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FAST EXACT ALGORITHMS FOR SOME CONNECTIVITY
PROBLEMS PARAMETRIZED BY CLIQUE-WIDTH

BENJAMIN BERGOUGNOUX AND MAMADOU MOUSTAPHA KANTE

ABsTRACT. Given a clique-width expression of a graph G of clique-width k,
we provide 20(k) . nOM) time algorithms for connectivity constraints on locally
checkable properties such as CoNNECTED DomINATING SET, CONNECTED PER-
FECT DOMINATING SET or NODE-WEIGHTED STEINER TREE. We also propose
an 20(F) .nO(1) time algorithm for FEEDBACK VERTEX SET. The best running
times for all the considered cases were either 20 (klog(k)) . ,O)

1. INTRODUCTION

Tree-width [I7] is probably the most well-studied graph parameter in the graph
algorithm community, and particularly by people working in Fized Parameter Tractable
(FPT for short) algorithms, due partly to its numerous structural and algorith-
mic properties [4, [§]. For a while people used to think that for many connectiv-
ity constraints problems, e.g., HAMILTONIAN CYCLE, STEINER TREE, the naive
EO®) . nOM) time algorithm, parametrized by tree-width, cannot be improved be-
cause it seems necessary to know the connected components of the partial solutions
in order to be able to extend them, and certify that the given solution is really
connected. But, quite surprisingly Bodlaender et al. showed in [I] that for some
of these connectivity constraints problems, one can indeed use the naive algorithm,
and instead of keeping all the possible partitions, keep a set of representatives that
is single exponential in the tree-width.

Nevertheless, despite the broad interest on tree-width, only sparse graphs can
have bounded tree-width. But, on many dense graph classes, some NP-hard prob-
lems admit polynomial time algorithms, and many of these algorithms can be ex-
plained by the boundedness of their clique-width, a graph parameter introduced by
Courcelle and al. (see the book [4]) and that emerges from the theory of graph
grammars.

Clique-width is defined in terms of the following graph operations: (1) addition
of a single labeled vertex, (2) addition of edges between vertices labeled i and
those labeled j, (3) renaming of labels, (4) disjoint union; and the clique-width of
a graph is the minimum number of labels needed to construct it, and the expression
constructing it is called clique-width expression. Clique-width generalises tree-width
in the sense that if a graph class has bounded tree-width, then it has bounded
clique-width [6], but the converse is false as cliques have clique-witdh at most 2
and an unbounded tree-width. Furthermore, clique-width appears also to be of big
importance in FPT algorithms [4]. While it is still open whether there exists an
FPT algorithm to compute an optimal clique-width expression of a given graph, one
can ask when clique-width behaves similarly as tree-width on important problems.
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Even though clique-width is far from behaving similarly as tree-width on some well-
studied and well-known difficult problems such as HAMILTONICITY [9], Bui-Xuan et
al. [2, 3], and Ganian et al. [I0, [IT] managed to prove, after more substantial work
than for tree-width, that for locally checkable properties, and some sparse problems,
one can get single exponential time algorithms parametrized by clique-width, some
are proved to have a linear dependence on the clique-width, while for others only a
polynomial dependence is known. However, on connectivity constraints problems
nothing is known, except for some special cases such as FEEDBACK VERTEX SETE|
for which a 20 108(®) . nOM) time algorithm was given in [2].

Our Contributions. We investigate connectivity constraints on locally checkable
properties, such as CONNECTED DOMINATING SET,CONNECTED VERTEX COVER
or STEINER TREE. All of these problems are some special case of the connected
version of the so-called (o, p)- DOMINATING SET problem. This problem was intro-
duced in [I8] and studied in graphs of bounded clique-width in [3} [I5]. (Definitions
are given at the end of Section ) We propose 2°0) . n time algorithms, with
k the clique-width of the given graph, for the FEEDBACK VERTEX SET problem,
and the connected version of the (o,p)- DOMINATING SET problem. While our
approach is the same as the rank-based one used in [I] and follows usual dynamic
programming, dealing with clique-width operations is known to be harder than ma-
nipulating tree-decompositions. One of the main reasons is that, on a particular
node of a tree-decomposition, the number of vertices, from the already processed
vertices, which have a neighbor in the rest of the graph is bounded, but for clique-
width, they can be only classified into a bounded number of equivalence classes
(with respect to having the same neighborhood in the rest of the graph). These
equivalence classes are the labels of a clique-with expression.

For both problems, we develop new “naive” dynamic programming algorithms,
each keeping tracking of the possible partitions (into connected components of the
partial solutions), resulting in 2klog(k) . py time algorithms. We then show how to
reduce the time complexity into 29(%) . by adapting the rank-based approach from
[1] to our purposes. Our approach can be summarised as follows.

(1) For each problem, we present a dynamic programming whose steps are
the different operations of a given clique-width expression of width k. We
encode the partial solutions as partitions of labels. At each step of the
dynamic programming, we keep track of which labels are intersected by
the partial solutions and among them, which are expected to have a future
neighbor in the next step of the dynamic programing, i.e., to be part of
an operation adding edges with another intersected label. This last infor-
mation is the key of our dynamic programing, as the vertices in a label
expecting a future neighbor behave like a single vertex, in terms of connec-
tivity. Moreover, they are the only vertices that affect the connectivity of
the partial solution in the future steps of the dynamic programming, since
the other vertices are expected to have no future neighbor.

(2) For (o, p)- DOMINATING SET, we need to store some additional information
to ensure the domination. For doing so, we use the notions of d-neighbor
equivalence introduced in [3].

(3) For FEEDBACK VERTEX SET, to ensure the acyclicity of the partial solu-
tions, we differentiate the labels intersected only once and those that are
intersected at least twice. We, moreover, define a notion of acyclicity be-
tween two partitions that is crucial for the fusion of two partial solutions.

LA FEEDBACK VERTEX SET in a graph is a subset of its vertex set which deletion induces a
forest.
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(4) For both problems, we more or less keep as indexes of the dynamic program-
ming tables the set of labels that are intersected. Each table has at most
20(k) indexes, but the number of possible partitions is 20 108(k)) " giving a
running time of 20 108(k) . We reduce this to 2°%) . n by adapting the
toolkit introduced in [I] to our needs. This toolkit allows us to improve the
running time of our dynamic programming to 29*) . n®) by reducing the
number of partial solutions we need to keep at each step. Our main con-
tribution here was to incorporate the notion of acyclicity in the rank-based
approach. This contribution was necessary to solve FEEDBACK VERTEX
SET.

2. PRELIMINARIES

The size of a set V is denoted by |V| and its power set is denoted by 2. We
write A\ B for the set difference of A from B, and we write AW B for the disjoint
union of A and B. We often write = to denote the singleton set {«}. For a mapping
f:A— B and X C B, welet f71(X) :=={a € A| f(a) € X # 0}. We let
min(f)) := 400 and max(@) := —oo. We let [k] := {1,...,k}. We denote by N the
set of non-negative integers and by Fy the binary field.

Partitions. A partition p of a set V' is a collection of non-empty subsets of V' that
are pairwise non-intersecting and such that U,,c,p; = V; each set p; in p is called a
block of p. The set of partitions of a finite set V' is denoted by II(V'), and (II(V'),C)
forms a lattice where p C ¢ if for each block p; of p there is a block g; of ¢ with
pi € ¢;j. The join operation of this lattice is denoted by U. Let #block(p) denote
the number of blocks of a partition p. Observe that @) is the only partition of the
empty set. We denote by V[X], for X C V, the partition of V' where one block is X
and the other blocks are all singletons. For p € II(V) and X C V, let pix € II(X)
be the partition {p; N X | p; € p} \ {0}, and for Y D V, let pn € II(Y) be the
partition p U U, ey v {{y}}-

Graphs. Our graph terminology is standard, and we refer to [7]. The vertex set
of a graph G is denoted by V(G) and its edge set by E(G). An edge between two
vertices x and y is denoted by zy (respectively yx). The subgraph of G induced by
a subset X of its vertex set is denoted by G[X], and we write G \ X to denote the
induced subgraph G[V(G) \ X]. The set of vertices that is adjacent to x is denoted
by Ng(z), and for U € V(G), Ng(U) := (Uyep No(v)) \ U. For a graph G, we
denote by CC(G) the partition {V(C) | C is a component of G} of V(G).

Clique-Width. A k-labeled graph is a pair (G,labg) with G a graph and labg a
function from Vg to [k], called the labeling function; each set laby' (i) is called a
label class. The notion of clique-width is defined by Courcelle et al. [5] and is based
on the following operations.

(1) Create a graph, denoted by 1(z), with a single vertex x labeled with 1.

(2) For a labeled graph G and distinct labels 4,j € [k], relabel the vertices of
G with label ¢ to j (denoted by ren;_,;(G)). Notice that there is no more
vertices labeled ¢ in ren,,;(G).

(3) for a labeled graph G and distinct labels ¢, j € [k], add all the non-existent
edges between vertices with label ¢ and vertices with label j (denoted by
addw(G))

(4) Take the disjoint union of two labeled graphs G and H, denoted by G & H.
The labeling function of G & H is labg W laby.

A k-expression is a finite well-formed term built with the four operations above.
Each k-expression t evaluates into a k-labeled graph (val(t),lab;). The clique-width
of a graph G, denoted by cwd(G), is the minimum % such that G is isomorphic to
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val(t) for some k-expression t. We can assume without loss of generality that any
k-expression defining a graph G uses O(n) disjoint union operations and O(nk?)
unary operations [6].

It is worth noticing from the recursive definition of k-expressions, one can com-
pute in linear time in [¢| the labeling function lab; of val(t), and hence we will
always assume that it is given.

Considered Connectivity Problems. For all the problems in this article, we
consider the weight function to be on the vertices. Considering the weight to be
on the edges would make all the considered problems NP-hard even on graphs of
clique-width 2. A subset X C V(G) of the vertex set of a graph G is a feedback
vertexr set if G\ X is a forest. The problem FEEDBACK VERTEX SET (FVS for
short) consists in finding a minimum feedback vertex setﬂ It is not hard to verify
that X is a minimum feedback vertex set of G if and only if G \ X is a maximum
forest.

The problem STEINER TREE asks, given a subset of vertices K C V(G) called
terminals, a subset T' of minimum weight such that K C T' C V(G) and G[T] is
connected.

Let o and p be (non-empty) finite or co-finite subsets of N. We say that a subset
D of V(G) (o, p)-dominates a subset U if for every vertex u € U, |[Ng(u) N D| € o
if uw € D, otherwise |[Ng(u) N D| € p. A (o, p)-dominating set D of V(G) is called
a connected (resp. out-connected) (o, p)-dominating set of G if D (resp. V \ D)
is connected. The problem (OUT-)CONNECTED (o, p) DOMINATING SET ask for a
minimum or a maximum (out-)connected dominating set. Examples of some vertex
subset properties expressible as (o, p)-dominating set are shown on Table

o P Version Standard name

N | Nt Connected CONNECTED DOMINATING SET

NT | N Connected CONNECTED TOTAL DOMINATING SET
{d} | N Connected CONNECTED INDUCED d-REGULAR SUBGRAPH
N | {1} Connected CONNECTED PERFECT DOMINATING SET
{0} | N | Out-connected CONNECTED VERTEX COVER

FIGURE 1. Examples of (out)-connected (o, p)-dominating sets,
N={0,1,...,} and NT = {1,2,...}.

3. REPRESENTING SETS OF WEIGHTED PARTITIONS BY MATRICES

As with usual dynamic programming algorithms dealing with connectivity con-
straints, the partial solutions of our algorithms are weighted partitions. We modify
in this section the operators on weighted partitions defined in [I] in order to express
our dynamic programming algorithm for FVS in terms of these operations.

Let first define formally our notion of partial solution. Let V and S be two
disjoint finite sets. We denote by H(V,S) the set |Jyco{X} x II(V). A set of
weighted partitions on (V, S) is a subset of H(V,S) x N. For A C H(V,S) x N and
X CVUS, welet Aix be {(po,p,w) € A|po= X}.

We will always denote the elements of H(V,S) as the ordered pairs (pg, p) with
po € S and p € II(V) assuming that the blocks of p are always denoted by p1,pa, . . ..
Indeed, elements of H(V,.S) can be seen as partitions of II(V U .S) where we have
identified two blocks, i.e., X and S\ X. Intuitively, V represents the intersected

2By a minimum (or maximum) set, we always mean a set of minimum (or maximum) weight.
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labels that are expected to have a future and S represents the labels which do no
matter in the connectivity anymore. Each weighted partition (pg,p, w) € H(V, S) x
N is intended to mean: there is a solution F' of weight w that does not intersect
the sets labg' (po), the intersected elements in laby' (S \ po) are expected to have
no future neighbor and p is the transitive closure of the following relation on V :
i ~ j if there exists = € labg' (i) and y € labg'(j) connected in G[F].

Definition 1. We let acyclic be the relation on II(V, S) x II(V, S) where acyclic(p, q)
holds exactly when |V|+tblock(pLlq) — (fblock(p) + gblock(g)) = 0. In other words,
it F, :=(V ,E,) and F, := (V, E,) are forests with components p = CC(F},) and
q = CC(F,) respectively, then acyclic(p,q) holds if and only if E, N E; # () and
(V,E, W Ey) is a forest.

Let us now redefine some of the operators introduced in [I]. Let V and S be two
disjoint finite sets.
Remove non-maximal copies. For A C H(V, S) x N, we define rmc(A) C A as

rmc(A) = {(po, p, w) € A[V(po,p,w') € A, w' < w)}.

Ac-Join. Let V' and S’ be two disjoint finite sets. For A C H(V,S) x N and
B CH(V',S") x N, we define acjoin(A,B) CH(VUV/ (S\V)U(S'\V)) xNas

acjoin(A, B) :=rmc ({(po \ (VUS"))U(go \ (V' US)) U (poNqo)prv: U gry,wr + ws) |
(p07pa wl) S A7 (qO7Qu w2) € B and aCyC“C(pTV’a CITV)}) .

This operator is more or less the same as the one in [I]], except that we incorporate
the acyclicity condition. It is used to construct partial solutions while guaranteeing
the acyclicity. Observe that if pg and gg are the labels not intersected by the partial
solution represented respectively by (po, p, w1) and (qo, g, w2), then (po \ (VUS"))U
(g0 \ (V'US))U (poNqo) represents the labels not intersected by the union of these
two partial solutions.

Project. For X C (VUS) and A C H(V, S)xN, let proj(A, X) C H(V\X, S\X)xN
be

proj(A, X) :=rmc ({(po \ X, pyv\x)s w) | (po,p,w) € A and Vp; € p, (p; \ X) # 0}).

In other words, take the partitions for which each block is not completely con-
tained in X, and then remove X from those partitions. This operator is used to
remove from the partitions the label classes unused after a renaming or that are re-
quired to not have future neighbors, i.e., they will not matter in the connectivity of
the partial solutions. If a partition has a block fully contained in X, it means that
this block will remain disconnected in the future steps of our dynamic programming
algorithm, and that is why we remove such partitions.

One needs to perform the above operations efficiently, and this is guaranteed by
the following, which assumes that log(|.A]) < [V US|M for each A C H(V, S) x N.

Proposition 3.1 (Folklore). The operator acjoin can be performed in time |A|-|B|-
[VUSUV'US |9 and the sizes of their outputs are upper-bounded by |A| - |B].
The operators rmc and proj can be performed in time |A|- |V U S|OM)
of their outputs are upper-bounded by |Al.

, and the size

We now define the notion of representative sets of weighted partitions which
is the same as the one in [I], except that we need to incorporate the acyclicity
condition as for the acjoin operator above.



6 BENJAMIN BERGOUGNOUX AND MAMADOU MOUSTAPHA KANTE

Definition 2. Let V and S be two disjoint finite sets and let A C H(V,S) x N.
For (qo,q) € H(V,.9), let

ac-opt (A, (qo, q)) := max{w | (¢o,p,w) € A, pUg={V} and acyclic(p,q)}.

A set of weighted partitions A" C H(V, S) x N ac-represents A if for each (qo, q) €
H(V,S), it holds that ac-opt(A, (g0, q)) = ac-opt(A’, (g0, q))-

Let Z be a finite set and V', S’ be two disjoint finite sets. A function f :
oH(V.8)xNy 7y 9H(V',8) %N j5 said to preserve ac-representation if for each A, A’ C
H(V,S) x N and z € Z, it holds that f(A’, z) ac-represents f(A,z) whenever A’
ac-represents A.

The following lemma is not difficult to prove. A proof is given in the appendix.
Lemma 3.2. The operators rmc, proj, acjoin and U preserve ac-representation.

In the remaining we will prove that we can find for every set A C H(V,S) x N
a set A’ C A of size at most (|[V] + 1) - 2/VY5| that ac-represents A, in polynomial
time in A. We will encode the ac-representativity by a matrix over Fy and show
that this one has rank at most the desired bound. Next, we show that a basis can
be found using matrix multiplications, using the following lemma from [I]. The
constant w denotes the matrix multiplication exponent.

Lemma 3.3 ([I). Let M be an n x m-matriz over Fo with m < n and let w :
{1,...,n} = N be a weight function. Then, one can find a basis of mazimum (or
minimum,) weight of the row space of M in time O(nm®~1).

Let vo € V and let tricuts(V, S) := {(U,V1,V2) | U C SAVIWVL, =V A vy € V1 }.
Let a be a variable, that will be used to encode the edges induced by partitions.
Recall that for integers i and j, o' - o/ = o/t in any field.

Let M and C be, respectively, a (H(V, S), H(V, S))-matrix and a (H(V, S), tricuts(V, .5))-
matrix, both over Fy[a], such that

o if po # qo or pUq # {V},
M{(po,p), (g0, 9)] := {azv(ublock(p)+ublock(q>) otherwise.
0 if po # U or p £ (V1,V2),

otherwise.

C[(Po,p), (U7 V17 ‘/2)} = {a|V|—ﬁblock(P)

The following guarantees an efficient algorithm to reduce the number of partial
solutions we need to keep at each step of our dynamic programing.

Theorem 3.4. There exists an algorithm ac-reduce that given a set of weighted
partitions A C H(V, S) x N, outputs in time |A| - 2=~ DIVUSI=1.1y/100) g sypset A’
of A that ac-represents A and such that |A’| < (V| + 1) - 2IVUSI=1,

Proof. We first prove that M = C - C*. Notice that for each (pg,p) € H(V,S)
and (U, V1,Va) € tricuts(V,S), Cl(po,p), (U, V1,V2)] € {0,1,a',...,alVI}. Let
(po,p), (g0, q) € H(V,S). If pg # qo, then for each (U, Vi, Va) either C[(po, p), (U, V1, Va)] =
0 or Cl(qo, 9), (U, V1,V2)] = 0, hence (C-C*)[(po, p), (90, 9)] = M|(po,P), (90, 9)] = 0.
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So, suppose that pg = g = U. Then,

(C-CH[(U,p), (U,q)] = Z alVI=tblock(p) | [V]-tblock(q)

(U,Vl ,Vz)EtriCutS(V,S)
pE(V1,V2)
qE(V1,V2)

_ 3 2!V = (#block(p)+tblock(q))

(U, V1,Vz)€etricuts(V,S)
pE(V1,V2)
qC(V1,V2)

= Z 2!V | (#block(p)+block(q))

(U,V1,Va)€Etricuts(V,S)
pUqC(V1,V2)

We are counting the triplets (U, V1, Va) € tricuts(V, .S) such that (V7, V2) is coarser
than both p and ¢, hence we are counting the triplets (U, V1, V3) such that (V1,V5)
is coarser than p U ¢. Since, this number is equal to the number of bipartitions
(V1, V) of the blocks of p U ¢ with vy € Vi, we can conclude from the last equality
that

(- Ct))[(U, ), (U, q)] _ a2lV\—(ﬁblock(p)+ublock(ti)) 44 a2IVI—(ﬁblock(p)-‘rﬁblock(Q))

ofblock(pliq) —1
and because the characteristic of the field is 2 and 2f*1°k(PHD =1 §5 6dd iff gblock(pliq) = 1

a2|V|7(ﬁblock(p)+ﬂblock(q)) lfp U q= {V}

(C : Ct))[(U7p)7 (U7 Q)] = {

0 otherwise.

We can therefore conclude that M = C - C*.

Let A be a set of weighted partitions. We can suppose w.l.0.g. that A = rmc(A).
For each 0 < i < |V, let A; be the set {(po, p, w) € A | |V|—tblock(p) = i}, and let
C'y be the restriction of C' to the rows in {(po,p) | (po.p,w) € A;}. Observe that
{Ao, ..., Ajv|} is a partition of A and each entry of C'y is either 0 or o', and hence
one can see it as a matrix over Fy by transforming each o’ by 1. The rank of C?; is
bounded by 2!VYSI=1 as the number of triplets in tricuts(V, S) is less than 2IVUSs|—1,
and by Lemma one can find a basis B; of Cf4 of maximum weight, for all 7, in
time bounded by |A|-2«=D-(IVUSI=1)|y/|0() where the weights are the weights of
the considered weighted partitions in A. Let AL = { (po,p, w) € A; | (po,p) € B;},
and let A" := Ay W A} W - W Ay, Observe that [A'| < (V| +1)- 2lVUS|—1,
Moreover, for each (pg,p,w) € A;, there is B(po,p) C B; such that, for each
(U, V1, V) € tricuts(V, S),

C[(p07p)7(U7Vv17‘/2)] = Z C[(Qan)a(U7Vv17‘/2)]
(90,9)€B(po,p)

We claim that A’ ac-represents A. Since A’ C A, it is sufficient to prove that
for all (po,p,w) € A and (ro,r) € II(V,S) such that pg = ro, pUr = {V} and
acyclic(p,r), there exists (qo,q,w’) € A’ with w < w’ and such that g9 = 7o,
gUr ={V} and acyclic(q,r).
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By definition of acyclic and of M, we have pg = ro, pUr = {V} and acyclic(p, r)
if and only if M([(po,p), (r0,7)] = &!VI=1. From the equality M = C - C*, we have

M[(po,p),(?"o,’f’)] = Z C[(poap)v(vala‘/Q)] . Ct[(U7 V17V2)’(T07TH

(U,V1,Va)€Etricuts(V,S)

Z C[(Q07q)7(U7 Vl,v?)]) 'Ct[(Uv V17V2)7(T07T)]

(U,V1,Va) etricuts(V, S) ((QUVQ)EB(PUYP)

Cl(q0,9), (U, V1, Va)] - C*[(U, Vi, Va), (ro,7)]
(90,9)€B(po,p) \(U,V1,V2)Etricuts(V,S)

- Z M{(qo,q), (ro,7)]-

(a0,9)€B(po,p)

Since the characteristic of the field is 2, M[(po,p), (1o, 7)] = alVI=1if and only if
there is an odd number of (go,q) € B(po,p) such that M|(qo,q), (ro,7)] = olVI=1.
Let i such that (po,p,w) € A;. Thus, there exists (go,q) € B(po,p) such that
M[(qo,q), (ro,7)] = alVI=1 i.e., there exists (¢o,q,w’) € A} such that gy = ro,
qUr = {V} and acyclic(q,7). Let (qo,q,w’) € A} such that w’ is maximum and
go = 10, gUr = {V} and acyclic(g, 7). Assume towards a contradiction that w’ < w.
Thus (po,p) ¢ Bi. But, (Bi \ {(q0,9)}) U {(po,p)} is also a basis of C; since the
set of independent row sets of a matrix forms a matroid. Since w > w’, the weight
of (B; \ {(qo,p")}) U{(qo,p)} is strictly greater than the weight of B;, yielding a
contradiction. Thus A’ ac-represents A. O

4. FEEDBACK VERTEX SET

Instead of computing a minimum feedback vertex set, we will compute a maxi-
mum forest. Contrary to the standard technique in which the label classes that are
intersected by the solutions is guessed, and for each such guess we store weighted
partitions which tell us how the partial solution is connected, we will encode the
non intersected label classes in the weighted partitions. As in [I] we express the
steps of our algorithm by using the operators on weighted partitions defined in Sec-
tion [3] But, because it is much easier with the framework to deal with connected
solutions, we will compute a maximum tree instead of a maximum forest. For doing
so, we introduce an hypothetical new vertex, denoted by vg, that is universal and
we compute a pair (F, Ep) so that F' is a maximum forest of G, Ey C {vg} x V(G)
and (V(F)U{uvo}, E(F)U Ey) is a tree. For a weight function w on the vertices of
G and a subset S C V(G), we denote by w(S) := > g w(v).

Definition 3. Let G be a k-labeled graph and let s : [k] — {1,2,—2} be a total
function. If s71(2) = {i1,...,ip}, we let V" be the set {m:,,m;’;} disjoint
from V(G) U {vo}. The entries of Ag[s] are all weighted partitions (pg,p,w) €
H(s71({1,2}) U{vo}, s 1(—2)) x N such that there exist an induced subgraph F of
G and E? C {v} x V(F) so that w(V(F)) = w,
(1) The set s~1(1) = {i € [k] | |[V(F) N labg'(i)| = 1} and po = {i € [k] |
[V(F)Nlabg'(i)| = 0}.
(2) The graph FT™ := (V(F)U{v} UV, ", E(F)UE?U EY) is a forest where
Ef = U<jcp i, x (V(F) Nlabg' (i5))-
(3) Each component C of (V(F)U{vo}, E(F)UE?) intersects labg"' (s~ ({1,2}))U
{vo}-
(4) The partition p equals (s7({1,2}) U{vo})/ ~p+ where i ~ j if a vertex in
labs* (i)NV (F) is connected in the graph F'* to a vertex in labg' () NV (F);
we consider labg' (vo) = {vo}.
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Our algorithm will store for each labeled graph G a table tabg[s] that ac-
represents Ag|s].

The first condition says that the label classes that are not intersected by the
solution are stored in pp, those that are intersected once are in s~1(1) and those
that are intersected at least twice are in s ~1({—2, 2})\po. We expect the intersected
vertices that belong to a label class in s71(2) to get exactly one future neighbor
in the possible extensions of the partial solutions. On the other hand, those that
belong to a label class in s~1(—2) are preventing from having a neighbor in any
extension of the corresponding partial solution. Condition (2) guarantees that
(V(F)U{v}, BE(F)U E?) is acyclic and can be extended into a forest. Each vertex
z;, € V;* is intended to represent the expected future neighbor of the intersected
vertices in lab~!(¢). It is worth noticing that the acyclicity of F+ implies that two
vertices in V(F) N labg' (i) with s(i) = 2 must be in different components in F,
otherwise F'T would contain a cycle. Condition (3) implies that each component of
the solution (V(F)U{vo}, E(F)U E?) contains a vertex that will play a role in the
connectivity of possible extensions. Condition (4) tells us that p is a partition of
s71({1,2}) U {vp} and that i and j are in the same block of p if there are vertices
x and y of V(F) labeled respectively ¢ and j and that are in the same component
of F*. Observe that this describes an equivalence relation since, for each label
i € s71(2), the vertices labeled i are connected in F'+ through ;.

FIGURE 2. Example of graph FT, here p = {{vo,1},{2,3},{4}},
8_1(1) = {174}7 8_1(2) = {273}7 8_1(_2) = {5a677>8} and bo =
{7,8}.

Given a graph G and a k-expression t such that val(t) = G, we can find the size
of a maximum induced forest of G by checking whether (0, {{vo}},w) is the entry
of Agr[sgr] with G" = reng1(reng_1)-1(. .. (rena1(t))...)) and sg/ (1) == —2.
By definition, if (0, {{vo}}, w) belongs to Ag/[s¢r], then there exist a set FF C V(G)
and a set of edges Fy C {vo} x V(G) such that (F U {vo}, E(G[F]) U Ep) is an
induced tree and w(F') = w is maximum.

Irredundant k-expressions. To simplify the algorithm, we will use irredundant
k-expressions. A k-expression is irredundant if whenever the operation add; ; is
applied on G, there is no edge between an i-vertex and an j-vertex in G. It is proved
in [6] that any k-expression can be transformed in linear time into an irredundant
k-expression.

Computing tabg for G = 1(z). For s: {1} — {1,2, -2}, let
{(@, {1, v0}}, (), (0,{{1}, {vo}}, w(x))} if s(1) =1,
tabels) == { {({1}, H{eo} 1. 0)} if (1) = —2,
] if s(1) = 2.

Since |V(G)| = 1, there is no solution intersecting the label class 1 on at least
two vertices, and so the set of weighted partitions satisfying Definition [3| equals
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the empty set for s(1) = 2. For the same reason, if s(1) = —2 then x is not in
the partial solution. If s(1) = 1, there are two possibilities, depending on whether
So = 0 or Sy = {zvg}. We can thus conclude that tabg[s] = Ag[s] is correctly
computed.

Computing tabg for G = ren;,;(H). We can suppose that H is k-labeled. Let
s K]\ {i} — {1,2, -2}, and let s1, 82,83 : [k] = {1,2,—2} with s1({) := s2(¢) :=
s3(€) :=s(¢) for ¢ ¢ {i,j}, and

o 51(J) = s(4), s1(8) = =2,

) =
o If 5(j) = —2, then s5(4) := s2(j) = —2, otherwise ss is not defined,
o If 5(j) € {1, 2} then s3(7) = s(j) and s3(j) = —2.

We let tabgs] := ac-reduce(rmc(A)) where
A= U proj({i}, (tabr[s1]) rxu{i}) U U proj({;}, (tabm [52])rxu{j}) U
XCsy'(=2) XCsy ' (=2)\{i}

U proj({i}, acjoin((tabm[ss) x gy {([K1\ {4, 5}, {4, 53}, 0)})) U

XCs3' (—=2)\ {45}

U proil{i,} (tabulsul), <) U
Veg{i,j}, su(£)=s(¢) XCsht (—2)\{4,]
S(J'):*stir(i)’;{H(J')G{L*?} Com (C2NMEd)
U proj({i}, acjoin((tabs [sn), {([K] \ {i. 3}, {{i, 5}, O)}).

Ve¢{i,j}, sm(€)=s({)
5(3)=2,sm (i),51 (§)€{1,2}

The definition is explained in the next proof, but essentially for each partial
solution from taby, we either add it to tabg by forgetting the label ¢ or we check
that no vertex labeled 7 is in a same connected component as a vertex labeled j
(with the acjoin operator).

Lemma 4.1. Let G = ren,_,;(H) be a k-labeled graph. For each s : [k] \ {i} —
{1,—2,2}, the table tabg[s] ac-represents Ag[s] assuming that tabg[s'] ac-represents
Ap[s'] for each ' : [k] — {1,-2,2}.

Proof. Since the operators preserve the ac-representativity, it is enough to prove
that by substituting Ag to taby in the definition of A we have A = Ag[s]. (This
will be also the case in all the subsequent correctness proofs.)

First, we prove that Ag[s] C A. Let (po,p,w) € Ag[s] satisfying Conditions
(1)-(4) of Definition [3| with F' and E? the induced subgraph of G' and the set of
edges associated. We claim that (pg, p,w) is added to A.

If V(F) N laby' (i) = 0, then (po U {i},p,w) associated with (F,E?) satis-
fies the conditions of the Definition [3| to be in Apg[s1]. Therefore, (pg,p,w) €
Proj({i}vAH[sl]ppou{i})-

We may assume now that V (F)Nlab,;' (i) # 0. Suppose that V(F)Nlaby*(j) = 0.
If s(j) = —2 then (poU{j}, p, w) associated with (F, E?) satisfies the conditions to be
in Ap[s2] and (po,p, w) € proj({j}, Amlsa],,uq;y)- Otherwise, if s(j) > 0 then let
p’ be the partition obtained from p where j as been substitute by 7. It is easy to see
(poU{j},p’,w) associated with (F, E?) satisfies the conditions to be in Ag[s3]. One
then easily checks that (pg, p, w) € proj({i}, acjoin(.AH[s?,] poutspe Lk ]\{z i34, 9)},0))).

From now, we assume that both V(F) N laby'(j) and V(F) Nlaby'(j) are non-
empty. Therefore, |V(F) N labg'(j)| > 2 and s(j) € {-2,2}. Let sg : [k] —
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{1,2, -2} with sy (¢) = s(¢) for £ € [k] \ {4,}, and for ¢ € {3, j},

snlt) = 1 if [V(F)Nlaby (t)
7 s0G) i V) Nlaby (2)

Let p' the partition on s;'({1,2}) U {vy} satisfying Condition (4) with F and
EY. Trivially, (po,p’,w) associated with (F, E?) satisfies the conditions to be in
Aplsu]. I s(j) = =2, then sy (i), sy (j) € {1,—2} and (po,p,w) is clearly added
by proj({i,j}, (Au(sul),,,). Otherwise, if s(j) = 2 then sy (i), su(j) € {1,2}. We
claim that acjoin({(po, p’, w)}, {([k]\ {4, 7}, {{i,7}},0)}) # 0. By definition of acjoin
and of acyclic, it is enough to prove that ¢ and j are not in the same block of p’.
Assume towards a contradiction that 7 and j are in the same block of p’. It means
that a vertex x € V(F) Nlaby;' (i) is connected to a vertex y € V(F) Nlaby'(j). It
is easy to see that this implies the existence of a cycle in F'* since .I‘j_ is adjacent to
both  and y in F'*. This is contradiction since F' is supposed to be acyclic. One
then easily checks, from the definition of proj and acjoin, that (pg, p, w) belongs to
proj({i}, acjoin({(po, p’, w)}, {([K] \ {3, 7}, {{i,j}},0)}) and is added to A.

Let us now prove that A C Ag[s]. Assume that (po,p,w) € taby[sy] and let
(F, E?) be the corresponding forest and set of edges which satisfy Conditions (1)-(4)
of the Definition 3| Let (pf, p’,w) be the produced weighted partition added to A
from (po, p,w). If j € ph, i € po or j € po then (pf,p’,w) associated with (F, E?)
clearly satisfies the conditions to be in Ag|s].

We may then assume that i ¢ po and j ¢ po, i-e., both V(F) N laby' (i) and
V(F) N laby'(j) are non-empty, i.e., ph = po. If s(j) = —2, we have done a
projection on {i, j} after ensuring that |V (F)Nlab,;' ({i,j})| > 2. By the definition
of projection and of (F, EY), we can therefore conclude that (pj,p’, w) associated
with (F, E?) satisfies the conditions to be in Ag[s]. Observe in particular, that if
sp (i) = sp(j) =1 then Condition (3) is satisfied because by definition of proj, {i}
and {j} cannot be blocks of p, i.e., the vertex in lab=1(i) and the vertex in lab=1(5)
must be connected to some vertex which label belongs to s~1({1,2}). Otherwise,
if 5(j) = 2, we first ensure that |V(F) N laby ({i,j})| > 2, and we check that
two vertices in V(F) N laby' ({i,5}) lie in different components (with the acjoin),
and remove i from the blocks of (pg,p,w) (with the operator proj). Now, since
the operator acjoin allows (pg,p’, w) to satisfy Conditions (1)-(2) and (4), and the
projection removes ¢ from pg, we can thus conclude that (p}, p’, w) associated with
(F, EY) also satisfies Conditions (1)-(4) to be in Ag][s]. O

Computing tabe for G = add; ;(H). We can suppose that H is k-labeled. Let
s: k] = {1,2,—2}. Let sy : [k] = {1,2,—2} such that sy (¢) := s(¢), for £ ¢ {i,j}
and

(1,1) if s(z) = s(j) =1,
(s (i), 5(7)) 7= ¢ (2,1) i (s(2), 5(j)) = (=2,1),
(1,2) if (s(i), s()) = (1,—2)
Observe that sy may not exist if (s(i),s(4)) ¢ {(1,1),(1,-2),(-2,1)}. We let

tabg|s] := ac-reduce(rmc(.A)) where
A= U (tabuls]),x
X C[k], XN {i,j}#0

U proi(s™ (=2) N {i, j},acjoin((tabm [su]) ., {((K] \ {i, 3}, {{i, 53}, 0)}).

XClk\{4,5}
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Lemma 4.2. Let G = add; j(H) be a k-labeled graph. For each s : [k] — {1,-2,2},
the table tabg[s] ac-represents Ag[s] assuming that taby[s'] ac-represents Ag[s']
for each s’ : [k] — {1,-2,2}.

Proof. We first recall that labg(x) = labg (x) for all x € V(G) = V(H).

First, we prove that Ag[s] € A. Let (po,p,w) € Ag[s] satistying Conditions
(1)-(4) of Definition 3|in G with F' and EY the induced subgraph of G and the set
of edges associated. If {i,j} Npy # (), then F is an induced forest of H and clearly
(po, p,w) associated with (F, EY) satisfies the conditions to be in Ag[s]. We can
thus conclude that (po,p,w) is added in A from (Ag),,, .

So, assume that {i,}Npo = 0. Let X; := V(F)Nlabg' (i), X; := V(F)Nlabg" (5),
and let Fy = (V(F),E(F) \ (X; x X;)). Observe that (s(), s(j)) must be in
{(1,1),(1,-2),(=2,1)}, otherwise, F* would not be acyclic. For example, if s(i) =
2, X; contains at least two vertices which are adjacent to ;" and the vertices in
X;, since G = add; j(H), we can find a Cy in F*. Thus, sy is well defined and
by definition, the Condition (1) is satisfied by sy and Fp. Because we consider
only irredundant k-expressions, we know that (X; x X;) N E(H) = 0, i.e., Fy is
an induced subgraph of H. Now, it is easy to see that F 121" is acyclic because F'+
is acyclic. Let p’ the partition on s3;*({1,2}) U {vo} satisfying Condition (4) with
Fy. By the definition of sy and of Fy it is straightforward to check then that
(po,p’,w) associated with (Fg, E?) satisfies all the conditions to be in Ag[sy].
We claim that acjoin({(po,p’,w)}, {([¥] \ {4,7},{{,5}},0)}) # 0. It is sufficient
to prove that {i,j} is not a block of p’. Since there is no edge between X; and
X, if {i,j} is a subset of a block in p’, then there is a path in F}; between a
vertex x of X; and a vertex y of X;. Let us choose a shortest one P, among all
such paths. Because the set of neighbors, in Fji, of " if sy (i) = 2 (resp. xj if
su(j) =2) is X; (vesp. X;), the path P,, does not go through z; nor J:;r, if they
exists in Fj7. Since V(Fi)\ {z], :cj = V(FT), Pis also a path of F*. Moreover,
P does not use the edges from X; x X, since they do not exists in FE Thus,
there exists a cycle in F*. This is a contradiction. It is easy to see that p is the
partition obtained from p’ by joining the blocks containing ¢ and those containing
j and by removing s~!(—2) N {4,j} from this new block. One then easily checks
that (po, p,w) € proj(s~(~2) (14,3}, acjoin(Anszr] ., { (K1 {6, 7}, {5, 11 O)1).

It remains to prove that A C Ag[s]. Let (po,p,w) € taby[sy) and (Fy, E?)
its associated induced subgraph of H and set of edges. If pg N {i,j} # 0, then
(po,p,w) € A and clearly (po,p,w) associated with (Fp, EY, ) satisfies the con-
ditions of the Definition [3| to be in Ag[s]. So, assume that {i,5} N py = @ and
let (. 1/, w) € proj(s~(~2) 1 {i, 1}, acjoin({(po, p, w)}, {([K]\ {i> 7}, {{i>7}},0)}))-
Let F = (V(Fy), E(Fy) U (X; x X;) where X, = V(Fy) N laby;'(t) for t € {1,2}.
Clearly F is an induced subgraph of G. We claim that F'T is a forest. For the
same reasons evoked earlier, {4, j} cannot be a subset of a block of p thus the ver-
tices in X; and those in X are in different components of Fi;. If | X;| = |X;| = 1
then F™ = (V(F}), E(Fg) U (X; x X;)) and it is clearly a forest. Otherwise, by
definition of sy, either |X;| = 1 and |X;| > 2 or the inverse. Suppose w.l.o.g.
that we are in the first case. Then, F'" can be obtained from F;Ir by identifying
the vertex xj and the vertex in X;, and this operation clearly keeps the graph
acyclic since the vertex in X; and z are not connected in Fjj. Thus (F,E?,)
satisfies Condition (2). Moreover, (F, EY ) clearly satisfies Conditions (1) and (3).
Condition (4) is also satisfied since it is easy to see that p’ is obtained from p by
joining the block containing 7 and the one containing j and by removing i or j if
respectively s(i) = —2 or s(j) = —2. We can therefore conclude that tabg[s] is
correctly updated. O
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Computing tabg for G = G; ® G3. We can suppose that G; and G2 are both
k-labeled. Let s : [k] — {1,2,—2}. For Y3,Ys C s~1(—2), we say that s, s1 : [k] —
{1,2,-2} and s9 : [k] = {1,2, —2} u-agree on (Y1,Y2) if for each i € [k],

Sl(i):SQ(i):—Q if’iEYiﬁYz,
s2(i) if i € Y7,
5(1) = < s1() ifi €Yz,
2 if i € [k] \ (Y1 UY2) and s1(4), s2(4) € {1,2},

-2 if i € [k] \ (Y1 UYa) and (s1(i), s2(i)) € {(1,-2), (=2, 1), (1,1), (-2, —2)}.

Typically, for i € {1,2}, Y; will represent the set of non-intersected labels of a
partial solution of G;. Observe that if (s1(7), s2(4)) = (1,1) then s(i) can take as
values 2 or —2.

We let tabg[s] := ac-reduce(rmc(A)) where,

A= U U acjoin(proj(sil(—Q) \ Y1, (tabe, [51])[3/1)7 P"OJ'(Sil(_Z) \ Y2, (tabg, [52])ry2))'

Y1,Y2Cs71(=2) u—‘samgrle’eszon

(Y1,Y2)

Lemma 4.3. Let G = G1 @& Gy be a k-labeled graph. For each s : [k] — {1,—-2,2},
the table tabg[s] ac-represents Agls] assuming that tabg,[s'] and tabg,[s'] ac-
represents Ag, [s'] and of Ag,[s'], respectively, for each s' : [k] — {1,—2,2}.

Proof. First, we prove that Ag[s] C A. Let (po,p,w) € Ag[s] and (F,EY) its
associated induced subgraph and set of edges according to Definition For t €
{1,2}, let Fy := G4[V(F) NV (Gy)] and EY, := {vo} x V(F) N EY, wy := w(V(F)),
ph={i€lk]| V(F)N labétl(i) = (0}, and let s; : [k] — {1,2, —2} such that

—2 ifieph,
si(i) =1 if [V(Fy) Nlabg! (i)| =
s(i) if [V(F,) N labg! (i)| >

)

It is a straightforward check to verify that (s, s1,s2) u-agree on (p§,p3). Let p;
the partition on s; *({1,2})U{vo} satisfying Condition (4) with F;". Let t € {1,2}.
We claim that (p§, pr,w;) associated with (Fy, EY) satisfies the conditions to be
in Ag,[s¢]. By definition of p},p; and s;, and of (Ft,Egt) it is straightforward
to check that Conditions (1) and (4) are satisfied. Because s; *(2) C s~'(2), and
F = Fy®F,, we can conclude that F; is an induced subgraph of F*. Because F'* is
acyclic, we can conclude that F;" is acyclic, i.e., Condition (2) is satisfied. Because
F = F} & Fy, each component C of F' is either a component of F; or of Fs. Now, if
a component, C' does not intersect s; ' ({1,2})U{vo}, then it is entirely contained in
Ujest—l(iz) V(Fy) ﬁlabatl (). But, this yields a contradiction with (F, E?) satisfying
Condition (3) because s; *(—2) C s7'(—2), and C'is a component of F. Therefore
Condition (3) is also satisfied. We can thus conclude that Conditions (1)-(4) are
satisfied by (Fy, E?) and (pf, p¢, w;). It remains to prove that

(po, p, w) € acjoin(proj(s ™ (=2) \ Y1, {(po, p1,w1)}), proj(s " (=2) \ Ya, {(p5, p2, w2)}))-

First, observe that, for ¢t € {1,2}, we have proj(s~1(—2) \ Vi, {(p}, pi,w:)})) # 0
since F; satisfies Condition (3). Let V = s71({1,2})U{vo} and let p; = ((pt)yv)1v-
We claim that acyclic(p], p5) holds. Assume towards a contradiction that it is not
the case. By the graphical definition of acyclic, we can easily see that it implies the
existence of a sequence iy, ..., 42, of s71({1,2}) U {vg} such that

iop ~ 4t 11 and for all 1 < a <7, we have i24_1 ~pt i20 and 724 ~pt 12041
1 2 1
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Now observe that for all 1 < a < r, if i, ~ ia+1 then there exists a vertex

in labg'(ia) NV (F;) connected to a vertex in labg'(ia11) NV (F;). We can then
construct a cycle in F* from this sequence since V(Fy) N V(Fy) = 0, F;" and
F,f are subgraphs of F'* and for all iins~!(2), the vertices labeled i are connected
in F* through v;". This is a contradiction since F'* verifies Condition (2), thus
acyclic(p}, p5) holds. One then easily checks that

(P6NP3, P LIPS, wi+w2) € acjoin(proj(s ™ (=2)\Y1, {(p5, p1, w1)}), proj(s ™" (=2)\Y2, {(p5, p2, w2)})).

Now, we can claim that p = p} U p). For doing so, it is sufficient to look the
definition of LI and to observe that ~p+ is the transitive closure of the relation R
where iRj if i ~pt jori ~Ey j. One then easily checks that w = w; + wy and
po = py N p3 and concludes then that (pg,p,w) is added to A through (p, p1,w1)
and (pZ, p2, wa).

We now prove that A C Ag|s], i.e., if (po, p, w) € acjoin(proj(s ' (—2)\ps, {(»s, 1, w1)}),
proj(s ™1 (—=2) \ p§, {(P3, p2,w2)})) is added to tabg[s], then (po,p,w) € Agls]. Let
(F1, EY) and (F3, EY)) be associated with (pg, p1,w1) € tabg, [s1] and (pd, p2, w2) €
taba, [s2], respectively, with s, s1, s2 u-agreeing in (pj, pg). We claim that (po, p, w)
associated with (F, EY, UE?)) where F = (V(Fy) UV (Fy), E(Fy) U E(F3)), satisfies
Conditions (1)-(4), i.e., (po,p,w) € Ag|s]. Because s, sy,s2 u-agree on (pg,p?),
then py = py Np3 and by the definition of the entries of the tables, and of (po, p, w),
we can conclude that p € TI(s~1({1,2}) U {vo}). Also, because s, s1, 83 u-agree on
(py,p3) it is easy to prove that Condition (1) is also satisfied. Assume towards a
contradiction that Condition (2) is not satisfied, i.e., there exists a cycle C' in F'*.
Since both Fl+ and F2+ are acyclic, C' must be a cycle alternating between paths
in Ffr and paths in F2+ . One can easily check that this implies the existence of a
sequence i1, ... ,4ia, of s71({1,2}) U {vo} such that

i2r ~p+ 41 and for all 1 < o < r, we have iaq—1 ~ p+ G20 and G20 ~pt 2041
1 2 1

Moreover, it is easy to infer, from this sequence and the graphical definition of
acyclic, that acyclic(((p1)yv)1v, ((p2)1v)+v) doesn’t hold, where V = s~({1,2}) U
{vo}. This is a contradiction since (pg,p;) is supposed to be added in A from
(py, p1,w1) and (p3, p2,ws). If we suppose that Condition (3) is not satisfied, then
there is a connected component C' of F' that does not intersect s~1({1,2}) U {vo},
i.e., C is fully contained in labs'(s7*(—2)). Since F = F} @ Fy, C is either a
connected component of F; or of F. Suppose w.l.o.g. that C is a connected
component of Fj. Observe that C' intersects labé} (s71({1,2})) because F; satisfies
Condition (3) in G;. Moreover, C' does not intersect lab(_;}(sl_l(2)), otherwise C
would intersect laby'(s~1(2)) since s;(i) = 2 implies s(i) = 2, for all i € [k]. Thus
C is a connected component of Fi" and bc := {i € s7"(1) | C Nlabg! (i) # 0} is,
by definition, a block of p;. Moreover, we have b C s~1({—2}) \ p§ since C does
not intersect any vertex in s~!({1,2}) U {vo}. Thus, by definition of proj, we have
proj(s~1(=2) \ pd, {(pd, p1,w1)}) = 0 which contradicts the fact that (pg,p,w) is
produced from (p}, p1,w1) and (p3, p2,w2). Condition (2) is then satisfied.

For all i € [k], let X; := F N labg' (i), and X,, := {vo}. It remains to prove
that Condition (4) is satisfied, i.e., for all labels 7, j, we have ¢ and j are in the
same block of p if and only if a vertex in X; is connected, in F'™, to a vertex in
X,. By definition of acjoin and proj, we have p = ((p1),v)+v U ((p2)yv )+v where
V =s71({1,2}) U{vg}. Thus two labels i and j are in the same block of p if and
only if there exists a sequence by, bo,...,b, of blocks that alternatively belong to
p1 and py and such that ¢ € by, j € b, and for all [ € [r — 1], b N b1 # (0. Hence,
it is sufficient to prove that for all b} € p; and b} € pa, we have b N, # 0 if and
only if for all i € b} and j € b}, a vertex of X; is connected to a vertex of X; in
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F*. Let (i,7) € by x by and | € b} Nb,. Since p; satisfies Condition (4), a vertex
of X; is connected, in F;", to a vertex from X; and since F," is a subgraph of F'+,
we can also conclude that a vertex of X; is connected, in F't, to a vertex from X;.
Symmetrically, a vertex of X; is connected, in F'*, to a vertex from X;. If | X;| =1
(i.e., I = vo) then we are done, otherwise s(I) = 2 and by definition of F'* all the
vertices in X are connected to z;". Hence, Condition (4) is also satisfied.

We can therefore conclude that tabg[s] is correctly updated. g

Theorem 4.4. There is an algorithm that, given an n-vertexr graph G and an
irredundant clique-width k-expression of G, computes a minimum feedback vertexr
set in time 33k . 2Dk .y O

Proof. We do a bottom-up traversal of the clique-width expression and at each step
we update the tables as indicated above. The correctness of the algorithm follows
from Lemmas[4.1}f4.3] Let us discuss the time complexity now. If G = add; j(H) or
G =ren;—;(H), and s : [k] — {1,2, -2}, then we update tabg[s] from a constant
number of tables from taby, each identified in O(k) time from s. Since each table
contains at most (k+1)-2* entries, we can thus update tabg in time 2(w=1k . pOQ)
If G=G1®Gyand s: [k] = {1,2,—2}, then one can easily bound the size of A by
the sum over all functions s1, s2 : [k] — {1,2, -2} of |tabg, [s1]| - [tabg,[s2]]. Since
there is at most 32% such functions, we can conclude that |A| < 3%k .22k . gO(),
Therefore, tabg[s] is computed in time 32k . 9wtk 1O e we update tabg in
time 33F . 2Dk . LOM)  Because the size of a clique-width expression is linear in
n, we can conclude that a minimum feedback vertex set can be computed in the
given time. O

5. (OuT)-CONNECTED (0, p)-DOMINATING SETS

We will show here how to use the operators defined in [I] in order to obtain singly-
exponential time algorithms for computing minimum or maximum connected (o, p)-
dominating sets in graphs of bounded clique-width. We let opt € {min, max}, i.e.,
we are interested in computing a (out)-connected (o, p)-dominating set of maximum
(or minimum) weight if opt = max (or opt = min). Let us first give some definitions.

Let V and S two disjoint finite sets. As defined in Section [3] rmc works only
for the case opt = min, we redefine it as follows in order to take into account
maximisation problems. For A C H(V,S) x N, we define rmc(A) C A as

rmc(.A) = {(pOapvw) eA | v(pOapa ’U_)/) € Aa Opt(U)?wl) = w}

Join. Let V’ and S’ be two disjoint finite sets. For A C H(V,S) x N and B C
H(V',S") x N, we define join(A,B) CHV UV (S\VHU(S"\V)) xN as

join(A, B) := rme ({(po \ (V' US")) U (go \ (V US)) U (poNgo)s prvry U grevy, wr +w2) |
(p07paw1) € A7 (q07q7 w2) € B}) .

This operator is the one from [I]. It is used mainly to construct partial solutions
of G & H from partial solutions of G and H.

Proposition 5.1 (Folklore). The operator join can be performed in time | Al - |B| -
[VUSUV'US|PM and the size of its output is upper-bounded by |A| - |B|.

The following is the same as Definition [2] but does not require acyclicity.
Definition 4 ([I]). For A C H(V,S) x N and (g9, q) € H(V, S), let
opt(4, (g0, 9)) == opt{w | (g0, p,w) € A, pUg={V\qo}}.
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A set of weighted partitions A" C H(V,S) x N represents A if for each (qo,q) €
H(V,S), it holds that opt(A, (g0, ¢)) = opt(A’, (qo,q))-

Let Z be a finite set and V’/,S” be two disjoint finite sets. A function f :
oHV.S)xN o 7y oH(V/.8")XN g gaid to preserve representation if for each A, A’ C
H(V,S) x N and z € Z, it holds that f(A’,z) represents f(A,z) whenever A’

represents A.
Lemma 5.2 ([1]). The operators rmc, proj, join and U preserve representation.

Proof. Since, for all (qo,q) € H(V,S), we have, by definition, opt(A4, (¢0,q)) =
opt(Ajg, (g0, q)), we can conclude that A’ represents A if and only if A’ x repre-
sents A;x for all X C 5. Also,

opt(join(A, A", (ro, 7)) = optxcv {opt(join(A,x,A"), (ro, 7))}

Since it is proved in [I]| that the operators rmc, proj, join and U preserve the repre-
sentativeness on (H(V,S) x N),y for all X C S, we are done. O

Theorem 5.3 ([1]). Let X be a subset of S. There exists an algorithm reduce
that given a set of weighted partitions A C X x II(V \ X) x N, outputs in time
|AJ-2@=DIVEV19M) g subset A’ of A that represents A, and such that |A’] < 2IVI=1
and Y- 0 pwyen W IS optimum.

We now concentrate on connected (o, p)-dominating sets (the modifications for
computing out-connected (o, p)-dominating sets are then after straightforward). We
also let (o, p) be a fixed pair of non-empty finite or co-finite subsets of N. Moreover,
let d := max{d(c),d(p)}, where d(N) := 0, and for a (non-empty finite or co-finite)
subset 4 C N, d(p) := max(u) if p is finite, otherwise, d(p) := max(N\ u) +1. We
will use the symbol +oco in order to decide if a set of vertices of size greater than d
is included in a (o, p)-dominating set. For each D C V(G) and i € [k], let

vi (D) = +00 if labs' (i) € D and |labg' (i)| > d,
¢ * | min(d, |labg' (i) N D|) otherwise,

and let rg(D) = (r&(D),...,r&(D)). If D C V(G) is a partial solution then the
sequence 7 (D) will be the information we keep to describe how D intersects the
different label classes. For all i € [k], observe that labg'(i) C D if and only if
rg(D) = rg(lab=*(i)). Moreover, notice that |[{rg(D) | D C V(G)}| < (d + 2)*.

We now define a graph from G that describes future extensions of G using clique-
width operations. Let VT := {v},... v}, v?,... 02, ... 0F, ... vk} be a set disjoint
from V(G) and of size d - k. For R' := (Ry,...,Rx) C {0,1,...,d}*, let V*(R') :=
VHRy) U---UVH(R]) with

0 it R, =0,
{vi,..., vl } otherwise,

VT(R)) = {

and let fr/(G) be the graph with vertex set V(G) UVt (R') and edge set E(G) U
EyU---UEy with E; = labg' (i) x VF(RL). Observe that E; is empty if labg' (i) = 0
or V*(R}) = 0. The following describes the tables manipulated by our algorithm.
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Definition 5. For a k-labeled graph G and R € {0,...,d, +oo}*, R’ € {0,...,d}*,
let po = {i € [k] | R; =0 or R} =0},
D[R, R := {(po,p, w) € H([k] \ po,po) | 3D C V(G),ra(D) = R,w(D) = w,
DUVT(R) (o, p)-dominates V(@) in fr/ (@),
p=([k]\ po)/ ~¢ (c), and
G[D] is connected if R’ = {0}"*, otherwise
VC € CC(G[D]), 3z € C with laba(z) & po }-

Where ~¢,,(c) is the equivalence relation such that i ~¢_, () J if there exists a vertex in
labg;' (i) connected to a vertex in labg'(j) in fr/(G).

It is straightforward to check that the optimum value is the optimum over all
R € {0,1,...,d,+0o}* of opt{w | ([k],0,w) € Dg[R,{0}*]} for a k-labeled graph
G. As in Section [4 our dynamic programming algorithm will store a subset of
Dg|R, R'] of size 27! that represents it. Recall that we suppose that any graph is
given with an irredundant clique-width k-expression. Also, in order to simplify the
steps of the algorithm, we will always assume that the given graph is k-connected,
at the cost of adding the non-necessary labels in py for each considered weighted
partition (po,p,w).

Computing tabg for G = 1(z). For R € {0,...,d, +oo}* R € {0,...,d}*, let

0 if R1 ¢ {0,1} or R; # 0 for i # 1,
{([k],0,0)} if R1 =0 and R} € p,

tabg[R, R'] :=  { ([K]\ {1}, 0, w(z))} if R =1, R ={0}* and 0 € o,
{([R\ {1}, ({13}, w(z))} if Ri=1, Rl #0and R €0,
0 otherwise.

Since there is only one vertex in G, which is labeled 1, only Ry may be different
from 0 and cannot exceed 1. Also, the possible solutions are either to put x in the
solution (Ry; = 1) or to discard it (R; = 0); in both cases we should check that it is
(0, p)-dominated. Also, when we include it in a solution, whenever R’ # {0}*, R}
should be different from 0. Thus, the fact that tabg[R, R'] represents Dg[R, R'] is
clear from the construction.

Computing tabg for G = ren;_,;(H). We can suppose that H is k-labeled. Let
R € {0,...,d,+oo}F and R’ € {0,...,d}*. If R; # 0, we let tabg[R, R'] := 0.
Otherwise, we let S” € {0,...,d}* such that S) = R}, V¢ # i and S} = R} and we
set tabg|R, R'] := reduce(rmc(A)) with
U tabH[S, S/] if Rj =0or R; = 0,
A=< ses
join( {([K], 0, 0)}, proj({i}, A)) otherwise,

where
A= | join(tabu[S, 8", {([K]\ {4, 5}, {{i,4}},0)} ).
ses
and

§:={S€{0,...,d,+oo}" | (V¢ & {i,j}, St = Re) A [(R; = min(d, S; + S;))
V((Rj=+00) A (d<S;+8S;) A (Vte{i,j}, Se =riy(labi' (£)))]}

Lemma 5.4. Let G = ren,;,;(H) be a k-labeled graph. For R, R' € {0,1,...,d,+oo}¥,
the table tabg R, R'] represents Dg[R, R'] assuming that tabg[S, S'] represents Dy (S, S'],
for all S,8" € {0,1,...,d,+oc}*.
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Proof. Notice that as in the proofs of Lemmas it is enough to prove that
by substituting Dy to taby in the definition of A we have A = Dg[R, R'] as
the operators preserve the representativity (and this is the case for the next two
lemmas).

First we prove that A C Dg[R, R']. Observe that in G no vertex is labeled by 4,
and thus Dg[R, R'] is empty if R; # 0. Assume now that R; =0 and let S € S. Let
(po, p,w) € DylS,S’] and D its associated set from Definition [5| One can check
from the definition of S that 7¢(D) = R. Suppose that R; = 0 or R} = 0. We
claim that (po,p,w) is a valid entry in Dg[R, R']. It is clear that po = {£ € [k] |
Ry = 0 or R, = 0} since either R; = 0 and then S; = S; = 0 or R;- = 0 and
then S = 5% = 0. Moreover, DUV *(R’) (0, p)-dominates V(G) in fr/(G) because
DUVH(S') (o, p)-dominates V(G) = V(H) in fs/(H) and R} = S = Sj. We can
easily check that (pg, p, w) satisfies all the other conditions to be in Dg[R, R']. Now
suppose that R; # 0 and R} # 0. Let {(py,p’,w)} be the result of

join({([%],0,0)}, proj({i}, join({(po,p,w)}, {([K]\ {4, 5} {{i,5}},0)})))-

We claim that (pp,p’,w) is a valid entry of Dg[R, R'] when associated with D.
First, observe that applying proj and join with respectively ¢ and {([k],0,0)} as
arguments guarantees that pj = po U {i} whether i € py or not. Thus p{ =
{€ € [k] | Re¢ = 0 or R, = 0}. Moreover, it is easy to see that the neighborhood
of each vertex in V(G) does not change from fr/(G) to fg/(H), except for the
vertices in lab;' (i). Furthermore, for all vertices v € laby;* (i), we have Nt (a)(v) =
(Neg, () (V) \VH(S])) UVT(RS). Thus DUV H(R') (0, p)-dominates V(G) in fr/(G)
since S} = R}. One can easily check that p’ is equal to p if S; = 0 or p’ is obtained
from p by merging the block containing ¢ and the block containing j and by removing
i. From these observations, one can infer that p’ corresponds to ([k] \ py)/ ~+,. (@)
since, if S; # 0 then the vertices in laby;' (j) are connected to the vertices in laby;" (1)
in fp/(G) through the vertices in V*(R}). Finally, all the connected components
of G[D] intersect V(labg'([k] \ po)) since V (laby'(po)) = V(labg'(p})). We can
conclude that each weighted partition added to A is correct.

Assume now that (pg, p, w) belongs to D[R, R'] and let D be its associated set
from Definition |5 Let S := rgy(D) and p := {¢ € [k] | Sy = 0 or S, = 0}. By
definition of S, it is clear that S € S. Moreover, with the same arguments evoked
above, one can can easily check that (pg, ([k]\ py)/ ~fg (m), w) € PulS,S’] and
that (po, p, w) is added in A. Thus D[R, R'] C A. O

Computing tabg for G = add, ;(H). We can suppose that H is k-labeled. Let
Re{0,...,d,+oc}* and R' € {0,...,d}*. For t € {i,5}, we let P be the following
predicate

P(t) := (o, p are co-finite)V (p is co-finite A Ry = 0)V (o is co-finite A Ry = r&(labg' (1))).
Let, if it exists, S’ € {0,...,d}"* such that S, = R}, for all £ € [k] \ {4,j} and

g = { B+ R g&fm§¢ and, S Ri + R} ﬁ&f&§¢
d if P(3), d it P(j).

We set tabg[R, R'] := reduce(rmc(A)) with

{([k], 0, w) | (po,p,w) € tabg[R, S} if R = {0}*,
A= tabH[ ,S/] ifRZ‘:OOT .R]':O7
join({([k], 0, 0)}, proj({¢ € {i,j} | R, =0}, A’)) otherwise,
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where

A" =join( tabu[R, S'], {([K]\ {i,j}, {{i,j}},0)})

We essentially merge the connected components containing vertices labeled 4
and those labeled j, and check at the same time whether the resulting set is still a
(0, p)-dominating set (by the definition of S; and S})

Lemma 5.5. Let G = add; j(H) be a k-labeled graph. For R, R € {0,1,... ,d}k,
the table tabg R, R'] represents Dg[R, R'] assuming that tabg [S, S| represents D[S, S’]
for all S,8" € {0,1,...,d}*.

Proof. Recall that labg' (£) = laby;' (¢) for all £ € [k]. First, we prove that all tuples
added to A belong to Dg[R, R'], i.e., A C Dg[R, R']. Let (po,p,w) € taby[R,S’]
with D, its associated set from Definition[§] Independently from the different cases,
we claim that DUVt (R') (o, p)-dominates V(G) in fg/(G). In order to prove this
claim, observe that the neighborhood of a vertex in V(G) \ labg'({i,j}) is the
same in fg/(H) and in fp/(G). Thus, it is sufficient to prove that labg'({i,7}) is
(0, p)-dominated by DU V*+(R'). It is easy to see that for all v € laby' (7)

|Nf,, () (v) N (DUVH(R))| = [Ny (v) N D]+ labz'(j) N D| + R;.

As DUV (S (o, p)-dominates labg' (i) in fs/ (H), we can conclude that, if P (i) is
true, then for all vertices v € labg' (i) and for all k € N, |N¢_, sy (v) N D| + S} + k
belongs respectively to o if v € D and to p if v ¢ D. Moreover, if S = R} + R;,
then, for all v € labg'(é), | Ne,, (ry(v) N D| + Si = |Nf,, () (v) N D| + R;. In both
cases, labg' (i) is (o, p)-dominated by D U V*(R'). Symmetrically, we can prove
that labg'(j) is also (o, p)-dominated. Thus, we can conclude that D U V*(R')
(0, p)-dominates V(G) in fr (G).

If R" = {0}* then one can easily check that, by definition of S’, the two cases
po = [k] \ {¢} or [k] \ {j} are impossible. Thus, we have either py = [k] or py =
[k]\{4,7}. Since (po, p,w) € Dg[S, '], if po = [k] then S’ = {0}* and H[D] = G[D]
is connected. Otherwise, if py = [k] \ {i,4}, every connected component of H[D]
contains a vertex in labg' ({i,7}) and both labels are intersected by D, thus G[D] =
add; ;(H[D]) is connected. In both cases, G[D] is connected and thus ([k],0,w) is
a valid entry of Dg[R, R'].

Assume now that R’ # {0}¢. If R; = 0 or R; = 0, then we have H[D] = G[D].
Moreover, by the definition of S’, it is easy to check that po = {¢| R, =0 or R, =
0}. Also, the last property of Definition [5| is satisfied since labal(po) = lab,_{l (po)-
We can thus conclude that (pg,p,w) is a valid entry of D[R, R'].

Now assume that R; # 0 and R; # 0 and let (p{,p’,w) be the tuple added to A
from (pg, p, w). Observe that the join and the proj, we successively apply on A’, guar-
antee that p{, = poU{¢ € {i,j} | R, = 0} and then that p{, = {¢ | R, = 0 or R} = 0}.
Notice that p’ is the partition obtained from p by merging the blocks containing ¢
and j and by removing {¢ € {i,5} | R, = 0} from this new bloc. It is straightfor-
ward to check that p’ = ([k]\pj)/ ~¢,., (c) since G[D] = add; j(H[D]). It remains to
prove the last condition of Definition [5| Assume towards a contradiction that G[D]
admits a connected component C' fully included in labg;l(pf)). As every connected
component of H[D] intersects labg' ([k]\po) and p) \po C {i,}, one can check that
Py = poU{i, j} and that C intersects both lab;' (i) and labg' (). Moreover, C must
be the only connected component of G[D] which intersects labg' ({i,j}), otherwise,
C would not be maximal. Hence, either {i,j} is a bloc of p or {i},{j} are blocks
of p. In both cases, the proj with {¢ € {i,j} | R, = 0} = {i,j} as argument will
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return the empty set. This contradicts the fact that (pf,p’, w) is added to A from
(po, p, w). We can therefore conclude that all tuples added to A are in Dg[R, R'].
Now, we prove that Dg[R,R'] C A. Let (po,p,w) € Dg[R,R] and D its
associated set from Definition 5] Moreover, let pj = {¢ € [k] | Re = 0 or S, = 0}
and p' = ([k] \ py)/ ~fo (). By definition of d and since D U VF(R') (o,p)-
dominates V(G) in fr/(G), it is easy to see that R; + R > d implies P(¢) and that
R; + R > d implies P(j). From this observation, one can check that DU V*(R')
(0, p)-dominates V(H) in fg/(H). The last condition of Definition [5| is satisfied
since labg'(p)) C laby'(po). We can conclude that (p),p’,w) € Dg[R,S’]. We
claim that (po,p,w) is added to A from (pf),p’,w). This is trivial if R = {0}* or
(R; = 0) A (Rj = 0). Assume from now that R’ # {0}* and (R; # 0) V (R; # 0).
We prove that the proj, with {¢ € {i,j} | R, = 0} as argument, does not return
an empty set. Assume towards, a contradiction, that it is the case. It means that
{¢ € {i,j} | R, = 0} = {i,j} and either {4, 5} is a bloc of p’ or {i} and {j} are
blocks of p’. In both cases, it implies that the connected component containing
D N labg' ({i,j}) is fully contained in labg'(pp). This is a contradiction with the
last condition of Definition |5, Hence, (pg, p, w) is added to A. O

Computing tabg for G = G; ®G2. We can suppose that G and G5 are k-labeled.
For R, R' € {0,1,...,d,= oo}*, we let tabg[R, R'] := reduce(rmc(A)) where

A1 U A, if RN = {O}k,
A= U join(tabg, [S', R'],tabg,[S?, R']) otherwise,
(51,52)es

with

0 otherwise.

Ay = {tabcl [R{0}*] if tabe, [{0}*, {0}"] # 0

e {tabcz [R,{0}*] if tabs, [{0}*, {0}"] # 0

0 otherwise.

and, S is the set of all the pairs (S*,S?) € {0,...,d,+oo} x {0,...,d,+oo}
such that, for each ¢ € [k], either R, = min(S} + S7,d) or (R, = +00 and, S} =
re, (labg; (0), S7 =g, (labg, (0))).

Lemma 5.6. Let G = G1® Gy be a k-labeled graph. For R,R' € {0,1,...,d}*, the
table tabg[R, R'] represents D[R, R'] assuming that tabg,[S,S’] and tabg,[S, ']
represents Dg, [S, S'] and Dg,[S, S'], respectively, for all S, S" € {0,1,...,d,+oo}* x
{0,1,...,d}".

Proof. Assume first that R’ = {0}*. Therefore, it is not possible to construct a
connected set with two connected sets from Gy and Gs. It is clear by definition
that if (pg,p,w) is added to A, then there is D C V(G) so that all the conditions
of Definition 5| are satisfied by D. Now, if ([k],0,w) € Dg[R, {0}*] and D is its
associated set, then either D C V(Gy) or D C V(Gs). Suppose w.l.o.g. that
D C V(Gy). Since no vertex in G; has a neighbor in Gs, for each vertex x in
V(Ga), Ng(z) N D = 0, i.e. tabg,[{0}*,{0}*] # 0 and by induction we should
have ([k],0,w) € Dg,[R, {0}*]. By definition, (py,p,w) is added to .A. One can
conversely prove that any such set belonging to Dg[R, {0}*] belongs to A; U As.
Let us now suppose that R’ # {0}*. Let (po,p,w) € Dg[R, R'] satisfying all the
conditions of Definition[5and let D C V(@) its associated set. Let D; := DNV (G;)
for i € {1,2,} and let S! := rg,(D1) and S? := rg,(D2). It is easy to check that
(81,5%) € 8. Because no vertex in G; has a neighbor in G, it is clear that
D UVT(R') (o,p)-dominates V(G) if and only if D; U VT(R') (o, p)-dominates
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V(G;) for i € {1,2}. Also, since each component of G is either a component of
G; or a component of Gy, for each component C of Gy (resp. Gs) there is an
j-vertex x in C' with R} # 0. For t € [2], let pj := {£ € [k] | S} = Oor R =
0} and p; := ([k] \ p)/ ~s, (G,)- Therefore, (pg,p1,w(D1)) € Dg,[S', R'] and
(p§, p2,w(D2)) € Dg,[S?, R']. By definition, we have p = (p1)+p\po U (P2)4[k]\po-
po = pg N p3 and w = w(D;) + w(Dy). Therefore, (pg, p,w) is added to A.

In the other direction, let (S',5%) € S and let (p,p1,w:1) and (p3,pa,ws) in
tabg,[SY, R'] and tabg,[S?, R'], respectively, so that

{(po, p,w)} = join({(py, pr,w1)}, {(p5, P2, w2)}).-

By definition, there are D; C V(G1) and Dy C V(Gg) associated with (pd, p1,w1)
and (p3, p2, ws) respectively. Let D := D; U Dy. By definition of S, r(D;UDs) = R
and w(D) = w(D1) +w(Dz) = w. One also checks that po = {¢ € [k] | R or R, =
0} as po = p§ Npg. Because E(G) N (V(G1) x V(G2)) = 0, each component of
G[D] is either a component of Dy or of Dy, i.e., each component of G[D] contains
an j-vertex with R} # 0. Also, DU V*(R') (o, p)-dominates V(G) if and only
DUV (R') and DoUVT(R) (o, p)-dominate V(G1) and V(G3) respectively. One
can easily check that p = (p1)4(x]\po U (P2)1[k]\p, Dy definition of Ll and ~ (). We
can therefore conclude that adding (po,p,w) € A is correct. O

Theorem 5.7. There is an algorithm that, given an n-vertex graph G and a clique-
width k-expression of G, computes an optimum connected (o, p)-dominating set in
time (d 4 2)%F - (d + 1)F - 20F@)k . OO,

Proof. We do a bottom-up traversal of the clique-width expression and at each
step we update the tables as indicated above. The correctness of the algorithm
follows from Lemmas [5.45.6] Let us discuss the time complexity now. First,
notice that there are at most (d + 2)* - (d + 1)* pairs (R, R') so that tabg[R, R]
is well-defined. So, it is enough to show that each table tabg[R, R'] is computed
in at most (d + 2)F - 20+)k 1f G = add; j(H), we update tabg[R, R'] from one
entry taby R, S’] for some fixed S’ computable in O(k) time. Since the used join
operation runs in time 25~ . k9 and we use reduce on a set of size 2871, we are
done. Now, if G = ren;_, j(H), then we update tabg[R, R'] from |S| = (d+2)? tables
from taby, each identified in O(k) time from (R, R’). Since each table contains at
most 2°~! entries, we can thus update tabg[R, R'] in time (d + 2)? - 2(«=1k . gO1),
If G = Gy ® Gy, the bottleneck is when R’ # {0}, in this case, we compute
tabg[R, R'] from the union of |S| join. Observe that |S| < (d + 2)* since for R
fixed and St € {0,...,d, +oc}, there is at most one S € {0,...,d, +oo} such that
(S*,8%) € S. Each join is computed in 22*=2 . £9() time and adds at most 2¥~2
element in A. Therefore, tabg[R, R'] is computed in time (d + 2)* - 21k,
Because the size of a clique-width expression is linear in n, we can conclude that
an optimum (o, p)-dominating set can be computed in the given time. O

As a corollary, we can prove the following.

Theorem 5.8. There is an algorithm that, given an n-vertex graph G, a subset K C
V(G) and a clique-width k-expression of G, computes a minimum node-weighted
steiner tree for (G, K) in time 32F . 224wk . | OQ)

Proof. We can reduce the problem NODE-WEIGHTED STEINER TREE to a variant
of CONNECTED-(o, p)-DOMINATING SET where 0 = N* and p = N. This variant
require K to be included in the (o, p)-dominating set. We can add this constraint,
by modifying how we compute the table tabg, when G = 1(x) and « € K. For
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R € {0,1, 400} R € {0,1}F, we set

1] ifRiZlorRi#1or Ry #0fori#1,
{([k]\ {1}, {{1}}, w(z))} otherwise.
It is straightforward to check that this modification implements this constraint and

our algorithm with this modification computes a minimum node-weighted Steiner
Tree. O

tabg[R, R'] := {

For the case of out-connected (o, p)-dominating sets, let us define the following
table entries.

Definition 6. For a k-labeled graph G and (R, R') € {0,1,...,d,+00}fx{0,1,...,d},
let po = {¢ € [k] | Re = r&(labg' (£)) or R = 0},

De|R, R'] == {(po,p,w) € H([K] \ po, po) | 3D C V(G),rc(D) = R,w(D) = w,
DUVT(R) (o, p)-dominates V(G) in fr/(G),
p=([F]\po) ~f,, (@), and G[V(G) \ D] is connected if R’ = {0}*,
otherwise, VC' € CC(G[V(G) \ D]), 3z € C with laba(z) = j and R} # 0}.

Where ~;_, () is the same equivalence relation as the one defined in Definition

Observe that Ry, = 75 (labg' (£)) implies r& (V(G) \ D) = 0. It is straightforward
to check that the optimum value is the optimum over all R € {0,1,...,d, —l—oo}"”' of
opt{w | ([k],0,w) € Dg[R, {0}*]} for a k-labeled graph G. Definition |§| is similar to
Definition [5] except that pg and p records the label classes intersected by the com-
plement of the (o, p)-dominating set. It is now an exercise to modify the algorithm
for connected (o, p)-dominating set so that we compute tables for Dg.

6. CONCLUDING REMARKS

We combine the techniques introduced in [3] and the rank-based approach from
[1] to obtain 2°®*) . nO(1) time algorithms for several connectivity constraints prob-
lems such as CONNECTED DOMINATING SET, CONNECTED VERTEX COVER, FEED-
BACK VERTEX SET, CONNECTED INDUCED d-REGULAR SUBGRAPH, etc. While
we did not consider connectivity constraints on locally vertex partitioning problems
[3], it seems clear that we can adapt the algorithms from the paper to consider
connectivity constraints such as, if the solution is {D1,...,D,}, each block D; is
connected or a proper subset of the blocks form a connected graph. We did not
consider counting versions and it would be interesting to know whether we can
adapt the approach in [I] based on the determinant to the clique-width.

The main drawback of clique-width is that, for fixed k, there is no known FPT
polynomial time algorithm that produces a clique-width expression that even ap-
proximates within a constant factor the clique-width. We can avoid this major
open question, by using the equivalent notion of rank-width and its associated rank-
decomposition for which an FPT cubic time algorithm is known [12], 14 [16]. But,
if we use our approach with a rank-decomposition, the number of labels is bounded
by 2%, and so we will get a doubly exponential time algorithm. We can circle it and
obtain 20¢+) . 0 as done for example in [10] for FEEDBACK VERTEX SET by
using Myhill-Nerode congruences, and it is not yet clear how we can combine this
with rank-based approach. Even though we overcome this difficulty, the case of
connected locally checkable properties will not be settled as the best upper-bound
on the number of neighbor-equivalences for rank-width is 20(klog(k)) [15] provided
through the notion of Q-rank-width [13} [15].
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APPENDIX A. PROOF OF LEMMA [3.2]

We start by giving some useful facts. The following is quite easy to observe if
we take the graphical definition of acyclic.

Fact 1. For all partitions p,q,r € II(V)
acyclic(p, ¢) A acyclic(p U g, r) < acyclic(q, ) A acyclic(p, g U r).

Proof. For a partition p € TI(V), let f(p) := |V|—#block(p). One easily checks that
acyclic(p, ¢) holds if and only if f(pLig) equals f(p)+f(q). One can therefore deduce,
by an easy calculation from this equivalence, that acyclic(p U ¢,7) A acyclic(p, q) is
equivalent to saying that f(p U ¢ U r) equals f(p) + f(p) + f(r). Similarly, for
acyclic(q, r) A acyclic(p, g U r). O

By definition of acyclic and of LI, we can also observe the following.
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Fact 2. Let ¢ € TI(V) and let X C V such that no subset of X is a block of g.
Then, for each p € TI(V '\ X), we can observe the following equivalences

(1) pTXI_Iq:{V}<:)pI_Iq¢(V\X):{V\X} and
(2) acyclic(prx, q) <= acyclic(p, ¢ v\ x))-

The following is quite easy to prove since, for all A C H(V,S) x N and (qo,q) €
H(V,S), by definition of ac-opt, we have

ac-opt(A, (qo,q)) = ac-opt(Ajy, (90, 9))-

Fact 3. Let A and A’ be subsets of H(V,S) x N. A" ac-represents A if and only if
A’y x ac-represents A;x for all X C S.

Proof of Lemma[3.3. Let V and S be two disjoint finite sets and let A and A’ be
weighted partitions in H(V, S) x N.
Remove non-maximal copies. Let (¢o,¢) € H(V,S). By the definition of rmc,
whenever (po,p,w) € A is such that pg = qo, p U q = {V}, acyclic(p,q) and
ac-opt(A, (¢o,q)) = w, then (po,p,w) € rmc(A), otherwise there would exist
(po, p,w') € A with w’ > w which would contradict w = ac-opt(A, (qo, q)). There-
fore, ac-opt(rmc(A), (go,q)) = ac-opt(A, (qo,q)). We can then conclude that if A’
ac-represents A, it holds that rmc(A’) ac-represents rmc(.A).
Project. Because proj(A, X) = proj(proj(A,z), X \ {z}) for all x € X C V U S,
we can assume that X = {z}. Let (go,q) € H(V \ 2,5\ z). Let (po,p,w) €
A such that (po \ z,p v\z,w) € proj({(po,p,w)}, X) with po \ © = ¢o. Since
proj({(po, p,w)}, X) # 0, {x} is not a block of p and by Fact [2] if z € V then

e Ug={V\2} <= pUgq., ={V}, and

acyclic(p vz, q) <= acyclic(p, g1z ).

Thus, if z € V then ac-opt(proj(A,{z}), (go0,q)) = ac-opt(A, (go,¢z)). Other-
wise, if x € S then py\, = p and either py = qo or pop = go U x. In this case,
ac-opt(proj(A,{z}), (g0, ¢q)) is the maximum between ac-opt(A, (¢ U z,q)) and
ac-opt(A4, (g0, q)). In both case, we can then conclude that if A" ac-represents A,
it holds that proj(.A’, {z}) ac-represents proj(A, {z}).

Ac-Join. Let V' and S’ be two disjoint finite sets and let B C H(V',S") x N.
By Fact [3] it is sufficient to prove that, for all X C (S'\ V') U (S’ \ V), we have
acjoin(A’, B), x ac-represents acjoin(A, B), . Let X C (S\V")U(S"\V) and (ro,7) €
VUV (S\V)U(S\V)). If ro # X then ac-opt(acjoin(A, B),y, (ro,7)) =
ac-opt(acjoin(A’, B), y, (19, 7)) = —o0.
Assume now that 7o = X, by definition, ac-opt(acjoin(.A, B) X (X, 1)) equals
max{w; +wz | (po,p,w1) € AN (qo, ¢, w2) € BAX = (po \ V') U (g0 \ V) U (po N o)
A acyclic(pyvr, grv) A acyclic(prvs U gpv, )
/\pTV/ [ qrv Ur = {V @] V/}}
By fact [1} ac-opt(acjoin(A, B), x, (X,7)) equals
max{wy +wz | (po,p, w1) € AN (qo, ¢, w2) € BAX = (po \ V') U (g0 \ V) U (po N o)
A acyclic(grv, ) A acyclic(prvr, grv U T)
/\pTV/ [ qrv Ur = {V @] V/}}

If for some (qo, ¢, w2) € B there exists a subset Y of V'\ V such that Y is a block
of ¢ty Ur then there is no (pg, p,w1) € H(V,S) such that pry Ugry Ur = {VUV'},
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i.e., ac-opt(acjoin(H(V,S), {(qo, g, w2)}), (ro,r))rX = —o0. Thus, we can suppose
that for all (o, g, w2) € B there is no subset Y of V' \ V such that Y is a block of
¢rv Ur and we can apply the Fact [2] i.e., ac-opt(acjoin(A, B) ix (X r)) equals
max{wi + w2 | (po,p,w1) € AA (qo,q,w2) € BAX = (po \ V') U (g0 \ V) U (po N ao)
A acyclic(grv, 1) A acyclic(p, (grv U ) v)
ApU(grv Ur)y ={V}}
This is equal to
max{ac-opt(A, (Y, (¢rv Ur)v)) +w2 | Y C S A(qo,q w2) €B
ANX = \V)U(q\V)U (Y Ng)
A acyclic(grv, )}
If A" ac-represents A then ac-opt(A, (Y, (¢1v Ur)yv)) = ac-opt(A’, (Y, (¢pv U
r)yv)) for all Y C S and (qo, ¢, w2) € B. Thus, we can conclude that
ac-opt(acjoin(A, B), x, (X, 7)) = ac-opt(acjoin(A’, B), , (X, 7))
and then acjoin(A’, B) ac-represents acjoin(A, B) whenever A" ac-represents A.
Union. It is quite trivial for the operator U since, for all B C H(V,S) x N and

(qo,q) € H(V, S)xN, we have ac-opt(A UB, (qo, q)) = max(ac-opt(A, (qo, q)), ac-opt(B, (g0, q)))-
O
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