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Simultaneous Information and Energy Transmission
in Gaussian Interference Channels with Feedback

Nizar Khalfet and Samir M. Perlaza

Abstract—In this paper, the fundamental limits of simultaneous
information and energy transmission in the two-user Gaussian
interference channel with feedback are fully characterized. More
specifically, an achievable and converse region in terms of
information and energy transmission rates (in bits per channel
use and energy-units per channel use, respectively) are presented.
The achievable region is obtained using a combination of rate
splitting, power-splitting, common randomness, superposition
coding and block Markov decoding. Finally, the converse region
is obtained using some of the existing outer bounds for the
information transmission rates, as well as a new outer bound
for the energy transmission rate.

I. GAUSSIAN INTERFERENCE CHANNEL WITH ENERGY
HARVESTER

Consider the Gaussian interference channel with a non-
colocated energy harvester with feedback depicted in Fig.
Transmitter 4, with ¢ € {1,2}, aims to execute two
tasks: (a) an information transmission task and (b) an energy
transmission task.

A. Information Transmission Task

From the information transmission standpoint, the goal of
transmitter ¢ is to convey an independent message index
W; € W, to receiver ¢ using N channel input symbols
Xi1,X;2,...,X; ~n. The channel coefficient from transmitter
k to receiver 4, with k € {1,2}, is denoted by h;; € R4. At
receiver 4, during channel use n, input symbol X ,, is observed
at receiver 7 subject to the interference produced by the symbol
X, sent by transmitter j, with j € {1,2}\ {¢}, and a real
additive Gaussian noise Z, ,, with zero mean and variance o?.
Hence, the channel output at receiver ¢ during channel use n,
denoted by Y; j,, is

Yin =hiuXin +hij Xjn+ Zin. (1)

At each channel use n, the symbol X ,, sent by transmitter ¢
depends on the message index W;, a randomly generated index
@ € IN, and all previous channel-outputs Y; 1,Y; 2,...,Y; .4,
with d € IN the feedback delay. In the following, it is assumed
that d = 1 channel use, without any loss of generality. The
first channel input symbol X; ; depends only on the message
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index W, and 2 € IN. More specifically, fi(’]lv) Wi xIN = R

and for all n € {2,3,...,N}, [N - W, x Nx R"' — R
are the encoding functlons such that:

Xia=fY (Wi, Q) 2)
and for all n € {2,. N},
W= (W, QYY) 3)

The random index {2 is assumed to be independent of both W;
and Wy and known by all transmitters and receivers. Channel
input symbols X; 1, X;2,...,X; n are subject to an average
power constraint of the form

N

1

¥ 2 EXLI <P )
n=1

where P; denotes the average transmit power of transmitter
i in energy units per channel use. The expectation in (@)
is taken with respect to W;, €0, and the previous channel
outputs Y7,...,Y,_1. Note that W; and 2 are assumed to
be uniformly distributed over their corresponding sets.

Let T € IN be fixed and assume that during a given
communication, 7" blocks of N channel uses are transmit-
ted. The decoder of receiver ¢ observes the channel outputs
Y;1,Yi0,...,Y; 7 and uses a decoding function

$i: N x RNT — {1,2,...,28:)T (5)
to get an estimate of the message indices:

—(1) — ) —(T)

W W Wz ¢(Q)/7,17}/12a"'75/;,NT)7
» (6)
where W; ~ is an estimate of the message index sent during
block t € {1,2,...,T}. The decoding error probability during
block ¢ of a codebook of block-length N, denoted by 28 (N),

is given by
(t) an® (t)
# W7, Pr|Wy = # W. . (7)

PO(N)

= max (Pr {

The signal to noise ratio (SNR) at receiver ¢ is denoted by
|h”| P

SNR,; = ®)

’L
The interference to noise ratio (INR) at receiver ¢ is denoted
by

=, 9
with j # .
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Fig. 1. Two-user Gaussian interference channel with a non-collocated energy
harvester.

B. Energy Transmission Task

Let h3; € Ry be the channel coefficient from transmitter
i to the energy harvester (EH). The symbols sent by the
transmitters are observed by the EH subject to an additive
Gaussian noise Z3 , with zero mean and variance 03 More
specifically, the channel output at the EH, denoted by Y3 ,,, is

Y3, = hs1 X1n + hgoXopn + Z3 5. (10)

From the energy transmission standpoint, the goal of both
transmitters is to jointly guarantee an average energy rate at
the EH. Let b > 0 denote the minimum average energy rate
that must be guaranteed at the input of the EH. Let also B(™)
be the average energy rate (in energy-units per channel use)
at the end of N channel uses. That is,

N
Al

BWN) = NZY;W (11)

n=1
The SNR of transmitter ¢ at the EH is denoted by

hai|*P;

SNRy; — 112 |2 : (12)

93

Note that the maximum average energy rate Byp,.x 1S

Buax = 03 (1 + SNRg; + SNRsz + 21/SNR3;SNRaz ) -
(13)
The probability of energy outage, given an average energy rate
B, is defined as follows:
P(Nvé)

Nde(B) EPr[B™ < B —¢], (14)

for all B > b and some ¢ > 0.

C. Simultaneous Information and Energy Transmission (SIET)

Given a minimum energy rate b to be satisfied at the EH, the
system is said to be operating at the information-energy rate
triplet (R, R2, B) € R3. when both transmitter-receiver pairs
use a transmit-receive configurations such that: (i) reliable
communication at information rates R, and R is ensured; and
(ii) reliable energy transmission at energy rate B is ensured.
A formal definition is given below.

Definition 1 (Achievable Rates): The triplet (R1, Ro, B) €
]Ri is achievable if for all i € {1,2}, there exists a sequence

(N) (N) (N)

of encoding functions f; 5", fio’s. .., N and a decoding
function ¢; such that both the average error probability

() (N), for all t € {1,2,...,T}, and the energy-outage
probability P(Sfx L:ge( ) tend to zero as the block-length N

tends to infinity. That is,

limsup PY) =0, and (15)
N—o0
lim sup P(Ei\é;g)e =0. (16)
N—o0

Using Definition [T} the fundamental limits of simultaneous in-
formation and energy transmission in the Gaussian interference
channel can be described by the information-energy capacity
region, defined as follows.

Definition 2 (Information-Energy Capacity Region):  The
information-energy capacity region given a minimum energy
rate b, denoted by EF, corresponds to the closure of all
achievable information-energy rate triplets (R1, Ro, B).

II. MAIN RESULTS

The main result consists of a description of the information-
energy capacity region &, for a given b > 0. Such a
description is presented in the form of an approximation in
the sense of the definition hereunder.

Definition 3 (Approximation of a Set): Letn € IN be fixed.
A closed and convex region X C R} is approximated by the
sets X and X if X C X C X and Vx = (v1,...,2,) €
X then ((x1—&)7, (21 —&)7, .. (w0 —&a)T) € X, for
some (£1,&2,...,&,) € R
The following sections show that the information-energy ca-
pacity region £F, with b any positive real number is approx-

imated by the regions £ &y (Theorem |1 Ib and &, , (Theorem |2 '

A. Achievability

The following theorem describes a set of rate-tuples that are
achievable (Definition [T)).

Theorem 1: Let b be a fixed positive real. Then, the
information-energy capacity region &, contains all the rate
tuples (R1, Ro, B) that satisfy for all i € {1,2} and j €
{1, 23\ {a}:

R <l <1+(1 Aie)SNR;+(1-)¢ ) INR;+2p/SNR; INR)
=908 1-+1;,INR;
(17a)
R, < llog <1 +A—(p+ )‘iE))INRj)
2 1+ )\ipINRj
1 1+ X\;pSNR; + )\ijNRZ—)
ylos ( 1+ ), INR; ’ (175)

1+ A;»SNR; + )\ijNRZ-)

1
<4 (
Fat Ry < 5 log 1+ A, INR,



14+(1=A;)SNRj+(1- ;. )INR /+2p+ /SNR; INR)

1
o
tylos 1A, INR;
(17¢)

b<B< 0’% (1 4+ SNR3; + SNR3s + 2p+/ SNR31SNR32

+2\/)\1€SNR31)\268NR31>, (17d)

where (p, Nip, Nie) € [0, 13, such that p+ Nip + Nje < 1.
Proof: The sketch of proof of Theorem |I|is presented in

the following section. ]

B. Sketch of proof of Achievability

The achievability scheme presented in this section is built
upon random coding arguments using rate-splitting [1], super-
position coding, backward decoding [2]], common randomness
and power-spliting [3]. Let Wi(t) € {1,2...,2NR} and
Q € {1,2...,2NFe} be the message index and the
common random index at transmitter ¢ during the ¢-th
block. Following a rate-splitting argument, the index VV;” is
divided into two sub-indices W, € {1,2...,2VR.r} and

Wil e {1,2...,2¥R.c}, where R; ¢ + Rip = Ri. At the
end of block ¢, the message indices Wz(tc)* and Wi(g must
be decoded by receiver i, whereas Wl(g must be decoded
by receiver j, and by transmitter j via feedback. Therefore
at the beginning of block ¢, each transmitter possesses the
knowledge of the indices W1( c Y and W( Y. In the case of

the first block ¢ = 1, the indices W(O) and W(% correspond
to two indices assumed to be known by all transmitters and
receivers. The codebook generation at transmitter z follows
a four-level superposition coding scheme. The first-layer
codebook is common and consists of 2V®= codewords of
length N symbols, denoted by v(1), v(2),..., v(|2Nf=]).
Note that both transmitters know €2, hence they are able to
choose the same codeword v(€) from the first-layer codebook.
The index (2 as well as the codeword v(£2) are also known at
the receivers, which highlights that the role of this codebook
is not information transmission but energy transmission.
For each codeword in the first-layer codebook, transmitters
possesses a sub-codebook of 2N(fict+R2c)  codewords.
The codewords superposed on codeword v(f)) are denoted
by U(Qv 1, 1)3 u(Qv L, 2)7 s U(Qv LQNRLCL L2NR2'CJ)'
The resulting [2VRe| . [2NFic| . |2NRz2c| codewords
are referred to as the second-layer codebook. For each
codeword in the second-layer codebook there is a
sub-codebook of 2Nfi.c  codewords. The codewords
superposed on codeword w(€2, Wl(tc_ D, WQ(tc_ 1)) are denoted

by wi(Q WGV WiV ), w@wiig Y Wit 2),

u; (9, Wl(fgl), Wz(,t(;l), |2V ERic ), The resulting
|2V FE | [2N e | |2V 2.0 | [2NFic | codewords
are referred to as the third-layer code. For each
codeword in the third-layer codebook there is a
sub-codebook of 2Nfi.r  codewords. The codewords

superposed on codeword wu;(2, Wl(fgl),WQ(fgl),WitC))

are denoted by s:(Q, Wl(fgl) , WQ(fc_l) , Wl(tc), 1),
si(Q WY wylcY w2,

si (WD WD Wl [9NRir ) The
LQNREJ L2NR1’CJ LQNRQYCJ LQNR,;,CJ LQNRi’PJ
codewords are referred to as the four layer code. For
transmitting the triplet (Q,Wl(tg D,Wéfé ! 7WL-(7tC)v7Wi(7t]l)7

resulting

the  channel input-symbol X;, at channel use
n € {1,2,...,N} is a deterministic function
of the mn-th components of the codewords wv(f),

w(@ Wi W) wi(@Wie Y WiV wiR) and
5 (9, Wl(tg v, WQ(tg b, Wl(g, Wz(?,) The information rates
(R1, Ry) that are achievable by the code described above
satisfy the following inequalities.

Lemma 1: The set of achievable information rate pairs
(R1, R2) satisfies the following inequalities for all i € {1,2}
and j € {1,2}\{i}:

Ri < I(U, X, U;; Y|V, (182)
R < I({U:Y;|U.X;,V)
+I1(X;; Y3 |U;, U5, U, V), (18b)
Ry + Ry < I(X3;Y3|Us, Uy, U, V)
+I(V, Uj7Xi;Y;), (18¢)

for a given joint distribution Py yy, U,s, s, (U, U, U1, Ug, 1, S2)
that  factorizes as Py (v) Py (ulv) Pyjuv(ui|uv)
Py, jov(ualuv)  Ps,juu,v(s1luuiv)  Ps,juu,v(s2|uugv)
and X; = 0, (V,U,U;, S;), with 01 and 05 injective functions.

Proof: The proof of Lemma [I] uses standard arguments
of weak typicality and is omitted in this paper. [ ]
For all k € {1,2} and a fixed tuple (p, Akc, Akp, Ake) € [0, 1]
such that p+ Apc 4+ Agp + Ape = 1, consider the following ran-
dom variables: V ~ N(0,1); U ~ N (0, p); U, ~ N (0, Ae);
and Sy ~ N(0, Akp), which are independent of each other.
Let the channel input of transmitter k be

Xt =/ PU + /P Sk + / PuUk + \/ Ake P V.

The choice of this input distribution yields

19)

1 1o ( 1+(1—)\16)SNR,ri-(l—)\je)INRZ-I-Q,O\/ SNRJNRZ >
9 8 1+ A, INR; ’
(20a)
L, (1+((p +Aie>>INR-)
I(U;, X3, U Y; =1 ( + ),(20b
(Ua 7U]7 |V) 2 Og 1+)\1pINRJ 7( 0 )
1 14+ AipSNR; + A, INR;
I Xz" }/7 f i =1 ( p ? JpP ? ) .
( 9 |Ua U 9 U]? V) 2 Og 1 + )\JpINRz
(20c)

Finally, plugging (20) into (I8) completes the proof of (I7a)
- (17¢).

The average received energy rate B achieved by using the



code described above is given by

B=E[Y3,]
:hglE[Xin] + h3,B[X3 )] + 2hg1hso B[ X1 0 X ] + 03
<h31 P+ W32 Pa + 2|ha1||hsa |/ PLPa(p + v/ Aiedae) + 03
=03 (1 + SNR31 + SNR32

+2\/ SNR318NR32(p —+ v/ )\18)\2€)> .

From the weak law of large numbers [4], it holds that Ve > 0,
lim Pr(BWY) < B—¢)=0. 21
Jim r( <B-¢€)=0 1)
From (ZI)), it holds that for any energy rate B that satisfies
0 < B < B, it holds that
lim Pr(B™) < B - e) =0,
N—o00

which proves and completes the sketch of proof.

(22)

C. Converse

The following theorem describes a converse region denoted
by &, .

Theorem 2: Let b be a fixed positive real. Then, the
information-energy capacity region 5bF is contained into the set
of all the rate tuples (R1, Ro, B) that satisfy for all i € {1,2}

and j € {1,2}\{i}:

1
R;< 5 log (1+,81 SNRmL,Bj INR;+2p BiSNR,; 5]INR1> s

(23a)
1 Bi(1 - p*))SNR;
RZ% log (1 1 + 3:(1 — p2)INRj>
% log <1 + Bi(1 — pQ)INRj), (23b)

BN

1
R+ Ro<-1 (1
pHesglee (M 18 1~ A)INR,

1
+§log (1+5jSNRj+6Z-INRj+2p B;SNR; BZ-INRJ>7
(23¢)
B<1+SNR3;+SNR32+2p+/ 1 SNR3; f2SNRa3,

+2\/(1 — Bl)SNRg,l(l — Bz)SNRS%

with (/Bl,ﬁQ) S [0, 1]2
Proof: The sketch of the proof of Theorem [2]is presented
in the following section. ]

D. Sketch of proof of the Converse

Fix an information-energy rate triplet (R, Ro, B) achiev-
able with a given coding scheme (Definition [I). Denote by
X1 and X5 the channel inputs resulting from transmitting the
independent messages (W1, Q) and (W, §2) using such coding
scheme. Denote by Y'; and Y5 the corresponding channel
outputs. Define the following random variables:

S1 = h91 X1+ Z5, and
Sy = h12Xa + 721,

(23d)

where, Z1 and Zy are real Gaussian random variables inde-
pendent of each other with zero means and variances U% and

2 . . . 5 . .
o3, respectively. Using assumption (T3) and Fano’s inequality
and following similar steps as in [2], it can be shown that
the information rates ?; and Ry must satisfy the following
inequalities for all ¢ € {1,2} and j € {1,2}\{i}:

WE

NR; (h(Yin) — h(Zin)] + o(N), (24a)
n=1
N
NR; < Z[h(yj,n)p{,n) - h(Zj,n)
n=1
h(Yin| Xjn, Siin) — W(Zin)] + o(N),
(24b)
N
N(Rl + RQ) < Z[h()/i,n|8i,na ij,)
n=1
_h(Zi,n) + h(YJ,n) - h’(ZjﬂL)] + O(N),
(24¢)
where w tends to zero as N tends to infinity.

Using assumption (T6), for a given ey > 0 and an 7 > 0,
there exist Ny(n) such that for any N > Ny(n) it holds that

Pr (B<N> <B- eN) <. (25)
Equivalently,
Pr(B(N)zB—eN) >1-—n. (26)
From Markov’s inequality, the following holds:
(B—en)Pr(BM <B-ey) <BBM]. @)
Combining and yields
(B —en)(1—1) < EB™], (28)
which can be written as
(B - dn) < B[B™M), (29)

for some 6y > en and a sufficiently large N.

In the following, for all n € N, the bounds in and
are evaluated assuming that the channel inputs X, ,, and X»
are arbitrary correlated random variables with

AN
pin = B[X; 5], (30)
Vin 2 Var[X; ], (31)
An 2 Cov[X1nXo.n]. (32)

The input sequences must satisfy the input power constraint
which can be written for ¢ € {1,2}, as

1 1 X 1 &
n=1 n=1

n=1
(33)



Using these elements, the terms in the right-hand side of 24) Consider the following definitions, for all i € {1,2}:
can be upper-bounded as follows:

N
258 2
e 3
| =y ; M (382)
h(Yin) < 3 log, (2me(hi? ,+ hz;’Y] nt2hiihijAntol)) N
o 1 2
(34a) %= 2 Vi and (38b)
(Yl Xp) < 5 ( 2 g N )h?) n=1
h(YinlXjn) < zlog| 147,01 — 52—)% A A2
! 2 ' 7@2,n'732‘,n ‘732' B = % (38¢)
+- log(27rea ), and (34b) a1 N ) )
) TR P (38d)
1 ’yi,n(l - »in‘n»yj?n )T? n=1
h(Yin|Xjn; Sin) < 5 log | 1+ SN Plugging (34) in (24) and after some manipulations using the

2 (1 _ X i
1+ 951 ’y?,,p/f,n) o? definitions in (38) yields:

1
+ = log(2mea?). (34c) 1 B2 B2 ~2 h2.h2 ~2~2
’ i Vj i’ ViV
2 Ri < 5 log Z_% + =l op) [ ) (39)

The expectation of the average received energy rate is given 1 B2
b - 1 A2 (1 = p?
N 2\ h%;
1 — )5
EBM] =B |- v2,| = 710g L (39b)
N — 1 2 hji
n=1 + 97 (1 =)
N 1 2 2 J 212 .22
Z Vit iin) |+ 5 | ¥ > (Bt 130) R+ Ry < “log h3; W a4 2, GRG0
n=1 n=1 2 0'2- 04 0'44l
N J J J
1
+2ha1 hsy (N > O+ m,nuz,n>> +03. (35) ,
_ 2 2\ hii
n=1 1 Y (1 —=p%) o2
+—log | 1+ e (39¢)
. . . . 2 1+ 2(1 —p?) %
Using Cauchy-Schwarz inequality, the energy rate in (33)) can Vi P52
be upper-bounded as follows: B < o2+ h2(72 +pd) + h2,(72 + 12)
+ha (73 + pi3) + 2hathaa(lp] [yallvel + [ llpe)), (39)
N
B>, 39e
E[B(N)]<U?2,+h§1< Z’hn+ﬂ1n> o)
=1 for some 1,72, 42 and p3 that saturate the power constraint
N (33). Some trivial manipulations using the definitions of SNRs
Z Vo 13,0) and INRs on (39) complete the sketch of proof.
N 1/2 N 1/2 E. Approximation of the Information-Energy Capacity Region
1 1 2 . . F —=F
2h31h32 N 221 An|+ Z N 2:1 Ha n Using the inner region £, and the outer region &,
n= n=1 n=

described respectively by Theorem [I] and Theorem [2] the
(36) information-energy capacity region & can be approximated
in the sense of Definition [3

F F 3
Combining (29) and (36) yields the following upper-bound on  _ Theorem 3 (Approximation of &):  Let &, C Rj and
the energy rate B: Eb C R% be the sets of tuples (Ry, Ro, B) described by

Theorem |Z| and Theorem [2} respectively. Then,

F F — of
h2 h2 N &, C& C&, (40)
= 0?2> + 31 E 71 ,n + :u‘l n N E (Pyg,n + lu’g,n)

n=1 n=1 and for all (R1, Ro, B) € gllj it follows that ((R1—2)%, (Ra—
N V2N 12\ 2)F, (B — Buax)ty c £F
2h31h3o ‘ Z A ( fﬂ) (N Z M%,n) Proof: Following sinlilFar steps as in [2], it can be shown

1 that for all (Ry, Ra,0) € &, it follows that ((R; —2)T, (Ra —
+6N. (37)2)T,0) € &;. Note also that for all (R;,Ry,B) € ?5
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R, [bits/ch.use] 3 3

R, [bits/ch.use]

Fig. 2. 3-D representation of §bF .

and for all (Ry, Ry, B’) € &}, there always exists a tuple
(81, B2s Atey A2e, p) such that:

B-B
Brmax
_ 2Aha[lhsa| VP Py (VI=B)0 = B) + pv/Bia)
0‘% + h%lpl + h%2P2 + 2|h31||h32‘\/ PPy
< 24/SNR31SNR32
~ 1+ SNR3; + SNR32 + 24/SNR31SNR3,
< 2v/SNR31SNR 32
~ 14 4+/SNR31SNR32

1
2 )
which completes the proof. [ |
ITII. EXAMPLE
o 60
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Fig. 3. 3-D representation of E,l:.

Consider a Gaussian interference channel with feedback
and an external EH with parameters SNR; = SNRy, = 20
dB, INRl = INR2 = SNRgl = SNR32 = 10 dB and
o2 = 1. Figure [2| and Figure |3| show £, and &}, respectively,
with b = 0. Note that for all B € [0,1 + SNR3; +
SNR3s], transmitting information with independent codewords
is enough to satisfy the energy rate constraints. This implies
that 81 = B2 = 1 is optimal in this regime. Alternatively, for
all B € [1+ SNR3; + SNR32, Bimax|, transmitters deal with
trade-off between the information and energy rate. Increasing
B reduces the information region and makes the information-
energy capacity region shrink.
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