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A first step towards the skew duadic codes.
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February 16, 2018

Abstract

This text gives a first definition of the #-duadic codes where 6 is an automorphism of
IF,. A link with the self-orthogonal #-cyclic codes is established. A construction and an
enumeration are provided when ¢ is the square of a prime number p. In addition, new
self-dual binary codes [72,36,12] are obtained from extended #-duadic codes defined on
Fy.

1 Introduction

A linear code with length n and dimension k defined over a finite field IF, is a k-dimensional
subspace of IFy. Cyclic codes over IF, form a class of linear codes who are invariant under
a cyclic shift of coordinates. This cyclicity condition enables to describe a cyclic code as
an ideal of IF,[X]/(X™ —1). The monic generator g of this principal ideal divides X" — 1
and is called the generator polynomial of the code. For n coprime with ¢, the polynomial
g can be characterized by its defining set S, namely a subset of {0,...,n — 1} such that
9(X) = [;es(X — o) where « is a primitive nth root of unity in an extension of Fy. For
n odd number coprime with ¢, the class of duadic codes of length n is a sub-family of the
family of cyclic codes of length n and dimension (n £ 1)/2. Their generators are divisors of
(X" —1)/(X —1) with degree (n+1)/2 and with specific designing sets (see the corresponding
chapter of [9] for an introduction to duadic codes). A self-orthogonal linear code is a code
who is a subset of its dual (with respect to the scalar product). It is self-dual if it coincides
with its dual. The class of duadic codes contains some good codes, for example the binary
Golay code Ga3, which is a Quadratic Residue code. The dual of Gag is self-orthogonal and
(o3 can be extended to the famous self-dual binary Golay code Gag.

For § automorphism of a finite field IF, the §-cyclic codes (also called skew cyclic codes) of
length n were defined in [I]. These codes are such that a right circular shift of each codeword
gives another word who belongs to the code after application of 6 to each of its n coordinates.
If 0 is the identity, the #-cyclic codes are cyclic codes. Skew cyclic codes have an interpretation
in the Ore ring R = IF,[X; ] of skew polynomials where multiplication is defined by the rule
X -a=0(a)X for a in F,. Like cyclic codes, they are described by their (skew) generator
polynomials.

This text is about a sub-family of f-cyclic codes, namely the #-duadic codes. A first
definition of f-duadic codes is given and a construction is provided over .. A link with
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the self-orthogonal f-cyclic codes is also established and some examples of self-dual extended
f-cyclic codes are given. The text is organized as follows.

In Section |2, a new sub-family of f-cyclic codes over IF, is defined. This family generalizes
the family of duadic codes with multipliers —1 and —r (when ¢ = 72). These codes are
called #-duadic codes with multiplier —1 (Definition |3) and multiplier —r (Definition |4] when
q =r?). A property on the minimum odd weight of some #-duadic codes is given (Proposition
).

Section |3| is the most technical part of the text and is inspired from [5]. The aim is to
construct and to enumerate the -duadic codes of length 2k with multipliers —1 and —p over
IF,> when 6 is the Frobenius automorphism and k is an integer not divisible by p (Proposition
and Proposition .

In Section [4] a link is established between the §-duadic codes (defined in Definition 3| and
Definition (4) and the self-orthogonal 6-cyclic codes. In the particular case of I 2, a complete
description of the [2k,k — 1],2 self-orthogonal #-cyclic codes is given. Furthermore, some
constructions of self-dual extended 6-cyclic codes are provided.

Lastly, in Annex[A] an application of the techniques developed in Section [3]is given, namely
a parametrization of irreducible skew polynomials over IF,2[X; 6] with the given degree and
the given bound. Furthermore in Annex [B], weight-enumerators of binary [72, 36, 12] self-dual
codes obtained from self-dual 0-cyclic and extended 6-duadic codes are given. Some of these
weight enumerators are new.

2 A sub-family of 6-cyclic codes

Consider ¢ a prime power, # an automorphism over IF, and the ring R = F,[X;6] where
addition is defined to be the usual addition of polynomials and where multiplication is defined
by the rule : for a in IF,

X -a=0(a) X. (1)

The ring R is called a skew polynomial ring or Ore ring (cf. [I3]) and its elements are
skew polynomials. When 6 is not the identity, the ring R is not commutative, it is a left and
right Euclidean ring whose left and right ideals are principal. Left and right ged and lem
exist in R and can be computed using the left and right Euclidean algorithms. The center of
R is the commutative polynomial ring Z(R) = IF‘g [X] where IF g is the fixed field of # and m
is the order of #. The bound B(h) of a skew polynomial h with a nonzero constant term is
the monic skew polynomial f with a nonzero constant term belonging to IFZ[X ™] of minimal
degree such that h divides f on the right in R ([10]).

Definition 1 (definition 1 of [4]) Consider two integers n,k such that 0 < k < n. A
f-cyclic code or skew cyclic code C of length n and dimension k is a left R-submodule
Rg/R(X"—1) C R/R(X™—1) in the basis 1, X, ..., X"~ where g is a monic skew polynomial
dividing X™ — 1 on the right in R with degree n — k. The skew polynomial g is called skew
generator polynomial of C.

If 0 is the identity then a 6-cyclic code is cyclic.

If the skew generator g of a f-cyclic code is irreducible in R, then one calls the corre-
sponding #-cyclic code an irreducible 6-cyclic code. If g is reducible in R, the code is a
reducible #-cyclic code. An even-like code is a code who has only even-like codewords,
that means codewords whose sum of coordinates cancel. It is odd-like otherwise.
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Definition 2 ([4], Definition 2) Consider an integer d and h = Zhi X" in R of degree
i=0

d. The skew reciprocal polynomial of h is

d d
W= X"y => 0 (ha—s) X'
i=0 =0

If the constant term of h does not cancel then the left monic skew reciprocal polynomial
1

of h is h¥ := Py h*. The skew polynomial h is self-reciprocal if h = hf.
Definition 3 (#-duadic codes given by the multiplier —1) Consider a prime power q,
0 an automorphism over Iy of order m, R = [ X;0] and an integer k coprime with q such
that mk — m is even. A 6-cyclic code of length n = mk is an even-like (resp. odd-like)
9-duadic code given by the multiplier —1 if it is generated by (X™ — 1) - h? (resp. h?)
where h is a monic polynomial of R satisfying

(X™—1)-hf-h=X"—1. (2)

One says that the skew polynomials (X™ —1) - h' and kY generate a pair of #-duadic codes
of length mk given by the multiplier —1.

Remark 1 The above skew polynomial h? is not divisible by X — 1 because it is coprime with
X™ — 1, which is the bound of X — 1, therefore the 0-cyclic code generated by b is odd-like.
Furthermore the codewords of the §-cyclic code generated by (X™ — 1) - h¥ are divisible by
X™ — 1, therefore they are divisible by X — 1 and are even-like.

Remark 2 If 0 = id, then equation (@ becomes
(X —1hfh = X" —1.

This equation characterizes duadic codes given by the multiplier —1 (Theorem 6.1.5 of [9]).
Namely consider an odd number n coprime with q and « a primitive n-th root of unity.

Consider an odd-like duadic code given by the multiplier —1. According to Theorem 6.1.5
of [9], it is generated by a polynomial g = [[;cq(X — o') where S is a subset of {1,...,n}
such that SN =S = 0 and SU =S = {1,...,n}. Consider h = [[;c_g(X — o), then
(X —1)gh=X"—1 and g = h°.

Conversely, consider the cyclic code C with generator g = h* where h € IF,[X] is such that
(X —1)hfh = X" — 1. Consider the subsets S and T of {1,...,n—1} of cardinality (n —1)/2
such that g = [[;cq(X — a') and h = [[;cp(X — &'). As g and h belong to Fy[X], the sets
S and T are unions of q-cyclotomic cosets modulo n. Furthermore g and h are coprime and
their product is (X™ — 1)/(X — 1), therefore SNT =0 and SUT = {1,...,n}. Lastly, as
ht =g, T =—S (and S = —T). According to Theorem 6.1.5 of [9], C is an odd-like duadic
code given by the multiplier —1.

If ¢ = 2 is an even power of an arbitrary prime number, one defines for a in F,,a=a"

and for h =Y h;X"in R, h =Y h; X".



Definition 4 (f-duadic codes given by the multiplier —r) Consider ¢ = r? an even

power of an arbitrary prime number, 6 an automorphism over IF, of order m, R = IF,[X; 0]
and an integer k coprime with q such that mk—m is even. A 0-cyclic code of length n = mk is
an even-like (@p. odd—@e) f-duadic code given by the multiplier —r if it is generated
by (X™ — 1) - hi (resp. h%) where h is a monic polynomial of R satisfying

(X™—1)-hi-h=X"—1. (3)
One says that the skew polynomials (X™ — 1) -h% and ht generate a pair of f-duadic codes
of length mk given by the multiplier —r.

Remark 3 If0 = id, then equation (@ characterizes duadic codes given by the multiplier —r.
Namely consider an odd number n coprime with g and « a primitive n-th root of unity, consider
the cyclic code C with generator g = hi where h € Fy[X] is such that (X — 1)h8h = X™ — 1.
Consider the subset S of {1,...,n — 1} of cardinality (n —1)/2 such that g = [[;cq(X — a*)
and the subset T of {1,...,n — 1} of cardinality (n —1)/2 such that h = [[;cp(X — o). As

= ﬁ, one gets S = —rT. Furthermore r’> = q, so T = —rS and C is a duadic code given
by the multiplier —r.

Example 1 Consider p an odd prime number and 0 an automorphism over 2. Let us
determine the 0-duadic codes of length 4 given by the multipliers —1 and —p over F 2. If 0 is
the identity then m = 1 and there is no 0-duadic code of length 4 because 4 is even. Assume
that 0 is the Frobenius automorphism x v xP; its order is m = 2.

e The 0-duadic codes of length 4 given by the multiplier —1 are defined by the skew equation
(X2—1)-h" h=X*'—1oh h=X2+1.
Consider h = X + « in R with o # 0, then h? = X + ﬁ therefore

1
aP—1

1 1
R h=(X+—) (X = X’4+(—+a”|X
( +9(a)> (X +a) ~|—<ap—|—oz> +
and W' - h=X?4+1oa?+1=aP1—-1=0.

Therefore there are 2 pairs of 0-duadic codes of length 4 given by the multiplier —1
over F 2 if p=1 (mod 4). They are generated by X + o and (X* —1) - (X 4 a) where
o = —1. Ifp =3 (mod 4), there is no 0-duadic codes of length 4 given by the multiplier
—1 over IF 2.

e The 0-duadic codes of length 4 given by the multiplier —2 are defined by the equation
(X2-1)-hi-h=X*—-1ehn h=X2+1.

Consider h = X + a in R with o # 0, then

R -h=(X+1/a) (X +a)=X?+(1/a+aP)X + 1.

Therefore hh=X%24+1% ot = —1 and there are p + 1 pairs of 0-duadic codes of
length 4 given by the multiplier —2 over 2. They are generated by (X*—1)- (X + ﬁ)

and X + Wla) where aPt1 = —1.



The following proposition gives a bound on the minimum odd weight of odd-like 6-duadic
codes. It is inspired from Theorem 6.5.2 of [9].

Theorem 1 Consider a prime power q, 8 an automorphism over IF, of orderm, R = TFq[X; 6]
and an integer k coprime with q such that mk —m is even. Consider C' an odd-like 0-duadic
code with length mk over . For each odd-like word in C with weight d, k < d?.

Proof. Consider g the skew generator polynomial of an odd-like #-duadic code C' with
length mk given by the multiplier —1, then g = h? and (X™ —1)-h?-h = X™* — 1. Consider
¢ an odd-like word in C, then X™ — 1 does not divide ¢(X) and g = h? divides ¢(X). There
exists u(X) in IF[X; 6] such that ¢(X) = u(X)-h*(X). Consider the morphism © : > a; X*
S 0(a;)X*. Using the two properties (f - g)* = @38 (g*) . f* and (f*)* = @) (f), one
gets ©~98(9) (¢*) = h . ©~ 489 (¢*) and ¢- O~ 98()(¢*) is a multiple of % not divisible
by X™ — 1. Consider ¢ = ¢- O~ 98()(¢*) mod X" — 1 and E the -cyclic code of length mk
and generator polynomial Zi‘:ol X™  As the minimum distance of the code E is k and as e
is a nonzero codeword of E with weight less than or equal to d?, one gets k < d?.

The same proof holds for odd-like -duadic codes given by the multiplier —r when g = 2.

When ¢ is the square of a prime number p and 6 is the Frobenius automorphism, equation
is equivalent to

(X2-1)-h* - h=Xx%_1 (4)
and equation is equivalent to

(X2-1)-0(h%) -h=X%*_1 (5)

where © : Y a; X > 0(a;) X' =Y. @; X =Y a; X"
Next section will be devoted to these two skew equations. Let us first introduce some
notations. For F(X?) € IF,[X?] and b in {0, 1},

Dp(x2) = {f € Fp[X?] | f monic and divides F/(X?) inF,[X?]}
F={f=f(X?) eF,[X?| f = ffirreducible in F,[X?],degy> f > 1}
G={f=fX?)eF,[XY|f= 99", g # ¢" irreducible in F,[X?]}

b .
HE«“?X?) := {h € R | hmonic and °(h%) - h = F(X?)}.

Note that the #-duadic codes of length 2k given by the multiplier —1 are associated to

the set Hgg%_l) J(x2-1) while the 6-duadic codes given by the multiplier —p are associated

(1)
to the set H(X%—l)/(XLl)'



3 Construction and enumeration of ¢-duadic codes over I
given by the multipliers —1 and —p

The aim of this section is to construct and count pairs of f-duadic codes defined over ¥,
(b)

and given by the multipliers —1 and —p. It amounts to construct the set H F(x2) where b
belongs to {0,1} and F(X?) is the polynomial % Most of the work consists of using the

techniques developed in [5] for the Euclidean scalar product and adapting them to Hermitian
scalar product. Furthermore an application to the parametrization of the irreducible skew
polynomials with given bound will be developed in Annex [A]

The following proposition is inspired from Proposition 28 of [4] and Proposition 2 of [5].

Theorem 2 Consider I, a finite field with q¢ = p? elements where p is a prime number,
9 : x — aP the Frobenius automorphism over F,2, R = Fy[X;0]. Consider F(X?) =
f1(X2) - f(X?2) where f1(X?),..., fr(X?) are pairwise coprime polynomials of F,[X?] sat-
isfying fih = f;. The application

(b) (0) (b)
64 Mo X XMooy = Hige)
(hl,...,hr) ad ICI“m(hl,...,hr)
is bijective.
Proof.
e The application ¢ is well-defined.

Consider (hi,...,h,) in HY xoy XX H(fﬁ)(Xz) and h = lerm(h, . .., hy).

fa(
First of all, as h1, ..., h, divide respectively f1(X?),..., f-(X?), and as f1(X?),..., f(X?)
are pairwise coprime central polynomials, the degree of lerm(hy,...,h,) is equal to

> i_y deg(h;). Furthermore, as @b(hf) ~h; = f;(X?), the degree of h; is equal to the
degree of f;(X?) in X2, therefore the degree of h is equal to the degree of F(X?) in X?2.

Consider, for i in {1,...,7}, Q; in R such that h = h;-Q;. One gets OP(hf) = Qi-@b(hg)
for some Q; € R, therefore ©P(h?)-h = Q; - O°(h?) - hi- Qi = Q; - i(X2)- Qi. As fi(X?)
is central, it divides ©°(h%)-h. The polynomials f;(X?) are pairwise coprime in IF,[X?],
therefore their least common right multiple is equal to their product F(X?), and F(X?)
divides ©°(h%) - h. Considerations on the degrees of the involved polynomials imply the
equality ©°(hf) - h = F(X?). The skew polynomial h belongs to ’ng x2) therefore ¢ is
well defined.

e The application ¢ is bijective.

Consider h in ’H(b)

F(X2) then h divides F(X?), therefore, according to Theorem 4.1 of
[8], h = lerm(hyq, ..., h,) where h; = gcld(f;(X?),h) and this lerm-decomposition into
skew polynomials dividing f1(X?),..., f,(X?) is unique. Let us prove that h; belongs

(b
b0 Hp(x2:

As h; divides fi(X?2) on the left, ©(h%) divides ©°(f*)(X2) on the right. As f;(X?2) is
central, one gets that @b(hf) - h; divides f;(X?)2. In particular,



Vi€ {1,....7}\ {i}, gerd(€¥(hl) - hy, £;(X?)) = 1. (6)

As h; divides h on the left, @b(hf) divides ©°(h?) on the right. Furthermore F(X?)
©°(h%) - h is central, therefore @b(hg) - hi divides F(X?) = f1(X?)--- fi(X?) - £.(X?).
According to @, @b(hg) - h; divides f;(X?). Furthermore, 2deg(h) = Y i_, 2deg(h;)
St deg(fi(X?)), therefore Vi € {1,...,r}, deg(f;(X?)) = 2deg(h;) and @b(hg) ~hi =

I~

3.1 Irreducible case

The aim of this subsection is to construct and enumerate irreducible odd-like #-duadic codes
defined over IF 2 of length 2k where k is coprime with p. One therefore assumes that X 2k_1 =
(X2 —1)f(X?) where f(X?) is irreducible in IF,[X?]. Necessarily f(X?) is self-reciprocal.

If f(X?) has degree 1 then f(X?) = X241, k=2 and p is odd. According to Example
there are 2 irreducible odd-like #-duadic codes of length 4 given by the multiplier —1 if p =1
(mod 4). If p = 3 (mod 4), such codes do not exist. Furthermore, for any prime number p,
there are p 4+ 1 irreducible odd-like #-duadic codes of length 4 given by the multiplier —p.

In what follows, one constructs the set H;b()Xg) when b belongs to {0,1} and f = f(X?)
belongs to F. When b = 0, Lemma 5 of [5] gives a construction based on Cauchy interpolation
in IF 2(Z). We give here a slightly different presentation and a generalization to the case when
b is equal to 1.

Lemma 1 Consider f in F with degree d = 26 where § is in IN*. The skew polynomial
h(X) = O°(A)(X?)+ X -0°(B)(X?) belongs to H;b()x2) \F,2[X?] if and only if the polynomial
P(Z) of degree < d defined in F2[Z] by

A

B =P (mod f)

satisfies the two following equations in IF,2[Z] :

{ P(Z2)O(P)(Z) = Z (mod f(Z)) (1)
Z¥71p(1/2) 4+ Zz¥720"1(P)(Z) =0 (mod f(Z)).

Proof. Consider h = Zf:o h;X® in R, monic with degree d. Consider A and B defined
by h(X) = ©°(A)(X?) + X - ©Y(B)(X?), then hf = A(X?) + B(X?) - X where A(Z) =
ANZ9OY(A)(1/Z) and B(Z) = A\Z97'0Y(B)(1/Z), A = 6°(1/ho).

Therefore h belongs to H?}()XQ

are satisfied :

) if and only if the following polynomial relations in IF 2 [Z]

{ A(2)A(Z) + ZB(Z)B(Z) = [(2) (8)
A(Z)O(B)(Z)+ B(Z)0(A)(Z) = 0.

As B # 0 and deg(B) < deg(f)/2, B and f are coprime. Therefore, according to the first
equation of , A and B are coprime. The relation is equivalent to



A(Z)O(A)(2) — ZB(2)0(B)(Z) = f(Z) )
Z°A(1/2)0" Y (B)(Z) + z°~'B(1/2)6" 1 (A)(Z) = 0.

Consider P in IF)2[Z] with degree less than d such that

A(Z)

B(2)
This polynomial exists because B and f are coprime. Furthermore the relation @D is
equivalent to .

P(Z) (mod f(Z)).

The following lemma will be also useful in subsection [3.2) and in annex [A]

Lemma 2 Consider f in F,[Z] irreducible in ,[Z] with degree d and o in ¥ pa such that
f(e) =0. Consider P(Z) in T 2[Z] with degree < d and y; = P(a?") for 0 <i<d—1.

{ P(2)0(P)(2) =2 (mod f(Z))

P(Z) € F2[Z]
)

yz-:ygi ~ifi€{0,...,d—1} is even

yi=a? [yt ifie{0,...,d—1} is odd

i1 T (10)
vy =1 if d is even

d
vh T —a  ifdis odd.

Proof. Consider P(Z) in IF,2[Z] with degree < d and y; = P(aP) for 0<i<d—1.

e Assume that P(Z) is a polynomial of IF 2 [Z] such that P(Z)O(P)(Z) = Z (mod f(Z)).
As P(Z) belongs to F2[Z], ©*(P)(Z) — P(Z) cancels at the points #’(a) where i €
{0,...,d — 1}, therefore

P(apl:) :P(a)pi. if i € {0,...,d—1} is even

P(a?) = P(aP)?" " ifie{0,...,d—1} is odd.
Pla)'~1 =1 if d is even
P(a?)P"™" = P(a) if d is odd.

The condition y; = o?/y} comes from the evaluation of P(Z)O(P)(Z) — Z at « and
follows from these relations.

Furthermore o’ = o therefore {

e Conversely, assume that is satisfied. Then

P(a?') = P(a)?  ific{0,...,d—1} is even
P(a?') = P(a?)? ™" ifie{0,...,d—1}is odd
P(a)pd = P« if d is even

p(ap)pd’l = P(a) if d is odd

P(aP)P(a)P = aoP.



Let us prove first that ©2(P)(Z) — P(Z) = 0. As deg(P) < d, ©?(P)(Z) — P(Z) cancels
at 0'(a) for i in {0,...,d — 1}. Consider i € {2,...,d — 1}, then (0%(P) — P)(#'(a)) =
0% (y;_2) — y; = 0, furthermore

(07(P) ~ P)(a) = ©*(P)(0?") = P(a) = 0*(ya—2) ~ vo

_ ygd — Y0 =0 ifdis even
apd/yg —1yo =0 ifdisodd;

(©%(P) = P)(8()) = 0*(ya—1) — w1
:{ d+1/yo —aP/yl =0 ifdiseven

g —ar/yl =0 if dis odd,
Therefore ©2(P)(Z) = P(Z) and P(Z)O(P)(Z) — Z is in IF,[Z].
The condition P(a”)P(a)P = oF implies that P(Z)O(P)(Z) — Z cancels at a and is
therefore divisible by f(Z).

The following lemma describes the set H‘(fb())(g) where f(X?) € F is an irreducible self-
reciprocal polynomial of IF,[X?] with degree > 1 and b belongs to {0,1}. It is a generalization

of Lemma 5 of [5] (where ’HEC(?XQ) is constructed).

Lemma 3 Consider b in {0,1}, f = f(X?) in F of degree d = 26 in X? where § is in IN*.

The set H;b()XQ) has 1+ p° elements.

Proof. Consider f(X2?) = f(X2)O(f)(X?) the factorization of f(X?) in F,2[X?]. One

has
0 if 6+b=0 (mod 2)

(F(X2),0(/) (X))} if 6+b=1 (mod 2). (11)

(b) _
My (xzy NIy [(X?] = {

According to Lemma h(X) = ©°(A)(X?)+ X - ©°(B)(X?) belongs to H \]F (X2
if and only if (A, B) is the unique solution to the Cauchy interpolation problem

A_
E_P (mod f)

where the polynomial P(Z) in IF,2[Z] of degree < d is defined by the relations :

{ P(2)6(P)(2)=Z (mod f(2))
Z¥71p(1/2) + Zz# 7201 (P)(Z) =0 (mod f(Z)).

As there is a unique solution (A, B) (with deg(A4) = 9, deg(B) < d—1 and A monic) to the
above Cauchy interpolation problem for each P, the number of elements of ) F(x2) \F 2 [X?]
is equal to the number of P in IF2[Z] with degree < d satisfying (7 . For 0 <i<d-1,
denote y; = P(api) € F,a. Let us prove that is equivalent to

yi:yé’i ~ifie{0,...,d -1} is even (12)
yi=a [yt ifie{0,...,d—1}is odd



and
ygtl:—l/a if 0+b=1 (mod 2) (13)
=1 if §+b=0 (mod 2).

Assume that is satisfied. Then according to Lemma (12) is satisfied. Further-
more, as ZX1P(1/Z) + Z*720"1(P)(Z) cancels at a, also satisfied. Conversely,
assume (12) and (13)), then according to Lemma [2, P(2)O(P)(Z) = Z (mod f(Z)). Fur-
thermore Z2~'P(1/Z) + Z?~2@"*(P)(Z) cancels at o and oP, therefore Z2~1P(1/Z) +
72720 1(P)(Z) =0 (mod f(Z)). To conclude the proof, according to , the set chb()XQ)\
IF,2[X?] has p° — 1 elements if § + b =1 (mod 2) and p° + 1 elements if § + b =0 (mod 2).
The relation enables to conclude.

Theorem 3 Consider p a prime number, 8 the Frobenius automorphism over Iz, b in {0,1}
and k an integer coprime with p. The number of irreducible 0-duadic codes of length 2k with
given multiplier —p® over IFp2 is

1+ plk—1)/2 if k is an odd prime and p generates Z/kZL*;
0 otherwise.

Proof. Let us prove that there exists an irreducible §-duadic codes of length 2k with
given multiplier —p® over IF,> if and only if k is an odd prime and p generates 7Z/k7Z*.

Assume that there exists an irreducible 6-duadic code of length 2k with given multiplier
—p? over IF,2. Consider g its skew generator polynomial, necessarily g is irreducible therefore

g = h% where ©°(h%)-h = ))((2;:11. The bound B(g) of g is an irreducible polynomial of IF,,[X?]

with degree 2deg(g) = 2k — 2. Therefore % = B(g) and % is irreducible in IF,[X?].

Necessarily, k is and odd prime and p generates ZZ/k7Z*.

Assume that k is and odd prime and p generates Z/kZ*, then F(X?) := ))((22’“:11 is irre-

ducible in IF,[X?], therefore according to Lemma Hgg X2) is nonempty. Its elements have

degree k — 1 and divides F(X?). As F(X?) is an irreducible polynomial of IF,[X?] of degree

2k — 2, the elements of HggXQ) are irreducible skew polynomials. To conclude, there exists

an irreducible #-duadic code of length 2k with given multiplier —p® over IF 2.

Lastly, the set Hgg X2) has 1+ p*~1)/2 elements according to Lemma

Example 2 Consider § : x +— 2 the Frobenius automorphism over Fy = Fa(a). The

number of irreducible 6-duadic codes of length 22 with given multiplier —1 over IFy is 1+42° =
33. They are generated by the skew polynomials h? in F4[X; 0] where h is a monic solution
to the skew equation

X221

T =XP 4 XB 4 X241

RE-h =

For example h = X0 + X9 4+ aX% + a®>X* + X + 1 is a solution and g = b = X0 + X9 +
a? X% +a X*+ X +1 generates a [22,12, 6]4 irreducible odd-like 0-duadic codes with multiplier
—1.
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Example 3 Consider § : x — x> the Frobenius automorphism over Fy = Fy(a). The

number of irreducible 6-duadic codes of length 22 with given multiplier —2 over IFy is 14+2° =
33. They are generated by the skew polynomials ©(hY) in F4[X; 0] where h is a monic solution
to the equation

X2 -1
T X2
One of these solutions is h = X' + X% + a?X% + X° 4+ a’X* + X + 1 and g = O(RY) =
X104 X9+ a X0+ X% +aX*+ X +1 generates a [22,12,6]4 irreducible odd-like 0-duadic
codes with multiplier —2.

O(h) - h = X0 X84y X241

3.2 Reducible case

The aim of this section is to construct and enumerate reducible odd-like #-duadic codes over
IF,2 of length 2k where k is coprime with p (Proposition . One therefore assumes that

F(X?) = ))((2;__11 is reducible in TF,[X?].

If F(X?) is the product of self-reciprocal polynomials f(X?) irreducible in F,[X?], then
one can conclude thanks to Proposition [2 and Lemma

Otherwise, as F(X?) is self-reciprocal, its irreducible factors in F,[X?] which are not
self-reciprocal appear by pairs (g(X?), g%(X?)).

In what follows we construct H;I)()Xz) when f(X 2) € G is the product of two irreducible

polynomials of IF,[X?] which are a pair of reciprocal polynomials g(X2) and ¢*(X?2). The

following Lemma is a generalization of Lemma 6 of [5] (where HE}E) is constructed).

X2)

Lemma 4 Consider b in {0,1}, f = f(X?) in G with degree 25 in X2 and g(X?) such that
b

f(X?) = g(X?)g"(X?). The set 7-[}())(2) has 3+ p° elements.
Proof.
When 6 is even, consider the factorization of g(X?) in F2[X?] : g(X?) = g(X?) x

O(g)(X2). Then H )y NIF,2[X2] = {g(X?), g*(X2), §(X2)O1 (3(X?)) , ©¥(9)*(X2)0(5)(X?)}.

If § is odd, then g(X?) is irreducible in IF,2[X?] and H;I)()Xz) NIF,2[X% = {g(X?),g*(X*)}.

In what follows, one proves that the number of elements of H;I)()XQ) \F,2[X?]is p® — 1if § is
even and p® + 1 if § is odd.
d

Consider § in IFs such that g(8) = 0. Consider h = ZhiXi in R, monic with degree
i=0
d. Consider A and B defined by h(X) = @b(AZ(XQ) + X - ©%(B)(X?), then h = A(X?) +
B(X?)- X where A(Z) = A\Z°0%(A)(1/Z) and B(Z) = A\Z°710%(B)(1/Z), A = 6°(1/hy).
Therefore h belongs to H;b()XQ) \ IF,2[X?] if and only if the following polynomial relations
in IF2[Z] are satisfied :

{ A(Z)A(Z) + ZB(Z)B(Z) = f(Z) (14)

A(Z)O(B)(Z) + B(Z)0O(A)(Z) = 0.

Necessarily, as B # 0, B and f are coprime, therefore A, B and f are pairwise coprime.

11



Consider P = P(Z) in IF2[Z] with degree less than d such that

AlZ) _
M =P(Z) (mod f(Z)).

The polynomial P exists because B and f are coprime. The relation is equivalent to

P(2)0(P)(Z) = Z (mod f(Z)) (15)
Z¥1p(1/2) 4+ z¥ 720" Y (P)(Z) =0 (mod f(Z)).
Consider y; = P(B7') if 0 <i <6 —1 and 15 = P(1/8P)if0<i <6 — 1.
Let us prove that is equivalent to conditions , and defined below :
yi:ygi ~ifie{0,...,0— 1} is even
yi =By ifie{0,...,6 —1} is odd
p5—1 . . (16)
vy =1 if 0 is even
gt = if § is odd
ys =—1/yo if b=0
. 17
{wz s &) an
yi+5:y6pi - ifie{0,...,0 — 1} is even (18)
yirs = 1/(B7y0) ifie{0,...,6 — 1} is odd.

Assume that is satisfied. As P(Z)O(P)(Z) = Z (mod f(Z)), one gets
P(2)0(P)(Z) = Z  (mod ¢(2))

therefore according to Lemma [2| applied to g, (16]) is satisfied. The condition Z2°~'P(1/Z) +
7207201 (P)(Z) =0 (mod f(Z)) implies furthermore . Lastly P(Z)O(P)(Z) = Z (mod ¢*(2))
therefore according to Lemma [2] applied to ¢, is satisfied.

Conversely, assume that , and are satisfied, then according to Lemma
P(Z2)0(P)(Z) = Z (mod g(Z)) and P(Z)O(P)(Z) = Z (mod ¢%(Z)). To prove that
Z271P(1/2) + Z*720"*Y(P)(Z) = 0 (mod f(Z)), it suffices to prove that uP(1/u) +
©"+1(P)(u) cancels when u belongs to {3, 8,1/3,1/3P} :

Bp(é)_i_@b—i-l(P)(ﬁ):{ _5/?/0"‘/8/:90 =0 ifb=0

—yo + Yo =0 ifb=1
D v .
pp(_L b+1 ) Y T Y% =0 ifb=0

1/ % P(B) +©"*(P)(1/8) = yo/B — yo/B =0
1/ x P(87) + O (P)(1/8%) = 1/yg — 1/yg = 0.

To conclude, according to the two last relations of , the number of elements of H;b()XQ)\
F,2[X?] is p° — 1 if § is even and p° + 1 if § is odd.
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Theorem 4 Consider p a prime number, 0 the Frobenius automorphism over Iz, k an
integer coprime with p and b in {0,1}. The number of pairs of 0-duadic codes of length 2k
with given multiplier —p® over F is

Nx J[a+p") x [[B+1)

fer feg
where
0 if b=0,k=0 (mod2),p=3 (mod 4)
N - 2 if b=0,k=0 (mod2),p=1 (mod 4)
") p+1 if b=1,k=0 (mod?2)
1 if k=1 (mod 2).

Proof. The number of pairs of f-duadic codes defined over IF 2 of length 2k with given

multipliers —p? is equal to the cardinality of ’Hg’g x2) where F(X?) := ))((2;:11. If k is odd,

rex= 1 £ II ¢

feEFNDr feGNDg

and if k is even then p is odd and

Fx)=x*+1) I r II *

feFNDr  feGNDp

According to Proposition

® ®) ®)
#Hpey =N [T #Hley < T1 #H5txe
fEFNDR feGNDp

where N =1 if k is odd and N = #7—[()?)2 41 if k£ is even. The conclusion follows from Lemma,
Bl Lemma [ and from the equality :

{(X+a|a?=-1} if b=0andp=1 (mod 4)
#HD = {X+ala?t=-1} if b=1
if b=0andp=3 (mod 4).

Example 4 Consider 0 the Frobenius automorphism over ¥y, k = 17 and b = 0. The
number of odd-like 8-duadic codes of length 2k = 34 with multiplier —2° = —1 over Fy is
1x (1424 x (1+2%) = 289. These codes are generated by the skew polynomials g = h* where
h is solution of the skew equation in Fy4[X;0] :

X341

o = X EXT X DT X X X X X ),

- h=

Consider the skew polynomials h1 = X® +a X" 4+a X% +a X* 4+ a X? + X + a® and
ho = X8 4+a? X"+ X0 +a?2 X5+ X +a X3+ X%4+a X+ 1. They satisfy hq-hl =
X164 X104 X84 X641 and B - hyg = X6+ XM 4+ X124+ X8 4 X4 4+ X2 4 1. Therefore
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the skew polynomial h = lerm(hy, he) = X' 40?2 X1 + X1 10 XU 4+ X104 g X9 4+ X7 +

A2 X0 X2 1 a2 X212 X442 satisfies hf-h = ))((324__11 .

The skew polynomial
G=h =X+ ® XP 4+a X"+ X040 X'+ X" +a X+ X' +aX?’+d®> X +a

generates an odd-like 0-duadic code C over Fy given by the multiplier —1, which is a [34,18,9]4
code.

Example 5 Consider 6 the Frobenius automorphism over IFg. There is no odd-like 0-duadic
code of length 32 over Fyg given by the multiplier —1.

Example 6 Consider 6 the Frobenius automorphism over Wg. The odd-like 0-duadic codes
of length 32 over Fg = F3(a) given by the multiplier —3 are generated by hE where h is a
monic solution to the skew equation in Fo[X; 0] :

o) -h = (X32-1)/(X%2-1)
(X2+1)(X*+1)
(X*+X2+2)(X*+2X2+2)) (X®+ X1+ 2)(X®+2X* +2))

There are 16128 = (3 + 1)(1 + 3')(3 + 3%)(3 + 3%) such codes. One of them is a [32,17,11]g
code generated by h® where h = X 4 a® XM + a0 X 13 1+ 2X12 2X M 46X + a3 X8 4+ 2X7 +
2X6 + a3 X4+ P X3 +aP X2+ a8 X +d”.

3.3 Hermitian self-dual #-cyclic codes
Lemmas|[3]and [4 also give an answer to the question of the enumeration of Hermitian self-dual

O-cyclic codes whose dimension is coprime with p as shown below (see perspectives of [5]) :

Theorem 5 Consider p a prime number, 6 the Frobenius automorphism over W2 and k an
integer coprime with p. If p is odd, there exist no Hermitian self-dual 0-cyclic codes of length
2k over 2. Over ¥y, the number of Hermitian self-dual 0-cyclic codes of length 2k is

3x [ @+unx J[ @ +3)

feFMDyor_, feGMDyor

where 28 is the degree of f in X2.
Proof. According to Proposition [2] the number of Hermitian self-dual #-cyclic codes over

IF > with dimension k is

#H O =#nd o [T #HP < I #H.
fEFMDyor_, feGNDyor

The final result follows from Lemma Lemmaand from the fact that the equation ©(h?)-h =
X2 — 1 has no solution if p is odd, and 3 solutions if p = 2. =
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4 Self-orthognal -cyclic codes over I

The aim of this section is to construct [2k, k — 1] self-orthogonal 6-cyclic codes over IF,,» when
k is coprime with p for both Fuclidean and Hermitian scalar products.

The (Euclidean) dual of a linear code C of length n over IF, is defined as C*+ = {z €
Iy | Vy € C,< z,y >= 0} where for z,y in Iy, < z,y >:= o, iy is the (Euclidean)
scalar product of z and y. The code C is Euclidean self-dual if C is equal to C*+. The
code C is (Euclidean) self-orthogonal if C is a subset of C+. Assume that ¢ = r? is an
even power of an arbitrary prime and denote for a in Iy, @ = a”. The (Hermitian) dual of
a linear code C of length n over I, is defined as C+# = {z € Fy | Vy € C,<z,y >g= 0}
where for z,y in Fy, < z,y >p:= >y @y is the (Hermitian) scalar product of z and y.
The code C is Hermitian self-dual if C is equal to C+#. The code C is (Hermitian)
self-orthogonal if C is a subset of C#.

According to ([9], Theorem 6.4.1), a cyclic code of odd length n and dimension (n — 1)/2
over IF, is Euclidean self-orthogonal if and only if it is an even-like duadic code given by the
multiplier —1. According to ([9], Theorem 6.4.4), a cyclic code of odd length n and dimension
(n —1)/2 over IF4 is Hermitian self-orthogonal if and only if it is an even-like duadic code
given by the multiplier —2.

Recall that the Euclidean dual of a 6-cyclic code of length 2k with skew generator poly-
nomial g is the #-cyclic code with skew generator polynomial h? where h - g = X2¢ — 1 ([2],
[3], [4]). Euclidean self-dual é-cyclic [2k, k] codes are constructed and enumerated for any &
in [5]. Consider ¢ an even power of an arbitrary prime number. As the hermitian product of
z,y € I} is equal to < z,7 >, the Hermitian dual of a code C' is the Euclidean dual of C.
In particular, if C' is a 6-cyclic code of length n and skew generator polynomial g, then its
Hermitian dual is the #-cyclic code of length n with skew generator polynomial A% (see [3]) .

The following proposition gives a sufficient self-orthogonality condition for #-cyclic codes
of length mk and dimension (mk —m)/2.

Theorem 6 Consider q a prime power, 8 an automorphism of Iy of order m and an integer
k coprime with q such that mk — m is even.

e The even-like 0-duadic codes of length mk given by the multiplier —1 are Fuclidean
self-orthogonal 0-cyclic codes.

o Assume that ¢ = r% is an even power of an arbitrary prime number. The even-like

0-duadic codes of length mk given by the multiplier —r are Hermitian self-orthogonal
0-cyclic codes.

Proof. Consider an even-like §-duadic code of length mk given by the multiplier —1. Its
skew generator polynomial is (X™ — 1) - h¥ where (X™ —1)-h%-h = X" — 1. The Euclidean
dual C* of C is generated by h?, therefore C C C*.

Assume that ¢ = r2. Consider an even-like 0-duadic code of length mk given by the
multiplier —. Its skew generator polynomial is (X™ —1)-hf where (X™ —1)-hi-h = X™¥ —1.
The Hermitian dual C+# of C' is generated by hY, therefore C C C+x.

Proposition [7] characterizes Euclidean self-orthogonal 6-cyclic codes with length 2k and
maximum dimension k — 1 over 2. Even-like f-duadic codes are a special case of self-
orthogonal 6-cyclic codes.
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Theorem 7 Consider p a prime number, ¢ the Frobenius automorphism over I 2. There
exists a [2k, k — 1] Buclidean self-orthogonal 0-cyclic code over 2 for any integer k coprime
with p. The skew generator polynomial of such a code is P - h% where P and h satisfy one of
these conditions :

1. P=X?%2—-1 and
X2 _1

X2-1"
In this case the code is an even-like 0-duadic code (given by the multiplier —1). Fur-
thermore p =2 or (k=0 (mod 2) and p=1 (mod 4)) or k=1 (mod 2).

K. b= (19)

2. P=X2+1 and
X% —1

X2+1°
Furthermore k =0 (mod 2) and p =3 (mod 4).

h* - h = (20)

3 P=(X-XN-(X+1/A), WOYe=1,h=H - (X+XN)orh=H-(X —1/\and

X2k 1

b, g —
B H = o —emyxe — 1wy

(21)

Furthermore k =1 (mod 2), p=3 (mod 4) and ged(k,p — 1) # 1.

Proof. Consider a #-cyclic code C' with length 2k and dimension k£ — 1. It is generated by
a skew polynomial g of degree k + 1 which divides X2 — 1. Its Euclidean dual is generated
by h? where the skew polynomial & is defined by ¢ - h = X2 — 1. The code C is Euclidean
self-orthogonal if and only if the skew polynomial g is a right multiple of the skew polynomial
hf. That means that there exists P in R with degree 2 such that g = P - hf. Therefore C' is
self-orthogonal if and only if P-h?-h = X% — 1.

1. If P = X? — 1 then one gets the equation . As k is coprime with p, X2 — 1 does
not divide F(X?) = ))((2;'_—11' If k is even or p = 2, then X? 4 1 does not divide F(X?),
therefore F(X?) = [eroms, f(X?) x [egrps f(X?). According to Lemma [3| and
Lemma the set 7-[;0) is not empty when f belongs to F U G, therefore, according to
Proposition |2 the set 7—[;9) is also not empty. If k is odd and p is odd then X? + 1
divides F(X?) and F(X?) = (X2 +1) x [T prpp J(X2) % [ jegrp, F(X?). As HD |
is nonempty if and only if p =1 (mod 4), the set 7—[;9) is not empty if and only if p = 1
(mod 4).

2. Assume that p is odd and P = X? 4 1 then one gets the equation (20]). Necessarily, k

must be even. As X2+ 1 does not divide F(X?) = ))((2;;11 and as X2 — 1 divides F(X?),

one has F(X?) = (X* = 1) x [Trerrp, F(X?) X [T egrp, F(X?). Furthermore H') |
is nonempty if and only if p = 3 (mod 4) therefore, there is a solution if and only if
p=3 (mod 4).

3. Assume that p is odd and P # X2 + 1.

Let us show that P must be reducible. Assume that P is irreducible and consider his
bound f(X?). f(X?) is an irreducible polynomial in IF,[X?] and each factorization of
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f(X?) into the product of irreducible skew polynomials contains two terms with degree
2. The same property holds for f(X?2) as f%(X?) is also irreducible in TF,[X?]. As
X2k —1 is squarefree in IF,[X?], each factorization of X?* —1 in R contains exactly two
irreducible factors bounded by f(X?) and two irreducible factors bounded by f9(X?).

Let 7 (resp. s) denote the number of irreducible factors bounded by f(X?) (resp.
f%(X?)) in any factorization of h over R.

Necessarily f # f? otherwise there is an even number of factors bounded by f(X?) in
each factorization of ©%(h%) - h in the product of irreducible skew polynomials, which is
impossible.

As f # f%, there are r + s+ 1 (resp. 7+ s) factors bounded by f(X?) (resp. f(X?)) in
any factorization of P - ki - h, therefore, 7 + s+ 1 = 2 = r + s, which is a contradiction.
Therefore P = (X — X) - (X — p) where A\, € Fpo. Let X% — a € Fy[X? denote
the bound of X — X and X2 — b € IF,[X?] denote the bound of X — p. Necessarily,
a?* =b* =1as X2 —a and X? — b divide X?¥ — 1.

Consider f1(X?2) =lem(X? —a, X2 —b) and fo(X?) = (X% — 1)/ f1(X?).

Assume that a = b, then (X —\)-(X —p)-h%-h = (X% —a) f2(X?), and h?-h is coprime with
X2 — a, furthermore X? — a is central, therefore lelm(X? —a, hf-h) = (X2 —a)hf-h. As
X2 —q and h?-h divide X?* —1, their Iclm also divides X?*—1 = (X2 —a) fo(X?) therefore
h - h divides f2(X?). Considerations on the degrees of these two skew polynomials
enable to conclude that A% - h = fo(X?). Furthermore f(X?) must be self-reciprocal
(as h% - h is self-reciprocal), therefore fi(X?) is also self-reciprocal and a? = 1. Lastly,
(X —X)- (X —pu) = X2 —a = P. One gets the first and second cases of the Proposition.
Assume that a # b, then (X —\)- (X —p)-h-h = (X% —a)(X? —b) fo(X?). Necessarily
p is here an odd prime number.

X?k — 1 has two factors bounded by X? — a and two factors with bound X2 — b.
Necessarily, h? - h contains two factors bounded by X2 — ¢ and X2 — b. Assume that
these two factors appear in h, then h? has two factors bounded by X?—1/a and X2 —1/b.
Necessarily 1/a # a,b and 1/b # b. (X — ) - (X — p) - hf - h has two factors bounded
by X2 —1/a and X2 —1/b, whereas X2* — 1 has four factors bounded by X2 —1/a and
X2 —1/b. There is a contradiction, therefore h has one factor bounded by X? — a or
X2 —b.

Furthermore h = lerm(hy, hy) where hy = geld(h, f1(X?)) and

ho = gcld(h, fo(X?)). Consider Hy = X + u such that h = hy - Ha, then hg - ho divides
X2 — 1. As hg - hy is coprime with f1(X?), hg - hy divides fo(X?). Furthermore the
degree of Hj is one, and Hy and hg are coprime so deg(h) = deg(hg) + 1, therefore
deg(hh2 - hg) = deg(f2(X?)) and one gets hh2 - hy = fo(X?). Furthermore f;(X?) must
be self-reciprocal, therefore b = 1/a. One has h = hy - (X + u) and hg ~he = fo(X?)
therefore hf = (X — 1) hg and the equality (X — \)- (X —p)-h%-h = X?* —1 leads to

(X =X (X =) - (X = 1/u) - (X +u) = (X2 - a)(X> - 1/a).
. i

A small computation gives p = —1/\ and u =
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Example 7 The [34,16]4 even-like 0-duadic code associated to the [34,18,9]4 odd-like 0-
duadic code C = (G)Y, of Easample is generated by (X2—1)G and is Euclidean self-orthogonal.
Furthermore C can be extended to a [36,18,11]4 self-dual code C (which is not equivalent to
the previous [36,18,11]4 self-dual 0-cyclic codes computed in [2]). A generator matriz of C is
the block-matriz G = ( G M ) where G is a generator matriz of C : G =

0

a a2 a 0o 1 1 0 a 1 a O 0 1 a 1 0 0
0 a®> a a2 0 0 1 a> 1 0 a® 1 &2 o 1 a 1 0 0
0 0 0 a2 a a*> 0 0 1 > 1 0 a*> 1 &2 0 o0 1 a 1

Note that the binary image of this code is a Type II [72,36,12] self-dual code whose weight
enumerator is given in the last line of Table @ (see annex .

Example 8 Ezample[J] shows that there is no even-like 6-duadic code of length 32 and dimen-
sion 15 over Fg given by the multiplier —1. Howewver, there exist Euclidean self-orthogonal
f-cyclic codes of length 32 and dimension 15 over Fg. They are generated by (X% + 1) - hf
where h satisfies the following skew equation

RE-h = (X32-1)/(X2+1)
= (X2-1DX*+ D)X+ X2 +2)(X*+2X2%+2)
(X8 4+ X4 +2)(X® 4+ 2X* +2).

There are 8064 = 2(1+3%)(3+32)(3+3%) solutions. For h = X +a” X +a% X137 XM +
X0+ a2 X84 2XT+a® X0+ a3 X4+ a” X% +0a® X 4 aP, the skew polynomial (X?41) - b
generates an EBuclidean self-orthogonal 0-cyclic code. Furthermore the corresponding odd-like

0-duadic code (generated by h?) C can be extended to a [34,17,12]9 self-dual code C. A
generator matrixz of C' is the block-matriz G = ( G M ) where G =

Proposition [§| characterizes Hermitian self-orthogonal 6-cyclic codes with length 2k and
maximum dimension k — 1 over IF 2. They are necessarily even-like #-duadic codes.

Theorem 8 Consider p a prime number, 6 the Frobenius automorphism over ¥ 2. There
exist [2k, k — 1] Hermitian self-orthogonal 0-cyclic codes over )2 for any integer k coprime
with p. Furthermore they are necessarily even-like 0-duadic codes (given by the multiplier

-p).
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Proof. Consider a #-cyclic code C with length 2k and dimension k£ — 1. It is generated by
a skew polynomial g of degree k + 1 which divides X2¥ — 1. Its Hermitian dual is generated
by ©(h%) where the skew polynomial h is defined by g-h = X?¥ —1. The code C' is Hermitian
self-orthogonal if and only if the skew polynomial g is a right multiple of the skew polynomial
O(hf). That means that there exists P in R with degree 2 such that g = P-©(h?). Therefore
C' is Hermitian self-orthogonal if and only if P - ©(hf) - h = X2+ — 1.

If P= X2 — 1, one gets an even-like f-duadic code (given by the multiplier —p).

If P= X241, one gets O(hf) - h = )){(2:;11 and this equation has no solution because
2k

X? — 1 divides 5 =1 and #\) | = 0.
If P # X? 41, then like in proof of Proposition [7} one can prove that P is reducible and

that h = hy - Hy where O(h3) - hy = % and a € F, \ {£1}. As X2 — 1 divides
X2k _1

(X2—a)(X2%2-1/a)

, there is no solution.

Example 9 The even-like 0-duadic code associated to the odd-like 0-duadic codes of Examples
[5 and [0 are Hermitian self-orthogonal.

5 Conclusion and perspectives

This text gives a first step to the construction of 6-duadic codes defined over a finite field
IF,. Indeed a generalization of duadic codes given by the multiplier —1 (and the multiplier
—/q when ¢ is a square) is obtained. One could generalize this definition to the f-duadic
codes given by more general multipliers such as +p® where b belongs to {0,...,m — 1} and
where 6 is the Frobenius automorphism of order m. However it seems that a deeper study is
needed to extend the definition to much more general multipliers. In particular, the notion of
idempotent is absent here. When ¢ is the square of a prime number p, a more detailed study
is achieved, namely the construction and enumeration of pairs of #-duadic codes given by the
multipliers —1 and —p (Proposition |3| and Proposition . Proposition |5 also gives an answer
to the question of the enumeration of Hermitian self-dual #-cyclic codes whose dimension is
coprime with p. The case of the dimension multiple of p could be studied following ideas of
[5] for Euclidean self-dual 6-cyclic codes.

Over IF 2, the class of the f-cyclic codes who are self-orthogonal, of length 2k and of dimen-
sion k—1 is also explored (where k is coprime with p and 6 is the Frobenius automorphism). A
link with the #-duadic codes is obtained. Some examples of self-dual extended #-cyclic codes
are given (a [36, 18, 11]4; Euclidean self-dual code in Example 7] and a [34,17,12]¢ Euclidean
self-dual code in Example . This extension would deserve to be systemized. Furthermore an
interesting remaining question is to find conditions for the existence of self-dual codes which
are extended f-cyclic. Lastly, as an application, self-dual binary [72,36,12] codes with new
weight enumerators were constructed (Appendix . All the computations were made with
the computer algebra system MAGMA.

Acknowledgements.

The author thanks the referees for their fruitful remarks. This work was supported by the
French government Investissements d’Avenir program ANR-11-LABX-0020-01.

19



A An application : parametrization of the irreducible skew
polynomials of F.[X; 0] with given bound

In this first annex the techniques developed in IF,2[X; 6] for the enumeration of the #-duadic
codes (Lemma [2|) can be generalized to obtain the parametrization of the monic irreducible
skew polynomials with a given bound.

According to [12], the number of irreducible monic skew polynomials in IF)2[X’; 0] of degree
d is equal to My x Ngq where Ny is the number of irreducible polynomials in I, [X 2] of degree d
in X2 and My = p®+1 is the number of monic skew polynomials bounded by any irreducible
polynomial in F,[X?] of degree d in X?2.

The aim of this section is to give a parametrization of all irreducible monic skew polyno-
mials of IF,2[X; 0] with a given bound. This construction is based on the previous Lemma
and Lemma [5] given below.

Lemma 5 Consider f = f(X?) an irreducible polynomial of ]Fp~[X2] with degree d greater
than 1. If d is even, consider the irreducible factors f(Z) and ©(f)(Z) of f(Z) in F2[Z].

1. If d = 20, then the irreducible skew polynomials of IF2[X; 6] with bound f(X?) are the
skew polynomials f(X?), O(f)(X?) and h = A(X?) + X - B(X?) where A is monic
of degree 6, B is of degree < § — 1 coprime with f, (A, B) is solution to the Cauchy
interpolation problem in I, [7]

A_
EZP (mod f)

and P(Z) is a polynomial in T2 [Z] of degree < d satisfying the relation

PO(P) =z (mod f).

2. If d =20 + 1, then the irreducible skew polynomials of IF,2[X; 0] with bound f(X?) are
the skew polynomials h = A(X?) + X - B(X?) where B is monic of degree § coprime
with f, A is of degree < &, (A, B) is solution to the Cauchy interpolation problem in

F (7]

o

=P (mod f)

and P(Z) is a polynomial in T2 [Z] of degree < d satisfying the relation

PO(P) =z (mod f).

Proof. A monic skew polynomial & is an irreducible skew polynomial bounded by f(X 2)
if and only if, there exists h monic of degree d = deg(h) such that

h-h=f(X?). (22)

1. Assume that d is even and consider f(Z) irreducible in IF2[Z] such that f(Z) =

f(2)0(f)(Z). Consider A(Z),A(Z) € IF,2[Z] monic of degree § and B(Z),B(Z) €
IF,2[Z] of degree < § —1 such that h = A(X?)+ X -B(X?) and h = A(X?)+ B(X?)- X.
Then is equivalent to
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{ A(2)A(Z) + ZB(Z)B(Z) = f(Z) (23)
A

A(Z)O(B)(Z) + B(Z)©(A)(Z) = 0.
If B =0 then h = A(X?)+ X - B(X?) = A(X?) is an irreducible skew polynomial with
bound f(X?) if and only if h = f(X?) or O(f)(X?).
If B # 0 then B and f are coprime because deg(B) < ¢ therefore A and B are coprime

and
A(Z)=0(A)(2)
(23) < { B(z) =-0o(B)2)
A(Z)0(A)(Z) - ZB(Z)O(B)(Z) = 0.

Consider P in IF 2[Z] with degree < d such that
A

5= P (mod f),
then h = A(X?) + X - B(X?) is an irreducible skew polynomial with bound f(X?) if
and only if

PxO(P)=Z (mod f).

2. If d is odd, consider A(Z),A(Z) € F,2[Z] of degree < § and B(Z),B(Z) € F,2[Z]
monic of degree § such that h = A(X?)+ X - B(X?) and h = A(X?)+ B(X?)-X. Then
(22) is equivalent to (23)). Furthermore, f and B are necessarily coprime because f is
irreducible in IF)2[Z] and deg(B) < deg(f), therefore

A(Z2) = -6(A)(2)

{ B(Z) = ©(B)(2)
23) < Z
A(Z2)O(A)(Z) - ZB(Z)O(B)(Z) = 0.

Consider P in IF)2[Z] with degree < d such that

A

B

P (mod f),

then h = A(X?) + X - B(X?) is an irreducible skew polynomial with bound f(X?) if
and only if P x O(P) = Z (mod f).

Theorem 9 Algorithm 1 is correct.

Proof. LemmaPland Lemmaffl =

Example 10 The irreducible monic skew polynomials of F4[X ;0] bounded by X® + X2 + 1

are the 9 skew polynomials listed in the third column of Table |1 (where a®? +a +1 = 0).

Each irreducible monic skew polynomial writes as h(X) = A(X?) + X - B(X?) where (A, B)
A(Z)

is the unique solution to the Cauchy interpolation problem 7 = P(Z) (mod f(Z)) with B
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Algorithm 1 Irreducible skew polynomials of IF,2[X; 6] with a given bound

Require: f € F,[X?] irreducible in IF,[X?]

Ensure: All irreducible skew polynomials with bound f(X?)
1: d < degx> f(XQ)
2: a ¢ root of f in IF),
3: if d is odd then

40 S+ (d-1)/2

5: F + (Z)

6:  for u € F 2q such that w1 = o do

7: P+ Interpolation Polynomial in IF,2[Z] at the d points [apgi,up%]ogig(g and
[ap2i+1 ’ ap2z‘+1 /Up2i+l]0<i<5—1

8: (A, B) <+ solution of the Cauchy interpolation problem % = P (mod f) with B
monic, deg(B) = 9§, deg(A) <6

9: add A(X?) + X - B(X?) to the set E

10:  end for

11: else

122 0« d/2

13 E « {f(X?),0(f)(X?)} where f(Z2)O(f)(Z) = f(Z) is the factorization of f(Z) in

F 2 [7Z]

14:  for u € IFja such that u # 0 do

15: P < Interpolation Polynomial in IF,2[Z] at the d points [ocpm,upm]ggg(;_l and
[ap2i+1 7 ap2i+1 /up21+1:|0<z<571

16: (A, B) < solution of the Cauchy interpolation problem % = P (mod f) with A
monic, deg(A) =9, deg(B) < §

17: add A(X?) + X - B(X?) to the set E

18:  end for

19: end if

20: return F
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u P(Z) e F4[Z] h(X) € F4]X; 0]

v Z2+ad’Z +1 X3+aX?’+aX +a
~8 Z2+aZ+1 | X34+a?X?+a?>X +a?
15 a’?7Z%+a*Z X34+ X + a?

%2 aZ’+ 7 +a X3 +a’X?+aX+ad?
YO aZ?+ad*Z+a | X2+ X?’+ad’X+1
736 22+ 7 X3+ X+1

Y31 a? 22+ aZ + a? X34+ X2 4+aX+1
YO a®?Z?+ Z +a? X3+aX?+a’X +a
757 aZ’+aZ X3+ X +a

Table 1: Parametrization of the irreducible monic skew polynomials of IF4[X; 6] bounded by
X0+ X241

monic, deg(A) < 1 and deg(B) =1 (see Section 5.8 of [14] for the computation of (A, B)).
The polynomials P(Z) (second column of Table are associated to the 9 parameters u in
Fys = Fa(y) satisfying u® = o where o® +a+1 =0 and 4% +y* + 3 +~v+1 =0 (first
column of Table .

Example 11 The irreducible monic skew polynomials of F4[X ;0] bounded by X& + X2 + 1
are X4+ X2 +a, X* + X? + a? and the 15 skew polynomials h = A(X?) + X - B(X?) listed
in the third column of Table@ where % = P(Z) (mod f(Z)), A monic, deg(A) = 2 and
deg(B) < 2. The polynomials P(Z) (second column of Table [3) are associated to the 15

nonzero parameters u belonging Fyos = Fa(a) where a* + a+1 =0 (first column of Table @)

B Weight enumerators of the binary [72,36, 12| self-dual codes
obtained from self-dual #-cyclic and extended 6-cyclic codes

This annex is devoted to the classification of the binary [72, 36] self-dual codes whose minimum
distance is equal to 12 and who are binary images of [36, 18]4 self-dual 6-cyclic codes and self-
dual extended 6-cyclic codes. The codes are classified according to their weight enumerators.

Recall that in a binary self-dual code, all weights are congruent to 0 mod 2. A binary
self-dual code with all weights congruent to 0 mod 4 is said to be a Type II code. A binary
self-dual code with at least one weight not congruent to 0 mod 4 is said to be Type 1.

According to [7], the possible weight enumerators for Type II [72, 36, 12]2 self-dual codes
are :

14 (4398 + a)y'? + (197073 — 12 a)y*6 + (18396972 + 66a)y?° + - - .

According to [11], the possible weight enumerators for Type I [72,36,12]2 self-dual codes
are :

Wia1 = 14 28y"% 4 (8640 — 647)y'* + (124281 — 245 + 3847)y'0 + - -

and
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u | P(Z) €47 h(X) € Fy[X;0]

1 Z34+a*> 7 + a? Xt +ra?X3+ad’X?%+a

a Z34+aZ+a X*+aX?+aX?+a?
o | a? 23 +ad?7%+a| X+’ X3+aX?’+ad’X +a
o’ a’? 7% + a? X*+a?X +1

o |23 4+a?2 72241 | X+ a2 X3 +a2 X2+ a2 X +a?
a® aZ3+7Z+1 X*+ X3 +a’X%2+a

b | aZP+a2Z+d? X*+a?2X3+aX2+a?
o’ 23+ 7%+ a? X4+ X3+aX?+X+a
a® Z2+1 X4+ X+1

a? 23+ 7%+a X4+ X3+ a2 X2+ X +ad?
o a?Z3+aZ+a Xt +raX?+a2X?+a
R Y AE A X4+ X3+ aX?+a?

a2 | aZ3+aZ?+1 X*+aX3+aX?’4+aX+a
al3 aZ?+a Xt*4+aX+1

ot | aZ3+aZ?+ a2 X*+aX3+a2X?2+aX +a?

Table 2: Parametrization of the irreducible monic skew polynomials of IF4[X; 8] bounded by
X8 + X2 41 and distinct of X* + X2+ a and X* + X2 + a2

Wiao = 14 28y"? 4 (7616 — 640)y™* + (134521 — 243 + 3848)y'0 4 - - .

B.1 Weight enumerators of the binary [72,36, 12 self-dual codes obtained
from self-dual #-cyclic codes

This part concerns the [72,36] self-dual codes whose minimum distance is 12 and who are
binary images of [36, 18], self-dual 6-cyclic codes (constructed in [2]).

The Type II [72, 36, 12]2 self-dual codes are classified in Table |3| The coefficients of the
skew generator polynomials g of the [36,18]4 self-dual f-cyclic codes are given in the first
column and the coefficients « in the weight enumerators appear in the second column.

In Table 4] the Type I [72,36, 12]2 self-dual codes are given along with the corresponding
skew generator polynomials g (represented by their coefficients) and the coefficients 3,~. All
weight enumerators are Wra 1 = 1+ 28y'2 + (8640 — 647)y** + (124281 — 243+ 384~)y1® +- - -.

When «,  and 7 are written in bold, the weight enumerator is new (not given in [7), 11}
15]).

B.2 Weight enumerators of the binary [72,36,12] self-dual codes obtained
from self-dual extended 6-cyclic codes

This part concerns the [72,36] self-dual codes whose minimum distance is 12 and who are
the binary images of [36, 18] self-dual extended #-cyclic codes. The following construction
is adopted and relies on the odd-like §-duadic codes (see Example [2f and Example [7| of this
text) :

24



e Consider G € Mjg34(F4) the generator matrix of a [34,18]4 odd-like #-duadic code
C = (g)4, containing its dual :

Jgo 91 92 g1a g15 1 0
0 g 9 9 9 gl 1
a=| :
0 -+ 90 9 9 gua g5 1 0
0 9 9 9 9140 g5 1

e Consider M € Mg 2 such that G x GT +M x MT = 0. Necessarily, M is a block matrix
of the form :

V1 U3

U3 U4
M =

v V2

V3 U4

The coefficients v1,v9,vs and vy are solutions of a polynomial system given by the
relation G x GT + M x MT = 0.

e Consider the binary image of the self-dual code with generator matrix the block matrix
(G|M) : this code is a [72, 36]2 self-dual code.

Tablecontains only Type IT [72, 36, 12]9 self-dual codes. It is organized as follows : in the
first column, the coefficients of the above skew generator polynomial g are given; the second
column contains the coefficients v = (v1,va,v3,v4) and in the third column the coefficient «
of the weight enumerator is given. The code detailed in Example [4] and Example [7] appears
at the last line of Table [Bl

Table |§| contains only Type I [72,36,12]y self-dual codes. It is organized as follows : in
the first column, the coefficients of the skew generator polynomial g are given; the second
column contains the coefficients v = (vy,v2,v3,v4); in the third and fourth columns the
coefficients 8 and ¢ of the weight enumerators are given. All weight enumerators are Wrg o =
1+ 2By'2 + (7616 — 640)y* + (134521 — 243 + 3846)y'6 + .- ..

When «, § and § are written in bold, the weight enumerator is new (not given in 7], [11], 5]
and not present in Tables (3| and .
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Coefficients of g Q
[a?,0,a% a% 1,1,a?,1,a%,0,1,a% 1,a% 6% 1,1,0,1] | -2820

[l,a,a, a,a?,a%,a,0,0,0,0,0,a%, a, a,a?, a?, a?, 1] -3204

[1,a%,4%1,1,a%1,a,0,0,0,a%1,a,1,1,a,a,1] -3276
[a?,1,1,0,a,1,1,6%0,0,0,1,a% a* a,0,a% a* 1] | -3312
[a?,a*1,a,a%,0,0,0,4a,0,a,0,0,0,1,a,a? 1,1] -3336
[az, a,a,0,1,a,a,a?,a%,0,1,1,a,a,a%,0,a,a, 1] -3372
[aQ, 0,0,a%,0,a,a,a? a,a,a,1,a,a,0,1,0,0, 1] -3408
1,1,a,a?1,1,1,a,0,1,0,a*1,1,1,a,a* 1,1] -3420

[a,a,1,a,a2,a2,1,&2,a2,a2,a2,a2,a,a2,a2,1,a,1,1] -3456

[a, a’,1,a,0,a,0,a% a,a?,1,a%,0,1,0,1,a,a?, 1] -3504

[l,a,az,a, a?, 1,1,a,a,0, a?,a%,1,1,a,a%, a,a?, 1] -3540
la,1,a?,d% a,0,4,0,0,0,0,0,1,0,1,a?, a? a,1] -3564
[1,0,0,a,1,1,a% a,0,1,0,a* a,1,1,a*0,0,1] -3576

[1, 1,a%,64%,1,a%,a,a?,a,0,a%,a,a%,a,1,a,a, 1, 1] -3600

[1,0,0,0,1,1,1,0,a,1,a%0,1,1,1,0,0,0,1] -3612
[1,0,0,0,1,a%,0,1,a%0,a,1,0,a,1,0,0,0,1] -3636

[a, a’,a%,a%,1,1,a%,0,a,0,1,0,a?%, a, a,a?, a?, a2, 1] -3660
[1,0,0,a,0,a,a,1,1,1,1,1,a? a?,0,a*0,0,1] -3696

[a,0,0,a,a,1,a? a? a,a* 1,a?,a? a,1,1,0,0,1] -3732
[a,0,a,a,1,a%0,a?,0,0,0,a%0,a% a,1,1,0,1] -3744

[a2, a,1,1,a%,64%,1,0,a%,a,1,0,a%,1,1,a>,a%, a, 1] -3768
[1,1,a¢%,0,a,0,a,1,0,1,0,1,a*0,a%0,a,1,1] -3816

[1,a2, 0% a,0,a? a,a,a,1,a* a* a* a,0,a? a,a,1] | -3828
[1,a,a,1,0,a%0,a%0,0,0,a,0,a,0,1,a?,a? 1] -3924

Table 3: Type II [72, 36, 12] self-dual codes who are binary images of [36, 18]4 self-dual §-cyclic
codes
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Coefficients of g I6]
[a2,a,1,1,a2,a2,1,1,a,a,a,a2,a2,1,1,a2,a2,a,1] 201
[1,0,0,a,0,a? a,0,a,0,a% 0,a* a,0,a*0,0,1] | 237
[1,@2,a2,a2,a,1,a2,a,a,1,a2,a2,a,1,a2,a,a,a,l] 249
[1,0,1,a,a,0,1,1,a%1,a,1,1,0,a% a* 1,0,1] 273
[a,1,1,1,a2,a,1,a2,1,a2,a,a2,a,1,a2,a,a,a,1] 273 | 36
[a?,a%,1,0,1,0,0,a%1,0,a%,1,0,0,a%0,a?,1,1] | 309
[1,1,a,1,a2,a2,a2,0,a,1,a2,0,a,a,a,1,a2,1,1] 345
[a?,a,1,a%,0,0,1,0,a% a,1,0,a%0,0,1,a% a,1] | 381
[1,a,a,a*0,a,a,1,1,1,1,1,a% 4% 0,a,a* a* 1] | 393 | 36
[a,a,aQ,a,1,a,0,a,a2,0,a2,1,0,1,a,1,a2,1,1] 489 | 36

S O O O (=

@)

Table 4: Type I [72, 36, 12] self-dual codes who are binary images of [36, 18]4 self-dual #-cyclic
codes.

Coefficients of g v Q@

[a,a,0,a,d% a,a,0,0,0,1,1,a% 1,0,1,1] | || -3072
[a,aQ,0,a2,a2,a2,0,a2,0,a2,0,a2,a2,a2,0,a2,1] [ ] -3276
[a?,1,a% 4% 1,a%,0,1,0,a%,0,1,a% 1,1,a? 1] I ] | -3480
[a,1,a,l,O,O,ajaQ,O,CLQ,1,0,0,@,1,@, 1] [1,&,17a2] -3582

[ ]

[ ]

[ ]

[a,0,a%,0,0,1,1,a%0,a%, a,a,0,0,a?,0,1] -3684
[a?,1,0,a,0,1,4d% a,a,a,1,a?,0,a,0,a? 1] -3990
la,a?,a,0,0,1,a,1,0,a,1,a,0,0,1,a? 1] -4092

Table 5: Type II [72,36,12] self-dual codes who are binary images of [36,18]4 self-dual ex-
tended 6-cyclic codes
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Coefficients of g v I5;
[1,1,0,0,a,0,a,1,1,1,a% 0,a%0,0,1,1] [0,1,1,0] | 221
%,a%0,a,a,a,a%,1,1,a,1] | [0,1,1,0] | 323
238

[1, a’,1,1,a,a%,a
la,1,a,1,0,0,a,a? 0,a*1,0,0,a,1,a,1] [ ]

la,a,0,a,a% a,a,0,0,0,1,1,a% 1,0,1,1] [ | | 391
[a,a,0,1,0,0,a,0,ad%,0,1,0,0,a,0,1,1] [ | | 289
[a2,1,0,a,0,1,a2,a, a,a,l,aZ,O,a,O,QQ,l] [O,a,aQ,O] 102
[a,0,1,a%,0,a,0,a%,0,a?,0,1,0,a%,a,0,1] | [ | | 255
la,a? a,0,0,1,a,1,0,a,1,a,0,0,1,a? 1] [ | | 153

© ©O ©O O O O © ©ol>™

Table 6: Type I[72,36, 12] self-dual codes who are binary images of [36, 18]4 self-dual extended
f-cyclic codes.
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