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MULTIFRACTAL ANALYSIS OF THE BIRKHOFF SUMS OF
SAINT-PETERSBURG POTENTIAL

DONG HAN KIM, LINGMIN LIAO, MICHAL RAMS, AND BAO-WEI WANG

ABSTRACT. Let ((0,1],T) be the doubling map in the unit interval and ¢ be
the Saint-Petersburg potential, defined by ¢(z) = 2" if z € (27""1,277]
for all n > 0. We consider the asymptotic properties of the Birkhoff sum
Sn(x) = @(x) + -+ (T 1(z)). With respect to the Lebesgue measure, the
Saint-Petersburg potential is not integrable and it is known that ngnsn (z)
converges to @ in probability. We determine the Hausdorff dimension of
the level set {z : limp 00 Sn(z)/n = a} (o > 0), as well as that of the set
{z : limp—eo Sn(z)/¥(n) = a} (a > 0), when ¥(n) = nlogn,n® or 2" for
a > 1, v > 0. The fast increasing Birkhoff sum of the potential function
x +— 1/x is also studied.

1. INTRODUCTION
Let T be the doubling map on the unit interval (0, 1] defined by
Te=2x—[2z] +1,
where [x] is the smallest integer larger than or equal to x. Let ¢; be the function

defined by €;(z) = [22] — 1 and €,(z) := €;(T" ') for n > 2. Then each real
number z € (0, 1] can be expanded into an infinite series as

_a@ en(2)
T= oot o

We call (1.1) the binary expansion of z and also write it as
x = ler1(x)ea(x) .. .].
The Saint-Petersburg potential is a function ¢ : (0,1] — R defined as
o(x)=2"ifz € (2771 27", ¥n > 0.

T (1.1)

We remark that the definition of ¢ is equivalent to
w(x) =2" where n > 0 is the smallest integer such that €,,1(z) = 1.
and is also equivalent to
o(x) = 2" if the binary expansion of z begins with 0"1,

where 0”(n > 0) means a block with n consecutive zeros.

The name of Saint-Petersburg potential is motivated by the famous Saint-Petersburg
game in probability theory. The Saint-Petersburg potential is of infinite expecta-
tion with respect to the Lebesgue measure. Furthermore, it increases exponentially
fast near to the point 0.
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In this paper, we are concerned with the following Birkhoff sums of the Saint-
Petersburg potential:

Vn>1, Su(@) =)+ e(T(@)+ -+ eI (2), z€(0,1]
Let
I={z€(0,1]: e1(x) = 1}.
Define the hitting time of 2 € (0,1] to I as
n(z) :=inf{n >0:T"x € I}.
Then

1 1
n(x) =n ifx€<W,2—n], for all n > 0.

Using n(z), we define a new dynamical system 7T : (0,1] — (0,1] by

_ 11
T(z) =T 4 (z) = 2" (z ) itz e < ] foralln >0,

- 2n+1 2n+1 ? 2_n
called the acceleration of 7', in order that ¢ and ¢ o T are independent. Let
Sn(x) == o(2) + (T () + -+ o(T"H(x)), @€ (0,1].

The convergence in probability of S,,(z) is well known (e.g. [6, p.253]) which states
that for any € > 0, the Lebesgue measure A\ of

{xe(O,l]: i (@) ! ‘26}

nlogn B log 2

tends to 0 as n — oo.
Let {¥,},>1 be an increasing sequence such that ¥,, — co as n — oco. Then it
was shown in [5] that almost surely either
Sn(z)

S (x
ﬁ =0 or limsup——= = o0,
n n—oo n

lim
n—r oo

according as
Z A{z € (0,1]: p(z) > U,}) <o or = .

n>1

Let ny = n1(z) = n(z) + 1 and ng = ny(z) = ny(T*'z) = n(T* ') for k > 2.
It is direct to see that

VO>1, Spigom, () =28 (x) —¢.
Moreover, the ergodicity of T (of f) implies

/0 (n(z) + 1)dA(z) = 2.

Combining these two facts together, we obtain the same convergence results as
above if we replace S, by S,.

o ong ey
hmi

{—00 /

In this article, we want to give a complete multifractal analysis of the Birkhoff
sum S,,.
First, for any o > 1, we consider the level set

E(a) = {:c € (0,1]: Tim ~8,(z) = a}.

n—oo n

For t € R and ¢ > 0, define

P(t,q) :=log Z 9—ti=a(2’~1)

j=1
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Then P is a real-analytic function. Furthermore, for each ¢ > 0, there is a unique
t(¢) > 0 such that P(t(q),q) = 0. This function ¢ — t(q) is real-analytic, strictly
decreasing and convex.

Denote by dimy the Hausdorff dimension. The function o — dimpy E(«), called
the Birkhoff spectrum of the Saint-Petersburg potential ¢, is proved to be the
Legendre transformation of the function ¢ — ¢(q).

Theorem 1.1. For any a > 1 we have

dimy E(a) = g%{t(q) + qa}.

Consequently, dimgy E(1) = 0 and the function o — dimyg E(«) is real-analytic,
strictly increasing, concave, and has limit 1 as o — oc.

The Birkhoff spectrum of a continuous potential was obtained for full shifts ([13]),
for topologically mixing subshifts of finite type ([4]), and for repellers of a topo-
logically mixing C17¢ expanding map ([2]). A continuous potential in a compact
space is bounded, hence these classical results are all for bounded potentials. Our
Theorem 1.1 gives a Birkhoff spectrum for an unbounded function with a singular
point. To prove Theorem 1.1, we will transfer our question to a Birkhoff spectrum
problem of an interval map with infinitely many branches and we will apply the
techniques developed in [9] for continued fraction dynamical system and in [8] for
general expanding interval maps with infinitely many branches.

We also study the Birkhoff sums S, (x) of fast increasing rates. Let ¥ : N — N
be an increasing function. For g > 0, consider the level set

Eg(B) = {:c € (0,1]: lim —— S, (x) = ﬁ}.

noo WU(n) "
Theorem 1.2. If U(n) is one of the following
U(n) =nlogn, ¥(n)=n" (a>1), ¥(n)=2" (0<~<1/2),
then for any > 0, dimy Ey(8) = 1.
If W(n) =2"" with v > 1/2, then for any § > 0, the set Eg(j3) is empty.

Our method for studying the fast increasing Birkhoff sum of Saint-Petersburg
potential also works for the fast increasing Birkhoff sum of the potential g : @ +— 1/
which is continuous with singular point 0.

Denote by S,g(z) the Birkhoff sum

Sng(x) :=g(x) + g(T(x)) + -+ g(T" "(x)),  z€(0,1].
For 8 > 0, let

Fy(B) := {ac € (0,1] P lim ﬁ&}g(m) = B}.

Theorem 1.3. If U(n) is one of the following
U(n) =nlogn, ¥(n) =n® (a>1), ¥(n)=2" (0<~y<1/2),

then for any 5 > 0, dimy Fy(B8) = 1.
If W(n) = 2" with v > 1/2, then for any B > 0, the set Fy(B) is empty.

We remark that these multifractal analysis on the Birkhoff sums of fast increasing
rates have been done for some special potentials in continued fraction dynamical
system ([9, 11, 12]).
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2. BIRKHOFF SPECTRUM OF THE SAINT-PETERSBURG POTENTIAL

In this section, we will obtain the Birkhoff spectrum of the Saint-Petersburg
potential, i.e. the Hausdorff dimension of the following level set:

n—1
1 .
- C lim = o) —
E(a) = ¢z € (0,1] nl;rr;on Eoga(T )=« (a>1).
‘7:

We will transfer our question to a Birkhoff spectrum problem for an interval map
with infinitely many branches.

2.1. Transference lemma. Recall that the Saint-Petersburg potential ¢ is given
by
where 2 = [e1€9, - - -] denotes the digit sequence in the binary expansion of 2. Recall

also the definition of hitting time n(z) and the acceleration T of the doubling map
T in Section 1. Define a new potential function

P(x) = 2" 1z e (0,1].

In fact, ¢ is nothing but the function satisfying

n(z)

o(x) = D w(T'2).

=0

<

With the notation n; = n(z) +1 > 1, and nj, = n(T* 'z) + 1 for k > 2 given in
Section 1, we have

n(Tx) na—1
¢(Tz) =Y o(T/(Tx)) = > o(Tx)
7=0 j=n1
Hence,
ni+-4ng—1 -1 R
S p(Ma) =) ¢(Tra)=2" +---+ 2™ — L. (2.1)
=0 k=0

Note that the derivative of T satisfies

1T"|(z) = 27+ = 9™ = () + 1. (2.2)
We have
-1 L
nitctne =Y logy |T'|(T x).
k=0

Recall the set in question:

E(a) = {z € (0,1] P lim % i e(T'z) =a} (a>1).

Define

B ST
FEla):=qx € (0,1] : lim - — =« a>1).
(@) :={z€0.1] (=00 SV log, | T (T ) b )

The following lemma shows the two level sets are the same.

Lemma 2.1. For all o > 1, we have E(a) = E(a).
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Proof. Tt is evident that E(a) C E(«), because, as discussed above,

Yo o(TFz) 1 *i

i;glogQ |f/|(ka) N+ -+ nyg

o(T7z). (2.3)
§=0
Now, we show the other direction. Take an x € E (), express x in its binary
expansion
r=[0"t0m2 oL,
In fact, ny — 1 is the recurrence time for n(fl’lx), for each £ > 1.
By (2.1), we have, at present,

1 nitetne—1

lim — Z o(T9z) = a.

l—oo My + -+ Ny -
7=0
So, we are required to check it holds for all n.
For any € > 0, there exists £y € N such that, for any ¢ > /g,
N1 4 ...y 9ne _
a—e< et <a+e (2.4)
n1 + P + Ny
For any ny +---+ng <n<np+---+ng+nep1 with £ > £y, it is trivial that

i

N 44 QN 1=

<= (V) <

ny -+ e+ nep iz

IR, LY, USSR |
n1+...+ne ’

Thus, it suffices to show that
2"+ = o(ng + -+ + ng), (2.5)
which also implies
net1 = o(ng + -+ + nyg).
Let My be a large integer such that, for all M > My, 2™ > 4aM. So, when
ne+1 < My, there is nothing to prove. So, we always assume 2™+1 > 4dang; .
By (2.4), we have
2M g 2
PICINEP, L, LS Ry |

(@—=e)(n+---+ne),
(a+e)(ny+ -+ ng+nep1).

IN IV

These give
2" < 2e(ng A+ -+ ne) + (a4 €)nggr + 1.
So, we have
2" < de(ng + -+ + ny).
O

2.2. Dimension of E(a). Now we calculate the Hausdorff dimension of the set
E(«). At first, we give a notation.

e For each finite word w € |J,,~{0,1}" of length n, a T-dyadic cylinder of
order n is defined as B

In(w) ={z € (0,1] : (€1, - ,€n(x)) = w}.
e For (ny,---,ny) € N a f—dyadic cylinder of order £ is defined as
Dy(ny, - ,ng) ={z € (0,1] : ng(z) = ng, 1 <k <}
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Proof of Theorem 1.1. We consider the potential function with two parameters

Yr,q 1= —tlog|T"| - (log2) - g¢.

Then we can define a Ruelle operator

Ligf(z):i= Y e’ Wf(y).
yeT -1z
By Ruelle-Perron-Frobenius transfer operator theory ([10], Section 2), for any ¢ > 0
(to satisfy the condition 2.2 of [10]), we can find an eigenvalue )\, and an eigen-
function hy 4 for Ly, and an eigenfunction vy, for the conjugate operator Ly .
Then the pressure function P(t,q) = log A\t ; and the Gibbs measure p; 4 is given
by ht,q . Vt,q-
The pressure function can be computed by

_ o L — .- —tj—q(2’~1)
P(t,q) = lim ~log AZ exp(Setfr,g()) = log 2 :
Tlr=x Jj=1
Now we calculte the local dimension of the Gibbs measure p; 4. Let Dy(z) be
the T-dyadic cylinder containing = of order ¢. By the Gibbs property of p 4,

10g fi1,(De(x)) _ Setprg(w) — £P(t,q) _ —tSelog|T"|(z) — (log2) - ¢See(x) — LP(t,q)
log|De(z)l  —Silog|T'|(x) —Sylog |T"|(z)
Sile) | tP(ta)
Selogy |T'|(x) ~ Selog|T"|(z)
e UPPER BOUND. For each ¢ > 0, let t(¢) be the the number such that
P(t(q),q) = 0. Then we have for all z € E(a), we have

log j(B(w,1)) _ . Togpung(Blx, IDi(x)))

(2.6)

lim inf <1
m logr  — oo log | De(z)]
1 D
< liminf 108HaDe@) 0

£—r00 log |D¢($)|

where for the second inequality the trivial inclusion Dy(z) C B(z, |D¢(x)]) is used.
By Billingsley Lemma, this gives an upper bound of the Hausdorff dimension of
E(«). Thus we have

dimpy E(a) < info'{t(q) + qa}.
q>
e LOWER BOUND. Let gg be the point such that the following infimum is attained

inf{t(q) + qo}.

Then
t'(qo) + = 0. (2.7)
Claim (I): The measure fi;(q,),q, 18 supported on E,. Since P(t(q),q) = 0,
oP or
—t — =0. 2.8
@+ 5 (2.

On the other hand, by the ergodicity of the measure (i 4, we have for p; , almost
all z,

Sep(x) [ dpg
=00 Selogy [T"|(x) [ log|T"|dpuq
By Ruelle-Perron-Frobenius transfer operator theory ([10], Proposition 6.5),

op ~ oP
/(1Og 2) : Q/)d,ut,q = *a—q and /log |T/|dﬂt,q = 7@_

log 2.
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Thus by (2.8) and then (2.7), for p(4,),q, almost all z,

oP
Sep(x)  _ Bqg _ () = a
(500 T -~ op Qo) =
Selog, [T'|(x)
This shows Claim (I).
Claim (II). For j14(4),q, almost all z,
] I,
i 108 Ht(a).ao (In (%)) _ ao) + qoc,
n—00 log2—"n

where I, (z) is the T-dyadic cylinder of order n containing x.
On one hand, by (2.6) and then by (2.8) and (2.7), one has for p(g,),q, almost
all =

lim 28Kt (De@) oy %:1;*15( ) + docr (2.9)
T Tog D)) )+ doge = Hao) F doe |

On the other hand, note that for any = € E(«), if the binary expansion of x is
x = [0"~110m2711 .. ], then for any § > 0, for ¢ large enough,

(@—0) < 2™ + .- 2" — { = Syp(x) < (o + O)L.

Hence
ng = O(log {),
which implies
log |D ...
log|De()] _ . mtedme 210

£—00 lOg|Dg+1([L')| l—oo Ny + - +W+ng+1

Thus
lim 108 44(40).00 (In(2)) — lim 108 f4(q0),90 (Df(x)).
n—oo log2—" l—00 log |Dg(l')|

This shows Claim (II).

To conclude the desired lower bound, we apply the classic mass transference
principle (see [3], Proposition 4.2). Since the Hausdorff dimension will not be
changed if we replace the d-coverings by T-dyadic cylinder coverings (see [3] Section
2.4), the lower bound of the Hausdor{f dimension can be given by mass transference
principle on T-dyadic cylinders. By the above two claims and the Egorov’s theorem,
for any n > 0, there exists an integer Ny such that the set

{1 € Bus ulla(@) < (o) @ 0, > N}

is of fi4(qo),q0 POSitive measure. So, it implies that

dimp Es > t(q0) + go — 1.
Note that ([10], Lemma 7.5) the function ¢ — ¢(q) is a decreasing convex function
such that
t0)=1, lim (t(q) +q) =0,

q—00
and
lim ¢(q) = —oco, lim t(q) = —1.

q—0+ q—+oo

Therefore, we have proved for any « € (1, +00)

dimp (E(a)) = inf {t(q) +ga},

which is a Legendre transformation. All the properties stated in the Theorem
1.1 are satisfied by the function o — dimpy(FE(«)) which is the same function as
a+— dimyg(E(a)) by Lemma 2.1.
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For the end point o = 1, it suffices to note that the level set E(1) is nothing
but the set of numbers with frequency of the digit 1 in its binary expansion being
1. Thus the Hausdorff dimension of F(1) is 0. Hence, the Legendre transformation
formula for the Hausdorff dimension of E(«) (o > 1) holds also for a = 1.

O

3. FAST INCREASING BIRKHOFF SUM
At first, we give two simple observations.

Lemma 3.1. Let W be an integer such that 28 < W < 2t+1 for some positive
integer t. For any 0 < n <t, among the integers between W and W (1+27"), there
is one V.= V(W,n) whose binary expansion of V' has at most n + 2 digits 1 and
ends with at least t — n zeros.

Proof. By the assumption, we have 27"W > 2/=". Thus among the 2="W consec-
utive integers from W to W (1 + 27") there is at least one integer which is divisible
by 2¢=" which means there is an integer £ > 1 such that

W< <W(a+27m).

Let V = £2!=" and note that V is an integer whose binary expansion ends with at
least t — n zeros. Since (28~ < W (14 27") < 2!72 we conclude that £2°~" has at
most (t +2) — (t —n) = n + 2 digits 1 in its binary expansion. O
In the follows, the base of the logarithm is taken to be 2.
Lemma 3.2. For each integer W, and any integer n < log W, we can find a word
w with length
|w] < (n+2)(2+logW)
and for any x € I}, (w)
lw| -1 _
W< Y p(Tin) <W(A+27).
j=0
Proof. Let V be an integer given in Lemma 3.1. Then W <V < W(1 4+ 27").
Moreover if we write this number V' in binary expansion:
V=2l 4 ... 42
one has that [logW | +1> 1t > -+ >t, > |logW] —n and p < n + 2. Consider
the word
w = (10"711,10"7 11, - 10" 711)
here the word 10?71 is 1 when ¢, = 0. Then we can check that the length of w
satisfies
lwl =t +1)+ -+t +1) <plt1 +1) < (n+2)(2+logW),
and for any x € I),,(w),

Hence, the proof is completed. O
We also need the following lemma whose proof is left for the reader.
Lemma 3.3. For any m > 1, define
Fop={2€(0,1]: € (x) =1, for all k > 1}.

Then dimg F,, = mT_l
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Before the proof Theorem 1.2, we show the following lemma.

Lemma 3.4. Let U : N — N be an increasing function such that ¥(n)/n — oo
as n — oo. Assume that there exists a subsequence N satisfying the following
conditions

Ni — Np—1 — 00, U(Ng) — U(Np_1) — 00, (3.1)
and
W(Ny1) o log (W(Nk) — W(Ni-1))
U (N) ’ N — N1
as k — oo. Then the set

Eo(1) = {z €(0,1): lim ﬁé‘n(z) - 1}

-0, (3.2)

has Hausdorff dimension 1.

Proof. Fix a large integer m and write
U= {u: (€1, ,€m) €m=1,6 € {0,1},i7ém}.

To avoid the abuse of notation, by the first assumption of (3.1), we assume Ny —
Ni—1 > m for all k> 1 by setting Ny = 0 and ¥(Ny) = 0.
For each k > 1, we write
Wk = \I/(Nk) - \I/(Nkfl)
and let {nj} be a sequence of integers tending to co such that
log (W(Nk) — ¥(Ni-1))
Ny — N1

By the second assumptions of (3.1) and (3.2), this sequence of ny > 0 do exist.

Now for W} and ny, let wy be the word given in Lemma 3.2. Then the length
ap of wy, satisfies

ag S(?’Lk + 2)(2 + log W)

ng < log W, ny — 0.

(i +2) (2 4 log(U(Ny) — U(Ner)) = o(Ng — Nyy) )
and for any x € I, (wg),
Wy < i O(TIz) < Wi(1+27m). (3.4)
7=0

Define tg, ¢ to be the integers satisfying
Ny — Ni—1 — ap = tpm + Ly,

for some 0 < /), < m.
Let wy (k > 1) be given as the above. We define a Cantor subset of Fy(1) as
follows.

Level 1 of the Cantor subset. Define
E = {INl(ul,--- gy, 19 wy) sy e U1 < < tl}.
For simplicity, we use Iy, (Uy) to denote a general cylinder in E;.

Level 2 of the Cantor subset. This level is composed by sublevels for each cylinder
In,(Uy) € Ey. Fix an element Iy, = Iy, (Uy) € E;. Define

Eg([Nl(Ul)) = {INZ(Ul,ul,--- ,ut2,1€2,’w2) U € Ll,l <1< tg}.
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Then

Ey= |J EIn,).
IN1€E1

For simplicity, we use Iy, (Usz) to denote a general cylinder in Es.

From Level k to k + 1. Fix Iy, (Uy) € Ej. Define
Ey1(In, (Ur)) = {INHI(Uk,Ul, U, VR wpy )ty €U L <0 < tk+1}-

Then
Eyp1 = U Eri1(In,).

In, €EE
Up to now we have constructed a sequence of nested sets {Ej}r>1. Set
F= ﬂ Ej.
k>1
We claim that
F C E(D).
In fact, for all x € F', by construction, for each k > 1,
Njp—1

> (1)
n=Ng_1
Np_1+tpm—1 Ni_1+tpm—+L;—1 Np—1
= Y e+ Y. e+ S (1)
n=Np_1 n=Np_1+tgm n=Np_1+txgm+~Ly

=0 ((Nk_+l)2m) + (U(Ng) — U(Ni_1))(1 4+ O27™)).

Since ng — oo which implies 27" — 0 as kK — oo, we have

Z_ o(T"z) = U(Ni)(1+0(1)) + O <N;fm> .

n=0

By the assumption ¥(n)/n — oo as n — oo, we then deduce
Ni—1
Y @(T"x) = W(Ny) + o(¥(Ny)),

n=0
Thus
Yk p(Ta)
lim =2=2 —_ -~
While, for each Np_1 < N < Ny
Np_1—1 n N-1 n Ni—1 n
S () YN e(rme) YN ()
U(Ni) - U(N) T U(Ne-1)
So by the first assumption of (3.2), we deduce from (3.5) that

~1. (3.5)

. 1 _

This proves « € Fg(1) and hence F' C Eg(1).
In the following, we will construct a Holder function between F' and F;,,. Recall

that
Fp={z€(0,1] : €pn(x) =1, for all k > 1}.
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Define
f+Fr = I,
r =y
where y is obtained by eliminating the digits {(en,—¢,—az+1,- ", €N,) te>1 in the

binary expansion of . Now we calculate the Holder expoent of f.

Take two points x1,x2 € F' closed enough. Let n be the smallest integer such
that €, (z1) # €,(x2) and k be the integer such that Ny < n < Nji;1. Note that by
the construction of F', the digits sequence

{(eNk_ék_ak"l‘l’ T a€Nk)}k21 and {GNk+tm}1§tStk+1
are the same for all z € F'. So we must have

N <n< NkJrl — £k+1 — Qf41- (36

~

Since n is strictly less than Nyy1 — lry1 — ap+1 and en,+om (1) = €N 1em(T2) =
for all 1 < ¢ < tgy1, thus, at most m steps after the position n, saying n’, €,/ (x1)
€n(z2) = 1. So it follows that

=

|SC1 — SCQ| 2 W

Again by the construction and the definition of the map f, we have y; = f(z1)
and ya = f(z2) have common digits up to the position n—1—(¢14a1)—- - -— (i +ag).
Thus, it follows

1
|f(1'1) o f($2)| = on—1—(l1+a1)——Lr+ag)

Recall that £, < m and ay + - - - + ar = o(Ny) (see (3.3)) and also that Ni/k — oo
as k — oo (by (3.1)). We have

n—1—(U14+a1)—-— (lr+ax) >n71—km—0(]\7k)

1> =1+o(1),

n+m n+m

which implies that f is (1 — n)-Holder for any n > 0. Thus
dimy F > (1 — n)dimy F,,.

By Lemma 3.3, we then have

—1

dimy F > (1 — n)m—

m
By the arbitrariness of 7 > 0 and letting m — oo, we conclude that dimy F(¥) = 1.
This finishes the proof. O

Proof of Theorem 1.2. Observe that the Hausdorff dimensions of Ey () are equal
to that of Ey (1) for all 3 > 0. We need only replace ¥(n) by ¥ (n). But it will
not change the order of ¥ and all calculations are the same to that for Ey(1).

To show dimgy Ey(1) = 1, we can apply Lemma 3.4 directly. If U(n) = nlogn,
we can choose Ny = k?. For ¥(n) = n® (a > 1), we can also choose N = k.
Suppose now ¥(n) = 2" with 0 < v < 1/2. Let § > 0 be small such that

gl
— 49 1 3.7
11—~ +oy < (3.7)

which is possible since v < 1/2. Take
Ni = k™71, (3.8)

Then we have
Niy1 — Ny = kT +0, (3.9)
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and

log(¥(Ni41) — ¥(Ny)) ~ log(¥'(Ni)(Nit1 — Ni)) = Ny + log(Ni41 — Ni) ~ N}
This shows the validity of (3.1). Moreover,

log(¥(Ni+1) = U(Ny)) k=17

Niy1 — N T gl

Thus the second assumption of (3.2) is satisfied. At last, for the first assumption
n (3.2), by (3.7)

= k0= 5 0 (k — o0).

\If(Nk_l) _ 2(1@—1)%*‘”—1@%*‘“
W(Nk)
Hence Lemma 3.4 applies.

Now suppose that ¥(n) = 2" with 1/2 <y < 1. Let 8 > 0 be given. Then, by
(2.1) we have for x € Ey(f), if 2 has binary expansion

= [0mtome . 0me

— 1.

then
Sn1+n2+m+ne (x) _ 2M 4272 27— - 6
\Il(nl +rng 4o+ ne) 2(nitnot-+tng)y ) (3 10)
Sy gt tnet1(2) A e A e A e one1—1 L3 ’
U(ng +ng+---+ng+1) B 2(n14no+--+ng+1)7 .
Since
9(nitno+-+ng)”
2(nitnat-+ne+1)7 — 1,
by dividing the two limits of (3.10), we deduce that
2M1 4 2M2 . 2T — o QT ] 2ne+1—1
=1+ — 1,
2n1 4 9n2 .. Qne — 2n1 4 9n2 ... L Qe f
which implies that
Snatnatotne (B) 14 M —1 L
Sn1+n2+w+ne (w) 2m 422 2 —
Combining with (3.10), we get
Lo U(ng+ -+ nes1) - 9(nitno++ngtneys)”
U(ng +---+ng)  20matnatoang)?
Thus
(1 +n2+ -+ ne+nen)’ — (m+n2+ -+ ng)”
Nne+1 Y
=(n1+na+---+ng)” (1—|— ) -1
(n1 + n2 ¢) ( R
o~ SLES — 0.
(ny+mng+ - +ng)t=7
Therefore, for any € > 0, there exists kg > 1 such that for all j > ko,
n; <€(TL1 +n2+~~~+nj,1)177. (311)

Then for any kg < j </
n; <e(ny+ng+--+mng)t 7.
This implies
Snitngpetng (1) = 20 272 4o 2% 4
<M + poe(mtnat4n)' =7 _y

)
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with M :=2™ + ... 4 2"0 . Thus

Sn1+n2+~--+n[ (:C) M + £25(n1+n2+.._+nl)177 _

3.12
U(ny +ng+ -+ ng) 2(natnat-tne)? (3.12)

By observing n; > 1, we deduce that (3.12) converges to 0 for 1/2 < v < 1, a
contradiction to (3.10). Hence Ey () is an empty set.

Suppose that v > 1. Then by (2.1) we have for = € Ey(3)

Spy4ngttn, (T) 2M 42" 2T — ]
\I/(m T o+t ng) - 9 (n1tnottng) — B,
Sy tngttne—1(T) 2M QM2 4 2" — ] (3.13)
Ui +nat-+ng—1) (1 nattne—1)7 — f.
However,
QN1 L 9n2 ... 4 QNe _ ) 9(nitng+-+ng)?

2m +;n2 Ji- : +J2rnfz -1 I but 2(nitngtedn—1)7 =2

which is a contradiction. (]

4. THE POTENTIAL 1/x

In fact, the techniques in Section 3 can be applied to the continuous potential
g: 2z~ 1/x on (0,1] which has a singularity at 0.

Proof of Theorem 1.3. We first note that if 2 € (0, 1] has binary expansion z =
[0"1°...], then p(x) = 2™ and
2" < g(z) < 2m 27T =20 (1 42751, (4.1)
In Lemma 3.2, for an integer W, and for any integer n < log W, we can construct
instead of the words w = (102~11,10%711,... 10%~11), the following word
w = (10t1—118+1 10t2—118+1 . 10tp—118+1).
Then the length of the word satisfies
P
lwl=> (ti+s+1)<plts+s+1) < (n+2)(logW + 5+ 2). (4.2)
i=1
By (4.1), for any = € I, (w),
[w|—1 ‘
Wtsn+2) < Y g(Ta) SW(L+27") - (1+27°) +2s(n +2).
§=0
For each k > 1, we still write
Wi := U(Ng) — U(Nk_1)
and let ng, si be a sequence of integers tending to co such that
log (¥(Ni) — ¥(Ng-1))
k-

— 0, 4.3
N — Np_1 (43)
ng - Sk
Ni — Ni—1 (44)
and
[k 0. (4.5)

W (Ng) — U(Ni—1)
By (3.1) and (3.2), these two sequences of n; > 0, s, > 0 do exist.
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Now for Wy, and ny, sg, let wy be the word given as above. Then by (4.3) and
(4.4), the length ay of wy, satisfies

Qg S(nk + 2)(10g Wi + sk + 2)

=(nk + 2) log(V(Ng) — ¥(Nk-1)) + sk + 2) (4.6)
:O(Nk — Nk—l)
and for any x € I, (wy),
Wi + sp(ng +2) < kz_ g(Ti2) < Wi(1+27"%) - (14 27%%) + 255 (ng, +2). (4.7)
j=0

Hence by (4.5) we still have the same estimation:
Ni—1
Y 9(T z) = U(Ny) + o(T(Ny)),
n=0
and the rest of the proof is the same.
We can repeat the same arguments in Section 3 and show that for potential g,
the set Ey () is empty if ¥(n) = 2" (y > 1/2).
In fact, by definition, for € Ey(f), if  has binary expansion

= [0"t0m2 gt

then
Sy tngt-tn g (T) Ny Shy+ngt-tn+19(2) Ny}
U(ng+mng+ -+ ny) U(ng+mno+---+ng+1)

Thus

Sn1+n2+~~~+nzg(z) 1.

Shytnattne+19(2)
Observing ¢ < g < 2¢, we have
INet1
— 0,

Sn1+n2+~~~+nzg(z>
which then implies

Snitnat-+n.9(@) 1

Sn1+n2+m+ne+1g($)
By the definition of 2 € Ey (), we have
U(ng +ng + - +nepr)
U(ng +ng +--- 4 ng)
This further implies the same inequality (3.11) and the rest of proof is the same by
noting ¢ < g < 2¢. (I
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