= —(§rvp, V@)1 + Z (6% pur, o nTF)F
FE]:T

= (Voo d)r + Y, (65 — 0p)vr, ¢nrp)p,
FeFr
where we have used the definition of 5’%’T in the first line, an integration by parts together
with the definition (17) of G% in the second line, (10) together with the fact that V-¢ €
PF=(T) < PYT) since | > k — 1 and ¢p-nrp € P¥(F) for all F € Fr to introduce the
projectors in the third line, the definition (21) of 5% and (51_}2F in the fourth line, and an
integration by parts to conclude. Rearranging the terms, we arrive at

(6% 7 — Vo up, @) = Y ((5p — 0)ur, dmre)r. (31)
FeFr

A few remarks are of order to illustrate the consequences of the above relation.
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Remark 11 (Control of the element-based difference through face-based differences). A first
notable consequence is that the element-based difference (5]%3 — Véb)up can be controlled
in terms of the face-based differences {(0%, — 6%-)vy : F € Fr}: For all T € T;, and all
Vp € QI;JZ, it holds

[(6% 7 — V5£.F)QTHL2(T)d < lvpl2er, (32)
where a < b means a < Cb with real number C' > 0 independent of h and of T', but possibly
depending on d, g, k, and [. To prove (32), it suffices to observe that

H(‘s%,T - V(Sill“)QTHLQ(T)d = sup ((5%,T - Vdé“)QTa ;)
d)EPk(T)ded)HLQ(T)d:l
= sup Z (05 — 07 )or, dnrr)F

d)epk(T)d:H(bHLZ(T)d:l FeFr

1
2077 |0 nrl20r) S [vrl2.e0rs

< sup vy
SEPE(T) ] 1 ya=1

where we have used the fact that (5’%7T —Vék)up € PH(T)? in the first line, (31) in the second
line, the Cauchy—Schwarz inequality in the third line, and the discrete trace inequality (71)
1

below with p = 2 to infer h2|p-nr| 207 S [@[12¢r)e and conclude.

Remark 12 (Stabilisation based on a lifting of face-based differences). Let now vy € U. l}’l be
fixed. Relation (31) no longer holds true in general if we replace ¢ by a function 1 belonging
a space & larger than P*(T)?. It then makes sense to define the nontrivial residual linear
form Rr(vy;-) : &7 — R such that

Rr(vrin) = —<(5]%,T - V‘S%F)QT?’?)T + Z ((5:’?1? - 5£.P)QT7 N'NTF)F-
FeFr

Assume now & large enough for the L?(T')-norm of the Riesz representation Lyvy € & of
Rr(vy;-) to control |vpls ar (hence also H((SI%,T - VélT)QTHLz(T)d by (32)). Property (S1) is
then fulfilled letting the stabilising contribution in (24) be such that Spvy = Lyvy for all vy
This choice also satisfies (S2) by construction since P¥(T)? c &, and Ry (vy;-) vanishes
on P*(T)¢ for any vy € Qg,’l owing to (31). Finally, property (S3) is satisfied provided that
& is a piecewise polynomial space on a regular polytopal partition of 7.

The above procedure can be interpreted as a lifting on &4 of the face-based differences
{(6k . — 6L vy © F € Fr} realised by means of the operator L. This interpretation justifies
the terminology employed in Section 3.6.3 below.

3.6.2 A Raviart—Thomas—INédélec subspace

In this section we define a good candidate to play the role of the space &, in Remark 12.
From this point on, we work on a fixed mesh element T' € 7}, and assume, for the sake of
simplicity, that (i) the faces of T" are (d—1)-simplices and that (ii) 7" is star-shaped with
respect to a point &y whose ortogonal distance drp from each face F' € Fr satisfies

drg = ohr. (33)

These assumptions can be relaxed using a simplicial submesh of T" and at the price of a
heavier notation. For all F' € Fp, we denote by Prp the d-simplex of base F' and apex xr,
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Figure 1: lustration of Prpg.

and by Frp the set of (d — 1)-simplicial faces of Prp, see Figure 1. In what follows, we work
on the face-based simplicial partition Pp = {Prp : F € Fr}.

For an integer m > 0 and a face F' € Fr, we let RT"(Prp) = P™(Prp)? + xP™(Prr)
denote the Raviart—-Thomas—Nédélec space [41, 40] of degree m on the simplex Ppp. Each
function n € RT™(Pprp) is uniquely identified by the following degrees of freedom (see,
e.g., [6, Proposition 2.3.4]):

(N'No,q)s Vo € Frp,Yq e P (o),
(777 X)PTF VX € ]P)m_l(PTF)da

where, for all o € Fprp, the normal n, points out of Prp. Additionally, we note the following
relation, valid for all n € RT™(Prp):
0,m—1
H’r,H%Q(PTF)d ~ |mp 77H2L2(PTp)d + Z hFHn'no”%z(ay (34)

O'E]'—TF

where ~ means Ca < b < C~'a with real number C' > 0 independent of h and of Prp, but
possibly depending on g and m.

The candidate to play the role of the space & in Remark 12 is RT**1(Pr), the broken
Raviart—-Thomas—Nédélec space of degree (k + 1) on the submesh Pr.

3.6.3 Lifting of face-based differences

We are now ready to construct the lifting of face-based differences. Owing to the specific
choice of &, we can proceed face by face. Specifically, for all F' € Fr, we define the lifting
operator Li}}l : Ql}’l — ]R'I[‘kH(PTF) such that, for all vy € U l}’l, L?}@T satisfies for all
n e RT* ! (Prp)

(Lyiorsmpry = —((0% 7 = VOR)or, ) prp + (055 — 87)vp, n-nre) F. (35)
In what follows, we extend by zero L?}@T outside Prp.

Proposition 13 (Stabilisation based on a Raviart-Thomas-Nédélec subspace). The follow-
ing stabilising contribution satisfies properties (S1)—(S3):

Sr= > Lyt (36)
FE.FT
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Proof. (i) Proof of (S1). We abridge by a < b the inequality a < Cb with real number C
independent of both kA and T', but possibly depending on d, g, k, and [. We start by proving
that

lvrl2,or < [Srvrl ey (37)
Let 7 € RT**Y(Prg) be such that
(nnrp,q)r = Bp' ((0Fr — 67)vr,q)r Vg PFFH(F),
(n'ns,q)e =0 Vo e Frp\{F},Vq € ]P’kﬂ(a), (38)
(M, x)prr =0 Vx € P*(Prp)“.

Plugging this definition into (35) and using the Cauchy—Schwarz inequality, we infer that

he' |65 — 0 url ey < WG orl r2(ppma 1M 2(prpya
_1
< ||L§}19T||L2(PTF)th2 |65 — 5%“)QTHL2(F)>

where we have used (34) and (38) with ¢ = p-nyp € PF*Y(F) or ¢ = n-n, € P**1(0) to
1

estimate the L?mnorm of . Dividing by h.?|(65y — 5lT)QTHL2(F), squaring, summing over
F e Fr, and taking the square root of the resulting inequality proves (37).

Let us now prove that

ISrorlre(rye < |vrl2er (39)

Letting in (35) n = LI;:;}QT, summing over F' € Fr, and using multiple times the Cauchy—

Schwarz inequality, we obtain

k
HSTQTH%'Z(T)d: Z HLT}lﬂT”%?(PTF)d
FeFr

N

< (10 = Vohor e+ 3 010k ~ el )
FeFr

(182l + hrlSrormrlan)
< lvpl2or|Srvrll 2y

where we have used (32) and the discrete trace inequality (71) below with p = 2 to conclude.
Combining (37) and (39) gives (S1).
(ii) Proof of (82). Let ¢ € PH(T)%, set § = @|p,., € P*(Prp)? < RT* ! (Ppp) in (35), and

sum over F' € Fr to obtain

(STQTa P)r = Z (Ll’;‘}lgT7 d))PTF
FeFr

= (0% 7 — VP up, d)r + ) (85r — h)vp, ¢nrr)p =0,
FeFr

where we have used (31) to conclude.

(iii) Proof of (83). The regularity of the face-based partition Pr follows from (33) in view
of [23, Lemma 3]. Property (S3) is then satisfied with kg = k + 2. O
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Figure 2: Triangular, Cartesian, hexagonal and locally refined meshes for the numerical
examples of Section 3.7

Remark 14 (The lowest-order case). When considering ¥ = 0 and [ € {—1,0}, the first
term in the right-hand side of (35) vanishes. As a matter of fact, (i) 5’%7TQT = 0 since
PY(T)? = VPY(T), so that GJ = Vrk; (ii) 7' = 6% = 0 by (20b). A consequence of this
remark is that, for all F' € Fr, is suffices to lift the boundary term in the right-hand side
of (35) on P(Prp)? instead of RT!(Prp), since N MTF € PO(F) whenever 7 € RT!(Prp).
With this choice, for all F' € Fr we have the following explicit formula for the face-based
lifting L™ - U — PO(Prp)?: For all vy € UYY,

F d
L}TmﬁmQT = ||PTL|5?FF’UT"'TF = E(s%FQTnTF’

This lifting correspond to one of the stabilisations used for the Hybrid-Mixed-Mimetic meth-
ods of [28], obtained taking k =1 = 0.

3.7 Numerical examples

In this section we provide numerical evidence to support our theoretical results.

3.7.1 Trigonometric solution for p > 2

We solve inside the two-dimensional unit square @ = (0,1)? the p-Laplace problem (6)
corresponding to the exact solution

u(x) = sin(mzxy) sin(rzs), (40)

with p € {2,3,4} and source term inferred from u. We consider the matching triangular,
Cartesian, (predominantly) hexagonal, and locally refined mesh families depicted in Figure
2 and polynomial degrees ranging from 0 to 4. The first, second, and fourth mesh families
originate from the FVCA5 benchmark [37], whereas the third from [23]. The local refinement
in the third mesh family has no specific meaning here: its purpose is to demonstrate the
seamless treatment of nonconforming interfaces.

We report in Figure 3 the error [|[Vp, (lﬁ’lu—yh) I Lp ()2 versus the meshsize h. The reference
slopes correspond to the convergence rates resulting from Theorem 2 together with Propo-
sition 9 (more precisely, the order corresponds to the dominating term). The theoretical
orders of convergence are perfectly matched for p = 2. Similar considerations hold for p = 3
and k < 2 whereas, for k£ > 2, the order of convergence is limited by the regularity of the
function 1 — |1|P~24p, which impacts on the regularity of |Vu[P~2Vw. Finally, for p = 4

16



|—0—k=0 k=1 —+k=2 4+ k=3 —*—k=4|

100 - T T ] 3 T T T El
‘ //‘ 101k ;
10721 B F f
1072 ¢ E
10741 , [ ]
1073 F El
1076 , f 1
5 1074 ¢ 52 4
4 £ E|
-8 | 3 | E 3/2
1 |
10710 . L | B [ L | T
10725 1072 10715 10725 1072 10715
(a) p = 2, triangular (b) p = 3, triangular
100 F T T = F T T ]
/ 101 E E
1072 1 F E
10721 E
1074 1 F E
1073 ¢ 5/2 7
- 5 £ 2
1076+ é B [ 32 1
1
Pl o0t 124
ol R B ‘ .
‘ ‘ ‘
10-25 10-2 10-15 10-25 10-2 10-15
(d) p = 2, Cartesian (e) p = 3, Cartesian
100 F 7 T T T T T ] F T T T T T I
./’/ —1L i
| //./ |10 F /././ ]
1074 | | w7 E
6 5 1073 2/2 E
107° g b 5 3/2 ]
5 I 1
i 104} 1
1078 |- 1 1 E 1

10°

102

1074

10-6

10-8

I I I I I I I
10—2.410—2.2 10—2 10—1810—1.610—1410—] 2

(g) p = 2, hexagonal

, T T il
| /5
4
3
Zz
1
I - |
‘ ‘ ‘
10715 107! 10708

(§) p = 2, locally refined

1073

1074

L I I I I I [
10—2.410—2.2 10—2 10—1.810—1.610—1.410—1.2

—~

h) p = 3, hexagonal

< v
<

NS

)

&
I

o

(

!
1071° 107!

) p = 3, locally refined

10L&5

100 F T T ™
1071 E / E
1072 E
1073
1074 E
107°% |
1076 E é El
107 L | | ! L
10-25 102 10715
(¢) p = 4, triangular
100 F ‘ w E
10-! L / 7
lo7#¢
1073 F 3
1074 E
L r/:i
5 Tk
1o i
106k ! L ]
10729 1072 10715
(f) p = 4, Cartesian
100 = T T T T T I
1071 E / ]
1072} E|
1073 4
1074 E E
Ssh ?% 1
107 i
F 1 1
‘ ‘ ‘ ‘ ‘ ‘ ‘
10—2.410—2.2 10—2 10—1.810—1610—1.410—1.2
(i) p = 4, hexagonal
100 5 T T q
1071 ¢ / E
1072} E
1073 E
1074 E
/31
-5 % 73 |
107° iﬁ ;
106k \ ! J
10—1.5 10—1 1070.5
(1) p = 4, locally refined

Figure 3: |Vp, (l’;’lu — uy)lpp()e V- h. Trigonometric test case, p € {2, 3,4}, DSGD.
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the theoretical orders of convergence are matched for k € {0, 1,2}, while faster convergence
than predicted by the error estimates is observed for k € {3,4}. This phenomenon will be
further investigated in the future. For a comparison with the HHO method of [16], see Figure
5 below.

3.7.2 Exponential solution for p < 2

As pointed out in [17], the trigonometric solution (40) does not have the required regularity
to assess the convergence order of the DSGD method when 1 < p < 2. For this reason, we
consider instead the exponential solution

u(x) = exp(x1 + mx2),

and solve the p-Laplace problem with p = % with Dirichlet boundary conditions on 0f2
and right-hand side f inferred from the expression of u. The error |[Vp, (I f’;’lu — up)| o)
versus the meshsize h is plotted in Figure 4 for the mesh families illustrated in Figure 2
and polynomial degrees ranging from 0 to 4. For the sake of completeness, a comparison
with the HHO method (47) is also included. We observe that both methods yield similar
orders of convergence, but the corresponding errors differ in some cases by more than one
order of magnitude. This difference is mainly related to the stabilisation contribution: when
the error is measured using only the consistent part of the gradient, the results are much
closer.

4 Alternative gradient and links with other methods

In this section we discuss an alternative to the gradient reconstruction Gr defined by (24),
and links with other methods.

4.1 A consistent gradient based on 15!

An alternative to using Gl} in (24) would be to use Vrlj’“fl. This would lead to a local

gradient defined by
(Voo = Grvp = Viktlop + Sqop Vo, e UP, VT e Ty (41)

The stabilisation term §T is still required to satisfy the L2-stability and boundedness prop-
erty (S1) and the image property (S3). As shown in (78) below, the property (S2) is
required on Spvp to ensure that it is orthogonal to the consistent part Gl}yT of Grvy. For
Grvur, the consistent part is Vrl;flyT e VP**+1(T), and the orthogonality property on Sy
can therefore be relaxed into

(S2) For all vy € US! and all ¢ € VPF(T), (Spup, ¢)r = 0,
where, with respect to (S2), the space for ¢ is VP¥T1(T) instead of P*(T).

Performing integration-by-parts and introducing projection operators in (20a) leads to

— (Voo Vu)r = . ((0FF — 67)op, Vwnre)r, Yw e PFH(T). (42)
FE]:T

18



1(]0 F T T I
1074 b
1076 8

§5/4
10| % b

374
10710 £ I I ! [
10723 1072 10715

(a) Triangular, DSDG
T T T

1071 /*/*/‘ )
1073 1 ././././. i
1075 .
10-7 | P

38

371
1079 F 1 ]

1 1 1
10729 1072 10719
(c) Cartesian, DSGD
T T T T T T T

10-1 ""”_‘______‘__,___.—————‘ 4
ey ./,/'/./. |
107° :
15/4
1077 F % 811

372

371
10_9 L 1 1 1 1 ! 1 1 B

1
10—2.410—2.2 10—2 10—1.810—1.610—1.410—1.2

(e) Hexagonal, DSGD

1071

1073 L

1075

1077

107

i

\

15/4 |
9/4

3

Figure 4: Error v. h, exponential test case, p = %. For the DSGD method (left) the error is
measured by |Vp, (lﬁ’lu — up)|lLp ()¢, for the HHO method (right) by ||l’;’lu — uy,|

1071 10705
(g) Locally refined, DSGD

L
10719

19

T T T
107t /_/*/4 .
104 | -""”.""”.",,,,.———”" 8
1077 - )
1077 i
9 15/4
“ Z % |
374
10—11 - 1 -
Il Il Il
10725 1072 10715
(b) Triangular, HHO
T T T
vl /’/ |
il /'/. a
1070 i
1077 )
%5/4
,9 | 9/4 |
10—11 L ! L
10729 1072 10715
(d) Cartesian, HHO
1()0 T T T T T T —
1072 / b
1074 | / |
1076 .
10-8 - 15/4 |
84
L7
10710 L 4
1
| | | | | |

1
1072.41072.2 1072 1071.81071.61071.41071.2

(f) Hexagonal, HHO

107t
1073
1072 [
1077

1070}

|

15/4
9/4
Z g¢§ |

1
!

10711

1
10—1.5 10—1 1070.5

(h) Locally refined, HHO

1,p,h-



Comparing with (31), we see that the volumetric term 5]%,TQT has disappeared, and the only
remaining volumetric term Vé&kv, belongs to VP!(T). This is a gain with respect to the
situation in Section 3.6, in which the degree of the volumic term was constrained by 5’%7TQT

to be k, whatever the choice of [. As a consequence, the construction of gT can be done in
a (possibly) smaller space that RT*T!(Prr), as detailed in what follows.

First, considering w = —dyvp in (42) and using the trace inequality (71) with p = 2 on
Vbwp yields (compare with Remark 11)

HV(S’ITQTHLQ(T)d < lupl2,ar (43)

~k
Then, following the ideas of Section 3.6.3, we construct the lifting Ly : Qf}’l — RT™2xR)(Prp)
such that, for all § € RT™>GR) (Prp),

~k
(LTFQTa T’)PTF = (V(S%“yTa U)PTF + (((%C“F - 5ZT)QT7 Ir]'nTF>F' (44)

Since Vb, € VP(T) < PY(T)? and (65, — o4 )up € PR (F)| following the proof

~k
of (S1) in Proposition 13 shows that, with this choice of Ly, we only need (38) to hold
for ¢ € PaxR)(F) and x € PEY(T)? The space RT™*(R)(Prr) enables these choices of

¢ and , and the L2-stability of S, := YRy INJI;F therefore follows. When [ € {k — 1, k},

this stabilisation term is constructed on a piecewise RT* space, instead of a piecewise RT#*!

space for S, in Section 3.6.3.

Although the choice (41) leads to coercive, consistent, limit-conforming, and compact families
of gradient discretisations, it can turn out to be far from optimal for general problems. More
precisely, its limit-conformity properties are much worse than those of (24). Indeed, the
full orthogonality property (S2) is essential to establish the O(h**1) estimate (30) on Wp,
(see Remark 23). In general, we cannot establish more than an O(h) estimate on Wp,,
irrespective of k, if the gradient is reconstructed via (41). For anisotropic linear problems, a
modification of r?“ embedding a dependence on the diffusion coefficient can be constructed
to recover optimal rates of convergence [21]; for fully non-linear models, though, the only
option to recover a truly high-order method seems to be using the gradient G%yT in the full
polynomial space P* (7).

To illustrate numerically the loss of convergence experienced when using the gradient recon-
struction (41) in the context of fully non-linear problems, we solve the problem described in
Section 3.7.1 using two numerical methods: the HHO method of [16] (see (47) below), and
the method obtained from the latter replacing G? by Vr[}“. We report in Figure 5 the error
Hlﬁ’lu — Up|1,p,n versus the meshsize h, with reference slopes corresponding to the estimates
of convergence rates derived in [17, Theorem 3.2]. The leftmost column, corresponding to
the Poisson problem with p = 2, shows that both G% and Vr?rl can be used when Wp, is
applied to ¢ = Vu. For p € {3,4}, on the other hand, a significant loss in the convergence
rate is observed for k > 1 (the dashed line corresponding to Vrl}“ departs from the solid
line corresponding to Gl}) Notice that, for k = 3 and p = 3, the order of convergence is
again limited by the regularity of the function v + |¥|P~24p. The results presented here
replace the ones of [17, Figure 3|, which were affected by a bug in one of the libraries used in
our code. From these new tests, the error estimates of [17, Theorem 3.2] appear to be sharp
also for p > 2.
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Figure 5: Hli’lu — Up|1,p,n V. h. Trigonometric test case, p € {2, 3,4}, HHO.
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4.2 Hybrid High-Order methods

The HHO method proposed in [22] for problem (2) with A = I; reads

Find w, € Qﬁ”f) such that, for all v, € Q;%, al®(wy,v,) = (f,vn), (45)

where the broken polynomial function vy, is defined by (15), and the bilinear form a%ho :

U’fL’I x U Z’l — R is assembled from the elementary contributions

ag“ho(QTayT) = (VI@HMT; Vr§+12T)T + Z h}_vl((fSéC“F - 5ZT)QT7 (5§“F - 5lT)QT)F~ (46)
FeFr

Here, the consistent gradient is Vr?rl, as in (41), and the stabilisation is not incorporated in

the gradient reconstruction, but rather added as a separate term in the bilinear form.

For the non-linear problem (6), on the other hand, the HHO method considered in [16, 17]
reads
Find w, € Qﬁ:g such that, for all v, € Ql}%, Aoy v ) = (f, vh),

with function A}ﬁho U Z’l X Qi’l — R assembled from the elementary contributions

AT (up, vr) =

L o(Ghur) Ghop + 3 ! fF (i — B yur P2 (5 — S)up (S — h)ur. (47)
FE]'—T

Also in this case, stability is achieved by a separate term, and only the consistent (but not
stable) gradient reconstruction appears in the consistency term. Notice that, unlike the
linear case, the gradient reconstructed in the full polynomial space ]P’k(T)d is present here;
see comments at the end of Section 4.1.

4.3 High-order non-conforming Mimetic Finite Difference

The ncMFD method of [39] hinges on degrees of freedom (DOFs) that are the polynomial
moments of degree up to (k — 1) inside the mesh elements and the polynomial moments
of degree up to k on the mesh faces. X} is the space of vectors gathering such degrees of
freedom. Given a function v € H'(Q), we denote by v! its interpolation in Xj,, that is, the
vector collecting its moments in the elements and on the faces. If v € X}, we denote by
vp € PF=YT), T € Ty, and vy € PF(F), F € Fj, the polynomials reconstructed from the
moments represented by v. This defines an isomorphism

ve Xy — vy, = ((vr)rer,, (VF)rer,) € Qﬁ’k_l- (48)

Denoting by v the sub-vector made of the DOFs of v € X}, in the mesh element 7" € 7T,
and on the mesh faces in Fr, the ncMFD method for problem (2) with A = I; reads

Find u € X}, such that, for all v € Xj, Z u":TI\/ITV|T = Z Ly(vir), (49)
TeTh TeTh

where Ly (vy) is a discretisation of {. fv, and the matrix My is positive semi-definite with
suitable consistency and stability properties. Setting Ny = dim(P*~1(T')) and selecting a
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basis (i)i=o0,..,Ny ,—1 Of P*=1(T) with gy = 1, the required consistency and stability properties
on My lead to the following decomposition (see [39, Eq. (35)]):

Mr = M% + ML = Rp(R-N)~'RE + M

where A is the transpose of A, ker(M},) = {(v")p : ve PF¥1(T)}, N has columns N; = (g;)*

fori=1,...,Ngr—1, and FAQT is the matrix with columns (§T7i>i:17---7Nd,k defined by
¥ e Xp, (Rro)'vir = —(vr, Agy) + > (W, Vaginre)p. (50)
FeFr

The stabilising matrix M%p does not have any impact on the consistency of the method; its
sole role is to stabilise the matrix M so that its kernel is R1T (which is expected: a matrix
Mt representing the bilinear form ST Vu - Vv should vanish on interpolants of constant
functions). The matrix I\/I%, on the other hand, contains all the consistency properties of the
method. The analysis of the stabilisation part is made in Section 4.5, alongside the analysis
of the stabilisation in the HHO and ncVEM methods.

Let us analyse here the consistent part M?F of Mp. Take v e X}, and let v, e U ﬁ’kil corre-
sponding to v through the isomorphism (48). Comparing (20a) and (50) shows that

(VihHor, Va)r = Rr)tvir = (Rbvir)i, Vi=1,..., Ngy — 1.
Hence, with obvious notations,
vipMGwir = (Rpvir) (REN) ™! (Rpwir)
= [(VT?FIUT»VQi>T]§=1,...,Nd,k—1(§ N)™ [(Vr’fﬂerTa ti)T]izL-n,Nd,k_l' (51)
Applying (50) to vip = (g;)' and integrating by parts shows that (ﬁtTN)U = (Vai, V),

that is, ﬁtTN is the Gram matrix of (V¢;)i=1,.. N, ,—1 in L*(T)?. Equation (51) can therefore
be re-written

t 0
V‘TMTW|T (VI'T v, VI'T wT)T

Thus, recalling the isomorphism (48) between X and U I;L’k_l, the ncMFD method (49) is
equivalent to

Find u, € U}, k=1 such that, for all v), € Ukk '
Z (Vb iy, Wk y ) + sl Z Lg(vir),
TeT, TeTh

where s2d is the stabilising bilinear form assembled from the local matrices (M%), . Here,
the consistent part is constructed from Vr?“, as in (41), but the stabilisation is external to
the gradient. In the ncMFD method, the loading term is discretised (for k& > 2) by

Ly(vir) = JTWT “(f)or = f for. (52)

This discretisation has a lower order than the right-hand side of (3) with IIp defined by
(16), but this does not impact the rates of convergence of ncMFD. A modification of (52) is
however necessary for the low orders k = 0,1 — see [39, Section 2.7].
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4.4 Non-conforming Virtual Element Method

For a given mesh element T" € T, we define the local non-conforming virtual element space
as follows [2]:

Vi (T) = {on e BY(T) : npp-Vou, € PN(F) ¥FeFr, Av,ePUD)}. (53)

This space is finite dimensional and its functions are described by their face moments against
the polynomials of degree up to k on each face F' € Fp and the cell moments against
polynomials of degree up to & — 1 inside cell T. The unisolvency of these degrees of fredom
has been proved in [2].

Let now H!(T,) be the broken H' space as in Proposition 9. The global non-conforming
virtual element space of degree k is given by:

th’"c(Q) = {Uh € L?(Q) such that J [vg=0 YFeFr, VqePk(F)
" (54)
and Uh‘T € th7nc(T> VT e ﬁl}a

where [[v ]| denotes the jump operator with the usual definition at interfaces (the sign is not
relevant), and extended to boundary faces setting [v ] = v.

The polynomials of degree up to (k + 1) are a subspace of th’"C(T). The jump condition
on the elements of V() ensure that I}I"*~" : V"(Q) — UF*~" is well defined (there is

only one interpolant on each face). Moreover, the unisolvent property of the set of DOF's

shows that I z’kfl is an isomorphism between th’nc(Q) and U zk -1

The virtual element discretization of problem (2) with A = Id reads as:
Find uy, € V'5"°(Q) such that, for all v, € V}'5*(), an(un,v4) = (fa,0n) (55)

where the bilinear form ay (up,, v,) approximates the left-hand side of (2), fnr = W%k_l f,and

th(’)nc(ﬂ) is the subspace of th’"c(Q) whose functions are zero on the boundary of €.

Mimicking the additivity of integrals, we assume that the virtual element bilinear form is
the summation of local elemental terms

an(up,vn) = D anr(up,op). (56)
TeTh

Two different formulations of the local bilinear form aj, v can be found in the literature, both
including a consistency and a stability term:

— first formulation [2]: for every uy, vy € th’nC(T):

an(un, vp) = (Ve Vo) + S((1d - i Dy, (1d — Wzlr’kH)Uh); (57)

— second formulation [12, 11]: for every wuy,, vy, € V;""(T):

an(un, 0p) = (T "V, 77 Vo) + S((1d — 75 Dy, (1d — 7 Hog). (58)
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In these definitions, the first term on the right is the consistency term designed to provide the
exactness of the integration whenever at the least one of the entries uy or vy is a polynomial
of degree up to (k+ 1). The second term is a stabilization, and S can be any symmetric and
positive definite bilinear form for which there exist two positive constants ¢, and ¢* such
that

Cx| Vou[Fapya < S(0n,0) < €[ Von]Tagpa Vou € Vi (T) such that 77" 1oy, = 0. (59)

Remark 15. The connection between formulation (57) and the ncMFD method of [39] re-
viewed in Section 4.3 has been established in [2].

4.5 HHO, ncMFD and ncVEM are gradient discretisation methods

In the previous sections, we showed that the consistent gradient in the HHO, ncMFD and
ncVEM methods (second formulation) is, for the Poisson problem, identical to the consistent
gradient in (41). We show here that the stabilisations used in these methods can actually be
represented by well-chosen stabilisation terms S, satisfying (S1)—(S3), and thus that these
methods are gradient discretisation methods.

Following the discussion in the previous sections, for the Poisson problem the HHO, ncMFD
and ncVEM (second formulation) can be written, upon an isomorphism of the space of
discrete unknowns and with the proper choice of [ € {k — 1,k,k + 1}: Find u, € Q;% such

k.l
that, for all v, € th,

k,l
Z (Vr]’;j_luT? VI.T UT)T + Z StabT(g IT r];j'luT’ vy — IT I']r;j_l’UT)
TeTn TeTh

= >} Lrys(vr), (60)
TeTh,

Where Ly :Up Bl L Ris a specific linear form and Stabr is a symmetric bilinear form on
U ! that is coercive and stable on Im(Id — Ikl K1), that is,

kel
Yop e UR', Staby(vy — Ik o, vy — IR uy) ~ lvrl3 or (61)

where a ~ b means Ca < b < C~'a with real number C' > 0 independent of h and of T..

Remark 16 (Stabilisation term). For the HHO scheme (46), by (22) the vector ((6%., —

8k ur) Fer, is the difference of the face- and cell-unknowns of vy — I k lr]%HvT Hence, the
definition

Stabr (ur Il;“lr]% Yup, vy — Iz lr?rl'UT Z hi' ((0Fp — 87)ur, (5Fp — 6p)ur) R
FeFr

is valid and ensures that the stabilisation terms in (46) and (60) coincide. This also shows
that Stabr(vy — lk 8y vp — I?%?HQT) = |vp|2 57, and thus that (61) holds.

For the ncVEM version (any formulation), comparing the stabilisations in (58)—(57) and in
(60) leads to defining, for all up, v, € Vh (T and setting up = ﬂ}’luh and vy = l?lnh,

Staby (up — 1% lr?rluT, vp — If}llrkJrl vyp) =8((Id — ﬂilp’kﬂ)uh, (Id — 7r:1pk+1)bh).

Estimate (61) then follows from (59) and from (82) in Lemma 21.
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Due to the orthogonality condition (S2), the GS (3) for Problem (1) with A = I, based on
the gradient reconstructions (41) (with ST = S;) and some function reconstruction th, i
given by
Z (Vb g, Wk e + Z (Squr, Srvr)r = f fﬂphvh (62)
TeT, TeT,
For all methods except the ncMFD with k = 1, accounting for (14) when k£ = 0 and [ = —1,
we have Ly r(vr) = (f,vr)r and thus the choice ﬁph = Ilp, defined in (16) ensures that the
right-hand sides of (60) and (62) coincide. For the ncMFD with k = 1, a slightly different
discretisation of the right-hand side has to be considered in order to ensure optimal L?-error
estimates under elliptic regularity; see [39, Section 2.7] for further details.

To prove that (60) can be written as (62), it remains to show that for any stabilisation Stabr
as above, there exists S, satisfying (S1)—(S3) and such that

Vup, vy € Qé{r”l’ (Spup, Spvr)r = Stabr (up IT r?““Ta U — IlfrlrlzﬁlvT) (63)
Let us fix an initial S% satisfying the design properties (for example, the stabilisation defined
by (36)). The property (S1) on S% and Lemma 20 in Appendix A.2 below show that
S, :Qg,’l — Im(S%) and (Id — Ikl k“) .le — Im(Id — Ikl k+1) have the same kernel. As

shown by (61) and Lemma 20, Staby is an inner product on Im(Id — I’ %lrgﬂ). Applying
thus [28, Lemma A.3] produces an inner product ¢-,-) on Im(S%) such that
Vup, vp € UR' , (Squp, Shur) = Staby (up — It up, vp — I ur). (64)

Using then [29, Lemma 5.2] with the inner products {-,-) and (-,-)7 on Im(S%), we find an
isomorphism L7 of Im(S%) such that

Vup,vp € Uy’ (Shur, Shor) = (CrStur, Lr8fur)r. (65)
Combining (64) and (65) shows that (63) holds with
S; = LS.

The proof that S, defined above satisfies the design properties is easy. The L2-stability and
boundedness (S1) is a direct consequence of (63) with vy = up and of (61). The image of
SY. is, by assumption, L?(T)%orthogonal to P*(T)¢ and contained in some P*s(Pr). Since
L7 is an isomorphism of Im(S%), we have Im(S;) = Im(S%) and Properties (S2) and (S3)
on S therefore follow.

Remark 17 (Formulations based on Gfkp) With minor modifications, it is easy to construct
a stabilisation S that satisfies (S2) instead of (S2). This can be done at a reduced cost,
as discussed in Section 4.1. The reasoning above can also be easily adapted to the first
formulation of ncVEM, provided that the terms Vrf}“ in (60) are replaced with G%.

A Proofs of the results on DSGDs

This section contains the proofs of Theorem 8 and Proposition 9 preceeded by some prelimi-
nary results: the study of the properties of stabilising contributions satisfying (S1)—(S3) and
uniform equivalences of discrete W1P-seminorms. We also include lemmas used in Section 4
to show that the HHO method, ncMFD method and ncVEM are GDMs.
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A.1 Properties of the stabilising contribution

Proposition 18 (Properties of S;). Let {Sy : T € Ty} be a family of stabilising contribu-
tions satisfying assumptions (81)—(S3). Then, the following properties hold:

(i) LP-stability and boundedness. For all T € T, and all vy € U,

HSTQTHLP(T)CI ~ |vplper, (66)

with hidden constant as in (25) and additionally depending on p and kg.
(ii) Consistency. For all T € Ty, and all ve WkT2P(T),

”STlI;“JU“LP(T)d < W5 ulwrs 2y, (67)
where a < b means a < Cb with real number C' > 0 independent of both h and T, but
possibly depending on d, o, k, I, p and ks.

As a consequence of (67), if v e PFY1(T), then STLI;JIU = 0.

In the proof, we will need the following direct and reverse Lebesgue embeddings, proved
in [16, Lemma 5.1]: Let X denote a measurable subset of R? with inradius rx and diameter
hx, and let two reals r, s € [1, +0] and an integer £ € N be fixed. Then, for all ¢ € P/(X), it
holds that

1_1
lalrxy = 1 X775 gl ns (x), (68)

where a ~ b means Ca < b < C~'a with real number C' > 0 only depending on d, a lower
bound of the ratio %, r, s, and /.

We will also need the following LP-trace inequality (see, e.g., [16, Eq. (A.10)]): For all T € Tj,
and all v e WHP(T),

1
hrlvlce@ry  l0leeery + bl Vol peer)a, (69)

where a < b means a < Cb with real number C' > 0 independent of i and of T', but possibly
depending on d, p, and . When v € PY(T) for some integer £ > 0, combining (69) with the
following inverse inequality (see, e.g., [16, Remark A.2]):

IVl o(rya < bt vl oer), (70)

yields
1
hillvleery < [vlLery, (71)
where the hidden multiplicative constant in (70) and (71) can additionally depend on /.

We are now ready to prove Proposition 18.

Proof of Proposition 18. (i) LP-stability and boundedness. When p = 2, (66) coincides
with (25). Let us now consider the case p # 2 and recall the following inequalities valid
for all integers n > 1 and all reals g € [1,4+00), a; =0 (1 <i < n):

1
n n q n g 1 n q nooq
Maf<(Dlai] <n™>al, nw Daf<(Ya) <Dl (72)
i=1 ' j

i=1 i=1 i=1
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We also notice that, owing to (27), it holds for all T' € T}, that
|P| ~ |T| VP ePr, card(Pr) ~ 1. (73)

To prove |P| ~ |T, it suffices to observe that |P| ~ h% ~ hd ~ |T|, where we have used,
respectively, the first and second conditions in (27) and the mesh regularity to conclude.
The bound on card(Pr) follows by writing |[T'| = > pcp,. |P| =~ X pep,. [T| = card(Pr)|T.

Let now T € Tj, and vy € Ql%’l be fixed. Since S;vp € P*s (P) for all P € Pr, we have that

”STQTHIL;;(T)d = Z HSTQTHZZ,p(P)d

PePr
~ ) P HSTUTH Py Eqs. (27) and (68)
PePr
1_1
=G S ISpenlpe Ea (73).

PePr

In the second line, condition (27) is invoked to use p as a lower bound for T—i when ap-
plying (68). Using the first pair of inequalities in (72) with ¢ = £ if p > 2, the second
pair of inequalities in (72) with ¢ = % if p < 2 and, in both cases, a; = HSTQTHp(p)d and
n = card(Pr) ~ 1, we infer

ya
11 2 11
ISzerly gy = TP H) ( 5 |sTvTiz(P)d> PGS w2
PePr
Taking the pth root of the above relation, we arrive at
HSTQT”LP( a~|[T WiHSTQT”L?(T)w (74)

Proceeding similarly using (68) repeatedly on the faces of T' and using |F|hp ~ |T'|, we can
prove that

[vrl,ar = T2 % |ugp or- (75)
Combining (74) and (75) with (25), (66) follows.
(ii) Consistency. Let a mesh element T" € T, be fixed and set, for the sake of brevity,

Up =1 i}’lv. Using the uniform equivalence (66) proved in the first point, and recalling the
definition (23) of the |-|, sr-seminorm, it is inferred that

1—p sk AV
HSTUTHLp(T d = |UT|p or = Z hp P07 — 5T)QTHI£p(F)'
FE]‘—T

For all F' € Fr, using the triangle inequality followed by the discrete trace inequality (71),
we infer that

[0 = 30012 gy S 150Dl ) + 1850012 gy S 165222 ) + i 10 -

Using the above inequality together with the uniform bound on the number of faces of T
(see [19, Lemma 1.41]) for the second term, and expanding the difference operators according
to their definitions (21), we arrive at

IS72715 5 rya S B Ing (W50 = )iy + X5 B Plrgt 05 o7 — )0y .
FG.FT
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We notice that the projectors in the above bound can be removed invoking the LP(T)-
boundedness of w%l for the first term and the LP(F')-boundedness of W%k for the second

(see [16, Lemma 3.2]). Combining this observation with the optimal approximation proper-

k+1 O_[kl

ties of 17, discussed in Remark 4, we then conclude that

N —pi.k 1-py .k (k+1
HSTQTHZip(T)d < hy|lvr Jr1UT U” T 2 h P JrlUT UHLp(F hp )‘ ’Wk+2 2 (T)" O
FeFr

A.2 Uniform equivalence of discrete W'”-seminorms

The second preliminary result is the uniform equivalence of various W!P-seminorms on the
. k,l
global space of discrete unknowns U, "

Proposition 19 (Uniform equivalence of discrete W'P-seminorms). Define the discrete
seminorm ||-|[1,p,n such that, for all v, € QZ’I

|||Qh|Hzl),p,h = Z H‘QTHH),;),T’

TeT,
p 1-p (76)
llvrllly,, r = | Vur|?, 7yt Z hp Plor —vrl}, VT € T.
FeFr
Then, ||-||1,p,n %5 a norm on the subspace Uh0 and, denoting by {Sp : T € Tr} a family of

stabzlzsmg contributions that satisfy (S1)- (83) and defining Vp, by (24), it holds for all
yhegh and all T € Ty,

lorllpr =~ lvrlipr = VD,vnllze@)a, (77)

where a ~ b means Ca < b < C~la with real number C > 0 independent of T and h, but
possibly depending on d, p, o, k, I, and ks. As a consequence, for all v;, € Qk’l,

lonlivpn = lonlipn = [V o,0n e @) (78)
Proof. The fact that ||-||1,4 is a norm on U’ Zé can be proved in a similar manner as for
the case p = 2 and | = k considered in [20, Proposition 5]. The local seminorm equivalence
llvpllipr = |lvpllipr valid for all T' € T, on the other hand, is proved in [16, Lemma 5.2]
(see also references therein) for the case | = k, and the same reasoning extends to [ = k — 1
and [ =k + 1.

Let now a mesh element T € 7}, be fixed. We have that

1_1
HVDQhHLP(T)d = HgTQTHLP(T)d ~ [T|r"2 HgTQT”m(T)d

1

‘U\H
l\'J
ol

= (71272 (1GHer sy + IS2r13a(rye)

(79)

-

“e\»—‘
l\?

10

T2~ (IGSur oy + lerlaor)

> (IGHurlinry + lerhor ) = Jorlip,

where we have used a reasoning similar to the one leading to (74) in the first line (recall
that Gprup is piecewise polynomial on T owing to (S3)), the orthogonality property (S2)
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in the second line, the stability and boundedness property (S1) in the third line, and (75)
together with the discrete Lebesgue embeddings (68) in the last line. This concludes the
proof of (77). The global version (78) follows by raising (77) to the power p and summing
over T € Tp,. ]

The following lemma, which justifies the importance of the seminorm |- |, o7, was used in
Section 4.5 to prove that HHO, ncMFD and ncVEM are GDM.
Lemma 20. For any T € T, and any vy € Q?’l, it holds that

k.l k
v — Ly rT+1UTH|1,P7T ~ |

p,0T' (80)

where a ~ b means C'a < b < Ca with real number C > 0 depending only on d, o, p, k,
and l. As a consequence, vp — l’;:lr]%HQT = 0 if and only if |vp|per = 0.

Proof. Here, a < b means that a < Cb for some real number C' > 0 as in the statement.
Using direct and inverse Lebesgue inequalities as in the proof of Proposition 18, we deduce
from (43) that “VééﬂQT”LP(T)d < |vp|por. Hence, using the relation (22) together with the
definitions (76) of ||-|[1,,7 and (23) of |vp|p o7, We obtain

k,l
llor — I7r kHUT\

1-
1LpT = ”V(STUTHLP(T at Z hp P 5TF - 5T)UTHLp (F) = |QT|§,0T7
FeFr

which is (80). If vy — Ikl k“vT = 0, the relation above shows that |vp|,or = 0. Conversely,
if |vp|p,or = 0, then ||vp — Ik I%JrlUT”h’p’T = 0 which implies that vr is constant equal to ¢
and that vgp = vy = ¢ for all ' € Fr. Then r’chlyT = ré}“ﬂ}’lc = 7r:1,3k+lc = ¢ (see Remark
4 and additionally observe, for £k = 0 and [ = —1, that vy = ¢ owing to the choice of the

weights wpp). Thus vy — ITl §+1 Vp = ﬂ}’lc — ﬂ}’lc =0. O
The last lemma of this section was used in Section 4.5 to analyse the ncVEM stabilisation
in the context of the GDM.

Lemma 21. Let Ty be a mesh and th’nc be the non-conforming VEM space defined in
Section 4.4. For all T € Ty, and all vy, € th’nC(T), it holds that

kk—1
IVonlp2rya ~ || L7 (81)
where || - ||1.2,7 is defined in (76) and a ~ b means C~ta < b < Ca with real number C' > 0
independent on h, but possibly depending on d, k, | and 0. As a consequence,
for all vy € th’"c( ) such that 7rT o, = 0, IVoR L2(7ya = ]Lkr’k_lnh|172’T. (82)

Proof. Here, a < b means a < Cb with C as in the statement. Since Vo,-nrp € IP’k(F) for

all F e Fr and Avy, € P*~1(T), integrating by parts and setting v = Ik o,
||V0h|\%2(T)d = — (o, Avp)7r + Z (0p, Vopnrp)p
FG]‘—T
= (—UT, Abh)T + Z (UF, Vt)h"l’LTF)F
FE]:T
= (V?)T, VUh)T + 2 (UF — v, thh-nTF>F.
FeFr
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The Cauchy—Schwarz inequality and the trace inequality (71) applied on Vop,-npp then
yields [Vop|p2(7ya < |[vr|l1,2,r, which is half of (81).

To prove the second half for k& > 1, recall first that vp = W%k_lbh. A triangle inequality and

(11a) with £ =k —1,p=2, « = 0 and r = s = 1 thus show that
IVur|p2irya < [VOR| 207y (83)
Then, write

0,k 0,k—1 0,k—1 1
lvr = vrlp2p) = I7g (on — 77" "0n) L2y < lon — 72" 0wl 2(ry < RV ORI L2(7)a,
where (11b) was used with ¢ = k—1, p = 2, a = 0, r = 0 and s = 1. Combining this
estimate with (83) concludes the proof of (81). The above argument can be extended along
similar lines to the case k = 0, the only variation being linked to the fact that, in this case,

vr is not an L2-orthogonal projection of v, (see (14)).

To prove (82), notice that if Tr;’kﬂnh =0 thenr

(81) yields

k.l 1,k+1
I%JAQT = r?llT’ vy =7p + v, = 0. Hence,

kil k
IVorl p2(rye = llog — Ly es o]

1,2,T5

and the proof is complete by invoking (80). O

A.3 Main results

We are now ready to prove the main results stated in Section 3.5.

A.3.1 Properties of Discontinuous Skeletal Gradient Discretisations

Proof of Theorem 8. We use a polytopal toolbox in the spirit of [30] and [27, Section 7.2].
Let

XTh,O = {wh = ((wT)TeTha(wF)Fe]-'h) D wr e ]R, WFE € R, WE = 0 VF e ]:};} = Q(}Jzi%

and Il7, : X7, 0 — LP(Q), V7, : X7,,0 — LP(Q)? be defined by, for all w;, € X7, o and all

T € Th,
1
(Hzwp)r =wr and - (Vywy)ir = o > |Flwpnrp.
| | FEJ—'T

By [27, Corollary 7.13], the coercivity, limit-conformity, consistency, and compactness of
(Dp)hen follow if we find a mapping ® : U Z% — X7,.0 (“control” of D) such that, recalling
the definition (76) of [[-[|1,4 and setting

@lp, 7 = max el (e
et 0, [V 2] Lr(a)e
11 — 1P »
DT ®) = max 2 2 (84b)
v, €U \{0,,} IVD, 04 Lr(2)a
1
(Sren 1717 5V, 0 — V5 @(wa))[)
w¥ (D, Tho®) = max ol " - . (840)
v, €U \{0,} VD, 4] Lr(2)a
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we have

|®|p, 7, <1and, as h — 0, W™ (Dy, Tp, ®) — 0 and w¥ (Dy, T, ®) — 0, (85)
where a < b means a < Cb with real number C' > 0 independent of h, but possibly depending
ond, o, k, l, and kg.

Let ® be defined the following way. For all v, = ((vr)reT;,, (VF)Fer,) € Qi’l, we let ®(v;,) =

yg = ((U%)TETM (v%)pe]:h) € X7, 0 be such that v3 = W%OUT for all T € T;, and 0% = W%O’UF

for all F' € F},. Properties (85) follow if we establish that, for all v, € QZ’%,

I ll1p0 S 1V D8] o)y (86a)
ITp, vy, — 700 | ey < BIV D, 04| 1o () (86b)
and, for all T € 75, and all vy € UN,
(Grop,mr = Y, Wemnrp)r Ve P)(T) (86c)
FG]'—T

Indeed, (86a) gives a bound on ||®|p, 7., (86b) gives an O(h) estimate on w'(Dy, Ty, ®),
and (86c) shows that wV (Dy, T, ®) = 0.

1) Proof o a). the definition of the |||-|||1.p.r-seminorm along with that of v;, we
(i) Proof of (86a). By the definition (76) of the [|-||1p s-semi long with that of v},

have that
1—
Ton= 20 2 b Tl = Rl (87)
TeT, FeFr

(24

Let now a mesh element T' € T}, be fixed and observe that, for all F' € Fp,
[v% = v} Lo(ry = 72 (vr — V9 oy < lvp — V3 Lo(r)
< Jvr — vrlpe@r) + lor — v o)
< vk —vr|per) + h;%HUT — 03| e
S or — vt + by IVorloge, (89

where we have used the LP-boundedness of the L2-orthogonal projector (see [16, Lemma 3.2])
in the first line, the triangle inequality in the second line, the discrete LP-trace inequality (71)
in the third line, and a local Poincaré-Wirtinger inequality which can be inferred from (11a)
with « = ¢ =7 =0 and s = 1 to conclude.

Taking the pth power of (88), multiplying by h};p ~ th_p and summing over F' € Fr and
T € Ty, leads to [[v)l1pn < [lvpllipns- Estimate (86a) follows by using (78).

(ii) Proof of (86b). Using a local Poincaré-~Wirtinger inequality as above we infer, for all
T € T, |or — v} oy S hr|Vor| r(ry¢- Taking the pth power of this inequality, summing
over T' € Ty, and using hy < h and the uniform norm equivalence (78) to bound the right-
hand side, (86b) follows.

(iii) Proof of (86c). Let m € PY(T)? < P¥(T)? Since V-n = 0, using the orthogo-
nality property (S2) followed by the definition (17) of G& we infer that (Grvp,n)r =
Yrer, (W mmrr)F. Equation (86c) then follows by noticing that, n'nrp being constant

on F, (vp,nnrr)r = (TF%’OUF,U'RTF)F = (W), mnrp)p.
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The GD-consistency follows from Proposition 9 (proved below), and from [27, Lemma 2.13]
Wthh shows that the consistency holds provided that Sp, (¢) — 0 for all ¢ in a dense subset
of I/V0 P(Q). O

Remark 22 (Condition (86a)). In [27], a slightly different norm is considered in the argument
of the maximum in (84a). The original expression is obtained replacing |[v)][7 oh DY

Z Z d;}pHvF UTHL;D(F

TeT, FeFr

where the only difference with respect to (87) is that the role of the local length scale is
played by drr, the orthogonal distance between a point 7 inside T and the face F', instead
of hp. If, for all T € Tp,, we choose the point p such that condition (33) is verified, it can
easily be proved that drrp ~ hp, and the two norms are uniformly equivalent.

A.3.2 Estimates on Sp and Wp

Proof of Proposition 9. (i) Estimates on the addends in Sp,. Take ¢ € W, ’p(Q) AWHLP(T)
and let v;, = li’ld) € Q];;’l. For all T' € Ty, if I = 0 then (Ilp,vy,)r = vr = 7rT ‘¢ on T so the
approximation estimate (11a) applied with a =0, £/ =1, s = ¢+ 1 and r = 0 yields

ITp, v, = Sleery < P lwiern ). (89)

On the other hand, if [ = —1, the specific choice (14) of vy yields

Mp,vp, = ¢lery S hrldlwie - (90)

Combining (89) and (90), taking the pth power, summing over 7' € 7, and taking the pth
root of the resulting inequality gives (28a).

For a fixed mesh element T € T}, use the definition (24) of Vp, , the commutativity property

(18) of G%, the approximation property (11a) of 7TT with s = k + 1 and r = 0, and the
consistency (67) of S, to obtain

IV, = V| oy < |G — Vol orya + ISrer| ey
< WV Glynsrnirya + BT blwrszo iy S RET Slwnszm ().
The estimate (28b) follows taking the pth power, summing over T' € Ty, and taking the pth
root of the resulting inequality.

Ifl e {k,k+1} or l = —1 (in which case k = 0), the estimate (29) on Sp, (¢) is an immediate
consequence of (28). Consider now [ = k — 1 and k > 1. An easy modification of the proof
above shows that, for all ¢ € W, ?(Q) A W*LP(T), |Vp, v, — Vol roya S BFdlwrrincr,)-
Then (29) follows from this modified version of (28b) and from (28a).

(ii) Estimate on Wp, (¢). For all v, € Xp, o,

fﬂ Vv (@) (@) de = Y (Vp,u, % — 7 9)r + Y, (Vp,u,, 79 )1

TeTh TeTh (91)
= Z AT + Z BT.
TeTy, TeT,
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The approximation property (11a) of 7TT with s =k + 1, r = 0 and p’ instead of p yields

> el s 3 B IVl oyl sy gy
TeT;, TeTh

1/p 1/p' (92)
< hk+1 < Z |VDhUhH]Z/p(T)d> ( Z H'lzbuwk-{-l p’ (T)d >

TeT, TeTh

k
=h +1 HV’Dth”Lp(Q)d H@bHWHLp’(Th)d-

By definitions (24) and (17) of Vp, and G, and by the orthogonality property (S2) of Sy,

Br = (Ghup, 7% ) r = — (vr, Vemoi ) + Z (vp, 7 pnrp) p
FE./—'T

— (v, Vo(mgfp — ) r+ Y. (vp, (75" — ) nrE)p

FE]:T

— (vr, V) + Y (e, mrp)p

FeFr

(Vor, (73" —))r + > (vr —vr, (w59 — ) nrp)p

FeFr

— (Up,vy,, V-p)r + ) (vp, ¥nre)r
FeFr

= Bry — (p, vy, V)1 + > (vp, mrp)p,
FeFr

(93)

where we used an integration-by-parts and the definition (16) of Ilp, in the penultimate line.
For any interface F with 77, Ty as neighbouring mesh elements, since ¥ € W* (div; Q) we
have ¥-np r + Y-np,r = 0 on F. Moreover, vp = 0 whenever F' is a boundary face. Hence

Y D e pnre)e = ) (ve,nnE + Ynne)r+ Y, (e, Y nre)r = 0.

TeTn FeFr FeF}, FeFp

Summing (93) over T € T, and using the previous relation leads to

S Br= Y B _j I, vy, () V-4 () da. (94)

TeT, TeTy,

Recalling the definition (10) of w%k, it is readily inferred that the first term in Br is zero
since Vur € VP{(T) < P*(T)?. Moreover, using again the approximation properties (11) of

W%k with r =0, s = k + 1 and p’ instead of p, we can write

0.k
Bral £ Y, lvr = vr| @) 177 % = P o oy

FeFr
Z h \UF - UTHLP(F |1/’|Wk+1 »'(T)d
FeFr
S hk+1‘¢|wk+1p ( Z hp ’UF —vor| e ) )
FeFr
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where we used hp < hp in the last line. Sum over T € 7} and invoke Holder’s inequality,
the property Card(Fr) < 1, and the norm equivalence (78) to deduce

1/p
Z |BT,1| N hk+1|’¢|wk+1,p'(7;l)d (Z Z h};p”UF - UTip(F)>

TeT, TeT, FeFr
k
< W 730l V0, 20 | o e (95)

Finally, using (92), (94) and (95) in (91), we get

UQ Vo, (@) () de + L p, v, (x)V-1p(x) de

k
< Wy 7,4 [V 2, 0 o

The estimate (30) follows immediately. O

Remark 23 (Choice of the gradient reconstruction). An inspection of the above proof shows
that using (41) in place of (24) can lead to significant losses in the order of convergence
for Wp, (1) (while the convergence expressed by (9) still holds true). As a matter of fact,
with this choice one would have to replace throughout the proof W?,lk'l/J by the L2-orthogonal
projection of 4 on VIP**1(T"). The latter quantity has optimal approximation properties only
if either k = 0 (since VPY(T) = PO(T)%) or there exists w € L (Q) such that Yir = Vur
for all T € Tj. Recalling Theorem 2 with p = 2 and o(x,u, Vu) = Vu, we see that for
the Poisson equation, Wp, is applied to 1 = Vu. In this case, the gradient reconstruction
(41) leads to optimal convergence rates. However, there is a real loss of estimate for more
general problems for which error estimates are written in terms of Wp, (AVu) (for anisotropic
linear diffusion, see [27, Theorem 3.2]) or Wp, (|Vul[P~2Vu) (for the p-Laplace equation, see
Theorem 2).
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