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time-harmonic Maxwell’s equations

Alexandre Ern* Jean-Luc Guermond!

July 17, 2017

Abstract

We devise a novel framework for the error analysis of nonconforming finite element techniques with
low-regularity solutions. The key is to use some recently-derived mollification operators that commute
with the usual derivative operators. We show how to apply the approach in the context of Nitsche’s
boundary penalty method for a diffusion equation and for the time-harmonic Maxwell’s equations. In
both cases, we address the case of heterogeneous material properties. We also compare the derived error
estimates to those obtained in the framework of the error analysis framework proposed by Gudi where
a trimming operator is introduced to map discrete test functions into conforming test functions.

Keywords. Finite elements, Nonconforming methods, Error estimates, Minimum regularity, Nitsche
method, Boundary penalty, Elliptic equations, Time-harmonic Maxwell equations.

1 Introduction

The error analysis of the finite element approximation of Partial Differential Equations (PDEs) is well
understood; see, e.g., the textbooks [4, 5, 10]. The most basic result is Céa’s Lemma [8] which is valid
when the approximation setting is conforming (the discrete trial and test spaces are subspaces of their exact
counterparts) and exactly consistent (the discrete forms are restrictions of the exact ones to the discrete
spaces). Departures from this setting are usually handled in the literature by invoking Strang’s Lemmas [24].
Strang’s First Lemma still assumes that the approximation setting is conforming but handles the case where
the discrete forms differ from their exact counterpart. Strang’s Second Lemma deals with nonconforming
approximation settings and is frequently invoked in the literature for the error analysis of nonconforming
techniques. For instance, many authors have adopted this approach to analyze discontinuous Galerkin (dG)
methods (see, e.g., [9, 11] and references therein).

One important shortcoming of Strang’s Second Lemma is that one needs to insert the exact solution
in the first argument of the discrete sesquilinear (or bilinear) form. Unfortunately, this is in general only
possible if one assumes some additional regularity on the exact solution that goes beyond the regularity
provided by the weak formulation of the model problem at hand. For instance, when approximating a
diffusion equation of the form —V-(kVu) = f in some Lipschitz domain D in R% one is essentially led
to assume that w € H*™" (D) with r > § so as to make sense of the normal component n-(kVu) at the
mesh interfaces. Although this assumption is not really restrictive for the Laplace equation (where x = 1)
since elliptic regularity guarantees the existence of an index r > % in every Lipschitz domain, it becomes
unrealistic in problems with discontinuous coefficients. Similarly, for the time-harmonic Maxwell’s equations
of the form 1A +V x(kVxA) = f in some Lipschitz domain D in R?, one is led to assume kVx A € H"(D)
with r > % so as to make sense of the tangential component nx(kVxA) at the mesh interfaces, but this
assumption becomes unrealistic in problems with discontinuous coefficients. Le us mention in passing that
we use boldface notation for R%valued fields in D.
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One possible way forward to overcome the limitations of Strang’s Second Lemma has been proposed
by Gudi [15]. The main idea is to introduce an operator that transforms the discrete test functions into
elements of the exact test space. We call this operator a trimming operator, and we call the resulting error
estimate a trimmed error estimate. The reason for our terminology is that one can view the elements in the
kernel of the trimming operator as discrete (test) functions that are only needed to “stabilize” the bilinear
form aj, but do not contribute to the interpolatory properties of the approximation setting. We also observe
that a trimming operator is one of the fundamental ingredients in the abstract setting recently devised
by Veeser and Zanotti [25] to obtain quasi-optimal energy-norm erorr estimates for nonconforming finite
element methods applied to symmetric elliptic PDEs. The trimmed error estimate in [15] has been applied
to the Interior Penalty dG (IPDG) approximation of the Laplace equation with a source term f € L?(D)
(and to a fourth-order problem also in [15], to the Stokes equations in [2], and to the linear elasticity
equations in [7]). In the present work, we show how to apply the trimmed error estimate to the diffusion
equation with heterogeneous material property s and source term f € LP(D) with p € (2.,2], 2, = dQ—fQ,
and also to the time-harmonic Maxwell’s equations with heterogeneous material properties ji, x and source
term f € L?(D)(AE) I would like to have f € LP(D) for Maxwell as well. For simplicity, we focus, for
both model problems, on the use of H!'-conforming finite elements combined with the boundary penalty
method of Nitsche [20] to enforce weakly Dirichlet boundary conditions. We do not anticipate any significant
difficulty in extending the present analysis to IPDG approximations for both model problems, since Nitsche’s
boundary penalty method is actually the workhorse in building the IPDG approximation(AE) it bugs me
that we do not consider DG. The main benefit of the trimmed error analysis is that it allows one to derive
error estimates as soon as the exact solution is in {v € HY(D) | V-(kVv) € LP(D)}, p € (2.,2], for the
diffusion equation, and as soon as the exact solution is in {A € H(curl; D) | Vx(kVxA) € L*(D)} for the
time-harmonic Maxwell’s equations.

One difficulty still remains with the trimmed error estimate in the case of strong contrasts in the material
property k since the error estimates feature a constant that is typically proportional to the square-root of
a contrast factor associated with x (and, in the case of Maxwell’s equations, there is also a dependency
on the square-root of a local magnetic Reynolds number). These dependencies originate from the usage
of the trimming operator to perform some averaging to achieve the desired conformity property, but this
averaging, in turn, precludes the derivation of stability and approximation properties for the trimming
operator that are local to a mesh cell. To remedy this difficulty, we devise in this work a novel approach
which is based on the use of a mollification operator, and which avoids invoking any trimming on the test
functions. We call the resulting error estimate a mollified error estimate. In this work, we present an
abstract setting for the error analysis based on this idea and then we show how to apply it to Nitsche’s
boundary penalty method to approximate the diffusion equation and the time-harmonic Maxwell’s equations.
One interesting observation is that the mollification operator does not need to produce objects that are
globally smooth. We show how this flexibility can be exploited to handle the case of contrasted material
properties. The mollified error analysis allows one to derive error estimates as soon as the exact solution
is in {v € HY(D) | kVv € H"(D), V-(kVv) € LP(D)}, r > 0, p € (24,2], for the diffusion equation, and
as soon as the exact solution is in {A € H(curl; D) | kVxA € H"(D), Vx(kVxA) € L*(D)}, r > 0,
for the time-harmonic Maxwell’s equations. Note that the assumptions concerning the fractional-order
Sobolev spaces are minimal requirements to achieve some decay rate with respect to the mesh-size in the
error estimate, and that these requirements are in general compatible with the regularity pickup estimates
available in the literature for the model problems at hand (see, e.g., Jochmann [17], Bonito et al. [3] for the
Maxwell’s equations).

This paper is organized as follows. In Section 2, we present the two model problems on which we will
illustrate the present developments: the diffusion equation and the time-harmonic Maxwell’s equations.
In Section 3, we introduce the finite element setting, the abstract discrete problem, and illustrate it by
presenting Nitsche’s boundary penalty method for our two model problems. Section 4 is concerned with
abstract error estimates. We first recall Strang’s Lemmas and then we present Gudi’s trimmed error estimate
followed by our novel mollified error estimate. Section 5 contains some useful analysis tools. We first
recall some recent results from [12] on shrinking-based mollification operators that commute with the usual
derivative operators (V, Vx, and V-). Then, we present some inverse and functional inequalities to bound
norms and integrals on mesh faces. Finally, in Section 6 and in Section 7, we show how to apply the trimmed
error estimate and the mollified error estimate to our two model problems.



2 Model problem

We introduce in this section an abstract model problem and illustrate the setting on the diffusion equation
and the time-harmonic Maxwell’s equations.

2.1 Asbtract setting

Let V and W be two Banach spaces; to stay general, we consider linear spaces over the field of complex
numbers. Let a(-,-) be a bounded sesquilinear form on VxW, and let £(-) be a bounded antilinear form on
W, i.e., £ € W’. We consider the following abstract model problem:

{ Find © € V such that

a(u,w) = l(w), Yw e W, (2.1)

which we assume to be well-posed in the sense of Hadamard; that is to say, there is a unique solution
and this solution depends continuously on the data. The well-posedness of the model problem (2.1) can
be characterized by invoking Banach’s Closed Range and Open Mapping Theorems; see Necas [19] and
Babusgka and Aziz [1, p. 112].

Theorem 2.1 (Banach-Necas—Babuska (BNB)). Assume that W is a reflexive Banach space. The problem
(2.1) is well-posed if and only if:

: |a(v, w)]

inf sup —————F— =:a >0, 2.2a
3 S ol Tl (2:20)
YweW, [VveV,alv,w)=0] = [w=0]. (2.2b)

In particular, the a priori estimate ||ullv < L{|€|lw+ holds true.

It is implicitly understood here and in what follows that the above infimum and supremum are taken
over nonzero arguments.

2.2 Diffusion equation

To illustrate the abstract setting introduced above, let us consider a bounded Lipschitz polyhedron D in
R? with d > 2. Let f € LP(D) be a source term with p € (2.,2], 2, := 2% (so that p € (1,2] if d = 2, and

d+2
p € (2,2]if d = 3). We consider the following model problem: find u : D — R s.t.
—V:(kVu)=f inD, u=0 ondD, (2.3)

where k € L*°(D) takes values a.e. in D in the interval [k, p, kg p] with 0 < Kk, p < Ky p < co. Since we
will need later to give a pointwise meaning to x on 9D, we assume that k € BV (D) N L>°(D) (this means
that « is bounded and has bounded variation in D), which then implies that xj5p € L>(0D).

Let us introduce the Hilbert space HY(D) = {v € L*(D) | Vv € L?(D)} and its zero-trace subspace
HY(D) = {v € H*(D) | 48(v) = 0} where v& : H*(D) — Hz(8D) is the well-known trace operator. To be
dimensionally coherent, we equip the space H'(D) with the norm ||v|| g1 (p) = (Hv||%2(D) —|—€2D||Vv||2L2(D))%,

where £p is some length scale characteristic of D, e.g., the diameter of D. The model problem (2.3) fits the
abstract setting of (2.1) with V =W = HJ (D) and

a(v,w) ::/ kVv-Vwdz, L(w) ::/ fwdz, (2.4)
D D
and its well-posedness follows from the Lax—Milgram Lemma. In particular, we have
la(v,w)| < k0| VvllL2(p)l|VwllL2 (D), (2.5a)
a(v,v) > K,b,DHVUH%Q(D), (2.5b)

for all v,w € H{(D). Note that |[v]|gipy < (1 + C;SQ7D)%£D||VU||L2(D) owing to the Poincaré-Steklov
inequality Cps, pllv||r2(py < €p||Vol|L2(p) for all v € Hg(D). Note also that a Sobolev embedding implies
that w € LPI(D) for all w € H'(D), where p’ is the conjugate number of p, i.e., % + z% =1, so that the
linear form £(-) is well-defined owing to Hélder’s inequality.



Remark 2.2 (Extensions). Most of what is said in the paper generalizes when lower-order terms are added
to the PDE in (2.3), s is tensor-valued, and non-homogeneous Dirichlet conditions are imposed. O

2.3 Time-harmonic Maxwell’s equations

As a second example to illustrate the abstract setting introduced above, we consider the time-harmonic
Maxwell’s equations in a bounded Lipschitz polyhedron D in R3. Let f € L?(D) be a source term. We
consider the following model problem: find A : D — R? s.t.

HA+Vx(kVxA)=f, Ajppxn = 0. (2.6)

We assume that @ € L>*(D;C), k € BV(D;C) N L>®(D;C), and we set uyp = esssup,ecp |f(x)| and
Kg,p = esssuPgep |£(x)]. We also assume the following positivity condition: There are real numbers 6,
ty,p > 0, and x, p > 0 so that
essinf R(e“fi(x)) > ppp and  essinf R(ek(z)) > Ky p. (2.7)
xecD xeD
The positivity condition (2.7) fails when the two complex numbers i and k are collinear and point in
opposite directions. If it is the case, the model problem (2.6) is an eigenvalue problem, otherwise it is a
boundary-value problem. The model problem (2.6) can be derived from the Maxwell’s equations in the
time-harmonic regime, i.e., under the assumption that the time variation is of the form e** where w is the
angular frequency and i = —1. One example is the Helmholtz problem where A stands for the electric
field, ji = —w?e + iwo with € the electric permittivity and o the electric conductivity, x = p~! with u the
magnetic permeability, and f = —iwjs with j5 an imposed current. Another example is the eddy-current
problem where A stands for the magnetic field, fi = iwp, k = o~ %, and f = Vx (07 15,).
Let us introduce the Hilbert space H(curl; D) = {b € L?*(D)|Vxb € L*(D)} and its zero-trace
subspace Ho(curl; D) = {b € H(curl; D) | v¢(b) = 0} where ~¢ : H(curl; D) — H~2(0D) := (Hz (D))’
is the tangential trace operator s.t.

(e () = [

b~V><w(l)dxf/(be)~w(l)dx, (2.8)
D

D

for all b € H (curl; D) and alll € H2(8D) where w(l) € H*(D) is a lifting of I s.t. v8(w(1)) = I (componen-
twise) and (-,-)op denotes the duality pairing between H~2(8D) and H 2 (9D). Note that y¢(b) = bjogpxn
whenever the field b is smooth. To be dimensionally coherent, we equip the space H (curl; D) with the norm

1Bl £ curt; 0y = ([10l172() + €2DHV><b||2L2(D))%. The model problem (2.6) fits the abstract setting of (2.1)
with V =W = Hy(curl; D) and

a(v,b) ::/ (fw-b + KV xv-V xb) dz, L(b) ::/ f-bdz, (2.9)
D D
and its well-posedness follows from the Lax—Milgram Lemma. In particular, we have

|a('v, b)| < max(uﬁ7Da EBQKﬁ7D)||U”H(Curl;D) ||b||H(Curl;D)a (210&)
§R(ewa’(b7 b)) = min(,u‘b,Da él_)gﬂb,D) ||b||3'-l(curl;D)7 (210b)

for all v,b € Hy(curl; D).

Remark 2.3 (Extensions). Most of what is said in the paper generalizes when the non-homogeneous
Dirichlet condition v°(A) = g is enforced in (2.6) with g in the range of the trace map ~°. O

3 Discrete problem

We now formulate a discrete version of the problem (2.1) by using the Galerkin method. The central idea
in the Galerkin method consists of replacing the infinite-dimensional spaces V' and W by finite-dimensional



spaces V}, and W}, that are members of sequences of spaces (V)n—0, (Wh)n—o endowed with some approx-
imation properties as h — 0. The norms in V}, and W), are denoted by |||y, and [|-||w, , respectively. The
discrete problem is formulated as follows:

{ Find uy, € V}, such that (3.1)

ah(uh,wh) = éh(wh), Yw;, € Wh,

where ap(-,-) is a bounded sesquilinear form on V;,xWj, and £,(-) is a bounded antilinear form on Wp;
note that ap(-,-) and £ (-) possibly differ from a(-,-) and £(-), respectively. We henceforth assume that
dim(V},) = dim(W},) and that

inf  sup _lanon, wn)] =:ap, >0, Vh > 0, (3.2)

un€Vi w,ews, [V lv, |wn [lw,

so that the discrete problem (3.1) is well-posed.

3.1 Finite element setting

Let (T1)n>0 be a shape-regular sequence of meshes; we assume that each mesh covers D exactly. To avoid
technical questions regarding hanging nodes, we also suppose that each mesh is matching, i.e., for all cells
K,K' € Tj, such that K # K’ and KN K’ # (), the set K N K’ is a common vertex, edge, or face of both K
and K’ (with obvious extensions in higher space dimensions). Given a mesh 7j, the elements in K € 7}, are
closed sets in R? by convention, and they are all assumed to be constructed from a single reference cell K
through affine, bijective, geometric transformations Ty : K — K. For a mesh cell K € T, we define Tx to
be the collection of the mesh cells in 7, that touch K, i.e., the mesh cells that share a vertex, an edge or a
face (in dimension 3) with K. We define Dy := int (U, 7, K’'); note that Tk is composed of a uniformly
bounded number of mesh cells owing to the shape-regularity of the mesh sequence

The set of the mesh faces is denoted Fj,. This set is partitioned into the subset of the interfaces denoted
F}, and the subset of the boundary faces denoted ]-",‘3 . Each interface F' is oriented by choosing one unit
normal vector np. The boundary faces are oriented by using the outward normal vector that we denote
n. Given an interface F' € Fy, we denote by K; (left cell) and K, (right cell) the two cells such that
F = K;N K, and ng points from K; to K,.. This convention allows us to define the notion of jump across
F for a smooth enough function v as follows:

[v]r(x) = vk, (2) — vk, (x) a.e. x in F. (3.3)

We consider a reference finite element in the sense of Ciarlet (I? , pe , f)g). (The superscript 8 is intended
to remind us that this finite element will be used to build a finite-dimensional subspace composed of
functions whose gradient in D is integrable.) We think of (K, P&, X'¢) as a scalar-valued finite element with
some degrees of freedom that require point evaluations, for instance (IA( , 133;, fg) could be a Lagrange finite
element. The local shape functions are denoted (é\i)ie ~; recall that O‘i(é\j> = §;; for all 0; € E‘g, and all
i,7 € N. At this point, we do not need to know the exact structure of the reference element, but we are
going to asume that there exists k& € N such that P, 4 C P?, where Py, 4 is the vector space composed of the
d-variate polynomials of degree at most k.

In order to construct H!-conforming approximation spaces based on (7)n>0 using the above reference
finite element, we introduce the pullback by the geometric map Tk which we denote by ¥%, i.e., Y5 (v) =
v o Tk. Then we set

PP(T;,) := {vn € LY(D) | ¥% (v k) € P2, VK € T, }, (3.4a)
P&(Ty) := {v, € P°(Th) | [vn]r = 0, YF € Fi}, (3.4b)
PE(Ty) = P&(T,) N Hy (D). (3.4c)

(The superscript ° is meant to remind us that P(7},) is sometimes called a broken finite element space
because functions in PP(7;,) do not satisfy any matching condition across the mesh interfaces.)



3.2 Boundary penalty for the diffusion equation

We are going to illustrate our results on the so-called boundary penalty method of Nitsche [20]. Let us first
consider the diffusion equation from Section 2.2. To avoid technicalities, we assume that there is a partition
of D into M disjoint Lipschitz polyhedra Dy, -+, Dy so that |p, is constant for all 1 <4 < M, and we
assume that the meshes in (75,)n>0 are fitted to this partition, so that, for all h > 0 and all K € T, g is
constant; we use the notation kg := K|K-

Let Vj, := P5(T}) be the H!-conforming finite element space based on T}, introduced in (3.4). For the
diffusion equation, the discrete forms ay(+,-) and £, (+) are defined by

ap(vp, wp) = / &V, -Vwy, do —/ (n-kVup)wy, ds +/ Npopwy ds, (3.5a)
D oD oD
Eh(wh) Z:/ fwh dSU, (35b)
D
for all vy, wy, € V3. It is useful to decompose the discrete bilinear form as ap(-,-) = an(-,-) + sn(-,-) where
an(vp, wp) ::/ &V -Vwy, do —/ (n-kVop)wp, ds, (3.6a)
D aD
sp(vp,wp) ::/ npopwy, ds. (3.6b)
aD

The discrete bilinear form ap(+,-) is meant to ensure a consistency property, and the discrete bilinear form
sh(+, ) is added for stabilization purposes. The penalty parameter ny, is piecewise constant on 9D and is
such that

R F

Mir =m0y s V€ FL (37)

where 79 > 0 is a user-dependent parameter to be chosen large enough (see Lemma 3.1 below), and Kp is
the unique mesh cell having F' as a face.
We equip the space V}, with the following norm:

2

1 1
Vi T (HHQVU}L”QL?(D) + |77;fvh||2L2(aD)> ) Vup € Vi, (3.8)

[[on]

Since |lvp ||y, = 0 implies that vy, is constant on D and vanishes on 0D, and hence vanishes everywhere in
D, we infer that ||-||v, is indeed a norm on V},. Furthermore, owing to the assumed shape-regularity of the
mesh sequence, there is ¢y, uniform with respect to h, such that

_1
lonllLz(py < crhp® llonll L2 (k) (3.9)
for all v, € V}, and all F € ]-',? . The following stability result is classical; we simply state it without proof.

Lemma 3.1 (Coercivity and well-posedness). Suppose that ny, is defined by (3.7) with ng > inacﬁ where
ng is the mazimum number of boundary faces that a mesh cell can have (ng < d for simplicial meshes).
Then, the following coercivity property holds true:

an(vn,vn) = allon |3, , Vo € Vi, (3.10)

1 2
10— 3M0CT

T Consequently, the discrete problem (3.1) is well-posed for the diffusion equation.

with o :=

3.3 Boundary penalty for Maxwell’s equations

Nitsche’s boundary penalty method can also be applied to the time-harmonic Maxwell’s equations from
Section 2.3. For simplicity, we assume in what follows that the angle # in the positivity condition (2.7)
is s.t. 0 € (—%,%5). This assumption allows us to weigh the stabilization term using a real parameter
(i.e., without an imaginary part). We also set ji, := R(e?1) and x, := R(e?k), and we assume that the
ratios fi./|f| and k,/|k| are uniformly bounded from below away from zero a.e. in D. Finally, to avoid

technicalities, we assume that there is a partition of D into M disjoint Lipschitz polyhedra Dy, --- , Djs so



that fip, and k|p, are constant for all 1 <4 < M, and we assume that the meshes in (74)n>0 are fitted
to this partition, so that, for all A > 0 and all K € Ty, pijx and k|x are constant; we use the notation
ﬁ’!',K = /77‘|K and Kr,K = Kr|K-

Let V,, = P#(T;,) be the H'-conforming finite element space based on 7Tj,, where P&(T},) is the vector-
valued version of the finite element space P8(7},) considered above for the diffusion equation. For the
time-harmonic Maxwell’s equations, the discrete forms ay(+,-) = an(-,-) + sn(-,-) and £,(-) are defined by

dh(vh, bh) = / (fwh~5h + ﬁvah-ngh) dz + / (nX(IiVX’Uh))-Eh dS, (3.11&)
D oD
sh(vh, bh) = / nh(vh xn)-(Ehxn) dS, (311b)
oD
Eh(bh) ::/ .fgh ddf, (3110)
D

for all vy, by, € V},. The discrete sesquilinear form ay (-, -) is meant to ensure a consistency property, and the
discrete sesquilinear form sy, (-, -) is added for stabilization purposes. The penalty parameter 7y, is piecewise
constant on 0D and is such that .
MhiF = WOTF’ VF e FP, (3.12)
F
where 79 > 0 is a user-dependent parameter to be chosen large enough (see Lemma 3.2 below), and Kp is
the unique mesh cell having F' as a face.
We equip the space V}, with the following norm:

Nl=

1 1 1
b lv, = (IIuﬁbhlszw) + 157 Vbl L2y + ||7792h(bh><n)ll2Lz(aD)> ;o Vbr eV, (3.13)

where 79, = cos(8)ny,. The following stability result is proved using the same arguments as in the proof of
Lemma 3.1.

Lemma 3.2 (Coercivity and well-posedness). Suppose that ny, is defined by (3.12) with ny > %nac% Then,

the following coercivity property holds true:
an(bn,br) = albully,. Vi € Vi, (3.14)

1 2
To—zMnocy

with o := T

. Consequently, the discrete problem (3.1) is well-posed for the Mazwell’s equations.

4 Abstract error estimates

There are many ways to investigate the approximation properties of the above discrete problem (3.1). Since
up, may not be a member of V', u and w;, may be objects of different nature. This poses the question of
defining a common ground for the discrete solution w;, and the exact solution u to measure the error. For
this purpose, we assume that it is meaningful to define the linear space

V, =V 4+V,. (4.1)

Obviously, V, =V if V}, C V (as it happens with conforming approximations). We equip the space V, with
a norm denoted |||y, which we assume extends the discrete norm ||-||y, to V}, i.e.,

lvnllv, = llonllvis Vo € Va. (4.2)

The goal of this section is to bound the error u— uy, using the ||-||v;,-norm. Note that even in the conforming
case where the linear spaces V}, and V identical, choosing ||-||y; to be different from |-||y- can be useful for
the error analysis.



4.1 A basic error identity

Our starting point is the following (relatively straightforward) error identity. Recall that the norm of any
|n (wn)]

llwnllw),

antilinear form ¢, € Wy 1= L(W),; C), is defined by ||¢n|w; = sup,,, ew,

Lemma 4.1 (Error identity). Assume that the discrete inf-sup condition (3.2) holds. Then, the following
identity holds true:
. 1
lw —unlly, = nf llu—ovally, + thHéh — an(vn, )y |- (4.3)

Proof. Let v, € V},. The triangle inequality, (4.2), stability, and the fact that ap(up,wp) = €, (wy,) for all
wyp, € Wy, imply that

v —wunllv, < llu—=wvnllv, + lun = vallv, = lu —vallv, + [[un — vallv;,

lan (up — vp, wy)|

1
< lu —vnlly, + - sup

h w, €Wy, l[wh [lw,
1 gh Wwp ) — ap(Vp, Wh
— flu=vallv, + —  sup | (wr) — an(vn, wp)|
A wy, W, lwnllw,

Since vy, is arbitrary in V} and recalling the definition of the dual norm of the discrete antilinear form
Ln, — ap(vp, ), we conclude that |u — upllv, < 75, where 7, denotes the right-hand side of (4.3). Finally,
taking vp, = uy, in the infimum and observing that ¢, — ay, (up, ) vanishes identically on W},, we infer that
lu—unllv, =rh. O

Remark 4.2 (Norms ||-||v, and [|-||v, ). The proof of Lemma 4.1 shows that the assumption (4.2) on the
norms ||-||y, and ||-||v;, can be relaxed by assuming that there is ¢, so that ||vs |y, < ¢|vn|lv,, for all vy, € V.
Then the error identity (4.3) still holds true provided one replaces the factor i by the factor . O

4.2 Strang’s Lemmas

The traditional form of Strang’s First Lemma consists of assuming that the approximation setting is con-
forming; that is to say, V), C V and W), C W. This implies that the linear spaces V and Vj coincide;
however, these spaces may be equipped with different norms.

Lemma 4.3 (Strang 1). Assume the following: (1) Vi, CV and Wy, C W; (ii) The sesquilinear form a(-,-)
18 bounded on V, xWp, with norm

a(v,w
lallv,w, = sup sup el (1.4)
veV, wp eWp, ||U||Vb||wh||Wh
Then, the following error estimate holds true:
. lallv,,w,
_ < f 1 bsVVh _
o= wls < (104 2L

1

+ OThWh — €+ a(vn, ) — an(vn, ) |lwy | - (4.5)

Proof. This is an easy consequence of the error identity (4.3) after one has observed that
Lp(wp) — ap(vp, wp) = Lp(wp) — L(wp) + a(u,wy) + a(vp, wy) — ap(vp, wh),

since a(u, wy) = £(wy,) for all wy, € W), since Wy, C W. One concludes by invoking the boundedness of a on
Vi x Wp,. O

The main inconvenient of the above estimate is that is assumes that the discrete setting is conforming.
This shortcoming is traditionally adressed in the literature by invoking Strang’s Second Lemma where one
supposes that the discrete sesquilinear form ay (-, -) can be extended to V, x W),.



Lemma 4.4 (Strang 2). Assume that the discrete sesquilinear form ap(-,-) is bounded on V, x W}, with
norm

Ap UV, Wh
lanllv, wn = sup sup —19n ol (4.6)
veVy wpeWs, 1011, lwallw,
Then, the following error estimate holds true:
=l < (14 2908 g+ L — an ). (47)
b ap v €Vi ’ Qp "
Proof. This is also an easy consequence of the error identity (4.3) after one writes
Cn(wr) — ap(vn, wn) = n(wn) £ ap(u, wr) — ap(vh, wh),
and uses the boundedness of a on V, x W, O

The key problem with the above estimate is that it assumes that ap(-,-) is bounded on V, x Wj; in
particular, it assumes that it is possible to make sense of ap, (u, wy,) and this, in turn, requires some regularity
assumption on the exact solution. In the rest of this section, we present two alternative error estimates that
avoid extending the discrete sesquilinear form ay(+,-) to V, x Wj,. We still need a regularity assumption on
the exact solution, but this assumption is milder than that required to extend ay(+,-). To stay general, we
formalize this regularity assumption by assuming that v € Y where Y is a dense subspace of V. We set

Vi =Y + Vi, (4.8)

and we note that V} is a subspace of V,. We equip the space V; with a norm ||-||y, that we suppose to be
(slightly) stronger than the norm ||-||y;, restricted to Vi; specifically, we assume that

[vllv, < llvllvg, Yo € Vi (4.9)

We also assume that the converse bound [|vp, ||y, < csl|val|v, also holds true on the finite-dimensional subspace
Vi, with a constant ¢y that is uniform w.r.t. h. However, the constant ¢y may depend on the model parameters;
this is the reason why we distinguish the two norms.

4.3 Trimmed error estimate

One possible way forward to overcome the limitations of Strang’s Second Lemma has been proposed by
Gudi [15]. The key idea is to introduce a so-called trimming operator T' : W), — W that transforms the
discrete test functions into objects that are conforming in W.

Lemma 4.5 (Trimmed error estimate). Assume that the exact solution w is in Y. Consider any map
T : Wy — W such that the following boundedness/consistency properties hold true: (i) There exists a real

tri

number wy' - so that

la(u, T(-)) = an(vn, T()llw; < oW w, llu—onllv,,  Yon € Vi (4.10)

s ~ tri
(ii) There exists a real number @y, so that

1€n — €0 T — an(on, (I = T)())llwy < @V w, llu—wvnllyy,,  You € Vi, (4.11)

where I is the identity operator in Wy. Then, the following error estimate holds true:

tri tri
Wy W, + Wy, Wi, >

inf [|u—wplly,. (4.12)

v EVR

u—wms0+
an

Proof. This follows again from the error identity (4.3) after one writes

Cr(wp) — ap(vp,wp) = Lp(wp) — (T (wr)) + a(u, T(wr)) + ap(vp, T(wp)) — ap(vp, wy),

since a(u, T'(wp)) = £(T(wy,)) for all wy, € W},. To conclude, one uses the boundedness/consistency proper-
ties (4.10) and (4.11) together with the assumption (4.9) on the norms. O

Remark 4.6 (Conforming case). Whenever W}, C W, one can take T to be the canonical injection Wj, <
W. In this case, the abstract error estimate (4.12) differs from that derived in Strang’s First Lemma. The
reason for this is that we have exploited additional boundedness properties to derive (4.12). O



4.4 Mollified error estimate

Although the trimmed error estimate presented in the previous section can overcome some shortcomings
encountered with the use of Strang’s Lemmas, as illustrated by the examples in Section 6 and in Section 7,
we will also see that some difficulties remain. In particular, it is not always easy to construct a trimming
operator in the context of Maxwell’'s equations when one does not use edge elements and the faces of the
domain D are not orthogonal to one of the coordinate axes. Moreover, it is not simple to construct a
trimming operator that exhibits suitable stability properties that are robust in the case of highly-contrasted
coefficients. The goal of this section is to present a new approach for the error analysis that attempts to
remedy these difficulties. To stay general, we decompose the discrete sesquilinear form ay (-, -) as follows:

ap = ap + Sp, (4.13)

where the discrete sesquilinear form ag(-,-) is meant to ensure a consistency property, and the discrete
sesquilinear form sy, (-, -) is added for stabilization purposes.

Lemma 4.7 (Mollified error estimate). Assume that the exact solution u is in' Y. Suppose that there is a
family (asn)scio,s,], 90 > 0, of discrete sesquilinear forms defined on V, x Wy, (where 6 € [0,0¢] stands for
some mollification parameter) such that the following holds true: (i) Asymptotic consistency (w.r.t. §):

lim [[£}, — asp(u, )HW;L =0, (4.14a)
6—0

lim ([asn(vn, ) — an(vn,)lw; =0,  Vup € Vj. (4.14b)
0—0

(ii) Uniform boundedness (w.r.t. §): There exists a real number w‘n/;‘:%,vh so that

lasn (v, ')||W,; < w%%"n vy, Yo e Vg, Vo€ 0,d]. (4.15)

(iii) Bounded/consistent stabilization: There exists a real number ov, w, so that
[sn(vn, Mlw; < ovi,willu—wnllv,, Yo € Vi, (4.16)

Then, the following error estimate holds true:

inf [lu—wpllv,. (4.17)

mol
w‘/ﬁ7Wh + O-Vh.?Wh )
vp €Vh

= unlly, < (1+
Proof. For all v, € V3, we observe that ¢, — ap(vn, ) = €1 61 + l2,6r, With the antilinear forms

Uy sh =Ly — asn(u,-) + asn(vn, ) — an(vp, ),
U 51 = asn(u — vp, ) — sp(vp, ).
Owing to (4.14a)-(4.14b) and letting 6 — 0, we infer that

16n = an(on, vy < [2snllw; < (@B, + oviws)llu— onllv,,

where the last bound follows from (4.15)-(4.16). We invoke the error identity (4.3) to conclude. O

5 Analysis tools

We introduce in this section some analysis tools that are useful to realize the above program.

5.1 Mollification operators

Smoothing by mollification (i.e., by convolution with a smooth kernel) is an important tool for the analysis
and approximation of PDEs that has been introduced by Leray [18, p. 206], Sobolev [23, p. 487], and
Friedrichs [14, p. 136-139]. The goal of this section is to define mollification operators that commute with
the usual differential operators, and that converge optimally when the function to be smoothed is defined
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over a Lipschitz domain D in R%. We use the shrinking technique of D in [12] to avoid the need to extend
the function to be smoothed outside D.

The starting point is to observe that Proposition 2.3 in Hofmann et al. [16] implies the existence of
a vector field j € C°°(R?) that is globally transversal on D (i.e., there is a real number v > 0 such
that n(x)-j(x) > v at a.e. point  on 0D where n is the unit normal vector pointing outward D) and
l7(x)]|;z =1 for all @ € 9D. Then, one can show the following: (i) The map

ws RS x— x—dj(x) € R (5.1)

is in O (R?) for all § € [0,1]; (i) For all k € N, there is ¢ such that maxzep ||[DF@s(x) — DFx|| = < c 5",
for all 6 € [0,1]; (iii) There is r > 0 so that

ps(D)+ B(0,0r) C D, vé € [0,1]. (5.2)

Let us consider the following kernel:

I .
ply) =4 TP (_kuyu;) o if flylle <1, 653
0, if lyfle > 1,

where 7 is chosen so that [, p(y)dy = fB(O n p(y)dy = 1. Let § € [0,1] and let f € L'(D;RY) with ¢ =1
if we consider scalar-valued functions and ¢ = d if we consider vector-valued functions.
We define a mollification operator as follows:

Ks(f) (@) = / p(w)Ks(@) f(s(x) + (6r)y)dy,  Va € D, (5.4)

B(0,1)

where K5 : D — R?%*? is a smooth field. Note that the definition (5.4) makes sense owing to (5.2).
The examples we have in mind for the field Ks (inspired by Schoberl [21, 22]) are K§(x) = 1 (¢ = 1),
K§(z) = Ij(z) (¢ = d = 3), K§ (@) = det(J5(x))J5" () (¢ = d), and Kg(z) = det(Js(z)) (¢ = 1), where
Js is the Jacobian matrix of ¢5 at € D. The mollification operator built using the field K} is denoted
KCy with x € {g,c,d,b}. In what follows, we just state the main properties of the mollification operator K,
and we refer the reader to [12] for proofs.

Lemma 5.1 (Smoothness). For all f € L'(D;R%) and all § € (0,1], Ks(f) € C>®(D;R?), i.e., Ks(f) €

C>(D;RY) and Ks(f) as well as all its derivatives admit a continuous extension to D.

Let p € [1,00]. Let us set Z&P(D) = WYP(D) = {f € LP(D)|Vf € LP(D)}, Z°?(D) = {g €
LP(D) | Vxg € LP(D)} (for d = 3), and Z4?(D) = {g € LP(D) | V-g € L?(D)}.

Lemma 5.2 (Commuting). The following holds true: (i) VKi(f) = K§(Vf), for all f € Z8P(D); (ii)
VxK$(g) = K§(Vxg), for all g € ZP(D) (for d = 3); (iii) V-K§(g) = K2(V-g), for all g € ZVP(D); that
1s to say, the following diagrams commute:

757(D) —Y s zev(D) " ziv(p) . 2(D)
|z s |2 Ky
— — V x — V- —

(D) (D) (D) (D)

Theorem 5.3 (Convergence). (i) There are ¢, 69 > 0, uniform, such that |Ks(f)||Lrpirey < cllfllzr(Dira)
for all f € LP(D;RY), all § € [0, dp], and all p € [1,00]. Moreover,

(%I_I)I%) HK:(;(f) - f”LP(D;Rq) = 07 Vf € Lp(D;Rq)7 Vp € [1,00), (55>
(ii) There is ¢, uniform, such that for all f € W*P(D;R?), all § € [0,00], all s € (0,1], and all p € [1,00)

(pe[l,o0] if s=1),
IKs(f) = fllrpray < clp*0° || fllwer(Dirae)- (5.6)
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Corollary 5.4 (Convergence of derivatives). The following holds true: (i) lims_o |V (K5(f)—f)|lr(p) =0,
Vf e Z&P(D), and if Vf € WP(D), |[V(KZ(f)=Hllepy < clp 0V fllwerpy; (i) lims o [[V < (K§(g)—
9llLr(py = 0, Vg € ZP(D), and if Vxg € WP(D), [[Vx(K§(g) — g)llLr(p) < clp’0*(|[Vxgllwsr ()
(iii) lims—o | V-(K$(g) — 9lrpy =0, Vg € Z4P(D), and if V-g € WSP(D), ||V-(Ki(g) — Irpy <
clp 0% |IV-gllwer(py. In the above statements, convergence holds for all p € [1,00), and convergence rates
hold with ¢ uniform for all § € [0,dp], all s € (0,1], and all p € [1,00) (p € [1,00] if s =1).

Remark 5.5 (Convergence in D). Corollary 5.4(i) strengthens the original result by Friedrichs where strong
convergence of the gradient only occurs in compact subsets of D (see, e.g., [6, Thm. 9.2]). Note though that
Corollary 5.4(i) is valid for Lipschitz domains, whereas the original result by Friedrichs is valid for any open
set. O

Remark 5.6 (Density). Lemma 5.1, together with Lemma 5.2 and (5.5), implies that C°°(D;R?) is dense
in Z*P(D) for all x € {g,c,d}. O

5.2 Inverse inequalities on faces

Let F' € F; be an interface. Let [ > 0. Let F;(F') be composed of the restriction of d-variate polynomials
of degree at most k to F'; more precisely, we define P(F) :=P; 4_1 0 T},?l where T : F4=1 — F is an affine
bijective map and F4=1 is the unit simplex in R4! if K is the unit simplex of R? or F4=1 is the unit cuboid
of R4~1 if K is the unit cuboid of R

Lemma 5.7 (Verfiirth’s inverse inequality). Let F € Fp, let | > 0, and let Pi(F') be defined as above. Let

®p: L*(F) — H ' (Dp) be the map s.t. ®p(r)(¢) := [ reds for all o € Hy(Dp) and allr € L*(F), where

Dy is the interior of the set of the points of the two cells sharing F. Let hp = % and let p € (1,00).
Then there is ¢, uniform w.r.t. h (but depending on 1), such that

7=y +d(3-3)

||g||L2(F) < ChF ! ||(I)F(g)‘lwgvp’(DF)/7 Vg € Pl(F)’ (57)

where p’ is the conjugate number of p (i.e., % + i = 1) and the dual space Wol’pl (Dp)" is equipped with the

norm [ ®r(9)llysr oy = SPpewin’ (D vl =1 [2r(9)@)]-

Ly (Dp

Proof. The proof hinges on the use of suitable bubble functions introduced by Verfiirth; see [26, §3.6] for
the proof with p = 2. The adaptation for p # 2 is straightforward and is omitted for brevity. O

We now consider a boundary face F' € ]-'}? and show that the tangential component of a discrete function
can be estimated in a mesh-dependent way by the local distance of this discrete function to the functions
in Hy(curl; D).

Lemma 5.8 (Bound on tangential component). Let F € ]-',‘? and let K be the unique mesh cell of which
F is a boundary face. Let 1 > 0 and let P/(Kg) be composed of the d-variate polynomials of degree at most
I with values in R (d =3). Let hy := % Then there is ¢, uniform w.r.t. h (but depending on 1), such
that

||b><nHL2(F) <c (ﬁfwVX(B_b)”L?(KF)+ﬁ;2||B_b||L2(KF)>7 VbEH(KF). (5.8)

inf
BeH(curl;D)

Proof. Let us set H&’F(KF) = {p € H'(Kp) | ¢jox\r = 0}. Owing to the regularity of the mesh se-
quence, the following Poincaré-Steklov inequality holds true: There is Cps s > 0 s.t. Cpsalle|lL2(x )

(IIVAN

BF||VSOHL3(KF)7 for all ¢ € H{ o(Kp). We equip the dual space H(},F(KF)' with the norm [|®{| g1 (5,
SUP e HY . (Ke )il Vel a ey =1 |®(¢)|. Using as above Verfiirth’s argument based on suitable bubble func-
’ : F

tions, one can show that

ol <cipt s | [ g
‘PGH(%,F(KF) F

”V‘PHL?»(KF):l
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Integrating by parts on Kg, we infer that

/ (bxn)-pds = / (b-Vxp — @-Vxb)dx
F Kp

Moreover, for all B € Hy(curl; D), we have fKF (B-Vx¢—9-VxB)dz = [, (B-Vx@—@VxB)dz =0,
where @ € H'(D) is the zero-extension of ¢ to D. We infer that

/(bxn)~cpds:—/ ((B—=1b)-Vxp — @ Vx(B-b))dz.
F Kr

We conclude the proof by applying the Cauchy—Schwarz inequality, applying the Poincaré-Steklov inequality
to bound ||| 2k, and passing to the infimum over B € Hy(curl; D). O

Remark 5.9 (Bound on trace of scalar-valued functions). A similar result to that of Lemma 5.8 for scalar-
valued functions is available. Let [ > 0 and let P;(Kr) and hp be defined as above. Then there is ¢, uniform
w.r.t. h (but depending on [), such that

1 S 1

||’U||L2(F) SC egllf(D) (hwaV(U—U)L2(KF)+hFZ|U—UL2(KF)>, V’UGP[(KF) (59)
uc ity

One way of proving this bound is to observe that [[v[|,2(p) = [[u —v|2(py, for all u € Hg(D), and to invoke

the well-known multiplicative trace inequality in H'(Kr). One can also prove this bound using Lemma 5.7,

but the advantage of using the multiplicative trace inequality is that the constant ¢ in (5.9) is independent

of the polynomial degree | and that (5.9) is actually valid for all v € H'(KF). O

5.3 Boundedness of trace operators on faces

We now mention two lemmas that are useful when Verfiirth’s inverse inequality cannot be employed. This
the case when one needs to estimate a generalized integral involving the trace of a function living in some
infinite-dimensional functional space.

Lemma 5.10 (Normal component). Letr > 0 and let p € (2,,2], 2, = % Then, for all F € F?, the linear

operator v& : C®(D) — (P8(Tp,)) s.t. (v&(e), TUh>(Pg(7’h = [p(n-@)wp ds for all wy, € PE(Ty),
can be extended by continuity to the space Y = {¢ € L*(K ) | ¢ e H"(K), V ¢ € LP(K)}. In particular,
there is ¢, uniform w.r.t. h, such that the following holds true:

’/ ¢)wp, ds
T d(i_%)
X (hK\Cb\HT(K) +hy IV-&| Lrr) + ||¢||L2(K))v (5.10)

for all wy, € P8(Ty) and all ¢ € Y, where K is the unique mesh cell of which F is a face. Note that
in (5.10) we abuse the notation by identifying the action of the linear form to an integral over F.

< ChF ||wh||L2(F)

Proof. We only sketch the proof. Classical arguments (employing the contravariant Piola transformation and
the pullback by the geometric map Tk to work on the reference cell K where one invokes norm equivalence
in finite dimension) allow one to prove that

‘/ d)wp, ds

d+€ Let us set d, = max(d—2r,d—2); since r > 0, we have d, < d and since d > 2,
2d

we have d,. > 0; hence 2 < 22 Let us take s = min( %7, dd—pp) and note that s > 2 (since -2 i > 2 1ffp > 2,);

moreover, s < dﬁp implies that g = p is a legitimate choice (apply the increasing functlon t— d + ; to the
previous inequality) From the embedding H"(K) < L*(K) valid because s < 3—d (indeed, if d — 2r > 0,
s < 2d ¢ < =5 which is the critical exponent, and if d —2r <0, H"(K K) < L*(K)), one readily shows that

K IV-@llzo) ), (5.11)

_4a
< chg® Junleaoe (b 19

provided s > 2 and ¢ >

Ls(K) < Chf_f <||¢’||L2(K) + hTK|¢|H"(K))~

Putting all these bounds together, we obtain (5.10). O
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Lemma 5.11 (Tangential component). Let r > 0 and let p € (24,2], 2, = dz—fz. Then, for all F € F?,

the linear operator 7§ : C*(D) — (P&(Tp)) s.t. (Y&(@),br)(pe(Ti)y.pe(T) = Jp(nx@)byds for all
by, € P&(Ty,), can be extended by continuity to the space Y = {¢ € L*(K) | ¢ € H"(K), Vx¢ € LP(K)}.
In particular, there is c, uniform w.r.t. h, such that the following holds true:

_1
< chp?||ballz2(r)

‘ /F (nx$)By ds

r d(%ii)
x (Wi|@lerr iy + hye” IV Xl Lox) + Dl L2x)) (5.12)

for allby, € Pe(Ty,) and all p € Y, where K is the unique mesh cell of which F is a face. Note that in (5.12)
we abuse the notation by identifying the action of the linear form to an integral over F.

Proof. Similar to that of Lemma 5.10. O

6 Application to the diffusion equation

In this section, we show how the trimmed error estimate from Lemma 4.5 and the mollified error estimate
from Lemma 4.7 can be applied to the approximation of the diffusion equation using the boundary penalty
method described in Section 3.2. The discrete spaces are Wy, = Vj, = P8(T},), and the space V, = H}(D)+V},
is equipped with the norm ||-||y;, that extends to V; the norm |||y, originally defined by (3.8) on Vj,. The
discrete forms ay(+,-) and £45,(+) are defined by (3.5).

6.1 Trimmed error estimate

We define the trimming operator T : P&(T,) — P§(Ty) such that, for all wy, € P&(Ty), T'(ws)|x is defined,
for all K € Ty, by zeroing out all the degrees of freedom of wj, that are attached to vertices, edges, and
faces located at the boundary 0D. This type of construction has been recently analyzed in [13] in the more
general context of quasi-interpolation operators in canonical finite element spaces with prescribed boundary
conditions. Let 7,2 be the collection of the mesh cells touching the boundary; note that wy, —T'(wy,) vanishes
on all the mesh cells in Tp, \ ’7718 but does not on the mesh cells in 7718. For all K € 7718, one can prove that
the following bounds hold true for all wy, € P#(7},) with ¢ uniform w.r.t. h: If 9K N9ID is composed of one
or more boundary faces, then

1
hic ||V (wn — T(wn))|| L2 (rey + lwn — T(wn)l L2(x) < chi|lwnllL2oxnop), (6.1)
whereas if 9K N 0D is a manifold of dimension d’ < d — 1, then
1
hic |V (wn, = T(wn))ll L2 i) + lwn = T(wn)ll2x) < chillwnllpery, — VF € Fg, (6.2)

where F& = {F € F? | 0K N 0D C F} is the collection of the boundary faces containing the manifold
OK N 0D. We introduce the contrast factor

K
€= max — = (6.3)
KeT? MaXpero KK p

where we recall that, for all F € F% C F?, K is the unique mesh cell having F' as boundary face. Finally,
let us set

Y ={v e H}(D)| V-(kVv) € LP(D)}, (6.4)
with p € (2,,2], 2, = f—fz, and let us equip the space V3 =Y + V}, with the norm
1
ol = (Rolls + 3 it & P IV-T0)l i ) (65)
KeTy?

Lemma 6.1 (Trimmed error estimate). The assumptions of Lemma 4.5 hold true with the trimming operator

) . i
T : Pe(Ty) — P§(Th) defined above, where the constants w%};ML and w%}nl’vh are proportional to 7 with the
contrast factor &, defined by (6.3).
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Proof. (1) Let us verify that (4.10) holds. Let (vj,wp) € Vi, x Vj,. Since T'(wy,) € HY (D), we infer that

a(u, T(wp)) — ap(vp, T(wp)) = /D KV (u —vp,)-VT(wy) de < ||lu— vy, H/@%VT(wh)HLz(D).

We have T'(wp,) = wy, on all K € T, \ 7,2 so that we only need to bound H/ﬁVT(wh)HLz(K) for all K € T;2.
In this case, the triangle inequality implies that

1
163 VT (wp) || L2y < |62 Vo |2y + 62 Vn L2 (x),

where we have set wy, := wyp, — T'(wy,). If 0K NID is composed of one or more boundary faces, we use the
approximation property (6.1) together with the regularity of the mesh sequence o infer that

1 1 1 1
Kl Vinllzx) < ekihillwnllrzornop) < CI( > ||nﬁwh|2L2(F)>
FeFP
FCOKMOD

Instead, if 9K NID is a manifold of dimension d’ < d— 1, we use the approximation property (6.2) together
with the regularity of the mesh sequence to infer that, for all F € F¢.,

RK
KJKF

1 . KK 3 i1 , 21
K IVn| L2y < ¢ P Kiephp? llwnllp2 ey < c 75 wall L2 (F)-
F
We now take a boundary face in }"[8(, say Fl, s.t. ki, is maximal so as to make the above upper bound as
small as possible. We obtain

3 A ’ KK 2 1 , KK 1
HKHthHL?(K) <\ = In whHLQ(F*) <d| max —— | ln; whHLZ(F*)-
maXFe]:}O( K,KF Keﬂ? maXFe]_-g KJKF

Recalling the definition (6.3) of the contrast factor &, we infer that /@%(vahHL?(K) < c’gé Hn%whHLz(F*)
with F, € F% c F?. It is now straightforward to complete the proof of (4.10).

(2) Let us verify (4.11). Let (v, wp) € Vi, XV}, and let us set e, := u—wvy, and (as above) wyp, := wp, —T(wp,).
A direct calculation shows that

En(wn) = (T (wn)) — an(vn, (I = T)(wn))

:/ f@hdx—/ /inh~Vzthx+/ (n-fvah)d}hds—/ NpUpW ds
D D oD oD

Z / —V-(kVep)wy, dx — Z /[[anh]]-npwhds—/ NLUR W ds,
K F

KeTp FeFg? op

where 777 is the collection of the mesh interfaces that touch the boundary (note that @y, vanishes on all the
remaining interfaces in 7). The Cauchy-Schwarz inequality leads to ||(;, —£oT—ap (vn, (I=T)(-))|lv; < T1T2
with ¥; and ¥, defined by

SIS

—1,2d(3-—3) -17, 3
¢1=( S BT (Ve B - S HK;hFH[mhﬂ-nF%z(mnseh|%2<am) ,
KeT? FeFp?

N|=

2d(1—1), . = 1y 1
5= (3wt ol + 3 e e + If sl )
KeTy FeFg?

where, for all F € Fp9, K is the mesh cell sharing F' and having the larger value of xf (the choice of Kr
is irrelevant if both cells give the same value), hr is defined in Lemma 5.7, and where p’ is the conjugate
number of p. Moreover, in the last term defining ¥; and T2, we have exploited the fact that v and T'(wy, ) have

1 1 L 1
zero trace at the boundary 0D so that |12 vp||20p) = 77 enll2opy and ||ng Wnllz20p) = |1n; Wil 22 (o0)-
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(2a) Bound on T;. We need to bound ||[[x«Vvs]-np||12(r) and to this purpose we use Lemma 5.7. This is
possible since, by assumption, x is piecewise constant on the mesh 7, and, therefore, [kVuv,]-nr € P/(F)
for some polynomial degree [ > 0. We infer that
5% d(5—%)
hE|[eVor]npl L2 < ch P su [£Vur] mpeds.
goer * (Dp)y /F
IVell Lo (ppy =1

Let ¢ € Wol’pl (Dp) be s.t. HVSDHLP’(DF) = 1. By definition of the jump and using the divergence formula,
we have

/[[anh]]anpds:/(/@Vvh)‘Kl~nKlg0ds+/(anh)mr'nKrgads

F F F
Z / V- (prVu,)de = Z / (pV-(kVop) + £V V) dz
KeTr KeTr

where K, K, are the two mesh cells sharing the interface F' and where we have set Tp = { K, K,.}. Moreover,
since p/ > 2, the zero-extension of ¢ to D is in Hj(D), and this implies that Y7 [ (0V-(kVu) +
kVu-Vy)dz = 0. Combining these two relations, we infer that

Z / ©V-(kVep) + kVep V) de = 0.
KeTr

Invoking Hoélder’s inequality and the Poincaré—Steklov inequality in VVO1 P(K), for all K € Tr, we infer that

‘/ ©V-(kVey) dx
K

<lellzo () IV-(6Ven) e ) < chr [Vl o (1) [V-(6Ven)l e ()

Moreover, invoking Holder’s inequality, that p < 2, and mesh regularity, we infer that

(-1
[ senVods| < 9ol uolnTenlian < e Pl golnTenlzan

Putting the above bounds together and since K has been chosen so that kx, = maxge7, KK, we conclude
that Ty < cllen|lv, -
(2b) Bound on Ty. Applying an inverse inequality from L? (K) to L?(K), for all K € T2, we infer that

hig%ii)

-1
F € F39, and invoking mesh regularity, we infer that hy? ||y ||p2m) < chl}iﬂw;l”p(;{ﬂ. Finally, using

(k) S chi ||an | r2(k)- Moreover, applying an inverse trace inequality on K, for all

the approximation property (6.2) on all K € 77? and recalling the definition of the contrast factor £, we
1
conclude that To < ¢&2 ||wy||v, . This completes the proof of (4.11). O

6.2 Mollified error estimate

Recall the decomposition ap(-,-) = an(,-) + su(-,-) with the bilinear forms a(-,-) and sp(-,-) defined
by (3.6). Let us set

Y = {ve H}(D) | Vv € H"(D?), V-(kVv) € LP(D)}, (6.6)
with r > 0, p € (24,2], 2. = dZ—fQ, and where D? = UFE}-}aDKF is the collection of all the points in D

belonging to a mesh cell touching a mesh cell having (at least) a boundary face. Let us equip the space
Vi =Y + V), with the norm

1 _
v]lv, = (||mfv%2<am+ > wEVUZ2 (b
KeTy,

d(~—-1) 2 2
b3 i (W 60l + 1T 690 i0,) ) (6.7
FeFp

Since n]_(l||/£VvH2L2(DK) > ||/£%Vv||%2(K), the bound [[v[ly, < ||v||v, holds true for all v € V4.
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Lemma 6.2 (Mollified error estimate). The assumptions of Lemma 4.7 hold true with the bilinear form

asp (v, wp) = /DICfgi(/in)-th dz — /aD(n-lC(;d(/@Vv))wh ds, (6.8)

for all (v,wy) € V, x Vi, and all § € [0,00] with 69 > 0 small enough.
Proof. (1) Let us verify the property (4.14a). Let wy, € V},. We observe that integration by parts together
with the commuting property (iii) from Lemma 5.2 implies that
asp (u, wp,) :/ —V-(K$(kVu))wy, dz :/ — K (V-(kVu))wy, dz.
D D

Since £, (wp) = [, fwn dz and the exact solution is such that —V-(kVu) = f, we infer that

Cn(wn) — asn(u, wp) = /D(f — KB(f)wp, da.

This implies that |€},(wp,) — asp (u, wp)| < ||f—’C'§(f)HLp(D)HwhHLP/(D). Since [lwpll o (py < el VwnllL2(p) <

1
e, pllwn|v;, owing to a Sobolev embedding, we can conclude that ||€,—ass(u, -)|lv; — 0asd — 0 by invoking
Theorem 5.3. This proves (4.14a). Let us verify the property (4.14b). For all v, € V},, we have

(v wn) — an(on.un) = [ (K3(gn) ~ g0) Vundo— [ (n(0Cign) — gi))uwn ds,
D oD
with g, = kVvy. The Cauchy—Schwarz inequality implies that

- -1 -3, 1
lasn(vns ) = an(vn, vy < w, pIKS(gn) = gnll2 oy + ¢, Hh2IIKS (gn) — gnllL2@op)-

The first term tends to zero as 6 — 0 owing to Theorem 5.3. (JLG) I'll go through the details later.The
passage to the limit on the second term is a little more subtle: one uses that gj is bounded in D and has
bounded variation in D. This proves (4.14b).

(2) Let us now verify (4.15). Let v € V,. The Cauchy—Schwarz inequality together with the bound on the
normal component from Lemma 5.10 implies that

1
2
lasn (v, vy < ( > n;ncbnim)

KeTy

N

— T d(%_%) 2
+c( ST wrh (Wi | lerr (o) + B ||V~¢||LP<KF>+¢||L2<KF)>) . (6.9)
FeF?

where ¢ = K¢(kVv) and Kr is the unique mesh cell of which F' € F? is a boundary face. We choose g
to be small enough so that ¢s(K) C Dg for all K € Tp, and all § € [0,0¢] (recall that D denotes the
subset of D defined as the collection of the points located in the mesh cells touching K and that Dy is
composed of a uniformly bounded number of mesh cells owing to shape-regularity of the mesh sequence).
Using the local stability properties ||@||L2(x) < c||kVv|[L2(p,) and |@|gr (k) < ¢|kVV|gr (D) (AE) this
last property to be verified and stated. (JLG) it should work. I will do the verification later. and the fact
that V-¢p = K2(V-(kVv)) together with a similar local L?-stability property for K2, we infer that

1
2
lasn(v, v < ( > n;l||an||%z<DK>>

KeTn

[N

I d(£-1) 2
+C< Z HK}D( KF|KVU|HT(DKF)+hK; v HV'(HVU)HLP(DKF)) ) )
FeF?

where the last term in (6.9) has been regrouped with the summation over the mesh cells since Ii;(; H¢||2L2(KF) <
cx}i”nV@Hb(DK - This proves (4.15) owing to the definition (6.7) for the norm [|-v; .

F
(3) Let us finally verify (4.16). Since the stabilization bilinear form is symmetric and positive semidefinite,

1
we infer that |[sp(vn,-)llv; < 107 vnllr2ap) for all vy € Vj, and the expected bound (4.16) readily follows
since the exact solution u has a zero trace on 0D. O
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The norm ||-||y, defined by (6.7) is not fully satisfactory since it depends on the contrast factor £,. We
now show that this shortcoming can be addressed by modifying the mollified bilinear form asy. Recall
the partition of D into Di,---,Dy. For all 1 <14 < M, we define the mollification operators Ks; as in
Section 5.1 using a shrinking- based technique in the subdomain D;. Then we define the broken mollification
operator K5 such that, for all f € L'(D;R?), we have IC(;(f) = Ks.:(fip,)- Note that Ks(f) is no longer

smooth globally in D, but we have IC(;(f)|Di € C>=(D;). The space Y is still defined by (6.6), but we now
equip the space V3 =Y + V}, with the norm

1
— r (*_11)) 2\ ?
||v||Vu—<||v|%/b+ >y ﬁil(hKmeHr(DWﬁh 2 ||V~(va)||Lp<Di,KF))> ,
1<i<M FeF2naD;
(6.10)

where we have set k; = K|p, and D; i, = Dk, N D;.

Lemma 6.3 (Mollified error estimate). The assumptions of Lemma 4.7 hold true with the bilinear form

asp (v, wp) :/ K¢ (kVv)-Vwy, dz —/ (n-K3(kVv))wy, ds, (6.11)
D oD

for all (v,wy) € Vi, x Vi, and all 6 € [0,dp] with 5o > 0 small enough. Moreover, the stability constants

invoked in Lemma 4.7 are uniform with respect to the contrast factor £.

Proof. The main change w.r.t. the proof of Lemma 6.2 concerns the verification of (4.14a). Let K¢ be
the global mollification operator considered above. Since K§(kVu) is globally smooth over D and the test
function wy, is continuous, we infer that
On(wn) = asn (u, wn) = / (f = K3(f)wn dz + / n(K§ (5Vu) — K5 (5Vu)wn ds,
D aD?

1<i<M

where 0Dy = 0D; N D is the part of the boundary dD; located in the interior of D and n; is the unit
outward-pointing normal vector to 9D;. Let us denote ®1 5 and Ps 5 the two linear forms (acting on wy,)
on the above right-hand side. It is clear that ||®1s[ly; — 0 as § — 0. Considering @2 5, we add/subtract
n;-(kVu) p, (this is legitimate since u € Y provided integrals are understood as the action of linear forms
on wy, as in Lemma 5.10) and we obtain

(2.5, wn)vy v, = E E /nz (esi,F1 — €5,4,F,2)wh ds,

1<i<M FCoDy

with es; p1 = ICgi(dn) — @i, €5 F2 = ICg((ﬁ)‘Di — ¢i, ¢ = kKVu, and ¢; = ¢|p,. The bound (5.11) from
the proof of Lemma 5.10 together with the triangle inequality then implies that

_1
<chp?|wnllLz(r)

/ n;-(esi,p1 — €54, F2)wp ds
F

d —d

x (th (llesrallze) + lessrellzeu) + by * (1V-esimillzag + 1V-es4r2 ] zacr)),
with s > 2 and ¢ = . Since u € Y, one readily shows using a Sobolev embedding that indeed ¢ € L*(D)
for some s > 2 and smce p > 2, s can be chosen so that V-¢ € L4(D). Using the commuting properties of
ICf;1 - and of K¢, we infer that the above bound tends to zero as § — 0, and we conclude that ||®s, sllv, =0
as § — 0 (recall that h is fixed in this reasoning). Furthermore, the verification of (4.14b) and of (4 15)
is similar to that in the proof of Lemma 6.2 upon reasoning on each subdomain. In particular, when
proving (4.15), we exploit the fact that the broken mollification operator is local to each subdomain so as
to consider the norm ||-||y, defined by (6.10). Finally, the verification of (4.16) is unmodified. O

Remark 6.4 (Partition of D). In the above proof, it is possible to consider that the partition of D into
Dy, -+, Dy coincides with the current mesh, so that the broken mollification operator is local to each mesh
cell. O
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7 Application to the time-harmonic Maxwell’s equations

In this section, we show how the trimmed error estimate from Lemma 4.5 and the mollified error estimate
from Lemma 4.7 can be applied to the approximation of the time-harmonic Maxwell’s equations using the
boundary penalty method described in Section 3.3. The discrete space is Vj, = P8(Tp), and the space
V, = Hy(curl; D) + V}, can be equipped with the norm ||-||y; that extends to Vj the norm ||-||y; originally
defined by (3.13) on V},; note in particular that functions in V, have a well-defined tangential trace on 9D.
Indeed, any function b € Vj, can be written as b = by + by with by € Hy(curl; D) and by € V;,, and we have
7¢(b) = byjsp xn. Finally, the discrete forms a(-,-) and £;(-) are defined by (3.11).

7.1 Trimmed error estimate

We define the trimming operator T' : P#(T,) — P&(Ty) N Ho(curl; D) = {b, € P5(T}) | byjopxn = 0}
such that, for all b, € P®(Ty), T(bp) |k, for all K € Ty, is defined by zeroing out all the degrees of freedom
of the tangential component of by, at the boundary. Note that the trimming operator couples the Cartesian
components of by, if the faces composing the boundary 9D are not orthogonal to the coordinate axes. We
have T'(by,) = by, on all K € T, \ 7,2, whereas for all K € T2, one can prove the following bounds for all
by, € P&(T,) with ¢ uniform w.r.t. h: If 9K NID is composed of one or more boundary faces, then

1
hic|[V (b = T(bn))l L2y + [[br — T'(bn) || L2(r) < chillbaxn|L2(9xnoD) (7.1)
whereas if 0K N 0D is a manifold of dimension d’ < d — 1, then
1
hi||V (b — T(bp)ll L2y + 1br = T(bn) |l L2y < chillbnxnlz2ry,  VF € F, (7.2)

where we recall that F% is the collection of the boundary faces containing the manifold K N dD. We
introduce the contrast factor &, for the parameter x, which is defined similarly to (6.3) by replacing ~ by
kir. We also define the local magnetic Reynolds numbers (. p = fir i %, /K i, for all F € F2, and we
define the global magnetic Reynolds number as ¢, = maxp¢ F? Cur,F- Finally, let us set

Y = {v € Hy(curl; D) | Vx(kVxv) € L*(D)}, (7.3)

and let us equip the space Y with the norm

N

Bllv, = (||b|%4+ NI A o ur,kb||iz<K>+m,}<h%(wmwb)uim) L (1.4)
FeFp KeT?

Lemma 7.1 (Trimmed error estimate). The assumptions of Lemma 4.5 hold true with the trimming operator
T : P2(Tn) — P2(Tn) N Hy(curl; D) defined above, where the constants w%}r&iyvh and w%iyh are proportional

1 1
to &2, and to (ix, where &, is the contrast factor for k. and (. is the global magnetic Reynolds number.

Proof. We only highlight the differences with respect to the proof of Lemma 6.1.
(1) Verification of (4.10). Let (vp, bp) € Vi, x V. Since T'(by,) € Hy(curl; D), we infer that

(AT (b)) = an(wn, T00)) = [ (H(A = 00)TTon) + 59 (A = 0,):9<TTon) d

1 1
<[|A = wnllv; (Il T(bn)l| L2y + 157 VXT(ba) || L2 (D)) -
We have T'(b,) = by, on all K € T, \ 7,2, so that we only need to bound 7'(by,) on all K € 7,7. Reasoning as

in the proof of Lemma 6.1 and estimating the approximation properties of VxT'(by) by those of VT'(by,),
we infer that, for all K € ’Tha, if 0K N9OD is composed of one or more boundary faces, then

1 1 1
52 VXT(bp) | L2 (k) < |67 VX2 + clng, (bnxn)| L2 (oxnaD)

whereas if the manifold 0K N 9D is of dimension d’ < d — 1, then

1 1 1 1
672 VXT(bp)l L2y < |67 VXballL2 (k) + &2, Ingy, (b xm) | L2 (F),
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where F' is a boundary face in F% s.t. s, i, is maximal. The reasoning to bound HuéT(bh)HLz(K) for all
K € T2 is similar and leads to the additional dependency on the factor (.

(2) Verification of (4.11). Let (vp,bp) € Vi, x Vj, and let us set e, := A — v, and dy, := b, — T'(by). A
direct calculation shows that

r(bp) — U(T(br)) — an(vn, (I —T)(br))

:/ fahdl'_-/ (ﬁvhﬂh—k/ﬁvah-Vxﬁh) d:L'—/
D D oD

Z / (Len-dn + VX (kVxey)dy) dz + Z /[[KVth}]anEhds—/ nn(vpxn)-(dpxn)ds,
K€7—h6 K FG]‘-,CI’Q F oD

(nx(kVxwvyp))dy, ds — /8[) nn(vpxn)-(dpxn)ds

where we recall that ]-'ﬁa is the collection of the mesh interfaces that touch the boundary. The Cauchy—
Schwarz inequality leads to [|€, — £ o T — ap(va, (I = T)(-))[lv;y < cT1T2 with Ty and Ty defined by

g3 :( Y trllenlza + rnkhi VX (Y xen)lTaey + Y kg hel IRV xon]xnr |
KeTy FeFg?

1
2

+||n;h<vhxn>|%2<am) ,

[N

- 1
T = ( Y (ke + rrhiddnl T + Y wrxehp ldnlze ) + n;h(bhxn)H%?(é)D)) :
KeTy FeFy?

where, for all F' € ]-';Za, K is the mesh cell sharing F' and having the larger value of k4 x (the choice of
K is irrelevant if both cells give the same value), and hp is defined in Lemma 5.7.

(2a) Bound on ;. The bound on the terms composing the summation over K € 7718 is straightforward.
To bound [|[kV xwvp]xnp| r2(r), for all F € Fp9, we use Lemma 5.7 (with p = 2). This is possible since,
by assumption, s is piecewise constant on the mesh 7, and, therefore, [kVxuv,]|xnp € P/(F) for some

polynomial degree [ > 0. Finally, to bound ||ng, (v, xn)||r2(x), for all F' € F, we invoke Lemma 5.8 where
we pick B = A € Hy(curl; D) in the infimum. Using the regularity of the mesh sequence, we infer that

1 1 1 _
Mgy (vaxn) || L2(r) < C(Hf,KF IVX(A = vp)llL2(kr) + 62 5, D | A — UhL2(KF))a

and the conclusion is straightforward.
11
(2b) Bound on 5. Reasoning as in the proof of Lemma 6.1., we infer that |Ta| < €2, (2x||brl|v;, - O

7.2 Mollified error estimate

Let us set
Y = {b € Hy(curl; D) | kVxb € H"(D%), Vx(kVxb) € L*(D)}, (7.5)

with 7 > 0 and D? defined in Section 6.2. Let us equip the space Vy =Y + V; with the norm

1Bllv; = (nbn?w Y s bl )
FeFy?

_ ” 2 z
+ 3 ke (B |8V XBl () + B [ VX (KV%B) | 22D, ) ) . (7.6)
FeFp

Lemma 7.2 (Mollified error estimate). The assumptions of Lemma 4.7 hold true with the bilinear form

asn (v, wy) :/ (fv-by, + K§(kVxv)-Vxby,) dx—i—/ (mxK§(kV xv))-by, ds, (7.7)
D oD

for all (v,bp) € V, x V3, and all 6 € [0, 60] with dg > 0 small enough.
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Proof. We only highlight the differences with respect to the proof of Lemma 6.2.
(1) Verification of (4.14a)-(4.14b). Concerning (4.14a), we invoke the commuting property (ii) from Lemma 5.2
to infer that

00 (br) — asn(A,by) = /D (f — KL(F)) By da.

and we can conclude as above. Concerning (4.14b), we obtain

a(;h('vh, bh) — dh(vh, bh) = A(Kg(gh) — gh)~v><5h dz + /aD(’nX(ICg(gh) — gh))-Eh dS,

with g, = KV xwvy, and we can again conclude as above.
(2) Verification of (4.15). Let v € V,. We now invoke the bound on the tangential component from
Lemma 5.11 (with p = 2) to infer that

2 1
lasn (. vy < ( S mk |¢||%2<K)) T el vl
KeTn

Nl

_ - 2
+ CI( Z ’%%{F (R @lEr (i) + hice [V XDl L2 (k) + Dl L2(51)) ) ,
FeFy?

where ¢ = K§(kVxv), and we can conclude as above.
(3) Verification of (4.16). Here, we proceed slightly differently by invoking Lemma 5.8 where we pick
B = A € Hy(curl; D) in the infimum. Using the regularity of the mesh sequence, we infer that

1 1 1 _
Ingy, (vnxn)||L2(py < C(/‘iﬁ,KF IV X (A = vl L2k ) + K2 g P | A — ’UhLQ(KF)) ;

and the conclusion is straightforward owing to the definition of the norm |-y, (note that the last term
above is the one responsible for the appearance of the contribution ZFEf}? K Kp h;(QF Hb||%2(KF) to the norm
|-llv; defined by (7.6)). O

Finally, to achieve a robust estimate w.r.t. the contrast in the parameter s, we consider the broken
mollification operators K5 introduced at the end of Section 6.2. The space Y is still defined by (7.5), but
we now equip the space V; =Y + V}, with the norm

Bllv, = (||b|2w Y e b2 Il
FeFp

1
R 2\ ?
+ > > i (W KV Xb e, ) + i [V (6 xB) | 2D, ) ) , (7.8)
1<i<M FeFPnD;

where we have set k. ; = ky|p,, ki = K|p,, and D; i, = Dk, N D;.

Lemma 7.3 (Mollified error estimate). The assumptions of Lemma 4.7 hold true with the bilinear form
asn (v, wy) = / (fv-by, + I@g(/iva)Vth) dz +/ (nxK$(kVxv))-by, ds, (7.9)

D oD

for all (v,by) € V, x V}, and all § € [0,60] with 9 > 0 small enough. Moreover, the stability constants
invoked in Lemma 4.7 are uniform with respect to the contrast factor &.

Proof. Use the same arguments as in the proof of Lemma 6.3. O

Remark 7.4 (Partition of D). In the above proof, it is possible to consider that the partition of D into
Dy, -+, Dy coincides with the current mesh, so that the broken mollification operator is local to each mesh
cell. O
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