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We consider recursion schemes (not assumed to be homogeneously typed, and hence not necessarily safe) and
use them as generators of (possibly infinite) ranked trees. A recursion scheme is essentially a finite typed
deterministic term rewriting system that generates, when one applies the rewriting rules ad infinitum, an
infinite tree, called its value tree. A fundamental question is to provide an equivalent description of the trees
generated by recursion schemes by a class of machines.

In this paper we answer this open question by introducing collapsible pushdown automata (CPDA), which
are an extension of deterministic (higher-order) pushdown automata. A CPDA generates a tree as follows.
One considers its transition graph, unfolds it and contracts its silent transitions, which leads to an infinite
tree which is finally node labelled thanks to a map from the set of control states of the CPDA to a ranked
alphabet.

Our contribution is to prove that these two models, higher-order recursion schemes and collapsible push-
down automata, are equi-expressive for generating infinite ranked trees. This is achieved by giving effective
transformations in both directions.

CCS Concepts: eTheory of computation — Lambda calculus; Automata over infinite objects; Gram-
mars and context-free languages; Program schemes;
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1. INTRODUCTION

This paper establishes the equivalence of two models: higher-order recursion schemes
and collapsible pushdown automata. A recursion scheme is a simply-typed term rewrit-
ing system. Deterministic recursion schemes can be viewed naturally as generators of
possibly infinite trees. Collapsible pushdown automata (CPDA) are an extension of
higher-order pushdown automata, and they naturally induce a transition graph. An
infinite ranked tree can be constructed by first unfolding such a transition graph and
then contracting the silent transitions. Applying this construction to CPDA defines a
family of ranked trees which coincides with the family of ranked trees generated from
higher-order recursion schemes.
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A2 Matthew Hague et al.

Recursive Applicative Program Schemes

Recursion schemes have a long and rich history!. They go back to Nivat's recur-
sive applicative program schemes [Nivat 1972], which correspond to order-1 recursion
schemes in our sense, and to Garland and Luckham’s monadic recursion schemes
[Garland and Luckham 1973]. According to Nivat, a recursive applicative program
scheme is a finite system of equations of the form F;(x1,...,z,,) = p;, where each z; is
an order-0 variable and p; is an order-0 term constructed from the non-terminal sym-
bols F;, terminal symbols and the variables z1,...,z,,. A program is then a program
scheme together with an interpretation in some domain. The least fixed point of the
function defined by the rewriting rules of a program scheme gives a possibly infinite
term tree over the terminals alphabet, known as the value of the program in the free
| Hebrand interpretation; applying the interpretation to this infinite term gives the
value of the program. Thus the program scheme gives the uninterpreted syntax tree of
some functional program that is then fully specified owing to the interpretation. For
example, the term if (eq(1,0),2, 3) has the value 3 under the natural interpretation of
if, eq, and the natural numbers.

Nivat also introduced a notion of equivalence: two program schemes are equivalent
just if they compute the same function under every interpretation. Courcelle and Ni-
vat [Courcelle and Nivat 1978] showed that two program schemes are equivalent if
and only if they generate the same infinite term tree, thus underlining the impor-
tance of studying the tree generated by a scheme. Following the work of Courcelle
[Courcelle 1978a; Courcelle 1978b], the equivalence problem for program schemes is
inter-reducible to the problem of language equivalence for deterministic pushdown
automata (DPDA). The question of the decidability of the latter was first posed in
the 1960s. It was only settled, positively, by Sénizergues in 1997 [Sénizergues 1997;
Sénizergues 2002], which therefore also established the decidability of the program
scheme equivalence problem.

Extension of Schemes to Higher Orders

In Nivat’s program scheme, the non-terminals and the variables are restricted to
order 1 and O respectively. It follows that they are not suited to model higher-
order recursive programs. A major theme in the late 1970s was the extension of
program schemes to higher orders [Indermark 1976; Damm 1977a; Damm 1977h;
Engelfriet and Schmidt 1977; Engelfriet and Schmidt 1978].

In an influential paper [Damm 1982], Damm introduced level-n \-schemes, extend-
ing the work of Courcelle and Nivat. Damm’s schemes coincide with the safe fragment
of the recursion schemes, which we will define later in the paper. It is important to
note that so far there was no known model of automata equi-expressive with Damm’s
schemes; in particular, there was no known reduction of the equivalence problem for
schemes to a language equivalence problem for (some model of) automata.

Later, Damm and Goerdt [Damm 1982; Damm and Goerdt 1986] considered the
word languages generated by level-n A\-schemes, and showed that they coincide with a
hierarchy introduced earlier by Maslov [Maslov 1974; Maslov 1976]. To define his hi-
erarchy, Maslov introduced higher-order pushdown automata (Higher-order PDA); he
also gave an equivalent definition of the hierarchy in terms of higher-order indexed
grammars.

1De Miranda’s thesis [de Miranda 2006], among others, contains an account of the history. See also
[Ong 2015a]
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Collapsible Pushdown Automata and Recursion Schemes A:3

Higher-Order Recursion Schemes as Generators of Infinite Structures

Since the late 1990s, motivated mainly by applications to program verification, there
has been a strong and sustained interest in infinite structures that admit finite de-
scriptions; see [Barany et al. 2011] for an overview. The central question, given a class
of such structures, is to find the most expressive logic for which model checking is de-
cidable. Of course decidability here is a trade-off between richness of the structure and
expressivity of the logic.

Of special interest are tree-like structures. Higher-order PDA as a generating de-
vice for possibly infinite labelled ranked trees were first studied by Knapik, Niwinski
and Urzyczyn [Knapik et al. 2002]. As in the case of word languages, an infinite hier-
archy of trees is defined according to the order of the generating higher-order PDA;
lower orders of the hierarchy are well-known classes of trees: orders 0, 1 and 2 are
respectively the regular [Rabin 1969], algebraic [Courcelle 1995] and hyperalgebraic
trees [Knapik et al. 2001]. Knapik et al. considered another method of generating such
trees, namely, by higher-order (deterministic) recursion schemes that satisfy the safety
constraint. A major result of their work is the equi-expressivity of both methods as
tree generators. In particular it implies that the equivalence problem for higher-order
safe recursion schemes is inter-reducible to the problem of language equivalence for
deterministic higher-order PDA.

An alternative approach was developed by Caucal [Caucal 2002] who introduced two
infinite hierarchies, one consisting of infinite trees and the other of infinite graphs,
defined by mutually recursive maps: unfolding which transforms graphs to trees, and
inverse rational mapping (or MSO-interpretation [Carayol and Waohrle 2003]) which
transforms trees to graphs. He showed that the tree hierarchy coincides with the trees
generated by safe recursion schemes.

However, the fundamental question open since the early 1980s of finding a class of
automata that characterises the expressivity of higher-order recursion schemes was
left open. Indeed, the results of Damm and Goerdt, as well as those of Knapik et al.
may only be viewed as attempts to answer the question as they both had to impose
the same syntactic constraints on recursion schemes, called derived types and safety
respectively, in order to establish their results.

A partial answer was later obtained by Knapik, Niwinski, Urzyczyn and
Walukiewicz. They proved that order-2 homogeneously-typed, but not necessarily safe,
recursion schemes are equi-expressive with a variant class of order-2 pushdown au-
tomata called panic automata [Knapik et al. 2005].

Finally, we gave a complete answer to the question in an extended abstract
[Hague et al. 2008]. For this, we introduced a new kind of higher-order pushdown
automata, which generalises pushdown automata with links [Achlig et al. 2005], or
equivalently panic automata, to all finite orders, called collapsible pushdown automata
(CPDA), in which every symbol in the stack has a link to a (necessarily lower-ordered)
stack situated somewhere below it. A major result of [Hague et al. 2008] and of the
present paper is that for every n > 0, order-n recursion schemes and order-n CPDA are
equi-expressive as generators of trees.

Decidability of Monadic Second Order Logic

This quest of finding an alternative description of those trees generated by recur-
sion schemes was led in parallel with the study of the decidability of the model-
checking problem for the monadic second order logic (MSO) and the modal p-calculus
(see [Thomas 1997; Arnold and Niwinski 2001; Gradel et al. 2002; Flum et al. 2007]
for background about these logics and connections with finite automata and games).
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A4 Matthew Hague et al.

The decidability of the MSO theories of trees generated by safe recursion
schemes of all finite orders was established by Knapik, Niwinski and Urzyczyn
[Knapik et al. 2002] and independently by Caucal [Caucal 2002] who proved, addition-
ally, the MSO decidability of the associated graph hierarchy. The decidability result
was first extended to possibly unsafe recursion schemes of order 2 by Knapik et al.
[Knapik et al. 2005] and Aehlig et al. [Aehlig et al. 2005] independently. The former
group introduced panic automata and proved its equi-expressivity with the class of
recursion schemes; the latter introduced an essentially equivalent automata model
called pushdown automata with links.

In 2006, Ong established the MSO decidability of trees generated by recursion
schemes of all finite orders [Ong 2006a]: he proved that the problem is n-EXPTIME
complete. The result was obtained using techniques from innocent game semantics
[Hyland and Ong 2000]; it does not rely on an equivalent automata model for generat-
ing trees.

A different, automata-theoretic, proof of Ong’s decidability result was subsequently
obtained by Hague, Murawski, Ong and Serre [Hague et al. 2008]. Thanks to the
equi-expressivity between recursion schemes and CPDA, and the well-known con-
nections between MSO model checking for trees and parity games, they show that
the model-checking problem for recursion schemes is inter-reducible to the problem
of determining the winner of a parity game played over the transition graph as-
sociated with a CPDA. Their work extends the techniques and results of (higher-
order) pushdown games, including those of Walukiewicz [Walukiewicz 2001], Cachat
[Cachat 2003] (see also [Carayol et al. 2008] for a comprehensive study on higher-order
pushdown games) and Knapik et al. [Knapik et al. 2005]. These techniques have since
been extended by Broadbent, Carayol, Ong and Serre to establish the closure of re-
cursion schemes under MSO markings [Broadbent et al. 2010], and more recently by
Carayol and Serre to prove that recursion schemes enjoy the effective MSO selection
property [Carayol and Serre 2012].

Following initial ideas in [Aehlig 2006] and [Kobayashi 2009b], Kobayashi
and Ong gave yet another proof of Ong’s decidability result. Their proof
[Kobayashi and Ong 2009] consists in showing that, given a recursion scheme and an
MSO formula or an equivalent property, one can construct an intersection type sys-
tem such that the scheme is typable in the type system if and only if the property is
satisfied by the scheme. Typability is then reduced to solving a parity game.

In [Salvati and Walukiewicz 2011; Salvati and Walukiewicz 2014], Salvati and
Walukiewicz used Krivine machines [Krivine 2007] to represent the rewrite sequences
of terms of the \Y -calculus, a formalism equivalent to higher-order recursion schemes.
A Krivine machine computes the weak head normal form of a \Y-term using ex-
plicit substitutions. The MSO decidability for recursion schemes was then obtained
by solving parity games played over the configurations of a Krivine machine. In
[Salvati and Walukiewicz 2012; Salvati and Walukiewicz 2015] they also provide a
translation from recursion schemes to CPDA which is very close to the translation in-
dependently obtained by Carayol and Serre in [Carayol and Serre 2012]. Also note that
in both of these translations the authors remark that if the original recursion scheme
is safe the CPDA that is obtained can safely be transformed into a higher-order push-
down automaton (i.e. all collapse operations can be replaced by a standard popping);
this was actually previously established by Blum in [Blum 2017] and by Broadbent in
his PhD thesis[Broadbent 2011, chapter 3] for the translation we provide in this pa-
per (as given in its conference version [Hague et al. 2008]). Also remark that neither
[Carayol and Serre 2012] nor [Salvati and Walukiewicz 2015] provide the translation
back from CPDA to schemes.
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Let us stress that even if the proof of the translation from schemes
to CPDA we give here is longer than the ones in [Carayol and Serre 2012;
Salvati and Walukiewicz 2015], it makes use of a richer higher-level concept (namely
traversals) which we believe is worth knowing as it gives a deep insight on how scheme
evaluation can be understood.

Structure of this paper

In this paper we present in full a proof of the equi-expressivity result which was first
sketched in [Hague et al. 2008]. Owing to the length of this presentation, full proofs of
the results therein on games played on the transition graphs of CPDA will be presented
elsewhere.

The paper is organised as follows. Sections 2 and 3 introduce the main concepts, re-
cursion schemes and CPDA respectively, together with examples. In Section 4 we state
our main result. Then in Section 5 we give a transformation from CPDA to recursion
schemes. The key idea is to associate a finite ground term with a given configuration
of a CPDA and to provide rewriting rules for those terms that can simulate transitions
of the CPDA. This gives rise to a transition system over finite ground terms that is
isomorphic to the transition graph of the CPDA. The final step consists in simulating
this transition system by an appropriate recursion scheme. Finally Section 6 gives the
transformation in the other direction. For this we consider an intermediate object, the
traversal tree of the recursion scheme, which turns out to be equivalent to the tree gen-
erated by the scheme. We then use the traversal tree to design an equivalent CPDA
that computes paths in the traversal tree.

2. RECURSION SCHEMES
2.1. Types and terms

Types are generated by the grammar A ::= 0| A — A. Every type A # o can be written
uniquely as Ay — (42 — -+ = (A, = 0)---), for some n > 1 which is called its arity;
the ground type o has arity 0. We follow the convention that arrows associate to the
right, and simply write A; - Ay — --- — A,, — o, which we sometimes abbreviate to
(A1,...,An,0). The order of a type measures the nesting depth on the left of —. We
define ord(o) = 0 and ord(A; — Az) = max(ord(A;)+1, ord(Az)). Thus ord(4; — ... —
A, — 0) = 1+ max{ord(A4;) | 1 <i < n}. For example, ord(o - 0 — 0 — 0) = 1 and
ord(((o = 0) = 0) = 0) = 3.

Let X be a ranked alphabet i.e. each Y-symbol f has an arity ar(f) > 0 which deter-
mines its type 0 — - - - — 0 — o. Further we assume that each symbol f € ¥ is assigned

ar(f)
a finite set Dir(f) = {1,...,ar(f) } of directions, and we define Dir(X) = (J;.y Dir(f).
Let D be a set of directions; a D-tree is just a prefix-closed subset of D*, the free
monoid of D. A Y-labelled ranked and ordered tree (or simply a X-labelled tree) is
a function t : Dom(t) — ¥ such that Dom(¢) is a Dir(X)-tree, and for every node
a € Dom(t), the X-symbol ¢(«) has arity & if and only if « has exactly & children and the
set of its children is {a1,...,ak }. We write 7°°(X) for the set of (finite and infinite)
>-labelled trees.

Let = be a set of typed symbols. Let f € = and A be a type, we write f : A to mean
that f has type A. The set of (applicative) terms of type A generated from =,
written T4 (Z), is defined by induction over the following rules. If f : A is an element
of Zthen f € T4(E);if s € Ta—,p(E) and t € T4(E) then s t € Tp(E). For simplicity we
write 7 (Z) to mean 7,(Z), the set of terms of ground type. Let ¢ be a term, we write
t : A to mean that ¢ is an term of type A. In case = is a ranked alphabet (and so every
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A:6 Matthew Hague et al.

=-symbol has an order-0 or order-1 type as determined by its arity) we identify terms
in 7 (E) with the finite trees in 7°°(2).

2.2. Recursion schemes

For each type A, we assume an infinite set Var 4 of variables of type A, such that Var 4
and Varp are disjoint whenever A # B; and we write Var for the union of Vars as A
ranges over types. We use letters z, y, ©, 1, x, £ etc. to range over variables.

A (deterministic) recursion scheme is a quadruple G = (X, N, R, S ) where

— Y is a ranked alphabet of terminals (including a distinguished symbol L : 0)

— N is a finite set of typed non-terminals; we use upper-case letters F, H, etc. to
range over non-terminals

— S € NV is a distinguished start symbol of type o

— R is a finite set of rewrite rules, one for each non-terminal F': (Ay,--- , A,,0), of
the form

Fé oy e

where each ¢; is a variable of type A;, and eis aterm in T(XUN U{ &1, -+, &, }). Note
that the expressions on either side of the arrow are terms of ground type.

The order of a recursion scheme is defined to be the highest order of (the types of) its
non-terminals.

In this paper we use recursion schemes as generators of ¥-labelled trees. Informally
the value tree? [ G] of (or the tree generated by) a recursion scheme G is a possibly
infinite term (of ground type), constructed from the terminals in ¥, that is obtained,
starting from the start symbol S, by unfolding the rewrite rules of G ad infinitum,
replacing formal by actual parameters each time.

To define [ G ], we first introduce a map (-)* : JTa(SUN) — U  7a(X) that

A A:ord(A)<1
takes a term and replaces each non-terminal, together with its arguments, by L. We
define (-)* by structural recursion as follows: we let f range over ¥-symbols, and F
over non-terminals in A/

=1
Ft =1
i ifst =1
t)*t =
(st) { (stt1) otherwise.

Clearly if s € T(X UN) is of ground type, so is s+ € T(X).

Next we define a one-step reduction relation — ¢ which is a binary relation over
terms in 7 (X U N). Informally, s —¢ s’ just if s’ is obtained from s by replacing some
occurrence of a non-terminal F by the right-hand side of its rewrite rule in which all
formal parameters are in turn replaced by their respective actual parameters, subject
to the proviso that the F must occur at the head of a subterm of ground type. Formally
—¢ is defined by induction over the following rules:

— (Substitution). Fty---t, —¢ e[t1/&1, -+ ,tn/E) Where F& --- &, — e is a rewrite rule
of G.

2We refer to the X-labelled tree generated by a recursion scheme as its value tree, because the name is a
good counterpoint to computation tree. We have in mind here the distinction between value and computation
emphasized by Moggi [Moggi 1989]. The idea is that the value tree is obtained from the computation tree by
a (possibly infinite) process of evaluation.
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— (Context). If t —¢ t' then (st) —¢ (st') and (ts) —¢ (t's).

Note that 7°°(X) is a complete partial order with respect to the approximation
ordering C defined by: ¢ C ¢’ just if Dom(t) C Dom(¢') and for all w € Dom(t), we
have t(w) = L or t(w) = t/(w). Le. t' is obtained from ¢ by replacing some |-labelled
nodes by X-labelled trees. If one views G as a rewrite system, it is a consequence of
the Church-Rosser property [Church and Rosser 1936] that the set {tt € T>(X) :
there is a finite reduction sequence S = t) —¢ -+ —¢ t, =t} is directed. Hence, we
can finally define the X-labelled ranked tree [ G|, called the value tree of (or the tree
generated by) G-

[G] = sup{t+ € T°°(X) : there is a finite reduction sequence S = tg —¢ -+ —¢g tn =1}

We write RecTree,X for the class of value trees [ G ] where G ranges over order-n
recursion schemes.

Example 2.1. Let G; be the order-2 recursion scheme with non-terminals {S :
o, H : (0,0), F : ((0,0),0)}, variables {z : o, ¢ : (0,0)}, terminals g, h,a of arity 2,1,0
respectively, and the following rewrite rules:

S — Ha
Hz — F(gz)
Fo = ¢(p(Fh)

The value tree [G] is the 3X-labelled tree representing the infinite term
galga(h(h(h---)))):

N
N

- —

The only infinite path in the tree is the node-sequence ¢ - 2 - 22 - 221 - 2211 - - -.

Example 2.2. Let G5 be the order-2 recursion scheme with non-terminals {S : o, F':
((0,0),(0,0),0), Cp : ((0,0),(0,0),0,0)}, variables {z : o, ¢ : (0,0), ¥ : (0,0)}, terminals
a,b, ¢t of arity 2,1, 1, 0 respectively, and the following rewrite rules:

S — Fbe
Fo — alp @) (F(Cpbe) (Cper))
Copbr — ¢ (x)
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After some applications of the rules, one gets the following term:

b/\
(|:b/ \F
| /N
g o Cp Cp
/] I\
c b G c Cp
v e
c b b c c
|
i

The value tree [ G] is the X-labelled tree representing the infinite term

a(bet) (a(bbecet) (a(bbbeccet) )

In particular, the path language of ¢ (i.e. the set of words obtained by considering the
labels along a maximal branch) is {a“} U {a*bFcF4 | k > 1}.

2.3. The safety constraint

The safety constraint on applicative terms may be regarded as a reformulation of
Damm’s derived types [Damm 1982]. To define safety, we first introduce homogeneous
types. The type (A, - -, A,,0) is homogeneous just if each A; is homogeneous, and
ord(Ay) > ord(Az) > --- > ord(A,). It follows that the ground type o and all order-1
types are homogeneous. In the following definition, suppose a term s has type A, then
we write ord(s) = ord(A).

Definition 2.3. Arewriterule F x1 ... x, — t is safe just if

(i) the type of F' and of all subterms of ¢ are homogeneous, and
(i1) for each subterm s of ¢ that occurs in the operand position of an application, and
for each 1 < i < n, if ; occurs in s then ord(s) < ord(z;).

We say that a recursion scheme is safe just if all its rewrite rules are safe.

It follows from the definition that all recursion schemes of order at most 1 are
safe. For a study of safety in the setting of the simply-typed lambda calculus, see
[Blum and Ong 2009].

Example 2.4. The scheme G| defined in Example 2.1 is unsafe because of the second
rule. The subterm ¢ z occurs at an operand position and has order 1, but = has order 0.

3. COLLAPSIBLE PUSHDOWN AUTOMATA (CPDA)

We introduce (higher-order) collapsible pushdown automata (CPDA). An order-n
CPDA, or n-CPDA for short, is just an order-n pushdown automaton (n-PDA), in the
sense of [Knapik et al. 2002], in which every non- | symbol in the order-n stack has a
link to a (necessarily lower-ordered) stack situated below it. In the following section
we give an exposition where links are treated informally. A more formal treatment of
the links is given in Section 3.2.
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Collapsible Pushdown Automata and Recursion Schemes A9

3.1. Stacks with links

Fix a stack alphabet I" and a distinguished bottom-of-stack symbol | € I'. An order-
0 stack (or simply 0-stack) is just a stack symbol. An order-(n + 1) stack (or simply
(n + 1)-stack) s is a non-null sequence (written [s; - - - ;1) of n-stacks such that every
non-_1 I'-symbol v that occurs in s has a link to a stack of some order ¢ (say, where
0 < e < n) situated below it in s; we call the link an (e 4 1)-link. The order of a stack
s is written ord(s).

As usual, the bottom-of-stack symbol | cannot be popped from or pushed onto a
stack. Thus we require an order-1 stack to be a non-null sequence [v; ---v;] of ele-
ments of I such that for all 1 <i <1, ~; = L iffi = 1. We define L, the empty k-stack,
as follows: 1o = 1 and 1x1 = [1g].

We first define the operations pop; and top; with i > 1: top,(s) returns the top (i — 1)-
stack of s, and pop,(s) returns s with its top (i — 1)-stack removed. Precisely let s =
[s1---s1+1] be a stack with 1 <14 < ord(s):

{ Si+1 if i = ord(s)

to, .
OpZ([S;VSli]/) top;(si+1)  ifi < ord(s)
s

(L N [s1---s;] ifi = ord(s) and ! > 1
op;([s1--+s =
bopi N [s1---sipop;(si41)]  if i < ord(s)
S
By abuse of notation, we set top,.q+1(s) = s. Note that pop;(s) is un-

defined if top;,,(s) is a one-element i-stack. For example pop,([[L«f1]1) and
pop; ([[LaB1[LI1]) are both undefined.

There are two kinds of push operations. We start with the order-1 push. Let v be a
non-| stack symbol and 1 < e < ord(s), we define a new stack operation push]© that,
when applied to s, first attaches a link from ~ to the (e —1)-stack immediately below the
top (e — 1)-stack of s, then pushes ~ (with its link) onto the top 1-stack of s. Formally
for 1 <e<ord(s)andy € (I'\ {L}), we define

[s1---s push]“(si41)]  if e < ord(s)

push]“([s1---s141]) = [s1---51854177] ife=ord(s) =1
S o~
[s1--- s push](si+1)] ife=ord(s) >2and>1

where

—~T denotes the symbol v with a link to the 0-stack s;,
— 7% denotes the symbol + with a link to the (¢ — 1)-stack s;; and we define

_ [t1---t, pusha tro1)]  iford(t) > 1
push? (L -ty 11) = 1 1 (trt1) (t)
———

7 [t tri1 7] otherwise i.e. ord(t) =1

The higher-order push;, where j > 2, simply duplicates the top (j — 1)-stack of s,
including all the links. Precisely, let s = [s; - - s;+1] be a stack with 2 < 5 < ord(s):

[s1--- 8141 8141] if j = ord(s)
push;([s1---s141]1) =
—— ——

S Os1---sipush;(si41)]  if j < ord(s)
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Note that in case j = ord(s) above, the link structure of s;; is preserved by the copy
that is pushed on top by push;.

Finally there is an important operation called collapse. We say that the n-stack s
is a prefix of an n-stack s, written sg < s, just in case sy can be obtained from s by a
sequence of (possibly higher-order) pop operations. Take an n-stack s where sy < s, for
some n-stack sg, and top, s has a link to top,(so). Then collapse s is defined to be so.

Example 3.1. When displaying n-stacks in examples, we use bent arrows to de-
note links; however to avoir clutter we shall omit 1-links (indeed by construction
they can only point to the symbol directly below), writing e.g. [[L]1[ L« 3]1] instead

of [[L11L o B11.
Take the 3-stack s = [[[Lal]l [[L1[Lalll. We have

N
push??(s) = [[[Lad] [[LITLapBl]]

([[Lal] [[L1]]

T

[([[Lad] [[LI[LaBAI1].

collapse (push’ > (s))

push]” (push?(s))

0

Then push,(0) and pushs(6) are respectively

[([[Lal] [[LI[LaB¥][LaBA]1]] and

e

N Y
([[Lad] [[LI[LaBH]] [[LI[LaBA]1].
We have collapse (pushy(0)) = collapse (pushs(0)) = collapse(§) = [[[ L all].

3.2. A formal definition of CPDA stack operations

One way to give a formal semantics of the stack operations is to work with appropriate
numeric representations of the links. In [Knapik et al. 2005], it has been shown how
this can be done in the order-2 case in the setting of panic automata. Here we use
a different encoding of stacks with links that works for all orders. The presentation
follows Kartzow [Kartzow 2010].

The idea is simple: take an order-n stack s and suppose that there is a link from (a
particular occurrence of) a symbol 7 in s to some (e — 1)-stack s/, and that s’ is the k-th
element of the e-stack that contains it. In the formal definition, a symbol-with-link
of an order-n CPDA is written 7(¢*), where v € T, 1 < e < n and k > 1, Purely for
convenience, we require that if v = | thene =1 and k = 0.

The set Op,, of order-n CPDA stack operations comprises four types of operations:

(1) pop;, foreach1 <k <n

(2) push; foreach2 < j<n

(3) push]“foreach1 <e<nandeachye (I'\{L}),and
(4) collapse.
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We begin by defining an operation that truncates a stack.

i AR if ord(t) =iand k <r
botz([tl "'t,,«Jrl]) =
— [ty -ty bot®(t,41)]  iford(t) <iand k <r

We can now define our stack operations. Let 1 < e < ord(s). We first define push]*©
We first define push] to aid in the definition of push]“.

[ty ---t, push] (t,41)] if ord(t) > 1
(o)) (trs) (t
y (1 try1 7] otherwise i.e. ord(t) =1

Then we have
(e.k)

push]*“(t) = push]
assuming top,,,(t) = [s1---sg1] if e > 1, and top,y(t) = [s1---sx] for e = 1. We are
now ready to define the collapse operation by letting

collapse(s) = botF(s) where top,(s) =¥ and k > 0

One can think of the collapse operation as a generalisation of the pop, operation for
any k > 1 as we have for any stack s and any k > 1 that pop,(s) = collapse(push]’k(s))
for an arbitrary dummy symbol ~.

Now for 2 < j < ord(s):

(18141 S141] if j = ord(s)
push;(Ls1---s141]) =
% [s1---sipush;(sip1)]  if j < ord(s).

Note that, as an easy consequence of the definitions of the push]“ and the push,
operations, a link of order ¢ always points to a (e — 1)-stack inside the current e-stack.

Example 3.2. Let us now revisit Example 3.1. Take the 3-stack s =
[[[Lal] [[L]1[Lall]. (To save writing, we omit the superscripts of the form (1,k).)
We have

push?(s) = [[[Lal] [[L1[LaB@D11]
pUSh¥73(pUSh?72(S)) = [[[Lal] [[L][La [-}(2-,1) ,.Y(B.,l)] 11

pushy(push]®(pushi®(s))) = [[[Lal] [[L1[La BN AGD][LasEN 4E0]]]

[[[Lall [[LI[Lap@YAGDI] [[LI[Lap@)~E:1D]]]

s)))
push(push]™(push*(s))

and we have
collapse(pushy (push]® (push?2(s)))) = collapse(pushs(push]>(push??(s)))) = [[[Lall]

Note that in the sequel we will use the informal presentation of stacks with links
rather than the formal one.
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3.3. Tree-generating CPDA

Collapsible pushdown automata are a generalization (to all finite orders) of pushdown
automata with links [Aehlig et al. 2004; Aehlig et al. 2005], which are essentially the
same as panic automata [Knapik et al. 2005].

We define collapsible pushdown automata (CPDA) as automata with a finite control
and a stack with links as memory.

Definition 3.3. An order-n (deterministic) collapsible pushdown automaton
(n-CPDA) is a 5-tuple A = (AU {e},T,Q, 4, qr ) where A is an input alphabet and ¢ is
a special symbol, T" is a stack alphabet, @ is a finite set of control states, ¢q; € Q is the
initial state, and 6 : @ xI' x (AU {e}) — @ x Op,, is a transition (partial) function
such that, for all ¢ € Q and v € T, if §(q,~, ¢) is defined then for all a € A, 6(q,7,a) is
undefined i.e. if an e-transition can be taken, then no other transitions are possible.

As CPDA will be used to generate ranked tree (as explained below), A will always
be here of the form {1,...,d} for some integer d.

In the special case where d(q, v, ¢) is undefined for all ¢ € @ and v € T we refer to A
as an e-free n-CPDA.

Configurations of an n-CPDA are pairs of the form (g, s) where ¢ € @ and s is an
n-stack with links over I'; we call (¢;, L,,) the initial configuration.

An n-CPDA A = ( AU{e}, T, Q, 6, q; ) naturally defines an (AU{e})-labelled transition
graph Graph(A) := (V,E CV x (AU {e}) x V) whose vertices V' are the configurations
of A and whose edge relation F is given by: ((¢, s),a, (¢, s")) € E iff (q, top,(s),a) =
(¢’,op) and s’ = op(s). Such a graph is called an n-CPDA graph. We shall use the

notation v % v’ to mean that (v,a,v’) € E, and v 2%2"%, ¢/ to mean that there exist
Vg, ...,ve € V such that vy = v, vy, = v and v; %’U»H,l forall0 <i < 4.

Note that one can transform A, while preserving its transition graph, so that in ev-
ery configuration (g, s) reachable from the initial one, whenever 6(q, top; s,a) = (¢, op)
is defined, so is op(s) i.e. whenever a transition is possible, the corresponding stack
action is well-defined. Such a transformation can be obtained by storing in the stack
extra information about feasibility of the pop, operation®. In the following we always
assume that we are in such a setting.

Example 3.4. Consider the following 2-CPDA (that actually does not make use of
links) A = ({1,2,¢},{L, a},{qa, @ ¢, @45 Ga, s G} 6, 4o ) With 6 as follows (we only give
those transitions that may happen):

_5(/(,7111 J— E) - 5((]111 «, 2) = (Qtza pUSh(ll)a
(¢a> ;1) = (Gv, pushy);

—5(%7 « E) - 5(%7 «, 1) = (va popl);

— (g, 1, 1) = (Ge, pops);

—3(ge; @, ) = 0(ge, @, 1) = (qe, popy);

—0(ge, L, 1) = (g4, id) where id is the operation that leaves the stack unchanged,;

— (g4, L, -) is undefined.

Then Graph(A) is given in Figure 1.

We now explain how to define from .4 a (¥ U {_L})-labelled ranked tree ¢ for a ranked
alphabet ¥ where 1 is an additional symbol of arity 0. The idea is first to unfold
Graph(A), then to contract the e-transitions, and finally to label the nodes carefully.

3This can be done by extending higher-order PDA to allow the annotation of each order-k stack with the fea-
sibility of the pop;, operation, which can in turn be transformed into a standard higher-order PDA following
the remark on Page 9 of Knapik et al. [Knapik et al. 2002].

ACM Transactions on Computational Logic, Vol. V, No. N, Article A, Publication date: January YYYY.



Collapsible Pushdown Automata and Recursion Schemes A:13

Gas [[1]] —— ¢a, [ La]] —2— qa, [Laa]] —2— g4, [[Laaa]] ——
8 8 I
Gb. [ La][La]] G [ Laa][ Laa]] G, [[ Laaa][ Laaal]]
e e e
av [[La][L]] g [ Laa][La]] g [ Laaa][Laa]]
iy iy I
Ge [ La]] gb. [ Laa] [ 1] g, [ Laaa][La]]
I* 1 I
gs. [L)] =—— gc, [[L]] Ge. [ Laa]] gb. [ Laaa][L]]
T )
ge, [ Lal]] Ge. [ Laaal]
T
ge, [ Laa]]

Fig. 1. Transition graph of the CPDA of Example 3.4

A vertex v in Graph(A) is non-productive if it is the source of an infinite path

labelled by v i.e. for every k > 0 there exists v, such that v = v; = vy = v3---
Otherwise v is said to be productive.

First we assume that A = {1,--- ,d} for some d > 1, and whenever {a € A | (¢,7,a) €
Dom(6)} has k elements then it is {1, - ,k}. And we consider a partial function p :
Q@ x I' = ¥ such that for every ¢ and v if (¢,7v,¢) ¢ Dom(¢d) then (¢,v) € Dom(p) and
{a € A | (q,7,a) € Dom(6)} = Dir(p(q,~)); We will use the function p to define the node
labels of the tree ¢ being constructed.

We set Dom(t) to be the prefix-closed subset of A* defined by

Dom(t) :={w € A* | Jv € V. (q1, L) = v}.
Thanks to determinism, for all w € Dom(t) there is a unique vertex v,, such that

(¢r, L,,) 2 v, and such that v,, = v holds whenever (¢, L,,) — v.

In case v, is productive, define (¢, s,) to be the unique configuration with v, =
(qw, Sw) that is not the source of an ¢ transition, i.e. that is such that (q.,, top; (sw),€) ¢
dom(d).

We can finally define

il if v,, is non-productive;
t(w) := .
p(Gw, top1(sw)) otherwise.

Hence there are two kinds of leaves in ¢: those labelled by symbols in > which cor-
respond to dead-ends in Graph(.A), and those labelled by L which correspond to non-
productive vertices in Graph(A). Note the analogy with trees generated by recursion
schemes, where | is used to label those leaves that correspond to an infinite sequence
of “non-productive” rewritings.

Example 3.5. Consider the CPDA A from Example 3.4 and let p(q.,-) = a, p(g,-) =
b, p(ge,-) = ¢, p(gy,-) =, where _ stands for any stack symbol. Then, the tree gener-
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ated by A and p is the same as the one generated by the order-2 recursion scheme of
Example 2.2.

Remark 3.6. Thanks to e-transitions, we can safely assume that the labelling func-
tion p only depends on the control state i.e. p: Q — Y instead of p: Q x ' — X, as in
Example 3.5. One can always encode the current top stack symbol in the control state:
after each transition, perform an e-transition that updates the control state according
to the top stack symbol.

Remark 3.7. A natural variant of CPDA allows the execution of several stack oper-
ations per transition i.e. by defining 6 : Q@ xT' x (AU {e}) — @ x Op,,. To simulate
such a variant by a standard CPDA, it suffices to add intermediate states to track a
sequence of stack operations by a finite sequence of ¢-transitions.

Remark 3.8. By allowing several stack operations per transition, one can get rid
of the states by encoding them in the stack symbols. In this setting, given a CPDA
without state (i.e. with a dummy single state) but allowing several stack operations
per transition, a ranked tree can be generated by unfolding the transition graph and
taking the e-closure (i.e. we contract each «-labelled edge, merging its source and target
vertices). The nodes are labelled according to a function p : I' — X. It is easy to check
that such a variant CPDA is equi-expressive with the standard CPDA for generating
trees.

Remark 3.9. In [Knapik et al. 2002; Hague et al. 2008], deterministic higher-order
pushdown automata and CPDA are used directly as tree-accepting device in a top-
down fashion, allowing silent moves. When reading a node of an input tree in a given
state, the automaton may make a number of e-transitions (hence changing both the
stack and the state) and then it branches by sending a copy of the automaton to read
each child node in a state prescribed by the transition function. Thanks to the deter-
minism, exactly one tree is accepted by the automaton. It is easy to see this definition
coincides with our notion of tree generation by an n-CPDA. Essentially branching cor-
responds to unfolding, and e-transitions to taking the e-closure of the unfolding.

4. THE EQUI-EXPRESSIVITY THEOREM
In this paper we prove the following theorem.

THEOREM 4.1 (EQUI-EXPRESSIVITY). Order-nrecursion schemes and n-CPDA are
equi-expressive for generating trees. IL.e. we have the following.

(i) Let G be an order-n recursion scheme over Y. and let t be its value tree. There is an
order-n CPDA A = (AU {e},T,Q,d,q0) and a function p : Q — X such that t is the
tree generated by A and p.

(ii) Let A = (AU {e},T,Q,0,q0) be an order-n CPDA, and let t be the X-labelled tree
generated by A and a function p : Q — X. There is an order-n recursion scheme over
Y whose value tree is t.

Further the inter-translations between schemes and CPDA are polytime computable.

Theorem 4.1 extends to all recursion schemes the following result
[Knapik et al. 2001] about safe recursion schemes. An n-PDA is just an n-CPDA
that never performs a collapse.

THEOREM 4.2 ([KNAPIK ET AL. 2001]). Order-n safe recursion schemes and n-
PDA are equi-expressive for generating trees. Moreover the inter-translations between
safe schemes and n-PDA are polytime computable.
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Theorem 4.1 also extends to all finite orders a similar result from
[Knapik et al. 2005] restricted to order 2.

The rest of this paper is devoted to the proof of Theorem 4.1: Section 5 proves that
schemes are at least as expressive as CPDA (Theorem 5.4) and Section 6 proves that
CPDA are at least as expressive as schemes (Theorem 6.11).

5. FROM CPDA TO RECURSION SCHEMES

For the rest of this section we fix an order-n CPDA A = (AU {¢},T,Q,6,q1) where
Q = {q1, - ,qn} and m > 1. We shall first introduce a representation of stacks and
configurations of A by terms which are then organised into a recursion scheme. Finally
we show that the labelled transition system associated with the recursion scheme is
identical to the labelled transition graph of A.

5.1. Term representation of stacks and configurations

We start by defining, for every 0 < k£ < n a type denoted k that will later be used to
type the behaviour of a k-stack. First we identify the ground type o with a new type
denoted n. Inductively, for each 0 < k < n we define a type

k = k+1D)"—(k+1)

where, for types A and B, we write A™ — B as a shorthand for A —--- —+ A — B.In
—_—

m
particular, for every 0 < k < n, we have

k=(k+1)" = (k+2)" = —n"—>n

We also introduce a non-terminal Voidy, of type k for each 0 < k£ < n.

Assume s is an order-n stack and p is a control state of A. In the sequel, we will
define, for every 0 < k < n, a term [s]} : k that represents the behaviour of the topmost
k-stack in s, i.e. top;(s). To understand why [s]? is of type k one can view an order-k
stack as acting on order-(k + 1) stacks: for every order-(k + 1) stack we can build a
new order-(k + 1) stack by pushing an order-k stack on top of it. This behaviour has
the type (k+1) — (k+ 1). However, for technical reasons, when dealing with control
states and configurations, we need to work with m copies of each stack, one for each
control state. Hence we view a k-stack as mapping m copies of an order-(k + 1) stack to
a single order-(k + 1) stack. This explains why k is defined to be (k +1)" — (k +1).

For every stack symbol v, every 1 < ¢ < n and every state p € @, we introduce a
non-terminal

Fpf e —=1"—=...5n™ —n
Note that the type of 7,*¢ is non-homogeneous.
For every 0 < k < n, every state p and every order-n stack s whose topmost stack

symbol is top,(s) = v with an (e + 1)-link, we inductively define the following term of
orderk=(k+1)" -~ —>n™ —n

[s1i = 75 “[collapse(s)|2[pop, ()] [popa(s)]5 - - - [pop, (s)]}
where [t]{ is a shorthand for the sequence [t]% [¢]#* - - - [t]?", and if pop;(s) is undefined

then we adopt the convention that [pop; (s)]? means Void; - - - Void,.
—_———

The preceding definition is well-founded: every stack in the definition of [s]} has
fewer symbols than s. Intuitively [s]} represents the top k-stack of the configuration

(p, )-
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Let s and ¢ be order-n stacks with links and let 1 < k < n. We define s and ¢ are top,-

identical as follows (where popi(s) denotes the stack obtained from s by k successive
applications of the pop, function):

— s and t are top,-identical just if top,(s) = top,(t), and collapse(s) and collapse(t) are
top,, 1-identical where top, (s) has an (e + 1)-link

—for k > 1, s and ¢ are top,-identical just if for every j > 0, pop',ifl(s) is defined if and
only if pop],_,(t) is defined, and if so, pop;._,(s) and pop;,_,(t) are top,_,-identical.

Taking j = 0 in the second item, we note that if s and ¢ are top, identical then they
are also top, -identical for any 1 < k¥’ < k. The preceding definition is well-founded
because it always refers to stacks with fewer symbols than s or t.

LEMMA 5.1. Let s and t be order-n stacks with links, and let 0 < k <n — 1. If sand
t are topy,,-identical then [s]; = [t]}, for every state p.

PROOF. The proof is by induction on the maximum of the respective sizes of s and
t, and once that is fixed we reason by induction on k.

The base case of s and ¢ containing only the bottom-of-stack symbol is trivial. Assume
that the property holds for every pair of stacks, each with no more than N symbols for
some N > 0, and consider stacks s and ¢, the larger of the two has size N + 1. Assume
that s and ¢ are top,, ,-identical for some £ > 0. We now reason by induction on £.

Suppose s and ¢ are top;-identical. By definition, we have that top,(s) = top,(t) =
(7,e) where v € T"and 1 < e < n, and that collapse(s) and collapse(t) are top,, -
identical. As collapse(s) and collapse(t) have size bounded by N, by the induction
hypothesis, we have [collapse(s)]? = [collapse(t)]2. Thus it follows immediately that
[s17 = 12,

Now take k& > 0 and assume that the property is established for each h < k. We
consider the case of k£ + 1. Assume that s and ¢ are top;  ,-identical. It follows that for
each h < k, if pop,(s) (equivalently pop,(t)) is defined then pop,(s) and pop,(t) are
topy, 4, -identical, and so, by the induction hypothesis, [pop,,(s)]} = [pop,(t)]} for every
state q. Because s and ¢ are top,, ,-identical they are also top,-identical and then by
definition, we also have top,(s) = top,(t) = (v,e) for some v € T, and collapse(s) and
collapse(t) are top, , -identical. As collapse(s) and collapse(t) have size bounded by N,
by the induction hypothesis, we have [collapse(s)]? = [collapse(t)]Z.

By definition

[sIh 1 = F“[collapse(s)|2[pop, ()] - - [popy41 ()] 41
and
[thes: = fg’e[[collapse(t)]]g[[popl(t)]]?- - [[POPkH(t)]]ZH

Now for any n-stack r define j,. be the maximal j such that popi 41(7) is defined. In par-
ticular we have j; = ji. If js = 0, [popyy1(s)]iyy = [Popry1 (D)]] = Voidkyr - - Voidga,
and so [[s]]ﬁJrl = [[t]]ﬁﬂ. If j; > 0, note that Jpopys1(s) = Tpopy,(t) = Js — 1 and pop;,_(s)
and pop, (1) are top, - -identical. Thus, inductively (on j;), we have [pop;. 1 (s)]},, =
[popy, 1 (1)}, for every state . Hence we conclude that [s]} , = [t]},,. O

5.2. Associated rewrite rules
With every pair 6 = (¢,0p) € Q x Op,,, we associate a rewrite rule

Fre®l; T, — Z
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Table I. Definition of Zg

Cases of op Corresponding =y where 6 = (g, op)
push'ly/’e/ ]-—;/’SIEU-—Z&@\ITHZ')\ITQ ce Uy

push  FOEE T (R BT T )T T
pPopy ‘I’k,q \Ijkfl"“ljin

collapse ®q Ve q---Tyy

where for each 0 < j < n we have ¥; = ¥, ---¥;,, is a sequence of variables, with
each ¥;; : j; similarly P =P, --- D, is a sequence of variables, with each @, : e.

The shape of =y depends on op, as shown in Table I, where (F,“® ¥, --- Uy |i) is a
shorthand for the sequence

.7:;1’55111_1---\11_,C f;’eallj_l...\lj_k .7:;;66‘11_1---\If_kzkm

The preceding labelled rewrite rules induce a #-indexed family of outermost labelled
one-step transition relations SN C TY%N4)xT°(N,4), where 0 ranges over Q x Op,,. In-

formally M Ny just if M’ is obtained from M by replacing the head (equivalently,
outermost) non-terminal by the right-hand side of the corresponding rewrite rule in
which all formal parameters are in turn replaced by their respective actual parame-
ters. Formally, for each 6 = (¢,0p) € Q x Op,, and for each corresponding rewrite rule

- 9
Feo W, .- ¥, — =y, we have the rule scheme
TN T Y = L/B T ... /T
fg’LMl-uMn —  Eg[L/®, M)V M, /T,

where L, M, - - , M, range over sequences of terms that respect the type of 7,)-¢.

Note that each binary relation s isa partial function.

5.3. Correctness of the representation

Let (p, s) be a configuration of an order-n CPDA A and let § = (¢,0p) € Q x Op,, be a
transition. We say that (p, s) is 8-compatible just if 0 is an applicable transition from
(p, s) i.e. 0=3(p, top,(s),a) for some a € (AU {e}) and op(s) is defined. Recall that it
is straightforward to transform A — without changing its expressivity — so that for
every reachable configuration (p, s), if 0 = (¢, op)=4(p, top; (s), a) for some a € (AU {e})
then op(s) is defined.

The following proposition relates the previous transition system with A.

PROPOSITION 5.2. Let (p,s) be a configuration of A and 0 = (q,0p) € Q X Opy,. If
(p, s) is -compatible, then [s]? % tifand only if t = lop(s)]4.

PROOF. The proof is by a case analysis. Let § = (¢,0p) € Q x Op,, and let (p, s) be
6-compatible. Set C9 = [collapse(s)]% : e, and T} = [pop;(s)]{ : k forevery 1 <i <m
and every 1 < k < n. Then

[[Sﬂfl:f;ve cn...cm ... o T T
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— Assume op = pushY/’e/. By definition we have
[[push'lyl’e,(s)]]z = }'gl"e,[[collapse(push'f/"e,(s))]]z/
[pop, (pushy ()] - - - [pop,, (push] " ()]

We have collapse(push?l’e/(s)) = pop,.(s), hence [[collapse(push?l’e/(8))]]2, = T%. Fur-
ther we have popl(pushiyl’e,(s)) = s, hence [[popl(push'ly,’el ()] = Fpe €t TY. Fi-
nally, for each j > 1, we have pop; (push}’l’el (s)) = pop,(s), hence

[pop; (pushy *© (s))]7 = T7.
Therefore, we have

[push] ™ ()4 = F) 12 (Fre ¢ T8 - (Fpe 7 19 18 .. 717

n n

On the other hand, it follows syntactically from the definition of %, that the right-
hand side of the preceding equation is the term ¢ such that [s]?2 %, t. Hence one has
[s, = [pushi * (s)]3.

— Assume op = push,,. By definition we have

[pushy(s)]% = F ¢ [collapse(pushy (s))]2[pop, (pushy ()T -+ [pop, (pushy(s))]2

Note that we used the fact that the top; element in push,(s) is the same as that in
s 1.e.it is v and has an (e + 1)-link. Now if e < k, collapse(push;(s)) and collapse(s)
are top,, ,-identical; hence, thanks to Lemma 5.1

[collapse(pushy,(s))]% = [collapse(s)]% = C%.

If e > k, collapse(s) = collapse(pushy(s)); hence we also have

[collapse(pushy(s))]L = C¥%.
Next, for j < k, pop;(push;(s)) and pop;(s) are top; ,-identical; hence, thanks
to Lemma 5.1, [pop;(pushy(s)]f = [pop;(s)]f = Tfi._Furtheri we have
popy,(pushy,(s)) = s; hence [popy(pushy(s))] = F© CT T --. T, for every
1 <i<m. Fir_lally,_for every j > k, we have pop;(push;(s)) = pop;(s); hence
[pop;(pushy(s))]] = T;. Therefore we have

[pushi()]f = ¢ CTTY - T

(f;;ec?Tf---TE) (}'qu;ecﬁTlﬁ...Tg) T,?H

7
On the other hand, it follows syntactically from the definition of %, that the right-
hand side of the preceding equation is the term ¢ such that [s]? %, ¢ Hence one has
[sl, = [pushy(s)].

— Assume op = pop,,. By definition we have

[pop ()]s = Fy [collapse(popy(s)]Z[pop (popy.(s)]] - - - [pop, (popy ()]
where the top, element in pop,(s) is a v’ and has an (¢’ + 1)-link. It follows that

[popy,(s)I% = [[pOpk(S)]]Z[[POPkH(pOpk(S))]]ZH -+ [pop,, (pOpk(S))]]Z
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For every j > k, we have pop;(pop,(s)) = pop;(s), hence [[popj(popk(s))]]? = T?
Therefore we have [pop,(s)]4 = T} T, , - - - TZ. On the other hand, it follows syntac-
tically from the definition of %, that the right-hand side of the preceding equation

is the term ¢ such that [s]? %, t. Hence one has [s]E N [pop;.(s)]4.
— Assume op = collapse. By definition we have

[collapse(s)]d = .7-';/’6/ [collapse(collapse(s))]?

[pop, (collapse(s))]{ - - - [pop,, (collapse(s))[?,

where the top; element in collapse(s) is 4" and has an (¢’ + 1)-link. Equivalently, one
has

[collapse(s)]E = [[collapse(s)]]g[[pope+l(collapse(s))]]ZH -+ [pop,,(collapse(s))]E
For every j > e we have pop;(collapse(s)) = pop,(s), hence [[popj(collapse(s))]]? = Tjﬁ.
Therefore we have [collapse(s)]4 = C9 T? 'y ---TZ. On the other hand, it follows
syntactically from the definition of %, that the right-hand side of the preceding
equation is the term ¢ such that [s]? %, t. Hence one has [s]E N [collapse(s)]4.

|

We define a relation ~ between configurations of A and ground-type terms generated
from symbols from the set

N={Fr¢|yel, 1<e<n, peQtU{Void; | 1 <i<n},
defined by (p, s) ~ [s]2. Then ~ is a bisimulation.

5.4. The recursion scheme G 4 determined by a CPDA A

Fix some integer d > 1 and let [d] denote {1,...,d}. Fix an n-CPDA A = ([d] U
{e},1,Q,d,¢1) and a function p : @ x ' — X, and let @ = {q1, - gn}. Let t be the
tree generated by A and p as defined in Section 3.3.

We define from A and p an order-n recursion scheme whose value tree is t. The
main idea here is to rely on the previous term representation of configurations of A.
Indeed, what we did so far was to define an ([d] U {¢})-edge-labelled transition system
whose elements are finite terms of ground type and to prove that it is bisimilar (in
the usual sense) with Graph(A). Hence, it suffices to design a recursion scheme that
mimics the dynamics of the previous term-rewrite system, i.e. such that its value tree
is the tree obtained from the previous transition system by unfolding, contracting the
e-transitions, and labelling (according to the head non terminal).

Definition 5.3. The order-n recursion scheme determined by A and p is defined
tobe G4, = (X, N,R,S) (written G 4 if p is clear) where

N={F)¢|yel, 1<e<mn, pe QtU{Void; | 1 <i<n}

consists of those non-terminals as introduced in Section 5.1, and the rules in R are as
follows

S —p(q1, 1) if ar(p(q1, 1)) =0

S -7:qu’1 Void; --- Void,, otherwise
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and
FedW -, — Z if §(p,v,e) = 0 is defined
Fe®Wy - U, —» p(p,7y) o, - - o, otherwise, where r = ar(p(p,y)) where

0; =d(p,v,i)fori=1,...,r.

Note that in the definition, we need to distinguish those states p and stack symbols
~v where {a € [d]U {e} | (p,7,a) € Dom(d)} = @. Indeed, one still needs to produce a
terminal for them as they correspond to productive leaves in the tree obtained from
Graph(A) by unfolding and contracting the e-transitions.

We are now in a position to state the major result of the section.

THEOREM 5.4 (EQUI-EXPRESSIVITY 1). Let A be a tree-generating CPDA, and G 4
be the recursion scheme determined by A. Then the CPDA and the recursion scheme
generate the same Y-labelled tree.

PROOF. The proof follows from Proposition 5.2, the definition of G4 and the way
one generates a tree from a CPDA.

The key idea here is to give a precise description of the terms ¢ such that S —¢ , t

where —¢ , denotes the transitive closure of —¢,.

Let s and ¢ be two finite terms of ground type. We say that s is a subterm of ¢ if
either s = ¢, or there exist f € Y and i € {1,---,£} such that ¢ = ft;---t, and s
is a subterm of ¢;. Note that, in the sequel, we implicitly distinguish two copies of a
term that appears as subterm in different parts of a given term. More formally, every
subterm s of a term ¢ has a location, denoted location,(s) (or simply location(s) if t is
clear), which is a sequence, where - denotes concatenation of sequences. It is defined
by

3 ifs=t
locationt(s) := < f-1i-locationy,(s) otherwise, wheret = f ¢;---t, and
s1s a subterm of ¢;

One can easily characterise those terms that can be derived from S in —¢ ,. Indeed

we have S —¢, t if and only if either t = S or for every subterm ' of ¢ such that
locationy(t') = fr-a1-- fe-ap € (X-{1,---,d})* with £ > 0, we have t’ = [s]? for some
configuration (p, s) in Graph(.A) such that there exist a sequence (po, s0), - - -, (Pe+1, Se+1)
of configurations of Graph(.A) and numbers ki, ..., key1 > 0 such that

— (po, s0) = (q1, Ln) is the initial configuration;

ek
— (po, s0) — (p1,51);
ki
—(pi, Si) M} (pi+175i+1) for all 1 S ) S - 1;

ket1
— (pe, S¢) R (Pet1,5041);

— (Pe+1, 5041) = (P, 5);
— p(pi, top,(s;)) = fiforall 1 <4 < L.

The previous characterisation is proved directly by an induction on the number of
rewrite rules applied to derive ¢ from S: the base case is immediate, and the inductive
step follows from Proposition 5.2.

It follows from the previous lemma and the definition of a tree generated by a CPDA
that the value tree of G 4 is the tree generated by A and p. O
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6. FROM RECURSION SCHEMES TO CPDA

The previous section demonstrates that higher-order recursion schemes are at least
as expressive as CPDAs. In this section we prove the converse. Hence, CPDAs and
recursion schemes are equi-expressive. A number of related results can be found in
the literature, but an exact correspondence with general recursion schemes has never
been proved before. Notably, in order to establish a correspondence between recursion
schemes and higher-order PDAs, Damm and Goerdt (for word languages [Damm 1982;
Damm and Goerdt 1986]) as well as Knapik, Niwinski and Urzyczyn (for labelled
trees [Knapik et al. 2002]), have had to impose constraints on the shape of the former
(called derived types and safety respectively) and their translation techniques relied on
the restrictions in a crucial way.

Our translation from recursion schemes to CPDA is novel: we transform an arbitrary
order-n recursion scheme G to an order-n collapsible pushdown automaton Ag that
computes the traversals over the computation tree A\(G) (in the sense of [Ong 2006a;
Ong 2006b]). The game-semantic interpretation of G is an innocent strategy (in the
sense of [Hyland and Ong 2000]), which coincides with the value tree [ G] of G, so that
paths in the value tree are plays of the strategy. Traversals over the computation tree
are just (appropriate representations of) uncoverings [Hyland and Ong 2000] of paths
in the value tree.

6.1. Long transform, graph representing a recursion scheme, traversals

We first introduce several concepts we need for the rest of the section.

We write [n| as a shorthand for {1,--- ,n} and [n]y for {0,---,n}. Fix a ranked
alphabet ¥. Typically* Dir(f) = [ar(f)] and we always have |Dir(f)| = ar(f) for each
Y-symbol f.

We recall the long transform of a recursion scheme as introduced in [Ong 2006b].
Fix a recursion scheme G. Rules of the new recursion scheme G (which, we shall see,
can be regarded as order 0) are obtained from those of G by applying the following four
operations in turn, which is called long transform. For each G-rule:

1. Expand the right-hand side to its n-long form. L.e. we hereditarily n-expand every
subterm — even if it is of ground type — provided it occurs in an operand position.
Note that each term s € T(XUNU{ &1, -+ ,& }) can be written uniquely as 51 - - - s,
where T is either a variable (i.e. some ;) or a non-terminal or a terminal. Suppose
781+ 8m: (A1, -+, An,0). We define

Tts1 - sm' = ABT 81 T8, T 7T,
where p is a list ;- - -, of (fresh) pairwise-distinct variables (which is a null
list iff n = 0) of types Ai,---,A, respectively, none of which occurs free in
1

Trslj" 'rsm

For example the n-long form of ga : 0 is A.g (A.a); we shall see that the “dummy
lambda-abstraction™ X.a (that binds a null list of variable) plays a useful réle in
the syntactic representation of the game semantics of a recursion scheme.

2. Insert long-apply symbols @ 4: Replace each ground-type subterm of the shape
De;y---e,, where D : (4;,...,A,,0) is a non-terminal and n > 1 (i.e. D has order
at least 1), by @4 De; ---¢e, where A = ((41,...,4,,0),41,...,4,,0) and Q4 : A.

“The only exception is the symbol @ 4 of the auxiliary alphabet A, where we have Dir(@,4) = [ar(@4)—1]o.
5To our knowledge, Colin Stirling was the first to use a tree representation of lambda terms in which
“dummy lambdas” are employed; see his paper [Stirling 2005]. Motivated by property-checking games in
Verification, he has introduced a game that is played over such trees as a characterisation of higher-order
matching [Stirling 2009].
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In the following, we shall often omit the type tag A from @4, as it is uniquely
determined by the respective types of D,eq, ..., ¢e,.
3. Curry the rewrite rule. I.e. we transform the rule F 1 --- ¢, — A€’ to

F = Xy - pn.e.

In case n = 0, note that the curried rule has the form FF — X.¢’.
4. Rename bound variables afresh, so that any two variables that are bound by dif-
ferent lambdas have different names.

Example 6.1. We revisit the recursion scheme of Example 2.1 and illustrate the
long transform:

S — Ha S — AQH(Xa)
G:4qHz— F(gz) = G H > Az.QF (Ay.g (A.z) (Ay))
Fo = p(e(Fh) F = Ap.o(Ap(AQF (Az.h (A.x))))

For instance, the right hand side of the third rule is A.¢ (A.¢ (A.F (Az.h (A.x)))) after
the first step, and A.¢ (A.¢ (A.Q F (Az.h (A.z)))) after the second step.

For every recursion scheme G, the system of transformed rules in G defines an order-
0 recursion scheme — called the long transform of G — with respect to an enlarged
ranked alphabet A¢, which is ¥ augmented by certain variables and lambdas (of the
form A¢ which is a short hand for A&, - - - &, where n > 0) but regarded as terminals.
The alphabet A is a finite subset of the set

YU Var U {@Qy|AcATypes} U {AE|EC Vard
| S ——
Non-lambdas Lambdas

where ATypes is the set of types of the shape ((A;,---, A,,0), A1, -+, Ap,0) withn > 1.
We rank the symbols in As as follows:

— variable symbol ¢ : (A;, -+, A,,0) in Var has arity n
—long-apply symbol @4 where A = ((A1,---,Ap,0), Ay, - + 5 An, o) has arity n + 1
— lambda symbol A¢ has arity 1, for every list of variables £ C Var.

Further, for f € Ag, we define

o) = | @)=l i =0

[ar(f)] otherwise

For technical reasons (to be clarified shortly), the leftmost child of an @-labelled node
« is in direction 0 (i.e. it is «’s 0-child); for all other nodes, the leftmost child is in
direction 1. The non-terminals of G are exactly those of G, except that each is assigned
a new type, namely, o. We can now define the computation tree \(G) to be the value

tree [ G| of the order-0 recursion scheme G. It follows that \(G) is a regular tree®.
A A-labelled rooted deterministic digraph (or DDG, for short) is a quadruple
K= <V5Evlv’00>

6An infinite tree is regular if and only if it contains finitely many different infinite subtrees. Equivalently,
an infinite tree is regular if it can be obtained by unfolding a finite directed graph.
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where (V, E) is a finite digraph vertex-labelled by the function ! : V. — A with A a
ranked alphabet, such that each vertex v € V has as many successors as the arity of
I(v), and each of these successors are ordered; and vy € V is a distinguished vertex
called the root. We denote by F;(v) the unique i-th successor of v fori = 1,..., ar(I(v)).

It is easy to see that every finite A-labelled tree can be presented as a DDG.

The unfolding of K is the A-labelled ranked tree ¢ : Dom(t) — A such that Dom(t)
is the set of finite paths in K starting from the root vy, and t(vq - - - vi) = I(v;) where the
i-th child (when defined) of node vy - - - vy, is v1 - - - vx E; (vg). This definition (canonically)
associates vertices in K with nodes in ¢: the node ¢ is mapped to vy, and the node
vy -+ - vg (k> 1) is mapped to vi. This map extends to an association of node sequences
in ¢t with vertex sequences in K. When restricted to paths in ¢ and paths in K starting
from the root, we obtain a bijection.

Fix a higher-order recursion scheme G and an associated long transform G. We de-
fine the HORS graph Gr(G) to be the Ag-labelled DDG determined by G

Gr(G)= (V, ECVXV, Ag:V—Ag, veV)
that is obtained by the following procedure:

(1) First we define the ranked alphabet A,z = Ag U N5 where each symbol in NV
(i.e. a non-terminal of G) is given arity 0.
(2) For each G-rule (say) F — Ay1 - - ¢y.€, the corresponding AGE-labelled DDG
DF = <VF, EFQVF XVF, ZF :VF—)AG,E’ TtF>

given by the Aj z-labelled tree that is determined by the right-hand side of the

rule, namely, Ay - - p,.e. In particular, rtr is the root of that tree and we have
lp(rtr) = Ap1 - - - @, with reference to the rule F' given above.
(3) First for each F' in N7 we define

&r=|J '{FY)  and  £= ] &
H E./\/a F EN@
Then Gr(G) is intuitively obtained by taking the disjoint union of the underlying
digraphs of Dr and then merging with rtr all those vertices that belong to same
&r, as F ranges over Ng.

Formally we have the following.
— The vertices V of Gr(G) are defined by

v=J v»\ U ¢r
FGN@ FGN@
— The root vg of Gr(G) is 7ts, where S is the start symbol of G.
— The vertex-labels are defined by

re(®) lp(rtp) if v = Ep for some F € N
clv) =
lg(v) otherwise, where v is a vertex in Vy

— The edges E of Gr(G) are defined by

E=(J Er) \ {(wv)|veEorv e} U
FeNg

U {(rtp,v") | (v,v") € Epr and v € Ep}U{(V',7tF) | (v',v) € Ep and v € Ep}
F’EN@
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Fig. 2. The graph determined by the order-2 recursion scheme from examples 2.1 and 6.1.

and the edge-labels of Gr(G) are inherited from the edge-labels of the component
DDGs Dr according to how vertices and edges where merged.

In the following, we shall only concern ourselves with the connected component of
Gr(G) that contains the root node (and assume that Gr(G) is that connected compo-
nent)’. It follows from the definitions that unfolding Gr(G) gives the computation tree
AG).

Example 6.2. We revisit the recursion scheme of examples 2.1 and 6.1. The graph
Gr(G) is given in Figure 2.

Fix a HORS graph Gr(G) = (V, E, A\g, vo ). We shall call a vertex of Gr(G) prime just
if it is the 0-child® of a @-labelled vertex. By construction, a prime vertex is labelled
by a lambda. We define the depth of a vertex to be the length of the shortest path
from the root to the vertex (so that the root has depth 0). Let u be a vertex. We define
pred(u) = {u € V : (v,u) € E} ie. the set of predecessors of u. For every vertex
u labelled by a variable ¢; (say), its binder, written binder(u), is the vertex that is
labelled A, where 7 is a list of variables that contains ;. (Since bound variables are

"Note that if Gr(G) contains several connected components, some rules in G are never used to produce [ G ].
8The leftmost child of a @-labelled vertex is the latter’s 0-child (i.e. the child is at the end of a 0-labelled
edge); the leftmost child of any other vertex is a 1-child.
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renamed to prevent any clash in the construction of G, every variable vertex in Gr(G)
has a unique binder.) We say that u is the i-parameter of binder(u) just if ¢; is the
ith-item of the list ©. The span of the variable vertex u is defined to be the depth of u
minus the depth of binder(u).

We note the following features of HORS graphs:

(i) Except the root and possibly some prime vertices, every vertex u has a unique prede-
cessor v. For j > 0, if u is the j-child of v, we say that w is a j-child. If u is prime then
it is the 0-child of all its predecessors and we then say that u is a 0-child. Indeed, a
vertex is a 0-child if and only if it is prime.

(ii) For every vertex u, there is a unique shortest path from binder(u) to u, and this path
does not contain any prime vertex.

For convenience, and whenever it is safe to do so, we shall confuse a vertex u with
its Ag-label Ag(u).

We now define several notions regarding the computation tree. For simplicity, we
shall refer to a node labelled by some lambda (resp. variable) as a lambda node (resp.
a variable node).

The notion of binder can also be defined for the computation tree. Indeed, let n be
some node in A\(G) labelled by a variable £. We say that n is bound by the node n’
(equivalently that »’ is the binder of n) just in case n’ is the largest prefix of n that is
labelled by a lambda symbol \¢ for some list £ that contains &.

Binders allow us to define a binary relation I, over the set of nodes of A\(G), called
enabling (we read n ; n’ as “n i-enables n'”, or “n’ is i-enabled by n”), as follows.

— Every lambda node, except the root, is i-enabled by its parent node in A(G), where
the former is the i-child of the latter.

— Every variable node (labelled by some ¢;, say) is i-enabled by its binder (labelled by
some &, say) where ¢; is the i-th element of the list &.

We say that a node of \(G) is initial if it is not enabled by any node. It follows from the
definition that the initial nodes are the root-node (necessarily labelled by the lambda
symbol )\), and all nodes labelled by a long-apply or a X-symbol.

Enabling permits us to define the notion of justified sequence over the computation
tree. A justified sequence over \(G) is a possibly infinite, lambda / non-lambda al-
ternating sequence of nodes that satisfies the pointer condition: Each non-initial node
n that occurs in it has a pointer to some earlier node-occurence ny in the sequence
such that ng ; n for some i. We say that the node-occurence n is justified by the node-
occurence ng in the sequence. We use the notation

TN
. no PR n
to mean that n points to ny and that ng F; n holds. We say that n is i-justified by ng, or
n has a i-pointer to ng in the justified sequence. Let us stress that a justified sequence
need not be a path. ?

Let t be a justified sequence and let n be some occurrence of a node in t. Then we
write t<,, (resp. t<,) to mean the prefix of t truncated at and including (resp. excluding)
the node n.

9Justified sequences were first introduced to represent plays in dialogue games between two players, O and
P [Hyland and Ong 2000]. A play is a certain sequence of alternating O-moves and P-moves. A player may
only make a given move m provided the move that enables it, m’ (say), has already been played; and if so,
this situation is represented by a pointer from m to m/’.
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Table II. Rules for defining traversals.

(Root). The singleton sequence, comprising the root node ¢, is a traversal.

N
(App). Ift n is a traversal for some sequence ¢ and some node n labelled by @, sois tn n/ for
some node n’. Note that n’ is always a lambda node.

(Sig). If t n is a traversal for some sequence ¢ and some node n labelled by a >-symbol f, so is
V2R
tn n’ for each 1 < ¢ < ar(f) and some node n/. Note that n’ is always labelled by a dummy A.

T
(Var). If tnn’ n'’ is a traversal for some sequence ¢t and some lambda node n’ (la-
belled by some &) and some variable node n’’ (labelled by &;, the i-th variable in £), so is

v
tn n' e n' n'"" for each node n'”. Note that n'” is always a lambda node.
(Lam). Ift n is a traversal for some sequence ¢ and some lambda node n, so is t n n’ where n’ is the
1-child of n. By a straightforward induction, "¢t n™ is a path in the tree A\(G); if n’ is labelled by a
variable (as opposed to @) then its pointer in ¢ n n’ is determined by the condition that "t n n'"is a
path in A\(G).

We are now ready to introduce traversals. Traversals over the computation tree
A(G) are justified sequences of nodes defined by induction over the rules given in Ta-
ble II.

A remark on rule (Lam). If n’ is a variable then it should point to the binder. But
there may be several occurrences of the binder, and this is what the P-view is for: it
selects an occurrence via the pointer from the variable in question.

Remark 6.3. The pointers in a traversal over any computation tree A\(G) are
uniquely reconstructible from the underlying sequence of nodes and their respec-
tive labels; thus pointers are not an additional structure imposed on the underlying
sequence. However it is convenient (e.g. in the definition of P-view below) to define
traversals as sequences equipped with pointers. Another advantage of pointers is that
they help to clarify the correspondence between traversals and interaction sequences
(that arise in the construction of the game semantics of the recursion scheme in ques-
tion).

Note that the only rule in Table II that can lead to extending a traversal in a non
unique way is the rule (Sig) that allows ar(f) possible extensions. Traversals define an
infinite rooted deterministic digraph®®

Tr(G)=(V,ECV x (Dir(X)U{e}) x V,1:V = (ZU{t}),vo)
where

—V is the set of all traversals over \(G).

— (v,e,v") € E iff v/ is obtained from v by applying one of the following rules: (App),
(Var) or (Lam).

— (v,4,v") € E iff v’ is obtained from v by applying rule (Sig) with parameter i.

—I(v) = AMG@)(n) if v ends by a node n labelled by a terminal, and /(v) = £ otherwise.

— The root vg is the traversal ¢.

10Tn fact we have a small abuse of terminology and notation here as in our original definition of a DDG we
do not allow e-labelled edges which we do here only for those edges outgoing an f-labelled vertex. For ease
of writing we also make the edge label explicit by describing edges as elements of V' x {Dir(X) U{e}} x V.
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Note that Tr(G) is a deterministic tree. By taking its e-closure as explained below,
we obtain a X-labelled ranked tree. More precisely, the traversal tree of GG, denoted
TrTree(G), is obtained as follows from 7r(G). For every i € Dir(X), add an i-labelled
edge from v; to vo whenever there is a path from v; to v, labelled by a word that
matches ic* (note that we treat ¢ as a standard letter), and there is no outgoing e-
labelled edge from vy; for every i € Dir(X), whenever there is an edge from v; to a
node v, from which there is an infinite path made only of e-labelled edges, create a

new vertex v labelled by L and add an i-labelled edge from v; to v""; then remove
any vertex that is the source of an s-labelled edge and remove any c-labelled edge.
In case the resulting object is empty, simply replace it by a tree made only of a root
labelled by L. Note that the resulting object is always a deterministic, e-free, X-labelled
tree (indeed, f-labelled nodes, i.e. those that are not labelled by terminal, as well as ¢-
labelled edges have all been removed). Define the root as the (unique) node that is
reachable in Tr(G) by a (possibly empty) sequence of c-labelled edges, and not the
source of an e-labelled edge. Call TrTree(G) the resulting tree.

In the sequel, to stick to our original definition of ranked-trees, we regard TrTree(G)
as the X-labelled ranked tree whose domain is the set of words in Dir(X) that labels
finite path from the root, and where a node n is labelled by /(v) where v is the (unique)
node reached by following from the root the path labelled by n.

It turns out that the value tree and the traversal tree are equal [Ong 2015b]:

THEOREM 6.4 (CORRESPONDENCE THEOREM). For every recursion scheme G, we
have [ G] = TrTree(G).

We finally define the P-view of a justified sequence. The P-view "t of a justified
sequence t is a subsequence defined by recursion as follows:

— A7 = X for a dummy lambda .

—tn i nl="t"n n whenever n is a lambda node (hence »n’ is a non-
lambda node). Node r’ is either @ or a signature symbol, and in the latter case the
lambda is dummy.

— "t n ="t n whenever n is a non-lambda node.

L
In the second clause above, ifin ¢ n’ L n the non-lambda node n’ has a pointer

L
to some node-occurence [ (say) in ¢, and if [ appearsin "¢, thenin "¢t n/ \n the node
n' is defined to point to /; otherwise n’ has no pointer. Similarly, in the third clause
above, if in ¢ n the non-lambda node n has a pointer to some node-occurence / (say) in ¢
and if [ appears in "¢, then in "¢ n the node n is defined to point to /; otherwise n has
no pointer.

In is easy to see that the P-view of a justified sequence is always lambda/non-lambda
alternating, that may not necessarily satisfy the pointer condition. When applied to
traversals, the P-view has some nice properties.

PROPOSITION 6.5. [Ong 2006a, Lemma 2][Ong 2006b, Proposition 6] Let t be a fi-
nite traversal over a computation tree A\(G). Then the following hold.

— "t is a well-defined justified sequence.
— "t is a path in the computation tree A\(G) from the root to the last node in t.

Traversals (and related concepts) were defined with respect to the computation tree
AMG). As A(G) is obtained by unfolding the HORS graph Gr(G) we can associate with
every sequence of nodes in \(G) a unique sequence of vertices in Gr(G). This mapping,
when restricted to (the sequences of nodes underlying) traversals over the computation
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tree A\(G), is injective. Hence, depending on the context, we may see traversals either
as sequences of nodes in A\(G) or as sequences of vertices in Gr(G) (in this case, it is
easy to reconstruct the corresponding traversal over \(G)). Note that traversals over
Gr(G) could equivalently be defined by stating the rules in Table II in the framework
of Gr(G).

6.2. CPDA(G) — the CPDA determined by a recursion scheme G

As stated in the previous section (Correspondence Theorem), traversals provide an
alternative way to describe the value tree of a given scheme G. We will now define
a CPDA, CPDA(G), and will show that its transition graph Graph(CPDA(G)) is trace-
equivalent with 7r(G). As a byproduct, unfolding the e-closure of Graph(CPDA(G))
leads to the same tree as TrTree(G) = A(G), equivalently CPDA(G) generates the same
tree as G.

Fix an order-n recursion scheme G and the HORS graph

GF(G) = <V,EQVXV,AgtV—>AG,’UQGV>

determined by it. Note that G is not assumed to be homogeneously typed, and hence,
not necessarily safe

Remark 6.6. For convenience, in the definition of the transform CPDA(G), we shall
write push‘f"1 as pushy, effectively ignoring the 1-link (to the preceding stack symbol).
This is harmless since 1-links are guaranteed not to feature in any of collapse opera-
tions of the transform CPDA(G).

Definition 6.7. The transform CPDA(G) is an n-CPDA with a single dummy control
state (that we omit from now for simplicity) that has the set V' of nodes as the stack
alphabet. The initial configuration is the n-stack [--- [Lvo] ---] i.e. pushi® L,,, where
vo is the root of Gr(G). Let u range over the stack symbols of CPDA(G). For ease of
explanation, we define the transition map ¢ as a function that takes a node u € V to
a sequence of stack operations (in particular, this allows us to have a single control

state), by a case analysis of the label (from Ag) of u. The definition is presented in
Table III.

Remark 6.8. The transformation is radically different from the compilation method
of Knapik et al. [Knapik et al. 2002; Knapik et al. 2005]. To date, it is not known
whether the approach in [Knapik et al. 2005] is extendable to non-homogeneously
typed recursion schemes of order 2. More generally, it is not known whether the method
is extendable to arbitrary recursion schemes of all finite orders.

6.3. Graph(CPDA(G)) and Tr(G) are trace equivalent

We first recall the standard notion of trace equivalence, that we state here in the spe-
cific case of labelled rooted deterministic digraphs. Let K£; = (Vi,F; C V3 x I x V4,1 :
Vi—= Ar)and Ko = (Vo,Ey C Vo x I x Vo,l : Vo — A,r1) be two graphs with the
same alphabet for labelling vertices (resp. edges). We say that X; and K, are trace-
equivalent just if for every = € {1, 2}, for every path in K, that starts from the root r,,
there is a (unique) corresponding path in Kz (here 7 = 2 if x = 1 and T = 1 otherwise)
with the same label in IT*. Moreover the terminal vertices of both paths are labelled by
the same element in A.

Note that the previous notion does not treat the silent letter ¢ in a specific way (like
one would do for weak bisimulation): it is considered as a standard letter.

The following proposition follows by definition.
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Table Ill. Definition of the transform CPDA(G).

If w’s label is not a variable, the action is just a push}, where v is an appropriate child of the node w.
Precisely:
(A). 1f the label is an @ then §(u, ) = push’™*),

(S). If the label is a 3-symbol f then 6(u,i) = pushf“u), for every 1 < i < ar(f).
Note that if f is nullary, the automaton terminates.

(L). If the label is a lambda then §(u,e) = push‘l‘a1 W),

Suppose u is labelled by a variable which is the i-parameter of the lambda node binder(u); and suppose
binder(u) is a j-child. Let p be the span of the variable node u.

(V1). If the variable has order [ > 1, then

push, 4 q; pop]1JJrl ; pushfji(mm)’nilJrl ifj=0
o(u,e) =
push,, ;1 ; pop?; collapse; push{zi(twl)’"ilJrl otherwise
where pop? means the operation pop, iterated p times, and pushfi(t(’p 1) js defined to be the oper-
; E;(topy s),k
ation s — push; s.
(Vo). Otherwise (i.e. the variable has order 0)
popPtt; pushfi(mm) ifj=0
o(u,e) =
popﬁ’; collapse;; pushlEi(mpl) otherwise.

PROPOSITION 6.9. Let K1 and K be two trace-equivalent labelled rooted determin-
istic digraphs (possibly with e-labelled edges). Then the trees obtained by unfolding the
e-closure of those two digraphs are the same.

Let Graph,(CPDA(G)) be the vertex labelled version of Graph(CPDA(G)) (with the
initial configuration as its root) that is obtained by labelling every vertex with the label
of the topmost symbol of the corresponding stack if it belongs to ¥ and by f otherwise.
We have the following key result (to be proved later).

THEOREM 6.10. For every order-n recursion scheme G, Graph,(CPDA(G)) and
Tr(Q) are trace-equivalent.

An important consequence of Theorem 6.10 is the following.

THEOREM 6.11 (EQUI-EXPRESSIVITY 2). For every order-n recursion scheme G,
CPDA(G) (together with the identity labelling function) generates (the same tree as)
the value tree [ G ].

PrROOF. Take an order-n recursion scheme . Using Theorem 6.10,
Graph,(CPDA(G)) and Tr(G) are trace-equivalent. By definition, the tree gener-
ated by CPDA(G) and the identity function, coincides with that obtained by unfolding
the e-closure of Graph,(CPDA(G)). Hence, using Proposition 6.9, this tree coincides
with that obtained by unfolding the e-closure of Tr(G), which is TrTree(G). As the
latter coincides with the value tree [ G] (Theorem 6.4), it concludes the proof. 0O

6.4. Proof of Theorem 6.10

We now turn to the technical core of this section. Fix an order-n recursion scheme G.
In order to prove that Graph,(CPDA(G)) and Tr(G) are trace-equivalent, it suffices to
establish the following.
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PROPERTY 6.12. Suppose

Tm—1

512)821—2>53I—3)"' — Sm.-
is a path in Graph,(CPDA(G)) starting from the root and

t Tty Tty T T,
is a path in Tr(G) starting from the root (i.e. the trivial traversal ¢). Suppose sy, tm
have the same label from ¥ U {#}. Then neither path can be extended or both can be
extended in the same way:

— by a unique e-labelled edge (if the final vertices of the paths are labelled by ) or
—by ar(f) edges with labels in {1,--- ,ar(f)} (if the final vertices of the paths are la-
belled by f € ¥).

Moreover, if each path is extended by an edge with the same label, the resulting paths
end in vertices with the same label.

In order to prove the above, we spell out in detail how both paths are related. First,
we shall see that, for each 1 < i < n, the sequence of node labels corresponding to the
top 1-stack, written Ag(topy(s;)), is the P-view of ¢;. i.e.

Ac(topy(si)) = Tt

Secondly we construct a kind of approximant of ¢;, written ¢;, which is obtained from
t; by removing all segments w sandwiched between matching pairs of the shape

$ w A
where §$ is either an order-1 variable or an @-symbol, and 7 > 1, and we do it from right
to left. Note that by definition of traversal, the segment w necessarily has the shape
where 2 is an order-0 variable symbol and ¢ is a list of variables in which z occurs.
Finally, we remove all pointers from ¢;. See Example 6.18 for an illustration of this
construction. We then transform each n-stack s; to a sequence of nodes s;, which will
be shown to coincide with ;.

Remark 6.13. Note that CPDA(G) handles variables of order 0 differently from
those at higher orders. One could have treated level 0 in the same way to obtain corre-

spondence with ¢ (rather than 7), but this would cost an extra stack level.
In order to construct the sequence s; from an n-stack s;, we follow a simple recipe.

(1) We “flatten” the n-stack s; so that it has the form of a well-bracketed sequence such
as the following (top of stack is the right-hand end)

ec---1---0---3300---23---[C---1[---17]

(2) The target of any pointer to a stack is deemed to be the rightmost symbol repre-
senting the stack, i.e. it is always an occurrence of ].
(3) The required subsequence — which we shall write as s; — is obtained by a right-to-
left scan of the well-bracketed sequence above according to the following rules.
— When an occurrence of ] is encountered, we simply continue the scan without
recording ].
— We record any stack symbols that are being scanned.
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— Whenever we encounter the source of a link of order 2 or more, the scan jumps
to its target (an occurrence of ]) without recording any nodes sandwiched in-
between. The source of the link is always recorded.

— The scan ends as soon as some [ is hit.

Note that the last condition is necessary to ensure that s is suitably defined for ev-

ery prefix of a reachable stack. This will be important in the proof of Property 6.17.

Here is a more formal definition.
Definition 6.14. Let s be an n-stack. The sequence s of stack symbols is defined as
follows.
€ tops(s) = [1,
s = (pop1(8)) Ag(u)  top(s) = u and v has a 1-link,
(collapse(s)) Ag(u) top,(s) = v and v has a k-link with £ > 1.

The next definition relates configurations of CPDA(G) with traversals over \(G).

Definition 6.15. Let G be an order-n recursion scheme, let s be a reachable config-
uration of CPDA(G), and let ¢ be a traversal over A\(G). We shall say that s computes ¢
if and only if the following conditions hold.

@) Aa(tops(s) ="t

(b) s=t.

(c) Suppose topy(s) = [vi, - ,vpn]. Let vi,---,v;, be the respective occurrences of
v1,--+,v, in t that contribute to "t7. Then popy ‘(s) computes t<,, for every
1 <7< n.

(d) Using the same notation as in (c), suppose v; has a link to an /-stack o. Let s, be
the prefix of s such that o is its top I-stack, i.e. s, = collapse(pop]™*(s)). Then s,
computes t,;.

Note that the definition is not circular, since t< (1 <¢< n)and t<w! (1 <¢<n)are
strictly shorter than ¢. In what follows we shall blur the distinction between v; and
its occurrence v}, as it will be clear from the context which occurrence is meant. The
notion of computing traversals is stable under higher-order pushes, as specified in the
next lemma.

LEMMA 6.16. Let s be an n-stack, s' = pushy(s) and k > 2. Given an n-stack s”
such that s < s"” < &/, let sy be the prefix of s obtained after the same sequence of
pop-operations as that used to obtain s” from s'. Then s"” computes t if and only if s
computes t for any traversal t.

PROOF. By induction on the length of s”. The base case of s is trivial: we have
topy1(s") = L = top,,(ss) and the empty traversal is computed in both cases.

For the inductive step, we need to show that s” and s, compute the same traversals.
To that end, observe that top,(s”) = top,(ss), because — according to the definition of
pushy, — topy(s”) is a clone of top,(ss). Note also that push, preserves links. Hence,
s"” = sgr. Thus, conditions (a) and (b) are fulfilled for the same traversal. For (c) and
(d), recall that top,(s”) = topy(ss+) and observe that the requirements regarding com-
putability of traversals by pop] ™" (for (c)) and s”, (for (d)) are covered by the inductive
hypothesis. O

The following implies Property 6.12.
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PROPERTY 6.17. Suppose

Tm—1

$1 2 59 2y 53 By Il s,
is a path in Graph,(CPDA(QG)) starting from the root and

Loy —
t sty Dty 2. Lt

is a path in Tr(G) starting from the root (i.e. the trivial traversal ¢). If s,, and t,, are
labelled by the same element of X U {4}, then the following conditons hold.

(i) Let u = top,(sm). Then u has a link in s, if and only if it is a j-child (j > 0) labelled
by a lambda of type A' which has order | > 1. Further, if u has a link, it points to
an (n —I)-stack.

(it) s; computest; forall 1 <i < m.

Note that (ii) implies that top,(s,,) is the same as the final vertex in ¢,,. Conse-
quently, the respective definitions of traversals and CPDA(G) imply Property 6.12.

Before going to the proof, we should give some examples that illustrate the relation-
ship between paths in CPDA(G) and in Tr(G).

Example 6.18. Take the following traversal over the computation tree of G (recall
that variable z has order 0 and variable ¢ has order 1) in Example 6.1 (see also Figure 2
for the associated HORS graph):

Vl\
w Ay g A Tz A

In Figure 3 we give the path of the corresponding 2-CPDA that ends in a configu-
ration that computes the above traversal. For ease of reading, in Figure 3 (and later
in Figures 6 and 7), instead of stack symbols we shall write their image by A rather
than the exact symbol from V.

To save space, we only present the interesting configurations in which the top;-
element of the stack is a variable node. In the picture, the top of a stack is at the
right-hand end, and links are represented by dotted arrows. Set ¢ to be the prefix of
the above traversal that ends in the node labelled by 2. We have

t= A @ Az Q@ Ap © A %) Ay g A z
which coincides with the 2-stack s (s is marked in Figure 3) by following the recipe.

Example 6.19. Consider the order-3 HORS graph in Figure 5 where variables
x1, T2,z have order 0, variable ¢ has order 1 and variable ¥ has order 2. For ease of
reference, we give nodes numeric names, which are indicated (within square-brackets)
as superscripts. Take the traversal t in Figure 4.

We present a run of the 3-CPDA that computes the traversal t in Figure 6 followed
by Figure 7 (for ease of reading, we represent nodes by their labels).

To see the correspondence with the traversal t, note that configurations s; and s3 in
Figures 6 and 7 respectively have the same top,-element which is node 7 (labelled by
x1). They correspond respectively to the two prefixes of t that end in node 7.

11We are abusing notation here. Technically, Av is a terminal symbol from the long transform G, hence
it should have order 0 or 1. However, by the type of Aiy) we mean (type(¢1),.. ., type(¢), 0), where ¢ =
Y1 Yg.
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[IA @ Az @ Ap 1]

S A @ Az @ Ap (p]/_...[.).\.. © )\z...@.. Ayl]

250 A @ Az @ Ap so]‘.[.).\.. @ )\ZIIII@;II')\y g Ayl

S [IA @ Az @ Ap ¢ Al

5 [[A @ Xz @ XAp ¢ X ¢]]

SN @ Ar @ Ap @ A <p]‘t>§“@ Az ..@."Ay]]

e[ @ Az @ Ap o A @‘[X@ Az @)\y g Azl s
5 [[A @ Xz @ Ao @ X @] A @ Al

5 [IA @ Xz @AXp © XA @] A@ X all

N

10 11 12 13 6 7 16 17 18

Fig. 4. An order-3 traversal

The traversal t corresponding to s3 is the prefix of t that ends in the later occurrence
of 7; we have

T = AXQ@AV U Apz f A o X @ Arze U Apz f A o Azhah x

The reader might wish to check that s3 = t. (Note that the justification pointers are
uniquely reconstructible from the underlying sequence of nodes and their respective
labels.)

The rest of the section is devoted to the proof of Property 6.17. The proofis by induc-
tion on m. Clearly the above assertions are valid when m = 1. For the inductive case,
we assume that the property holds for some m > 1.

We shall do so by a case analysis of the label of top, (s.,) = u.

First suppose u’s label is not a variable. Then s,,+1 = push(s,), for an appropriate
node. In particular, no new link is created.

For (i), observe that, because u’s label is not a variable, it follows from the definition
of CPDA(G) that, if v was a j-child labelled by a lambda of type A, then « would have
to be labelled by a X-symbol and, thus, the order of A would be 0.
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A0
|
@]
AU \ Apz[10)
| |
w3l f[ll]
-
Az 2o A8l A2 ™~ A
| |
5] : ol13]
/
Az 2y N s A4 o A
| | |
2,17 2,191 l15]
A1) N

»117]
Fig. 5. An example of an order-3 HORS graph.

For (i), t,, == t,,4+1 implies that ¢,,.; = t,,v, where v has a pointer to a suitable
node (there is only one way in which a pointer from v can be inserted so as to make
tm+1 into a traversal). We shall show that s,,.1 computes ¢,,,11.

For (a), we need to check that A\g(tops(sm+1)) = Ttms1 - We have Ag(topy(smt1)) =
A (topy(sm))v and, in all three cases corresponding to the rules (A), (S), (L), Ttmi1 " =
"t v holds. Thus, by induction hypothesis, we get Ag(topy(Sm+1)) = "tm+1 . For (b),
we note that s,,.1 = s, v and t;; = tmv. So, by induction hypothesis, s,,11 = t;;
Condition (c) follows immediately from the induction hypothesis and, because no new
links have been created, so does (d).

Next suppose u’s label is an order-/ variable, which is the i-parameter of binder(u)
(note that then we have ¢ > 1) and suppose binder(u) is a j-child. Then s,,,+1 = §(u)(sm)
where §(u) is given in Definition 6.7. There are four cases; in the following we shall use
the notations from Definition 6.7. In order to simplify the notations, we should refer to
Sm (resp. t,,) as s (resp. t) and to s,, 1 (resp. t,,+1) as s’ (resp. t').

1. Casel > 1 and j = 0. Let ; be the order-/ variable labelling u.

By the induction hypothesis of (ii), © must be the last node of ¢. It then follows from the
definition of a traversal (and from binder(u) being a 0-child) that ¢ has the following
shape:

YN N
= u
@ Ap Vi

(in the figure, the label of a node is the symbol just below it). Since the P-view of a
traversal satisfies the pointer condition and is a path in the HORS graph (Proposition
6.5), "t has the shape ---ugu;---u and the segment 6 has length p + 1, where p is

0
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sz]] ]

f)\cp]]}

.

Aoz A ¢]] |

Aoz f A ¢]] |

\I’][)\@ Apz]]

.)\cpz f )\..A<p]]

L _
\11][>\@ Aoz f A @]
.)\goz f ).\.._\4,0]]

o Azhxy 11

CWLIA @ Az f A ]

. A

Apz f A ]l

Vo Azhxh aill

CUIA @ Az f A @]] 52
SRR

©l]

.)\goz X )\]]}

)\cpzf)\cp)\go]]}

Fig. 6. A run of a 3-CPDA (Part 1 of 2).
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(X @ AV ¥ Azgaz 3.
| [IX @ AT ¥ A @ Apz f A o X 11 |
[IA @ AV ¥ Azyze U]
| [IA @ AT T [A @ Apz f A ¢ X g 11 |
- /» -
[IA @ AT ¥ Azizs - Tl A @ Apzl]
| [IX @ AV U] [A @ Apz f A e X 11|
—- L -
) (A @ AU ¥ Azizs Ul .[A @ Apz f A ]
| [IX @ AV 9] [A @ Apz  f A AT 11
[[A @ AU ¥ Azzs U Azjah 11
- [[A @ AV ¥ Azyzs 0L [A @ Xpz f A ¢l]
L[ @ A0 U] [A @ Apz f A ¢ AT 11 |
[IA @ AV O Azizs. ¥ Azhah @il
- [N @ AV T Azizs 01 [A Q@ Xpz f A ]l 53
| [IA @ AT W] X @ Apz  f A ¢ A% 1]
- [[)\@)\\I/\I/][)\@)\gozf)\go)\cp)\]]}
- [[A@}\\I/\I/][A@)\gozanp)\ap)\z]]]
- (A @ A ¥ X 1]

Fig. 7. A run of a 3-CPDA (Part 2 of 2).

the span of the variable node u. Indeed u belongs to "t and so does u; thanks to the
pointer condition; the length of # comes from "¢ being a path.

Consider the operation d(u) = push,,_,,1; poph*"; pushlEi(tOpl)’"_lH. By the induction
hypothesis of (ii), the top 1-stack of s — call it 0 — is the P-view of . Since the top
1-stack of push, ;s is a copy of o, applying pop’l’Jrl to push,,_;,(s) returns a stack
that has the @-labelled node u as the top,-element. The node that is pushed onto the
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top of the stack at this point is the i-child of ug, which we call v. Further, it has a link

to the top (n — I)-stack of the prefix s of &', hence collapse(s’) = s.

It follows from the structure of \(G) that v must be labelled by Av (say) of the same
type as the label ¢; of u, i.e. its type is also of order [ > 1. Thus, since 7 > 1, (i) follows
as required.

For (ii), observe that t' = tv, where v has a pointer (labelled by 7) to the occurrence of
uo indicated in the figure above. Also, we have t = t'. We shall show that s’ computes
.

(a) We need to show Ag(tops(s’)) = Tt'7. By definition of s’, we have A\g(topy(s’)) =
A (topy(8)<uy )U, 1.€. topy(s’) is the prefix of the 1-stack top,(s) — regarded as a
sequence — up to and including the occurrence of uy described above, extended by
v. By induction hypothesis (a), we have A\¢(top,(s)) = "t". Thus

Ac(topy(s') = "t <ugv = Ttcu, v ="t
as required (the second equation holds because u( appears in "¢7).

(b) We have s’ = sv (indeed v has a link and collapse s’ = s) and t = tv. Since s = t by
induction hypothesis (b), we have s’ = ?.

(c) Because the top 1-stack of s’ is (a copy of) a prefix of top,(s) extended with v, we
can simply appeal to the induction hypothesis (ii) — namely, part (c) and the fact
that s computes ¢.

(d) For the same reason as above, (d) holds for all links in top,(s’) except (possibly) the
single new link. Let ¢’ be the (n —[)-stack pointed at from v. Then we have s/, = s.
Because ¢t = t_, and s computes ¢, (d) also holds for the new link.

2. Case | > 1 and j > 0. Suppose the label of u is the order-/ variable p,, which is the
ith item of the list .

By induction hypothesis (ii) and definition of a traversal, ¢ has the following shape:

N
Y AP ©i

Further, the variable ) has the same type as Ap, which (say) is of order !’. It follows
that I’ > [ and, consequently, I’ > 1. By induction hypothesis (i) and (ii), s has the
following shape

top 1-stack of s

top (n — I)-stack of s, i.e. w

wherein u; has a link to some (n — I’)-stack o. Since I’ > [, the (n — I’)-stack o is
embedded in the top (n — [)-stack of s, as indicated by the figure above. Note that, by
induction hypothesis (ii (d)), s, computes ¢, . In particular the top,-element of 0 must
be up.

Now, to see the structure of s’, consider the operation d(u). Let w = top,,_;(s). The
operation push,,_;,(s) pushes a copy of w on top of s. The rest of §(u), namely,

popl; collapse; pustiEi(tOpl)’"_H'l7

affects only the top (duplicate) copy of w. Applying pop} to push,,_;,(s) returns a stack
that has u; as the top,-element; the collapse-operation then reduces it to a stack that
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has a copy ¢’ (say) of ¢ as its top (n — l)-stack, i.e. its top,-element is ug. The node that
is push,ed onto the top of the stack at the end of the J(u)-operation (to yield s’) is the
i-child of ug, which we shall call v. Observe that the structure of A\(G) implies that v
must then be labelled by Xy (say) whose type is the same as that of ¢;, i.e. its order is
[. Since v is linked to the (n — [)-stack w, (i) is satisfied.

For (ii), observe that ¢ = tv, where v has an i-pointer to the distinguished occurrence

of uy. Note that we then have ¢t <> . We need to show that s’ computes ¢'.

(a) Observe that "t'" = Tte,, upv = Tt<y, 'v. Since s, computes t,, (by induc-
tion hypothesis (ii (d))), so does s/, by Lemma 6.16. Hence, Ag(topy(s’)) =
A (10D (o) )o="t <y 0 = T

(b) Observe that s’ = sv (indeed v has a link and collapse(s') = s) and #’ = tv. Thus, by
induction hypothesis, s’ = #'.

(c) Since s/, computes t.,, and top,(s’) is a copy of top,(s),) augmented with v, (c)
holds.

(d) We only need to verify (d) for the new link (all other links satisfy (d) because s/,
computes t.,,). Recall that v points at the stack w. Since 5], = s and t_, = t, (d)
holds because s computes t.

3. Case | = 0 and j = 0. Suppose u’s label is the order-0 variable z.

By induction hypothesis (ii) and the definition of a traversal (and from binder(u) being
a 0-child), ¢t must have the following shape:

YN N
t — cee U9 U cee U
@ Ay T

Asin 1., "t has the shape - --ugu; - - - u and the segment 6 has length p + 1, where p is
~——

0
the span of the variable node u.

Consider the operation 6(u) = pop?™; pushlE ), Applying pop”™! to s returns a
stack that has the @-labelled node uy as the top,-element. The node that is push,ed
onto the top of the stack at this point is the i-child of ug, which we call v. It follows
from the structure of \(G) that v must be labelled by A, i.e. its type has order 0. Thus,
since v has no link, (i) follows as required.

For (ii), note that ¢’ = tv, where v has a pointer (labelled by 7) to the occurrence of ug

indicated above. We have ¢ — t'. We shall show that s’ computes ¢'.

i(tOPl

(a) We need to show Ag(topy(s’)) = Tt'7. By definition of s', we have top,(s’) =
(tops(s)) <uev- By induction hypothesis (ii), we have Ag(top,(s)) = "t™. Thus

Ac(topy(s)) = Tt <ugv = Ty, v ="t
as required. The second equation follows from the definition of " and the fact that
up appearsin "t
(b) We have s’ = (pop”*'(s)) v and ¢ = <, v. By induction hypothesis (ii (c)), pop” ™" (s)
computes t<,,, in particular pop?*(s) = t<,,. Thus, (b) holds.
(c) We simply appeal to the induction hypothesis (ii). As before, we need (c) and the
fact that s computes ¢.

(d) Note that no new links have been created in this case, so it suffices to appeal to the
induction hypothesis (ii (d)).

ACM Transactions on Computational Logic, Vol. V, No. N, Article A, Publication date: January YYYY.



Collapsible Pushdown Automata and Recursion Schemes A:39

4. Case | = 0 and j > 0. Suppose the label of v is the order-0 variable x, which is the
ith item of the list @.

By induction hypothesis (ii) and definition of a traversal, ¢ has the following shape:

PN
t — cee U9 U ceew
Y AP x

Further, the variable 1) has the same type as Ay, which (say) is of order I’. It follows
that I’ > [. By induction hypothesis (i) and (ii), s has the following shape

§ = [eeeee- oo Loyl ---1
—_————
top 1-stack

wherein u; has a link to some (n—1’)-stack . Note that, by induction hypothesis (ii (d)),
s computes ¢, . In particular the top,-element of o must be w.
Now, to understand what s looks like, consider the operation d(u) =

popY; collapse; pushfi(wpl). Applying pop! to s returns a stack that has u; as the top,-

element; the collapse-operation then reduces it to a stack that has o as its top (n — ')-
stack, i.e. its top,-element is u(. The node that is then push,ed onto the top of the stack
at the end of the §(u)-operation (to yield s) is the i-child of uy, which we shall call v.
Observe that the structure of A\(G) implies that v must then be labelled by A. Since v
does not have a link, (i) is satisfied.

For (ii) let ¢ = tv, where v has an i-pointer to the distinguished occurrence of ug.

Then ¢ is a traversal such that ¢ = ¢'. We need to show that s’ computes ¢'.

(a) Observe that "t/ = "t.,, "v. Since s, computes t,,, we have top,(s') = Ttey, v =
l‘t/T.

(b) Observe that s’ = s,v and ¥ = tzzlv. Again, since s, computes t.,,, we have

S¢ = t—u, and (b) follows.

(c) Because s, computes ¢, , condition (c) holds.

(d) Again, it suffices to appeal to the fact that s, computes ¢, , because no new links
have been created.

7. CONCLUSION

In this paper, we introduced collapsible pushdown automata and proved that they
are equi-expressive with (general) recursion schemes for generating trees. This is the
first automata-theoretic characterisation of higher-order recursions schemes in full
generality.

Due to its length, we decided to restrict this paper to the full proof of the Equi-
Expressivity Theorem (that was originally stated in [Hague et al. 2008]). In particu-
lar, we had to postpone those questions coming from logic and games. We now briefly
discuss the main results in this field as well as other consequences of the Equi-
Expressivity.

The Equi-Expressivity Theorem is significant because it acts as a bridge, enabling
inter-translation between model-checking problems about trees generated by recursion
scheme and model-checking problems/solvability of games on collapsible pushdown
graphs. Indeed, consider a p-calculus formula ¢ and a transition graph Graph(A) of
a CPDA. Deciding whether ¢ holds in some vertex v of the graph is equivalent to
decide whether the same formula ¢ is true at the root of the tree obtained by unfolding
Graph(.A) from v. As this tree can be obtained as the value tree of some scheme G, the
original question is reduced to decide validity of a y-calculus formula at the root of [ G].
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Of course this chain of reductions works in the other direction as well. In particular, the
results of [Ong 2006a] imply that p-calculus model-checking is decidable for transition
graphs of CPDA.

As p-calculus model-checking for transition graphs of CPDA is equivalent to solv-
ing parity games played on transition graphs of CPDA, it was a natural question to
study these games in order to transfer back decidability results to recursion schemes.
We showed in [Hague et al. 2008] that those games are decidable (actually they are
n-EXPTIME complete for order-n CPDA transition graphs), hence leading to an alter-
native proof of [Ong 2006a] for the decidability of MSO/u-calculus model-checking for
trees generated by recursion schemes.

Later, by carefully studying these games, Broadbent, Carayol, Ong and Serre showed
in [Broadbent et al. 2010] that the winning regions of these games admit a finite rep-
resentation that can later be used (in a non-trivial way and strongly relying on the
Equi-Expressivity Theorem) to prove that recursion schemes are constructively reflec-
tive with respect to p-calculus and MSO'2. This result was later subsumed by a result
of Carayol and Serre showing that recursion schemes enjoy the effective MSO selec-
tion property [Carayol and Serre 2012]. The main tools to prove this result are the
equi-expressivity theorem and a careful analysis of the winning strategies of parity
games played on transition graph of CPDA.

An important problem on recursion schemes was known as the safe/unsafe conjec-
ture. It asked whether there exists for all schemes, another scheme having the same
value tree and verifying the safety constraint. The Equi-Expressivity Theorem permits
to rephrase this question as whether CPDA are equi-expressive with higher-order PDA
for generating trees. The conjecture was that the former are strictly more expressive.
A first step in this direction was obtained by Parys who proved that the Urzyczyn lan-
guage (which is a language of finite words) is definable by a 2-CPDA but not by any de-
terministic 2-PDA [Parys 2011]. The proof was obtained by reasoning about accepting
runs of 2-PDA, and thus the result on schemes was made possible thanks to the Equi-
Expressivity Theorem. Parys recently extended this result by showing that the Urzy-
czyn language cannot be defined by any deterministic n-PDA (for any n) [Parys 2012].

In [Kartzow and Parys 2012] Karzow and Parys gave a pumping lemma for collapsi-
ble pushdown automata that, thanks to the Equi-Expressivity Theorem, establishes
the strictness of the hierarchy (RecT'ree,X), of trees generated by n-CPDA. More pre-
cisely, they gave, for every n > 0, a tree generated by an order-(n + 1) (safe) scheme
that no order-n scheme can generate.

The Equi-Expressivity Theorem also opened a new avenue of model-checking al-
gorithms for recursion schemes. The saturation technique — underlying the Moped
tool [Schwoon 2002; Suwimonteerabuth et al. 2005; Suwimonteerabuth et al. 2007] for
reachability analysis of PDA — was extended in [Broadbent et al. 2012] to CPDA,
which led to the implementation of the C-SHORe tool [Broadbent et al. 2013] for re-
cursion scheme model-checking. This automata-theoretic approach contrasted with ex-
isting tools (TRecS [Kobayashi 2009a], GTRecS(2) [Kobayashi 2011; Kobayashi 2012],
and TravMC [Neatherway et al. 2012]) that are based on intersection type checking.

12Tet R be a class of generators of node-labelled infinite trees, and £ be a logical language for describing

correctness properties of these trees. Given R € R and ¢ € £, we say that R, is a ¢-reflection of R just if

— R and R, generate the same underlying tree, and

— suppose a node u of the tree [ R] generated by R has label f, then the label of the node u of [ Ry, ] is f if
win [ R] satisfies ; it is f otherwise.

Thus if [R] is the computation tree of a program R, we may regard R, as a transform of R that can

internally observe its behaviour against a specification . We say that R is (constructively) reflective w.r.t. £
just if there is an algorithm that transforms a given pair (R, ¢) to R,,.
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This work also inspired the HorSat tool, which transferred the saturation method
to the intersection type setting [Broadbent and Kobayashi 2013]. For completeness,
we also mention the recent Preface tool [Ramsay et al. 2014], a fast counter-example
abstraction-refinement based model checker for recursion.

Another advantage of the automata-theoretic view on recursion schemes is the
transferral of techniques for reasoning about concurrent systems. The search for con-
current extensions of pushdown automata with decidable model-checking properties
has been well-studied, and it has been shown that a number of these extensions can
be generalised to CPDA [Hague 2013].

We conclude with a brief discussion of further directions:

(1) Is there an a la Caucal definition for the e-closure of CPDA graphs? As trees gen-
erated by n-CPDA are exactly those obtained by unravelling and unfolding an
n-CPDA graph, is there a class of transformations 7 from trees to graphs such
that every (n + 1)-CPDA graph is obtained by applying a 7-transformation to
some tree generated by an n-CPDA. Note that a 7-transformation may in gen-
eral not preserve MSO decidability (as n-CPDA graphs have undecidable MSO
theory [Hague et al. 2008]), but should preserve modal p-calculus decidability of
trees generated by n-CPDA.

(2) The deepest open problem is without any doubt the equivalence problem for higher-
order recursion schemes (i.e. given two schemes, decide whether they have the
same value tree). The Equi-Expressivity Theorem implies that the equivalence
problem for schemes is interreducible to the problem of decidability of language
equivalence between deterministic CPDA (as words acceptors). Of course this prob-
lem is extremely hard, as it would generalise the DPDA equivalence decidability
result of Sénizergues [Sénizergues 1997; Sénizergues 2002].
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