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Abstract: We characterise the convergence of a certain class of discrete time Markov processes
toward locally Feller processes in terms of convergence of associated operators. The theory of
locally Feller processes is applied to Lévy-type processes in order to obtain convergence results
on discrete and continuous time indexed processes, simulation methods and Euler schemes. We
also apply the same theory to get results of convergence of diffusions or random walks toward
singular diffusions. As a consequence we deduce the convergence of random walks in random
medium toward diffusions in random potential.
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1 Introduction

The present paper is a natural continuation of our preceding work [GH17b] and concerns,
among others, the Lévy-type processes and the diffusions evolving in a potential.

Lévy-type processes constitute a large class of processes allowing to build models
for many phenomena. Heuristically, a Lévy-type process is a Markov process taking its
values in the one-point compactification R, such that in each point of a € R?,

e it is drifted by the value of a vector d(a),
e it diffuse with the value v(a), a symmetric positive semi-definite matrix,

e it jumps into a Borel subset B of R% with the rate v(a, B), a positive measure
satisfying
/(1 A b — al?)v(a, db) < .



Another useful and well known model is the dynamic of a Brownian particle in a
potential. It is often given by the solution of the one-dimensional stochastic differential
equation

1
dXe = dB; — JV'(Xy)dt

where V : R — R. Essentially, thanks to the regularising property of the Brownian
motion one can consider very general potentials, in particular cadlag functions (see for
instance Mandle [Man68]). In particular, it can be supposed that the potential is a
Brownian path (see Brox [Bro86]), a Lévy paths (see Carmona[Car97]) or other random
paths (Gaussian and/or fractional process ...).

In general, the study of the convergence of sequences of general Markov processes
is an important question. The present paper consider this question, among others, in
the setting of the preceding two models. The approximating Markov sequences could
have continuous or discrete time parameter in order to cover scaling transformations or
discrete schemes.

A usual way to obtain such results is the use of the theory of Feller processes. In this
context there exist two corresponding results of convergence (see, for instance Kallenberg
[Kal02], Thms. 19.25, p. 385 and 19.27, p. 387). However, on one hand, when one
needs to consider unbounded coefficients, for instance (d,~,v) for Lévy-type processes,
technical difficulties could appear in the framework of Feller processes. On the other
hand the cited results of convergence impose the knowledge of the generator. This is
not the case in some constructions.

Our method to tackle these difficulties is to consider the context of the martingale
local problems and of locally Feller processes, introduced in [GHI7h]. In this general
framework we have already analysed the question of convergence of sequences of locally
Feller processes. In the present paper we add the study of the convergence for processes
indexed by a discrete time parameter toward processes indexed by a continuous time
parameter. We obtain the characterisation of the convergence in terms of convergence
of associated operators, by using the uniform convergence on compact sets, and hence
operators with unbounded coefficients could be considered. Likewise, we do not impose
that the operator is a generator, but we assume only the well-posed feature of the asso-
ciated martingale local problem. Indeed, it is more easy to verify the well-posed feature
(see for instance, Stroock [Str75] for Lévy-type processes, Stroock and Varadhan [SV06]
for diffusion processes, Kurtz [Kurll] for Lévy-driven stochastic differential equations
and forward equations...).

We apply our abstract results and we obtain sharp results of convergence for discrete
and continuous time sequences of processes toward Lévy-type process, in terms of Lévy
parameters (0,7, v). We prefer the use of the Lévy triplet than the symbol associated to
the operator, since the results are more precise when there are instantaneous explosions.
This is due essentially to the fact that the vague convergence of bounded measures
cannot be characterised in terms of characteristic function. Our results can also be used
to simulate Lévy-type processes and we improve Theorem 7.6 from Bottcher, Schilling
and Wang [BSW13], p. 172, which is an approximation result of type Euler scheme.



When studying a Brownian particle in a potential, we prove the continuous depen-
dence of the diffusion with respect to the potential, using again our abstract results. We
point out that it can be possible to consider potentials with very few constraints. In
particular we consider diffusions in random potentials as limits of random walks in ran-
dom mediums, as an application of an approximation of the diffusion by random walks
on Z. An important example is the convergence of Sinai’s random walk [Sin82] toward
the diffusion in a Poisson potential (recovering Thm. 2 from Seignourel [Sei00], p. 296),
toward the diffusion in a Brownian potential, also called Brox’s diffusion (improving
Thm. 1 from Seignourel [Sei00], p. 295) and, more generally, toward the diffusion in a
Lévy potential.

Let us describe the organisation of the paper. The next section contains notations
and results from our previous paper [GH17b] which will be used in the present paper. In
particular, we give the statements concerning the existence of solutions for martingale lo-
cal problems and concerning the convergence of continuous time locally Feller processes.
Section 3 is devoted to the limits of sequences of discrete time processes. Applications
to Lévy-type processes and diffusions evolving in a potential are studied in Sections 4
and 5. The appendix contains the statements of several technical results already proved
in [GHI7D].

2 Martingale local problem setting and related results

Let S be a locally compact Polish space. Take A & S, and we will denote by S O S the
one-point compactification of S, if S is not compact, or the topological sum SU{A}, if §
is compact (so A is an isolated point). The fact that a subset A is compactly embedded
in an open subset U C S® will be denoted by A € U. If 2 € (S®)®+ we denote the
explosion time by

E(z) :=inf{t > 0| {zs}s<t & S}
The set of exploding cadlag paths is defined by

vt > §(x), 2 = A,
DIOC(S> =g TE (SA>R+ vt > 07 Ty = hm&],t Ts, )
Vit > 0s.t. {Ts}s<t €5, 24— := limgyy x5 exists

and is endowed with the local Skorokhod topology (see Theorem 2.6 in|[GH17a]) which
is also Polish. A sequence (2*)ren in Dige(S) converges to x for the local Skorokhod
topology if and only if there exists a sequence (A¥); of increasing homeomorphisms on
R, satisfying
Vit > 0s.t. {Ts}s<t €S, lim sup d(ms,mik) =0 and lim sup |]\¥ — 5| = 0.
k—o0 s<t s k—o0 s<t

The local Skorokhod topology does not depend on the arbitrary metric d on S, but
only on the topology on S. We will always denote by X the canonical process on Djo¢(S).
We endow D).(S) with the Borel o-algebra F := 0(Xs, 0 < s < o0) and a filtration
Fii=0(Xs, 0<s<t).



Denote by C(S) := C(S,R), respectively by C(S2) := C(S?,R), the set of real
continuous functions on S, respectively on S2, and by Co(S) the set of functions f €
C(S) vanishing in A. We endow the set C(S) with the topology of uniform convergence
on compact sets and Cy(S) with the topology of uniform convergence.

We proceed by recalling the notion of martingale local problem. Let L be a subset of
Co(S) x C(S5). The set M(L) of solutions of the martingale local problem associated to
L is the set of probabilities P € P (Djo(S)) such that for all (f, g) € L and open subset
Ues:

tATY
f(Xiprv) — / 9(Xs)ds is a P-martingale
0

with respect to the filtration (F;); or, equivalent, to the filtration (F;y);. Here 7¥ is the
stopping time given by

Vi=inf{t>0| X, gUor X;_ ¢ U}. (2.1)

In [GHI7DH] the following result of existence of solutions for martingale local problem
was proved:

Theorem 2.1. Let L be a linear subspace of Cy(S) x C(S) such that its domain D(L) :=
{f €Co(S) | JgeC(S), (f,9) € L} is dense in Co(S). Then, there is equivalence be-

tween

i) existence of a solution for the martingale local problem: for any a € S there exists
an element P in M(L) such that P(Xo =a) = 1;

it) L satisfies the positive mazimum principle: for all (f,g) € L and ag € S, if
f(ap) = sup,es f(a) > 0 then g(ap) < 0.

Let us note that a linear subspace L C Cy(S) x C(S) satisfying the positive maximum
principle is univariate, so it can be equivalently considered as a linear operator

L:D(L) — C(S).

The martingale local problem is said well-posed if there is existence and uniqueness of
the solution, which means that for any a € S there exists an unique element P in M(L)
such that P(Xp =a) = 1.

A family of probabilities (Py)a € P(Dioc(S))° is called locally Feller if there exists
L C Cp(S) x C(5) such that D(L) is dense in Co(.S) and

Va e S: PeM(L) and P(Xp=a)=1<= P =P,.

The Cq x C-generator of a locally Feller family (Py)a € P(Dioc(S))? is the set of functions
(f,9) € Co(S) x C(S) such that, for any a € S and any open subset U € S5,

tATY
f(Xprv) — / g9(Xs)ds is a P,-martingale.
0



It was noticed in Remark 4.11 in [GHI7b] that if h € C(S,R% ) and if L is the Cy x C-
generator of a locally Feller family, then

hL :={(f,hg)|(f,g) € L} is the Cy x C-generator of a locally Feller family. (2.2)

A family of probability measures associated to a Feller semi-group constitutes a natural
example of locally Feller family (see Theorem 4.8 from [GH17b]). We recall that a Feller
semi-group (7}):er, is a strongly continuous semi-group of positive linear contractions
on Cy(S). Its Cy x Cy-generator is the set Lo of (f,g) € Co(S) x Co(S) such that, for
alla € S

lim +(T,/(a) - f(a) = g(a).

t—0 t

It was proved in Propositions 4.2 and 4.12 from |[GH17b], that the martingale problem
associated to Lo admits a unique solution and, if L denotes its Co(S) x C(S)-generator
then, taking the closure in Cy(S) x C(.5),

LQ =LnN Co(S) X Co(S) and L= fo (23)

The following result is important for our further development and it was proved in

[GHI17D]:

Theorem 2.2 (Convergence of locally Feller family). For n € NU {oo}, let (P0), €
P(Dye(S))° be a locally Feller family and let Ly, be a subset of Co(S) x C(S). Suppose
that for any n € N, L,, is the generator of (P?),, suppose also that D(Lw,) is dense in
Co(S) and

Va €S PeM(Ly) and P(Xg=0a) =1<= P =P;°.
Then we have equivalence between:

a) the mapping
NU{oo} x P(S2) — P (Dye(S))
(m, 1) = P
is weakly continuous for the local Skorokhod topology, where P, = [P,u(da) and
PAa(Xo=A4A)=1;

b) for any an,a € S such that a, — a, Py converges weakly for the local Skorokhod
topology to P2°, as n — oo;

a ’

¢) for any f € D(Ls), there exist for each n, f, € D(Ly,) such that f, n%o /s

C



3 Convergence of families indexed by discrete time

We start our study by giving a discrete time version of the notion of locally Feller family.

Definition 3.1 (Discrete time locally Feller family). We denote by Y the discrete time
canonical process on (S*)N and we endow (S2)N with the canonical o-algebra. A family

(Po)a €P ((SA)N)S is said to be a discrete time locally Feller family if there exists an
operator T' : Cy(S) — Cp(S), called transition operator, such that for any a € S:
P,(Yo =a) =1 and

VneN, Vf e Co(S), Eo(f(Yar1) | Yo, Yn) = LpyunyTF (V) Po-as.  (3.1)

If we denote Pa the probability defined by Pa(Vn € N, Y,, = A) = 1, then for u €
P(S2), P, = [P,u(da) satisfies also (3.1)).

Now we can state the main result of this section.

Theorem 3.2 (Convergence). Let L be a subset of Cy(S) x C(S) with D(L) a dense
subset of Cy(S), such that the martingale local problem associated to L is well-posed, and
let (Po)a € P(Dioe(S))° be the associated continuous time locally Feller family. For each
n € N we introduce (P7), € P((S*)N)¥ a discrete time locally Feller families having
their transition operator T,,. We denote by Ly, the operator (T, — id)/ey, where (g,)n
is a sequence of positive constants converging to 0, as n — oo. There is equivalence
between:

a) for any pin, it € P(S?) such that pu, — p weakly, as n — oo,

P(Dioe(S))

n—o0

Loy ((Yiejea)t) P;

b) for any an,a € S such that a, — a, as n — oo,

P(Bioe(S))

n—oo

Loy, ((Vijea)t) Pa;

c) for any f € D(L), there exists, (fn)n € Co(S)N such that f, Soj(z

Lf.

Here |r| denotes the integer part of the real number 7.

o(s)
f and Ly fn, n:zo

Proof. Let  := (S®)N x RY and G := B(S?)®N @ B(R,)®N be. For any pu € P(S2)
and n € N, define P := Pt @ £(1)®N, where £(1) is the exponential distribution with
expectation 1. Define

Y, : Q - S and E, : Q — Ry
(((Wr)ks (SK)k)) = Yn (W), (sk)k)) = sn,



and introduce the standard Poisson process

n+1

Z E; > t}.
k=1

Step 1) For each n € N define Z' := Yy, . Consider the modified assertions:

V>0, N, ::inf{neN

a') for any pin, u € P(S?) such that pu, — u,

P(Dioc(S
Lo (27 T2l p

n—o0

b') for any a,,a € S such that a,, — a,

P(Bioc(S))

n—oo

Lon (Z7) P.,

We will verify that a’) < ¥) < ¢). We need to prove that for all 4 € P(S?), Lpn(Z") €
M(Ly). Taking Gi' := o (N, , Z¢, s < t), it is enough to prove that, for each f € Co(S5)
and 0 < s <'t,

o {f(zm 120~ [ Lar@a

gg} — 0.

Let us introduce the (G});-stopping times 77! := inf {u >0 ’ Nyse, = k} Then, for all
keN,

EZ {f( :LA(T,:LHVs)) - f(ZtnA(rgvS)) ’ gf/\(f\/s)]
= Dgiorp sy R [(F(Vi1) = FORD g <y | Ginrpve)]
= Lyesrps<rn, 1B [(f(Yk—l—l) - f(Yk))]l{T,gH—T,gv5§t—r,gv$} ‘ g;lk"\/s]
= Lpisrpscrp, 1 (Tnf (Vi) = F(Yi)) (1 — exp(—(t — 70 V 5) [en))
= ﬂ{t>¢,g,s<7,g+1}Lnf(Zf,gvS)&n(1 —exp(—(t — 7 V 5) /en)),

where we used the fact that (N, /En)u is a Poisson process. Similarly,

" 15/\(7';;+1 Vs) .
E" V Lof(Z")du
tA(T]1Vs)

g?/\(q?\/s)}

= Lpeorn serp, 1 Inf(Z70v0) B {t ATigr =Tk VS ‘ g?/\(’r,?\/s)}

= ]l{t>7'£,3<7'£+1}Lnf(Z:},?\/s)EZ [(t — TN S) N (T — TV ) ’ g?gvS]
= Lrpecrp D (Zip) [ (en) expl—u/z) (¢ = 7V 5) Audu

= ]l{t>T,?,S<Tﬁ+1}Lnf(Z:—LgLVS)5n<1 —exp(—(t — 7V 5)/5n))



Hence

" " N t/\(T]zl+1\/s) "
E,u |:f(Zt/\(T]?+1VS)) - f(Zt/\(TI?\/S)) B /t Lnf(Zu)du

A(TPVs)

gzl/\(fg\/s)} = 0.

Hence

E? {ﬂz;‘) 1) - [ Laf(z

o

= E"

k>0 tA(T]IVs)

N . t/\(T,?JAVs) " "
Z ( t/\(T,?Jrl\/s)) - f( t/\(T]:L\/S)) - / Lnf(Zu)du gs

]En {}En |:f(Z1,L ) f(Zn ) /t/\(TI?-‘rl\/S) L f(Zn)d
— E n - n - n u U
e e ATy V) (T Vs) tA(T]Vs)

g;fn/\(‘rg\/s)} ‘ gg}

so Zpn(Z") € M(Ly). Hence applying the convergence theorem to L, and L, we
obtain the equivalences between o), ¥') and c¢).
Step 2. To carry on with the proof we need the following technical result

Lemma 3.3. For n € N, let (Q",G",P") be a probability space, let Z™ : Q" — Dyye(S)
and T™ : Q" — C(R4+,Ry) be a increasing random bijection. Define Z™ = Z™ o T'™.
Suppose that for each € >0 and t € Ry

P (sup|FZ—s| ZE) — 0.

s<t n—00
Then for any P € P(D,.(5)),
Lon(Z") — P & Lm(Z") — P,
where the limits are for the weak topology associated to the local Skorokhod topology.

We postpone the proof of this lemma and we finish the proof of the theorem. Let us
note that for any t > 0 and n € N, Y}/, | = Z{l? with

[t/en]
F? =én < Z Ey + (t/gn - Lt/‘an)ELt/EnJ+1) :
k=1
Assuming that

vVt >0, Ve > 0, sup P% <sup ' —s| > 5) — 0, 3.2
e N Sgt\ ¢ — s = (32)

then, by the latter lemma we get a) < a’) and b < V'), so a) < b) < ¢).



Let us prove (3.2). Fixt >0, e > 0, n € N and pu € P(S?), then since I'" is a
continuous piecewise affine function, we have

k
sup [I'y —s| < sup [T, —ken|= sup e, ZEZ — ken| =€n, sup |My]
s<t keN keN = keN
k<[t/en] k<[t/en] k<[t/en]

where Mj, := Y% | E; — k and [r] denotes the smallest integer larger or equal than
the real number r. Since the E; are independent random variables with exponential
distribution £(1) we have

EL[MZ] = KEJ[(E — 1] = k.

By Markov’s inequality and by the maximal Doob inequality applied to the discrete time
martingale (M), we can write

ETZ
P <sup\F?—s]25> <Pilen sup [My|>¢] < ”[
s<t k<[t/en]

CEL[MEalEn  Alt/enled | At +en)en

g2 N g2 - g2
We deduce (3.2)) and the proof of the theorem is complete except for the proof of Lemma
3.3l O

Before giving the proof of Lemma [3.3| we state and prove a more general result:

Lemma 3.4. Let E be a Polish topological space, for n € N, let (Q",G",P") be a
probability space and consider Z™, Z" : Q" — E random variables. Suppose that for
each compact subset K C E and each open subset U C E? containing the diagonal

{(z,2) |z € E},
P (Z" € K, (Z2",2") ¢ U) — 0. (3.3)

n—o0

Then, for any P € P(E),

Lpn (Z7) njoP implies fpn(gn) — P,

n— o0
where the limits are for the weak topology on P(E).

Proof. Suppose that Zpn(Z") — P so for any bounded continuous function f : £ —
n—oo

R, limy, oo E"[f(Z™)] = [ fdP. Since E is a Polish space the sequence (£pn(Z")), is
tight. Take an arbitrary € > 0 and let K be a compact subset of E such that

VneN, P"(Z"¢K)<e. (3.4)
By (3.3)) applied to K and U := {(z,2) | |f(Z) — f(2)| < €}, we have

P* (2" € K, |f(Z") - f(Z")| 2 ) — 0.

9



Hence by

B'((2") - [ 1aP| < [E1r(2) - [ saP| + B (12" - £(2")

SR ‘/fdP HE([£Z) = 12| e gy sizmyisey)

HE {2 = O e gy smien) +E 1@ = 12| Mz

< [E"((27)) = [ £aP|+ 2101 B" (27 € K. 1£(27) = £(27)] 2 2) + &1 + 2] )

Letting successively n — oo and € — 0, we deduce that
ES(Z) =, [ faP,

hence, since f is an arbitrary bounded continuous function, we have Zpn(Z") —
n—oo

P. O

Proof of Lemma[3.3 We denote by A the space of increasing bijections A\ from R, to
R, and for t € Ry we denote ||A —id||; := sup,<; |As — s|. Since

YAe A, VEeRy, Ve>0, |IA—idlye<e= A"t —id|; <e,
the hypotheses of Lemma are symmetric with respect to Z and Z , so it suffices to

prove only one implication. Hence we suppose Zpn (Z") — P and, by applying Lemma
n (o]

we prove Lpn (Z™) — P Let K be a compact subset of Do (S) and U be an open
n—oo
subset of Dy, (S)? containing the diagonal {(z, z) | z € Diye(S)}. We prove the assertion

JG>0,3e>0,VzeK, VAeA, |[A—idl;<e= (z,20)) eU. (3.5)

If we suppose that is false, then we can find two sequences ("), € K and
(A™),, € AN such that, for all n € N, (2", 2" 0 \) € U and for all ¢ > 0, ||\, —id||; — 0,
as n — oo. By compactness of K, possibly by taking a subsequence, we may suppose
the existence of z € K such that 2™ — z as n — co. Then, it is straightforward to obtain

UZ(E"2"oA") — (2,2) € U.

n—oo

This is a contradiction with the fact that U is open, so we have proved (3.5). Take ¢
and ¢ given by (3.5)), then

P (Z" e K, (Z",Z") ¢ U) <P"(|I" —id|ly > €) — 0.

n—oo

Hence by Lemma Lo (Z") —> P, O

n—oo

10



4 Lévy-type processes: convergence and discrete scheme

In this section we take d € N*| we denote by | - | the Euclidean norm and by R4 the
one point compactification of R?. Let also C°(R%) be the set of compactly supported
infinitely differentiable functions from R to R. We are interested in the dynamics which
locally looks like as Lévy’s dynamics. Let us introduce a linear functional on C2°(R%)
which describes a dynamic in a neighbourhood of a point a € R?%: for f € C2(R9),

d
Tya(d,7,v)f = % Y 705 (@) +8-Vf(a)+ [ (f(b) = f(a) = x(a,b) - V.f(a))v(db),

dA
ij=1 R

where

— the compensation function y : R? x R¥ — R? is a bounded measurable
function satisfying, for any compact subset K C R%,

(H1)
b,c) —(c—b
wp DO =Dl
b,ceK, b#c lc — 0|
— the drift vector is § € R, the diffusion matrix v € R%? js symmet-
ric positive semi-definite and the jump measure v is a measure on R
satisfying v({a}) = 0 and (H2(a))

2
/RdAu A b — al?)u(db) < .
Usually we take for compensation function
xi(a,b):==(b—a)/(1+|b—al*) or xa(a,b):=(b— a)ljp_g<1- (4.1)

It is well known (see for instance Theorem 2.12 pp. 21-22 from [Hoh98]) that for any
linear operator L : C(RY) — C(R?) satisfying the positive maximum principle and for
any x satisfying (H1): for each a € R? there exist d(a), y(a) and v(a) satisfying (H2(a))
such that

Vf e CPRY), VaeR?,  Lf(a) = Tya(5(a),v(a),v(a))f.

In the following we will call a such expression of L a Lévy-type operator.

In order to obtain a converse sentence and to get the convergence of sequences of
Lévy-type operators, we have to made a more restrictive hypothesis on the couple (y, v):
for a € R?

— the compensation function y : R¢ x R¥ — R? js a bounded measurable
function satisfying, for any compact subset K C R¢,

b,c)—(c—0b
sup Ix(b, c) (02 )l 0
bee K, 0< |c—b|<e lc — bl e—0

(H3(a))

11



and v ({b € RéA ‘ X Is not continuous at (a, b)}) =0. (H3(a))

For example, x; given in satisfies (H3(a)) for any v and x2(a,b) satisfies (H3(a))
whenever y({b ERI||b—al = 1}) = 0.

The following theorem, which at our knowledge seems new, contains a complete
characterisation for the convergence of sequences Lévy-type operators (and processes).
Let us introduce some notations.

o Let y : RY x R — RY be a compensation function. For each a € R? let
(6(a),v(a),v(a)) and (x,v(a)) be satisfying respectively (H2(a)) and (H3(a)). Set

Lf(a) :=Tyq(6(a),v(a),v(a))f, for any f € C°(RY). (4.2)
e For each n € N and a € R? let (6,(a), yn(a), vn(a)) be satisfying (H2(a)). Set

Ly f(a) =Ty a(6n(a), wm(a), vm(a))f, for any f € Cgo(Rd). (4.3)

e For each n € N and a € R? let u,(a) be a probability measure on R and let
en > 0 be a sequence converging to 0. Set

T.f(a)i= [ fO)pnla,d),  for any f € CR™) (4.4)
Theorem 4.1.
1) The function Lf is continuous for any f € CX(RY) if and only if
e a+ 6(a) is continuous on RY,

e a — [ f(bv(a,db) is continuous on the interior of {f = 0} NR%, for any f €
C(R™),

e a— j(a) + [ xi(a,b)x;(a,b)v(a,db) is continuous on RY, for any 1 <i,j < d.

2) Assume that Lf is continuous for any f € CP(RY). The uniform convergence on
compact sets, L,f — Lf, as n — oo, holds for all f € CX(R?) if and only if

e 0,(a) = 6(a), uniformly for a varying in compact subsets of R?,

e [ f(b)vn(a,db) = [ f(b)v(a,db), uniformly for a varying in compact subsets of the
interior of {f = 0} NR?, for any f € C(R),

® Vn,ij (a) + f Xi(a7 b)X] (CL, b)Vn(a7 db) — Yij (a’) + f Xi(a7 b)X](CL, b)y(a, db)7 umformly
for a varying in compact subsets of R, for any 1 <1,j < d.
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3) Assume that Lf is continuous for any f € CP(RY). The uniform convergence on
compact sets, e, (T f — f) — Lf, as n — oo, holds for all f € CX(R?) if and only if

o c ! RIA\ () x(a,b)un(a,db) — d(a), uniformly for a varying in compact subsets of
R4,

e L [ f(D)pn(a,db) — [ f(b)v(a,db), uniformly for a varying in the compact sub-
sets of the interior of {f = 0y NRY, for any f € C(R¥),

o & Jgany (o) Xi(a,0)x;(a, b)pn(a, db) = vi5(a) + [ xi(a, b)x;(a, b)v(a, db), uniformly
for a varying in the compact subsets of R, for any 1 <1,j < d.

Remark 4.2. 1) Thanks to Theorems and we can deduce from Theorem
sharp results of convergence for the processes associated to L, T;, and L. In particular,
the third part of Theorem one could be seen as an improvement of the classical
Donsker theorem.

2) The previous theorem may be adapted in the context where S is a manifold. In this
case

Lf(a) i= 30%(@)-2(a) + DS(@) - 8(0) + [ (£0) = 1) = Df (@) - x{a.D)(a,db),

where for each a € RY, Df(a) € T;}S and D?f(a) € T}S%? are first and second order
differentials at a, the compensation function x(a,b) € T,S is defined for b € S2, the
drift vector §(a) is in 7,5, the diffusion vy(a) € T,S5%? is symmetric positive semi-definite
and the jump measure v(a) is a measure on S*. Here T,,S and T,*S are the tangent and
the cotangent spaces of S at a. O

The latter part of the Theorem allows us to simulate Lévy-type processes. We
illustrate this fact by the following example

Example 4.3 (Symmetric stable type operator). Let ¢ € C(R% R, ) and a € C(R%, (0,2))
be and denote, for f € Co(R?) and a € RY,

L@ = [ (10) = f(a) = (= a) - TF(@1p-aic)e(a)}p = a] .

As a consequence of the first part of Theorem L maps Co(R?) to C(RY). For a € R?
and n € N*, define the probability measure

c(a)Sq_1 ) 1/a(a)

C(CL) —d—ala i :
Mn(a, db) = 7’1)_ a‘ ( )]]‘|b—a|2€n(a)db’ Wlth En(a) = ( na(a)

and where Sy, = 2n%2/T'(d/2) is the measure of the unity sphere in R% Thanks to
the third part of Theorem for any f € CX(R%),

lim n (/ f(®)pin(a,db) — f(a)) = Lf(a), uniformly for a in compact subsets of R

n—o0
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To go further, it is straightforward that for any ¢ € R? and n € N*, u,(a) is the
distribution of the random variable
c(a)Sq—1

1/a(a)
Ad)od-1 S L 7(d—1 N
a+Q ( no(a)U > , with independent Q ~U(S“ ), U ~U(]0,1]),

where U(S%!) and U([0,1]) are the uniform distributions, respectively on the unity
sphere of R? and on [0, 1]. To simulate the discrete time locally Feller processes associated
to (in(a))a we can proceed as follows. Let (Qg,Us)r be an ii.d. sequence of random
variables with distributions (S%1) ® U([0, 1]) and define, for n € N* and k € N,

c<Zs>sd1)1/a<Zﬂ>

5 =47 —
kt1 r + Qk (na(Z,’j)Uk

Hence thanks to Theorem [3.2] if the martingale local problem associated to L is well-
posed, then (me J)t converges in distribution to the solution of the local martingale
problem. O

Remark 4.4. This example is adaptable when we want to simulate more general Lévy-
type processes. The heuristics is as follows: first we approximate the Lévy measure by
finite measures, we renormalise them and then we convolute with a Gaussian measure
having well chosen parameters. O

Before proceeding to the proof Theorem we give a second approximation result
inspired from [BSW13], Theorem 7.6 p. 172. Let L : C°*(R?%) — C(R?) be an operator
satisfying the positive maximum principle. Let the translation of f by h € R% be the
mapping 7,,f(a) = f(a + h). For ap € R, we introduce the operator

L(ap) : CX(R?) — Co(RY) by  L(ao)f(a) := L(Ta—aqf)(a0). (4.5)

Clearly Lf(a) = L(a)f(a). Since L(ag) is invariant with respect to the translation
and satisfies the positive maximum principle then its closure in Co(R?) x Co(R?) is
the Cy x Cp-generator of a Lévy family (see for instance, Section 2.1 pp. 32-41 from
[BSW13]). We denote by (Ti(ag))t>o its Feller semi-group and we state:

Theorem 4.5 (Approximation with Lévy increments).
Let (en)n be a sequence of positive numbers such that €, — 0 and define the transition
operators T, by

T,f(a) := T, (a) f(a),  for f € Co(RY).
Then, for any f € C(RY),

1
—(Tnf—f) — Lf, uniformly on compact sets.

En n—00

Remark 4.6. If the martingale local problem associated to L is well-posed, by Theorem
one deduces the convergence of the associated probability families. O
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Excepting the fact that the present convergence is for the local Skorokhod topology,
the latter theorem is an improvement of Theorem 7.6 p. 172 from [BSW13]. More
precisely we do not need that the closure of L is a generator of a Feller semi-group, but
we only suppose that the martingale local problem is well-posed. We postpone the proof
of the latter theorem to the end of this section.

The proof of Theorem[4.1]is obtained as a straightforward application of the following:

Proposition 4.7. For each n € NU {oo} take a,, € R? such that a,, — as and con-
sider (0p, Yn, Vn) satisfying (H2(ay,)). Let also x be such that the couple (X, Vso) Satisfies
(H3(aso)). Then

Vf € C?(Rd)a Tyan (Ons Yns n) f njo Ty 000 (§005 Yoos Voo [ (4.6)
if and only if the following three conditions hold

On — Ooo,
n—oo

Vf € C(R¥) vanishing in a neighbourhood of aso, [ f(b)vy(db) — [ f(b)vso(dd),

(i + 1 xaam D) ans (D) = (e +  Xalaoe: D)X (o0, Do ()

(4.7)

Proof of Theorem [/.1. Parts 1) and 2) are direct consequences of the latter proposition.
To verify Part 3) we remark that for any f € C°(R?), n € N and a € RY, we have

(Tnf(a) - f(a))/gn = Tx,a(én(a)’O, Vn(a))f

=l
3
—

S
~

I

5;1/ x(a,b)pn(a,db) and v,(a,db) = 5;1]1RdA\{a}(b)Mn(a,db),
RIA\{a}

hence we can apply again Proposition [£.7] O

In order, to prove Proposition [£.7] we need the following lemma on the convergence
of measures:

Lemma 4.8. Forn € NU {oc} let a, € R? be such that a,, — as and let v, be Radon
measures on R\ {a,}. Suppose that, for any f € C(R™) such that f vanishes in a
neighbourhood of as, is constant in a neighbourhood of A and is infinitely differentiable
in R%, we have

[ sy — [ rowsian).
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i) Then, for any sequence (fn)nenufoc} Of measurable uniformly bounded functions from
R to R such that the f, vanish in the same neighbourhood of aso, for n € NU {oo},
and such that

Voo (RN {bo € R™| T fu(b) = fo(bo)}) =0, (48)

n—o00,b—bg

we have

[ £l = [ fao(blractan).

ii) Assume, moreover, that there exists n > 0 such that

sup / |b— an\2]1|b,an‘<n vp(db) < 0.
neNU{oo} o

Then, for any sequence (fn)nenu{oo} Of measurable uniformly bounded functions from
R to R satisfying fn(a,) =0,

lim limsup sup M

= 4.
0—=0 n—oo 0<|h|<6 |h|2 0, ( 9)

and , we have
/ FaD)va(db) — / Foo(B)oo (d).

Proof. Consider a sequence of functions (fy)nenufoo} @s in the first part of lemma. Let
Uy be an open subset such that U; € R \ {as} and

0> U (A0 ORE\{neR™| lm  fu0) = fulo)}

b—b
neNU{oo} 10,00

Let ¢ € C(]RdA) be such that ¢; vanishes in a neighbourhood of a, and is constant
in a neighbourhood of A, ¢y is infinitely differentiable in R? and such that ¢; > 1y,.
Then

[ 1) — [ e10we(an)

SO

sup vp(U1) < sup /cpl(b)un(db) < 00.
neNU{oco} neNU{oco}

Since R4\ {aso} is a Polish space, the measure v, is inner regular on this set. Hence,
if € > 0 is chosen arbitrary, there exists a compact subset K. C U; satisfying

Ko {bo €R™|  lim  fu(b) = faolbo)} and vao(Ko) > vao(lh) — . (4.10)

n—00,b—bg

Hence f is continuous on K. and f, converges uniformly to f,, on K.. There exists
a function @y € C(R®) such that ¢y is constant in a neighbourhood of A, is infinitely
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differentiable in R? and such that {ps # 0} C Uy, ||o2] < [|fsoll and |02 — foollx. < €.
Since (4.10)), by compactness there exists an open subset Us C U; such that

K. cU C {bo e R ‘ lim sup ‘fn(b) — <p2(b0)‘ < 25}.

n—o00,b—bg

By dominated convergence there exists a function @3 € C(R**) such that (3 vanishes in
a neighbourhood of a.., is constant in a neighbourhood of A, is infinitely differentiable
in R%, and such that 1y, > @3 and [ 03(b)veo(db) > v (Uz) — €. Hence

lim inf v,(Uy) > lim in / 03(b)vn(db) = / 03(0) oo (db) > veo(Us) — &

n—oo

> Voo(Ke) — € > oo (Ur) — 26.

Therefore we have

liTILn_i%p /fn(b)l/n(db) — /foo(b)l/oo(db)‘ < lirrlllsolip /cpg(b)yn(db) —/cpg(b)yoo(db)‘
wlimsp| [ (£(8) ~ e20)pinlah) +tmswp | [ (,0) —m(b))vn(db)’

+ lim sup / (foo(b) — SOQ(b))Voo(db)’
n—o0 Ui\ Ke

<04 2esupv,(Ur) +4e sup || full + evoo(U1) + 22| fool|

[ () = ea®)c(at)| + limsup
K.

n—o0

neN neNU{oco}
<3e( sup v,(U1)+2 sup | fall)-
neNU{oo} neNU{oo}

Letting ¢ — 0 we obtain that

[ £awnlar) — [ fro(blrctan).

We proceed with the proof of the part ii) of lemma. Fix n > 0 as in the statement
and choose an arbitrary € > 0. By (4.9), there exists 0 < 0 < 7/2 such that

. fnlan + h) €
imsup sup

5 < .
noo o<ln<2s N 1V  sup / |b — an|2]l‘b_an|<nun(db)
neNU{oco} N

Consider a function ¢ € C(R%,[0,1]) which vanishes in a neighbourhood of as and
such that ¢(a) =1 for any a satisfying |a — aso| > 0. Then, by the first part i),

[ o)1 0wnldr) — [ o0)f B (ab)
For n € N large enough, |a — a,| < J, hence

[0 ornwan] < 1= 0P cpntan) s 2,
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so lim sup
n—oo

/(1 - gp(b))fn(b)l/n(db)’ < . We also have

1= o) £ ()

§/\b—aoo\ 1jp—a.|<n¥n(db) limsup  sup f(ani;_h) <e,
n—oo o<lpi<2s |
S0
Jimn sup / Fu(B)vn(db) — / foo(b)yoo(db)‘ < 2.
n—oo
Letting € — 0 we can conclude. O

Proof of Proposition[[.7. Suppose first (£.6). Let f € C(R?) be such that f vanishes
in a neighbourhood of as,, is constant in a neighbourhood of A and is infinitely differ-
entiable in R%. Hence f — f(A) € C°(RY), and

TX#Ioo (5007 Yoo, Voo) f f /f I/OO db

while, for n large enough,

TX:an(éna7n7Vn) f f /f I/n db

[ 10watar) = [ Fwaa).

Therefore we can apply the first part of Lemma and in particular, for any f € C(R%)
vanishing in a neighbourhood of a,

We deduce that

[ Fewnr) = [ rowaa),

Consider 6 € C(R,[0,1]) such that §(r) =1 for r < 1 and 6(r) = 0 for r > 2. For
(a,b) € R? x R and n € NU {oco}, define

R(a,b) == 0(1b— al)(b— a)lysa and by =6, + /(;}(an, B) — x(an, b))m(db). (4.11)
Therefore, for all f € CX(RY) and all n € NU {oc}

Tx,an (5717 Tn, Vn)f = Tian (gna Yrs Vn)f

Let ¢ be an arbitrary linear form on R? and consider f € C°(R?) such that f(b) =
¢ - (b— as) in a neighbourhood of as. Then

T o (Bocs Yoos Voo) f ot / oo, b))veo (db)
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and for n large enough

T;,an(‘sna'}/m Vn)f =¢-on+ /(f(b) - f(an> —¢- Xv(anv b))Vn(db)-

Thanks to the first part of Lemma
J(®) = (@) = 6 Kanb)waldd) —3 [(70) = 6 Ko, B)vac(@d),

S0 ¢ -0, — ¢ -0 and since ¢ was chosen arbitrary, d, — s
n—oo n—o0

Let ® be an arbitrary symmetric bilinear form on R? and if (e1, ..., eq) is the canon-
ical basis of R?, we denote ®;; = ®(e;,e;), i,j = 1,...,d. Consider f € C*(R?) such
that f(b) = ®(b — oo, b — aso) in a neighbourhood of a~,. Then, for n large enough,

T;,an (grw T Vn)f

d

= Z (I)z'j'Ynﬂ'j +2(I)( aoo, +/ _2(1)( aow%(amb))yn(db)

.Jﬂ
_ Z By (%ﬁ/xz an,b)xj(an,b)un(db))> + 20 (an — ave, )

i,j=1

d
Jr/ - 2(1)( aoo,i(armb)) - Z (I)Z]il(an’b)%](anvb))yn(db)
ij—=1

A similar equality holds with the index n replaced by oo:

TXyaoo (500”7/00’”00 f Z q)Z]’YOO i +/f Voo db)

i,j=1
= Z D, (’Yoo,z‘j + /ii(aoo,b)ij(aoo,b)uoo(db)))
ij=1
’ d
L AGOED L SN ) PAET)
ij=1
Thanks to the first part of Lemma
d
[ (50) = #(a0) = 200 — 2 Kan5) = 3 @Tulan. DT, (an: ) va(db)
=
n_mo/ Z ijXi awab)Xj(awab))VOO(db)a

t,j=1
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SO

d

32 @ (i + [ Filams DT, by (@0)))

1,j=1

oy ey (voois + [ ilase, DR (a0, D (D))

1,7=1

Since ® was chosen arbitrary, for all 1 <4,57 <d

i + [ Xl D@, ) (A0)) 2 Yoy + [ Koo, )y e, B ().

So we can apply the second part of Lemma and in particular

n—o0

tin [ (%(an: ) = x(an D)ra(8) = [ (Rlase: ) = xX(aoe, b)) (D),

so by (4.11)), o, — ds-. By the second part of Lemma we also have, for all
n—oo
1<4,5 <d,

[ Gian, D% @n:B) = xian, ) b)) ()

— [ (Xi(ao0, b)X;j(@oos b) — Xi(aoo, b)X;j (Ao, b)) Voo (dD),

n—oo

so we deduce
Yoii + [ Xi(ans DG (a0, (A6) 3 Yoy + [ Xilltoe, b (0, b (D).

We prove the converse, by supposing (4.7) and applying the second part of Lemma
Let f € C°(R?) be, for all n € NU {oc},

Tx,an(5n7’7/npyn : Z Tn,ij f an +5 Vf(an)
,j=1

+ [(F0) = F(an) = x(@n,5) -V F(@n)va(db)

d
% Z_ (’Yn,ij + /Xi(an; b)xj(an, b)l/n(db)) 822]f(an) + 671 . Vf(an)

d
+/ <f(b) = f(an) = x(an,b) - Vf(an) = Y Xi(amb)Xj(amb)ainf(an)> Vn(db).
i,j=1

Applying the second part of Lemma to the last term of the previous equation we
deduce

Tx,an (5117 Tns Vn)f njo Tx,aoo (500a VYoo VOO)f- 0

20



We finish the section with the proof of Theorem H Recall that x1(a,b) is given by
(4.1). Thanks to Theorem 2.12 pp. 21-22 from [Hoh98], for each a € R? there exists a
triplet (0(a),v(a),v(a)) satistying (H2(a)) such that, Lf(a) := Ty, o(d(a),v(a),v(a))f,
for all f € CX(RY). Tt is clear that for any ag,a € R? and f € CX(RY), the Lévy
operator L(ag) defined by satisfies also

L(ao) f(a) = Ty,,a(6(a0),v(ao), va(ao))-

Here and elsewhere v4(ag) is the pushforward measure of v(ag) with respect to the
translation b — b — ag + a.

Proof of Theorem [{.5. It suffices to prove that for any function fy € Cgo(]Rd) and any
sequence a,, € R? converging to a., € R%, the sequence (T}, fo(an) — fo(an))/en converges
to Lfo(aso). Thanks to Proposition we have, §(ay,) =2 d(axo),

Vf € C(RY}) vanishing in a neighbourhood of aoo,/f(b)l/(an,db) e /f(b)y(aoo, db),
and for all 1 <4,j <d

s an) [ X D)3 (s (ans dB) =3 355(ane) + [ iloe,b)xs (a0s D) (acs 0.

It is not difficult to deduce that, there exists C' € R4 such that, for all n € NU {co} and
f e CE®RY),
< ; Z 1.
IL(an) 1 < CIFI v max 07 v mas 051

Hence sup,enuqoc} [L(an) fol < oco. Consider boo € RY, a sequence b, — bo and a
function f € C(R%) vanishing in a neighbourhood of bs,. By using the first part of

Lemma

/f(b)ubn(an,db) :/f(b—an—i—bn)u(an,db)
= [ - s+ bawlase, ab) = [ FB (ase, b).

Hence by the second part of Theorem L(ay,)f converges uniformly on compact sets
toward L(aso)f, for all f € C(RY). In particular, for each £ > 0 there exists an open
neighbourhood U of ay and ng € N such that

Vn > ng, Ya € U, |L(ay)fo(a) — L(as) folas)| < €.

Let P,, be the unique element of M(L(ay)) such that P, (Xo = a,,) = 1. Then, for all
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n > ng

TnfO(an) - fO(an)

€n

E,[fo(Xc,)] — fo(an)
€n

- L(CLOO)fO(GOO)‘ = ’ - L(am)fﬂ(aoo)'

Engi /05” (L(an)fO(XS) - L(aoo)fO(%O)>d3

1 [éen
<E, {]I{TU<5”}€”/O
1 [én
+ E, {]l{TUZEn}g/O L(an)fO(Xs) - L(aOO)fO(aOO)‘dS}
< 2Pn(TU <en) sup |[L(anm)fol +e.

meNU{oo

L(n) fo(Xo) = Llanc) fo(aco)|ds|

We apply Lemma of uniform continuity along stopping times with a compact neigh-
bourhood K C U of as and with ¢ :=R% x U U (R?\ K) x R?. We deduce that

lim P, (1Y < ¢e,) = 0.
n—oo

Hence
T _
lim sup nfo(an) = Jol@n) _ L(as) folas)| < &,
n—o00 En
and we conclude by letting € — 0. O

5 Diffusion in a potential

We recall that LIIOC(R) denotes the space of locally Lebesgue integrable functions. A
real continuous function f is called locally absolutely continuous if its distributional
derivative f’ belongs to LL _(R). We introduce the set of potential functions

Vo= {V : R — R measurable | eVl € LIIOC(R)} .

It is straightforward to prove that there exists a unique Polish topology on ¥ such that
a sequence (V,,), in ¥ converges to V' € ¥ if and only if

M
VM e R4, lim eV (@) — eVul@)] o= V(@) _ e=Vala)| qq = 0.

n—oo M
For a potential V' € ¥, the operator

1.,d d
LV = eV —eV— 1
2e dae da (5.1)

is the set of couples (f,g) € Co(R) x C(R) such that f and e~V f’ are locally absolutely
continuous and g = %ev (e=V f"). Let us notice that it is a particular case of the operator
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DmD; described in [Man68], pp. 21-22. Heuristically, the solutions of the martingale
local problem associated to LY are solutions of the stochastic differential equation

1
dX; = dB, - SV'(Xo)dt,

where B is a standard Brownian motion.
Proposition 5.1 (Diffusions on potential and random walks on Z).
1. For any potential V € ¥, the operator LV is the generator of a locally Feller family.

2. For any sequence of potentials (V,,)n in ¥ converging to V.€ ¥ for the topology
of ¥, the sequence of operators LY* converges to LV, in the sense of the third
statement of the convergence Theorem[2.3

3. For (n,k) e NxZ, let gn, € R and €, > 0 be. For all n € N, in accordance with
Definition let (PR € P(ZN)Z be the unique discrete time locally Feller family

such that )
Denote the sequence of potential in ¥ by
la/en] —la/en]-1
Vn(a) = Z qn,kﬂaZEn - Z Qm—k‘]la<0 .
k=1 k=0

Let V' be a potential in ¥ and let (Pg)q be the locally Feller family associated with
LY. Assume that V,, converges to V. for the topology of ¥, and €, — 0 as n — 0o.
Then, for any sequence u, € P(Z) such that their pushforwards with respect to the
mappings k — ek converge to a probability measure p € P(R), we have

P (D))

Loy, (En¥lyer))) 57 P

Before proving this proposition, we give an important consequence concerning a
random walk and a diffusion in random environment. For n € N, let (Q",G",P") be a
probability space and consider the random variables

(@) Q" = RE (Z1): Q" = ZY  and  &,: Q" - RY.

Suppose that for any n € N and k € N, P"-almost surely,

1
P* (Ziy = Zi 4+ 1 | ens (ane)eez, (27 )o<e<k) = o7y, 41
1 1
( k+1 k | Eny (Qn,£)€€Z7( 14 )OSZSk) e InZp 4 1 elnZi + 1
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For any n € N and a € R, denote the random potential in ¥ by

la/en] —la/en]—1
Wy(a) = Z Gnkla>e, — Z In,—kLa<o - (5.2)
k=1 k=0

Let (©2,G,P) be a probability space and consider random variables
W:Q—=7% and Z:Q— D (R).

Suppose that the conditional distribution ofZ with respect to W satisfies, P-almost
surely,
Lo (Z | W) e M(LY).

Proposition 5.2. Suppose that €, converges in distribution to 0, that €,Z§ converges
in distribution to Zy and that Wy, converges in distribution to W for the topology of V.
Then (enZﬁ/EQJ)t converges in distribution to Z for the local Skorokhod topology.

Example 5.3. 1) Let (gr)r be an i.i.d sequence of centred real random variables with
finite variance o2 and suppose that Ink = /Enqk- Suppose also that W is a Brownian
motion with variance o2. Then, by Donsker’s theorem, W, given by converges
in distribution to W, so we can apply Proposition [5.2] to deduce the convergence of
the random walk in a random i.i.d. medium (introduced by Sinai in [Sin82]) to the
diffusion in a Brownian potential (introduced in [Bro86]). Hence we recover Theorem
1 from [Sei00], p. 295, without the hypothesis that the distribution of ¢o is compactly
supported.

2) Fix deterministic ¢ € R and A € R*. Suppose that for each n € N, (g, 1)x is an
i.i.d sequence of random variables such that P"(g,r = q) = 1 — P*(gnr = 0) = Aep.
Suppose also that W (a) = ¢Ny,, where N is a standard Poisson process on R. Then, it
is classical (see for instance [Car97]), that W,, given by converges in distribution to
W, so we can apply Proposition to deduce the convergence of Sinai’s random walk to
the diffusion in a Poisson potential. Hence we recover Theorem 2 from [Sei00], p. 296.

3) More generally, suppose that for each n € N, (¢,%)x is an 1.i.d sequence of random
variables. Likewise, suppose that W, given again by , converges in distribution to
a Lévy process W. We can apply Proposition to deduce the convergence of Sinai’s
random walk to the diffusion in a Lévy potential (introduced in [Car97]). O

Proof of Proposition[5.9. Let F be a bounded continuous function from Dy, (R) to R.
Define the bounded mapping

G:Rx7 xRy - R

as follows: for any a € R, V € ¥ and ¢ € R%, let P®Y¢ € P(ZY) be the unique
probability such that P®V(Yy = |a/e]) = 1 and, P%"¢-almost surely, for all k¥ € N,

PV (Vg1 =Y +1|Yo,....V)=1-P*»W* (V1 =Y, — 1| Yp,..., V%)
Y; Y;
= [ v / [ T V@,
eYp—e eYp—e
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Let P»V:0 ¢ P(D}o.(R)) be the unique element belonging to M(LY) and starting from
a. We set

G(a,V,e) = E*V* [F ((eY}ye2))t)] and  G(a,V,0) :=E“"O[F(X)].
By Proposition the mapping G is continuous at every point of R x ¥ x {0}. Thus,

E" [G(en 28, Wi, n)] — E[G(Zo, W, 0)].

n—oo

Hence

B [F (el )0)] = B [ [P (0Zgy) | ns 251 (amedece]
= E" [G(enZg, Waren)] — E[G(Z0,W,0)] =E[E[F(Z) | Zo, W] =E[F(2)] .

Then (¢,2 [t/e2 J)t converges in distribution to Z. O

Before starting the proof of Proposition let us give a preliminary computation.
Let aj,a2 € R be and let V' : [a; A ag,a; V az] — R be a measurable function such that
eVl e LY(Jay A ag, a1 V as]). For any absolutely continuous function f € C([a1 A ag,a1 V
as],R) such that e~V f is absolutely continuous and g := 1e" (e=V f’)’ is continuous, we
have

flax) = fan)+ [ 500 = flan)+ [0 ((e‘vf’)(al) < <e—Vf’>’<c>dc) b
— flay) + / V) ((e_v F)(a1) +2 / ' e_V(C)g(c)dc> db (5.3)

= far) + (evf’)(al)/a1 Vb + 2g(ax / / Hdedy (5.4)

+ 2/ / VI (g(c) — g(ar))dcdb.

Proof of Proposition[5.1. Proof of [ We will essentially use the second chapter of
[Man68]. Let h € C(R, R* %) be such that, for all n € N,

n+1l ra n+2 rn+l
/ / OV dhda /\ / / “V®dbda
A\ / / VOVl dpda /\ / / V®dbda
n—1 n— 1

(5.5)
The operator ALY coincides on Co(R) x Co(R) with the operator DD € C(R) x C(R)
on the extended real line R, described in [Man68§|, pp. 21-22, where

inf
n<la|<n+1

26_‘/(@)

— V(a)
ha) da and dp(a):=e"'Yda.

dm(a) :=

25



Applying (5.5) we have

oo ra n+2 pn+l
/ / dm(b)dp(a) > lim sup/ / dm(b)dp(a) > lim sup 2n = oo,
0 0 n

n—oo —+1 n n—oo

oo ra n+1 ra
/ / dp(b)dm(a) > lim sup / dp(b)dm(a) > limsup 2n = oo,
o Jo 0

n—oo Jn n—00

0 0 —n—1 r—n
/ / dm(b)dp(a) > lim sup / dm(b)dp(a) > limsup 2n = oo,
—x Ja —n—2 J—n—1

n—o0 n—oo

0 0 -n 0
/ / dp(b)dm(a) > limsup / dp(b)dm(a) > limsup 2n = oc.
—oo Ja -n—1Ja

n—o0 n—oo

Thus according to the definition given in [Man68], pp. 24-25, the boundary points —oo
and +oo are natural. Thanks to Theorem 1 and Remark 2 p. 38 of [Man6§], DmD;' is

the generator of a conservative Feller semi-group on C(R). Furthermore by steps 7 and
8 in [Man68], pp. 31-32,

Dy Dy f(—00) = DDy f(+00) =0, Vf € D(DnDy),
so that the operator
Dy D N Co(R) x Co(R) = (RLY) N Co(R) x Co(R)

is the Cy x Cyp-generator of a Feller semi-group. Hence, by ([2.3) and (2.2) we deduce
that the operator

P %(hLV) A Co(R) x Co(R)

is the generator of a locally Feller family. Here the closure is taken in Co(R) x C(R),
and it is clear that L ¢ LY. Thanks to it is straightforward to obtain LY = LV
and thanks to (5.4) it is straightforward to obtain that LV satisfies the positive maxi-
mum principle. Thanks to Theorem [2.1] we deduce the existence for the martingale local
problem associated to LY. Hence LV = L is the generator of a locally Feller family.

Proof of [4 Denote by (P%), and (P2°), the locally Feller families associated, respec-
tively, to LY» and LY. By Theorem it is enough to prove that for each sequence
an € R converging to ax € R, Py converges weakly to Pg°  for the local Skorokhod
topology. Thanks to Lemma for M € N*, there exists hyr € C(R, [0, 1]) such that

{hM#O}:(_2M’2M)a {thl}:[_M7M]

and, for all n € N, the martingale local problems associated to hy/ LY and to hp L7
are well-posed. For n € N and M € N* denote by (P™™), and (P3>M), the locally
Feller families associated, respectively with hj;LY" and hy LY. For n € N, define the
extension of hysLV:

Lot = {(£,9) € Co(®) x O(R) | g = share™ (™ )1 Cangann
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where f and e~V f/ are supposed locally absolutely continuous only on (—2M,2M). By
(5.4) it is straightforward to obtain that L, s satisfies the positive maximum principle,
so by Theorem Ly, \ is a linear subspace of the generator of the family (PM),. We

will prove that the sequence of operators L,, ys converges to the operator h LY in the
sense of the third statement of Theorem Let f € D(L) be and define f,, € Co(R) by

fla), a¢ (—2M —n=1 2M +n=1)

fnla) = a
£(0) + /O eVn(® [(e—v #(0) + 2 /0 ATt f(c)dc]db, a € [~2M,2M],

—

with f,, affine on [-2M —n~1, —2M] and on [2M,2M +n~1]. Hence f,, € D(L,, as) and
Ly vfn = harLY f. We have

Ifo = fll<  sup  |fu(a) = fla)] + sup |f(az) — f(a1)l.
a€[—2M,2M)| 2M<|a1|,Jas|<2M+n"1
0<ajaz

Since f is continuous, the second supremum in the latter equation tends to 0. It is
straightforward to deduce from ([5.3)), by using the expression of f,, and the convergence
Vo, — V, that

sup - {fula) = fla)] 3, 0.
a€[—2M,2M] n=reo

Hence || fn — f|| = 0 as n — oo, so the by Theorem [2.2}

Pt — Pooil (5.6)

By using Lemma for all M € N* and n € NU {00},

2z

o (x77) = 2y (x7). (5.7)

At this level we use a result of localisation of the continuity contained in Lemma
Therefore, from (5.6) and (5.7)), letting M — oo, we deduce

P, — P°.
" n—00 o

Proof of [ For n € N, define the continuous function ¢, : R x R — R given by

a+h b
onla,h) = 2/ / eV ®)=Va(9)qc dp.

For each a € R, it is clear that ¢y(a,-) is strictly increasing on Ry and ¢p(a,0) = 0.
Furthermore, since V,, is constant on the interval [En [a/en],en(fa/en] + 1)),

onla,2e,) > 2

en([a/en]+1) b
/ en(O)=Val)qe dp = 5%.

nla/en]

enla/en]
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Hence, there exists a unique ¥ »(a) € (0,2¢,] such that

n(a, P1n(a)) = e (5-8)

Using the continuity of ¢,, and the compactness of [0, 2¢,], it is straightforward to obtain
that 11y, is continuous. In the same manner, we may prove that, for each a € R, there
exists a unique ¥ ,(a) € (0,2¢,] such that

n(a, —2n(a)) = €, (5.9)

and that g, is continuous. Introduce the continuous function p, : R — (0, 1) given by

a a“l‘wl n(a
pu(a) = / / / ®)qp, (5.10)
a—?/)z,n(a a—2 n(a

and define a transition operator 7, : Co(R) — Co(R) by

Tnf(a) :=pu(a)f(a+¢1n(a)) + (1 = pn(a))f(a — Pon(a)).
According to Deﬁnition let (ﬁg)a eP (RN )R be the discrete time locally Feller family

with transition operator T,,. For any k € Z, since V,, is constant on [e,k,e,(k + 1)) and
n [en(k —1),e,k), we have

en(k+1)
on(enk,en) —2/ dcdb—a

(k—1)
on(en —2/ / dedb = €2,

and therefore ¢ ,,(enk) = Y2, (enk) = ,. Furthermore

(k) = Jerk eV ®ab e, eVa(en(k=1)) o
PnlEnk) = fsn((:-‘rll)) eVn () dp - gneVn(En(k—l)) + e,_:neVn(gnlg) 1 T+ elnk’
En

hence for any f € Co(R),

b fenlk— 1))

Tnf(enk) :== TTe

mf (en(k+1))
We deduce that for any p € P(Z) and n € N, Zpn(e,Y) = ﬁ%, where [ is the pushfor-
ward measure of p with respect to the mapping k — e, k.

We shall use Theorem of convergence of discrete time Markov families. If f €
D(L"), we need to prove that there exists a sequence of continuous functions f,, € Co(R)
converging to f such that (T, f, — f.)/e2 converges to LY f. By the second part of
Proposition there exists a sequence of continuous functions f,, € D(L"") such that
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fn converges to f and L' f,, converges to LY f. Applying (5.4) to f,, and V;, and recalling
(5.8) and (5.9)), we have for all a € R and n € N,
a+'¢’1,n(a)

flatbia(@) =f@) + @ [ Dbt 2LV fo(a)

a

at+y1,n(a) rb
w2 [ [V OV f (o) - 1 fu(a)ded,

fla—vunla) =f@) ~ () [ O L )

a—2 n(a) rb
+2 / / VOV (LVay, (¢) — LV f,.(a))de db.

Hence by (5.10)), for all a € R and n € N,
Tnfn(a) - fn(a)

Vn
8721 — L' fu(a)
aty1,n(a) b
§2p;,§a> / 1 / ewwV<c><Lann<c>—Lann<a>>dcdb\
_ a—v2,n(a) b
T VOV OLYe £ (0) = LY fu(a))dedt

< sup ]Lv”fn(a +h) — LV"fn(a)|.
|h|<2en

It is not difficult to deduce that (T, f, — fn)/e2 converges to LY f. Finally, by the
Theoremof convergence of discrete time Markov families, for any sequence u,, € P(Z)
such that i, converges to a probability measure p € P(R), we have

P(Bioc(S))

n—o0

Loy ((enYlyez i) = Lon (Va2 )e)

Hn

P,
where [i,, are the pushforwards of u, with respect to the mappings k — e, k. O

Appendix

We collect in this appendix several results already proved in [GHI17b] having somehow
technical statements and used in the previous sections. We refer the interested reader
to the paper [GHI17D] for the introductory contexts and proofs of each lemma.

Lemma A.1 (cf. Lemma 3.6 in [GHITb]). Let L, Loc C Co(S) x C(S) be such that
D(Loo) is dense in Co(S) and assume that, for any f € D(Ls), there exist, for each n,

fn € D(Ly,) such that f, Co, fs Lnfn <, Lo f. Consider K a compact subset of S and
n—oo n—oo
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U an open subset of S x S containing {(a,a)|a € S}. For an arbitrary (Fiy)¢-stopping
time 71 we denote the (Fy4)i-stopping time

7(71) = inf {t > | {(XTUXS)}HSSSt & Z/l}.

Then for each € > 0 there exist ng € N and § > 0 such that: for anyn > ng, for any 7
T, (Fit)e-stopping times, and for any P € M(Ly) satisfying E[(t2 — 1)L{x, exy) <
we have

<
9,

P(X, €K, 7(n1) <m) <e,

with the convention X := A.

Lemma A.2 (cf. Proposition 4.15 in [GHI7D]). Let L1, Ly C Co(S) x C(S) be such
that D(L1) = D(L2) is dense in Co(S) and assume that the martingale local problems
associated to Ly and Lo are well-posed. Let P' € M(L;) and P2 € M(Lz) be two
solutions of these problems having the same initial distribution and let U C S be an open
subset. If

Vf € D(L), (Laf)y = (L), then ZLp2 (X7 ) = Lo (X))

Lemma A.3 (cf. Lemma 4.17 in [GHITD]). Let U be an open subset of S and L be
a subset of Co(S) x C(S) with D(L) is dense in C(S). Assume that the martingale
local problem associated to L is well-posed. Then there exists a function hy € C(S,R})
satisfying {ho # 0} = U, such that for all h € C(S,Ry) with {h # 0} = U and
supgerr(h/ho)(a) < oo, the martingale local problem associated to hL is well-posed.

Lemma A.4 (cf. Lemma A.2 in |[GHI7Db]). Let (Uyn)men be an increasing sequence of
open subsets such that S = J,, Un. Forn,m € NU{oo}, let P™"™ € P(Dy,.(S)) be such
that

i) for each m € N, P»™ — P weakly for the local Skorokhod topology,

n—oo
it) for each m € N and n € NU{oo}, Lpnm (XTUm) = Lpn.oo (XTUm).

Then P — P weakly for the local Skorokhod topology.

n—o0
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