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MULTIFRACTAL ANALYSIS OF THE BIRKHOFF SUMS OF
SAINT-PETERSBURG POTENTIAL

DONG HAN KIM, LINGMIN LIAO, MICHAL RAMS, AND BAO-WEI WANG

ABSTRACT. Let ((0,1],T) be the doubling map in the unit interval and ¢ be
the Saint-Petersburg potential, defined by ¢(z) = 2" if z € (277~1,277] for
all n > 0. We consider asymptotic properties of the Birkhoff sum Sy (z) =
p(x) + -+ (T 1 (x)). With respect to the Lebesgue measure, the Saint-
Petersburg potential is not integrable and it is known that ngnsn (z) con-
verges to @ in probability. We determine the Hausdorff dimension of the
level set {z : limp oo Sn(z)/n = a} (a > 0), as well as that of the set
{z : limp—seo Sn(x)/¥(n) = a} (o > 0), when ¥(n) = nlogn, n® or 2
for a > 1, v > 0. The fast increasing Birkhoff sum of the potential function
x — 1/x is also studied.

1. INTRODUCTION
Let T be the doubling map on the unit interval (0, 1] defined by
Tr=2x—[2z] +1,
where [z] is the smallest integer larger than or equal to . Let ¢; be the function

defined by €;(z) = [22] — 1 and €,(z) := €;(T" ') for n > 2. Then each real
number z € (0, 1] can be expanded into an infinite series as

_a@) en(2)
T= et o

We call (1.1) the binary expansion of z and also write it as
x = le1(x)ea(x) .. .].
The Saint-Petersburg potential is a function ¢ : (0,1] — R defined as
o(r)=2"ifz € (2771 27"], ¥n > 0.

Foee (1.1)

We remark that the definition of ¢ is equivalent to
w(x) = 2" where n > 0 is the smallest integer such that €,41(z) = 1.
and is also equivalent to
p(x) = 2" if the binary expansion of z begins with 0"1,

where 0™(n > 0) means a block with n consecutive zeros.

The name of Saint-Petersburg potential is motivated by the famous Saint-Petersburg
game in probability theory. The Saint-Petersburg potential is of infinite expecta-
tion with respect to the Lebesgue measure. Furthermore, it increases exponentially
fast near to the point 0.
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In this paper, we are concerned with the following Birkhoff sums of the Saint-
Petersburg potential:

Yn>1, S,(z):= @)+ e(T(x) + -+ T ), z € (0,1].
Let
I={2€(0,1]: e1(x) = 1}.
Define the hitting time of = € (0,1] to I as
n(z) :=inf{n >0:T"x € I}.
Then
G 3

1 1
n(z) =n ifxe( ],forallnzo.

Using n(z), we define a new dynamical system 7T : (0,1] — (0,1] by

eal n(xr n 1 . 1 1
T(x)=T ( )+1(gg):2 +1(g;— 2n+1) ifz e (ﬁ,Q—n], for all n > 0,

called the acceleration of T', in order that ¢ and ¢ o T are independent. Let
Sn(x) == o(2) + o(T(2)) + -+ o(T"H(x)), @€ (0,1].

The convergence in probability of S, (z) is well known (e.g. [6, p.253]) which states
that for any € > 0, the Lebesgue measure A\ of

3 )
z € (0,1] : Sul) _ ’ZE
nlogn log2
tends to 0 as n — oo.

Let {¥,}n>1 be an increasing sequence such that ¥,, — co as n — oco. Then it
was shown in [5] that Lebesgue almost surely either
Sn(z) Sh ()

. n
=0 or limsup———= =00,
n n—oo n

lim

n—o0
according as

Z A{z € (0,1]: p(z) > U,}) <o or = 0.

n>1

Let ny = ny(2) = n(z) + 1 and ng = ng(z) = ny (T 'z) = n(T+ 1a) for k > 2.
It is direct to see that

VO>1, Spigogn, () = 28(x) — ¢
Moreover, the ergodicity of T (of f) implies Lebesgue almost surely
L) ()

{—00 /

:/0 (n(z) + 1)dA(z) = 2.

Combining these two facts together, we obtain the same convergence results as
above if we replace S, by S,. In particular, the average S, (x)/(nlogn) converges
to 1/log2 in probability, and almost surely (with respect to the Lebesgue measure)
either

Sn ()

Sn(x
n( ):0 or limsup ==~ = oo,
n n—oo n

lim
n— oo

according as

> Mz € (0,1]: p(x) > ¥,}) <o or =00,

n>1
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where {U,},>1 is an increasing sequence such that ¥,, — oo as n — co. Recall
that ¢ has infinite expectation with respect to the Lebesgue measure. We thus
have S, (z)/n converges to infinity for Lebesgue almost all points.

In this article, we want to further study the asymptotic behavior of of the Birkhoff
sum Sy, (z) of the Saint-Petersburg potential. We give a complete multifractal
analysis of Sy, ().

First, for any a > 1, we consider the level set

Ela) = {:c € (0,1]: Tim L8,(z) = a}.

n—o00 N

For t € R and ¢ > 0, define

o0
P(t,q) :=log Z 9ti—a(2’—1)

j=1
Then P is a real-analytic function. Furthermore, for each g > 0, there is a unique
t(q) > 0 such that P(t(q),q) = 0. This function ¢ — t(q) is real-analytic, strictly
decreasing and convex.

Denote by dimpy the Hausdorff dimension. The function « — dimy E(a), called

the Birkhoff spectrum of the Saint-Petersburg potential ¢, is proved to be the
Legendre transformation of the function g — t(qg).

Theorem 1.1. For any a > 1 we have

dimyg E(a) = ;I;f(;{t(q) + qa}.

Consequently, dimg E(1) = 0 and the function o — dimg E(a) is real-analytic,
strictly increasing, concave, and has limit 1 as o — oo.

The Birkhoff spectrum of a continuous potential was obtained for full shifts
[14], for topologically mixing subshifts of finite type [4], and for repellers of a
topologically mixing C**€ expanding map [2]. A continuous potential in a compact
space is bounded, hence these classical results are all for bounded potentials. Our
Theorem 1.1 gives a Birkhoff spectrum for an unbounded function with a singular
point. To prove Theorem 1.1, we will transfer our question to a Birkhoff spectrum
problem of an interval map with infinitely many branches and we will apply the
techniques developed in [9] for continued fraction dynamical system and in [8] for
general expanding interval maps with infinitely many branches.

We also study the Birkhoff sums S, (x) of fast increasing rates. Let ¥ : N — N
be an increasing function. For 8 € [0, o], consider the level set

Eg(B) := {x € (0,1] : Jim. ﬁ&}(m) = ﬁ} .

Theorem 1.2. If U(n) is one of the following
U(n) =nlogn, ¥(n)=n" (a>1), ¥(n)=2" (0<v<1/2),

then for any S € [0, 00], dimy Ey(8) = 1.

If U(n) = 27" with 1/2 < v < 1, then for any B € (0,00), the set By (f) is
empty, and dimy Eg(B8) =1 for =0, +00.

If W(n) =2"" with v > 1, then for any B € (0,00], the set Eg(B3) is empty, and
dimy Fy () =1 for 8 =0.

We remark that by the above discussion on the convergence of S, (x), for all

cases in Theorem 1.2, the sets Fy(0) has full measure, and thus obviously has full
Hausdorff dimension.
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From the definition of S, (z), we see that for the integer n such that e, (z) =

one has S, (x) = S,_1(z) + 1, which implies for all z, hm 1nf Sf,(()) 1. Thus

if liminf 2 > 1, then for any S € (0,00), the set E\p(ﬁ) is empty. By the

n—00 VY(n-1)
definition of S, (z), we can also check that for all x, for the integer n such that
en(x) = 1, we have S, (z) < 2™ — 1. This implies lim inf S, (x)/2™ < 1 (See also the
n—oo

formula (3.15) in Section 3). Hence, for 'regular’ growth functions ¥ we only need
to consider exponential and subexponential growth rates.

However, if we pick a point z with dyadic expansion consisting mostly of 0’s, with
infinitely many 1’s but in large distances from each other, then the Birkhoff sum
Sn, () may grow arbitrarily fast on some subsequence n;. Thus for any increasing
W (n) there exists a point = such that limsup,,_, . Sn(z)/¥(n) = occ.

Our study on the Saint-Petersburg potential is an attempt of multifractal analy-
sis of unbounded potential functions on the doubling map dynamical system. How-
ever, the Saint-Petersburg potential is locally constant and not continuous. One
might think of an another unbounded potential function g : = — 1/2 which is
close to the Saint-Petersburg potential but is continuous. In fact, our method for
studying the fast increasing Birkhoff sum of Saint-Petersburg potential also works
for the fast increasing Birkhoff sum of the potential g : x +— 1/x.

Denote by Spg(z) the Birkhoff sum

Sng(x) = g(x) + g(T(2)) + -+ g(T" (z)), @€ (0,1].
For 8 € [0, o], let

Fu(B) = {z € (0.1]: lim ﬁsng(z) — ﬁ} .

Theorem 1.3. If U(n) is one of the following
U(n) =nlogn, ¥(n)=n" (a>1), ¥(n)=2" (0<v<1/2),
then for any 8 € [0, 00|, dimy Fy(8) = 1.
If U(n) = 2" with 1/2 < ~ < 1, then for any B € (0,00), the set Fy(f) is
empty, and dimyg Fy(B) =1 for =0, +00.
If W(n) = 2" with v > 1, then for any B € (0,00], the set Fy(B3) is empty, and

We remark that these multifractal analysis on the Birkhoff sums of fast increasing
rates have been done for some special potentials in continued fraction dynamical
system ([9, 11, 12]).

2. BIRKHOFF SPECTRUM OF THE SAINT-PETERSBURG POTENTIAL

In this section, we will obtain the Birkhoff spectrum of the Saint-Petersburg
potential, i.e. the Hausdorff dimension of the following level set:

n—1

E(a) :=qz€(0,1]: nlirrgo % Z@(zj) =« (a>1).
j=0

We will transfer our question to a Birkhoff spectrum problem for an interval map
with infinitely many branches.
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2.1. Transference lemma. Recall that the Saint-Petersburg potential ¢ is given
by
where 2 = [e1€9, - - -] denotes the digit sequence in the binary expansion of 2. Recall

also the definition of hitting time n(z) and the acceleration T of the doubling map
T in Section 1. Define a new potential function

o(x) == 2" 1 2 € (0,1].
In fact, ¢ is nothing but the function satisfying

n(z)

¢(z) = Z o(T/x).

=0

<

With the notation ny = n(z) + 1 > 1, and nj, = n(T* 'z) + 1 for k > 2 given in
Section 1, we have

n(Tx) ng—1
$(Tz) = Y o(T7(Tw) = Y ¢(T'x).
Jj=0 Jj=ni
Hence,
ni+---+ng—1 -1 N
Y e(Tiz) =) G(Tra) =2 + -+ 2™ — L. (2.1)
j=0 k=0

Note that the derivative of T satisfies
17| () = 27+ = 9™ = () + 1. (2.2)
We have

-1
ny+ -+ ng= Zlogé |T"|(T"x).
k=0

Recall the set in question:

n—1

E(a) = q 2 €(0,1] ZHILII;O%Z@(TjSC):Q (a>1).
=0

Define

-1 Tk
~ T
E(a) :=q2 € (0,1] : lim e§k:0 (b(A xA) =a (a>1).
700 o logs [T"|(T*)
The following lemma shows the two level sets are the same.
Lemma 2.1. For all a« > 1, we have E(a) = E(a).

Proof. Tt is evident that E(a) C E(a), because, as discussed above,

1T nyttng—1 _
Dpmo O(T2) 1 ST (T, (2.3)

7 ——
i logy [T/|(Thx) M1+t ne =0

Now, we show the other direction. Take an x € E (@), express x in its binary
expansion

r=[0"t0m2 . ome L.

In fact, ny — 1 is the recurrence time for n(T*~'z), for each £ > 1.
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By (2.1), we have, at present,
1 ni+efng—1

lim —— T'z) = o
R raTE——— ;0 p(TVz) = a
So, we are required to check it holds for all n.

For any € > 0, there exists ¢y € N such that, for any ¢ > ¢y,
N1 4 ...y 9ne _ g
a—e< too <a-te (2.4)
n1 + PN + Ny

For any ny +---4+ng <n <mng+---+ng+ nepp with € > £, it is trivial that

n—1

oL 4 ..qy9me gy ] .
< Tiz) <
_n;w( z) <

ny+ -+ ne +nep

M . ome o )]
ny+ - +ng ’

Thus, it suffices to show that

one+1 — O(TL1 4+ 4 né), (25)
which also implies

ney1 = o(ny + -+ + ny).
Let My be a large integer such that, for all M > My, 2™ > 4aM. So, when
ne+1 < My, there is nothing to prove. So, we always assume 2™+1 > 4dang; .

By (2.4), we have
M4 4 2™ — > (a—€)(ny + -+ ng),
2M g 2Me 2 — 1 < (a+e€)(n1+ -+ g+ npgr)-
These give
2Met1 < 2¢(ny + -+ -+ ) + (o + €)ngeq + 1

So, we have

2Met1 < de(ng + -+ + np). O

2.2. Dimension of E(a). Now we calculate the Hausdorff dimension of the set
E(a). At first, we give a notation.

e For each finite word w € (J,,~,{0,1}" of length n, a T-dyadic cylinder of
order n is defined as B

L(w) = {z € (0,1] : (er(2), -, (@) = w}.
e For (ny,---,ny) € (N\ {0})%, a T-dyadic cylinder of order  is defined as
Dy(ny,---,ng) ={x € (0,1] : np(x) =ng, 1 <k </}
Proof of Theorem 1.1. To calculate the Hausdorff dimension of E (), we construct

a suitable measure supported on E(a). The Gibbs measures derived from the

Ruelle-Perron-Frobenius transfer operator are good candidates for such a measure.

In fact, by considering the inverse branches U; : = — gﬂ (i >0) of f, we can

code the dynamical system ([0, 1],?) by the conformal infinite iterated function
system (U;);>0 which satisfies the open set condition ([10, Section 1]).
Consider the potential function with two parameters

Giq = —tlog|T'| — (log2)-q¢ (t €R, ¢ > 0).

Then (114 o U;)i>o is a family of strong Holder family ([10, Page 30]). Hence, we
can define a Ruelle operator

Ligf(x):= Y e Wf(y),

ye’l/;*lm



MULTIFRACTAL ANALYSIS OF SAINT-PETERSBURG POTENTIAL 7

on the Banach space of continuous functions on the corresponding infinite symbolic
space ([10, Page 31]).

By the Ruelle-Perron-Frobenius transfer operator theory [10, Theorems 2.9 and
2.10], for any ¢ > 0 (to satisfy the condition 2.2 of [10]), we can find an eigenvalue
At,q and an eigenfunction h¢ 4 for £;, and an eigenfunction v; 4 for the conjugate
operator L} ;. Then the pressure function P(t,q) = log A, and the ergodic Gibbs
measure [ 4 is given by hy g - v 4.

The pressure function can be computed by (see [10, Pages 31 and 48])

.1
Pt.a) = éliglo i log Z exp sup (Setht q(z))
(n1,-,me)€(N\{0})* zE€Dy(n1, - ,ng)

Note that for all n > 1,

~ 1
IT'|(x) =27, and ¢(x) =2" —1 ifx € <2—n, T

} = Di(n).

Then for € Dy(nqy,--- ,ne),

4

Sty q(x) = —(log 2) - an (log2) - g - 2(2”7' —1).

j=1
Thus
S e sup (S(e)
(1, ,me)E(N\{0})* zEDg(n1, ne)
o o0 4 Vi 0o , 4
= Z Z H 9—tn; H 9a(2"7-1) | _ 227”7(1(21,1)
n1=1 ne=1 \j=1 j=1 =1
Hence

P(t,q) = log Z 9—ti=a(2’~1)

j=1
Now we calculate the local dimension of the Gibbs measure p; 4. Let Dy(x) be
the T-dyadic cylinder containing = of order ¢. By the Gibbs property of p 4,

log p1,q(De(x)) _ Sethre(x) — LP(t,q)
log | De()] —Sylog |T"|(x)
_ —tSelog [T'|(x) — (log 2) - gSed(x) — £P(t,q)
—Sylog [T ()
Seg(2) . tPta)
Selogy [T'|(x)  Selog|T”|(x)

(2.6)

e UPPER BOUND. For each ¢ > 0, let t(¢) be the the number such that
P(t(g),q) = 0. (The existence of t(q) comes from the facts that P(t,q) is real-
analytic and that for fixed ¢ > 0, P(t,q) > 0 when ¢ — —o0 and P(t,q) < 0 when
t — 400.) Then for all z € E(a), we have

log ing(B(,1)) _ | Tog iy (B(z, [ De(a)])

lim inf <l
g logr =0 log | D¢(z)]
D
< lim inf %8 i1.4(De(@)) =t(q) + qo,
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where for the second inequality the trivial inclusion Dy(z) C B(z, |D(x)]|) is used.
By Billingsley Lemma (see e.g. [3, Proposition 4.9.]), this gives an upper bound of
the Hausdorff dimension of E(a). Thus we have

dimy E‘(a) < inf{t(q) + qa}.
q>0

e LOWER BOUND. By the real-analyticity of P(¢,q) and the implicit function
theorem, the function ¢ — #(q) is also real-analytic. Thus there exists gy such that
the following infimum is attained

Inf{t(g) +ga}-
Then we have
t'(q0) + a = 0. (2.7)
To prove the lower bound, we first show two claims.
Claim (A): The measure fiy(qy),q, is supported on FE,.
On the one hand, since P(t(q),q) = 0,
oP , oP
Wt (9) g
On the other hand, by the ergodicity of the measure y; 4, we have for u; 4 almost
all z,

0. (2.8)

Sld)(x) _ fd)d,u't,q )
(=00 Splogy [T'|(x) [ log|T"|dps,q
By Ruelle-Perron-Frobenius transfer operator theory ([10], Proposition 6.5),
opP ~ oP
/(1Og 2) : Q/)d,ut,q = *a—q and /log |T/|dﬂt,q = 7@_

Thus by (2.8) and then (2.7), for fi4(¢y),q

log 2.

, almost all z,

P
Sep(x Da
im L(A) = g—lqg = —t'(q0) = .
t=o0 Splogy [T'|(x) B¢
This shows Claim (A).

Claim (B): For piy(gy),q, almost all z,

lim 1Og :ut(qo)#]o (In (‘T))
n—o0 log2—n

= t(qo) + qo,

where I,,(z) is the T-dyadic cylinder of order n containing x.

On the one hand, by (2.6) and then by (2.8) and (2.7), one has for t(g,),q,
almost all

- log ft¢(g0),q0 (De()) — t(qo) + %:Z = t(qo) + qoc (2.9)
Jim log|De(3€)| = 1(qo QO%_I: = t{qo qoCx. .

On the other hand, note that for any « € E(«), if the binary expansion of x is
x = [0"1~110m2711 .. ], then for any § > 0, for ¢ large enough,
(= 0) <2™ ... 42" — £ = Spp(x) < (a+ I)L.
Hence
ng = O(log ),
which implies

log | D
og|De(@)l _ =1. (2.10)
t=oolog|Dpy1(x)|  t=oomy + -+ 4 ng+ nppr
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Thus
lim 2P0 Un(@) 108 M0 (De())
n—o0o log2—" {—o00 log |Dg(l')|

This shows Claim (B).

To conclude the desired lower bound, we apply the classical mass distribution
principle (see [3, Proposition 4.2]). Since the Hausdorff dimension will not be
changed if we replace the d-coverings by T-dyadic cylinder coverings (see [3, Sec-
tion 2.4]), the lower bound of the Hausdorff dimension can be given by the mass
transference principle on T-dyadic cylinders. By the above two claims and Egorov’s
theorem, for any 1 > 0, there exists an integer Ny such that the set

{2.€ Bus plla(a)) < (@00, > N}

is of fi4(qo),q0 POSitive measure. So, it implies that

dimyg Eo > t(qo0) + qoox — 1.

Note that ([10, Lemma 7.5]) the function ¢ — ¢(q) is a decreasing convex function
such that

t(0) =1, lim (t(q) +q) =0,

q— o0
and
lim t'(¢q) = — lim t'(¢q) = —1.
Jm, (q) = —co,  lim #(q)
Therefore, we have proved for any « € (1, +00)

dimp (E(a)) = f{t(q) +ga},

which is Legendre transformation. All the properties stated in Theorem 1.1 are
satisfied by the function « — dimpy(E(«)) which is the same function as a —
dimy (E(«)) by Lemma 2.1.

For the end point o = 1, it suffices to note that the level set E(1) is nothing
but the set of numbers with frequency of the digit 1 in its binary expansion being
1. Thus the Hausdorff dimension of F(1) is 0. Hence, the Legendre transformation
formula for the Hausdorff dimension of E(a) (o > 1) also holds for a = 1. O

3. FAST INCREASING BIRKHOFF SUM
At first, we give two simple observations.

Lemma 3.1. Let W be an integer such that 28 < W < 2!+! for some positive
integer t. For any 0 < n <t, among the integers between W and W(1+27"), there
is one V.= V(W,n) whose binary expansion of V' has at most n + 2 digits 1 and
ends with at least t — n zeros.

Proof. By the assumption, we have 27"W > 2!=". Thus among the 2~"W consec-
utive integers from W to W(1+ 27") there is at least one integer which is divisible
by 2¢=" which means there is an integer £ > 1 such that

W<k <wa+2m).

Let V = £2!=" and note that V is an integer whose binary expansion ends with at
least ¢ —n zeros. Since £28=" < W (14 27") < 2t72) we conclude that £2!~™ has at
most (t +2) — (¢t —n) = n+ 2 digits 1 in its binary expansion. O

In the follows, the base of the logarithm is taken to be 2.
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Lemma 3.2. For each integer W, and any integer n < logW, we can find a word
w with length
lw] < (n+2)(2+ logW)
and for any x € I}, (w)
lw| -1 ‘
W< Y p(Tin) <Wa+27).
j=0
Proof. Let V be an integer given in Lemma 3.1. Then W <V < W(1 4+ 277).
Moreover if we write this number V' in binary expansion:
V:Qtl +...+2tp,
one has that [logW ] +1>1¢ > .- >t, > |logW] —n and p < n + 2. Consider
the word
w = (10"711,10%2711, ... | 10%711)
here the word 10?71 is 1 when ¢, = 0. Then we can check that the length of w
satisfies
lwl =1 +1)+--+(tp+1) <p(t1 +1) < (n+2)(2+1logW),
and for any x € I}, (w),

Hence, the proof is completed. (I
We also need the following lemmas whose proofs are left for the reader.
Lemma 3.3. For any m > 1, define
Fp={2 € (0,1]: € (x) =1, for all k > 1}.
Then dimg F,, = mT_l

Lemma 3.4. [13, Lemma 4] Given a subset J of positive integers and an infinite
sequence {ar}72 | of 0’s and 1’s, let

EJ, {ax}2,) = {x € (0,1] : ex(x) = ag, for all k € J}.
If the density of J is zero, that is,

lim lCard{kgn:kéj]}:0

n—oo N
then dimy E(J, {ar}32,) = 1.
Before the proof Theorem 1.2, we show the following lemma.
Lemma 3.5. Let U : N — N be an increasing function such that ¥(n)/n — oo

as n — oo. Assume that there exists a subsequence Ni satisfying the following
conditions

Ni — Ni—1 — 00, U(Ni) — U(Ng_1) — 00, (3.1)
and
W(Np_1) 1 log (¥(Ng) — W(Ng—1))
U (Ng) ’ N — Ni_1
as k — oo. Then the set

Eg(1) = {x € (0,1]: lim —— S, (x) = 1}

n—oo W(n) "

0, (3.2)

has Hausdorff dimension 1.
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Proof. Fix a large integer m and write
U= {u: (€1, ,€m)  €m=1,6 € {0,1},i7ém}.

To avoid the abuse of notation, by the first assumption of (3.1), we assume Ny —
Ni—1 > m for all k > 1 by setting No = 0 and ¥(Np) = 0.
For each k > 1, we write
Wk = \I/(Nk) - \I/(Nkfl)
and let {n;} be a sequence of integers tending to oo such that
log (W(Nk) — W(Ni—1))
Np — N1

By the second assumptions of (3.1) and (3.2), this sequence of ny > 0 do exist.

Now for W} and nyg, let wg be the word given in Lemma 3.2. Then the length
ar of wy, satisfies

ar <(ng +2)(2 + log Wi)

— 0.

ng S 10g Wk, ng

(g +2) 2+ og(P(N) — T(Np_))) = o(Ng — Ny_y) )
and for any z € I, (wg),
Wi < i O(Tiz) < Wi (1 +27m). (3.4)
3=0

Define ty, ¢ to be the integers satisfying
Ny — Ni—1 — ap = tpm + £y,

for some 0 < ¢}, < m.
Let wy (k > 1) be given as the above. We define a Cantor subset of Ey(1) as
follows.

Level 1 of the Cantor subset. Define
E, = {INl(ul,--- gy, 19 wy) sy €U 1< < tl}.
For simplicity, we use Iy, (U1) to denote a general cylinder in Fj.

Level 2 of the Cantor subset. This level is composed by sublevels for each cylinder
Iy, (Uy) € E;. Fix an element Iy, = Iy, (Uy) € Ey. Define

Eg([Nl(Ul)) = {INZ(Ul,ul,--- ,ut2,122,w2) U € Ll,l <1< tg}.

Then
Br= |J EIw).

In, €EEL

For simplicity, we use In,(Uz) to denote a general cylinder in Fs.

From Level k to k + 1. Fix Iy, (Uy) € E). Define

Ek-‘,—l(INk (Uk)) = {IN]H,l (Uk‘aula e )utk+1a 1ék+1)wk‘+1) L Ug S u) 1 S T S tk‘-i—l}-

Then

Eepi= |J ErnUn).
INkGEk

Up to now we have constructed a sequence of nested sets {Ex}r>1. Set

F:ﬂEk.

k>1
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We claim that

F C E(7).
In fact, for all x € F, by construction, for each k > 1,

Np—1

> (1)
n=Ng_1
Ng_1+tpgm—1 Ng_1+tem—+L€p—1 Np—1

= > e+ > eTw)+ Y. e(Tha)
n=Ng_1 n=Ng_1+tpm n=Np_1+trm+Ly

=t:O(2™) + lx + Wi(1 + O(27™))
—0 (<Nk—+1)2m) 4 (U(N) — U(Np_1))(1+ 027 ).

Since ng — oo which implies 27" — 0 as kK — oo, we have

> o(T"a) = (V) (14 o(1)) + 0 <Nk2m> :

m

n=0
By the assumption ¥(n)/n — oo as n — oo, we then deduce

Ni—1

Y @(T"x) = W(Ny) + o(T(Ny)),

n=0
Thus
i T ()
k—00 U (Ng)
While, for each Np_1 < N < Ny

Neo1—1 n N=1 _mm Ne=1 _mm
Zniol (P(T -T) < ano ‘P(T ) < Znio SD(T )

~1. (3.5)

(Ni) - U(N) T U(Ng-1)
So by the first assumption of (3.2), we deduce from (3.5) that
. 1

This proves « € Eg(1) and hence F' C Eg(1).

In the following, we will construct a Holder continuous function from F' to F,,.
Recall that

Fp={z€(0,1] : €gp(x) =1, forall k >1}.

Define
fF = F,
T =y
where y is obtained by eliminating the digits {(€n,—¢,—ar+1," - s €N,) Je>1 in the

binary expansion of . Now we calculate the Holder expoent of f.

Take two points x1,x2 € F' closed enough. Let n be the smallest integer such
that €, (z1) # €,(x2) and k be the integer such that Ny < n < Ni41. Note that by
the construction of F', the digits sequence

{(eNk_ék_ak"l‘l’ T a€Nk)}k21 and {GNk+tm}1§tStk+1
are the same for all z € F'. So we must have

N <n< NkJrl — £k+1 — Qf41- (36)
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Since n is strictly less than N1 — lky1 — ap+1 and en,4om (1) = €N 1em(T2) =
for all 1 < ¢ < tg41, thus, at most m steps after the position n, saying n’, €,/ (x1)
en'(z2) = 1. So it follows that

1

|SC1 7$2| Z W

Again by the construction and the definition of the map f, we have y1 = f(z1)
and ya = f(z2) have common digits up to the position n—1—(¢14a1)—- - -— (i +ag).
Thus, it follows

1
|f(1'1) - f($2)| < 2n717(€1+a1)*“'*(5k+ak) '

Recall that £, < m and a1 + - - - + ar = o(Ng) (see (3.3)) and also that Ni/k — oo
as k — oo (by (3.1)). We have
n—1—(14+a1)—- - — bk +ax) - n—1—km — o(Ng)

1>

=1+0(1),
n+m n+m

which implies that f is (1 — n)-Holder for any n > 0. Thus
dimg F > (1 — n)dimyg Fy,.

By Lemma 3.3, we then have

—1

dimpg F > (1 — n)m—

m
By the arbitrariness of 7 > 0 and letting m — oo, we conclude that dimy F(¥) = 1.
This finishes the proof. (]

Proof of Theorem 1.2. In all the three parts of Theorem 1.2, the case of § =0is a
direct consequence of Theorem 1.1.

(I). Assume that ¥ is one of the functions ¥(n) = nlogn, ¥(n) = n (a > 1),
U(n) =2"" with 0 <y < 1/2.

(I1). 0 < B < oo. It suffices to consider the dimension of Eg(1) i.e. =1, since
for other 3 € (0,00), we need only replace ¥(n) by 8% (n).

To show dimpy Fy (1) = 1, we can apply Lemma 3.5 directly. If ¥(n) = nlogn,
we can choose Ny = k?. For ¥(n) = n® (a > 1), we can also choose Ny = k2.
Suppose now ¥(n) = 2" with 0 <y < 1/2. Let § > 0 be small such that

g
— 4y <1 .
T + 0y < (3.7)
which is possible since v < 1/2. Take
Ni = k™71, (3.8)
Then we have
Njj1 — N m kT30, (3.9)

and
log(¥(Ny+1) — W(Ny)) ~ log(P'(Ni) (N1 — Ni))
~ N, +1log(Ngt1 — Ni) = N
Here we write A &~ B when A/B — 1. This shows the validity of (3.1). Moreover,

log(¥(Nygy1) — ¥ (Ng)) f=7 0 —5(1—
R — = k70077 50 (K — 0).
Niy1 — Ng L= 19 ( )

Thus the second assumption of (3.2) is satisfied. At last, for the first assumption
in (3.2), by (3.7)

\If(Nk_l) _ Q(k—l)ﬁﬂh—k%*‘w
W (Nk)
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Hence Lemma 3.5 applies.

(I). If B = oo, we may choose W(n) = 27" for some 0 < 1 < % such that

2
Eg (1) C Ey(cc). Then dimpg Ey(co) = 1 follows from (I1).

(IT). Now suppose that ¥(n) = 2" with 1/2 < < 1.
(I1). Let 8 € (0,00). We will prove that Ey(3) is empty. On the contrary,
suppose there is © € Ey(8), which has binary expansion

r=[0"t0m2 . ome L. (3.10)
Then, by (2.1) we have
Sn1+n2+~~~+ng (1'> B 271 4 2M2 .. 4 2T — 3
‘I’(?’Ll +ng + -+ ng) N 2(ni+na+-+ne)Y ’ (3 11)
Sn1+n2+---+n[+1(1'> B 2™ 4 QM2 o 2T — onet1—1 R ﬂ ’
U(ni+no+---+ng+1) 2(natnattng+1)7 :

Since
9(nitno+-+ng)”

2(nitnat-+ne+1)7 — 1,

by dividing the two limits of (3.11), we deduce that

on1 + on2 4+t one _ £+ 2ng+171 2n[+171
=1+ — 1,
2n1 4 9n2 L. Qne — 2n1 4 9n2 ... L QN0 — f
which implies that
Snitnatotne (B) " 2 —1 1
Sn1+n2+w+ne (‘T) 2m 422 2 —
Combining with (3.11), we get
1 U(ng + - +mpyq)  20mtnetodnene)?
(7 =
\I/(n1 4+ o4 né) 2(ni+na+-+ng)Y
Thus
(n1+n2+ -+ net+ne)” — (n+n2+ -+ ng)?
¥
= (1 4ns+- +ne)? (1+ eyt ) 1
ny+ng+---+ny
~ RALES — 0.

(nl +ng 4+ ne)lf'v
Therefore, for any € > 0, there exists kg > 1 such that for all j > ko,
n; < e(n —l—ng—l—---—i—nj_l)l_"’. (3.12)
Then for any ko < j </
n; <e(ng+mng+ -4 ng)t.
This implies
Snytnatotn, (@) =2" 4 2™ . 4 2™ 4

< M+€2€(n1+"2+'”+ng)1*7 iy

with M := 2™ 4 ...+ 2", Thus we have
S’ﬂlJranr“'Jrnz (:C) < M + g25(n1+n2+---+n1)177 —/
\I](nl + N9 + . + ne) 2(711+712+“‘+77/£)’Y

(3.13)

By observing n; > 1, we deduce that the upper bound of (3.13) converges to 0 for
1/2 <~ < 1, a contradiction to (3.11). Hence Ey(f) is an empty set.
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(ITy). B = oco. Fix 6§ € (7,1) and take a large integer K such that 259 > 1.
Consider the set of points such that at every position 2¥ k > K in their binary
expansions, they have a string of zeros of length 2%, i.e.

E = {:L' € (0,1] : €gryq =+ = €gnp|ors) = 0, for all k > K}
On the one hand, E C Ey(00), since for any n € (2%, 28*1] for some k > K,
Sp(z) > 22° > 20/2)° 5 on”
On the other hand, the set E has dimension 1 guaranteed by Lemma 3.4.

(ITI). Suppose that ¥(n) = 2" with v > 1 and let 8 € (0, 4+00]. Assume that
there exists © € Fy () for some 8 € (0,4+00). Write the binary expansion of = as
(3.10). Then by (2.1),

Sn1+nz+‘“+ne (‘T) o 2M 42" 27— N ﬂ
U(ng +ng+ - +ng) 9(nitnat+ne) ’ 1)
Sn1+n2+‘“+ne—1($) _ 2™ + 2m -t 2 -1 6 |
\Ij(nl + no + -+ Ny — 1) - 2(n1+n2+”'+n2—1)7 .
However,
9on1 9ona cee e _y 9(nitng+-+ng)?
R —1 but > 2
N1 4 QN2 ... 42N — ) ] 2(n1tna+-+ng—1)7
which is a contradiction. Hence Ey () is empty when 8 € (0, +00).
When = +o0, by (2.1), we have
. Sa(®)
<
hnrggf o = 1. (3.15)
So,
liminf S22 < .
n— 00 \Il(n)
This shows that Fy(c0) is also empty. O

4. THE POTENTIAL 1/x
In fact, the techniques in Section 3 can be applied to the continuous potential
g: 2z~ 1/x on (0,1] which has a singularity at 0.
Proof of Theorem 1.3. We first show that if ¥(n) is one of the following
U(n) =mnlogn, ¥(n)=n® (a>1), ¥(n)=2"" (0<vy<1/2),

then for any 8 € [0, 0], dimy Fig(8) = 1.
We note that if « € (0,1] has binary expansion x = [0"1°...], then p(z) = 27
and
2" < g(x) < 2m 4 2nmsth = 2n (1 4 275 ), (4.1)

In Lemma 3.2, for an integer W, and for any integer n < log W, we can construct
instead of the words w = (102711,10%711,... 10%~11), the following word
w = (10t1—118+1 10t2—118+1 . 10tp—118+1)-

Then the length of the word satisfies

wl = (ti+s+1)<plti+s+1) < (n+2)(logW +s+2).  (42)
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By (4.1), for any = € I},,(w),
lw|—1
Wtsn+2) < Y g(Tz) <W(L+27") (1+27°) +2s(n +2).
§=0
For each k > 1, we still write
Wi := U(Ng) — U(Nk—1)

and let ng, si be a sequence of integers tending to co such that

. log (\Il(Nk) — \I/(Nk_l))

— 0, 4.3
Np — Ng—1 (4:3)
ng - Sk
— — 0, 4.4
Nj — Ni_1 (44)
and
ng - Sk

T e (4.5)

By (3.1) and (3.2), these two sequences of n; > 0, s, > 0 do exist.
Now for Wy, and ny, sg, let wy be the word given as above. Then by (4.3) and
(4.4), the length ay of wy, satisfies

Qg S(nk + 2)(10g Wi + sk + 2)

=(ng + 2) (log(V(Ng) — ¥(Nk-1)) + sk + 2) (4.6)
=0(Ny — Ng-1)
and for any z € I,, (wg),
Wi + si(ni +2) < ;0 9(T7x) (4.7)

< W1 +27") - (14 27%) + 25 (ng + 2).

Hence by (4.5) we still have the same estimation:

Ni—1

S g(T"2) = W(Ny) + o(¥(Ny))

n=0
and the rest of the proof is the same as (I) of the proof of Theorem 1.2.

We can repeat the same arguments in Section 3 and show that for potential g, the
set Fy(f) is empty if 8 € (0,00),¥(n) = 2" (1/2 <y < 1) or B € (0,00], ¥(n) =
277 (v > 1).

In fact, by definition, if there exists x € Fy (), with its binary expansion

x=[0m 10" . et grer L,
then

Shytngt-tn g (T) Ny Shy+ngt-tn+19(2) 8
U(ng +ng+---+mng) U(ng+ng+---+ng+1)

Thus
Sn1+n2+~~~+nzg(z>

— 1.
Shnitnattne+19(2)

Observing ¢ < g < 2¢, we have

2nz+1

— 0,
Sn1+n2+~~~+nzg(z)
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which then implies
Spy4ngtetn g(T)
Shnytng++ni: 9(T)
By the definition of x € Fy(f), we have
U(ng +ng+ - +npp1)
U(ny +ng+ -+ ny)
This further implies the same inequality with (3.12) and the rest of proof is the
same as (II;) and (III) by noting ¢ < g < 2.

— 1.

— 1.

For ¥(n) = 2""(1/2 < v < 1), we can also prove dimg Fy(00) = 1 by the same
proof as (Ily). O
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