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Abstract

We are interested in acoustic wave propagation in time harmonic regime in a
two-dimensional medium which is a local perturbation of an infinite isotropic
or anisotropic homogeneous medium. We investigate the question of finding
artificial boundary conditions to reduce the numerical computations to a
neighborhood of this perturbation. Our objective is to derive a method which
can extend to the anisotropic elastic problem for which classical approaches
fail. The idea consists in coupling several semi-analytical representations
of the solution in halfspaces surrounding the defect with a Finite Element
computation of the solution around the defect. As representations of the same
function, they have to match in the infinite intersections of the halfspaces.
It leads to a formulation which couples, via integral operators, the solution
in a bounded domain including the defect and its traces on the edge of the
halfspaces. A stability property is shown for this new formulation.

Keywords:  Anisotropic Helmholtz equation; plane-waves representations;
Fourier Transform; Integral operators; Domain Decomposition Methods.

1. Introduction and model problem

This work is motivated by the numerical simulation of Non Destructive Test-
ing or Structural Health Monitoring experiments in anisotropic elastic media
(see for instance (4)). More precisely, we are interested in simulating the
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diffraction of time-harmonic waves by a localized perturbation in a homoge-
neous two dimensional infinite anisotropic elastic medium. Since the medium
is infinite, there are theoretical difficulties -how to define the so called out-
going solution of such problem?- and numerical difficulties -can we introduce
an equivalent formulation which is suitable for numerical purposes (for in-
stance a formulation set in a bounded domain with appropriate boundary
conditions)?

This is an old problematic (15) for time harmonic scalar wave equations
and there exist several methods. They are all based on the natural idea of
reducing the pure numerical computations to a bounded domain containing
the perturbations (achieved using for instance Finite Element methods). A
first class of methods consists in applying an artificial boundary conditions,
around the bounded domain, which is transparent or approximately trans-
parent as in : (1) integral equation techniques, (2) Dirichlet-to-Neumann ap-
proaches providing that the boundary is properly chosen to allow separation
of variables and (3) local radiation conditions at finite distance constructed
as local approximations at various order of the exact non local condition.
These techniques were first introduced for the time harmonic scalar wave
equation - the Helmholtz equation - and then extended to isotropic elasticity
problems using simply the Helmholtz decomposition of the displacement field
in terms of potential (see for instance (16)). However it seems that all these
techniques either do not extend to anisotropic elastic media - the separation
of variables is not possible anymore to determine the Dirichlet-to-Neumann
(DtN) operator - or do extend but with a tremendous computational cost -
for the integral equation techniques, the Green tensor depends not only on
the distance between two points but also on the orientation (26). A second
class of methods consists in surrounding the computational domain by a Per-
fectly Matched absorbing Layer (PML). PML techniques are very popular
because they are efficient and easy to implement in a large class of problems.
But they may be inoperant. Roughly speaking, the PML absorbs the wave
with an outgoing phase velocity, preventing them to come back in the com-
putational domain, while in order to catch the physical solution, it should
absorb the waves with outgoing group velocities. That is why to our knowl-
edge the standard PML technique works for isotropic elastic media (in which
the waves with outgoing phase velocities have outgoing group velocities and
vice versa) but cannot work for general anisotropic elastic media where the
two velocities may differ (3; 23; 6). Let us mention finally the pole condition



method which was developped recently and adapted to anisotropic elastic
waveguide in the past few years (19; 18).

By contrast, our method which is inspired by the method developped in
(12; 13) for locally perturbed periodic media can cover all the cases. It is
based on a simple idea: the solution of homogeneous -isotropic or anisotropic,
acoustic or elastic- halfspace problems can be expressed thanks to its trace
on the halfspace boundary. As several halfspaces surrounding the perturba-
tions are needed to recover the whole domain, they will necessarily overlap.
The second step is then to find conditions to ensure the compatibility of the
representations in the overlapping zones. This method has links with domain
decomposition methods with overlap (22; 11; 25), with the specific difficulty
that here the overlapping zones are unbounded. More precisely, the idea is
to split the whole domain into five parts:

e asquare that includes the defect (and all the inhomogeneities) in which
we will use a Finite Element representation of the solution,

e and 4 half-planes, parallel to the four edges of the square in which the
medium is homogeneous.

Taking advantage of the homogeneity of the medium in a half-plane, we can
give an explicit (integral) expression of the solution given (for instance) its
trace on the edge of the half-plane, via the Fourier transform in the transverse
direction. With these integral representations and the Finite Element repre-
sentation of the solution in the square, we can formulate a coupled problem.
To ensure the compatibility of the different representations, as in domain
decomposition methods, we impose transmission conditions on the edges of
the subdomains. This leads us to a system of coupled equations where the
unknowns are the solution in the bounded square and the traces of the solu-
tion on the edges of the half-planes.

Obviously, compared to absorbing layers methods, this approach is more
costly due to the additional unknowns (the traces) linked by non-local inte-
gral equations. One counterpart is that this additional computation of the
traces enables to reconstruct a posteriori the solution in the half-planes (and
therefore in the whole domain), which is impossible for instance when using
non exact absorbing boundary conditions or PML.



In the paper, we consider the simple model case of a scalar equation: the
dissipative anisotropic Helmholtz equation. We reformulate the diffraction
problem and analyse the properties of this reformulation. Let us underline
that, thought our analysis holds only for dissipative media, the method gives
good numerical results also in the non-dissipative case. We will explain, in
a dedicated section, the theoretical difficulties raised by the case without
dissipation. We should also emphasize that this approach remains valid for
anisotropic elastic media since it mainly relies on the homogeneity of the
medium in the half-planes to get the Fourier representations (see (24)). The
complete description of the method in the elastic case will be the topic of
another paper.

The general model problem that we consider in this paper is then
| —div(A(w,y)Vp) —wZ pla,y)p = f in Q, (1)

in the time harmonic regime at the frequency Re(w.) = w with a small ab-
sorption Im(w.) = ¢ > 0, where A is a symmetric positive definite matrix of
(L>°(€2))**? modelling the anisotropy and p is a strictly positive function of
L>(Q).

The propagation domain 2 is typically R?, or R? minus a set of obstacles
which are included in a bounded region

Ja >0, 00CQ,=(—a,a)

In presence of obstacles, some boundary conditions have to be added to
the model. The source term f is supposed to be a function of L*(Q2) with a
compact support included in €2,. Finally, the matrix A is a local perturbation
of a constant matrix Ay

>0
supp(A — Ag) C Q,, where Ag = (g; Ez) with {21’062 (e ’)2 - (2)
162 — (63 ’

and the function p is a local perturbation of a constant function, which is
taken, without loss of generalities, equal to 1

supp(p — 1) C Q. (3)
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For variational boundary conditions on 0f2 -for instance Neumann or Dirich-
let conditions- it is well known that thanks to the dissipation, this problem
admits a unique solution in H*(£2).

To clarify the presentation of the method, we will consider three situations
of increasing difficulty.

(Case 1)

(Case 2)

(Case 3)

The propagation medium is here Q = R? \ €, and non homogene-
neous Dirichlet boundary conditions are imposed on its boundary. The
source term f = 0, A = Ay = Id and p = 1 in . Coupling ana-
lytical representations of the solution in the 4 halfspaces surrounding
the obstacle O = (), and ensuring that all representations match, we
end up with a system of integral equations whose unknowns are the 4
traces of the solution on the edges of the halfspaces. We show stability
and well-posedness of this formulation in a framework which is suitable
for numerical simulations. Finally, we show in Appendix A that O
can be a triangle (resp. any other convex polygon with N sides) and a
similar approach can be applied but 3 unknowns (resp. N unknowns)
are involved.

We consider here the general isotropic case Ay = Id, in presence of
source terms and possible perturbations of the geometry, the matrix A
and the coefficient p. The idea here is that any perturbation can be
taken into account using a Finite Element (FE) method, as soon as it
is contained in a bounded region. Here, we examine the coupling be-
tween the FE representation of the solution and the system of integral
equations obtained in the previous case. We point out the importance
of the presence of an overlap between the FE box and each halfspace.
Thanks to this overlap, we show again stability properties and well-
posedness for this problem.

We consider here the general anisotropic case. We investigate the in-
fluence of the anisotropy on the extension of the previous results.

We give in the next section the main results of the paper. More precisely, we
explain formally how to derive the formulations corresponding to each situ-
ation and give the associated stability results. Moreover, we show numerical
results to illustrate the efficiency of the method and to motivate the reader to
continue the next sections which are much more technical. Sections 3, 4 and



5 correspond to the theoretical study of, respectively the Case 1, the Case
2 and the Case 3 and contain the proofs of the associated theorems, respec-
tively Theorem 2.2, Theorem 2.5 and Theorem 2.6. In Section 7, we explain
the theoretical difficulties of the non dissipative case (¢ = 0). Even if there
are still some open questions in that case, we obtain convincing numerical
results when extending formally the halfspace matching method.

Remark 1.1. As explained before, this method was inpired by previous works
where the medium is periodic in two directions outside a bounded region(12;
13). Let us emphasize that in these works, no stability results on the method
was obtained. What we claim is that thanks to the results of the present
paper, we could now obtain stability result of the formulation in the periodic
case and perform the numerical analysis. This will be the topic of another

paper.

2. Main results

2.1. Case 1 : the halfspace matching method for the isotropic case

We consider the following problem: let Q = R?\ Q,, g € HY?(09Q) and
find the unique solution p € H'(Q) of

—Ap—w?p=0 in Q,

(4)

p=g on 0.

The domain € is the union of 4 half-planes Q7 that lie on the 4 edges of the
square 2,. Using the following local coordinates for all j € [0, 3]

I e e ] | B ORE SC

the half-planes are defined as follows for all j € [0, 3]
O ={2" >a} x {yy €R} ¥ =00V :={2' =a} x {yY €R}. (6)
Finally, we denote
Yoo =09, and ¥ =3, N¥. (7)

These notations are summarized on Figure 1.
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Figure 1: The notations defined in (5-6-7).

As explained in the introduction, the formulation uses the representation
of the solution in each halfspace €/ surrounding the obstacle. Let us then
introduce the halfspace problem: for any ¢y € HY?(%7), find the unique
solution P7(¢)) € H ()

(8)

—API — 2Pl =0 in Q)
P =4 on I

Using the Fourier transform in the 3’ —direction, it is easy to see that, the
solution of (8) is given by
V(z7,y7) € [a, +oo[xR

Pi(y)(a?,y) = %27 /M)elv wi—@lalma) gty e 9)

where the square root is defined with the convention Im\/ > 0 and 7:0\ is the
Fourier transformation of v using the convention,

VEER, P(E) = \/iz_ﬂ /R By e dy.
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Let us now derive the halfspace matching formulation which involves only
the traces of the solution p on the edges Y7 of 2 that we denote

¢ =ply- (10)
We have thanks to the boundary conditions satisfied by p in (4)
&g, = 9l (11)

Moreover, because p is solution of (4), its restriction to € is solution of (8)
with ¢ = ¢’ so o
Do = P& (12)
The trace of p on Q2 N X! is given by ¢! by (10) and by P°(°) by (12) so
we have necessarily
Sol‘zgmng = PO(SOO)}zngg'

Applying this reasoning to the other half lines ¥+ N QI we get

@ji1‘2£i1mgé = Pj(QOj)‘Zga'jdeg, VJ € Z/4Z (13)

The system of coupled equations (13) and (11) constitutes the halfspace
matching formulation for the problem (4). To understand the nature of this
system of equations and to analyze it, let us introduce the operators

v € HY2(S]), Djutp = P(Y)|gyer - (14)

By classical trace theorem, the operators D; 4, are continuous operators from
HY2(21) to HY?2(23¥' N QJ). In the isotropic case, the expressions of the
operators D; 4, derive directly from the expressions of two operators Dy €
L(HY?(R), H'?(a,+0c0)) as follows

Vi € HY2 (%), D;ilg/}j (zj,y; =a) = Dyyp(x;) forz; >a (15)
(identifying H'/2(X7) to H'/?(R)) where D~ are defined by

Diy(x) = \/% /ﬂgi}(f)e’\/ wi=gz=a)Flage  for 1 > q. (16)

Gathering (11), (13) and (14), we have shown that the set of traces

3
(") e € [ H*(2D)

J=0
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is solution of
@ = Dj-;l ot on X Nt

Vi € Z/4AZ, ¢ =DM P on DI nQIt (17)

ng

Sha ISl

We have then derived a system of coupled integral equations satisfied by the
traces ¢’ of the solution p of (4). Moreover, there is an equivalence result
between problem (4) and system (17). Indeed, from a solution (¢7);eo 3]
in [T HY?(X7) of (17) and using the halfspace representations (9), we can
construct a solution p of (4). The only difficulty is to show that the halfspace
representations match in their intersections - which are quarter planes. We
can state then the following proposition whose proof is detailed in Section 3.

Proposition 2.1. Let g € HY?*(3,,). If p € HY(Q) is solution of (4) then
(p? = p|2j)je[[0,3ﬂ is solution in [[ HY?(%2) of (17).

Conversely, if (¢*);eoa) in [IHY?(XI) is solution of (17) then p defined
by
vie[0.3], ply = PI(o) (18)

where PI(-) is solution of the halfspace problem (8) (see also the expression
(9)), is a function defined "unequivocally”, is in H'(Q) and is solution of

(4)-

This is the system (17) that we aim to discretize. If we want to use a FE
method, a variational formulation has to be derived and using the functional
framework [] H'/2(X7) could be intrincate. That is why we consider (17)
when looking to the traces in [ L*(%?). The operators Dg 4, which inter-
vene in the formulation are well-defined and even continuous from L?(37) to
L2(3*E N QJ) (see Section 3.2 for more details). Writing for all j € [0, 3],
o =)+ g‘zéa, we can easily show that Problem (17) in the L?—framework
is equivalent to

3

b = (p))jepar € Vo ={Wo = () € [[ L7530, V4, ¢l =0} (19)

j=0



is solution of
Ady =By,
where A € L(V}), B € L(L*(Z4), Vo) and
(ADo); = ¢y — Dj "y = DI gt
(Bg); = D] " glgy1 + Dj " gl

(20)
Vi € Z/AZ,

where for all j, we define the functions Dgﬂ gog)il, D;ilglzjil e LX) N
Q) as functions of L*(3?) by extending them by 0. We are able to show
stability property and well posedness of problem (20) in V4.

Theorem 2.2 (Main result (Case 1)). (1) The operator A € L(Vy) is
the sum of a coercive operator and a compact one. Thus, for Problem (20),
Fredholm alternative holds.

(2) Problem (20) is well posed in Vj.
This Theorem will be shown in Section 3.

Remark 2.3. If g € HY/%(3,,), the last theorem gives that the problems (4)
and (20) are equivalent. If the data g is only in L?(34,), we cannot expect
that the solution p is in H'(Q). By using the transposition methods, in (21),
the authors analyse how to understand the solution of such boundary value
problem in bounded convex domain. They introduce a very weak formulation
(the unknown is only in L? but the test functions is much more regular ).
In recent papers (1; 2), an extension to non convex polygonal bounded do-
main which requires an involved analysis is proposed. For the particular case
of Problem (20), we have introduced a simple formulation which is stable
and whose unique solution is such that its trace on each line ¥ is L* (or
equivalently its restriction to each halfspace  is HY/?).

Let us point out that what is done here with €2, being a square can be
extended naturally to the case of any convex polygon €2,. The unknowns,
which are involved in the corresponding system of equations, correspond to
the traces of the solution on the boundary of the halfspaces supported by
each edge of the polygon. See Appendix A for more details.
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2.2. Case 2 : coupling the halfspace matching method with the FE method in
the isotropic case

We consider now problem (4), still in the isotropic case : Ay = Id. Without
loss of generality, for conciseness of the statement, we suppose A = Ay and
Q = R? (it suffices to adapt the variational formulation and/or the functional
framework to take into account the presence of perturbations, obstacles and
the associated boundary conditions). Thus the problem simplifies to

—Ap—wlpp=f in R’ (21)
where Supp(p — 1) and Supp(f) are included in £2,.

Let us first introduce some new notations. For b > a, we denote (see Figure 2)

Qb = (_b7 b)Qv Zbb = aQb and E{)b = {(fl],y)7 Ty = b and yj € (_ba b)}

(22)
where the (27, 1y7) are defined in (5).
T
5
e
A 2 i
A .
5
22

a

Figure 2: Second set of notations (22) (with the dashed lines are the 37’s defined in (6)).

In Figure 2, five domains appear: a bounded one €2, and the four halfspaces
QJ. If b = a, there is no overlap between the bounded domain and the halfs-
paces whereas if b > a, there exists an overlap. We will see that this overlap
has an important role from a theoretical point of view.

Let us now derive the new formulation. Thanks to the previous section,
it is easy to see that the traces ¢’ of p on the lines 3/ have to satisfy (13).

11



On the other hand, if p, denotes the restriction of p to €2, then it is solution
of

‘ —Apy—wZppy=f in Q. (23)
For all j, in Q, N Y, we have introduced two representations of the same

a’

function: p’ solution of (23) and P’(¢?) solution of (8). We have then in

particular that
b

J
Eaa

J 24
© - (24)
Vp-n’|  =VPI() n/

S

, (25)

=,
where n/ = (27 = 1,3 = 0) is the normal to ¥J,. Let us introduce the
operators

Vjie[0,3], Ve HYA(XI), Ny =VP(y)-n’ (26)

bb
By classical trace theorem, the operators A7 are continuous operators from
HY?(21) to H-Y/2(%},) where H~'/2(%,) is defined as the dual of H'/?(3,)
which contains the functions of H'/2(37,) which, when extending by 0, are
H'/2(3;). In the isotropic case, we have that for all j € [0,3], A7 can be
expressed directly from the operator A € L(HY/2(R), H=*/2(—b,b)) by

v e HVA(XL), N () =by)) = Ap(y') fory’ € (=bb)  (27)
(identifying H'/2(27) and H'?(R)) where A is defined by

Ap(y) = % / /w2 — E P(E)e VI etuge  fory € (—b,b). (28)
T Jr
Gathering (13), (14), (23), (24), (25) and (26) we have shown that

3
po€ H'() and  (¢7)jeps € [[HY*(2)

§=0
is solution of
—Apy —wZppy = fin

=N, Yie]o3]

bb
Ol =p , Vjie[o0,3] (29)
15l Sia

@ = D;.'*l ot on XN Ve Z/AL
¢ =DM P onDINQIYY, Ve Z/AZ

12



There is here also an equivalence result between problem (4) in the isotropic
case and the system (29). Indeed, from the trace unknowns, we can construct
a solution pey of the homogeneous isotropic Helmholtz equation outside 2%,
as in Case (1). Now the difficulty is to show that this function pey coincides
with py in the overlapping zone €, \ ,, which will be shown in Section 4.1.

Proposition 2.4. If p € H'(Q) is solution of (21) then (py, (¥7)je0.31)
where p, = p‘Qb and for all j, ¢/ = p‘zj is solution in H'(S) x [ H/*(7)
of (29).

Conversely, if (pb, (¢*)jepo31) in H' (%) x T HY?(X2) is solution of (29)
then p defined by

p}Qb = Dp, and VJ S [[0,3]]7 p|QZL - PJ(SOJ% (30>

where PI(-) is solution of the halfspace problem (8) (see also the expression
(9)), is a function defined "unequivocally”, is in HY () and is solution of
(21).

This is the system (29) that we aim to discretize and we have then to derive a
variational formulation. However this is possible only for b > a, the problem,
being as in (14), the cross points (see Section 4.2 for more details). Moreover,
as for the case (1), we want to consider the trace unknowns in L? for numerical
purposes. For b > a, the operators A7 which intervene in the formulation are
well-defined and continuous from L?(%7) to L*(3},). Thus, for b > a, and by
using, as for Case (1), for all j, gpé =l — pb‘Eia’ we introduce a variational

formulation associated to (29) :
Find (pb, b = (g@‘é)jeuo,gﬂ) € H'() x Vj such that V(qb, \I/) € H'(Q) x Vj

Vpb . V% — W2pb% + (A@, ‘I])VO - (Bf}/pr ‘I])VO
Qp

3
- Z [(Aj WJPb;Qb)ng - (Aj%,%)ggb} = [ (31)
j=0 2

where V; is defined in (19), the operators A and B are defined in (20), the
operator 7y (resp. 77) is the trace operator from H'(€,) to L?(X4,) (resp.
from H'(%) to L2(X7.)), (-, -)Eib is the Hermitian product in L*(37,), (-, *)v,

is the Hermitian product in [] L?(X7?) and where we define the functions of

13



L3(%3 ), L*(32 N QU+ as functions of L?(37) when extending by 0.

Extending the proof of Theorem 2.2, we can show a stability result as well.

Theorem 2.5 (Main result (Case 2)). (1) The bilinear form associated
to (31) in (H (%) x Vi)? is the sum of a coercive bilinear form and a compact
one. Thus, for Problem (31), Fredholm alternative holds.

(2) Problem (31) is well posed and if (py, ®o = (©})jeo)) 10 H () x Vy is
solution of (31) then p defined as in (30) with for all j, ¢! = ¢} +pb|2j is
a function defined "unequivocally”, is in H*(Q2) and is solution of (21).

This Theorem will be shown in Section 4.2.

2.3. Case 3 : coupling the halfspace matching method and the FE method in
the anisotropic case

Now, we consider Problem (1) in the general anisotropic case. Again without

loss of generality, we suppose Q = R%. The method to derive the system of

coupled equations is exactly the same than in Case (2), the only difference

being the expression of the solution of the corresponding halfspace problems

and then the expression of the integral operators defined in (14) and (26).

The solution P7(¢) € H'(Q), for any » € HY/?(%7) of the halfspace prob-
lems

—V - (A VPI) —w2Pi=0 in
( 0 ) wE m a (32>

P =4 on XY

is now given by

P%Mﬂy0=£;4¢®€wwﬂwwﬁ,VWJUEM+%VR

(33)
where the coefficients 77/ () are defined by :
_ 2 —d 2
€)= 1) = T 4 I with dy(e) = S IE
C1 (Cl) (34)
1 3 i§cs . wley —d&?
r(&) =) = == +i/da(§)  with dy(8) = —————
C (c2)?
where d := cic; — (c3)°. We deduce then the expressions of the operators

Dj,, and A for all j € Z/4Z defined respectively in (14) and (26). Contrary

14



to the isotropic case, the operators are a prior: different from each other.
Using the same ideas than in Case (2), we can show that for b > a

3
o =p|, € H'(Q) and (¢ = p|,,)jeps € [[L7(2D)

J=0

is solution of (31) with for all j, ¢} = ¢/ — pb}zj where, here, the operators
are given by for all ¢ € H'Y/?(X)

DIz, y; = +a) = P(&)e O eFtade  fora; >a  (35)

1
V2T Jr
and

Nip(a; =b,y;) = \/% /Rrj(é) D(E)e” OC=Devde, for y; € (—b,b). (36)

Proposition 2.4 extends easily to the anisotropic case. Indeed, as the reader
will notice in the proof detailed in Section 4.1, we do not use the expression
of the solution of the halfspace problems or the expression of the operators.

Let us now introduce the variational formulation
Find (py, ®o = (¢})jepo31) € H () xVp such that ¥(g, o) € H' (%) xVj

/ AVpy - VG — w’pp G + (AD, U)y, — (B py, ¥)ys
Qp

3
[(Aj Dby B)yj — (A gy, Qb)ng} = [ fa (37)
j=0 g
where V; is defined in (19), the operators A and B are defined in (20), the
operator 7 (resp. 77) is the trace operator from H'(€;) to L?(X4,) (resp.
from H(%) to L2(X7.)), (-, )y is the Hermitian product in L2321, (v
is the Hermitian product in [] L?(X7) and where we define the functions of
L2333 ), L*(3 N QL) as functions of L?(X7) when extending by 0.

The main difference in the anisotropic case concerns the stability results of

the variational formulation which are linked to the properties of the operators
Dj,, and .
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Theorem 2.6 (Main result (Case 3)). Letb > a and 0 defined by tan(f) =
Ve —AJesif e £ 0 and 0 = 7/2 if ez = 0.

(1) If
max(sin(6/2), cos(/2)) max(y/c1, /¢2) < (crca — 2)V4, (38)

the bilinear form associated to (37) is the sum of a coercive bilinear
2.

form and a compact one in (H'(Q) X Vp)?;
(i1) In the general case, Fredholm alternative holds for the problem (37) and
it is well-posed.

This theorem will be established in Section 5. As you can notice, the first re-
sult was proved only for a certain class of moderate anisotropy. In particular
if the 2° and y° directions are chosen regarding the directions of anisotropy
of Ag then ¢3 = 0 and the condition (38) reduces to

max (Z—;, Z—j) < 4.

2.4. Numerical results

To end this section, let us briefly describe how to discretize this new formu-
lation and show some numerical results to illustrate and validate the method.

For the approximation of the formulation (20) (resp. (31) and (37)), we
use 1D Lagrange FE method for the trace unknowns (resp. 2D Lagrange
FE method for the volumic unknown). More precisely, the finite dimensional
space Vj,+ C V; contains piecewise polynomial functions of L*(—7T,T)* where
T > 0. Let us emphasize that the numerical analysis at that point can be
done directly thanks to the stability results (using the coercive+compact
properties)

The difficulty in practice is to handle the integral operator terms. For in-
stance, to compute

o0

1 i -~ 1/ w2—E2(z—a) 1€a
(D% 00) gy = 5= | 010) [ BN FE e o

where ¢ and ¢ are functions of L?(a, +00),

16



e we reduce the inner integral in £ to the interval [T, T¢] where Ty > 0,

e we use a quadrature formula to discretize the integral in &.

Doing so, the previous integral is approximated by

Ne oo
1
~ i ez.ﬁna en/we—ﬁ%(a:—a) 2)dx
2 7o) / v

where the {&,}nep, Ne] correspond to the quadrature nodes. Since ¢ and ¢
are piecewise polynomial (and compactly supported), we can compute ex-
actly p(&,) and the integral term in x. We can treat similarly the integral
terms related to the operators D;ﬂ and AJ. The complete numerical analysis
of the method will be the topic of a forthcoming paper.

To validate the method, we have consider in Case (1) the particular data
of the Hankel function on the boundary of the square:

1 s

In that situation, we can validate the results since we know the exact so-
lution is given by p(z,y) = 4 H(wey/2? +y?). On Figure 3 (left), we have
represented on (—7,T) the real part of ¢° and its approximation taking
we = 10 + 0.0012 and using 1D P2 finite elements with A = 0.05, T" = 6,
Te = 20 and a Gauss quadrature formula of order 4 in a regular mesh of size
0.025. We get a relative error in L?(—T,T) of 1.2%. Let us emphasize that
with this method, we can reconstruct the solution in the exterior domain.
Indeed, we can compute a posteriori the solution in each halfspace €2/ using
the formulae (8) as represented on Figure 3 (right). Surprisingly, as we can
see, even though the traces ¢’ are not close to zero at 7 = T, the results
are quite good.

p(z,y)

Yaa”

Let us now show a numerical simulation in the anisotropic case. We have
used the following parameters:

we. =104+ 0.0012 and A= [ L _0'8}

—-0.8 1
It is a case of strong anisotropy for which the condition (38) is not satisfied.
We can see on Figure 4 that the method gives good numerical results. One

simple way to validate these results is to see if the reconstructed solution in
the halfspaces match in the quarters of plane.
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Figure 3: On the left: Real part of the computed trace ¢ on X0 (the black line) and

real part of the exact solution (the dashed red line). On the right: Real part of the
reconstructed solution in the exterior domain.

0.1 L " "
-6 -4 -2 [} 2 4 6

Real Part 0
1.000e-01

0.0625

-5.000e-02

Figure 4: Real part of the computed solution in €2, and reconstruction of the solution in
the halfspace €2J.



3. Theoretical results related to the Case (1)

In this section, we give the proof of Proposition 2.1 in Section 3.1 and the
proof of Theorem 2.2 in Sections 3.2 and 3.3.

3.1. The problem (4) and the formulation (17) are equivalent.
Proposition 2.1 states that

1. the traces on X7 of the solution of the original problem (4) are solution
of the integral formulation (17): this is true by construction (see Section
2.1);

2. from a solution of the integral formulation (17), we can reconstruct
the solution of (4): this is proven in this section - for now the trace
unknowns are in H'/2.

Let us suppose that (¢7);cqos in [ HY?(32) is solution of (17). We want
to reconstruct the solution p in H*(Q2) of (4).

For instance, from ¢° € H'Y2(3Y), we consider the corresponding halfspace
solution P°(%) in H'(Q0) and from o' € HY?(3!), we consider the corre-
sponding halfspace solution P'(p') in H'(Ql). We claim that because °
and ¢! are solution of the first two equations of (17), P°(¢%) and P'(¢!)
coincide in Q2 N QL. Indeed,

e by linearity the difference V' = P°(p°) — P!(p!) is a solution of the
Helmholtz equation in the quarter plane

—AV -V =0 in QNQ. (39)

e the first equation of (17) with j = 1 is equivalent to saying that

1 0,0
=P
v 2inQg ((,0 ) 2inQg
and by definition, we have ' = P!(¢")| . Then
Ell
% = PO — P! =0.
z1lnQo (80 ) 1lnQo (<,0 ) »lnQd
We deduce likewise -using the second equation with 7 = 0- that
V = 0 and then
29nQl
V‘ —0. (40)
a(2NQ)



So, by using (39) and (40), and by uniqueness of the quarter plane problem in
Hg, we conclude that V' = 0 and that P°(¢°) and P'(¢') coincide in Q2 NQL.

We can then define unequivocally a function p by

— PO(° d — Pl(ph).
Ploo (¢") an Pl (¢)

Moreover, this function is solution in H* of the Helmholtz equation in Q°UQ!.

Using the other equations of (17) and the same kind of arguments, we can
show that

Vj € ZJAZ, P(¢’) and PIT(') coincide on Q7 N QI

and then the function p defined by

= P'(¢)

ng

is defined unequivocally and is solution in H' of the Helmholtz equation in
Q. Finally,
vie[0,3], p

o =P

aa

=9
Yta Yta

where the second inequality is deduced thanks to the third line of (17). This
function p is then solution of (4).

3.2. Stability property of the integral formulation (20)

We prove in this section, a part of Theorem 2.2 which states that the
operator A defined in (20) is the sum of a coercive operator and a compact
one. The well posedness of Problem (20) in V; will be proven in Section 3.3.

By (15) and (16), we can rewrite the operator A as

0o JD_ 0 J°Dy
JID, 0 JLD_ 0

0 J2D. 0 J:D_
JD_ 0 J*D, 0

A=1- (41)

where we have identified L?(37) and L?(R) and where for all j € Z/47Z, J),
are unitary isomorphism from L?(a, +00) to L*(3? N QJ*!) defined by

Vo € L(a,400), JLv(af =a,y) = (L)), for £y Za  (42)
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Let us note that Vj, J ;’ is a canonical isomorphism and J;” makes the funtions
run through +o0o to a. Finally, we remind the reader that D, are operators
from L?(R) to L*(a,+o0) defined by

1 ~ 2 —€2 (a—
Vo € L*(R), Dip(z)= Nor / P(é)eVwEmSlmalgRtage - for 1 > q.
R

It is quite obvious that the operators D, are continuous operators from
HY2(R) to HY*(a,+o0) (it suffices to use (14) where it is defined thanks
to the trace operator). It is less obvious (but true) that the same property
holds in the L? framework. To show this result, it is possible to use, as in
(21), abstracts arguments: the operator being continuous from H'/2(R) to
HY %(a,+00), using a transposition argument, we can define it as a contin-
uous operator from H~'/2(R) to [Héf(a, +00)]’, and finally an interpolation
argument gives that it is a continuous operator from L?(R) to L?(a,+00)).
A more constructive proof is provided in this section.

To show the stability property of Theorem 2.2, additional properties for
the operators D, and D_ are required. We first state these properties for
D, and give a detailed proof. Similar properties for D_ will be then given,
without proofs, since similar arguments can be used.

Let us define for all interval I C R, Ry is a restriction operator of L?*(R)
defined by

Vo € L*(R), Ryp=¢onl and Ryp=0onR\/[ (43)

Proposition 3.1. The operator D is continuous from L*(R) to L?(a, +00).
Moreover,

1. Dy Ra,100) can be decomposed as
D+ R(a,—i—oo) = L+ R(a,-‘roo) + K+ (44>

where K is a compact operator from L*(R) to L*(a,+o0) and Ly is a
continuous operator from L*(R) to L*(a,+00) which satisfies

1
Vo € LX(R), | L+ Riatoo) #ll22(a400) £ —= 1 R(a,400) Ol r2(m);
V2
2. Dy R(_oo—q) is a compact operator from L*(R) to L*(a,+00).
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The main difficulty in the analysis is that D, is not a compact operator.
Going back to the halfspace problem, D, is a trace operator on a half-line
touching the boundary of the halfspace. The lack of compactness comes from
this intersection point. To analyse the non-compact part and inspired by
singularity theory (20), we introduce the static equivalent of D* for w. = 0,
denoted by L below. This strategy is often used in Integral Equation analy-
sis, see for instance (5).

By decomposing D, as
Dy = Rap D+ + Rip00) D+ (45)
the proof of Proposition 3.1 follows from the following properties
e the operator R, 100Dy 1 L*(R) — L*(a, +00) is a compact operator;

e the operator R(,p) Dy = R L + K where L is a continuous operator
from L*(R) to L?*(a,+o00) and K, is a compact operator from L*(R) to
L*(a, +00);

o Vo € L*(R), |IL Roro0) #llz2(ato0) < 75 1R (0 400) Oll2my;
® L R(_c—q) is a compact operator from L*(R) to L*(a,+o0)

Lemma 3.2. The operator Ry 400Dy : L*(R) — L*(a,+00) is a compact
operator.

Proof: Let us notice that D, is a kernel operator

Ve LA(5Y), Dyi(z) = %27 /R DOk (2, E)de, forz>a,

with the kernel

k’+(l’, 5) — ez\/wg—@(x—a)ez{a.

Since b > a, this kernel is square-integrable

- g 2Im(y/w2—€2)(b-a)
Z, ral = < 400
/IR;/I; | +( é)l 5 R 211’11( /wg — 52)

Classical results on Hilbert-Schmidt operators gives that R, ;o) D5 is com-
pact. [ ]
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Lemma 3.3. The operator R D+ : L*(R) — L*(a, +00) can be written
R(a7b)D+ = R(a,b)L + K3 (46)

where L is a continuous operator from L*(R) to L*(a,+o0) and K, is a
compact operator from L*(R) to L*(a,+0oc). Moreover
1. L is bounded by 1 ;
1
2. VQP € L2<R)> HLR(a,Jroo) SOHLQ(a,-‘roo) < % HR(CLHrOO) SOHLZ(R);
3. Riap)L R—oo—a) is a compact operator from L*(R) to L*(a,+00)

Proof: Let ¢ be in L*(R) and let us introduce v(y) a solution in the
distributional sense of

—Av=0, inQ
{ v="0, nQY )
v(ip)=¢p, onxz=oa.

We use in what follows the Mellin Transform (see for instance (20) for more
details). Denoting (r,6) the polar coordinates defined by (see Figure 5)

r=+/(z—a)?+(y—a)? € (0,+00)
™ y—a (48)
6= B +arctan(x — a) € (0,m),

we introduce the function w defined for a.e. (¢,0) € B = R x (0,7) by
w(t,0) = v(z,y) where t = log(r) and (r,0) defined in (48). The function w
is a solution in the distributional sense of

—Aw=0 inB

w(t,0) = wy(t) := p(—€' + a) (49)

w(t,m) = w,(t) := @(e' + a).
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EO

f=m
- 0) = (t=1Inr0
(DS E=0) -
=0

Figure 5: Notations and change of variables
Since ¢ is in L?(R), we have t — e//?wq(t) and t — e//?w,(t) in L*(R) and
e wo ()| 2w) = 1]l r2(-ccy  and [l wr(®)]lr2m) = @/l 2@ 100) (50
To compute w, we can use the Fourier-Laplace transform defined by

(V) = Myoau](\) = /R e Mu(t) dt. (51)

It is an isomorphism between {u, ¢’'u € L*(R)} and L*(¢_g) where {_5 =
{A=—F+1s, s € R}, for all 5 € R and we have the Plancherel formula

1
28t 2 3, SONZ AN — (17112
[ uopa= oo [ a0pan= il 62
-5
We have in particular thanks to (50)
wo € L2(C-1y2), lollL2qe_y ) = 1@l 22(~o0.a) (53)
Wr € L2(€_1/2), ||w7rHL2(e_1/2) = ||90|’L2(a,+oo)

Applying this transformation to (49) and using the classical derivation rule
of the Fourier transform, we show that § — w(\, ) is solution of an ODE
parametrized by A. Solving this ODE, we obtain for A ¢ Z

V0 € (0,7), W 0) = AN T —0)dwo(N) + AN 0) i (\)  (54)

where
_ sin(A0)
AN 0) = ()’ (55)
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For all @ € (0,7), s — A(—1/241s,0) is in L>(R), its supremum is attained
for s = 0 and it is equal to sin(6/2). In particular for # = 7 /2, we have

sup [A(\7/2)] = —

—1/2+R

>

and then
. 1 . .
[0 7/2)[[L20_p) < —= [lWollz2e_, ) + l0xllzege_, )] - (56)
V2

We deduce using successively (53), (50), (52) and the change of variables
r = €' that

o) €Latoo) and [ufe)| s < el

The operator L defined by

Vo € L*(R), Ly =uv(p)

(57)

y=a

is then a continuous operator from L?(R) to L?(a,+o0) and its norm is
bounded by 1 (this bound is optimal but we do not prove it here since it is
not useful for the following).

Moreover, using that

sup  sup A\ 6)] =1
9e(0,m) —1/2+4R

we show with the same tools that

/ \v(r,0)|2drd6:/ /\w(t,0)|2etdtd6
0 R+ 0 R
- / / DA 02 dAd0 < 2| p[2a. (58)
—1/2

This means that r~/2v € L2(€,). Thus v is not in L?(,) but it is L2 _(£2,)
and for any compact set K C §2,, we have

30 >0, ol < Cllellw.
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By noticing that L¢ is also given by

Lo(x) = \/%_ﬂ /R H(€)elEle—a) g

we can show using the same arguments than in the proof of Lemma 3.2 that
Rip) (D1 — L) is a compact operator.

The property on LR, 4« can be deduced from the previous computation
by taking <p| (—ooa) = 0 or equivalently wy = 0. From the estimation (56), we
can conclude that

1
VQO S L2(R)a HLR(a,+oo) QOHLQ(a,-i-oo) < E HR(a,Jroo) SOHLQ(R)'

Finally, let us consider the previous computations with ¢ = 0 on (—a, +00).
The function w is solution of (49) with w, = 0 and wy(t) = ¢(—e'+a). Since
o(y) = 0 for y > —a, we have e wy is in L*(R) for all v > 0. By using
the Fourier Laplace Transform defined in (51), @y is in L*(¢,) for all v > 0.
Moreover, again as in the proof of Lemma 3.3, for A\ ¢ Z

We can show that

Vy>0,v¢ N supA(\0) < +o0

Ly

which enables us to deduce that
Vy>0,7v¢N M\ 0) € L*(L,).

In particular for § = 7/2 and by using the properties of the Fourier-Laplace
Transform, we have then

Vy>0,v¢N e "ouw(t,7/2) € L*(R)
which gives
Yy >0, r= Y2 (10 )u(r, 7/2) € L*(a, +00).

If we choose v = 1/2, we obtain that L R(_s _qyp = v(r,m/2) € H'(a, +0).
By compact embedding of H'(a, b) in L*(a, b), we conclude that R, ) L R(—s0,—a)
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is a compact operator from L*(R) to L?(a, +00). [

Using the same arguments, we can show the following properties for D_.

Proposition 3.4. The operator D_ is continuous from L*(R) to L*(a, +00).
Moreover,

1. D_ R ,—q) can be decomposed as
D_ R(_oq_a) =L_ R(_Oq_a) + K_

K_ is a compact operator from L*(R) to L*(a,~+oo) where L_ is a
continuous operator from L*(R) to L*(a,+0o0) which satisfies

1
Vo € L*(R),  ||L- R(-o0,-a) ¢ll22(a,100) < NG |1 R(—c0,-a) Pl L2(w);

2. D_ Ry 4o0) is a compact operator from L*(R) to L*(a,+00).

Using the previous results, we can now prove that the operator A € L(V}),
described in (41), is the sum of a coercive operator and a compact one.
Indeed, using Propositions 3.1 and 3.4, the operator A can be decomposed
as

I-L-K (59)
where
0 J?r L_R(_s,—a) 0 JO Ly Rg 400
L— Jt Ly R4 400 0 J}r L_R(_s —a) 0
0 J? Ly R4 400 0 Ji L_R(_w —a)
Ji L_R(_w —a) 0 J? L R4 400 0
(60)
and

0 JK. 0 JK,
ko |JAEe 0 JLKL 0
0 K, 0 K.

K. 0  JK, 0

(61)

where the .JJ are unitary isomorphism defined in (42), K, = DyR(_oo—a) +
K Ryto0) and K- = D_R, 1o0) + K_R(_o, _q) are compact operators of
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L*(R), by Proposition 3.1 and 3.4. K is then a compact operator of [ L*(%).
Moreover, it is easy to see that the norm of L as an operator of 1} is bounded
by 1/v/2 by noting that for all j € Z/3Z and for all ¢/*! € L?(¥*1) and
e LA(ZTY),

. , . a 1 - .
| JLL-R(—oo—a)’ '+ Ly Rig o0y’ H|? < §<HR<a,+oo)90] 1H2+HR(foo,fa)90”1H2>

so that

1 3

ILe)? < 53 (1R I + 1R oe-oI)

=0

Consequently, I — L is coercive in Vj.

3.3. Well posedness of the integral formulation (20)
As the operator A involved in (20) is a Fredholm operator of index 0, it suf-
fices to show its injectivity to deduce its surjectivity.

Similarly to Section 3.1, let us suppose that (¢7);eo,31 is solution of Problem
(20) with g = 0 but here it is only in [] L*(X7). By reconstructing a solution
of (4) with g = 0, we want to show that (¢7);cfo,31 = 0. The difficulty here
is that the corresponding halfspace solutions are not in H' since the ;s are
not in HY? but in L.

From ¢° € L*(XY) (resp. o' € L*(X})), we consider the halfspace func-
tion P°(°) (resp. P'(¢')) defined in (9) which is only in H'/2(Q0%) (resp.
H'2(QL)). Tt is the solution of the corresponding halfspace problem in QY
(resp. ) in a very weak sense (see (21)). Because of this non varia-
tional framework, it is less obvious than in Section 3.1 to prove that be-
cause ¢ and ¢! are solution of the first two equations of (17) , P°(¢%) and
Pl(¢") coincide in QY N QL. Nevertheless, we can show that the difference
V = PY%e%) — PYp) € L2QY) with Q% = Q% N Q! is solution in the
distributional sense of the Helmholtz equation

AV —w?V =0 in Q.

Moreover, the "trace” of V vanishes on the boundary of the quarter-plane in
the sense that

Vu € H*(Q) N Hy(QM), AV u = / V Au.
Q! Q!
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We deduce that

O:/ (AV—%—wfV)u:/ V (Au+ wiu).
Qa' Q3

Using classical results of regularity of solutions in convex polygonal domains
(see for instance (17)), we know that the operator

AQh s H2(Qg) N Hy(Q') — L*(Qg")
u = Au+wiu

is surjective. We conclude that V = 0 and then P°(¢") and P*(¢') coincide
in the quarter plane QY.

Using the other equations of (17) and the same kind of arguments, we can
show that the function p € L?*(Q) defined by

p‘Qg = P'(¢)

is defined unequivocally. Let us prove now that p = 0. By definition, it is
solution in the distributional sense of the Helmholtz equation in €2 and its
trace on each line 3/ are in L2 Moreover, we can show that its "trace” on
0f), vanishes in the sense that

Yu € H*(Q) N Hy(Q), /QApu:/QpAu. (62)

Indeed, we have thanks to (17, Theorem 1.5.3) that (62) holds for any
u € H?(Q) N H}(Q) which vanishes near the corners and the subset of

H?(Q) N H}(Q) of functions which vanishes near the corners is dense in
H?(Q) N H () by extending the proof of Lemma 2.1.2 of (17).

We deduce that the function p satisfies for all u € H*(Q) N Hg(9),

0= /(Ap—l—wgp)u: /p(Au—l—wfu).
Q Q
The function p is then orthogonal to the range of the operator

A:H*(Q)NHNQ) — L2(2)
u Au+w§u.
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Using (17, Section 2.3), p can then be decomposed as
3
PR+ Z a; 7“;2/3 sin(26,/3)
=0

where (r;,0;) are the polar coordinates whose origin is the corner (z; =
a,y; = a) and such that 6; is the angle from 7 . The restriction of p to each
halfspace € being in H/2(2) (or equivalently the "trace” of p to each line
37 being in L*(€)), we conclude that each o; = 0 and then p is in H'(Q).
As a solution of the Helmholtz equation in 2 whose trace vanishes on 02, p
is equal to 0 and its traces on each ¥/ as well : ¢/ = 0.

4. Theoretical results associated to Case (2)

In this section, we give the proof of Proposition 2.4 in Section 4.1 and The-
orem 2.5 in Sections 4.2.

4.1. Problem (1) in the isotropic case and Problem (29) are equivalent

Proposition 2.4 states that

1. the restriction in €, and the traces on X? of the solution of the original
problem (4) are solution of Problem (29): this is true by construction;
2. from a solution of Problem (29), we can reconstruct the solution of (1):
this is proven in Section 4.1 - for now the trace unknowns are in H'/2.

Let us suppose that (py, (¢7)jeqo,37) in H'(Qp) x [JHY?(X) is solution of
(29). Because, (¢7)jeo,3) satisfy the last two equations of (29), using the same
arguments than in Section 3.1, we can construct unequivocally a function pey
in HY(Q\ Q,) by

Vj e H073H7 pext‘Qg - Pj(gpj> (63>

which is solution of the homogeneous Helmholtz equation (4) with

\V/.] c [[0,3]]7 pext‘zja'a = Spj i (64)

If b > a, as p, satisfies the first equation of (29) and by construction of pey,

we deduce that v = pb’m\ﬂ — pext‘ﬂb\ﬂ is solution in H'(Qy \ ©,) of

—Av—w?v=0
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and for all j € [0, 3],

U‘Ej = pb}zj - goj‘zj =0, by (64) and the third equation of (29)
Vo - nj‘zj =Vps - nj|zj — Nl =0 by (63) and the second equation of (29),
bb bb

where the last equality has to be understood in the L? sense because, by
interior regularity arguments, A/’ € L*(X])) for b > a. We conclude that

Pb = Pext 0 2\ Qg
If b = a, using similar arguments, we show that
v, pb|2ia = pext|2ga and  Vp, - nj‘ng = VDext - nj|2£b
which gives (by (21) for instance)
Pl = Pext|y, and Vppn|g = Vpea ny, .

In both cases, we can construct (unequivocally if b > a) a function p in H'(Q)
by
p‘ﬂb =M and p|Q\Qb = pext‘ﬂ\ﬂb

which is solution of (1) in the isotropic case.

Remark 4.1. As you can notice, in this proof, we do not use the expression
of the solution of the halfspace problems or the expression of the operators.
The same arguments can be used for the anisotropic case. That is why,
Proposition 2.4 holds for the anisotropic case.

4.2. Stability properties of Problem (29)

Let us remind the reader that a variational formulation of (29) can only
be derived for b > a. Indeed the difficulty for b = a is that, we define piece
by piece the normal trace of p® on %,, thanks to the restriction of A/ on 7
which is in H~'/2(%7 ), the dual space of H'/2(X ), the set of functions of
H'2(%J ) whose extension by 0 are in H'/?(3,,). It seems then impossible
to derive a variational formulation in that case. This is similar to the well
known difficulty of the cross points in Domain Decomposition methods (14).
However, this difficulty does not appear when b > a because by interior
regularity arguments, we know that the restriction of Ay’ on Zgb is at least
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in L2(Zgb). Introducing for all j QD% = ¢l —p, and using the notation

|Zf;a
introduced in (59), we can rewrite the variational formulation as follows

Find (py, ®o = (¢})jepo.31) € H ()% Vp such that ¥(g, o) € H' (%) xVj
((S - WSM)plN qb)ﬂb + ((]I - L)@, \IJ)VO - (K(I), \IJ)VO - (B'-)/pb, qj)VO

3
-3 (W, - Wy, = [ 1@ ©)
Jj=0 b

where Vj is defined in (19), the operator S is the stiffness operator, the oper-
ator M is the mass operator, the operator v (resp. 77) is the trace operator
from H(%) to L*(X4) (resp. from H'() to L2(X7,)) and where as ex-
plained in Section 4.2, the norm of the operator . € £(V}) is bounded by
1/4/2 and the operator K is compact.

To show that this problem is of Fredholm type, it suffices to show the fol-
lowing property of the operator A.

Proposition 4.2. Ifb > a, for each j € {0,1,2,3}, the operator A defined
in (36) is an operator from L*(37) to L*(X],) and is compact.

Proof: The proof can be done in two ways. The first way uses an abstract
argument: it suffices to use the interior regularity property of the solution of
the associated halfspace problem (8). Indeed, for any data ¢ in L?(X), the
solution of the associated halfspace problem (8) is C*° far from the interface
so in particular on Eib if b > a. The operator is then well defined from L?(3)
to LQ(E{;b). Compact embeddings results complete the proof.

The second way uses a more explicit argument: A7 are isomorphic to A

as explained in (27) and A is an Hilbert Schmidt operator from L?(R) to
L?(—b,b) since the associated kernel given by

Ky, €) = 1/aE = VT ey
is in L2((=b,b) x R) if b > a. Indeed, we have

+o0
[ o obanis < € [z - gV ED00 < o
R Jb R
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We can now conclude on the properties of the operators involved in the vari-
ational formulation (65). The two first terms define an operator which is co-
ercive in H'(€) X Vo. The other terms are compact operators in H'(£2;) x 1}
since respectively: (1) K is compact in V, by Section 4.2, (2) the operator ~y
(resp. the operators 77) is compact from H'(€) to Vj thanks to the com-
pact embedding of HY/2(X,,) in L?(X,,) (resp. the compact embedding of
HY2(%3 ) in L2(37,) ) (3) thanks to Proposition 4.2.

To show well-posedness of (65), it suffices then to show uniqueness of the
solution. The difficulty has been already handled in Section 3.3. Indeed, sim-
ilarly to Section 4.1, let us suppose that (ps, (¢7)jefo37) In H* () x [T L*(X2)
is solution of (29) with f = 0. Using the well-posedness of Problem (17) with
g = pb|2?»m, it exists a unique solution (¢;)jeqo,31 in [ L*(37) solution of (17),
and this solution corresponds necessarily to the traces of the H! solution pey
of the exterior problem whose trace on 0€), is g = pb}zga' The (¢;);cpo,3) are

then in [[ H/2(%7) and it suffices then to conclude as in 3.3. As f = 0, the
unknowns (pb, (7 )je[[o’gﬂ) vanish as well.

5. Theoretical results associated to Case (3)

The aim of this section is to prove Theorem 2.6 that states that Problem
(37) is of Fredholm-type and it is well posed.

Comparing to the Case (2), the specificity is that the operators D; 4, and
N defined in (35) and (36) are a prior: different the one from the others, in
the sense that they cannot be identified to the same operators D, and A. In
the isotropic case, the properties of the operators D, and A given in Propo-
sitions 3.1, 3.4 and 4.2 were fundamental to show the stability properties of
(31). In the anisotropic case, we then need to study for which conditions the
same properties hold for the operators D; 4, and A

Because of the presence of the overlap (b > a), Proposition 4.2 holds even for
the anisotropic case, and then for all j € [0, 3], the A7 are compact operators.

It is less obvious to extend to the anisotropic case the results of Propositions
3.1 and 3.4. We remind the reader that for any j and for any ¢ € HY/2(%7),
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Pi(1)) denotes the unique solution in H'() of the halfspace problem (32)
which can be written in the variables (z;,y;) introduced in (5)

Vi) (Aév($j7yj)Pj) - W? Pi=0 in Q

, . (66)
Pl =4 on X/

with

AQ = A2 = A= <Cl 03) and A=Al = ( 02 _03) (67)

C3 Co —C3 C1

where we have supposed ¢;,c2 > 0 and d := cicp — (c3)* > 0. Let us define
for the sequel, the restriction operator R’ of L*(XJ) , for all j € [0,3] and
for all interval I C R, defined by

o(x; =a,y;) for y;el

(68)
0 for y; &1

Vo€ LA(%), Riplr; =a,y;) = {

Let us focus for a moment on the problem j = 0. By performing the change
of variables (see Figure 6)

XO:& and Y, = \/C_lyo—czﬂo/\/a’
Vel Vd

Figure 6: Change of variable (xg,y0) — (Xo,Ys)
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we can show that the function VO(W)(X,,Yy) = PY(¢) (w0, yo) is solution of

the problem
—A(XO,YO)VO — wg VO =0 in Qg,

69

Vi=w on X! (69)

where U(Yy) = ¢(\/d/c1Yo + csa/c1). Let us denote the lines
SLAQY = {(Xo, Vo), Xo >~ vp = YO, _ 8 xy

UV K

SN0 = (X0 Yy) X > -y, = VA, Gy
a a {(Xo, Y0), 0_\/5, 0 \/Ea \/EO}
Using the results of Propositions 3.1, 3.4 and Appendix A, we can deduce
the following result on the operators DY and DY.

Proposition 5.1. The operators DY and DY are continuous respectively from
LA(2Y) to LA(BL N Q%) and from L*(20) to L*(X3 N Q2%). Moreover,

1. DORO and DORO

(a,-+00) (—o0,—a) €N be decomposed as

a—l—oo +K10

DYR{, 1 o0y = LY R (70)
DgRofoo,fa) — Lg R(()foo,fa) + K??

where KY (resp. K3 ) is a compact operator from L*(30) to L*(3NQY)
(resp. from L*(X%) to L*(ZL N Q3)), LY (resp. LY) is a continuous
operator from L*(3°) to L*(ZL N Q%) (resp. L*(X0) to L*(Z:nQ3)),
and LY and LY satisfy for all p € L*(3?)

1LY Rt o0 el < [ cos(6/2) M/ 1R 00 Pllz2s0).

IL5 R e, —a ¢l 22 < [5in(6/2)] \/— IR e, —ay el 22z

(71)

where 0 is defined by tan @ = v/d/cs, d = cicy—c3 if cs # 0 and § = 7 /2
Zf C3 = 0.
2. DYRY

(7007751)

are DORO

(a,400) @T€ compact operators.

Proof: The continuity of the operators D} and DY is easy to deduce using
Problem (69) in the new variables (Xj, Yy) and Appendix A.2. Similarly,
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using Appendix A.2 we have that the operators DYR} ) and D3R}, .
are compact operators.

Then, as in Section 3.2, the idea is to decompose D?R(()a7+oo) and DgR(()_OO’_a)
as follows

DOROa Foo) — R (a,b DOR(a +00) + R(b +oo)DOR(a ~+00)
DgR(()—oo,—a) = R?a,b)DgR?— + R(b +oo DSR?—OO,—a)

Similarly to the proof of Lemma 3.2, it is easy to see that R{b +OO)D§-] with
b > a are compact operators for j = 1, 3.

To finish, using the same arguments than in the proof of Lemma 3.3 and
Appendix A, we can show that

R%a,b) DO Roa ,+00)

= LYR), 1 oyTK{, and R}, DR/ . . =L§R . +K3

where 1) K? and K are compact operators and 2) L{ and L§ are continuous
operators which satisfy

1LY Ry, ooy @l < | cos(6/2)] \/— I Ra 400y 2l L2(20).
Vo € L*(Y),
1LY R _ay ®llze < |sin(6/2)] \ \/— ||R0 oo—a) Pllz2(s0)

and @ is defined by tan6 = v/d/cs if c3 # 0 and § = 7/2 if ¢3 = 0. Indeed,
using Appendix A, we have that for all ¢) € L?(X?) and by denoting ¥(Yy) =

R?a +00) ¢(y0)
[ V(Y0 dXo < (cos(0/2)” [ W3 dY;
SARIe 0
Finally, by performing the change of variables to go back to the variables
(z0, yo), we obtain the the estimate for L?. Similar arguments give the bound

for the norm of L3. |

Finally, extending these results to each halfspace, we get the following result.

Proposition 5.2. For all j € Z/AZ, the operator Dgil 1s continuous from
L3(X9) to LA(XIF1 N QJ). Moreover,
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1. D) R and Dj-;l szoo,fa) can be decomposed as

Jj+1 " *(a,+00)
D§+1 Rja 4oo) Lg+1 R]a ,+00) + Kj—i-l
J J _7J J J
Djfl R(foo —a) Ljfl R(foo —a) + Kjfl

where K 41 are compact operators and L Ja1 are continuous operators
from L2(EJ) to L2(37 N QL) that satzsfy for all p € L*(X7)

||Lj+1 Rza,+oo) SOHL2 < Cj+1HRZa,+oo) 90”1:2(2{;)

”Lj—l R‘Z—oo7—a) ¢l < C]]'—l ||RZ_OO,_G) 90||L2(2g)

where

; c c
C7,, = cos(0/2) 713 and C’]l—st/Q 1d for j=0,2

and

. C . . C .
C,1 = cos(0/2) 72c_i and Cj_, = sin(0/2) 723 for 7=1,3

where 0 is defined by tan = v/d/cs, d = cicy—c3 if cs # 0 and 6 = 7/2

Zf C3 = 0.
2. D§+1R‘Zfoo,fa) and Dj R%a too) OTE COMpact operators.

Using the same arguments than for the proof of Theorem 2.5 detailed in
Section 4.2, we can show the first part of Theorem 2.6 concerning the stability
property under the conditions (38) since

; , max(,/cr, 1/C2)
Oy < max (| cos(6/2)] | sin(o/2))) VLV
If the condition (38) is not satisfied, we can still show that the problem is of
Fredholm type. Indeed, by Proposition 5.2, we can decompose A =I1—1L —K
as in (59) where K is compact and L € L(V}) and

0 JP L(%Réfoo,fa) 0 J3 L3PL3a (a,+00)
1 70RO 1 72p2
L R 0 JIRRE 0
0 TP L3R, 4 o) 0 J3 L3R
JBLYRY 0 JBIARZ 0
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where Jj ., is the extension by 0 to the line 37 of a function of L*(X7 NQJ=!),
The difficulty here comes from the fact that the norm of L is, in general, not
strictly less than 1. Yet, we can still prove that I — L is invertible thanks to
the following result.

Proposition 5.3. The operator L2 is continuous from V into itself and its
norm is bounded by 1/2.

Proof: Noticing that Rf:ioo J]Jrl and RJ ! )Jj_l are equal to 0, we

deduce that L2 is a diagonal operator in the sense that
¥ = (¢')jepa € [ JLA(ZD),  (LP@) = Lj; ¢
where for all j € Z/47Z

JITNL_ R

(—oo,—a) )

2 _ j J+1 j+1 ]+1 ] J J J—1 j 1

Then, by Proposition 5.2, we get that for any ¢/ € L*(3)

o e |
oG R, | < [sin(0/2) cos(0/2)| =2 |RE, L@ |

LJ+1RJj1 -
j (—o0, Vd

|| Jj+1

< 5 1sin(0)| Y2 ] (72)

\/E (a,-l—oo)goj H :
If ¢3 # 0, we recall that § = arctan(v/d/cs) and d = c1co — (c3)? so that

\/3/03 _ Vd

sin(f) =
JWdjegz 41 Ve

Then, it comes in (72)

. 1 . 1 1 , > y
H J+1 L§'+ jo JJJF L§+1R€a,+00)gpj” HR(G +o0) SO]H’

We prove exactly the same result in the particular case c3 = 0. In the same
manner, we get

a+oo

o , 1. .
||JJ LJ IRJ 1 v IL;‘flRf_oo,_a)wjll < 5||1fg€_oo7_a)gpj||.
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By definition of the extension operators Jy,,, we have

L@ (1P = (| LRI o T LR, @)

AN .
L Rl ooy d] iR 0@

a,+00

which gives thanks to the previous inequalities
. 1 )
12557 I° < S 1711
We conclude easily that the norm of IL? is bounded by 1/2. n

With this result, we easily deduce that I —IL? is invertible. Writing I — L% =
(I-L)(I+L), we have Im(I—1L?) C Im(I—1L) so I—L is surjective. Similarly,
since I — L2 = (I + L)(I — L), we have Ker (I — L) C Ker(I —L?),so I —L
is injective. Therefore I — L is also invertible (but not necessarily coercive).
This shows that Freholm alternative holds for Problem (37).

Remark 5.4. Let us emphasize than in the general anisotropic case, the
operator involved in Problem (37) cannot be decomposed as the sum of a
coercive operator and a compact one but only as the sum of an invertible one
and a compact one. The well posedness is ensured by the uniqueness which is
showed in the sequel. The consequence of this weaker result is that a priori,
the numerical analysis cannot be done in the general case. However, Problem
(37) can be adapted to recover the stability property. Indeed, we can show that
a solution of (37) is also solution of a similar problem where the A is replaced
by an operator A =1 — (I — A)? and the operator B by B = (21 — A)B.

Concerning the well-posedness of Problem (37), as explained in Section 4.2,
the only difficulty concerns the extension of the well-posedness of (20), whose
proof is detailed in Section 3.3, to the anisotropic case. In order to extend
the proof, it suffices to answer the two intrincate following questions.

1. Does the function V' € L*(Q%") where Q%' = Q2 N Q! which is solution
in the distributional sense of

—V - (A4 VV) —w?V =0, in Q"

and whose "trace” on the boundary of the quarter plane, vanishes in
the sense of

vue B@QHNIQY. [ V-vVu= [ VYT
o o
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vanish? By using the same change of variables than previously, this
function V is linked to the function satisfying same kind of equations
but in the isotropic case (Ap = I) and in a sector of angle 7 — 6 where
the angle 6 is defined in Proposition 5.2 (see figure 6). As 6 € (0,7),
the sector is convex and using similar arguments than in Section 3.3,
we can conclude that V' = 0.

2. Does the function p € L*(Q\ §2,) whose trace on each line ¥/ is in L?
which is solution in the distributional sense of

~V - (A4Vp) —w?p=0, in Q\Q,

and whose trace vanishes on 02, in the sense that

Vu € H2(Q\Q)NHL(Q\Q,), / V- (AgVp)u = / PV (A V)
0N\ 0N\

vanish? Again by the same change of variables, this function p is
linked to the function p satisfying the same kind of equations but in
the isotropic case and outside a parallelogram. The complementary of
the parallelogram is not convex but as in Section 3.3, the function p is
in H' up to a linear combination of singular functions. We have then
the same decomposition for the function p, but since the trace of p on
each line ¥/ is in L?  we can conclude that p is in H', then p = 0.

6. Some extensions

3D configurations.

The method extends straightforwardly to problems similar to (1) with 2 C
R3. The lines X/ are replaced by infinite planes and half-planes are re-
placed by half-spaces where analytical representation are derived using the
2D Fourier Transform. All theoretical results remain true. The method has
not been yet implemented but we anticipate numerical difficulties linked to
the presence of dense and large blocks in the matrix to invert. This could
require appropriate compression strategies.

Multi-scattering problems.

In some cases, enclosing all the heterogeneities and obstacles in one con-
vex polygon can be costly. For instance, in the case of two remote hetero-
geneities/obstacles, a more relevant formulation can be derived by introduc-
ing two separated rectangles (or more general polygons if necessary), one for
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each heterogeneity /obstacle. There will be 2 volumic unknowns, and 8 traces
unknowns. The system of coupled equations will be essentially the same with
additional coupling terms representing the coupling between the two obsta-
cles. These coupling terms being ”"compact”, the stability and well-posedness
results can be proven with similar arguments.

Scattering problems.

Our main motivation is to apply our method to scattering problems which
make sense in the case without dissipation. We refer the reader to the next
section dedicated to the theoretical difficulties raised in the non dissipative
case. Besides, our method extends directly to the scattering problems if the
unknown is the diffracted field. An alternative could be to keep the total field
for the volumic unknown and use the diffracted fields for the trace unknowns.

7. The non dissipative case : Open questions but encouraging nu-
merical results

Up to now, we have considered the dissipative problem (4) with Im(w.) > 0.
But we claim that in practice, our method also works in the non dissipa-
tive case Im(w) = 0 (See Figure 7). It is quite easy to extend the discrete
formulation to this case, selecting carefully the outgoing solution of the half-
space problem. The price to pay in order to get accurate results is then to
use a refined discretization in the Fourier variable £. Indeed, the solution
decaying much more slowly than in the dissipative case (the solution in the

Twr
€

non-dissipative isotropic case behaves like 7 at infinity, while the solution

in the dissipative case decays exponentially), its Fourier transform is less
regular.
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Figure 7: The solution in an anisotropic non dissipative case with w = 10

The main difficulty lies at the theoretical level: the extension of the theoret-
ical results to the non-dissipative case still raises many open questions, that
we briefly discuss below.

Let us consider to fix ideas the simplest case of the (isotropic non-dissipative)
Helmholtz equation. It is well-known that the well-posedness of the associ-
ated boundary value problem is ensured if one imposes to the solution to
be ”outgoing”, which means for instance that the solution satisfies the Som-
merfeld radiation condition at infinity. Our objective is to reformulate this
problem using our halfspace matching formulation. The first difficulty is
that the traces ¢/ of the solution are no longer in L? (again, they behave like

1wT
&

NG ). An appropriate functional framework has been introduced in (9; 10),

where the space H'/?(R), convenient for the dissipative case, is replaced by
the space V(w;R) of the functions ¢ such that [£2 — w?|'/4$ € L?(R). The
functions of V (w;R) are locally in H'/2, but they may not belong to L?(R),
due to their behavior at infinity. Using this framework we can state the fol-
lowing result:
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Let g € H'/?(X,,). If p is the outgoing solution of

—Ap—w’pr=0 in Q=R>\Q,
pP=9g on Y

then {?, 7 € {0,1,2,3}} is solution of (16) in the space H?:o V(w; 7)) (with
obvious notations). But we are not able to prove the converse statement cor-
responding to the second part of Proposition 2.1 (even if we conjecture that
it is true). Indeed, we did not succeed in proving that the different halfspace
representations of the solution match in the quarters of planes. For instance,
we are not able to prove like in paragraph 3.1 that V = P%(¢%) — P(¢!)
vanishes in Q2 N QL. The reason is that we cannot prove that V' is outgoing
(in the sense of Sommerfeld radiation condition at infinity), since we just
know that P%(¢") is propagating in the direction of positive z, while P*(o?!)
is propagating in the direction of positive y.

Another difficulty arises when we try to extend stability results like Theorem
2.2 to the non-dissipative case. All the theory has been done with traces in
L?, which is no longer the appropriate space. An idea could be to introduce

the space L(w;R) of the functions ¢ such that %gﬁ € L*(R), because

the functions of L(w;R) are locally in L?. But it is far from obvious to prove
the different properties of the integral operators in this space. Finally, prov-
ing uniqueness will be of course much more intricate in the non-dissipative
case than in the dissipative case, where we mainly used the coerciveness in
H'. A first step has been done by proving a related uniqueness result: in
(7), overlapping halfspace representations are used to prove the absence of
trapped modes (i.e. L? solutions of the homogeneous non-dissipative equa-
tion) under very weak hypotheses.

Les us emphasize that our approach seems to be well-suited to formulate a
large class of problems, for which no equivalent of the Sommerfeld radiation
condition is available. This is typically the case of anisotropic elastic media.
For these problems, we aim at using our halfspace formulation, not only to
solve numerically the problem, but also to define the notion of outgoing so-
lution and to prove existence and uniqueness of this outgoing solution. This
has been done for instance in (8) using a formulation with non-overlapping
halfspace representations for the junction of open waveguides.
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Appendix A. The case of a general convex polygon

In Case (1), we have considered for now only the case where the obstacle 02
is a square but the method can be extended for any convex polygon. There
will be as many trace unknowns as edges of the polygon. This suggests that
for Case (2) and Case (3), the domain 2, can be any convex polygon strictly
included in €, (i.e. whose shape can be chosen independently).

To illustrate this extension, we consider in this appendix the Case (1) when
0f) is a triangle (see Figure A.8). This situation is particularly of interest
since in that case, only 3 trace unknowns are involved.

Figure A.8: ), is a triangle and some associated notations

Let Q =R2?\ Q,, g € HY2(082) and find the unique solution p € H'(£2) of

—Ap—wlp=0 in Q
p—wip in (A1)

p=g on 0f)

The domain € can be split into 3 half-planes €/ that lie on the 3 edges of
the triangle €),. To define these 3 half-planes, we will use the following local
coordinates

Vi€ 722, Bji] _ {— cos(#9+1)  sin(g9i+1) } [m] | (A2)

—sin(079T)  —cos(679F) | |4

where 67711 € (0, ) is represented in Figure A.8 and I’ is the distance of the
origin to the lines 37, and define the half-planes as follows:

QO ={a? >V} x{y eR} ¥ =00V :={a! =1} x{yy € R} Vje][o,2].
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Finally, we denote as before
Yoo =00, and Y =¥, N¥.

These notations are summarized on Figure A.8. For each j, the expression
(9) of the solution of the associated halfspace problem (8) is the same but the
expression of the operators Dj: 41 defined in (14) is different. In particular,
they are not necessarily isomorphic to the same operators DL since the angle
between the ¥7’s are different. They are given by for all ¢» € H'/?(%7)

; 1 ~ / in (697 i i.d
D§i1¢(t) - / ¢(€)€z w2—E2¢ sin(6 i1)6:|:z§(a +t cos(6 il))dg’ for t > 0.
e (A.3)

where 2a/ = |7 | and 9% = giELT

Using the same approach than in Section 2.1, we introduce the following
problem

DI o =y + ) fory’ € (—o00,—d?)
Vi€ Z)2L, ¢(y)=| DIy —d!)  foryl € (af,400)  (A4)
g(y?) for y7 € (—a’,d’).
We have the equivalent of Theorem 2.2 for the triangle case.
Theorem Appendix A.l. (1) Let g € L*(3,4), the problem
3
Look for (¢7)jeqo9] € HLQ(Zz) solution of (A.4) (A.5)
=0
is of Fredholm type.
(2) Problem (A.5) is well posed in L.
The stability property is a consequence of the following result.

Proposition Appendix A.2. The operator Djﬂ is continuous from L*(%7)
to L2(XIE N QJ). Moreover,
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1. D R‘Zaj#oo) and Dj:flR{foo’faj) can be decomposed as

j+1
j j _ 7 ' J
Dt B yoo) = Lia i o) T K1, (A.6)
J J S J J ’
Dj—l R(—oo,—aj) - Lj—l R(—Ooy—aj) ™ Kj_l

where Kjﬂ are compact operators and Lgil are continuous operators
from L*(39) to L*(X N QJIEY) that satisfy for all ¢ in L*(%)

(a7 400

|1 Bl sy 9l < cos(0951/2) | R, ) ol (A7)
1L R @lle < sin(@9/2) IR, llze ‘

2. D§+1R{ ) and D;:_lRZ are compact operators.

—o00,—al al ,+00)

Proof: The proof will be done only for D? and it can be extended to the
other operators easily. We use the same steps for the proof as for the one
described in Section 3.2. For the decomposition of DY, it suffices to use a
restriction operator, as in (45), which allows us to separate the behavior of
the operator near the intersection of the lines X2 and X! and far from this
intersection. As in Lemma 3.2, it is easy to show that the part far from the
intersection R(__ 1y DY is compact from L*(Xg) to L*(X;NQY), for b > a'.
For the part near the intersection R%_b17_a1)D?, we study as in the proof of
Lemma 3.3, the norm of

LY ¢ = v()| p_gon

in L?(R"), where v(yp) is solution of (47) and where the polar coordinates
(r,0) are defined in (48). Using the same reasoning as in the proof of Lemma
3.3, we have that

[0(0)]g_goullz@ny < sup [A T — %) [ll] L2(—o0,00)
—1/2+R

+ sup JAN, 0N o]l 1200, +o0)
—1/24+R

where A is defined in (55). Since

sup |A(N, 0%1)] = sin(0”/2),
—1/2+1R

we can conclude that the operator LY is continuous, and also that

1LY R 4oy [l < sin(6%/2).
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Finally, to prove the last point, D{R

0

(—00,—a0) is compact, we use the same

arguments as in the proof of Lemma 3.3. |

To show stability, it suffices then to use exactly the same arguments than
the ones detailed in Section 4.2. To show well posedness, the reasoning of
4.2 can be also adapted to that case.
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