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OPTIMAL SOLVABILITY FOR A NONLOCAL
PROBLEM AT CRITICAL GROWTH

LORENZO BRASCO AND MARCO SQUASSINA

ABSTRACT. We provide optimal solvability conditions for a nonlocal minimization problem at
critical growth involving an external potential function a. Furthermore, we get an existence and
uniqueness result for a related nonlocal equation.
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1. INTRODUCTION

1.1. Overview. Let © be a bounded domain of RY with N > 3. In 1983, in the celebrated
paper [5], Brezis and Nirenberg studied the solvability conditions for the semi-linear elliptic
problem

—Au— Au = uNt2D/(N=2) iy
(1.1) u > 0, in €,
u =0, on 0f2.

In particular, if A;(€Q2) denotes the first eigenvalue of the Dirichlet-Laplacian in 2, they proved
that, if N > 4, then problem (1.1) admits a solution if 0 < A < A\1(€2) while for N = 3 there exists
A* € (0, A1) such that (1.1) admits a solution if \* < A < A\1(©2) and no solution for 0 < A < \*.
Due to this phenomenon, N = 3 is often referred to in the literature as critical dimension.

In general \* is not given explicitly, except when 2 is a ball, in which case A* = A\1(Q2)/4. In
addition, there is no solution to (1.1) when A > A;(2) for any domain € (see [5, Remark 1.1]) and
also for A < 0 provided 2 is smooth and star-shaped (see [5, Remark 1.2]).
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2 L. BRASCO AND M. SQUASSINA

In the same paper the authors considered, for N > 4, the non-autonomous critical elliptic
problem

—Au+au = +uN+TD/N=2) iy Q
(1.2) u>0, in Q,
u =0, on 0f2.

and obtained the existence of a solution by assuming that a € L°(£2) and that there exist 6 > 0
and an open subset g C €2 such that

a< -6, in Qo, / (|V<p|2 + ach) dzx > 5/ O’d, for all ¢ € CF°(9),
Q Q

see [5, Section 4]. About the case of the critical dimension N = 3 for (1.2), no result is stated
in [5].

After the striking achievements of [5], many works were devoted to the search of solvability
conditions for (possibly sign-changing) solutions of the problem

—Au—u = |u/YN=2qy,  inQ,
u =0, on 0f),

Solution are obtained for any A > 0 if N > 5 and for all A > 0 with A & o(—A) if N > 4. Here
o(—A) is the spectrum of the Dirichlet-Laplacian on Q2. We refer the reader e.g. to [7,12]. The
main tool exploited is the Linking Theorem of Rabinowitz [18].

The previous results were then extended to the more general problem

{—Apu —AMuP2u = |[ufP" 2y in Q,

1.3
(13) u =0, on 0f2,

where 1 < p < N, —A, is the p—Laplacian operator and p* = Np/(N — p) is the critical
Sobolev exponent. See for example [11,13] where positive solutions were found for N > p? and
0 < A < A(Q), via the Mountain Pass theorem of Ambrosetti and Rabinowitz [18]. Here A\ (2)
denotes the first eigenvalue of —A,, with Dirichlet boundary conditions.

For the general case of sign-changing solutions, a first result was obtained in [1] for A below the
second eigenvalue \2(£2) of —A,, under some restrictions on p and N. Recently, Degiovanni and
Lancelotti in [8] proved that, if the domain is of class C1 for some « € (0, 1), then problem (1.3)
admits a nontrivial solution for all A > 0 provided that (N3 + p3)/(N? + N) > p?.

Recently, in the framework of nonlocal problems, the following Brezis-Nirenberg type problem
for the fractional p—Laplacian was investigated

{(—Ap)s w— NulP~2u = |ulPs"2u, inQ,

14
(14) u =0, in RV \ Q,

where s € (0,1), N > sp, A > 0 and pi = Np/(N — sp) is the fractional critical Sobolev exponent.
In [16] the authors proved, among other results, that problem (1.4) has a nontrivial weak solution
for all A > 0 provided that (N3 + s3p®)/N (N + s) > sp? and  is of class C1:L.

1.2. Main results. In this paper we return to the investigation of nonautonomous problems like
(1.2), in the nonlinear nonlocal setting aiming to get optimal solvability conditions for the existence
of ground state solutions. Let us set

o = (/R )= SOF e dy> "

on | —y|NFsp
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and define the two spaces
DSP(RN) := {u € LP*(RY) : [u]ps.p ey < +o0},
DyP(Q) := {u € D**(RY) : w=0on RV \ Q}.

Precisely, for sp < N, we aim to study the solvability conditions for the following minimization
problem

Sps(a) ;== inf {[UJ%SaP(RN) + /RN alulP dx - HUHLP?(RN) - 1} 7

ueDJP(Q)

where a € LV/*?(Q) is given. By Lagrange Multipliers Rule, minimizers of the previous problem
(provided they exist) are constant sign weak solutions of

(1.5) (—Ay)*u+aluP2u=puPs~2u, inQ,
‘ u=0, in RV\ Q,
with u = S), s(a). Namely, they satisfy

J - - *
R2N |z — y[Nrsp RN RN

for every ¢ € Dy*(€2). Throughout the paper we will use the notation for 1 < p < 400
Jy(t) = [tP~%t,  teR,

We also introduce the sharp Sobolev constant

(]
(1.6) Spos 1= inf w
weDs (RN )\ [0} el s vy
Finally, we use the standard notations
a+ = max{a, 0}, a_ = max{—a,0}, Br(zo) = {z € RN : |z — 20| < R}.

The main result of the paper is the following
Theorem 1.1. Let Q C RY be an open bounded set. The following facts hold:
1. If a > 0, then Sps(a) does not admit a solution.
2. Let N > sp®. Assume that there exist 0 > 0, R > 0 and zo € Q such that
a_ > o, a.e. on Br(xo) C Q.
Then Sy s(a) admits a solution.
3. Let sp < N < sp?. For any R > 0 there exists 0 = o(R, N, s,p) > 0 such that if
a_ > o, a.e. on Br(xg) C Q,
then Sp s(a) admits a solution.

The conditions on a for the existence of solutions in Theorem 1.1 are essentially optimal, see
the discussion of Remark 4.1. In Proposition 3.4 we also prove that the solution is unique when
Sps(a) <0.

The precise form of the optimizers for the best constant in the fractional Sobolev embedding is
still unknown (and proving it seems currently out of reach), although minimizers were conjectured
to be of the form

cU<x_€$0>, where U(z) = (1+ |2|f')"©—P/p 3 RV,
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c#0, zg € RN and € > 0. In the proof of Theorem 1.1, a key tool is the use of suitable truncations
of extremals U of the Sobolev inequality, introduced in [16] (see Section 2 below). In fact, the
knowledge of their decay at infinity (recently proved in [3]) is enough to conclude.

Then, we also have the following result

Theorem 1.2. Let Q C RN be an open bounded set. Let a € LN/*P(Q) be such that
(1.7) Sp,s(a) < 0.

Then problem (1.5)

i) does not admit positive solutions if p > 0;

it) admits a unique positive solution if p < 0.

Remark 1.3. We can rephrase condition (1.7) also in terms of the following Poincaré-type constant

AR, a) = inf(m {[u]%syp(RN) + /]RN ay |ulPdx - /RN a_ |ulP de = 1} .

ueDP
Indeed, we can show that
A(Q;a) <1 = Sps(a) <0,

and also
AQ5a) =1 = Sps(a) =0,

see Remark 3.5. For a discussion on sufficient conditions ensuring A(2;a) < 1, and hence (1.7), we
refer the reader to Remark 5.1.

Remark 1.4 (The case of the p—Laplacian). Although we can only formally choose the limiting
value s = 1 in the previous statements, the same proofs in the paper would provide existence and
non-existence results for the following quasilinear local problem

Sp(a) = inf {/ |Vu|Pdz +/ alul? dr : ||uHLNp/(N_p)(RN) = 1} .
ueDy? () LJRN RN

Finally, we stress that already in the semi-linear case p = 2, Theorem 1.1 and Theorem 1.2 cover
situations which were previously open, such as the critical case of dimension N = 3 and also the
case of weaker integrability assumptions on the external potential a.

2. PRELIMINARIES

2.1. Some known results. We start with an elementary inequality, whose proof is based on
Calculus and we omit it.

Lemma 2.1. If v <0, then we have
1
(2.1) (1—-t)"<1+2¢t(277—=1), for every 0 <t < 5

If 0 <~ <1, then we have

(2.2) (1—-t)">1+2¢(277 —1), for every 0 <t <

The following is a discrete version of the celebrated Picone’s inequality. See [2, Proposition 4.2]
and [10, Lemma 2.6] for a proof.
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Proposition 2.2 (Discrete Picone inequality). Let 1 < p < oo and let a,b,c,d € [0,+00), with
a,b> 0. Then

cP dP
Moreover, if equality holds in (2.3), then
a_c
b d

We recall that in [3, Theorem 1.1] the following result was proved.

Theorem 2.3 (Decay of extremals). Let U € D*P(RN) be any minimizer for (1.6). Then
U € L>®(RY) is a constant sign, radially symmetric and monotone function with

N—sp
lim |z| 71T U(z) = Us,
|z|—o00

for some constant Us, € R\ {0}.

Let us now fix U € D*P(RY) a positive minimizer of (1.6), such that
N

Uy = MU vy = S35, and  U(0) = 1.

Since this is a radially symmetric function, with a slight abuse of notation we write U(r) in
place of U(x) with |z| = r. Based upon the above decay estimate, we can infer the following
(see [16, Lemma 2.2]).

Lemma 2.4. With the notation above, there exists 0 > 1 such that for all r > 1,

ueér) 1
U(r) = 2

In Section 3 we will need to use some truncations of the Sobolev extremal U. To this aim, for
€ > 0 we first set

U(r) :== e U(g) , r > 0.

which still solves (1.6). Then by following [16], for 6 > 0 we introduce

Ue(r)7 r<é
(2.4) ue 5(r) := { U-(9) g((g)) — g((g‘?) b<r<6
0, r> 06,

where 6 is the constant appearing in Lemma 2.4. We then recall from [16, Lemma 2.7] the following
crucial energy estimates for u, s.

Lemma 2.5 (Energy estimates). There exists C = C(N,p,s) > 0 such that for any e < §/2,

N—sp

N ey s
[tte 81D (ny < (Sps) ™ +C <5> et
N-—s

P
) X e\ Np-D] TR
il gy 2 | (S0 = (5) .
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2.2. Levels of compactness. The next result tells us that, in order to have loss of compactness,
a certain amount of energy is necessary.

Lemma 2.6. Let Q C RN be an open set and let us suppose that sp < N. Let p € R\ {0}, the
functional

Lo 1 p H P s,p
(2.5) K(u) := ) [U]DSVP(RN) + , /Qa |ul? dx — p /Q |ulPs dx, u € DyP(Q),

satisfies the Palais-Smale condition:

o at every energy level c € R, if p < 0;

e at every energy level ¢ such that

if > 0.
Proof. We discuss the two cases separately.
Case 1 < 0. Let {u,}nen C DyP(RY) be a Palais-Smale sequence at level c, i.e.

1 ]. 12 *
= un P, +/aupda;—/up8dx—c+o 1
gy + 5 [ alinl o= 2 [ (1)

and
Ip(un () = un(y)) (p(=) — ¢(y))
sup o = gVt dx dy
(2.6) lellpgr )=t /R
+/ a ]un]p_z Up pdx — |1 / ‘un’p§—2 Un pdx| = on(1).
Q Q
The first condition implies that for n sufficiently large we have
1 » 1 p* P
c+1> ]; [un]DSm(RN) - P —|la- ||LN/SP |Un| s dx - |Un| *dx
1 Ps— P 1% + £
- 4 _ Vs X Ps—p . pi
Z P [un]'DS’p(RN) ppz E p P Ha’ HLN/.sp ’un’ d.’E
where we used Holder’s and Young’s inequalities. By choosmg e = —p > 0, we get that the

sequence is bounded in DyP (). Thus we can infer weak convergence in Dy (Q) and LP:(Q) (up
to a subsequence) to a function u € DyP(2). By weak convergence, we obtain

To(u(z) = u)) (1~ 0)(z) = (w0~ 0)w) o
/Rw ddy*/RN" (tn — ) d

|z — y|N+sp
—p / |ul?
RN

From (2.6) and using that {u, }nen is bounded in Dj* (), we obtain

/ Tp(tn(2) = un(y)) ((un — w)(x) — (un — u)(y))
R2N

|z — y|N+sp

+/ a|un|p2un(un—u)dx—,u/ |un|P
RN RN

v —2

u (up — u)dz = op(1).

dx dy

2y (up — u) dz = o, (1).
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By subtracting the last two displays, we obtain

/ (Tolean() = un(y)) = Jp(ou(z) = w(w))) ((1m = 0) () — (0 — ) (1))
R2N

|z — y|N+sp

dx dy
+/ a (]un|p*2 Uy, — |ufP? u) (up —u)dx
RN

—p /N (]un|p:_2 Uy, — |u|P 2 u) (U, — u)dx = op(1).
R

By using that —g > 0 and the monotonicity of t — [¢t|Ps~2¢, we get

[ (St = ) = o) = ) (= o) = (0 = 00)
@7  Jeen o

|z — y[N+sp
+/ a (|un|p_2 Uy — |ufP™2 u) (up, — u)dx < o,(1).
RN
We now observe that by Lemma 2.8 below
/ a (|un|p_2 Uy — |ufP~2 u) (up — u) dz = o (1),
RN
and that

(Tolean) = wny)) = Tp(au(z) = u(y))) (1 = w) ) = (= w)()) >0,

by monotonicity of ¢ — J,(t). Thus from (2.7) we can finally infer

| (To(tan) = unw)) = Jp(au() = u(w))) ((1m — ) () — (n — ) ()
R2N

|z — y|N+sp

dz dy = o,(1).

By standard monotonicity inequalities, we eventually infer the strong convergence to wu.

Case p > 0. It is an easy variant of the proof of [17, Proposition 3.1] where the compactness is
obtained for a constant potential a = —u, where u > 0. O
Remark 2.7. When p = 0, in general the functional

1

1
Y 1 p $,p
K(u) := ) [u]DS,p(RN) + ) /]RN alul? dz, u e DyP(Q),

does not satisfy the Palais-Smale condition, unless some conditions on a are imposed. For example,
let us define the first eigenvalue of the fractional p—Laplacian, i.e.

— i P . Py —
(2.8) A1(Q) = uel%l’g(ﬂ) {[U]DSvP(RN) : /]RN |ulP dz = 1} .

Then by taking
a = —)\1(9),

and ¢; a minimizer of (2.8), the sequence
Up =N @1, n € N,

is a Palais-Smale sequence for K (at level 0), but the sequence is not even bounded.
It is easily seen that in this case K satisifes the Palais-Smale condition at every level, when

la—ll v/sp(q) < Spys-
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Lemma 2.8. Let 1 < p < oo and s € (0,1) be such that sp < N. Let Q C RY be an open bounded
set. Let {un} C Dy*(Q) be such that

[Un]Ds,p(RN) <C, for every n € N.

Then there exists u € DyP () such that (up to a subsequence)

{2 = =2 0) (0~ )}

neN

converges weakly to 0 in LPs/P(Q).

Proof. The hypothesis implies there exists u € Dy (2) such that (up to a subsequence) the
sequence converges weakly in Dg* () and strongly in LP(Q) to u, by compactness of the embedding
DyP(Q2) — LP(2). In particular, up to extracting a further subsequence, we can suppose that u,
converges almost everywhere to u.
We now observe that
|tun, — ulP, ifl<p<2,

)(|un|1"_2 Uy — |ulP~2 u) (up — u)‘ <C

(|un|p_2 + |u]p_2) |\, —ul?,  if p > 2,

for some C'= C(p) > 0. By using Sobolev and Holder inequalitites, this implies that the sequence
Up 1= (\un\pfz Uy — |ufP™2 u) (up, — u),
is bounded in LP:/P (©2). Moreover, v, converges almost everywhere to 0 by the first part of the
proof. Then the conclusion follows from [14, Lemme 4.8]. O
3. ANALYSIS OF THE GROUND STATE LEVEL

Throughout this section, €2 will be an open bounded set and we will assume sp < N. For a given
potential a € LY/*P(Q), we want to study some properties of the ground state level

Sps(a) = ueliDEl’f’(Q) {[u]%s,p(RN) + /RN alulPdz HuHLP;(RN) = 1} .

We first observe that S, (a) > —oo, indeed for every admissible function u we have

ey + [ a1l > i ey = Nl ey = Sy = el oy
by Holder’s and Sobolev inequalities. We observe that when a = 0, the problem above coincides
with the determination of the best constant in the inequality
PN
[u]%s,p(RN) >c H“Hipf;(g)’ for u € DyP(RY).

As in the local case, such a constant does not depend on 2 and is never attained on proper subsets
of RN, This is the content of the next result.

Lemma 3.1. For every open set Q C RN we have
Sp,s(0) = Sps:
and S,,5(0) is not attained in Dy?(§Y), whenever RN \ Q| > 0.
Proof. Let ¢ > 0, then there exists . € C5°(RY) such that
el v @y = 1 and [Pelpsp@ny < Sps +e.
Let A > 1, by taking

N—sp

@A,s(x):)\ P (A,
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we still have that

H‘PA,5| LP5(RN) = 1 and [@A,a]psm(RN) <Sps te.

Moreover, by taking A large enough and up to translations, we have ¢, . € C§°(£2). Thus we can
use it as a test function in the problem defining S, ¢(0) and obtain

Sp,s(0) < [SOA,E]DS»P(RN) < Spste
By arbitrariness of ¢, this gives Sp 5(0) < S, 5. The reverse inequality is straightforward, thanks to
the embedding Dy”(2) — D¥P(RY).

We now suppose that S, 5(0) is attained by v € Di*?(Q2) \ {0}. By extending it to 0 outside €,
we have u € D*P(RN) and thus u is an extremal for the Sobolev inequality on the whole R,
thanks to the first part of the proof. Observe that u can be taken to be non-negative, due to
Proposition 3.2 below. By optimality, we get that u is a constant sign supersolution of (—A,)?,
i.e. (=Ap)*u >0, in RY. Thus by the minimum principle of 2, Proposition A.1], we should have
u > 0 almost everywhere. But this contradicts the fact that « = 0 in RV \ Q. O

Proposition 3.2. Let us assume that the variational problem defining S, s(a) admits a solution
u € DyP(Q). Then u has constant sign and u # 0 almost everywhere in Q.

Proof. We observe that the function |u| is still admissible for the variational problem and

“’LLH Dsp(RN) < [U]DSJ’(RN)?

with inequality being strict if both w4 and u_ are nontrivial. By minimality of u, this implies that
u must have constant sign. Let us assume for example that « > 0 almost everywhere in 2, then by
a simple application of the Lagrange Multipliers Rule we get that u is a non negative solution of
(1.5), where i = S, s(a). By appealing to the minimum principle of [4, Proposition B.3] we get
that v > 0 almost everywhere. O

Proposition 3.3. Let y <0, then the problem

(=Ay) u+auP~t = puPst in Q,

u > 0, mn €,

u =0, in RV \ Q,
admits at most

e one solution, if < 0;

e one solution with unit LPs norm, if u = 0.

Proof. We use an idea due to Brezis and Oswald, based on Picone’s inequality (see [6]). We
assume that the problem above admits two solutions uy,us € DyP(2). We fix € > 0 and define
u;j e = min{u;, 1/e} for i = 1,2. We have

Tp(ur (@) —u1(y)) ((z) — ¢(y)) p—1 pr-1
/RQN o=y N er da:dy—i—/RNaul gpdx:u/RNul pdx,
Tp(uz(z) — ua(y)) (0(z) — ¢(y)) b1 pi1
/Rzzv o=y Nep dxder/RNau2 goda::u/RNUQ* pdz.
We test these equations respectively with
uh o Ul
Spl T (Ul + E)p_l ul,&? SDQ T ('LLQ + E)p_l /U/275.
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By adding the two resulting identities, we obtain

Jp(ur(z) —ui(y)) (wj_zg)pl L) — (Ulff:)]“(yo
dx dy

/]R2N |z — y|Ntsp

_ Jp(ul(ﬂf) —u1(y)) (M,e(x) - U1,s(l/))
/R?N |z — y[Ntsp drdy
uf ui
Ip(uz(z) — ua(y)) <(u2 T et (z) — (2 +€)p_1(y)>
(3.1) —l—/Rw PRy dx dy
_ Jp(u2(9€) —u2(y)) (U2,s($) - Uz,s(y)) .
/R?N |z — y[NHsp drdy

—1 ug —1 ujl)

ya N3 ya ,€

+ aw V7 — u dx + aw V7 — Uu dx
/]RN 1 ((U1 + 6)p_1 156) /RN 2 <(u2 + E)p_l 2’€>

- /up:_1 71#2)’5 —u dr + /up:‘_l 7#1)’6 —u dx
B N e A S R (A T

We now observe that
Jp(ui(@) = us(y)) = Jyl(ui +€) (@) — (s +)(y),  fori=1,2,

thus by Picone’s inequality Proposition 2.2 we have
B
(ug + g)p~1 (u1 +¢)

Jp(ur(x) —u1(y)) ( =1 (y)) < [ua(z) — ua(y)[?,

where we also used that ¢ — min{|¢|,1/e} is 1—Lipschitz. Similarly, we get

Jolu(z) — ua(y)) ((W T <y>> < ur(@) — ()P

We then pass to the limit in (3.1), by using Fatou’s Lemma in the first and third terms and the
Dominated Convergence Theorem in all the others. This yields

u uh
Jp(ur(z) —ui(y)) | =) — =)
up up _ p
R2N |z — y|NFsp reN |z —y|Nrep
up Up
(3:2) Tp(ua(2) — ua(y)) ( (@) - p;(y))
R2N |z — y|Ntsp geN |z —y|[NFsp

Zu/ uzlgs_pugdx—,u/ uzfsd:c—i—,u/ ugs_pulfda:—u/ ub® da.
RN RN RN RN

We now use Picone’s inequality in the left-hand side of (3.2). This gives

02— [ (=) (T =

If 4 < 0, from the previous inequality we directly get that u; = uo.
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If 4 =0, we go back to (3.2) and observe that this and Picone’s inequality imply

P P
Uy Uy

Jp(ur(z) — u1(y)) ( (1) — —= y))
/ uf uf dz dy = / lur(z) — up(y)|P da dy
R2N |z — y|NFsp gev |z —y[NEep '

By appealing to equality cases in Picone’s inequality, we get the conclusion

u(z)  ug(x)
ui(y)  u2(y)
This implies that u; = cus for some positive constant c. O

) for a.e. x,y € (.

In the local case, formally corresponding to s = 1, the assertion below was proved in [15].

Proposition 3.4. Let us suppose that S, s(a) < Sps. Then the problem defining Sp(a) has a
solution. Moreover, if Sps(a) <0, then such a solution is unique, up to the choice of the sign.

Proof. We first observe that if S, s(a) < 0, then the uniqueness follows by combining Propositions
3.2 and 3.3, since every minimizer is a constant sign solution of (1.5), with p = S, s(a).

We now come to the existence part and divide the proof in two cases.

Case Sp,s(a) # 0. Let {un}nen C Dy () be a sequence such that [lun | 1z gry =1 and

tim (1, + [ alonl ) = S,

By the constrained version of Ekeland’s variational principle (see [9, Theorem 3.1]) applied to the
following functionals on Di”(Q)

J(u) = ]1) [u]%s’p(RN) +]1j /RN a|ulP dx and G(u) == plf; /RN |u|Ps da,
there exist {\, }nen C R and {@y, fnen C Dy (£2) such that
J () < J(up) and G(un) = G(un) = —,
and
lim sup [(J' () — An G (1), )| | = 0.

e
nree ||‘/’||D3’P(RN>:1

Since the sequence {u, }nen is bounded in DyP(2), we have
(J' (W), Un) — A (G (Un), Un) = on(1),
which yields A, = Sy s(a) + 0,(1). Therefore, a direct computation shows that {u, }nen C Dy ()
is a Palais-Smale sequence for the functional (2.5) with p = Sy s(a) # 0, at the energy level
s
¢= 5 Sps(a).

By Lemma 2.6, we can infer strong convergence of the minimizing sequence {u, }nen in Dg? ()
and thus existence of a solution u to the problem defining S, s(a).

Case Sy s(a) = 0. We first observe that if a > 0 on 2, then

Sps(a) > Sy > 0.
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Thus S, s(a) = 0 implies that a— # 0. By definition of S, s(a) and the fact that S, s(a) = 0, this
implies that we have the Poincaré-type inequality

p p p
(3.3) ooy + [ vl o> [ o jup e

for every u € Dg’p (©). Let us consider the sharp constant in the previous Poincaré-type inequality,
i.e.

(3.4) A, a) :=inf{ [ulf,  on + at ulPdx : a_|ulPdx=1%.
D 7P(R ) RN RN

It is standard routine to see that the infimum above is achieved, by a constant-sign function. Let
us call ¢; the positive solution. Observe that by (3.3), we have A\(Q2,a) > 1. On the other hand,
since S, s(a) = 0 there exists a sequence {up }nen C Dg?(€2) such that

(35)  llunll oz gy =1 and [un]%s’p(RN) + /RN ay |up|?P do — /RN a— |up|P dz = o0, (1).

We now observe that by Sobolev inequality we have
/ a_ |up|P dz = [un]%s’p(RN) +/ a |up|P dz + 0,(1) > Sp s + 05 (1),
RN RN

where we used that every u, has unit norm in LPs. We can thus divide the second equation in
(3.5) by [gn a— |up|? da and obtain

P
[un]Dsyp(RN) + /RN a4 |up|P dx

A(2,a) < lim =1.
e / a— |up|P dx
RN

This finally implies that A(2,a) = 1 and thus the function

U

H¢1HLP’§ (RN)’

is such that

—2

[Uo]p’Ds,p(RN) + /]RN alvglP"“vgdx =0 and [[voll oz vy = 1,

i.e. vy is a solution of the problem defining S, s(a). O

Remark 3.5. The quantity A\(Q2, a) defined by (3.4) is the first eigenvalue of the following eigenvalue
problem

(—Ap)°u+ay lulP~2u = Na_ [ulP72u, in Q,
u =0, in RV \ Q.
It is not difficult to see that
Sps(a) =0 = A(Q,a) = 1.

Indeed, the implication = has been proven above. The converse implication goes as follows: we
suppose A(£2,a) = 1 and take ¢ a solution of problem (3.4). From inequality (3.3), we have

p p
ey + [ alul”da >0,
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for every u € D () with unit LPs norm. This implies that S, 5(a) > 0. On the other hand, the
function ¢ gives equality in the previous inequality, thus

[¢1]I’)Ds,p(RN) + / a ‘¢1 ’p dx
Sps(a) < — 2 =0,

([, P ar)”

as well.
Actually, we can also show that
(3.6) Sps(a) <0 = A(;a) < 1.

If S, s(a) < 0, by the previous result there exists a minimizer ¢ for the problem defining S, s(a).
Thus in particular we get

(6, + / ar 9P dz — / a_ 9P dz = Sp4(a) < 0,
RN RN

which immediately implies A\(€;a) < 1. On the other hand, the minimizer ¢, of problem (3.4) now
verifies

iy + [ ol de =x@sa0) [ aloirde< [ oo
RN RN RN

By using the function ¢;/||¢1]|,,: as a competitor for the problem defining S, s(a) and appealing
to the previous estimate, we then get Sy s(a) < 0.

Remark 3.6. It is not difficult to see that
Ha_HLN/Sp(Q) < Sp,s — S ’S(Cl) > 0.

Indeed, by Holder’s and Sobolev inequalities

p p
[U]Dsﬁp(RN) + /RN a |u|p dz > [U]Ds,p(RN) - /RN a_ ‘u|p dx
> Sp.s lullf,e = lallLavsqy lullf .
=Sps — lla—llpx/sp() > 0.

for every function with unit LPs norm.

4. PROOF OF THEOREM 1.1
We proceed to prove each point separately.

1. Case a > 0. Let us prove that for ¢ > 0 the problem does not admit any solution. By Lemma
3.1, we already know that this is true if @ = 0, thus let us assume that a is non-negative and

HaHLN/SP(Q) > 0.
It is sufficient to show that in this case Sp s(a) < Sp . Indeed, let us assume the latter to be true.

If u € DJP(R2) is a solution for the problem defining S, 5(a), we would get

Sp,s > Sp,s(a) = [u}%S,p(RN) + /RN a |u‘p dx > [u]%S,p(RN) 2 SP,S‘

Then we have equalities everywhere and in particular

/ alulPdr =0,
RN
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which implies that © = 0 almost everywhere on the support of a. This contradicts the properties
of u contained in Proposition 3.2.

In order to prove S, 5(a) < S,5, we consider the functions u. s € Dy?(RY) as defined in (2.4).
We fix 6 > 0 small enough so that, up to translations, u. s has support contained in €2. Then
accordingly we take £ < §/2. We have

[Ua,é]%s,p(RN) + /RN a |u575‘pd$

(4.1) Sp,s(a) <
. e s

p
LPs (RN)

By the estimates of Lemma 2.5 and’

lim a|ug s|Pdx = 0,
e—0 RN ’

when we let € go to 0 in (4.1), we get S s(a) < Sps.

2. Case N > sp®. We want to prove that in this case Sps(a) < Sp s and then apply Proposition
3.4. By assumption, there exist ¢ > 0, R > 0 and xg € ) such that

a(z) < —0o for a.e. © € Br(zg) C Q.

Without loss of generality, we can assume that zqg = 0. Let 6 > 1 be the same constant appearing
in Lemma 2.3, we choose § = R/f. Then we consider again the functions u. 5 € Dy*(Q) as defined
in (2.4), with

p—1
1 [(1(S,a)NP\ 7~

4.2 < gp:=0 mi S [ L A

(4.2) e <egp min 5 <2 G ,

that will be chosen in a while. The constant C is the same as in Lemma 2.5. We fix « such that

N —
sp<a< ~_°P
p—1

a choice which is feasible thanks to the assumption N > sp?. We now set
ac(x) = —e“ ug’%_p(x) e LN/*P(Q),
and we enforce condition (4.2), by requiring that ¢ > 0 satisfies
e<eq:= min{so, Ufsp} .
Observe that with such a choice, we have (recall that we are taking U(0) = 1)
as(x) = —e° uf{;ﬁ(m) > —e® uﬁi{p(O) = —2UP7P(0) > —o0, in Br(0).
Thanks to the hypothesis on a, this yields

a(z) < as(z), for a.e. © € Bgr(0).

IThe family {|uc.s|”}e>0 is bounded in L?:/?() and converges to 0 almost everywhere, by construction. Then
we can apply [14, Lemme 4.8] again and infer vanishing of the term [, a|uc s|Pdx.
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Then by using the test function wu. s (which is supported in the ball Br(0) C §2) we get

p
ey ) + /R afuegl da

Sps(a) <
D,S HugﬁH};p;(RN)

[ua,é]%s,p(RN) + / a |ue,6|p dx
Br(0)

l[ue,s ||Z£p; (RN)

[UE,(S]%S,I)(RN) +/ Qe |u€75|7’ dx
Br(0) = R(e, )
(K] o I
I LPs (RN

15

We need to estimate the last Rayleight-type quotient. Thanks to the definition of a. and Lemma 2.5

we can infer

[ua,é]%s,p(RN)

Rg’é = —ga m p::p
(¢,0) lete 17 v e sl s vy
N £ ]\;:3117 .
(Sps)? +C (3) X . } T]Xl o
S s 3 -e (7]

We now apply (2.1) with

N —sp C £\ i1
Y= 3 t= N <
N (Sp,s)Sp <(5)
and (2.2) with
Sp C €\ po1
Y= t= N <
N (Spjs) sp (6)
This gives
N-sp N s
R < e 14— (5) 7| |10 =55 ()77 —1)]
(Sp,s) P (Sp,s)°r
2 A s
— %8s |1+ Cﬂ (%>p Ca 1)]
(Sp,s) P
N C £\ = —a 2C N-sp £\ g
= Sps F €7 | =Sps ¥ N (5) 5 -b <5>
(Sp,s) v (Sp,s)
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By recalling the choice of a, we have that there exists e = e3(N, s,p,d) > 0 such that for every
0 < e < &5 the term above into square brackets is negative?. Thus in particular

Sps(a) <R(e,0) < Sps, for every 0 < ¢ < min{ey,e2}.
Then the existence of a solution follows from Proposition 3.4.

3. Case sp < N < sp®. Let us prove the second assertion. We fix zg € 2 and R > 0 such that
Br(zg) C Q. As before, we assume for simplicity that zop = 0. Then we choose

N —sp
p—1~
Observe that now we automatically get v < sp as well. We set again 6 = R/ and

0<ax<

as(z) := —e® ugis_p(x).

By arguing as in the estimate above for the term R(e,d), we gain the existence of an explicit
€9 > 0 such that

[uszﬁ]%syp(RN) + /]RN Qey |Uey 6] d

HU€2,5

< Sps-

P
L5 (RN)
Observe that 2 can be taken so that €5 < /2. By construction, we have

lacs [l oo (55 (0)) = U(0)PsPey™P = £§ %P,

and observe that a — sp < 0. If we assume that

a_>o0:=¢ey P a.e. in Br(0),
we have
a < —0 < ag, a.e. in Br(0).

We use u., s as a test function. By using the previous estimate and the fact that u., 5 is supported
on Bg(0), we get as before S, ;(a) < S, 5. By appealing again to Proposition 3.4, we can infer
that Sy s(a) has a solution. O

Remark 4.1 (About the condition on a). In order to understand optimality of the conditions on
a, let us consider the case s = 1, p = 2 and a = —A\ for some constant A > 0. In this case, solutions

¢ of
4. —\):= inf Zdx — X 2dz =1
(43) S21(~) %5?2(9){ [vul e a [ Pde gl g, =1},
verifies in weak sense

CAp—Adp=pdNE inQ, >0 inQ,  $=0 ond9,

for 4t = S2,1(—A). Observe that the sign of the Lagrange multiplier 1 depends on whether A < A;(2)
(in this case g > 0) or A > A\1(©2) (in this case p < 0). Here A\1(2) is the first eigenvalue of the
Dirichlet-Laplacian on €). In the first case, by setting

N-2

Y=p T o,

2The constant e is easily seen to have the following form
1

_(Sps\E=2-a R
52_( c ) 0’

with C = C(N, p, s) > 0 that can be computed explicitely.
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we would get a nontrivial solution of
CAY-Ap =T Q>0 inQ, =0 ond.
We already recalled in the Introduction that a necessary condition for this to be possible is that
A>N>0 if N=3, A>0 if N>4,

for a suitable A* < A\1(€2). In other words, by observing that in this case we (formally) have sp = 2
and sp? = 4, problem (4.3) can not have a solution for sp < N < sp? if A > 0 is arbitrarily small,
while for N > sp? the parameter A > 0 can be taken as small as desired. This exactly fits into the
statement of Theorem 1.1 when a is a negative constant.

For completeness, we also record the following results.

Lemma 4.2. The map T : L™V/?(Q) — R defined by

T (a) = Sps(a), for a € LN/*P(Q),
is 1— Lipschitz. In other words, for every a,a’ € LN/SP(Q) we have
(4.4) |Sp,s(@) = Sps(a)] < lla = a'l| pvysn(gry-

Proof. We pick u € Dy () with [Jul| ;5 ) = 1. Then, Hélder’s inequality yields

P P / /
Spl0) < Wiy + [ P < [y + [ P o+ 0= e
Thus Sps(a) < Sps(a’) + [|[@" — all,v/sp(q)- Switching the role of a and a', we get (4.4). O

Proposition 4.3. Consider {ay}ren C LN/*P(Q) converging to a in LN/*P(Q). Let us assume that
Sps(a) < Sps. If ug is a solution to S, s(ay), then there exists a solution u to Sps(a) such that
(up to a subsequence)
kl;ngo[uk — ulpspryy = 0.

Proof. Let a € LN/*P(Q) and consider a sequence {ay}ren converging to a in LN/*P(Q). From (4.4)
we already know that S, s(ax) converges to S, s(a). For k large enough, we thus have S, s(ar) < Sp.s
as well. Then by Proposition 3.4, the problem defining S, s(aj) does admit a solution ug. Still by
(4.4), we know that

(4.5) lim <[uk]%s7p(RN) + /RN a |ug|P dx) = Sp.s(a),

k—o00

thus, without loss of generality, we can assume

ey + [ il e < S0) + 1.
RN

Moreover, by hypothesis we have
”akHLN/SP(Q) <M,
thus by Hélder’s inequality we get

Spe(@) + 12 [0y + [ aklunl do 2 [y = M.

This implies that the sequence {uy}ren is equi-bounded in Dy*(€2) and thus we can infer strong
convergence (up to a subsequence) in L(€2), for ¢ < p%, to some limit function u € Dy’ (). We
need to show that

(4.6) ||U”Lp?£ (RN) = 1 and Sps(a) > [u]%s,p(RN) + /]RN alul? dz.
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The second fact easily follows from (4.5), the lower semicontinuity of the Gagliardo seminorm
and the weak convergence of {|ug|P}ren in LP5/P(Q) to |u[P. Observe that the conditions (4.6)
automatically give that u is a minimizer for S, (a).

In order to conclude, we need to prove that {uz}zen converges strongly in LP: (). Observe that
by minimality of ug, we get

(4.7)
/ Jun(z) — uk ()P~ (ur(z) — un(y)) (p(z) — o (y))
R2N

|z — y|N+sp

da;‘dy+/ ay, Jug P2 uy, o da
RN

= Spalan) / P2 g o
]RN

for every ¢ € Dy* (). We now distinguish two cases.

Case Sp s(a) # 0. If we consider the functional IC introduced in (2.5) with u = S, s(a), recalling

that u has unit norm in LPs (), we obtain

ug () — u(y) P2 (ur(z) — ur(y)) (o(x) — ©(y))
/RW |z — y|Ntsp dz dy

(K (ur), )| =

+/ a|uk|p2ukg0d:z—8p7s(a)/ g P> =2 uy, o da
RN RN

S/ \ak—alluklp_l\wd$+!3p,s(a)—3p,s(ak)\/ [ur[P> " || dee
RN RN

< (lak = all yv/eniy + 1Sp,5(a) = Sp,s@i)|) 1l vy

This shows that {uy}ren is a Palais-Smale sequence for IC at the level s/N S, s(a). By recalling
that S, s(a) < S5, we obtain strong convergence in Dy”(2) by Lemma 2.6.

Case Sps(a) = 0. From (4.5), we get

[uk]%s,p(RN) + /RN ay [ugl? dr = ox(1),

thus by using the weak convergence of {|uy|P}ren and the strong convergence of {a }ken, we obtain

P _ p
[uk]Ds,p(RN) = /RN a|ulP dz + or(1).

On the other hand, by testing (4.7) with u and then taking the limit as k goes to 0o, we obtain

P - _ P
[u]Ds,p(RN) = /]RN alul? dx.
The last two displays imply that
Q[0 gy = [Wpesgem):

By uniform convexity of the space Dy’ (2), we obtain the strong convergence in this case as
well. O

5. PROOF OF THEOREM 1.2

We consider the two cases separately.
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Case p > 0. We proceed by contradiction. Let us assume that for a p > 0 there exists a positive
solution ug € DyP () \ {0}. Thus ug satisfies

J — — .
[ B ) () e [ e [ g
R2N |z — y|NFsp RN RN

We use the test function® ¢ = o/ ug_l, where ¢ is the positive solution of (3.4). This gives

o fors
Jy(uto(z) — o)) (u @ - -2, <y>)
5= _ 0 0
,u/RNug pgbi’l’dgg_/Rw PR dﬂsdy+/RNa¢11°d:p

We can then apply Picone’s inequality (2.3) and obtain

i / ugi—z’ o dx < [qﬁl]%s,p(RN) + / ay ¢ dz — / a_ ¢t dr = NQ;a) — 1.
RN RN RN

The right-hand side is strictly negative by (1.7) and (3.6), thus we get a contradiction.

Case pn < 0. Since we are assuming S, s(a) < 0, by Proposition 3.4, we can infer that the variational
problem defining S, s(a) has a positive solution u € DiP(Q2) \ {0}. As already observed, we have
that u solves

(—Ap)*u+auP~t =S8, 5(a)uP="t,  in Q,

u >0, in €,

u =0, in RV \ Q.
We fix p < 0, it is now sufficient to notice that

_1

¢ ith ¢ < H >” >0
v=tu, witht = | ——— ,
Sp,S(a)

is the seeked solution. Finally, we use Proposition 3.3 to infer its uniqueness.

Remark 5.1 (Negative potentials). For 1 < ¢ < p, let us define the sharp Poincaré constant for
the embedding D7 (Q) < L1(Q), i.e.

ba@ = _int Sy [ e =1

When the potential a is negative, i.e. when a4 = 0, then the condition S, s(a) < 0 (and thus
A(;a) < 1 by (3.6)) is verified if

p—q

(5.1) (/Q a7 dx)q < Ap,ql(Q)'

Indeed, observe that by Holder’s inequality

p—q

q _ q pP—aq
/ lu|?dx < (/ a_ |ul? dm) ' </ a_ P71 dx> ’ )
RN RN Q

3This test function is not admissible in principle, but it is sufficient to proceed as in the proof of Proposition 3.3.
We prefer to avoid these technicalities here.
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where we used that p/q > 1. Thus by using this we get

p p—q p
)\(Q'a) _ inf [U]DS’—ID(RW) < (/ a:ﬁ daj) q inf [U]Ds,p(RN) .
ueDyP (D\{0} / o |upds 9 ueDyP()\{0} / ufde)’

9 g
_ (/Qa_” dx) T () <1,

where the last estimate follows from (5.1). In the limit case ¢ = p, we define the first eigenvalue of
the fractional p—Laplacian

)\1(9) = inf {[u]%s,p(RN) : /RN ’u‘p dr = 1} .

ueDSP(Q)

Then a sufficient condition for A(©2;a) < 1 to hold is

Hglzf a_ > A ().

The proof is as above.
Finally, if the potential a is a negative constant, i.e. @ = —A with A > 0, we observe that

. 1
M) int (e + [ fupar =1}

, 1 A ()
— inf [P : Py =1} =
ueplf%p(m{x[“]vwmfv) /RN ful? dx } X

and condition (1.7) is equivalent to A > A1 (§2).
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