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Abstract

The notions of complementability and maximality were introduced in 1974 by
Ornstein and Weiss in the context of the automorphisms of a probability space, in
2008 by Brossard and Leuridan in the context of the Brownian filtrations, and in
2017 by Leuridan in the context of the poly-adic filtrations indexed by the non-
positive integers. We present here some striking analogies and also some differences
existing between these three contexts.

Mathematics Subject Classification : 3TA05, 60J05.

Keywords : Automorphisms of Lebesgue spaces, factors, entropy, filtrations indexed by
the non-positive integers, poly-adic filtrations, Brownian filtrations, immersed
filtrations, complementability, maximality, exchange property.

1 Introduction

1.1 General context

In the present paper, we will work with three types of objects: automorphisms of
Lebesgue spaces, Brownian filtrations and filtrations indexed by Z or Z_; the reason
for choosing Z or Z_ and to rule out Z, is that for discrete-time filtrations, the inter-
esting phenomena occur near time —oo.

Among the invertible measure-preserving maps, Bernoulli shifts form a remarkable
class. Similarly, the product-type filtrations (namely, generated modulo the null sets by
sequences of independent random variables) are considered as a well-understood class.
The Brownian filtrations (generated modulo the null sets by Brownian motions) form a
natural and widely studied class of continuous-time filtrations, although less simple.

Measure-preserving maps considered here will be taken on diffuse Lebesgue spaces.
Various equivalent definitions of Lebesgue spaces are available. A simple definition of a
Lebesgue space is a probability space which is isomorphic modulo the null sets to the
union of some sub-interval of [0, 1], endowed with the Lebesgue o-field and the Lebesgue
measure, and a countable set of atoms. Most of the time, the Lebsegue space considered
is non-atomic, so the sub-interval is [0, 1] itself. The class of Lebesgue spaces includes the
completion of every Polish space. See [14] to find the main properties of Lebesgue spaces
or [10] to get equivalent definitions. Working on Lebesgue spaces provides non-trivial
meagurability results, existence of generators... We recall in section 7 the definitions and
the main properties of partitions, generators, entropy used in the present paper.



Similarly, the filtrations considered here will be defined on a standard Borel proba-
bility space (2, F,P), namely (02, F) is the Borel space associated to some Polish space,
to ensure the existence of regular conditional probabilities. Given two sub-o-fields A
and B, the inclusion A C B mod P means that for every A € A, there exists B € B
such that P(AAB) = 0. We say that A and B are equal modulo the null sets (or modulo
P) when A € B mod P and B € A mod P. We do not systematically complete the
o-fields to avoid troubles when working with conditional probabilities.

1.2 Reminders on filtrations indexed by Z or Z_

We now recall some classical but less known definitions and facts on filtrations. Given
a filtration (F,), indexed by Z or Z_, one says that (F,), is product-type if (F,,), can
be generated modulo P by some sequence (I,,), of (independent) random variables.

One says that (F,)n has independent increments if there exists a sequence (1), of
random variables such that for every nin Z or Z_,

Fn=Fn-1Vo(l,) modP and I, is independent of F,_1.

Such a sequence (I,), is called a sequence of innovations and is necessarily a sequence
of independent random variables.

One says that (Fy,)p 18 (an)n-adic when is admits some sequence (I, ), of innovations
such that each I,, is uniformly distributed on some finite set with size a,,. One says that
(Fn)n is poly-adic when (F,,)y is (an)n-adic for some sequence (ay,), of positive integers,
called adicity.

One says that (F,), is Kolmogorovian if the tail o-field F_o := (), Fy is trivial
(namely, contains only events with probability 0 or 1).

By the definition and by Kolmogorov’s zero-one law, any filtration indexed by Z or
Z_ must have independent increments and must be Kolmogorovian to be product-type.
But Vershik showed in [28] that the converse is not true. A simple counter-example
is given by Vershik’s decimation process (example 2 in [28]). Actually Vershik worked
with decreasing sequences of measurable partitions indexed by Z, and this frame was
translated into filtrations indexed by Z_ by M. Emery and W. Schachermayer [12].

1.3 K-automorphisms

The Kolmogorov property for filtrations indexed by Z or Z_ has an analogue for dy-
namical systems, although the definition is less simple in this frame: one says that an
automorphism T of a probability space (Z, Z,7) is a K-automorphism (or that T has
completely positive entropy) if for every A € Z, one has h(T,{A, A°}) > 0 whenever
0 < m(A) < 1. This condition is nothing but the triviality of the o-field

I(T) := {A € Z: h(T,{A, A%}) = 0},

called Pinsker’s factor. Actually, the ‘events’ of Pinsker’s factor can be seen as the
‘asymptotic events’. Indeed, if v is a countable generator of (Z, Z, 7, T), then

Ty =\ 17*=V T,

n>0k>n n>0k>n




where the upper bar indicates completion with regard to m. To make the analogy clearer,
set v = {Ax, A € A}. For each x € Z, let f(z) € A the only index A such that x € Aj.
For every k € Z, the o-field generated by T~ is the o-field associated to foT* viewed
as a A-valued random variable on (Z, Z, 7). Therefore, II(T) is the asymptotic o-field
generated by the sequence (f o Tk)kzo.

1.4 Content of the paper

We have just viewed the analogy between the ‘Kolmogorovianity’ of a filtration indexed
by Z_ and the K-property of an automorphism of a Lebesgue space.

The next section is devoted to a parallel presentation of analogue notions and results
in the three following contexts: automorphisms of Lebesgue spaces, filtrations indexed
by Z_ and Brownian filtrations. We investigate two notions - complementability and
maximality - involving factors or poly-adic immersed filtrations or Brownian immersed
filtrations according to the context. The results presented are essentially due to Ornstein
and Weiss [22], Ornstein [21], and Thouvenot |26 for automorphisms of Lebesgue spaces;
They come from [19] for filtrations indexed by Z_. They are due to Brossard, Emery
and Leuridan [6, 4, 5] for Brownian filtrations.

Section 3 provides proofs of results on maximality which are not easy yo find in the
literature. With some restrictions on the nature of the complement, complementability
implies maximality. Section 4 is devoted to the proof of this implication. The converse
was already known to be false for factors of automorphisms of Lebesgue spaces and
for poly-adic immersed filtrations. In section 5, we provide a counter-example in the
context of Brownian filtrations. The construction relies on a counter-example for poly-
adic immersed filtrations which is inspired by non-published notes of Tsirelson [27].

In spite of the similitude of the notions regardless the context, some differences exist.
In section 6, we provide a non-complementable filtration (associated to a stationary pro-
cess) yielding a complementable factor. This example is inspired by Vershik’s decimation
process (example 2 in [28§]).

In section 7, we recall the definitions and the main properties of partitions, generators,
entropy used in the present paper.

2 Parallel notions and results

2.1 Factors and Immersed filtrations

Given an invertible measure preserving map 7T of a Lebesgue space (Z, Z,7), we call
factor of T', or more rigorously a factor of the dynamical system (Z, Z,m,T), any sub-
o-field B of Z such that T~'B = B =TB mod 7. Actually, the factor is the dynamical
system (Z,B,m|g,T), which will be abbreviated in (T, B) in the present paper. This
definition of a factor is equivalent to the usual one. '

! Actually, Rokhlin’s theory ensures that if B is a factor of a Lebesgue space (Z, Z, 7, T), then there
exists a map f from Z to some Polish space F such that B is generated up to the negligible events by
the map @ : 2 — (f(T*(z)))rez from Z to the product space EZ. Let v = ®(x). Then the completion
(E%,B(E%),v) is a Lebesgue space, the shift operator S : (yx)rez — (Yk+1)kez is an automorphism of
EZ and So®=®oT.

Conversely, if (Y,),r,S) is a dynamical system and ® a measurable map from Z to Y such that
®(n) =vand So® = ®oT, then the o-field () is a factor of (Z, Z, 7, T).



Given two filtrations (U;)ter and (2;)ier on some probability space (2, A, P), indexed
by a same subset T of R, one says that (U )ier is immersed in (Z;)er if every martingale
in (Up)er is still a martingale in (Z;)er. The notion of immersion is stronger than the
the inclusion. Actually, (Uy)ier is immersed in (Z4)er if and only if the two conditions
below hold:

1. for every t € T, Uy C Z;.

2. for every s < tin T, Uy and Z, are independent conditionally on Us.

The additional condition means that the largest filtration does not give information in
advance on the the smallest one. We also make the useful following observation.

Lemma 1. Assume that (Uy)ier is immersed in (Z)ier. Then (Up)ier is completely
determined (up to null sets) by its final o-field

uoo = \/ Z/[t.
teT
More precisely, Uy = Uso N 2 mod P for every t € T. In particular, if U = Zoo
mod P, then Uy = Z; mod P for everyt € T. ?

When one works with Brownian filtrations, namely with filtrations generated by
Brownian motions, then the immersion has many equivalent translations. The next
statements are very classical (close statements are proved in [1]) and they rely on the
stochastic calculus and the predictable representation property of Brownian filtrations.

Proposition 2. Let (Bi)i>0 be a finite-dimensional Brownian motion adapted to some
filtration (Z¢)i>0, and (Bt)i>o its natural filtration. The following statements are equiv-
alent.

1. (By)e=0 is a martingale in (Z;)i>0.

2. (Bt)t>o is immersed in (Z;)i>0.

3. For every t > 0, the process By.. — By is independent of Z;.
4. (B)t>0 is a Markov process in (Z¢)t>0.

Definition 3. When these statements hold, we say that (Bt)¢>0 is a Brownian motion
in the filtration (Z;)¢>0.

Note the analogy between the following two results.

Theorem 4 (Ornstein [20]). Fvery factor of a Bernoulli shift is equivalent to a Bernoulli
shift.

Theorem 5 (Vershik [28]). If (Z,)n<0 is a product-type filtration such that the fi-
nal sigma-field Zq is essentially separable, then every poly-adic filtration immersed in
(Zn)n<o is product-type.

2The inclusion U; = Uso N Z; is immediate. To prove the converse, take A € Us, N Z;. Since Uso and
Z; are independent conditionally on U;, we get P[A|U;] = P[A|Z:] = 14 a.s., 50 A € Uy mod P.



One-dimensional Brownian filtrations can be viewed as continuous time versions of
dyadic product-type filtrations. In this analogy, the predictable representation property
of the continuous-time filtration corresponds to the diadicity of the discrete-time filtra-
tion. Yet, the situation is much more involved when one works with Brownian filtrations,
and the following question remains open.

If a filtration (F)s>0 is immersed in some (possibly infinite-dimensional Brownian)
filtration and has the predictable representation property with regard to some one-
dimensional Brownian motion S (namely, each martingale in (F:):>0 can be obtained
as a stochastic integral with regard to (), then is (F;)i>0 necessarily a Brownian filtra-
tion?

A partial answer was given by Emery (it follows from corollary 1 in [11]).

Theorem 6 (Emery [11]). Let d € N U {+oc}. Assume that the filtration (F;)i>0
is d-Brownian after 0, namely, there exists a d-dimensional Brownian motion (Bt)i>0
in (Fi)e>o0 such that for every t > ¢ > 0, F; is generated by F. and the increments
(Bs — Be)e<s<t- If (Ft)i>0 is immersed in some (possibly infinite-dimensional) Brownian
filtration, then (Fi)i>0 s a d-dimensional Brownian filtration.

In the statement, the role of the stronger hypothesis that (F;);>0 is Brownian after
0 is to guarantee that the difficulties arise only at time 0+, so the situation gets closer
to filtrations indexed by Z or Z_, for which the difficulties arise only at time —oo.

2.2 Complementability

By complementability, we will mean the existence of some independent complement,
although we will have to specify the nature of the complement.

The following definition is abridged from [22].

Definition 7. Let (Z,Z,m,T) be a Lebesgue dynamical system and B be a factor of
T. One says that B is complementable if B possesses an independent complement in
(Z,Z,7,T), namely a factor C of T which is independent of B (with regard to 7) such
that BVC =2 mod 7.

If (Z,Z,m,T) is the direct product of two dynamical systems (Z1, Z1,m,71) and
(Z9, 29,72, Th), then Z1 @ {0, Z3} and {0, Z1} @ Z, are factors of (Z, Z,m,T) and each
of them is a complement of the other one.

Example 8. Let us give a counterezample: Let T be the Bernoulli shift on Z = {—1,1}%
endowed with product o-field Z and the uniform law. The map ® : Z — Z defined
by ®((2p)nez) = (Tn_17n)nez commutes with T, so ®~Y(Z) is a factor of T. One
checks that this factor is not complementable. Yet, if po : Z — {—1,1} is the canonical
projection defined by po((xn)nez) = To, the o-field pal(Z) 1s an independent complement
of ®~Y(Z), but this complement is not a factor.

We now define the notion of complementability in the world of filtrations.

Definition 9. Consider two filtrations (Uy)ier and (2¢)ier on some probability space
(Q, A, P), indexed by a same subset T of R. One says that (U)ier 1s complementable
in (Z2¢)ier if there exists a filtration (Vy)ier such that for every t € T, U; and Vy are
independent and Uy V'V = Z; mod P.



Since independent enlargements of a filtration always produce filtrations in which
the initial filtration is immersed, (U;)ier needs to be immersed in (2;);<7 to possess an
independent complement.

We will use many times the next result, abridged from [19].

Proposition 10. Keep the notations of the last definition. Let U be a random wvari-
able valued in some measurable space (E,E), such that o(U) = \/,crUs, and (Pu)uer
a reqular version of the conditional probability P given U. Assume that (Us)ier is com-
plementable in (Z)ier by a filtration (Vi)ier. Then for U(P)-almost every u € E, the
filtered probability space (Q, A, Py, (Z¢)i<T) is isomorphic to the filtered probability space
(Q7 AP, (Vt)tST)'

Let us give applications of the last result, that will be used in the present paper.

Corollary 11. (Particular cases)

o If a filtration (Uy)n<o is complementable in (Z,)n<o by some product-type filtration,
then (Z,)n<o is product-type under almost every P,,.

o If a filtration (Ut)i>0 is complementable in (Z;)i>0 by some Brownian filtration,
then (Z¢)t>0 is a Brownian filtration under almost every P,,.

Determining whether a 1-dimensional Brownian filtration immersed in a 2-dimen-
sional Brownian filtration is complementable or not is often difficult. Except trivial
cases, the only known cases are related to skew-product decomposition of the planar
Brownian motion, see [5].

2.3 DMaximality

The definition of the maximality requires a tool to measure the quantity of information.
When one works with factors of an automorphism of a Lebesgue space, the quantity
of information is the entropy. When one works with poly-adic filtrations, the quantity
of information is the sequence of positive integers giving the adicity. When one works
with Brownian filtrations, the quantity of information is the dimension of any generating
Brownian motion. The classical statements below show hove these quantities vary when
one considers a factor, a poly-adic immersed filtration, or a Brownian immersed filtration.

Remark 12. (Quantity of information in subsystems)
1. If B is a factor of (Z,Z,7,T), then h(T,B) < h(T).

2. If a (by)n<o-adic filtration is immersed in an (ry)n<o-adic filtration, then by, divides
ry, for every n.

3. If a m-dimensional Brownian filtration is immersed in a n-dimensional Brownian
filtration, then m < n.

The first statement is very classical. The second one is proved in [19]. The last one
is classical and shows that the dimension of a Brownian filtration makes sense; a proof
is given in the footnote. 3

3Let Z be a n-dimensional Brownian motion and B be a m-dimensional Brownian motion in FZ.
Then one can find an FZ-predictable process M taking values in the set of all p x n real matrices whose
lines form an orthonormal family, such that B = fo MsdZs. In particular, the m lines of each matrix
M are independent and lie in a n-dimensional vector space, so m < n.



Let us give precise definitions, respectively abridged from [21], [19] and [6] or [4].

Definition 13. Let (Z,Z,7,T) be a Lebesque dynamical system and B be a factor of T
One says that B is mazximal if (T,B) has a finite entropy and if for any factor A, the
conditions A O B and h(T, A) = h(T,B) entail A= B modulo null sets.

Definition 14. Let (By)n<o be a (bn)n<o-adic filtration immersed in some filtration
(Zn)n<0. One says that (By)n<o is mazimal in (Z,)n<o if every (bn)n<o-adic filtration
immersed in (Z,)n<o and containing (By)n<o s equal to (By)n<o modulo null events.

Definition 15. Let (Bi)i>0 be a d-dimensional Brownian filtration immersed in some
filtration (Zt)t>0. One says that (Bi)e>o is mazimal in (Zt)¢>0 if every d-dimensional
Brownian filtration immersed in (Z;)1>0 and containing (B;)i<o is equal to (Bt)i>0 modulo
null events.

Let us come back to example 8 in which 7' be the Bernoulli shift on Z = {—1,1}%
endowed with product o-field Z and the uniform law. Since the map ® : Z — Z defined
by ®((xn)nez) = (Tn—1Tn)nez commutes with T and preserves the uniform law on Z,
the factor (T, ®!(Z)) is a Bernoulli (1/2,1/2) shift, like T itself. Hence (T,®~1(2))
has the same (finite) entropy as 7', so the factor ®~1(Z) is not maximal.

This example above can be abridged in the context of filtrations indexed by the
relative integers : consider a sequence (&, )nen of independent uniform random variables
taking values in {—1,1}. Then the sequence (n,)nen defined by n, = §,-1§, has the
same law as (&,)nen. One checks that the filtration (F),en is immersed in (fﬁ)neN,
that these filtrations differ although both of them have a trivial tail o-field at —oo and
(NMn)neN 1s an innovation sequence for (]—“S)neN as for (Fi)nen. Actually, one bit of
information is lost when one transforms (§,)nen into (7, )nen: for each ng € Z, the
value &, is independent of (1, )nenN, and the knowledge of &,, and (1,)nen is sufficient
to recover (&,)nen. The paradox is that this loss of information is asymptotic at time
—00 but invisible when one looks at F*__ and F"__.

The situation can be much more complex when one works with Brownian filtrations.
For example, consider a linear Brownian motion W. Since W spends a null-time at 0,
the stochastic integral

W' = / sgn(Wg)dWs = |[W| — L
0

(where L denotes the local time of W at 0) is still a linear Brownian motion. The natural
filtration FW' is immersed and strictly included in F"W, therefore it is not maximal in
FW. Actually, W’ generates the same filtration as |WW| up to null events, so the Lévy
transformation - which transforms the sample paths of W into the sample paths of W’
- forgets the signs of all excursions of W, which are independent of |W|. Here, the loss
of information occurs at each beginning of excursion of W, and not at time 0+.

2.4 Necessary or sufficient conditions for maximality

Given a finite-entropy factor, a poly-adic immersed filtration or a Brownian immersed
filtration, one wishes to enlarge it to get a maximal one having the same entropy, adicity
or dimension. This leads to the following constructions, abridged from [21, 19, 4]. In the
next three propositions, The bars above the o-fields indicate completions with regard to
m or P.



Definition 16. Let (Z, Z, ) be a probability space, T be an invertible measure-preserving
map on (Z,Z,7) and B be a factor with finite entropy. The conditional Pinsker factor
associated to B is defined by

B .= {Ae Z:nT,{A, A°}|B) = 0}.
where

n—1
WTAAAYB) = tim H(\/(TFA T A%
k=0

n—-+oo N

B).
Proposition 17. The collection B’ thus defined is the largest factor containing B and

having the same entropy as B. In particular, B' is mazimal.

Proposition 18. Furthermore, assume (Z,Z,m,T) is a Lebesque dynamical space, that
T is aperiodic * and has finite entropy. Then for every generator v of T,

8= (Bv\ 1)

n>0 k>n

Proposition 19. Let (By)n<o be a (by)n<o-adic filtration immersed in some filtration
(Zn)n<0- Then (Bn)n<o is immersed in the filtration (B,)n<o defined by

B, = [)(BnV Z).

s<0

Moreover (B,)n<o is the largest (by)n<o-adic filtration containing (By)n<o and immersed
in (Zp)n<o- In particular, (B,)n<o is mazimal in (Z,)n<o-

Proposition 20. Let (B:)i>0 be a d-dimensional Brownian filtration immersed in some
Brownian filtration (Z2;)¢>0. Then (Bi)i>o is immersed in the filtration (B})i>0 defined
by

=BV Zs).

s>0

Moreover (B})i>o0 is a d-dimensional Brownian filtration immersed in (Z¢)i>0.

Note the analogy between the formulas in propositions 18, 19, and 20. In these three
contexts, we must have B = B up to null sets for B to be maximal. Moreover, applying
the same procedure to B’ leads to B” = B’. Hence the condition B/ = B up to null
sets is also sufficient for B to be maximal in the first two cases (factors of finite-entropy
aperiodic Lebesgue automorphisms and poly-adic filtrations).

Once again, the situation is more complex when one works with Brownian filtrations,
since the filtration B’ may be non-maximal. Here is a counter-example (the proof will
be given in section 3).

Example 21. Let X be a linear Brownian motion in some filtration Z. Set

B:/ sgn(Xs)d X,
0

and call X and B the natural filtrations of X and B. If X is mazimal in Z, then the
filtration B’ defined by proposition 20 coincides with B up to null events. Therefore, the
filtration B' (included in X ) cannot be mazimal in Z.

* Aperiodicity of 7" means that 7{z € Z : In > 1,7"(z) = 2z} = 0. We make this assumption to
ensure the existence of generator.



Actually, the maximality of Brownian filtrations is not an asymptotic property at 0+,
unlike the almost sure equality B’ = B. To try to produce a maximal Brownian filtration
containing a given Brownian filtration, one should perform the infinitesimal enlargement
above at every time, but we do not see how to do that.

Yet, proposition 27 in the next subsection shows that that equality B = B’ ensures
the maximality of B under the (strong) additional hypothesis that B is complementable
after 0.

The next sufficient condition for the maximality of a poly-adic immersed filtration
comes from [19].

Proposition 22. Let (By,)n<o be a (by)n<o-adic filtration immersed in (Z,)n<o. Let U
be a random variable valued in some measurable space (E, &), such that o(U) = By and
(Pu)uer a regular version of the conditional probability P given U. If for U(P)-almost
every u € E, the filtered probability space (2, A, Py, (Z,)n<0) ts Kolmogorovian, then the
filtration (Bp)n<o is mazimal in (Z,)n<o-

The assumption that (Z,)n<o is Kolmogorovian under almost every conditional prob-
ability P, echoes to the alternative terminology of conditional K-automorphisms used
by Thouvenot in [26].

2.5 Complementability and maximality

In the three contexts (factors of an automorphism of a Lebsgue space, poly-adic filtrations
immersed in a filtration indexed by Z_, Brownian filtrations immersed in a Brownian
filtration), we get very similar results.

The first one is stated by Ornstein in [21] as a direct consequence of a lemma stated
in [22].

Proposition 23. Let B be a factor of T with finite entropy. If B is complementable by
some K-automorphism, then B is mazimal.

The second one comes from [19].

Proposition 24. Let (By,)n<o be a (bp)n<o-adic filtration immersed in (Z,)n<o. If
(Br)n<o can be complemented by some Kolmogorovian filtration, then (By,)n<o is mazimal
in (Zn)n§0-

A particular case of the third one (in which the dimension of the Brownian filtrations
are 1 and 2) can be found in [6] or [4].

Proposition 25. Let (B:)i>0 be a Brownian filtration immersed in a Brownian filtra-
tion (2¢)e>0 with larger dimension. If (Bt)i>o can be complemented by some Brownian
filtration, then (B:)i>o is mazimal in (Z;)i>0.

The proofs of these three statements are rather simple, and present some similarities,
although they are different. In the next section, we provide two different proofs of
proposition 23. The first one relies on Ornstein and Weiss’ lemma (lemma 2 in [22]).
The second one is a bit simpler but requires that 7" has finite entropy, and relies on Berg’s
lemma (lemma 2.3 in [3]). We also provide a proof of proposition 25. Proposition 24
follows from proposition 22 and corollary 11.



The converses of the three implications above are false, but providing counter-exam-
ples is difficult. Ornstein gived in [21] an example of maximal but non-complementable
factor in [21], but the proof is difficult to read. Two counter-examples of a maximal but
non-complementable poly-adic filtration are given in [19]. In the present paper, we use
a third example to construct a maximal but non-complementable Brownian filtration.

In the present paper, we will also use a small refinement of proposition 25, using the
notion of complementability after 0.

Definition 26. Let (B;)t>0 be a Brownian filtration immersed in a Brownian filtration
(Z¢)e>0 with larger dimension. One says that (Bt)i>o s complementable after 0 in (Z4)i>0
if there exists some Brownian filtration C immersed in Z and independent of B such that,

Vt>0,2 = ()(B:VCV Z,) mod .
s>0

Proposition 27. Let (B:)i>0 be a d-dimensional Brownian filtration immersed in a
Brownian filtration (Z4)¢>0 with larger dimension. If (Bt)i<o is complementable after
0, then the filtration provided by proposition 20 is the largest d-dimensional Brownian
filtration immersed in (Z;)i<o and containing (Bi)i<o. In particular, (B})i<o is mazimal
m (Zt)tg().

3 Conditions for maximality: proofs

In this section, we provide proofs of the stement given in subsection 2.4, excepted propo-
sition 19 which is proved in [19].

3.1 Proof of proposition 17

By definition, B’ is closed under taking complements.

For every A and B in Z, the partition {A U B, (AU B)¢} is less fine that {A, A} V
{B, B¢}, hence the sub-additivity of entropy yields

BT, {AUB,(AUB)}B) < h(T,{A, A}V {B, 5}|B)
< WT,{A, A}B) + MT,{B, B}|B).
One deduce that B’ is closed under finite union.

But h(T, {A, A°}|B) depends continuously on A when Z is endowed with the pseudo-
metric defined by §(A, B) = n(AAB), so B’ is a closed subset. Hence, B’ is a complete
o-field.

The equalities h(T,{A, A}|B) = h(T,{T~1A,T-*A}|B) = h(T,{T A, TA}|B) for
every A € Z show that B’ is a factor.

Moreover, B C B’ since for every B € B, h(T,{B, B°}|B) < H({B, B}|B) = 0.

The sub-additivity of entropy shows that h(T,a|B) = 0 for every finite partition
a C B'. Hence h(T,B') — h(T,B) = h((T,B")|B) = 0.

Last, let A be a factor containing B and having the same entropy as B. Then for
every A € A,

hT,{A, A°}B) < h((T, A)|B) = h(T, A) — h(T,B) = 0,
so A C B'. The proof is complete.
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3.2 Proof of proposition 18

The proofs given here are inspired by the proofs of the similar results involving (non-
conditional) Pinsker factor given in [9].

For every countable measurable partition « of (Z, Z, ), we introduce the notations
n—1
af~t = \/ TFa, o = \/ T %, B*:= ﬂ (B\/ \/ T_ka).
k=0 E>1 n>0 k>n

We warn the reader that the inclusion

B 5BV () (\ 177%)

n>0 k>n
can be strict. We note that the larger is n, the smaller is the partition
T "a™ = \/ T "a,
k>n+1

so B* is also the intersection of the non-increasing sequence (BV T "a™ )p>o0.

We begin with the following lemma.

Lemma 28. Let a and v be countable measurable partitions of (Z,Z,), with finite
entropy. Then H(a|la™ vV BY) = H(ala™ V B).

Proof. The addition formula for conditional entropy yields for every n > 1,
n—1
H(aj Yo~ vB) =Y H(TFa|T*a~ v B) =nH(ala™ v B).
k=0
Replacing a with a V v gives
H(ag ' vAdta~ vBVy ) =nH(aVyla~ VBVY).
But we know that

limn ' H(ad ' vAg—B) = h((T,a vV y)|B) = H(aVyla™ VBVA7).

n
Therefore, the inequalities
H(ag_1 \% 76‘_1|of VBvAyT) < H(ag_l Y% ’yg_l|of VvV B) < H(ag_l VAetB)
yield
liTILnn_lH(ozB%1 Vg e~ vBVyT) = qugn nTH(ap ' vy e v B).
But
H(ag ' vada~vBVy ) = H(al o~ VBV )+ H(ag ' vAd T a™ vBVAT),

H(af ' Vg o~ vB) = Hal o™ vB)+ H(al ' vAi T ™ v B).

11



Since H(B|AVB) < H(B|.A) for every countable measurable partition 5 and every o-field
A C Z, and since H(af o™ vV B) = nH(ala™ V B) we derive that

limn tH(a) o~ VBV~yT) = H(ala™ Vv B).

n
Furthermore, we note that
a~vB c () (a‘ \/B\/T_”fy_),
n>0
so, by Cesaro’s lemma and addition formula for conditional entropy,
H(ala”VvBY) > liyrln H(ala”VBVT "y7)
= liTanH(T”a]T”a_ VBV~yT)

n—1
= limn ! Z H(T*a|T*a~ v BV~y7)

k=0
= limn 'H(aj Ha~ VBV~YT)
= H(ala™ VB).

But the inclusion o~ VB C a~ V B, yields H(ala™ vV B) > H(ala™ V BY). The equality
follows. H

Lemma 28 yields one inclusion in the equality of proposition 18, thanks to the next
corollary.
Corollary 29. For every countable measurable partition v of (Z, Z,7), with finite en-

tropy, BY C B'.

Proof. Since B’ is complete, one only needs to check that BY C B'. Let A € B” and
a = {A,A°}. Lemma 28 yields h((T,a)|B) = H(ala™ V B) = H(aja™ vV BY) = 0, so
A € B'. The inclusion follows. O

Lemma 28 will also help us to prove the next useful lemma.

Lemma 30. Let o and v be countable measurable partitions of (Z,Z,m), with finite
entropy. Let N > 0 and n be a finite partition less fine that 'yiVN = \/]kV: NTk’y. Then

H(n|(B%)?) = H(n|B" v B*) = H(n|B").
Proof. For every n >0, (4",,)” =T"~y",s0 H(»",|T"y~ vV B*) = H(v",|T"y~ V B) by
lemma 28. When n > N, 4", =nV~y",, so
H2, | Ty~ v B*) = H(n|T"y~ v BY) + H(y",[T"y™ vV B* V),
HA", | Ty~ Vv B)=HnT"v~ VB)+ HH®",[T"y” VBVn).

Since H(B|AV B*) < H(B|. AV B) for every countable measurable partition /5 and every
o-field A C Z, we get H(n|T"y~ VvV BY) = H(n|T™y~ VvV B). Letting n go to infinity yields
H(n|(B*)Y) = H(n|B"). Since BY C BY Vv B* C (B%)7, the result follows. O

Corollary 31. Assume that T has finite entropy and admits a generator . Then for
every countable measurable partition o , B* C BY = (BY)Y mod 7.

12



Proof. The collection of all A € Z such that
H({A,A}|B") = H{A, A°}B" v BY) = H({A, A°}|(B")?)

is a closed subset for the pseudo-metric defined by §(A, B) = m(AAB), and contains the
algebra |y en o(vYy) by lemma 30 applied once to («,~) and once to (7, 7). Therefore,
these collection equals the whole o-field Z itself. In particular, H({A, A°}|BY) = 0
whenever A € BY V B* or A € (BY)Y. Hence BY V B* and (B?)” are contained in B
modulo the null sets. The result follows. O

We can now achieve the proof of proposition 18. Assume that 7" has finite entropy
and that v is a generator of T. We have to prove that B’ C B".

Let A € B and a = {A, A°}. For every n > 0, set

D, = U( \/ T_koz).
k>n
Since, D1 = a_, the equality H(a|a—V B) = h(T,a|B) = 0 yields &« € D1 VB mod 7, so
Do =Dy VB mod w. By applying T~", we get more generally D,, = D41 VB mod 7.
By induction, Dy = D, VB mod 7 for every n > 0. Hence Dy = B* C BY mod 7,
thanks to the last corollary, so A € BY. We are done.

3.3 Proof of proposition 20

Fix a d-dimensional Brownian motion B generating the filtration B modulo the null sets.

Let t > & > 0. Since B is immersed in Z, the Brownian motion B©) .= B.y. — B. is
independent of Z., which is the terminal o-field of the filtration (BeV Z5)¢[0,¢- Therefore

B = ﬂ (O-((BT('E))TG[OJZ—‘S}) Vv BV ZS)
s€]0,e]

= a((Bﬁs))re[O,tfs])\/ ﬂ (Ba\/zs)

5€]0,e]
= O-((Bﬁg))re[(),t—a]) \ Bé mod P.

Hence, the filtration B’ has independent increments after e, provided by the increments
of B after €, so B’ is Brownian after 0.

Moreover, since B is independent of Z., the equality modulo P above shows that
for every t > ¢ > 0, B, and Z. are independent conditionally on B.. This conditional
independence still holds when ¢ = 0, since Zj is trivial. Thus B’ is immersed in Z.
Hence, proposition 6 (or corollary 1 in [11]) applies, so B’ is a d-dimensional Brownian
filtration.

For every t > 0, By C B, C B,V Z; = Z; mod 7. These inclusions modulo P still
hold when ¢ = 0 since By and Zyy = [, Zs are trivial. Since B is immersed in Z, we
deduce that B is immersed in B’.

Last, let t > 0. For every n > 1,

B;t/ - B;& v Zl/n - (Bt \ Zl/n) v Zl/n =BV Zl/n

If A€ B, then for each n > 1, one can find B, € B; V 2, such that P(AAB,,) = 0;
hence A € B} since B := limsup,, B, belongs to (1,5, (B:V Z1/,) and P(AAB) = 0. The
equality By = Bj follows.

13



3.4 Proof of the statements of example 21

Assume that X is maximal in Z. Since B is immersed B’, we have only to check the
inclusion B, C B mod P. The maximality of X' in Z yields

B, C (((XoV Z,) = X modP,
s>0

so one only needs to check that E[h(X)|B.,] = E[h(X)|Bs] almost surely for every real
bounded measurable functional h defined on the space C(R4) of all continous functions
from R4 to R. Since the topology of uniform convergence on compact subsets on the
space C(Ry) is metrizable, it is sufficient to check the equality when h is continuous. In
this case, the random variable h(X) is the limit in L'(P) of the sequence (h(X™)),>1,

where T,, denotes the first zero of X after time 1/n, and Xt(n) = X7, 4+ for every t > 0.
Since B generates the same filtration as | X | up to null sets, Boo V 27, = o(| X))V 27,
mod P. But X is independent of Z7, since X is immersed in Z, so

E[WX"™)|Bo V 21,] = E[(X")|o(|X ™)) v 21,] = E[(X™)|o(|X™])] a.s..
But o(|X™]) C Bos C Bl C B V 21/, C Boo V 21, 50
E[h(X")|BL.] = E[h(X™)|Ba].

The statements follow.

4 Complementability implies maximality: proofs

4.1 Key lemma for factors of a Lebesgue automorphism

Proposition 23 follows from the next lemma, which can derived from lemma in [22] or
from lemma 2.3 in [3].

Lemma 32. Let A, B,C be three factors of T. Assume that:
1. ADB;
2. (T, A) =h(T,B) < +oo;
3. (T,C) has the property K.
4. B and C are independent.
Then A and C are independent.

First, we show how to deduce proposition 23 from lemma, 32.

Proof. (Proof of proposition 23) Let C be an independent complement of B having the
property K. Let A be a factor of T such that A D B and h(T, A) = h(T,B). Then
lemma, 32 yields that A and C are independent. But Z2 = BVC Cc AVC C Z, so
AV C =BVC. Hence A = B by the next lemma. O

We have just used the follwing general statement, which will also help us in the
context of Brownian filtrations.
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Lemma 33. Let A, B,C be three sub-o-fields of any probability space (Z, Z, ) such that

e ADB;
e A and C are independent;
e AVC=BVC.

Then A =B mod .

Proof. Let A € A. Then o(A)V B C A, so 0(A) V B is independent of C, and
m[A|B] = n[A|BV C] = w[A|AV C] = 14 m—almost surely.
Hence A € B mod 7. O]

We now give two different proofs of lemma 32. The second one is a bit simpler, but
it requires that (7',C) has a also finite entropy.

4.2 Proof of lemma 32

The proof below is a reformulation of the proof given in [22].

Assume that the assumptions hold. Let a, 8, v be countable partitions generating
(T, A), (T,B), (T,C), respectively. Given n > 1, set

Cn = \/ T 1"~y and D,, = \/ T_kv.
q€Z k>n

Then C, is a factor of 7" and V- -- VT~ "*a Vv is a generator of (T™, AV C,,) whereas
BV - VT "3V yis a generator of (T", BV C,).
Therefore, on the one hand,
h(T™, AV Cy) = H(av---vT*’”‘*lavv‘ \/ T*q”(a\/---vT*”“avv))
g>1

= H(a\/ --~\/T_”+1a\/fy‘ \/ T Fav \/ T_q”'y>

k>n q>1
- H(a V... \/T‘"“a‘ \/ T *av\/ T—%)
k>n q>1
+ H(’y‘ \/ T *a v \/ qunv)
k>0 q>1
< H(a VERE \/T_”Ha‘ \/ T_koz) + H(v]a)
k>n

= h(T", A)+ H(y|a) = nh(T, A) + H(y|).
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On the other hand, by independence of B and C,

WT™,BVC,) = H(Bv---vT’”HB‘ \/ T*sv\/ T*q"v)

k>n q>1
+ H(»y) \/ 778V \/ T-qny)
k>0 >1

= H(BV - vT B\ T48) + H (5] \) T71m)
k>n

g>1

> h(T",B) + H(y|Dyn) = nh(T, B) + H(7|Dy).
But R(T™, BV C,) < h(T™, AV C,) since B C A. Putting things together and using the
assumption h(7T,A) = h(T,B) < +oo yields H(vy|D,) < H(vy|«).

But (Dy,)n>1 is a decreasing sequence of o-fields with trivial intersection since (T, C)
has the property K, so H(v|D,) — H(vy) as n — +oo. Hence, H(vy) < H(v|«a), so a and
~ are independent. The same conclusion holds if one replaces the generators o and v by
the supremum of T %« and T—*y over all k € [—n,n]. Letting n go to infinity yields
the independence of A and C.

4.3 Alternative proof of lemma 32

Here, we make the additional hypothesis that (7',C) has a finite entropy. The inclusion
A D B and the independence of B and C yield

WT, A) + h(T,C) > (T, AV C) > h(T,BVC) < h(T,B) + h(T,C).

But (T, A) = h(T,B), hence h(T, AV C) = h(T,A) + h(T,C). Since (T,C) is a K-
automorphism with finite entropy, Berg’s lemma below shows that A and C independent.

Lemma 34. (lemma 2.3 in [3]) Let A and C be two factors of the dynamical system
(Z,Z2,7,T), such that h(T, AV C) = h(T,A) + h(T,C) < +oo and (T,C) is a K-
automorphism. Then A and C independent.

Proof. Let a and ~ be countable generating partitions of (7', A) and (7', C), respectively.

Set
a = \/ T % q and v~ = \/ Tk~
E>1 E>1

Then (T, A) = H(a|la™), h(T,C) = H(vy|y™) and h(T, AVC) = H(aV~y|la~ V~y7). But
Pinsker’s formula (proposition 70 in section 7 or theorem 6.3 in [23]) gives

H(aV~yla~ VYT )=H(ala™)+ H(y|AV~y7).
So the assumption h(T, AVC) = h(T, A)+h(T,C) < +o0o yields H(vy|y~) = H(y[AVy™).
For any partition 6 C A with finite entropy, we derive H(y|d V~y~) = H(y|y ), so

H(@Vylv-)=H(0-)+H(Q[6Vy")=H(6|y-) + H(v[y).

But we have also
H(VAly-)=H(|v-)+H(@lyvar).

Hence H(0|y~) = H(6|y V™)
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Let m > 0 and n be integers. Applying the last equality to § := \/|k:|§m T Fa yields
H< \/ T"*a ( \/ T—’w) - H( \/ " *a ) \/ T—’w).
|k|<m k>1 |k|<m k>0
Since T preserves m, thais is equivalent to
H( \/ T *a ‘ \/ T—’w) - H( \/ T*a ‘ \/ T—’w).
|k|<m k>n+1 |k|<m k>n

As a result, the entropy above does not depend on n. Letting n go to —oo and to 400,
and using the fact that (7',C) is a K-automorphism, we get at the limit

H(W\S/mT_ka ‘c) — H(k\g/mT_koz),

so the partition \/|k|§m T~ *a is independent of C. Letting m go to +oo yields the
independence of A and C. O

4.4 Proof in the context of Brownian filtrations

The proof of proposition 25 below may look suspiciously simple, but actually, it relies
on non-trivial theorems of stochastic integration, namely the predictable representation
property and the bracket characterization of multi-dimensional Brownian motions among
local martingales. The immersion of a filtration into another one is a strong property,
as shown for example by the characterizations for a Brownian filtration recalled in the
introduction (proposition 2). The key step is very similar to lemma 32.

Lemma 35. Let A, B,C be three Brownian motions in some filtration Z. Assume that:

1. 0(A) D o(B);
2. A and B have the same finite dimension;

3. B and C are independent.

Then A and C are independent.

Proof. Call p the dimension of A and B and ¢ the (possibly infinite) dimension of C.

Since B is a Brownian motion in Z and its own filtration, it is also a Brownian motion
in the intermediate filtration 4. Hence, one can find an F4-predictable process H with
values in Op(R) such that

B—/ HydA,.
0

Since H; Hy = I, for every s > 0, we have also

A_/ H*dB,.
0

Looking at the components, we get for every i € [1,p],
. p ! .
AD =3 / H,(j,i)dBY).
j=170
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For every i € [1,p] and k € [1,q], we get
. p ' .
(40,00 = 3~ [ 85,0089, 0, =0,
j=170

since (BY, C®) = 0 by independence of B et C. We derive that (A,C) is a p + ¢-
dimensional Brownian motion in Z, so A and C are independent. O

Deducing proposition 25 from the last lemma involves almost the same arguments as
deducing proposition 23 from lemma 32.

Proof. Proof of proposition 25. Let Z be a finite Brownian filtration, and A, B,C be
three Brownian filtrations in Z such that A; D B; for every ¢ > 0, A and B have the
same dimension, and C is an independent complement of B in Z.

Let A, B,C be Brownian motions generating A, 5,C modulo the null events. Then
lemma 35 applies, so A is independent of C. Then lemma 33 applies, so o(A4) = o(B)
mod P.

But FP is immersed in F4. Since the final o-fields F4 = o(A) and F2 = o(B)
coincide almost surely, we get /' = FZ mod P for every ¢t > 0 by lemma 1. 0

We now prove proposition 27.

Proof. Let C be a complement of B after 0, and A be a d-dimensional Brownian filtration
immersed in Z and containing B. Let A, B, C' be Brownian motions in Z generating A,
B, C respectively modulo the null events.

Since A and B’ are immersed in Z, it is sufficient to prove the inclusion As C B .
Hence, given s > 0, we have to check that A C By V Z; mod P.

By lemma 35, we know that A and C are independent Brownian motions in FZ.
Thus Z;, Asy. — Ag and Cs,. — Cy are independent.

Let
Zs=0(As1. — As) V2, mod P,

Zs=0(Bst. — Bs) VZ; mod P,
C:=0(Csp. — Cy).
Then A O B, B and C are independent, and AV C = BV mod P, since

ZoDAVCDOBVC =By ViV 2, = 2., mod P.

Hence lemma 33 applies, so Ay C A=B=ByxVZ; modP. ]

5 A maximal but not-complementable Brownian filtration

5.1 A maximal but not-complementable filtration in a dyadic product-
type filtration

This subsection is devoted to the proof of the following lemma, which is the first step of
the construction of a maximal but not-complementable Brownian filtration.
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Lemma 36. One can construct :

e a dyadic product-type filtration (Z,)n<o,
e a poly-adic filtration (Uy)n<o immersed in (Z,)n<o0,

e a random variable U with values in some Polish space (E, &) and generating Uy,

such that for U(P)-almost everyu € E, (2,,) is Kolmogorovian but not product-type under
P, = P[-|U = u]. Therefore, the filtration (Up)n<o is mazimal but non complementable
in (Z,).

Proof. We begin with a variant of an example given in [8], which was itself inspired from
an unpublished note of Tsirelson |27].

For every n <0, call K, the finite field with ¢, = 22" clements. Start with a sequence
of independent random variables (Z,),<o such that for every n < 0, Zs, = (X,,,Y},) is
uniform on K} x K% and Zs, 1 = B, is uniform on K2. By construction, the filtration
(]-"nZ)ngo is product-type and (r,)n<o-adic, with ro,—1 = ¢+ and 1oy, = ¢& for every n < 0.

Since |K,—1| = 92"*1 | K|, one can fix a bijection between K} | x K* | and
the set My(K,,) of all 4 x 4 matrices with entries in K. Call A4,, the uniform random
variable on My(K,) corresponding to Zs,_o through this bijection, and set Us,_1 = 0
and Us, =Y, — A, X,, — Bp.

For every n < 0, (X,,Y,) is independent of FZ, | and uniform on K x K2. Since
the random map (z,y) — (z,y — Apx — By) from K} x K2 to itself is F§, ;-measurable
and bijective, (X,,Us,) is also independent of £, ; and uniform on K x K} and is
still an innovation at time 2n of the filtration FZ. Therefore, the filtration (FY)n<o is
immersed in (FZ),<o, product-type and (r,/q}),<o-adic.

As the integers (7,)n<o and (rn/q})n<o are powers of 2, one can interpolate the
filtrations (F2)n<o and (FY)n<o to get two filtrations Z = (Z,)n<o and U = (Up)n<o
such that

e Z is a dyadic product-type filtration,
e U/ is poly-adic and immersed in Z,

o (F2)n<o = (Z1,)n<o and (FY)n<o = (U, )n<o for some sequence 0 = tg > t_1 >
t_o > ... of integers.

To get such filtrations, it suffices to split the random variables (B, )n<0, (Xn)n<o and
(Uzn)n<o into independent random bits. The bits coming from the B, and the X,
provide innovations of the filtration Z at the times when the filtration Z only increases.
The bits coming from the Us, provide innovations of the two filtrations Z and U at the
times when both of them increase.

The random variable U = (U, )n<o generates Uy = F¢. Let us check that for U(P)-
almost every u € F, (Z,,) is Kolmogorovian but not product-type under P,, = P[-|U = u].
By corollary 11 and proposition 22 of the present paper (propositions 3,4 and corollary
9 of [19]), the last two statements will follow.

First, we note that for every n < 0, .7-"2Zn = ]-"2[{1 \% ff’x, where ]—"2({1 and F2¥ are
independent. Therefore, for U(P)-almost every u € E, the filtration (F,),<o seen under
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IP,, is isomorphic to the filtration (ff’X)ngo seen under P, which is product-type. Thus,
Z_ 5= .7:500 is trivial under P,.

To show that (Z,,) is not product-type under P, it suffices to show that the extracted
filtration (FZ),<o is not product-type under P,,. To do this, we check that the random
variable Zy does not satisfy the I-cosiness criterion.

Let 7' = (X',Y') and Z" = (X",Y") be two copies of the process Z under Py,
defined on some probability space (£2, .4, P, ), such that both natural filtrations F 7" and
FZ" are immersed in some filtration g.

For every n < 0, define the copies A/, A and B], B) of the random variables A4,
and B,, by the obvious way, and set S, = {x € K} : A"z + B!, = A’z + B!}.

For U(P)-almost every u € E, and for every n < 0, the equalities Y,, = A} X/ + B}, +
ugn and Y, = A” X + B! 4+ ug, hold P,-almost surely. Therefore,
124,=24,) = Hixi=xzes, < lixges,) Pu-almost surely.
But the random variable S,, is Ga,_1-measurable whereas X/ is uniform on Kg condi-
tionally on Gop,_1 since F 7" is immersed in G. Thus

_ S 1 _
Pu[Zén = é’n|g2n_1] S q4n| S 1[A;L:Am + qfl[A;ﬁ'éA/rﬂ ]P’u—almost surely,
n

n

since S, contains at most ¢ points when A/, # A”. Passing to the complements and
taking the expectations yields

PulZin # Zh) 2 (1= Bl # A7) = (1= - )BulZhu s # Zh o)

n

By induction, one gets that for every n <0

0
_ 1 _
PulZs# Z6) 2 T] (1= —) x PulZs, # Z5,).
k=n-+1 Tk

If, for some N > —o0, the o-fields }“ﬁ/ and .7-"]%,// are independent, then P,[Z} # Z5 ] —
1 asn— —o0, so

_ 1
B[Z) # ZU] > (1——)>0.
! kl:‘[) dk

The proof is complete. O

5.2 Embedding dyadic filtrations in Brownian filtrations

We start with the two filtrations provided by lemma 36. By construction, the filtration
(Zn)n<o can be generated by some i.i.d. sequence (g,)n<o of uniform random variables
with values in {—1,1}.

The filtration (Up,)n<o is (an)n<o-adic for some sequence (ay)n<o taking values 1 and
2 only. Call D C Z_ the set of all n < 0 such that a,, = 2. Since (U, )n<o is poly-adic
and immersed in a product-type filtration, (Uy,)n<o is also product-type. Therefore, the
filtration (U, )n<o can be generated by some sequence (7,)n<o of independent random
variables with 7, uniform on {—1,1} if n€ D, n, =0if n ¢ D.
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By immersion of (Up,)n<o in (Z,)n<0, €ach n, is Z,-measurable and independent of
Zn—1. S0 when n € D, n, can be written n, = H,e,, where H, is some Z,,_j-random
variable taking values in {—1,1}.

Fix an increasing sequence (t)n<o of positive real numbers such that ¢y = 1 and
tn, =+ 0asn — —oo (e.g. t, = 2" for every n < 0). By symmetry and independence
of Brownian increments, one may construct a Brownian motion B such that for every
n <0, e, =sign(By, — By, ,). Let C be another Brownian motion, independent of B.

Since Z,_1 C ]:t)if for every n < 0, one gets a predictable process (A¢)o<i<1 with
values in O2(R) by setting for every ¢ €|t,—1, ],

H, 0 . (0 1.
At—( 0 1>1fn€D,At—<1 0>1fn§ZD.

So one gets two independent Brownian motions B and C in FXY on the time-interval

[0, 1] by setting
dBy \ _ , ( X
o, ) — P\ ay; )

Theorem 37. The filtration generated by the Brownian motion B thus defined is com-
plementable after 0, maximal, but not complementable in FXY .

Proof. Complementability after 0

Let us check that C' is a complement after 0 of B, namely
Vs €]0,1], FPOvFXY = 7YY,

Since tg = 0 and t,,, — 04+ as m — —o0, it is sufficient to consider instants s which are
some subdvision time t,, with m < 0. Since for every n > m, the process A coincides on
each time-interval |ty t,4+1] with an J—"t)i Y _measurable random variable, the formula

dXy \ _ A1 dB;
dY; t dCy
enables us to recover (X,Y') from the knowledge of ((Xs, Ys))o<s<t,, and (B,C).

Maximality

By proposition 27 or by the sufficient condition given in [4], the maximality of B can
be deduced from its complementability after 0 and from the equality

FP= () (FEVFSY).
s€]0,1]
The intersection above, over all s €]0, 1] can be restricted to the instants t,, with m < 0.
It is now convenient to introduce the notations

AXy = (Xt — Xty )tn_s<t<t, and ,AXy = (en( Xy — Xty ))t0_1<t<tn-

Recall that e, = sign(X;, — X3, ,). Therefore, 0(AX,,) = o(en)Vo(enAXy), with o(ep)
and o(e,AX,,) independent by symmetry of Brownian increments.

We define by the same way the processes AY,,, AB,, AC, and 1, AB,,. By definition
of B and C,

AB, = H,AX, = n,e,AX, and AC,, = AY,, if n € D,
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AB, = AY,, and AC,, = AX,, if n € D°.
Moreover, when n € D, n, = sign(By, — By, _,) is independent of 7, AB,, = ¢,AX,,.
Therefore, F2 = AV B, with

A= 0((n)nep), B =0((enAXn)nep) V o((AYn)nepe)-
For m € Z_, set Dy, = DN| — oo, m|, DS, =] — oo, m] \ D, and
Cm = Frns D = 0((enAXn)nepe, ) V o((AY)nen,y )-

Then F5, V FE. = Cp V Dy
The maximality of F7 in F*¢ yields the equality

A= () (AVCn).

m<0

By independence of B and C, the o-fields B and Dg are independent, so the following
exchange property (see [29]) holds

B=BVD_ o= ()(BVDy).

m<0

Since the three sequences (€5 )n<0, (EnAXp)n<o and (AY},)n<o are independent, the
o-fields AV Cy = F§ and BV Dy = }"SAX’Y are independent. Therefore, by lemma 38
below, one has

FP=AVB= (Y(AVBVC, VD) = ((FEVF,VFL) = ((FPvFEY)

m<0 m<0 m<0
This proves the maximality of B.
Non-complementability
Keep the notations introduced in the proof of the maximality and set € := (ey,)n<o0,
N := (Mn)n<o- Remind that e, (6,AX})n<o and (AY},)n<o are independent families of
independent random variables and that F is the o-field generated by 7, (,AX,)nen
and (AY),)nepe.

The filtration (]—"éi ’Y)mgo can be splitted into three independent parts, namely
Fol =TV o((endXn)nep,, U (AYa)nens,) V o (AYn)nen,, U (€adXn)neps,)-

The second part is a function of B whereas the third part is independent of (e, B).
By independent enlargement, we get that for B(PP)-almost every b € C([0,1],R), the
filtration (F};)n<o is immersed in (.Ffj’y)ngo under P[-|B = b).

But 7 is some measurable function ® of B and is also a function of €. Since ¢,

(enAXy)nep and (AY),)nepe are independent, the law of ¢ under P[-|B = b] coincides
with the law of € under P[-|n = ®(b)].

Since n generates the same o-field as the random variable U of lemma 36, we derive
that for B(P)-almost every b € C([0,1],R), the filtration (F)n<o is (2/ay)-adic but
not product-type under P[-|B = b]. But this filtration is immersed in (fé’y)ngo under
P[-|B = b], hence by Vershik’s theorem (theorem 5 in the present paper), (]—"éf’y)ngo
cannot be product-type so FX¥ cannot be Brownian under P[|B = b]. Thus, the
Brownian filtration F? is not complementable in FX-Y. O
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Lemma 38. Let A, B be two o-fields and (Cp)n<0, (Dn)n<o be two filtrations of the
probability space (Q,T,P). If

A:m(.A\/Cm) mod P, B:ﬂ(BVDm) mod P,

m<0 m<0

and if AV Cy and BV Dy are independent, then

AVB= (J(AVBVCpVDy) modP.

m<0

Proof. Since both sides of the equality to be proved are sub-o-fields of AV BV CyV Dy,
it is sufficient to prove that for every Z € L'(AV CyV BV Dy), one has

E[Z|AV B] :E[Z’ M (AVBVCp VD).

m<0

Considering only random variables Z = XY with X € L'(AV Cy) and Y € L*(BV Dy)
is sufficient since these random variables span a dense subspace in L'(AV Cy V BV Dy).

Given Z as above, one has E[Z| AV Cy Vv B] = XE[Y|B], so
E[Z|AvV B] = E[X|AV BE[Y|B] = E[X|A]E[]Y|B],
since o(X) V A is independent of B. By the same way, one gets that for every n <0,
E[Z|AV BV Cy, V Dp] = E[X|AV Ch|E[Y|BV Dy,).

Thus, taking the limit as n — —oo yields the result by the martingale convergence
theorem and the assumption. O

6 A complementable factor arising from a non-complementable
filtration

6.1 Definition of a uniform randomised decimation process

We denote by {a, b} the set of all infinite words on the alphabet {a, b}, namely the set
of all maps from N = {1,2,...} to {a,b}. We endow this set with the uniform probability
measure p: a random infinite word X is chosen according to p if the successive letters
X(1),X(2),... form a sequence of independent and uniform random variables taking
values in {a, b}.

We denote by P(N) the power set of N, namely the set of all subsets of N. Given
p €]0, 1], we define the probability measure v, on P(N) as follows: the law of a random
subset [ of Nis 1, if 17(1),17(2),... form anii.d. sequence of Bernoulli random variables
with parameter p. Equivalently, this mean that P[F C I] = plFl for every finite subset
F of N. In this case, we note that almost surely, [ is infinite with infinite complement.
The law v := vy /5 will be called the uniform law on P(N).

When A is an infinite subset of N, we denote by 14(1) < 14(2) < ... its elements.
This define an increasing map ¥4 from N to N whose range is A. Conversely, for every
increasing map f from NN to N, there is a unique infinite subset A of N, namely the
range of f, such that f =1 4. These remarks leads to the following statement.
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Lemma 39. Let I and J be independent random infinite subsets of N with respective

laws vy, and vy, and R = ¢ro1p;(IN) = 11(J) be the range of rotpy. Then proy =R
and the law of R is vpq.

Proof. The equality 7 o 9; = ¢g follows from the remarks above. Let F' be a finite
subset of N. By injectivity of 7,

[FCR=[FCI; /' (F)cJ]
and [F C I] = [|; ' (F)| = |F|], therefore by independence of I and .J,
PIF C R | o(I)] = e PU7 (F) € J | o(D)] = Lipeq ¢ O = 1ipcy g7,

Thus P[F C R] = P[F c I|¢/Fl = (pq)F!. =

Here is another property that we will use to define the uniform randomised decimation
process on {a, b}, and also later.

Lemma 40. Let X be a uniform random word on {a,b}>°. Let I be a random subset of
N with law vy, independent of X. Then

e I, Xoy, X ot are independent

e X oy, X ot are uniform random words on {a,b}>.

Proof. Almost surely, I is infinite with infinite complement, so the random maps ¥y
and e are well-defined. The integers (1), vc(1),%7(2),%7e(2) ... are distinct, so
conditionally on I, the random variables X (¢7(1)), X (¢1<(1)), X (¢1(2)), X (¢1¢(2)), ...
are independent and uniform on {a, b}. The result follows. O

Definition 41. Call P'(N) the set of all infinite subsets of N. A uniform randomised
decimation process in the alphabet {a, b} is a stationary Markow chain defined (X, I)nez
with values in {a,b}> x P'(N) defined as follows: for everyn € Z,

1. the law of (Xp, In) is p@v;
2. I, is independent of (Xp—1,In—1) and uniform on P(N);

3. Xp=Xp 10 wln-

Such a process is well-defined and unique in law since the law p ® v is invariant by
the transition kernel given by conditions 2 and 3 above, thanks to lemma 40. Moreover,
(I.)nez is a sequence of innovations for the filtration F*/. Therefore, the filtration
FX! has independent increments or is locally of product-type, according to Laurent’s
terminology [17].

This process is a kind of randomisation of Vershik’s decimation process given in
example 3 of [28]. Indeed, Vershik’s decimation process is equivalent to the process that
we would get by chosing the random sets I, uniformly among the set of all even positive
integers and the set of all odd positive integers. Although Vershik’s decimation process
generates a non-standard filtration, we will show that our randomised process generates
a standard one.

Theorem 42. The uniform randomised decimation process on the alphabet {a,b} gen-
erates a product-type filtration.
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6.2 Proof of theorem 42

We have seen that the filtration FX/ admits (In)nez as a sequence of innovations. Each
innovation has diffuse law. Therefore, to prove that the filtration (]—"ff ’I)ngo, or equiv-
alently, the filtration (}"i( J)nEZ is product-type, it suffices to check Vershik’s first level
criterion (see reminders further and definition 2.6 and theorem 2.25 in [17]). Concretely,
we have to check any random variable in Ll(]-'g( I R) can be approached in Ll(]-"(f( 1 R)
by measurable functions of finitely many innovations of (F*1), <.

The innovations (I,)nez are inadequate to do this, since the random variable X is
independent of the whole sequence (I,)nez, so functions of the (I,),ecz cannot approach
non-trivial functions of Xy. Therefore, we will have to construct new innovations. The
next lemma gives us a general procedure to get some.

Lemma 43. Fizn € Z. Let ® be some ]:T)L(;Il—measumble map from N to N. If ® is

X, 1

almost surely bijective, then the random variable J, = ®(1,,) is independent of F, | and

uniform on P(N).

Proof. For every finite subset F' of N,
P[F C Jo|F5 = Plo~Y(F) C L,|FX1) = (1/2)127 ) = (1/2)/F1 almost surely.
The result follows. O

Actually, the proof of theorem 42 is similar to the proof of the standardness of the
erased-words filtration by S. Laurent [16] and uses the same tools, namely canonical
coupling and cascaded permutations.

Definition 44. (Canonical word and canonical coupling)

The infinite canonical word C' on the alphabet {a, b} is the word abab- - -, namely the
map from N to {a,b} which sends the odd integers on a and the even integers on b.

If © is an infinite word x on the alphabet {a,b}, namely a map from N to {a,b}, we
set for every i € N,

¢2(1) = 2q — 1 if x(i) is the g-th occurence of the letter a in x,
¢ (1) = 2q if x(i) is the q-th occurence of the letter b in x.

Lemma 45. By definition, the map ¢, thus defined from N to N is injective and satisfies
the equality x = C o ¢,. When each possible letter a or b appears infinitely many times
in x, ¢ is a permutation of N, (called canonical coupling by S. Laurent).

Roughly speaking, if = is a typical word of {a,b}> endowed with the uniform law,
the asymptotic proportions of a and b are 1/2 are 1/2, so ¢, is asymptotically close to
the identity map.

Definition 46. (New innovations and cascaded permutations)

Let Q) be the almost sure event on which

o cach possible letter a or b appears infinitely many times in the infinite word Xo;

o cach subset I, is infinite.
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On Y, we define by recursion a sequence (Pp)n>0 of random permutations of N and a
sequence (Jp)n>1 of random infinite subsets of N by setting ®o = ¢x, and, for every
n>1,

Jn = (bn—l(ln) and ®,_1 0 lb]n = ¢Jn od,. (1)

Let us check that the inductive construction above actually works €0'.
On @, the map ®y = ¢x, is bijective by lemma 45.

Once we know that ®,_; is a random permutations of N, the map ®,,_1 o9y, is a
random injective map from N to N with range ®,,_1(I,,) = J,. Therefore, .J,, is infinite
and the map ®,, is well defined by equation 1: for every k € N, ®,(k) is the rank of the
integer ®,_1(¢1,(k)) in the set J,. Moreover, ®,, is a permutation of N.

Informally, the cascaded permutations (®,)n>0 are induced by ®y = ¢x, and the
successive extractions. More precisely, equation 1 is represented by a commutative dia-
gramm which gives the correspondance between the positions of a same letter in different
words.

L Yr L Y1 .
position in X — position in X4 —2 position in Xy

o) dq ®o
" . Yy - . Yy .. .
position in C <— position in C o 1, +— position in C' oy, oy,

Here is a realisation of the first three steps. The boldface numbers form the subsets
I, Ji,1I2, Jo,.... Among the arrows representing ¢x,, the plain arrows (from elements in
I to elements in J;) provide the permutation ¢y, j, by renumbering of the elements.

Xo b b a b a a a a a b b b
I 1 2 3 4 5 6 7 8 9 10 11 12
\ / AN / \ |
v </ \ |
b \ / \ [
0 /\/ \& |
v N VAN Y +
Ji 1 2 3 4 5 6 7 8 9 10 11 12
C a b a b a b a b a b a b
X1 =Xo0Yy, b a a a b b
I 1 2 3 4 5 6
| /
|
i1 | /
| /
+ v
Jo 1 2 3 4 5 6
Covy, a b a b b a
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X2 :Xlowb b a a b
I3

D)

J3

Cothy oty a b b a
Lemma 47. On the almost sure event ), the following properties hold for every n > 1,
1. Jy 1is independent of .7-"7)1(_’11 and is uniform on P(N).
o(Xo, J1, ..., Jn) = 0(Xo, [1,..., In).
the random map ®,, is 0(Xo, J1, ..., Jn)-measurable.

¢xo 0t 00y, =g 00y 0Py,
Xn=Cotj o001y, 0Py,

Proof. Since &y = ¢x,, properties 2, 3, 4, 5 above hold with n replaced by 0.
Let n > 1. Assume that properties 2, 3, 4, 5 hold with n replaced by n — 1.
Then by lemma 43, property 1 holds.

By definition and by the induction hypothesis, the random set J,, = ®,,_1([,) is
o(Xo, I1, ..., I,)-measurable. Conversely, since I,, = @;il(Jn), the knowledge of ®,, 1
and J,, is sufficient to recover I, so property 2 holds.

For every k € N, ®,(k) is the rank of the integer ®,_1 (¢, (k)) in the set ®p,_1(1,,).
Thus the random map ®,, is a measurable for o(Xg, J1, ..., Jp—1,In) = 0(Xo, J1, ..., Jn).
Therefore, property 3 holds.

By induction hypothesis and by formula 1,

bxgoPr 00t = (px,0%n 0 -0y, )oYy,

Y 00thy, 0Py )0y,
Yj0--09y, )0 (Pp_10Yr,)
Yo 0y, )oYy, 0Py)

= ¢J1O"‘O¢Jno®n7

Il
S
o

(
(
(
(

-
=
o

SO

Xn = X00¢110"'0¢In
= CO¢XOO¢110"'O¢I”
= CO’L/JJIO"‘O’(/}JnO(I)n,

which yields properties 4 and 5.

Lemma 46 follows by recursion. O
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The next result shows that the innovations (J,)n>1 constructed above provide better
and better approximations of X,, as n — +oc.

Lemma 48. Fiz L € N. Then P[X,, =C oy 0- -0y, on [1,L]] =1 as n — +oc.

Proof. By equality 5, it suffices to check that, P(E,) — 1 as n — 400, where FE,, is the
event “®,, coincides on [1, L] with the identity map”.

By lemma 39, ¢y, 0o---0%y, =4, and ¢y, 0---019; =1p,, where A, and B,, are
random subsets of N with law v, , where p, = 27".

Therefore, by property 4 of lemma 47, ¢x, o ¥4, = ¥p, o ®,, so for each k € N,
®,,(k) is the rank of the integer ¢x, (14, (k)) in the set ¢x,(Ayn) = By.

Thus, the event E, holds if and only if the L first elements of the set ¢x,(A4,) in
increasing order are ¢x, (¥4, (1)),...,¢x, (¥4, (L)).

Set Tpk = ¥a, (k) for every k € N. Since the law of A,, is v, the random variables

Tn,1>Tn,2 — Tn,1,Tn,3 — Tn,2, ... are independent and geometric with parameter p;,.

We have noted that

En = [Vk > L+1,6x,(m1) <. < 6x(Tn.1) < 0 (T k)]

Roughly speaking, the probability of this event tends to 1 because ¢x, is close to the
identity map and the set A, gets sparser and sparser as n increases to infinity. Let us
formalize this argument.

Since Xp is uniform on {a,b}*, the random variables (1;)i>1 = (1[x,(i)=p])i>1 form
an ii.d. sequence of Bernoulli random variables with parameter 1/2. For every ¢ € N,
the random variable Sy = 1 + - - - +n; counts the number of b in the subword Xo([1,¢]),
whereas ¢ — S; counts the number of a in the subword Xo([1,¢]), so by definition of ¢x,,

bx,(t)=2(t—S) —1  if Xo(t) = a,
bxo(t) =28, if Xo(t) =0b.

Given t; < t2 in N, the inequality max(S;,,t1 — St,) < min(Sy,,t2 — St,) implies
bx,(t1) < ¢x,(t) for every integer t > to. Therefore,

- [Vk € [1, L], max(Sr, ., Tk — STn,k) < min(STn,k+1’Tn7k+1 - STn,k+1)]-
Thus it suffices to prove that for any fixed k € N|

Dk 1= ]P’[max(STn,k,Tn’k — S7,5) Zmin(Sr, .1 Taks1 — S )] — 0 as n — +oo.

Tn,k+1

Since Xy is independent of I;,...,I,, the sequence (S;);>1 is independent of the
sequence (7, )k>1. Moreover, (St);>1 has the same law as (¢ — S¢);>1 and S, — 57,
has the same law as S;,, . Therefore, for every integer x > 1,

pn,k - [ST Jk+1 S maX(STn,ka Tn,k - S’T‘n’k)]
= [STn i1 — S < max(0, 7, — 2STn’k)]
< 2P[Sr iy — Srp ST — 1] +2P[r — 25, , > 7]
2P|

Sraq <@ — 1] +P[|2S,, , — Toi| = ).
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On the one hand, the random S, , is binomial with parameters 7,1 and 1/2 condi-
tionally on 7, 1, so its generating function is given by

E[z°n1] = E[E[z°1 |o(71)]]

14+ 2\ 7.1
= E[(5)"]
pn(1+42)/2
1—(1—pp)(1+2)/2
pr(1+ 2)

14+pp— (1 —pp)z
+o0

pn(1+ 2) Z <1fpn)mzm
1+pn 0 1+pn

This yields the law of S; |, namely

Pn
PS :O = ,
[Tn,l ] 1+pn
1—p,\s-1 1—p,\s 1_ns—1
PlSn = 5] = 2 (A22) 7 p)):%n%ﬁxszl.
+ Pn 1+pn 1+pn (l—i-pn)

Therefore, P[S;, , = 5] < 2p, for every s >0, so ]P’[Sm1 <gz-— 1] < 2ppx.

On the other hand, (25;—t);>¢ is a simple symmetric random walk on Z, independent
of 7, % so

E[2S7n’k — Tnk|o(Th k)] = 0 and Var(2STn’k — T k|0 (T k) = Tok-
Therefore,
E[2S7, , — Tokl = 0 and Var(2S;, , — k) = Var(0) + E[r, x| = k/pn,

so Bienaymé-Tchebicheff’s inequality yields P[|2S, , — 7| > 2] < (k/pn)z—2.

Hence, for every n and x in N, p, < 4ppz + (k/pn)z 2. Choosing z = (pﬁz/gw
yields py p < 4(pi/3 +pn) + kp}l/g. The result follows. O

To finish the proof of theorem 42, we need to remind some standard facts about
Vershik’s first level criterion, namely definition 2.6, proposition 2.7 and proposition 2.17
of [17].

Let F = (Fn)n<o be a filtration with independent increments (Laurent writes that
F is locally of product-type). Given a separable metric space (E,d), one says that a
random variable R € L!(Fy, E) satisfies Vershik’s first level criterion (with respect to JF)
if for every 0 > 0, one can find an integer ng < 0, some innovations Vyg41,..., Vo of F
at times ng + 1,...,0 and some random variable S € L'(o(Vpo41,- - -, Vo), E) such that
Eld(R, S)] < 6.

The subset of random variables in L'(Fo, E) satisfying Vershik’s first level criterion
(with respect to F) is closed in L'(Fg, E). If R € L'(Fy, E) satisfies Vershik’s first
level criterion, then any measurable real function of R also satisfies Vershik’s first level
criterion.

The first step of the proof is to check that for every m < 0, the random variable
(Xm(1),..., X;n(L)), taking values in {a, b}’ endowed with the discrete metric, satisfies
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Vershik’s first level criterion with respect to (]-})L( ’I)ngg. Indeed, by stationarity, the
construction of lemma 46 can be started at any time ng instead of time 0. Starting this

construction at time ng yields innovations J;,%, |, J;)0 5, ... at times ng+ 1,19 +2, ... Fix

two integers m < 0 and L > 1. By stationarity, for every ng < m,
P[X,, = Cow(]gg+1 o---0tmo on [1, L]} = P[Xppy = Cotpy0---0ty, . on [1,L]].

Lemma 48 ensures that this probability tends to 1 as n — +oc.

We derive successively that the following random variables also satisfies Vershik’s
first level criterion:

e X,,, valued in {a,b}> endowed with the metric given by
d(z,y) = o— inf{i>1:z(i)#y(i)}
o (X, Imi1, ..., 1), valued in {a,b}* x P(N)™l endowed with the product of the
metrics defined as above on each factor {a, b}>° or P(IN) identified with {0, 1}°;
e any measurable real function of (X, Iyyt1, ..., o);

e any real random variable in ]-"5(’].

The proof is complete.

6.3 A non complementable filtration yielding a complementable factor

We still work with the filtration generated by the uniform randomised decimation process
((Xn, In))nez on the alphabet {a,b}. We call P”(N) the set of all infinite subsets of N
with infinite complement, and we set E = {a,b}*® x P"(N). Since v(P"(N)) = 1, we
may assume and we do assume that the Markov chain ((X,,, I;,))nez takes values in E.

At each time n, we define the random variable Y;, = vr¢ (X,,_1) coding the portion of
the infinite word X,,_1 rejected at time n to get the word X,. Of course, the knowledge
of I,, X,, and Y, enables us to recover X,,_;: for every i € N, X,,_(i) equals X,,(r) or
Y,,(r) according that i is the r*" element of I,, or of IS. We can say more.

Proposition 49. (Properties of the sequences (Yn)nez and (Ip)nez)

1. The random wvariables Y,, are independent and uniform on {a,b}*.
2. The sequence (Y )nez is independent of the sequence (Ip,)nez -

3. Each X, is almost surely a measurable function of In11, Yni1, Into, Ynio, ...

Note that proposition 49 provides a constructive method to get a uniform randomised
decimation process on {a, b}.

Proof. The first two statements follow from a repeated application of lemma 40. Since

the formulas involving the processes I, X, Y are invariant by time-translations, one needs
only to check the third statement when n = 0. For every ¢« € N, call

N,=inf{n >1:i¢ 1 0 -0t (N)}.
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the first time n at which the letter X(7) is rejected when forming the word X,,. For
every n > 0, [N; >n] =[i € ¢, o--- 0y, (N)]; but by lemma 39, the law of the range
of ¥y, 001y, is Vy-n, s0 P[N; > n| = 27™. Therefore, N; is a measurable function of
(In)n>1 and is almost surely finite. On the event [IV; < 4o0], Xo(i) = Yn,(R;), where
R; is the rank of ¢ in the set ¢y, o--- o4y, o z/JIIcVZ_H(N). The proof is complete. O

We split each random variable I, into two independent random variables, namely
Un = {In, I} and Vi, = 1j1¢r,]- The random variable U,, takes values in the set II of
all partitions of N into two infinite blocks. Given such a partition u € II, we denote by
u(1) the block containing 1 and by «(0) its complement. Then I,, = U,(V,,) and each
one of the random variables Uy, U, (0) and U, (1) carries the same information.

Call C the cylindrical o-field on EZ and 7 the law of ((X,, I,))nez. By stationarity,
the shift opérator T' is an automorphism of (E%,C, ). The formulas defining U, V,,, Y,
from I,, and X,,_1 are invariant by time-translations so the measurable maps ® and ¥
yielding (Up)nez and ((Vi, Yn))nez from (X, In))nez commute with 7. Therefore, the
o-fields ®~1(C) and ¥~1(C) are factors of 7.

Theorem 50. 1. The factor ®~1(C) is complementable with complement ¥~=1(C).
Thus, if the Markov chain ((Yy, I,))nez s defined on the canonical space (E%,C, ),
then FY is a complementable factor of T with complement .FO‘QY.

2. Yet, the filtration FU is not complementable in the filtration FX!.

Proof. By proposition 49, 7Y and FXY are independent, and ]-"Olé\/fo‘g’y = 72" mod P.
Therefore, ®~1(C) and ¥~!(C) are independent in (E%,C,7) and ®~1(C) v ¥~}(C) =C
mod 7: the factor ®1(C) is complementable with complement ¥—1(C).

Let U = (Up)n<o. The random variable U takes values in I1%-. For every u =
(tn)n<o € TT%= and n < 0, call W the map from {0,1}"! to {a,b} defined by

W#(Un-‘rlv o ,’U()) = Xn o wun+1(vn+1) ©--+0 wuo(vo)(l)

By ordering the elements of {0,1}/"! in the lexicographic order, one identifies W with
an element of {a, b}/

Since X, = Xj,_1097, = Xp—10 @Z)un(vn) P,-almost surely, we have

W (nt1y- - ,00) = W (Vi Untts - - -, v0) Py-almost surely,

n

so Wy is the left half or the right half of W ;| according V;, equals 0 or 1. Moreover,
]_—Wul,v

under P, the random variable V;, is independent of and uniform on {0, 1}.

Hence, under Py, the process (W, V,,)n<o is a dyadic split-words process with inno-
vations (V;,)n<o. The filtration of this process is known to be non-standard (see [25]).
But one checks that (V,,)n<o is also a sequence of innovations of the larger filtration
(FX1),<0 seen under P, so (IXV“‘V)”SO is immersed in (FX7),<o and (F%1),< is
also non-standard under P,.

If (FY)n<o admitted an independent complement (G, )n<o in (]—",i(’l)ngo, this com-
plement would be immersed in the product-type filtration (.7-"7{( ’I)ngo thus standard.
Therefore, for U(P)-almost every u € 12— the filtration (]:g’l)ngo would be standard

under the probability P, = P[-|U = u], by proposition 0.1 of [19]. O
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7 Annex : reminders on partitions and entropy

We recall here classical definitions and results. Most of them can be found in [24]. See
also [23]. We fix a measure-preserving map 7' from a probability space (Z, Z, 7) to itself.
In what follows, «, 3, denote measurable countable partitions of Z (here, ‘measurable
partition’ means ‘partition into measurable blocks’), and F,G denote sub-o-fields of Z.
We introduce the non-negative, continuous and strictly concave function ¢ : [0,1] — R
defined by ¢(x) = —xlogy(x), with the convention ¢(0) = 0.

7.1 Partitions

Defining the entropy requires discretizations of the ambient probability space, that is
why we introduce countable measurable partitions. Equivalently, we could use discrete
random variables. We need a few basic definitions.

Definition 51. One says that [ is finer than « (and note o < ) when each block of o
is the union of some collection of blocks of 3.

Definition 52. The (non-emply) intersections AN B with A € o and B € (3 form a
partition; this partition is the coarsest refinement of o and B and is denoted by a V 3.

Definition 53. More generally, if (ax)ker s a countable family of countable measurable
partitions of Z, we denote by \/} o ar the partition whose blocks are the (non-empty)
intersections (e Ar where Ay € ay for every k € K; this partition is the coarsest
refinement of the (o )kek; it is still measurable but it can be uncountable.

Definition 54. The partitions o and [ are independent if and only if T(AN B) =
w(A)w(B) for every A € a and B € (5.

Definition 55. We denote by T '« the partition defined by
T la={T"1(A): Acal.
If T is invertible (namely bimeasurable), we denote by T« the partition defined by

Ta={T(A): A€ a}.

7.2 Fischer information and entropy of a partition

Given A € X, we view — logy m(A) as the quantity of information provided by the event A
when A occurs, with the convention —log, 0 = 4-00. > With this definition, the occurence
of a rare event provide much information; moreover, the information provided by two
independent events A and B occuring at the same time is the sum of the informations
provided by each of them separately. The entropy of a countable measurable partition
is the mean quantity of information provided by the blocks in it.

Definition 56. The Fischer information of the partition « is the random variable

In =) (—logym(A))1a.

Aca

Taking logarithms in base 2 is an arbitrary convention which associates one unity of information to
any uniform Bernoulli random variable.
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The entropy of the partition o is the quantity

H(a) =Er[la) = ) ¢(n(A

Aca

Note that null blocks in a do not give any contribution to the entropy of a partition.
Non-trivial partitions have positive entropy. Finite partitions have finite entropy. Infinite
countable partition can have finite or infinite entropy.

The previous definition can be generalized as follows.

Definition 57. The conditional Fischer information of the partition o with regard to F
1s the random variable

Loz =Y _(~logym(AIF))1a

Aca
The conditional entropy of the partition o with regard to F is the quantity
H(a|F) =Erllyz] = Y Ex[—logym(A|F)1a] = = > Ex[- log, w(A|F)m(A|F)].
Aca Aca

Given any partition 7 into measurable blocs, we will use the following abbreviated
notations: H(«|n) := H(a|o(n)), H(aln Vv F) == H(alo(n) V F).

Note that when F is the trivial o-field {0, Z}, I,/ and H(a|F) are equal to I, and
H(a).

The following properties are very useful and are checked by direct computation, by
using the positivity of Fischer information and the strict concavity of ¢.

Proposition 58. (First properties)
1 Ipargp-17 = IoroT so H{T 'a|T~'F) = H(a|F).
2. H(a|F) > 0, with equality if and only if « C F mod 7.

3. H(a|F) < H(a). When H(«) < 400, equality holds if and only if o is independent
of F.

4. If F C G, then E[l, 7| F] > E[lyg|F] so H(alF) > H(alG).
5. If a < B, then 15 < Igr so H(a|F) < H(B|F).
6. H(aV BIF) = H(a|F) + H(B|F Vo(x) < H(a|F) + H(B|F).
We will also use the next result.
Proposition 59. (monotone sequence of o-fields). Assume that H(«) < 400.
1. If (Fu)n>o0 is a non-decreasing sequence of o-fields, then

H(a|Fn) = H(a|Fs) where Foo = \/ Fa-
n>0

2. If (Dyn)n>0 is a non-increasing sequence of o-fields, then

H(a|D,) — H(a|Duo) where Dog = ] Dn.
n>0

Actually, the almost sure convergences Iz, — Iyr, and Iyp, — Iyp,, follow
directly from martingale and backward martingale convergence theorems, but getting
convergence in L' () requires a technical lemma, at least in the case of infinite partitions.
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7.3 Entropy of a measure-preserving map
First, we define quantities h(T, «).
Proposition 60. (Definition and formula for h(T,«))
1. The sequence (Hp(T, ))n>0 defined by
H,(T,0) =H(aVT 'aVv..-vT~ " q)
is concave, so the limit h(T, ) = lim, 100 Hp (T, ) /n exists in [0, +00].
2. If H(a) < +oo, then h(T,a) = H(ala™), where a— = \/;+, T~ *a denotes the
o-field generated by the partitions (T~ *a)>1.
Proof. The statements follow from the equality
Hpi(T,a) — Hy(Tyo) = HaVvT 'av---vT ") - HT 'av.---vT ")
= H(aT'av..-vT~ Vg,
from proposition 58, Cesaro’s lemma and proposition 59. ]

Definition 61. The entropy of T is

h(T) = sup{h(T,«a): « partition of Z with finite entropy}
= sup{h(T,«) : « finite measurable partition of Z}.

These two quantities coincide thanks to propositions 72 and 73.
Proposition 62. For every r > 1, h(T") = rh(T). If T is also invertible, one has also
h(T~Y) = n(T).
Proof. For every n > 1 and every partition « with finite entropy,
H,(T",a) < Hy(T", a0V --- v T~ Vo) = H,, (T, o).
Dividing by n and letting n go to infinity yields
WMIT", o) < h(T",aV--- VT " Do) = rh(T, ).

The inequalities h(T") < rh(T') and rh(T) < h(T") follow.

If T is invertible, the equalities vV --- VT~ Da = T~ (a Vv .. v T" 1a) yield
H,(T,a) = H,(T71, ), so h(T™1) = h(T). O

7.4 (Generators

Countable generating partitions help us to computing the entropy of invertible measure-
preserving maps.

Definition 63. Assume that T is invertible. A countable measurable partition ~ is
generating (with regard to T) if the partitions (T*y)rez generate X modulo the null sets.

Theorem 64. (Kolmogorov - Sinai theorem) If T is invertible and v is a countable
generator (with regard to T ), then h(T) = h(T,~).
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Here is the basic example of generator.

Example 65. Let A be a countable set, po : (yx)rez — Yo the 0-coordinate projection
from A% to A, S : (yp)rez — (Yri1)rez the shift operator on A%, and pu any shift-
invariant probability measure on A%. Then the partition {pgl{)\} : A € A} is generating
with regard to S.

The interesting fact is that many situations can be reduced to this particular case.
The proof of next theorem is outlined in [14].

Theorem 66. (Rohlin’s countable generator theorem) Assume that (Z, Z, ) is a Lebesgue
space. If T T is invertible and aperiodic, namely if 1{z € Z :In>1:T"(z) =z} =0,
then T admits a countable generating partition v = {Cy : A € A}. Moreover, the y-name
map ® from Z to AZ, defined by ®(2), = A\ whenever T*(2) € Cy, is invertible modulo
the null sets, when A% is endowed with the probability measure ® (). The measure ®(m)
is shift-invariant, so T is isomorphic modulo the null sets to the shift operator on AZ%.

Under the stronger assumption that 7 is invertible, ergodic and h(T") < +o0, Krieger’s
theorem provides the existence of a finite generator with size at most [2(T)] + 1. We
do not use this refinement in the present paper.

Using the remark given in footnote in subsection 2.1, one checks that if T is invertible
and (Z, Z,7) is a Lebesgue space, then any factor of T' admits a countable generating
partition.

7.5 Conditional entropy given a factor. Pinsker’s formula

Agsume that T is invertible and that B is a factor of T. One may define the entropy of
T given B as follows.

Proposition 67. (Definition and formula for h(T,«|B))
1. The sequence (H, (T, a|B))n>0 defined by
H,(T,o|B) = HlaVvT lav--.vT~ " Dq|B)
is concave, so the limit h(T, a|B) = limy— 1 oo Hp (T, a|B) /0 exists in [0, +00].
2. If H(a) < 400, then h(T,a|B) = H(ala™ V B), where a— = \/; 5, T~ *a denotes
the o-field generated by the partitions (T *a)y>1.
Proof. Since T~'B = B, one has H,(T,a|B) = H(T 'a V-V T "a|B), so

H,1(T,a|B) — Hy(T,a|B) = H(aVvT 'aVv---vT "a|B)
—H(T 'av---vT"a|B)
= H(alo(T 'av---vT~ " Da)vB).

The statements follow, by proposition 58, Cesaro’s lemma and proposition 59. 0
Definition 68. The conditional entropy of T given B is the quantity

MT|B) = sup{h(T,a|B) : « partition of Z with finite entropy}
= sup{h(T,a|B) : « finite measurable partition of Z}.

These two quantities coincide thanks to propositions 72 and 73.
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Kolmogorov - Sinail theorem admits the following generalization.
Theorem 69. If v is a countable generator of T, then h(T|B) = h(~,T|B).

Proposition 70. (Pinsker’s formula) Assume that o and 8 have finite entropy. Let A
and B be two factors generated by o and 5. Set a_ = Vk21 T~ *a. Then

h((T, A)|B) = h(T, AV B) — h(T,B),

or equivalently,
H(ala™ v B) = H(aV Bla= v 87) — H(B|B").

Proof. For every integers p < q, set

q q
ol = \/ T*a and Bl = \/ TF8.
k=p k=p

Then for every non-negative integer n,
Hp 1 (T, 0V B) — Hoa (T, 8) = Hag V By) — H(By)

n

= Y H(T*alag™" v 5)
k=0
n

= Y H(aJaTp v "5
k=0

But H(ala~} Vv 3°,) — H(ala™ VB) as k — 400 and ¢ — +oo. Since the quantities
H(ala", Vv Bf;k) belong to the finite interval [0, H(«)], one deduces that

(HnJrl(Tva \4 /B) - HnJrl(T’ 5)) = H(CM‘O{_ % B)

The equalities follows from proposition 60, theorem 64, proposition 67 and theorem 69.
O

7.6 Continuity properties
Proposition 71. The formula
(e, B) = H(a|B) + H(Bla) = 2H(aV §) — H(a) — H(f)

defines a pseudo-metric on the set of all partitions of Z with finite entropy. Moreover,
d(a, 8) = 0 if and only if the non-null blocks of o and 5 are the same modulo .

Proof. The triangle inequality follows from the inequality

H(aly) < H(aVBly) = H(Bly) + H(a|BVy) < H(Bly) + H(alB).

The other statements follow from proposition 58. 0

Proposition 72. For the pseudo-metric d thus defined, the set of all finite measurable
partitions of Z is dense in the set of all partitions finite on Z with finite entropy.
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Proof. Let a« = {A,, : n > 1} be an infinite partition of Z with finite entropy. For every
n>1,set a, ={A41,---,Ap, (A1 U---UA,)°}. Since « is finer than a,,

H(o) > H(an) > Y o(m(Ar),
k=1
so d(a, o) = H(a) — H(ay,) — 0 as n — +00. O
Proposition 73. Assume that T is invertible and that B is a factor of T. For the

pseudo-metric d, the map o — h(T, «|B) is 1-Lipschitz.

Proof. Let o and ~ be two partitions of Z with finite entropy. for every n > 1,

Hy(T,a|B) — Ho(T,7B) < H(ag™" Vg~ 1Il’>’) H(v;~|B)
0

= H(a

< ZH(T*kaIBvWS‘l)

< S H@T F|T )
— nH(aly).

Dividing by n and letting n go to infinity yields h(T, «|B) — h(T,~|B) < H(«aly). The
result follows. O

Proposition 74. For every A and B in Z, set 6(A,B) = w(AAB). Then the map
A {A, A%} is uniformly continuous for the pseudo-metrics § and d.

Proof. Let A and B in Z. Set a = {4, A°} and 8 = {B, B}. Then

H(a|B) = n(B)(p(r(A|B)) + ¢(m (A% B))) + 7(B) (o(m(A| BY)) + o(m(A°|B9))).

One checks the inequalities —xInz <1 —x and —zlnz < 2\/x — 2z for every x € [0, 1].
Applying the former to w(A|B) and w(A¢|B°), and the latter to m(A°¢|B) and 7(A|B°)
yields

H(a|8)In2 < 7(B)r(A°|B)+ n(B)(2v/7(A¢|B) — 27(A°|B))
+7(B°)(2y/7(A|B¢) — 27(A|B°)) + n(B°)m(A|B°)
7(A°N B) 4 2y/7(AcN B) — 21(A°N B)

+2y/m(AN B¢) —27(AN B°) + (AN B°)
2v/7(A¢N B) + 2y/7(A N Be)

<
< 2v2\/7(AAB),

by concavity of the square root function. Hence d(a, ) < (4v/2/1n2),/6(A, B). O

IN

Acknowledgements

I thank J. Brossard, M. Emery, S. Laurent, J.P. Thouvenot for stimulating conversations.

37



References

[1] S. Attal, K. Burdzy, M. Emery, Y. Hu, Sur quelques filtrations et transformations
browniennes, Séminaire de Probabilités, IXXX, Lecture Notes in Mathematics 1613,
56-69 (1995).

[2] M.T. Barlow, M. Emery, F.B. Knight, S. Song, M. Yor, Autour d’un théoréme de
Tsirelson sur des filtrations browniennes et non browniennes, Séminaire de Proba-
bilités, XXXII, Lecture Notes in Mathematics 1686, 264—-305 (1998).

[3] Berg K., Convolution of invariant measures, mazimal entropy, Mathematical Sys-
tems Theory 3-2 ,146-150 (1969).

[4] J. Brossard, M. Emery, C. Leuridan, Mazimal Brownian motions, Annales de 1'THP
45-3, 876-886 (2009).

[5] J. Brossard, M. Emery, C. Leuridan, Skew-Product Decomposition of Planar Brown-
ian Motion and Complementability, Séminaire de Probabilités, XLVI, Lecture Notes
in Mathematics 2123, 377-394 (2014).

[6] J. Brossard, M. Emery, C. Leuridan, Filtrations browniennes et compléments in-
dépendants, Séminaire de Probabilités, XLI, Lecture Notes in Mathematics 1934,
265278 (2008).

[7] G. Ceillier, The filtration of the split-words process. Probability Theory and Related
Fields, 153, no 1-2, 269-292 (2012).

[8] G. Ceillier, C. Leuridan, Filtrations at the threshold of standardness. Probability
Theory and Related Fields, 158, no 3-4, 785-808 (2014).

[9] , I. Cornfeld, S. Fomin, Y. Sinai, Ergodic Theory, Grundlehren der mathematischen
Wissenschaften Volume 245, Springer (1982).

[10] T. de la Rue, Espaces de Lebesgue. Séminaire de Probabilités XXVII, Lecture Notes
in Mathematics 1557, 15-21 (1993).

[11] M. Emery, On certain almost Brownian filtrations. Annales de 'THP, Probabilités
et Statistiques41, 285-305 (2005).

[12] M. Emery, W. Schachermayer, On Vershik’s standardness criterion and Tsirelson’s
notion of cosiness. Séminaire de Probabilités, XXXV, Lecture Notes in Mathematics
1755, 265-305 (2001).

[13] R. von Handel, On the exchange of intersection and supremum of o-fileds in filtering
theory Israel Journal of Mathematics 192, 763-784 (2012).

[14] Kalikow S., McCutcheon R., An Outline of Ergodic theory, Cambridge studies in
advanced mathematics (2010).

[15] S. Laurent, On Vershikian and I-cosy random variables and filtrations. (Russian
summary) Teor. Veroyatn. Primen. 55, no. 1, 104-132 (2010); translation in Theory
Probab. Appl. 55, no. 1, 54-76 (2011).

[16] S. Laurent, The filtration of erased-word processes. Séminaire de Probabilités,
XLVIII, Lecture Notes in Mathematics 2168, 445-458 (2017).

38



[17] S. Laurent, On standardness and I-cosiness. Séminaire de Probabilités, XLIII, Lec-
ture Notes in Mathematics 2006, 127-186 (2011).

[18] S. Laurent, Filtrations a temps discret négatif, PhD thesis, Université Louis Pasteur,
Institut de Recherche en Mathématique Avancée, Strasbourg (2004).

[19] C. Leuridan, Poly-adic Filtrations, standardness, complementability and mazimality,
Annals of Probability, 45-2, 1218-1246 (2017).

[20] D. Ornstein, Factors of Bernoulli shifts are Beroulli shifts, Advances in Mathemat-
ics, 5, 349-364 (1971).

[21] D. Ornstein, Factors of Bernoulli shifts, Israel Journal of Mathematics, 21-2-3,
145-153 (1975).

[22] D. Ornstein, B. Weiss, Finitely determined implies very weak Bernoulli, Israel Jour-
nal of Mathematics, 17-1, 94-104 (1974).

[23] W. Parry, Entropy and Generators in Ergodic Theory, W.A. Benjamin, Inc. (1969).
[24] K. Petersen, Ergodic Theory, Cambridge University Press. (1981).

[25] M. Smorodinsky, Processes with no standard extension. Israel Journal of Mathemat-
ics, 107, 327-331 (1998).

[26] J.P. Thouvenot, Une classe de systémes pour lesquels la conjecture de Pinsker est
vraie Israel Journal of Mathematics, 21, 208-214 (1975).

[27] M. Tsirelson, About Yor’s problem. Unpublished notes.

[28] A. Vershik, Theory of decreasing sequences of measurable partitions. Algebra i
Analiz, 6:4 (1994), 1-68. English Tranlation: St. Petersburg Mathematical Jour-
nal, 6:4 (1995), 705-761.

[29] H. von Weizsicker, Exchanging the order of taking suprema and countable intersec-
tions of o-algebras, Ann. Inst. H. Poincaré Sect. B, 19, no. 1, 91-100 (1983).

39



