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Abstract

We set up the geometric background necessary to extend rigid cohomology
from the case of algebraic varieties to the case of general locally noetherian
formal schemes. In particular, we generalize Berthelot’s strong fibration
theorem to adic spaces: we show that if we are given a morphism of locally
noetherian formal schemes which is partially proper and formally smooth
around a formal subscheme, and we pull back along a morphism from an
analytic space which is locally of noetherian type, then we obtain locally a
fibration on strict neighborhoods.
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Introduction

State of the art

Pierre Berthelot developed rigid cohomology in the early 80’s in [3] and [2] (see also
[17]) as a p-adic cohomology theory for algebraic varieties X defined over a field k.
It takes its values over a complete non archimedean field K of characteristic zero
whose residue field is k. The main idea consists in showing that the geometry of
X is reflected in the geometry of some subspace of a rigid analytic variety over K.
More precisely, one embeds X into some formal scheme P and builds the tube | X[
of X in P as a subspace of the generic fibre of P. When P is proper and smooth
around X, then the de Rham cohomology of a small neighborhood V' of this tube is
essentially independent of the choices. This is a consequence of the strong fibration
theorem of Berthelot: if a morphism () — P is proper and smooth around X, then
it induces locally a fibration in the neighborhoods of the tubes.

There exists an alternative description of rigid cohomology that consists in putting
together all the embeddings of X in P and all the neighborhoods V of |X[. As
explained in [I8], this gives rise to the overconvergent site whose cohomology is
exactly rigid cohomology.

When the base field is not perfect, Christopher Lazda and Ambrus Pal showed in [16]
that the theory can be refined. More precisely, in order to study algebraic varieties
over k((t)), where k is a perfect field, they replace the Amice ring £, which is the
natural field of coefficients in Berthelot’s theory, with the bounded Robba ring 7.
They also replace Tate’s rigid analytic geometry with Huber theory of adic spaces:
this is necessary because the bounded robba ring lives on an adic space whose only
closed point is a valuation of height 2.

In order to obtain constructible coefficients for rigid cohomology, Berthelot also
developed in [4] a theory of arithmetic D-modules. First of all, on any smooth formal
scheme P, he builds a ring DL of overconvergent differential operators on P. Then,
when X is a subvariety of P, he considers a category of coherent F' — DLQ—modules
with support on X. In the thesis of David Pigeon ([19]), and thereafter in the work
of Daniel Caro and David Vauclair ([5]), the theory is extended to formal schemes
that are only differentially p-smooth. More recently, Richard Crew showed in [7]
that Berthelot’s theory also extends to the case of formally smooth formal schemes
that are not necessarily of finite type, but only “universally” noetherian (formally
of finite type for example). Surprisingly, these two extensions of Berthelot’s original
theory are rather orthogonal: anticipating on forthcoming notations, we can say
that when Berthelot considers A := Spec(k[t]), then Caro and Vauclair will look at
AP := Spec(k[[t]]) (which is not universally noetherian) and Crew will be interested



in A™ := Spf(k[[t]]) (which is not a p-adic formal scheme).

The main result

In this article, we set up the geometric background necessary to extend rigid
cohomology from the case of an algebraic variety over a field to any morphism
of locally noetherian formal schemes. More precisely, we extend Berthelot’s strong
fibration theorem to this setting. In order to state the theorem, it is convenient to
extend the method and the vocabulary of [I8]. The idea is to use formal schemes as
a bridge between schemes and analytic spaces. We assume that all formal schemes
are locally noetherian and all adic spaces are locally of noetherian type.

An overconvergent adic space is a pair made of a formal embedding X — P and
a morphism of adic spaces P « V. We will write (X < P « V) for short. A
formal morphism of overconvergent adic spaces is a pair of commutative diagrams

Y@, Q=——W

X P Pad \%

The formal morphism is said to be right cartesian if W is a neighborhood of the
inverse image of V along v, It is called formally smooth (resp. partially proper)
around Y if there exists an open subset U (resp. a closed subset Z) of @) that
contains Y and such that the restriction of v to U (resp. to Z) is formally smooth
(resp. partially proper).

Next, we introduce the notion of tube | X[y of X in V: this is derived from the
closed embedding case where we take the inverse image of the adic space associated
to the completion of P along X. We call a formal morphism a strict neighbourhood
if f is an isomorphism, v is locally noetherian, u is an open immersion and the
map induced on the tubes is surjective. The overconvergent adic site is obtained
by turning strict neighborhoods into isomorphisms and using the topology coming
from V. We will simply denote (X, V') the above overconvergent adic space viewed
as an object of the overconvergent adic site (and forget about P in the notations).

The strong fibration theorem states that if we are given a right cartesian morphism
which is formally smooth and partially proper around Y and such that f is an
isomorphism, then it induces locally an isomorphism (Y,W) ~ (X,P}) in the
overconvergent site.

Content

In the first section, we briefly review the theory of adic formal schemes. The main
purpose is to set up the vocabulary and the notations and give elementary but
fundamental examples. It will also be useful as a guideline for the theory of adic
spaces that will be discussed just after. We also introduce the important notion of
being partially proper for a morphism of formal schemes.



Section two is devoted to adic spaces. We mostly recall the main definitions and
give some examples as in the previous section. We also introduce the notion of adic
space associated to a usual scheme.

In section three, we recall how one may associate an adic space to a formal scheme
and show that most classical properties of adic morphisms of formal schemes are
reflected in the corresponding morphism of adic spaces. We also check that the
same holds for formal smoothness. More interesting, we also introduce the notion of
analytic property and show that if a morphism of formal schemes is partially proper
then the corresponding morphism of adic spaces is analytically partially proper.

Section four is shorter: we essentially discuss the notion of formal embedding and
prove the formal fibration theorem.

The purpose of section five is to extend the notion of overconvergent space (that
was initially developed using Berkovich analytic spaces) to the adic world. This
is essential for the development of a site-theoretic approach of rigid cohomology.
Nevertheless, it should be noticed that one might also have followed Berthelot’s
original approach and completely avoided the notion of overconvergent space.

Section five is devoted to the notion of tube in the adic world which is sensibly
different form the classical one which we call the naive tube. Anyway, we show that
in the analytic situation, the tube of closed (resp. open) subset is equal to the closure
(resp. interior) of the naive tube and we also introduce the notion of tube of finite
radius.

In section seven, we define the overconvergent site as the localization of the
category of overconvergent adic spaces (and formal morphisms) with respect to strict
neighborhoods. We show that, even if the topology comes from the analytic side,
the category is, in some sense, also local on the (formal) scheme side.

In the last section, we use all the material obtained so far in order to prove the
strong fibration theorem.

Many thanks

Several parts of this paper were influenced by the conversations that I had with
many mathematicians and I want to thank in particular Ahmed Abbes, Richard
Crew, Kazuhiro Fujiwara, Michel Gros, Fumiharu Kato, Christopher Lazda, Vincent
Mineo-Kleiner, Matthieu Romagny and Alberto Vezzani.

Notations/conventions

1. A monoid GG is a set endowed with an action on itself which is associative with
unit. Unless otherwise specified, all monoids and groups are assumed to be
commutative, but we may insist for emphasis and call them abelian when the
law is additive. A ring A is an abelian group endowed with a linear action on
itself which is associative with unit. Unless otherwise specified, all rings and



fields are assumed to be commutative, but again, we may insist for emphasis.

. If Xisa G-set, F < G and F < X, we will write
EF :={gx: ge E,x € F}.
By induction, if £ < G, we will have
E"={g1-gn: gi € E}.

If M is an A-module, £ c A and F' < M, we will denote by

E-F:= {Zfixi:fieE,xieF}

the additive subgroup generated by EFF. And if £ < A, we will denote by

E™ = {Zlefzn Ji; € E}

the additive subgroup generated by E™. We shall make an exception and
sometimes use the standard notation I™ instead of I™ when [ is an ideal. We
will also denote by I the ideal generated by {f™, f e I}.

. A (topologically) ringed space is a topological space X endowed with a sheaf of
(topological) rings Ox. A morphism is made of a continuous map f:Y — X
and a (continuous) morphism of (topological) rings Ox — f,Oy. There
exists an obvious forgetful functor from topologically ringed spaces to ringed
spaces that commutes with all limits and colimits. Conversely, any ringed
space may be seen as a topologically ringed space by using the fully faithful
adjoint to the forgetful functor (discrete topology and sheaffifying). Note that
a (topologically) ringed space is a sheaf on the big site of (topologically) ringed
spaces: the site is subcanonical.

. A (topologically) locally ringed space is a (topologically) ringed space X
whose stalks are all local rings. A morphism of (topologically) locally ringed
spaces is a morphism of (topologically) ringed spaces that induces a local
homomorphism on the stalks. The above forgetful functor and its adjoint are
compatible with these new conditions. And again, the sites are subcanonical.
If x € X, we will denote the residue field of the local ring Ox , by s(z). If f
is a section of Ox in a neighborhood of x, we will denote by f(x) the image
of fin k(x).

. A (topologically) valued ringed space is a (topologically) locally ringed space X
whose stalks Oy, are endowed with a valuation (up to equivalence) v, whose
kernel is exactly mx .. This is actually equivalent to choosing a valuation ring
V(z) of k(z). By definition, the height of x is the height of v, and x is called
trivial when v, is trivial (height = 0). A morphism of (topologically) valued
ringed spaces is a morphism of (topologically) locally ringed spaces such that
the induced morphism on the stalks is compatible (up to equivalence) with the
valuations. This is equivalent to require that it induces a morphism between



10.

11.

the valuation rings. There exists an obvious functor that forgets the valuation.
It possesses a fully faithful adjoint which is simply obtained by endowing Ox .,
with the valuation induced by the trivial valuation on k(z). In particular, any
(topologically) locally ringed space may be seen as a (topologically) valued
ringed space.

. A doubly (topologically) (locally) ringed space is a triple (X, Ox,O%) were

both (X,Ox) and (X,0%) are (topologically) (locally) ringed spaces and
0% < Ox. Morphisms are defined in the obvious way. We will still
denote by X the (topologically) (locally) ringed space (X, Ox) and then write

X+t = (X,0%). This provides and adjoint and a coadjoint to the obvious
functor (X,0x) — (X, Ox, Ox).

. If X is a (topologically) valued ringed space, then we shall denote by OF

the subsheaf locally defined by the conditions v,(f) = 0. This defines a
functor from (topologically) valued ringed spaces to doubly (topologically)
locally ringed spaces which happens to be fully faithful.

Let X be a topological space and z,y € X. We write y ~~ x, and we say that
x is a specialization of y or that y is a generization of x, if any neighborhood
of = is also a neighborhood of y. Alternatively, it means that = € {y} (the
topological closure). This defines a partial order on the points of X.

. A topological space is said to be coherent if it is quasi-compact, quasi-separated

and admits a basis of quasi-compact open subsets. It is said to be sober if
any irreducible subset has a unique generic point. It is called spectral if it is
coherent and sober.

A subset of a topological space X is (globally) constructible (resp. ind-
constructible, resp. pro-constructible) if it is a (resp. a union of, resp. an
intersection of) boolean combination(s) of retrocompact open subspaces. If
X is coherent, a locally constructible (resp. locally ind-constructible, resp.
locally pro-constructible) subset is automatically (globally) constructible (resp.
ind-constructible, resp. pro-constructible). The constructible topology on a
topological space X is the coarsest topology for which the locally constructible
subsets are open.

If X is a locally spectral space, then a subset is open (resp. closed, resp.
open and closed) in the constructible topology if and only if it is locally ind-
constructible (resp. locally pro-constructible, resp. locally constructible). A
subset of a locally spectral space is closed (resp. open) if and only if it is locally
pro-constructible (resp. locally ind-constructible) and stable under specializa-
tion (resp. generization). Any quasi-compact quasi-separated continuous map
of locally spectral spaces is always continuous and closed for the constructible
topology.



1 Adic formal schemes

In this section, we briefly review the basics of adic formal schemes, give some
examples and generalize some notions to the case of non-adic morphisms. We send
the reader to chapter 2 of [I] and chapter 1 of [§] for a recent presentation of the
subject (see also chapter 10 of [I0]). Note that the terminology may vary from one
reference to another and we tend to prefer a vocabulary which is compatible with
the usual conventions for adic spaces.

At some point, we will impose noetherian conditions but we can make some general
definitions first.

Definition 1.1. A topological ring A is called adic if there exists a finitely generated
ideal I whose powers I'™ form a fundamental system of neighborhoods of 0. Such an

ideal is called an ideal of definition. A homomorphism A — B of adic rings is called
adic when IB is an ideal of definition of B.

Following Huber, we do not assume the topology to be complete or Hausdorff in
general and will denote by A := lim A/I"*! the (Hausdorff) completion of A. On
the other hand, we require I to be finitely generated (which is not standard) It
follows that_ A will be a complete adic ring with ideal of definition [ A and that
A/l = A/[A (and we may in practice replace A with A)

If we are ready to always assume completeness, one may consider the more general
notion of admissible ring. Note also that we can always see a usual ring as a complete
adic ring because the discrete topology is adic (and complete) with respect to the
zero (or any nilpotent) ideal.

A morphism of adic rings A — B is simply a continuous homomorphism of rings
and it will always send an ideal of definition into some ideal of definition. We will
always make it clear when we assume that the morphism is actually adic (which is
a much stronger condition).

Definition 1.2. If A is a topological ring, then the formal spectrum of A is the set
P :=Spf(A) of open prime ideals of A.

If A is a topological ring, f € A and p € P = Spf(A), then we will denote by f(p)
the image of f in k(p) := Frac(A/p). The set P is endowed with the topology such
that the subsets

D(f)={peP: f(p) # 0}
form a basis of open subsets. This is a spectral space.

When A is an adic ring, there exists a unique sheaf of topological rings Op such that

I'(D(f),0p) = A[1/f] (1)

(this is the completion for the I-adic topology if I denotes an ideal of definition of
A). This turns P into a topologically locally ringed space.




If A is an adic ring, then there exists a canonical isomorphism of topologically
locally ringed spaces Spf(A) ~ Spf(A) and this is why we may usually only consider
complete adic rings. If one is ready to work only with complete rings, one can define

more generally the topologically ringed space associated to an admissible ring A.

Note that we always have I'(P,Op) = A but theorem A and B do not hold without
further hypothesis on A. For example, we have:

Proposition 1.3. If A is a noetherian adic ring and if P = Spf(A), then the
functors

M~ Op®%M and F+— RI(P,F)

induce an equivalence between finite A-modules and coherent Oy -modules.
Proof. This is shown in [I0] for example. O

The same result holds if we require the topology of A to be discrete (in which case
it reduces to the analogous result on usual spectra).

Definition 1.4. An adic formal scheme is a topologically locally ringed space P
which is locally isomorphic to Spf(A) where A is an adic ring. It is said to be affine
if it is actually isomorphic to some Spf(A).

An adic formal scheme is a locally spectral space. Note that one can define the more
general notion of formal scheme by using admissible rings.

If X is a scheme, then it is a locally ringed space and the topologically locally ringed
space associated to X is an adic formal scheme. This gives rise to a fully faithful
functor. Note that we recover X by simply forgetting the topology on the sheaf of
rings. In practice, we will identify X with the corresponding adic formal scheme.
Note that, with this identification, if A is an adic ring with ideal of definition I, we

have
Spf(A) = lim Spec(A/I").

The functor
A — Spf(A)

is fully faithful on complete adic rings. Better, there exists an adjunction
Hom(X, Spf(A)) ~ Hom(A,I'(X, Ox))

(continuous homomorphisms on the right hand side). As a consequence, the category
of adic formal schemes has finite limits and we always have

Spf(A) X Spf(R) Spf(B) = Spf(A ®r B)

Example If S is any adic formal scheme, then we may consider:



1. the relative affine space

c=Ax---xAxS
—

n times

in which A := Spec(Z[T]) (seen as a formal scheme). This is the same thing
as the usual formal affine space which is usually denoted with an extra hat.
If A is an adic ring with ideal of definition I, S = Spec(A) and A[T7,...,T,]
has the I-adic topology, we have

A" = Spt(A[T), ... T,]).

and we may sometimes write AZ. Note that we could as well use the I-adic

completion ﬁ{Tl, ., T} of A[Th,...,T,]. This gives the same adic formal
scheme.

2. the relative projective space
Ps:=P" xS
(which is also usually denoted with an extra hat) in which

P" = Proj(Z[Ty, ..., T,]).

We will also write I@”}‘ when S = Spf(A). We may drop the exponent n when
n = 1 and simply denote by P the projective line.

3. the relative open affine space

AYT :=A" x - x A7 xS
(S ———
n times

in which A~ := Spf(Z[T]) where Z[T'| has the T-adic topology. If A is an
adic ring with ideal of definition I, S = Spf(A) and A[Ty,...,T,] has the
I1,...,T,] + (11, . .., T,)-adic topology, then

A% = Spf (A[Th, ..., T,]) = Spt (ﬁ[[Tl, . ,Tn]]>

and we will also write A%
4. the relative bounded affine space
A% = Spf (A[[TY, ..., T]]),

(also denoted by &Z’b) in which S = Spf(A) and A[[T,...,T,]] has the I-adic
topology. Be careful that BRA[[T}, ..., T,]] # B[[Ti,...,T,]] if completion
is meant with respect to the topology of B (unless B is finite over A or n = 0).
It follows that the bounded affine space is really a global object.
There exists a sequence of “inclusions”
AT = AF” — AL — PL.
We may also notice that A represents the sheaf of rings P — I'(P, Op) and that A~
represents the ideal of topologically nilpotent elements.

9



A morphism of adic formal schemes () — P is simply a morphism of topologically
locally ringed spaces. It is said to be adic if it comes locally from an adic map
A — B. In the affine case, it will then come globally from an adic morphism of adic
rings. A morphism of adic formal schemes () — P is affine if it comes locally on P
from a continuous map A — B. When P is an affine adic formal scheme, then @)
will also be affine. Note that an affine map is not necessarily adic.

A morphism of adic formal schemes Q) — P is a closed immersion (resp. finite) if it
comes locally on P from an adic surjective (resp. finite) map A — B. Again, in the
affine case, it will come globally from an adic surjective (resp. finite) map. A locally
closed immersion is the composition of a closed immersion with an open immersion
(in that order). This gives in particular rise to the notions of (locally) closed formal
subscheme.

A morphism Q — P of adic formal schemes is said to be locally of finite type if Q
is locally isomorphic to a closed formal subscheme of a Al. This is always an adic
morphism. If moreover, it is quasi-compact, then it is said to be of finite type. A
morphism of affine formal schemes is of finite type if and only if it is globally a closed
subscheme of some affine space. There also exists a stronger notion of morphism
(locally) finitely presented by requiring that the subscheme of A’ is defined by a
finitely generated ideal but this will not matter to us when we work in the noetherian
world.

A morphism Q — P of adic formal schemes is locally quasi-finite if it is locally of
finite type with discrete fibres (locally on P and @, this is the composition of an
open immersion and a finite map). It is said to be quasi-finite if moreover it is
quasi-compact.

If u: @ — P is any morphism of adic formal schemes, then the diagonal map
A:Q — Q xpQ is alocally closed immersion. The morphism u is said to be quasi-
separated (resp. separated) if A is quasi-compact (resp. closed). The morphism u is
said to be proper if it is separated of finite type and universally closed.

A morphism u : ) — P is said to be formally unramified (resp. formally smooth,
resp. formally étale) if any commutative diagram

Q< ]TD
Spec(R/a)C—:E}pec(R)

with a nilpotent may be completed by the diagonal arrow in at most (resp. at
least, resp. exactly) one way. When P = Spf(A) and @) = Spf(B) with A and B
complete, it means that the morphism of rings A — B is formally unramified (resp.
smooth, resp. étale). Be careful that being formally smooth is not a local property
in general. The morphism u is called unramified (resp smooth, resp. étale) if it is
formally unramified (resp. smooth, resp. étale) and locally finitely presented (which
is equivalent to locally of finite type in the noetherian situation below). There
exists an intermediate notion: a morphism u : ¢ — P of adic formal schemes is
differentially smooth if there exists, locally on @), a formally étale morphism Q) — A’%.

10



If @ — P is an immersion defined (on some open subset of P) by an ideal Z,
we may consider the first infinitesimal neighborhood QM) of Q in P defined by IQQ
(which is always an adic formal scheme) and the corresponding short exact sequence

0 — Ng/p = Oqy, = Og — 0

where NQ/p is by definition the conormal sheaf. In the case of the diagonal
immersion ) — ) xp @ associated to a morphism () — P, we obtain the sheaf
of differential forms Qfp. When P = Spf(A) and @ = Spf(B) are affine, we have

~

F(Qa QlQ/P) = Q}B/A‘

Definition 1.5. An adic formal scheme P is said to be locally noetherian if it is
locally isomorphic to Spf(A) where A is a noetherian adic ring. It is said to be
noetherian if, moreover, it is quasi-compact.

When P is locally noetherian, there exists a unique reduced closed subscheme
P.q © P having the same underlying space as P (in other words, there exists
a biggest ideal of definition). This provides an adjoint to the embedding of the
category of locally noetherian schemes into the category of locally noetherian formal
schemes.

Recall that the product of two locally noetherian formal schemes is not necessarily
locally noetherian (see example below). In order to get around this difficulty, the
following notion was introduced by Richard Crew in [7]:

Definition 1.6. A morphism of adic formal schemes u: P’ — P is said to be
(universally) locally noetherian if, whenever Q@ — P is a morphism of adic formal
schemes with Q locally noetherian, then u='(Q) := P' xpQ is locally noetherian. In
the case u is quasi-compact, the morphism is said to be (universally) noetherian.

From now on and unless otherwise specified, all adic formal schemes will be
assumed to be locally noetherian and simply called formal schemes.

It is shown is [7] that the notion of locally noetherian morphism is stable under
product and composition. Moreover, if v : () — P is a locally noetherian morphism,
then Qb /p 1s & coherent sheaf and we have Qb sp = 0 if and only if u is unramified.
This is also the correct condition in order to have a Jacobian criterion:

Theorem 1.7 (Crew). Assume that P — S and QQ — S are two locally noetherian
morphisms of formal schemes.

1. If u: @Q — P is an S-morphism, then there exists a right exact sequence

Assume moreover that Q is formally smooth over S. Then u is formally smooth
(resp. étale) if and only if u*Q}D/S is locally a direct summand in (resp. is
isomorphic to) Q) .

11



2. Ifi:Q — P is an S-immersion, then there exists a right exact sequence
Y N 1

Assume moreover that P is formally smooth over S. Then Q) is formally
smooth (resp. étale) over S if and only if Ngs is is locally a direct summand
in (resp. is isomorphic to) i*Qp .

Proof. This is proved in [7]. O

It is also shown that a locally noetherian morphism « is formally smooth if and only
if it is differentially smooth.

Example We let S be a formal scheme (that we assume to be affine when we
consider a bounded affine space over S).

1. The formal scheme A% xg AY% is not locally noetherian in general: the ring
A[[T]]®4A[[T]], where completion is meant with respect to the topology of
A, is not noetherian in general (e.g. a big field with the discrete topology).

2. Let S = Spf(V) where V is a discrete valuation ring with perfect residue field
k of characteristic p > 0. Then the formal scheme A% is not smooth over S but
it is differentially smooth. This holds more generally in the case S = Spf(A)
when A has the p-adic topology and the absolute Frobenius of A/pA is finite.

3. The formal scheme Ay is formally smooth. In particular, it is differentially
smooth. Note however that this is not a smooth formal scheme over S because
it is not even adic over S.

4. Of course, the formal scheme Ag is smooth over S.

When we consider a morphism of formal schemes u: ) — P, we may wonder how
some properties of the morphism of schemes tyeq: Qrea — Prea might impact the
morphism u. For example, one knows that u is separated or affine if and only if ueq
is separated or affine. Also, u is universally locally noetherian if and only if u.eq is
(and this can be tested with usual locally noetherian schemes).

Definition 1.8. A morphism of formal schemes u: QQ — P is said to be
1. formally (locally) of finite type (resp. formally (locally) quasi-finite) if teq s
(locally) of finite type (resp. (locally) quasi-finite).

2. partially proper (resp. partially finite) if u is formally locally of finite type and
induces a proper (resp. finite) morphism of schemes Zyq — Treqa whenever Z
and T are irreducible components of Q@ and P such that w(Z) < T,

12



One may also call u a formal thickening when u,.q is an isomorphism, in which case
all the above properties are satisfied.

When u is an adic morphism, u being formally (locally) of finite type or quasi-finite,
is equivalent to u being (locally) of finite type or quasi-finite, but this is not the case
in general (see examples below). When w is quasi-compact, u being partially proper
or finite is equivalent to wu,.q being proper or finite. If moreover, u is adic, this is
equivalent to u being proper or finite.

It is important to notice that a morphism which is locally formally of finite type is
automatically locally noetherian.

Example 1. If S is any formal scheme, then the structural map Ay — S is a
formal thickening. This provides an example of a morphism which is partially
finite, and therefore partially proper and formally quasi-finite, and in particular
formally of finite type. However, this morphism is not locally of finite type
(and not locally quasi-finite, not proper, not finite either) because it is not
adic.

2. Classically, the formal model of G,, whose reduction is an infinite union of
projective lines, each meeting another one in exactly one point, is a partially
proper formal scheme. However, it is not quasi-compact.

When we write A%, we mean a product of N copies of A or A~. Of course, they
may be reordered so that
AN = A" x AT
with N =n + m. In other words, if S = Spf(A), we have
ASYN = Spf(A[Ty, ..., T, S1,. .., Sm))

with the I[T},...,T,,S1,...,Sn] + (S1,...,Sn)-topology. Alternatively, we can
write

ASN = Spf(A{Ty, ..., T }[S1, - .., Sm]])
— SPf(A[[S1, ..., ST, ..., TL)).

Lemma 1.9. A morphism of formal schemes u: @Q — P is formally locally of
finite type if and only if it factors, locally on P and @, through a closed immersion
Q — Ap".

Proof. The condition is clearly sufficient and, in order to prove that it is necessary,
we may assume that v comes from a continuous morphism of noetherian adic rings
A — B with B complete. If J is the biggest ideal of definition of B, then our
hypothesis tell us that the composite map A — B — B/J is of finite type and
extends therefore to a surjective map A’ := A[Ty,...,T,] — B/J. Assume that
J is generated by ¢1,...,¢,. Then, since B is complete, there exists a unique
continuous map A” := A'[[Sy,...,Sn]] — B that sends S, to g; for alli =1,... ,m.
After completion, this map is surjective because it is adic and surjective onto B/I" B
where I” is the biggest ideal of definition of A”. O
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As a particular case, we see that a formal scheme is formally locally of finite type
over a discrete valuation ring if and only if it is special in the sense of Berkovich.

Definition 1.10. A morphism of formal schemes u: Q — P is said to satisfy the
valuative criterion for properness if, given a field F' and a valuation ring R of F,
then any commutative diagram

Q2 P

|

Spec(F') — Spec(R)

may be uniquely completed by the dotted arrow.

When @ = Spf(B) is affine, the lifting property simply means that the image of
B — F' is contained in R.

Proposition 1.11. If u is a partially proper morphism of formal schemes, then it
satisfies the valuative criterion for properness.

Proof. This follows directly from the valuative criterion fo properness for usual
schemes because properness is not sensitive to nilpotent immersions (and F' and
R have the discrete topology). O

One can show that, for a morphism of finite type, the criterion is actually equivalent
to properness.

2 Adic spaces

In this section, we give a brief description of the theory of adic spaces and some
standard examples. We mostly follow the notes of Wedhorn in [23] but the
vocabulary is also influenced by Scholze’s lectures in Berkeley ([21]) and Conrad’s
lectures in Stanford ([6]) (see also [24]). Anyway, almost everything can be found in
the original papers [14] and [12]. We keep the additive notation from Huber’s thesis.

Definition 2.1. If A is any ring and G is a totally ordered additive group, a
valuation

viA— Gu{+x}
is a map that satisfies
1. v(1) =0, v(0)= 400,
2.Vf,ge A, u(fg) =v(f)+v(g),
3. Yf,ge A, v(f+g)=min(v(f),v(g)).

14



The height of v is the height of the subgroup G, generated by the image of v. We
call v trivial if G, = {0} and discrete if G, ~ Z.

Two valuations v and v' on the same ring A are said to be equivalent if they define
the same preorder on A:

Vige A, o(f) <v(g) = (f) <V(g)

(or equivalently, if they both factor through a common valuation).

Example 1. Up to equivalence, a trivial valuation corresponds to a unique prime
pc A
v(f)=0< f(p) #0 and v,(f) =+ < f(p)=0.

Recall from our conventions that f(p) denotes the image of f in k(p) :=
Frac(A/p) so that the condition also reads f ¢ p or f € p.

2. If v is a valuation on a ring A, then the Gauss valuation on A[T] is defined
for F':= Z?:o fiT" € A[T] by

o(F) = minv(f;) € G L {+o0}.

It has the same height as the original valuation (geometrically, it corresponds
to the generic point of the unit disc).

3. With the same notations, one may always define valuations of higher height
by
v (F)=(v(F), min i)e(GxZ)u{+wo
()= (oF) v i) € (G2 (i)
or
v (F =<vF,— max i)e G x Z) u {+o0},
(F) = (v(F),~ max i) € (G xZ)u {+)
where G x Z has the lexicographical order (geometrically, they corresponds
to the specializations of the generic point inside and outside the unit disc).
When we start from a trivial valuation on an integral domain, then v~ = val
(standard valuation on polynomials) and v* = — deg (where deg denotes the
degree map on polynomials).

The support of a valuation v on A is the prime ideal

supp (v) :={f € A:v(f) = +0}.

The residue field of v is k(v) := k(suppv) and the image of f € A in k(v) will be
denoted by f(v) = f(suppv).

Some authors prefer the multiplicative notation for valuations. We will do that
only for fields. In general, one can move back and forth between the additive and
multiplicative notation by writing formally

I':=exp(—G) = {exp(—g),g€ G} and G:=—In(l') ={—In~vy,vel}.

15



Definition 2.2. If K is a field and I is a totally ordered (commutative) multiplica-
tive group (of any height), then an (ultrametric) absolute value

‘_’K_){O}UF>
is a map that satisfies

1. Vae K, |aj=0<a=0,
2. Ya,be K, |ab|] = |a||b],

3. Va,be K, |a+ b <max(|al, [b]).

Besides the multiplicative notation and reversing order, this is nothing but a
valuation on K and we will apply systematically the vocabulary of valuations to
ultrametric absolute values. Note that we do not require an absolute value to have
height at most one (this is not standard).

When K is endowed with an ultrametric absolute value (of any height), we call it a
valued field and call
K*:={ae K :|a] <1}

its valuation ring. Up to equivalence, | — | is uniquely determined by K, the value
group I'|_| is isomorphic to K*/K** and the height of | — | is the same thing as
the dimension of K*. The ultrametric absolute value induces a topology on K with
basis of open subsets given by the open “discs”

D(C,V):{GEK, |CL—C|<’7}

(this is the coarsest topology making the absolute value continuous - see below).

Any valuation v on a ring A will induce an ultrametric absolute value of the same
height | — | on k(v) (and conversely). The formulas are simply given by

[f(0)] = exp(=v(f)) and o(f) = —In([f(v))).

Definition 2.3. A topological ring A is called a Huber ring (an f-adic ring in the
sense of Huber) if there exists an open adic subring Ay = A. We then call Ay a ring
of definition of A and any ideal of definition Iy of Ay will be also called an ideal of
definition of A. A ring homomorphism A — B between two Huber rings is called
adic if it induces an adic map between some rings of definition.

When A is a Huber ring, then the completion A of A as an Ag-module is also a
Huber ring and it does not depend on the choice of Ag. Moreover Ay is a definition
ring for A and we have A = A ®4, Ao.

By definition, a morphism of Huber rings A — B is a continuous homomorphism
and it will always send a ring (resp. an ideal) of definition into some ring (resp. some
ideal) of definition. We will make it clear when we assume that the morphism is
actually adic (which is again a much stronger condition).
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Definition 2.4. Let A be a Huber ring. Then,

1. A is said to be of of noetherian type if A is finitely generated over some
noetherian ring of definition.

2. A is called a Tate ring if there exists a topologically nilpotent unit w € A.

Note that if A is of noetherian type or if A is a Tate ring, so is A

Example 1. An adic ring A is always a Huber ring which is its own definition
ring. It is of noetherian type if and only if A is noetherian. It cannot be a
Tate ring unless A is the zero ring. This applies in particular to usual rings
(endowed with the discrete topology).

2. If A is an adic ring and 7 is a topologically nilpotent element which is not a
zero-divisor, then A[1/x] is a Tate ring with definition ring A. Any Tate ring
arises in this way. The Tate ring A[1/7] is of noetherian type if (but not only
if) A is noetherian.

3. Let (K, |—|) be a valued field (of some height). We endow K with the topology

induced by | — |. Then K is a Huber ring if and only if its topology may be
defined by some absolute value of height at most one. When this is the case,
we call (K, | —|) a Huber valued field. Actually, either | — | is trivial or the

topology may be defined by an absolute value of height exactly one. When
this is the case, (K| —|) is called a Tate valued field and K is called a non
archimedean field. A non archimedean field is of noetherian type if and only
if the topology may be defined by a discrete valuation.

4. Let A be a Huber ring with ring of definition Ay and ideal of definition . If
(f1,..., fr) is an open ideal in A, then the polynomial ring A[T] is a Huber
ring for the topology defined by the subring Ao[fiT*, ..., f,T*] endowed with
the ideal of definition Io[f,T*, ..., f,T*]. Openness condition is necessary for
A[T] to be a topological ring (for this topology). These constructions preserve
the noetherian type and the Tate conditions.

If A is a Huber ring, we will denote by A° the subring of power bounded elements
of A (union of all rings of definition) and by A°° the ideal of topologically nilpotent
elements in A° (union of all ideals of definition).

Definition 2.5. A Huber pair (an affinoid ring in the sense of Huber) is a pair

(A, A™) where A is a Huber ring and A" is any subset A°. The integral closure A"
of the subring generated by At and A°° is called the ring of integral elements.

As we will see below, there is no harm in replacing A" with A (as Huber
systematically does). There is however more flexibility in not making such an
assumption. We will call the Huber pair (A, A*) complete if A is complete and

A is the full ring of integral elements (AT = A").
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A Huber pair (A, AT) is said to be of noetherian type or is called a Tate pair when
A is of noetherian type or a Tate ring, respectively. Note that A" plays no role in
this definition.

Example 1. If A is any Huber ring, then both (A, A°) and (A, &J) are Huber
pairs. The ring of integral elements is A° in the first case and this is the
integral closure of the subring Z - 14 + A°° < A in the second case.

2. If A is an adic ring, and this includes usual rings (with the discrete topology),
then (A, A) is a Huber pair. If 7 € A is a non zero topologically nilpotent
element which is not a zero divisor, then (A[1/7], A) is a Tate pair with ring
of integral elements equal to A. This cannot happen if A is a usual ring (with
the discrete topology).

3. Let (K,| —|) be a non trivially valued field with valuation ring K*. Then
(K, K*) is a Huber pair if and only if K has a prime ideal of height one (| — |
is microbial in Huber’s words), and then, K* is exactly the ring of integral
elements (but K+ # K° in general). The ring K" is not noetherian unless
the absolute value | — | is discrete, but (K, K*) will be of noetherian type
whenever the topology of K may be defined by a discrete valuation.

4. In the case A = Z[1/p] (with the discrete topology), there exists essentially
two Huber pairs, with rings of integral elements Z[1/p] and Z. They will both
play a role in the theory.

5. Assume that (A, A") is a Huber pair, that A[T'] has the topology induced by
Aol 1T, ..., [, T] for some fi,..., f, generating an open ideal in A and ring of
definition Ay. Then, we will usually choose A[T|* = AT U {fiT,..., f.T}.

If G is a totally ordered additive group, then G U {+0} is endowed with the topology
whose open subsets U are defined by the conditions

+o0¢U or IMeG,|M,+x[cU.

In particular, the topology of a valued field K is the coarsest topology making
the absolute value continuous. As a consequence, we see that a valuation v on
a topological ring A is continuous if and only if the quotient map A — k(v) is
continuous.

Definition 2.6. The adic spectrum of a Huber pair (A, AT) is the set V :=
Spa(A, AT) of equivalence classes of continuous valuations on A that are non-
negative on AT,

We always have
A" ={feAVveV,u(f) =0} and V =Spa(4,A")

This is why we may usually replace A" with A" and assume that A is the full ring
of integral elements.
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If A is a Huber ring, then there exists a smallest and a biggest adic spectrum
associated to A which are given by

Spa(A) := Spa(A, A°) and Cont(A) := Spa(A4, )

This notation will also be used when A has the discrete topology in which case
Spa(A) denotes the set of all non-negative valuations on A, but we would then
rather write Spv(A) instead of Cont(A) for the set of all valuations.

The adic spectrum V := Spa(A, A™) is endowed with the topology for which a basis
of open subsets is given by the rational subsets

R(fl/fo,...,fr/fo) = {’UZ VZ = 1,...,n,v(f2-) = U(f()) #* +OO}

in which (fo,..., f;) is an open ideal. Note that the condition (fo, ..., f.) open is
not necessary in order to obtain an open subset of V' (although it would not be
called rational anymore). As a consequence, the topology of V' only depends on the
ring A (and not the topology of A or the choice of AT).

Example 1. If K is any field (endowed with the discrete topology) and & is any
subring of K, then Spa(K, k) is the Riemann-Zariski space of K over k. As a
standard example, note that Spa(C(X),C) ~ P¢ (more about this later).

2. For n € Z, set
0<n):{0 ifn#0

+o0o ifn=0"

then, if p is prime, denote by v, the usual p-adic valuation, and set

40 if ptn
p(n)_{—i-oo ifpln -

Then, we have
Spv(Z) = {0, v, for p prime, p for p prime}.

Any proper closed subset is a finite union of subsets of the form {p} or {v,, p}.

An important theorem of Huber states that V is a spectral space (coherent and
sober). Let us say a few words about specialization/generization on adic spectra.

Lemma 2.7. Let (A, A") be a Huber pair and v,w € V = Spa(A, A"). Then
w > v if and only the valuations induce a morphism of ordered groups G, — G,
such that

Vf,9e A, v(g) <o(f) =+ = w(g) < w(f). (2)

Proof. Recall that, by definition, w v~ v if and only if any neighborhood of v is
also a neighborhood of w. It means that

Vg€ A, w(f) = v(g) # +o0 = w(f) = w(g) # +0. (3)

19



Thus, we see that if v(f) = v(g) # +o0, then necessarily w(f) = w(g) # 4+ and
there exists therefore a well defined map

Gy, nv(A) > Gy nw(A), v(f)— w(f).

The condition also shows that this map preserves the order. Moreover, since we
always have v(fg) = v(f) + v(g) and w(fg) = w(f) + w(g), it extends uniquely to
a group homomorphism which is automatically order preserving because the group
laws are compatible with the orders. Conversely, if the valuations induce a morphism
of ordered groups, then condition (3] is automatically satisfied whenever v(f) # 400
and only condition (2) had to be checked. O

Note that the support map is compatible with specialization: we have
W > U = SUPP W v~ SUPP U

(which means that supp w < suppv). There are two special kinds of specializations:

Definition 2.8. Let V = Spa(A, A") be an adic spectrum and v,w € V. Then,

1. v is a horizontal (or primary) specialization of w if the valuations induce an
injective morphism of ordered groups G, — G, and

Vf,ge A, v(g) <v(f) =+0=w(g) <w(f)

2. v is a vertical (or secondary) specialization of w if the valuations induce a
surjective morphism of ordered groups G, — G, and

Vie A, o(f)=+0w=w(f)=+ow0.

Note that a specialization w v~ v is vertical if and only if suppw = supp v (it lives
in a fiber of the support map). On the other hand, given an inclusion supp w < p
where p is some prime ideal in A, there will exist at most one horizontal specialization
w ~~ v with supp v = p. A basic theorem of the theory states that any specialization
is the composition of a vertical one and a horizontal one (in that order).

Example 1. In Spv(Z) we have the following vertical and horizontal specializa-

tions (for any prime p)
0

é

’Up N> p .

2. If A is a Tate ring, all specializations are vertical and any valuation v has a
unique (vertical) generization w of height 1.

For further use, we need to show some properties of specialization:
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Lemma 2.9. Let V = Spa(A, A") be an adic spectrum, v,w € V and f € A. Assume
that w ~~ v in V. Then, we have

1. w(f) = +0 = v(f) = +0, and conversely if the specialization is vertical,

2. w(f™) - +oo = v(f") > +oo,

3. w(f)>0=v(f)>0 and conversely if the specialization is horizontal.

Proof. The first assertion follows from the existence of the map G, — G, and the
very definition of a vertical specialization. For the second one, let us assume that
the set {v(f™)}nen is not bounded. It means that there exists 7, € G, such that
for all n € N we have v(f") < 7,. Then, if we denote by v, € G, the image of ,,
we will have for all n € N, w(f") < v, which means that the set {w(f™)} ey is not
bounded either. The last implication follows from the fact that the map G, — G,
always preserves the order and that it even strictly preserves the order when it is
injective. ]

We may also notice that we always have v(f) > 0 < v(f") — +00 when v has height
as most one but this is not true anymore in higher height.

We say that the Huber pair (A, A") or that V' := Spa(A, A") is sheaffy if there
exists a (necessarily unique) structural sheaf Oy for which

—_—

F<R(f1/f0w”7fr/f0>7ov> :A[l/f0]7 (4)

where A[1/fy] is the Huber ring whose ring of definition ring is Ao[f1/fo,- - -, f+/fo]
(and completion is meant relatively to this structure) for some ring of definition A,
of A. When this is the case, V' := Spa(A, A") is a topologically valued ringed space.

If V= Spa(A, A") is an adic spectrum, then the inclusion of valued fields
Frac(A/supp v) < Oy,,/my,,

(which is not an equality in general) induces an isomorphism on the completions
and there should therefore be no problem in practice if we write x(v) for both fields.
Following Berkovich, we will denote by H(v) their common completion.

Example 1. If V = Spa(C(X),C), then we have an isomorphism of locally
ringed spaces V1 ~ Pc.
2. There exists isomorphisms

Spv(Z)\{p} ~ Spv(Z[1/p]) and Spv(Z)\{v,,p} ~ Spa(Z[1/p]).

It is important for us to notice that, when A is of noetherian type, then V is
automatically sheaffy. There are actually many various other conditions that would
insure that V is sheaffy. This is the case for example also if A has the discrete
topology. When A is of noetherian type, one can also prove Hilbert’s theorems A
and B as in the case of formal schemes:
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Theorem 2.10 (Huber). If A is of noetherian type and V = Spa(A, A"), then the
functors
M~ Oy ®5M and Fw— RI(V,F)

induce an equivalence between finite A-modules and coherent Oy -modules.
Proof. This is shown in [12]. O

Again, the same result also holds when A has the discrete topology.

Definition 2.11. An adic space (or Huber space) is a topologically valued ringed
space V', which is locally isomorphic to some (sheaffy) adic spectrum Spa(A, A*). It
is said to be affinoid if it is actually isomorphic to some Spa(A, A").

Note that V is a locally spectral space. Alternatively, we could define an adic space
as a doubly topologically locally ringed space (V, Oy, O5) locally isomorphic to an
adic spectrum.

The functor
(A, A%) = Spa(4, A%)

is fully faithful on complete sheaffy pairs. Better, there exists an adjunction
HOHl(X7 Spa(Aa A+>) = Hom((A, A+>a (F(Xa OX)? F(X? O;())

(compatible pairs of continuous homomorphisms on the right hand side). It is
important to notice however that there is no fibered product in general in the
category of adic spaces and that a (fibered) product of affinoid spaces is not
necessarily affinoid (Spv(Z[T']) x Spa(Q,) for example). Nevertheless, all the
products used in the examples below are representable.

Example If O is any adic space, we may consider:

1. the closed unit polydisc
H=Dx---xDxO
—_—
n times

in which D := Spa(Z[T]) (with the discrete topology). In the case O =
Spa(A, A1), we have

Dy = Spa (A[Th, ..., T,], AT}, ..., T,])
(with the topology coming from A).

2. the affine space
Ag :Aval N XAvaIXO
o ~- >
n times

in which A" := Spv(Z[T]). Note that O being affinoid will not imply that
AP is affinoid.
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3. the closed polydisc of radii {fz_f}

D0, /1)) = Do0. 1} }) %o+~ 0 Bo(0. {f}})

where Do (0, { fj_% }) is the disc of radius { fj_%} defined as

Do(0, i *, .. fr %) = {ve Ao, o(ATY), ... v(£,T%) = 0}.

In this definition, we assume that O lives over some affinoid space Spa(A, A™)
and that fi,...,f, € A generate an open ideal of A. In the case O =
Spa(A, A1), then a closed polydisc of some radii is always affinoid and

Do(0, fi %, f ¥) = Spa(A[T], A*[AT ..., £,T4))

(with the topology induced by Aq[fiT*,..., f,T*] if Ay denotes a ring of
definition of A).

4. the open unit polydisc
DG =D x---xD” xO
—_————
n times
in which D~ := Spa(Z[T]) = Spa(Z[[T]]) with the T-adic topology. Again,
the fact that O is affinoid will not imply that the open unit polydisc is affinoid.

The affine space is the union of all closed polydiscs of the same dimension. Actually,
if O = Spa(A, A") and fi,..., f, are topologically nilpotent elements of A that
generate an open ideal in A, then it is easily checked that

Ao = UDO (0, {fg_l}\z\=k) :

Here, we use the usual multiindex notation f; := f{* - f* and |i| := iy + - + iy, if
i=(iy,...,i) € N~

Also, if O is an analytic space (see below), then the open unit polydisc is a union
of closed polydiscs. Actually, if A is a Tate ring with topologically nilpotent unit 7
and O = Spa(A, A™"), then we have

D = | JDo(0,7%).
k

Be careful however that D, is usually strictly smaller than the subset {v €
Do, v(T) > 0} which therefore is not a disc.

A morphism of adic spaces W — V is simply a morphism of topologically valued
ring spaces. It is said to be adic if it comes locally from an adic morphism of Huber
rings A — B (equivalently, it sends any analytic point to an analytic point - see
below).

A closed immersion of adic spaces W < V' is a morphism that comes locally on V'
from a surjective adic morphism A — B sending A" onto B*. One may then define
the notions of locally closed immersion and (locally) closed subspace.
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Definition 2.12. An adic space V is locally of finite type over O if it is locally
isomorphic to a locally closed subspace of A}. It is said to be of finite type if,
moreover, it 1S quasi-compact.

Note that one cannot replace the affine space by the unit polydisc in this definition
but one may replace it with a polydisc of some radii which is then affinoid. It is
also possible to define the notion of morphism locally finitely presented but this
would be of no use to us when we enter the noetherian world. Huber proved that
it is always possible to pull back along a morphism which is locally of finite type
(although fibered products do not exist in general).

We used above the notation A¥?. Actually, to any locally ringed space X, one can
associate a (topologically) valued ringed space X" as follows. One sets

XVl = {(z,v),r e X,v e Spv(k(x))}

(which is also sometimes written Spv(X)). It is made into a topological space by
choosing as basis of open subsets, the subsets

{(x,v) :xeUv(f(z)) =v(g(x)) # 0} = X+,

in which U is an open subset of X and f,g € I'(U,Ox). There exists an obvious
continuous map
supp : XV - X, (z,v) — 1,

and X' is endowed with the sheaf of (topological) rings Oy := supp 1 (Ox).
In particular, we have Oxvai () = Ox, for all (z,v) € X" and this local ring is
endowed with the valuation induced by wv.

Proposition 2.13. If X is a scheme, then X" is an adic space and the functor
X — X" s fully faithful. Moreover, for any adic space V, there exists a natural
bijection

Hom(V, X) ~ Hom(V, X**)
(morphisms of locally ringed spaces on one side and morphisms of adic spaces on

the other). Finally, if X = Spec(A), then there exists a natural isomorphism
Xval ~ Spv(A).

Proof. We start with the last assertion: if A is any ring (endowed with the discrete
topology), then there exists an obvious map

Spv(A) — Spec(A)™, v — (suppo,7)

in which 7 denotes the valuation induced by v on x(suppv). This is easily seen to
be an isomorphism of (topologically) valued ringed spaces. Actually, by definition,
we will always have

D(R(f1/fos- -5 fr/1o), Ov) = A[1/ fo]

(with the discrete topology). It follows that if X is a scheme, then X*¥ is an adic
space. Now, both other questions are local. More precisely, for the fake adjunction,
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we may assume that X = Spec(A) and V = Spa(B, BT) with B complete. Then
the result follows from the equality

Hom(A, B) = Hom((A, &), (B, BT))

((automatically continuous) ring morphisms on one side and compatible pairs of
(automatically continuous) ring morphisms on the other). Full faithfulness then
results from the fact that T(X¥ Oxva) = A when X = Spec(A). O

Corollary 2.14. The functor X — X" commutes with finite limits of schemes.

Proof. This is simply because finite limits of schemes are also finite limits in the
whole category of locally ringed spaces. O

In general, X"* is way too big and it is more convenient to rely on a relative version:

Corollary 2.15 (Huber). Let X — S be a morphism of schemes which is locally of
finite type, V' any adic space and V- — S a morphism of locally ringed spaces. Then,
the functor

W — Hom(W, X') X tomw,s) Hom(W, V')

s representable by the adic space

Xy =X xg VX g V.

Proof. The only thing to check is that the fibered product on the right is repre-
sentable and this follows from the fact that the morphism X'& — S"al is locally of
finite type (because X — S is). O

Example If V' is an adic space, then we may consider
AL =A™ XV oand P =P XV
as we already did.

Definition 2.16. An adic space V s said to be analytic it is locally isomorphic to
some Spa(A, AT) where A is a Tate ring.

Be careful that an affinoid space which is analytic is not necessarily the adic spectrum
of a Tate ring.

More generally, we will call a point v of an adic space V analytic if it has a
neighborhood of the form Spa(A, A™) where A is a Tate ring. It is not difficult to
see that a point is non-analytic if and only if it has a trivial (vertical) generization.
We will denote by V*" (instead of Huber’s V,) the open subset of analytic points of
V. More generally, if T < V', we should simply write 7" instead of T'n V2" for the
set of analytic points of T'.

Definition 2.17. Let (K,| —|) be a Huber valued field with valuation ring K.
Then, Spa(K%¢ KT) is called a non analytic Huber point. If | — | is not trivial,
then Spa(K, K*) is called an analytic Huber point.

25



The topological space of a Huber point is totally ordered by generization with one
maximal point of height 0 or 1 and one minimal point which is | — |.

Let V be an adic space and v € V' a non-analytic point (resp. an analytic point).
Then, there exists a canonical morphism

Spa(k(v)™, k(v)T) <V (resp. Spa(k(v),k(v)T) < V)

that identifies the Huber point with the set of vertical generizations of v.

When V' is an analytic space, then the maximal points for generization in V are
exactly the points of height 1 (the Berkovich points of V). We shall denote their set
by Vi (or VBek), There exists a retraction map sep: V — V} sending any point v to
its maximal generization v; and V] is endowed with the quotient topology (and not
the induced topology). Note that the canonical map k(v;) < k(v) on the residue
fields is dense and induces therefore an isomorphism #H(v;) ~ H(v) on the completed
residue fields. Also, since we always have sep—(v) = {v}, we see that the maps sep
and sep™! induce a bijection between the (locally closed, open, closed) subsets of
V1 and the (locally closed, open, closed) subsets of V' that are stable under both
specialization and generization. Moreover, V; is a Fréchet topological space (i.e. T7)
and the map sep is the adjunction map for a fake adjunction

Hom(V;, T) ~ Hom(V, T)

whenever T is a Fréchet topological space. Finally, when V is quasi-compact and
quasi-separated, then the space V] is compact (Hausdorff) and the map sep is proper.
It may be called the Berkovich quotient of V.

We will always assume that separated, proper or partially proper morphisms of adic
spaces are locally of finite type as in [I1]. More precisely, we make the following
definitions:

Definition 2.18. A morphism of adic spaces u: W — V is said to be

1. separated if u is locally of finite type and the diagonal map A: W — W xy W
is closed.

2. partially proper if u is separated and universally specializing with respect to
adic pull back.

3. proper if u is partially proper and quasi-compact.

You may visit section 1.3 of [14] for the details (even if some of his finiteness
conditions are slightly weaker than ours). For example, when u is quasi-compact,
(universally) specializing is equivalent to (universally) closed.

Example 1. If V is any adic space, then P}, is proper over V.

2. It is not difficult to see that the open disc Dy, is partially proper over V' when
V' is analytic. Since Py is proper over V it is sufficient to show that the
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open embedding Dy, < Py is specializing. And we may also assume that
V = Spa(B, B") where B is a Tate ring with topologically nilpotent unit 7.
But we have

Dy = | JDy(0,77) with Dy(0,7%) < Dy (0, 77).

neN

Definition 2.19. A morphism W — V' of adic spaces satisfies the analytic valuative
criterion for properness if, given a non-archimedean field F and valuation rings
Rc F™ ¢ F, then any commutative diagram

T
~
~
~
~

Spa(F, F*) —— Spa(F, R)

may be uniquely completed by the dotted arrow.

When W = Spa(B, BY) is affine, the lifting property means that the image of the
map Bt — F* is contained in R.

Proposition 2.20. Let v : W — V' be a morphism of analytic spaces which is
locally of finite type and quasi-separated. Then wu satisfies the analytic valuative
criterion for properness if and only if u is partially proper.

Proof. This is exactly corollary 1.3.9 of [14]). O

There exists also a more subtle valuative criterion when V is not assumed to be
analytic (proposition 3.12.2 of [11]).

One may also define a finite morphism of adic spaces as a morphism v : W — V
that comes locally on V' from a finite adic morphism A — B sending A™ onto Bt (or
equivalently such that A* — B is integral). And a locally quasi-finite morphism is
a morphism which is locally of finite type with discrete fibres (quasi-finite when it
is quasi-compact).

A morphism u : W — V is said to be formally unramified (resp. formally smooth,
resp. formally étale) if any commutative diagram

1
spa(R/a)c;\spa(R)

with a nilpotent may be completed by the diagonal arrow in at most (resp. at least,
resp. exactly) one way. The morphism w is called unramified (resp smooth, resp.
étale) if it is formally unramified (resp. smooth, resp. étale) and locally finitely
presented.
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If W — V is an immersion defined (on some open subset of V') by an ideal Zy,, then
we may consider the first infinitesimal neighborhood W1 of W in V defined by Z;
(which is always an adic space) and the corresponding short exact sequence

0 —’-/\V/W/V - OW(I) - OW -0

where Ny v is by definition the conormal sheaf. In the case of the diagonal
immersion W — W x, W associated to a morphism W — V| we obtain the sheaf of
differential forms Q4 v+ One can show that a morphism of finite type u: W — V
is unramified if and only if Qj, v =0.

At some point, the adic spaces will only serve as a bridge between formal schemes
and analytic spaces. The following notion will therefore be quite useful:

Definition 2.21. Let P be a property of morphisms of analytic spaces which is
local on the base, stable under pull back and stable under composition. A morphism
u: W — V of adic spaces is said to be analytically P if for any analytic space V'
over V', the morphism u=*(V') — V' is P.

We may choose for P the property of being (locally) of finite type (resp. separated,
resp. (partially) proper, resp. unramified, resp. smooth, resp. étale, resp. an open or
a (locally) closed immersion).

Note that the fact that u=*(V”’) is representable is part of the definition (and not
automatic). We also insist on the fact that representability condition is also implicit
when we require P to be stable under pull back.

Actually, it is sufficient to check the condition when V' = Spa(A) and A is a Tate
ring because the condition is local. Note also that, when V' is analytic, the definition
is equivalent to u itself satisfying P because the property is stable under pull-back.

Be careful however that the image of V'’ into V' is not necessarily contained inside
the analytic locus V2" of V', simply because the analytic locus is not functorial (it
is the non-analytic locus which is functorial). In particular, it is not sufficient to
consider the case V' = V2" in the above definition.

Example The absolute open unit disc (we use the T-adic topology here)
D™ := Spa(Z[[T]])

is analytically partially proper and analytically smooth over Spv(Z). Note however
that D~ is not proper and not smooth over Spv(Z) because the structural map is
not even an adic morphism.

In order to be able to manipulate coherent sheaves, it is convenient to put some
noetherian conditions on adic spaces:

Definition 2.22. An adic space V is said to be locally of noetherian type if it is
locally isomorphic to some Spa(A, A%) with A of noetherian type.
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For adic spaces of noetherian type, we may usually work locally and make use of
theorem A and Theorem B.

From now on and unless otherwise specified, adic spaces will always be assumed
to be locally of noetherian type and simply called adic spaces.

If u: W — V is a morphism locally of finite type, then Jv is a coherent sheaf.
Moreover, there exists a Jacobian criterion:

Theorem 2.23 (Huber). 1. Letu: W — V be a morphism between adic spaces
that are locally of finite type over O. Then, there exists a right exact sequence

U*Q%//o - QII/V/O - Q%/V/V — 0.

Assume moreover that W is smooth over O. Then w is smooth (resp. étale)
if and only if u*Q%,/O is locally a direct summand in (resp. is isomorphic to)

Qo

2. Leti: W — V be an immersion of adic spaces locally of finite type over O.
Then, there exists a right exact sequence

./\V/W/V — i*Q%//O — QII/V/O — 0.

Assume moreover that V' is smooth over O. Then W is smooth (resp. étale)
over O if and only if Nwo is is locally a direct summand in (resp. is
isomorphic to) i*Qy, .

Proof. The existence of the right exact sequences follow from proposition 1.6.3 in
[14] and the other assertions are proved in proposition 1.6.9 of [14]. O

If one has to deal with formal schemes that are not locally noetherian, then it seems
necessary to replace Huber adic spaces with the generalized adic spaces of Scholze
and Weinstein (section 2.1 of [22] - see also Peter Scholze’s lectures [21]). The point
is that Spa(A, A") need not be sheaffy. In Scholze/Weinstein theory, the affinoid
space Spa(A, A1) is redefined to be the sheaf associated to the presheaf of sets

(B, B") — Hom((A, A"), (B, B"))

on the category C opposite to the category of complete Huber pairs. Here, we endow
C with the topology generated by rational coverings (be careful that this is not a
pretopology in the usual sense: the inverse image of a rational embedding is only a
filtered direct limit of rational embeddings). A generalized adic space is a sheaf V'
on C which is locally ind-representable by rational embeddings.

There exists a functor V' — |V| from generalized adic spaces to topological spaces
which may be defined by glueing from the affinoid case. If V' = Spa(A, A*), then

|V'] := {continuous valuations on A non — negative on A"}/ ~
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is simply the underlying space of the former Spa(A, A*) (in practice, one still writes
V instead of |V]). The sheaf O (resp. O") on C is defined as the sheaf associated to
the presheaf

(A,AT) — A (resp. A™).
By restriction, they both induce a sheaf of topological rings on |V| that we
may denote by Oy and Oy respectively (be careful however that we may have
['(V,0y) # A when V = Spa(A, A1) is not sheaffy).

We can identify the category of Huber adic spaces (Scholze and Weinstein call them
honest adic spaces) with the full subcategory of generalized adic spaces V' that satisfy
for all Huber pairs (A, A™),

Hom(V, Spa(A, A*)) ~ Hom((4, A™), (T'(V, Oy),T'(V,0;))).

3 Adic spaces and formal schemes

In this section, we recall how a formal scheme may be seen as an adic space in such
a way that most geometric properties translate directly into the new world. Unless
otherwise specified, all formal schemes (resp. adic spaces) are locally noetherian
(resp. locally of noetherian type).

If I, is a definition ideal of a Huber ring A, then A/ will denote the ring A endowed

with the IyA-adic topology (and A/ will denote the completion of A for the IyA-adic
topology). The topology of A’/ is coarser than the topology of A but an ideal a
of A is open for one topology if and only if it is open for the other. Concerning
completions, we have

Al =1im A/(IyA)" # A = lim A/I}
in general.

Example 1. If A is an adic ring, then A/ = A as topological rings.

2. If Ais a Tate ring, then A/ has the coarse topology and Al = {0}.

Recall that a point of an adic space is said to be trivial if the corresponding valuation
is trivial (has height zero).

Proposition 3.1. Let V' be an adic space, Vo the subset of trivial points and
i = Vo — V the inclusion map. Then, we have i 'O, = i1Oy and (V4,i'Oy)
is a formal scheme. If V = Spa(A, A%), then there exists a natural isomorphism

Vo ~ Spf(4/).

Proof. Clearly, Oy, = Oy, when v is trivial. Now, the second statement is local
and it is therefore sufficient to prove the last assertion. We first notice that the
support induces a bijection

supp : Vp =~ Spf(A/). (5)
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More precisely, the inverse map sends an open prime p of A to

0 if f(p)#0
Up(f) = { +o0  otherwise

Now, let (fo,..., f-) be an open ideal in A. Since any v € V; will only take the
values 0 and +0o0, we see that

U(fl)v . "7U(f7") = U(fO) # +0 < f0<U) # 0.

In other words, we have

R(fl/f077fr/f0)m‘/0:D(f0>C‘/0

and it immediately follows that the support map (B is a homeomorphism.

The sheaf i 'Oy is the sheaf associated to

D(fo) — h_H)lF(R<f1/f07 .. '7fr/f0>7OV>‘

In order to see that the support map (B) is an isomorphism, we will compute this
limit. After localizing, we may assume that f; = 1 and then, after adding some
functions, that A = Ag[fo,..., fr] where Ay is some ring of definition. Then by
definition, we have

T(R(fi/for - o) fo), Ov) = Al O

Note that we used the general assumption that A is finitely generated over A, in
order to finish this proof.

One may also remark that Vy n V® = @§. More precisely, the closure V of V; in V
is exactly the set of non-analytic points.

The proof of the following lemma is straightforward:

Lemma 3.2. 1. The functor A — A/ is (left) adjoint to the forgetful functor
from adic rings to Huber rings.

2. The functor (A, A*) — Al is (left) adjoint to the functor A — (A, A) from

adic rings to Huber pairs. []

Recall from [13], section 4 (or [23], chapter 9.2) that one can associate functorially
an adic space to any (locally noetherian) formal scheme P. We will denote it by P9
(and not t(P) as Huber does). More precisely, we have the following:

Proposition 3.3. The functor V. — V, has an adjoint P — P which is fully
faithful. When P = Spf(A), we have P* = Spa(A).

Proof. We have to show that if P a formal scheme, then there exists a unique adic
space P! such that if V is an adic space, then there exists a natural bijection

Hom(P*, V) ~ Hom(P, Vp).
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The question is local on P and V and we may therefore assume that P = Spf(A)
is affine and V := Spa(B, B") is affinoid. We may also assume that A is complete.
Then, it follows from lemma 3.2 that if we set P = Spa(A), we have

Hom(P*, V) ~ Hom(P, Vp).

It only remains to show that the functor is fully faithful, or equivalently, that the
adjunction map is an isomorphism P34 ~ P. Again this is a local question. But if
A is an adic ring, we have A/ = A. O

As a consequence of the proposition, the functor P — P* commutes with all
colimits, the functor V +— Vj commutes with all limits and there exists a natural
inclusion P — P! (identification of the points of P with the trivial points in P4).
We may also notice that

(Vo) ={veV :V¥feOy,v(f)=0cV

is the set of all points having a trivial horizontal specialization.

We will denote by P the analytic part of Pd (instead of P*™). Note that
X = 7 if X is a usual scheme (and not merely a formal scheme).

Proposition 3.4. If P is a formal scheme, then restriction along the inclusion map
P — P induces an equivalence between coherent modules on both sides.

Proof. We already know that the restriction of Opaa to P is exactly Op. Moreover,
the question is local and we may therefore assume that P = Spf(A) with A complete.
In this case, we have at our disposal Theorem A and B on both sides and restriction
is simply given by M ®4 Opad — M ®4 Op (for some finite A-module M). O

We have the following fake adjunction on the other side (recall that we denote by
V* the topologically locally ringed space V, OF)):

Proposition 3.5 (Huber). If V is an adic space and P is a formal scheme, then
there exists a natural bijection

Hom(V™, P) ~ Hom(V, P*)

(morphisms of topologically ringed spaces on one side and morphisms of adic spaces
on the other).

Proof. This is shown by Huber in Proposition 4.1 of [13]. O

Note that when P = Spf(A) with A complete, we have
Hom(V, P*!) ~ Hom(A,I'(V, 0F))

(continuous maps on the right hand side). As a consequence of this proposition, we
have the following:
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Corollary 3.6. The functor P — P* commutes with all finite limits.

Proof. This is not completely formal because we do not have a true adjunction.
Since Spf(Z)*! = Spa(Z), we only have to show that, given two morphisms of formal
schemes P, — P for ¢ = 1,2 and a commutative diagram

there exits a unique dotted arrow that preserves the commutativity of the diagram.
This is a local question and we may therefore assume that P, P, P, are affine with
rings of functions A, A; and A, respectively. But then, using the remark following
the proposition, we can build a canonical map A; ®4 Ay — T'(V,0f7) and we are
done. O

Example Let S be a formal scheme.

1. We have
n,ad n,ad n,—,ad n,—
AS - gad, PS - gad and AS - Sad .

2. When S = Spf(A4) and V = S we will also consider the relative bounded disc
Dy" = A",
There is a sequence of (strict) inclusions
D~ cDP e Dt « AW « pal

Definition 3.7. If P is a formal scheme, then the composition of the obvious
morphism of locally topologically ringed spaces and the adjunction morphism

sp: P — Pt — p
is the specialization map.
Recall that, by construction, if P = Spf(A), then we have

sp(v) = {f € A:o(f) > 0}.

Alternatively, any v € P® has a unique trivial horizontal specialization vy, and we
have sp(v) = supp vo. This is a good reason for calling this map the “specialization”
map.
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Example In the case X = Spec(Z), we have X = X3 = Spv(Z) and Spec(Z)
embeds naturally in Spv(Z) by sending the ideal (p) to the trivial valuation modulo
p (works also for p = 0). The only other valuations on Z are the p-adic valuations
v, for p prime. There exists two different sections for this embedding because

supp (vp) = (0) but sp(v,) = (p).

Proposition 3.8. Let P be a formal scheme. Then the specialization map P*! — P

(resp. the adjunction map P*&* — P) is a flat retraction for the canonical embedding
P — P (resp. P — Pad+),

Proof. One first checks that the composite morphism
P < Pad _ Pad,+ S P

is the identity. This is a local question which becomes trivial in the affine case. It
only remains to show that the specialization and adjunction maps are flat. This
follows from the fact that, if v € P24, then the localization maps

O;ad v O;ad v and Opadw — OPadﬂ)O
are flat (noetherian hypothesis used here) and we have by definition
Opua vy = Opa g = Orgpe): U

Corollary 3.9. If P is a formal scheme, then Rsp, induces an equivalence of
categories between coherent sheaves on P*! and coherent sheaves on P.

Proof. Follows from proposition [3.4] O

Actually, such an equivalence may be shown directly: it follows from the construction
of the fake adjunction of proposition 3l that, if ) = P is an open formal subscheme,
then sp~1(Q) = Q*. In particular, the inverse image of an affine open subset is
always an affinoid open subset.

We insist on the fact that the functor P ~— P34 is fully faithful and commutes with
all finite limits and colimits. We can also list the following properties:

Proposition 3.10. 1. A morphism of formal schemes QQ — P is a locally closed
(resp. an open, resp. a closed) immersion if and only if Q*¢ — P is a locally
closed (resp. an open, resp. a closed) immersion. Actually, there ezists a

bijection between closed formal subschemes of P and closed adic subspaces
of P,

2. A family {P; — P}ic; of morphisms of formal schemes is an open covering if
and only if {P* — P*},.; is an open covering.

3. A morphism of formal schemes Q — P is affine (resp. quasi-compact, resp.
quasi-separated) if and only if Q* — P is affinoid (resp. quasi-compact,
resp. quasi-separated).
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4. A morphism of formal schemes QQ — P is adic (resp. (locally) of finite type,
resp. (locally) quasi-finite, resp. locally of finite type and separated, resp.
proper, resp. finite) if and only if Q* — P* js so.

5. A morphism of formal schemes Q — P is unramified (resp. smooth, resp.
étale) if and only if Q* — P is so.

Proof. By definition, if @ = P is an open subset, then Q! is open in P*!. And
since the functor V' — Vj has the same property, we see that the converse is also
true. The question about closed immersions is local on P and we may therefore
assume that P = Spf(A). In this case, closed immersions on both sides correspond
bijectively to ideals in A. Here again, noetherianness is crucial. This finishes the
proof of assertion [Il).

Assertion ) results from the fact that both functors P — P and V — V|, preserve
open coverings.

We know that when P is affine, then P* is affinoid. And conversely, if V is affinoid,
then Vj is affine. Assertion [3)) follows easily.

In assertion M), the adic and (locally) of finite type cases follow easily from the
definitions (see also proposition 4.2 of [I3]). For the finite case, we use the fact that
there exists a bijection between coherent sheaves on both sides. Since a locally quasi-
finite morphism of formal schemes is locally the composition of an open immersion
and a finite map, the direct implication is clear in the (locally) quasi-finite case.
Conversely, if Q* — P21 has discrete fibres, the same si true for the induced map
(Q — P. The separated case is an automatic consequence of the fact that the functor
P — P preserves fibered products and closed immersions. For properness, it seems
more reasonable to rely on the valuative criterion (see [L1], proposition 3.12.5 for a
proof).

Assertion [Bl) will follow from lemma B.IT] below (formal case) because we already
know that u is locally of finite type if and only if u*? is. O

There exists also a beautiful theorem of Huber ([I1], proposition 3.12.7) that states
that any proper adic space over P2 comes from a (unique and proper) formal scheme
over P. The finite case should be clear.

Be careful that a morphism Q — P might be surjective although Q* — pPad
is not: if we endow Z, with the p-adic topology, then the closed immersion
Spec(F,) — Spf(Z,) is actually a homeomorphism (of one point spaces) but the
closed immersion Spa(F,) — Spa(Z,) identifies the unique point of the first space
with the unique closed point of the second (which has also an open point). The same
example shows that assertion [2) is not true for closed or locally closed coverings.

Lemma 3.11. A locally noetherian morphism of formal schemes u: Q — P is

formally unramified (resp. formally smooth, resp. formally étale) if and only if
ud: QM — pad g,
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Proof. The question is local on P and @ (thanks to the locally noetherian hypothesis
in the smooth case) that we may assume to be affine, say P = Spf(A) and
Q) = Spf(B). We have to check that the lifting property on the formal side is
equivalent to the corresponding lifting property on the adic side (complete rings and
complete pairs) :

B\<—A and (B, B) (AA) .
l \\~\ l l o N l
Rja<—2R (5/b,(5/0)7) =— (5, 57)
This should be clear because (S/b)* = S*/(b n S*) when b is nilpotent. O

Recall that, when P is a formal scheme, there exists an equivalence of categories
F — F* between coherent sheaves on P and P*!. As a consequence, one easily sees
that, if u: Q — P is a locally noetherian morphism, then (Qb/P) d — Qéad/Pad. More

generally, if () <— P is any immersion of formal schemes, then /\V/g/lp = NQad /pad.

If X is a usual scheme, then there exists a natural inclusion X?! < X" which is
locally given by Spa(A) < Spv(A). Moreover, if Z is a closed subset of X, then
Zad — Zval A Xad‘

The above example of the projective space generalizes as follows:

Proposition 3.12. A morphism of schemes Y — X satisfies the valuative criterion

for properness if and only if
Y3 ~ Yyaa.

Proof. The condition means that any commutative diagram

may be uniquely completed. Using the universal properties of our functors, we see
that this is equivalent to the same assertion about the commutative diagram

V——Vt

)]

Y —X.

This can be checked pointwise and we may therefore assume that V' = Spa(K, K*)
is a Huber point. We are then reduced to the same assertion relative to the
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commutative diagram
Spec(K) — Spec(K*)

b

y < X.

This is exactly the valuative criterion for properness. O

For further use, let us prove the following:

Proposition 3.13. If u: P’ — P is the blowing up of a usual subscheme Z in a
formal scheme P and Z' = uw(Z) := P' xp Z, then u induces an isomorphism
prad\ zrad ~ pad\ 7ad = In particular, it induces an isomorphism P"™* ~ P,

Proof. Assume first that u: X’ — X is the blowing up of a subscheme Z of a
scheme X. Then, it induces an isomorphism X'\Z’ ~ X\Z and therefore also an
isomorphism X"val\Z"al ~ Xval\ 7val = By restriction, we deduce an isomorphism
Xrad\ zrad ~ xad\ 7ad I general, the question is local and we may assume that
P = X’V where X is a scheme and Y a closed subscheme of X containing Z. By
restriction again, we obtain an isomorphism P24\ 7/ad ~ pad\ 7ad  The last assertion
follows from the fact that Z*" = ¢f and Z’*" = J (note that Z’ is a usual subscheme
because a blowing up is an adic map). O

Alternatively, in the previous proof, one may assume from the beginning that P is
the completion of an affine scheme and do the computations locally. Anyway, it
should be noticed that the inclusion (P\Z) < P24\ Z2d is strict in general and this
is why the above proof needs some care.

If one is only interested in the analytic part P of P*!, then one may also use
Raynaud’s method as in [I] or [8]. This is a consequence of the following theorem:

Theorem 3.14 (Raynaud). If P is a quasi-compact formal scheme, then specializa-
tion induces an isomorphism of locally topologically ringed spaces

Pt ~ lim P’
it
P'>P

where P — P runs through all blowing ups of usual subschemes.

Proof. (sketch) For the details, we refer to part II, appendix A of [8]. First of all,
the existence of the map follows from proposition B.I3l In order to show that this
is an isomorphism, after blowing up an ideal of definition and localizing, we may
assume that P = Spf(A) for some adic ring A and that there exists a principal ideal
of definition (7). In this case, we have P* = Spa(A[Z]). Now, if we denote by V
the right hand side of our isomorphism, and pick up some v € V, then one first show
that the completion Oy, of the local ring is a valuation ring. By composition, this
provides a valuation on A[%] This way, we obtain an inverse for our map. It is not
hard to finish the proof because blowing up an open ideal in A provides a rational

covering on the other side (and conversely). O
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It should be remarked that the map P — P?" is only functorial in adic maps.
However, non adic maps will play an important role in our constructions and this is
why we cannot simply rely on this more restrictive notion. Before stating the next
lemma, recall that the (resp. the analytic) valuative criterion for properness requires
the existence of a lifting in the following situation (R a valuation ring)

P (resp. w Vv

Q*\ AR
| ] | ]

Spec(F) — Spec(R) Spa(F, F*) — Spa(F, R)).

Lemma 3.15. If u: Q — P is a morphism of formal schemes that satisfies
the wvaluative criterion for properness, then u®l: Q* — P satisfies the analytic
valuative criterion for properness.

Proof. We give ourselves a non-archimedean field F' and valuation rings R < F'* &
F. We start with a morphism Spa(F, F'*) — @ and we denote by w the image
of the closed point. Without loss of generality, we may assume that F' is complete.
Then, by definition, there exists a natural morphism O, — F which is local and
compatible with the valuations (when F'is endowed with the valuation associated
to F'T). It follows that x(w) < F and

F* nk(w) = k(w)" = {ae r(w) / w(a) =0}

is the valuation ring of x(w). In particular, we may as well assume from now on
that F' = k(w) and F* = k(w)* (and we replace R with R n k(w) < x(w)*).

We consider now the composition of the local morphisms of local rings
Ospw) — Op = k(w) ™.

We denote by S < Ogpwy the inverse image of R < r(w)" (see diagram below) and
by S < k(sp(w)) the image of S which is a valuation ring of x(sp(w)). In order
to make sure that S is a valuation ring, one may consider the image R of R in the
residue field of x(w)™, which is a valuation ring, and notice that S = R n x(sp(w)).

We suppose now that the composite map Spa(x(w), k(w)*) — Q*¢ — P34 factors
through some morphism Spa(k(w), R) — P! and we denote by v the image of
the closed point under this last map. Then, as before, we have k(v) < k(w) and
k(v)T = Rnk(v). Thus, if we consider the commutative diagram of local morphisms
of local rings

Osp(w) Of k(v)"F == R n k(v)

(2

L

Osp(w) E—— O; ——— K,(w)

i )

we see that the image of Ogy(y) in Ogp(y) is contained in S. It follows that its image
in k(sp(w)) is contained in S. From this, we deduce the existence of a morphism

+
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Spec(S) — P that we may uniquely lift as Spec(S) — @ because we assume that u
satisfies the valuative criterion for properness. Let us denote by g the image of the
closed point (so that, by construction, sp(v) = u(q)).

After replacing () with an affine neighborhood of ¢, we may assume that ) = Spf(B).
The lifting property tells us that the image of the natural map B — k(sp(w) is
contained in S. A quick look at the above diagram and we see that the image of the
natural map B — k(w)™ is contained in R and we are done. O

Theorem 3.16. If u: Q — P is a morphism of formal schemes which is formally
locally of finite type (resp. formally locally of finite type and separated, resp. partially
proper) then u?: Q* — P js analytically locally of finite type, resp. analytically
separated, resp. analytically partially proper).

Proof. We consider the first assertion. This is a local question and we may
therefore assume that u splits into a closed immersion followed with the projection
A" x A=™ x P — P. We are therefore reduced to the case where u is either a closed
immersion, the projection of the affine line A onto Spec(Z), or the projection of the
formal affine line A~ onto Spec(Z). In the first two cases, we already know that u?
is of finite type. It is therefore sufficient to recall that Dy, is locally of finite type
over V when V is analytic. More precisely, we may assume that V' = Spa(B, B™)
where B is a Tate ring with topologically nilpotent unit 7 in which case

_ 1
DV = U DV(O’ ‘W‘")

neN

is a (increasing) union of affinoid open subsets of finite type.

Assume now that u is also separated which means that the diagonal embedding
) — P xg P is a closed immersion. First of all, since u is locally formally
of finite type, this is a locally noetherian morphism, and the fibered product is
representable by a locally noetherian formal scheme. It follows that the map
QM — pad X Qad P is also a closed immersion (but we may not call u®! separated
because our definition requires a finiteness condition). Pulling back preserves
products and closed immersions. I follows that u*! is analytically separated.

We assume now that u is partially proper and we consider the pull back (u*)~1(V) —
V of the morphism v : Q* — P24 along some morphism V — P! with V analytic.
We already know that our map is locally of finite type and separated and we apply
the analytic valuative criterion. It is actually sufficient to show that the map 1>
itself satisfies the analytic valuative criterion (using the universal property of fibered
products) and this was proved in lemma BI85 a

The above functors P +— P V — Vj and V +— VT (or even X — X")
extend naturally to the context of generalized adic spaces (without any noetherian
hypothesis) but the adjunctions of proposition and (as well as proposition
[2Z13) are not valid anymore in this full generality. And there are many other issues
as well.
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Example If V is a (non discrete) valuation ring with fraction field K and P is a
formal scheme which is formally of finite type over V, then P*! is only a generalized
adic space but P4 := P xg,, 1) Spa(K) is an analytic Huber (honest) space. In
other words, in the non noetherian case, we would mostly use generalized adic spaces
as a bridge between formal schemes and analytic Huber spaces. Note that one could
also use directly Raynaud’s generic fiber and completely avoid adic spaces but we
would then have to stick to adic morphisms and this is not our philosophy here.

4 Formal embeddings

In this section, we study the notion of formal embedding and prove the formal
fibration theorem. Recall that all formal schemes (resp. adic spaces) are supposed
to be locally noetherian (resp. locally of noetherian type).

Definition 4.1. A formal embedding is a locally closed embedding of formal schemes
X — P.

A formal embedding is automatically universally noetherian. Formal embeddings
form a category with compatible pairs of morphisms

Y——@Q

e

X——P.

Of course, f is uniquely determined by w when it exists. The forgetful functor
(X — P) — P commutes with all limits and all colimits because it has obvious
adjoint P — (P < P) and coadjoint P — (& < P). And the forgetful
functor (X < P)+— X commutes with all limits because it has an obvious adjoint
X — (X = X).

For later use, we endow the category of formal embeddings X < P with the coarsest
topology making cocontinuous the forgetful functor (X < P) +— P. This is the
topology generated by the pretopology made of families {(X; — P;) — (X — P)}ies
where X = |J,.;X; and P = |J,.; P are both open coverings. If we wish, we
may always assume that for all i € I, we have X; = X n P,. One easily sees
that this topology is subcanonical. Moreover, both functors (X — P) — P and
(X — P) — X are left exact continuous and cocontinuous.

We implicitly endowed the category of formal schemes with the Zariski topology
but we may have chosen another topology such as the coarse or the étale topology
for example. The corresponding topology on the category of formal embeddings
X — P will again be defined as the coarsest topology making cocontinuous the
forgetful functor (X — P) — P.

When X — P is a formal embedding, we will often identify X with its image in
P and consider it as a locally closed subspace of P. Conversely, if X is a locally
closed subspace of a formal scheme P, then there always exists a structure of formal
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subscheme on X and we will often consider X as endowed with such a structure.
Actually, there always exists a unique structure of reduced subscheme on X but it
might be more convenient sometimes to use another one. This applies in particular
to the closure X of a formal subscheme X in P. Note that the closure map is
functorial in the sense that any morphism of formal embeddings

Y —0Q

o

X——P.

will induce a morphism f : Y — X (for the reduced structures for example).

For future reference, we state and prove the following result:
Lemma 4.2. Assume that we are given a morphism of formal embeddings

X/(% P/

o

X——P

with f formally étale and u differentially smooth in the neighborhood of X'. Then,

locally on P and P’, there exists a morphism v: P' — A% which is formally étale in

the neighborhood of X and extends both f and f when X and X are embedded into
"5 through the zero section.

Proof. We follow the proof of theorem 1.3.7 of [3]. Since f is formally étale, there
exists an isomorphism 5
Nxrumrx) = (Qu-100/x) 10

between the conormal sheaf on one side and the restriction of the sheaf of differential
forms on the other. Now, since the question is local and u is differentially smooth
in the neighborhood of X', we may assume that there exists a basis of the conormal
sheaf which is induced by global sections fi,...f, of the ideal Zx, that define
X’ in w7'(X). After multiplication by a common factor, we may assume that
the sections fi,... f, also induce global sections of the ideal Zs defining X' in
u~}(X). Lifting these sections to P’ provides a morphism v: P’ — A% which
extends f and f (when X and X are seen as a formal subschemes of A% via the
zero section). By construction, the morphism v*Q, p — Qp/p is an isomorphism
in the neighborhood of X’. This implies that the map v is formally étale in the
neighborhood of X'. 0

With a projective version of the same argument, we can prove the following:

Lemma 4.3. Assume that we are given a commutative diagram

N

Xe———P
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where f is étale, g is locally quasi-projective and j is a dense immersion. It will
extend locally on'Y and P to a morphism of formal embeddings

yd . 7@

N

X——P

where u is a projective morphism which is étale in the neighborhood of Y .

Proof. This is taken from the proof of theorem 2.3.5 of [3]. The question being local
on P, we may assume that Z is a formal subscheme of the projective space PY. We
may also assume that P is affine. As in the proof of lemma [£2] there exists an
isomorphism

Novjey = <%§/X) v

Since the question is local on Y (but not on Z), we may assume that there exists a
basis of the conormal sheaf which is defined on some open subset U of PY. We may
actually assume that U = V n PL where V := D*(s) for some s € I'(P3,O(m))

and that our basis comes from some sequence fi,...,fy € [(PY,O(n)). We set
Q = V(fi,...,fn) = PX. The Jacobian criterion shows that @ is étale in the
neighborhood of Y. O

Formal completion is usually only defined for usual schemes. We extend it to formal
schemes as follows:

Definition 4.4. Let X be a closed formal subscheme of a formal scheme P. If Tx
denotes the ideal of X in P and T is some ideal of definition of P, we let X,, denote
the closed subscheme of P defined by (Zx + I)"**. Then the completion P/X of P
along X is P/X = lim X,,.

It is not difficult to check that this definition is independent of the choice of the
ideal of definition. Note that if we did not have noetherian hypothesis, it would be
necessary to assume that the closed immersion is locally (radically) finitely presented
in order to obtain an adic formal scheme. Note also that completion is usually
written with an extra hat as P/X but we will rather not do that. Finally, it is not
hard to see that P/ is (representable as) a formal scheme: when P = Spf(A) and
X = Spf(A/a), we will have P/X = Spf(A/*) where A/* is the ring A endowed with
the a + I-adic topology where I is some ideal of definition for A.

It is possible to extend the notion of completion to the locally closed situation but we
want to avoid this because this would only create confusion later once we introduce
the notion of tube.

There exists a natural map P/¥ — P and the inclusion X < P factors through a
closed embedding X < P/¥ which is actually a formal thickening (and in particular
a homeomorphism). The map P/X — P is formally étale and universally noetherian.
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The functor (X < P) +— P/X commutes with all limits because it has an adjoint
P+ (P.q < P). Since this last functor is fully faithful, the map P/* — P is a
monomorphism (although not an immersion in general). Finally, one easily checks
that the functor (X < P) > P/¥ is left exact continuous and cocontinuous.

Let us state some other basic properties of completion:

Proposition 4.5. Let X be a closed formal subscheme of a formal scheme P.

1. The formal scheme P/X only depends on the underlying subspace of X (and
not on the structure of formal scheme).

2. If P = J,.; P; is an open covering and, for all i € I, X, := P, n X, then we
have an open covering /
P =\ Jp/™.
3. If u: Q — P is a morphism of formal schemes, then

u (P = Q.
Proof. All questions are local and easily checked. O

As a particular case of the last assertion, we see that if Y is a closed formal subscheme
of P that contains X and @ := P/Y, then

Q/X - p/X

When X is only a closed subspace of a formal scheme P, we will denote by P/
the completion of P with respect to any structure of formal subscheme on X. For
example, if X is a locally closed subscheme and X denotes its closure in P, it has a
meaning to consider P/X.

We will now use lemma in the case X = X, X’ = X and f is an isomorphism:

Proposition 4.6 (Formal fibration theorem). Assume that we are given two closed
formal embeddings X — P and X' — P'. If a differentially smooth morphism
u: P' — P induces an isomorphism X' ~ X, then it induces, locally on P and P’,

an isomorphism
PIX ~ AMT x P

Proof. Using lemma 2] we may assume that there exists a morphism v: P’ — AL
which is formally étale and induces an isomorphism between X’ and the image of X
via the zero section. We conclude with the forthcoming lemma .71 O

Lemma 4.7. In the situation of the proposition,

1. if u is formally étale, then it induces an isomorphism P/X ~ P/X,

2. if P = A% and X' is contained in the zero section, then P/X" ~ A~ x P/X,
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Proof. The first assertion is an immediate consequence of the definition of formal
étaleness. The second one follows from left exactness of completion of formal
schemes. 0

We want now to make precise the notion of a morphism having some property
“around” a formal subscheme. Actually, this splits into two cases: properties that
are open in nature (such as formally smooth for example) and properties that are
closed in nature (such as partially proper for example). Note that some properties
are neither open or closed in nature (such as smooth which is at the same time
formally smooth (open) and locally of finite type (closed)).

Definition 4.8. A morphism of formal schemes u: Q — P is said to be flat (resp.
formally smooth, resp. formally unramified, resp. formally étale) around a formal
subscheme Y of Q if there exists a neighborhood Q' of Y in Q) such that the induced
map Q' — P has this property.

This is a standard notion and we turn now to the other side:

Definition 4.9. A morphism u: QQ — P of formal schemes is said to be separated
(resp. affine, resp. (locally) of finite type, (locally) quasi-finite, resp. partially proper,
resp. partially finite) around a formal subscheme Y of Q) if there exists a closed
subspace Z of Q containing Y such that Q/? — P is separated (resp. affine, resp.
formally (locally) of finite type, resp. formally (locally) quasi-finite, resp. partially
proper, resp. partially finite).

We will often consider a morphism of formal embeddings
Y——Q
ol
X——=P

in which case the condition is equivalent to f: Y .q — Xyeqa being separated (resp.
affine, resp. (locally) of finite type, resp. (locally) quasi-finite, resp. locally of finite
type and proper on irreducible components, resp. locally of finite type and finite on
irreducible components). We may replace P and @Q by their completions along X
and Y without changing the conditions. Note that we may then also replace X and
Y with the open formal subschemes having the same underlying space if we wish.

5 Overconvergent spaces

In this section, we extend the notion of overconvergent space from [I8]. We recall
that all formal schemes are supposed to be locally noetherian and all adic spaces are
assumed to be locally of noetherian type.

Definition 5.1. An adic overconvergent space is a pair

(X — P, P42y
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where X < P is a locally closed embedding of formal schemes and \: V — P js
a morphism of adic spaces. We will say analytic overconvergent space when V' is
analytic.

Sometimes, we will write
X Pe==pd Ay

but we will usually make it shorter as (X < P « V). Recall from proposition [3.5]
that giving the morphism \: V — P is equivalent to giving a morphism of locally
topologically ringed spaces V* — P and we will call specialization the composition

spy: V-Vt —>PpP

with the obvious morphism of locally topologically ringed spaces (as before, we
write VT := (V,Of)). Alternatively, sp,, may be defined as the composition of the
morphism )\ : V — P (seen as a morphism of locally topologically ringed spaces)
with usual specialization sp: P* — P

Note that, in the definition of an analytic overconvergent space, we only require that
V' is analytic and not at all that A\ factors through P**. It may even happen that
the analytic locus of P is empty.

Example Let K be a complete discretely valued field of mixed characteristic p. We
denote by V the valuation ring of K and by k its residue field.

1. We endow V with the p-adic topology. We embed Spec(k) into Spf(V) and let
V = Spa(K) (X is the inclusion). Then,

(Spec(k) — Spf(V) — Spa(K))
is the usual basis for rigid cohomology.

2. Now, we endow V([[t]] with the p-adic topology (and not the (p,t)-adic
topology). We embed 1, := Spec(k((t))) into AY, := Spf(V[[¢]]) and let

V =D = Spa(K ® V[[t]])
be the bounded unit disc (A is the inclusion again). Then
(1 = Ay, < D)
is the refined basis for rigid cohomology over a Laurent series field (see [16]).
Definition 5.2. A formal morphism of adic overconvergent spaces
Y Q@4 EW) - (X — PPy

is a triple of morphisms f:Y — X, v: Q — P,u: W — V making commutative the
diagrams
Ye—@Q , Q" =—

d_*H 1%,74
R
X - pP pad Ay
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We might sometimes draw a full diagram

Ve Q==L W

lf lv lvad lu
XCs Pe==pd Ay
or simply write
(fiu,0): (Y > QW) —> (X —>P<V).
Note also that the condition is equivalent to requiring the commutativity of the
diagram
Yo Q2w
R

X .p y

Example Let K be a complete discretely valued field of mixed characteristic p

o —

with valuation ring V and residue field k. Then, the Amice ring A := V[[t]][}]
is a complete discrete valuation ring with residue field k((¢)) and its fraction field
is the Amice field £ = A[+]. We may then consider the formal morphism of adic

1
p
overconvergent spaces

Spec(k((t)))—— Spf(A) <— Spa(€)

L

7S Ab, Db..

This is the morphism that refines the usual basis for rigid cohomology over k((t)).
The map induced on the tubes (see below) will be given by the inclusion of the
bounded Robba ring €T (also denoted by RP) into the Amice field &.
The following observation will allow us to split some proofs in two separate cases:
Proposition 5.3. Any formal morphism

Yo Q<L W

ok

X P <2V
is the composition of a formal morphism with v = Idy and another one with both

f=1Idx and v = Idp.

Proof. Tt is sufficient to split our morphism as follows:



Endowed with formal morphisms, the adic overconvergent spaces form a category
(that we will need to refine later). The functor (X < P « V) — (X — P) has
an adjoint (X < P) — (X — P « ¢J) and a coadjoint (X < P) — (X — P «
P24T) . In particular, it commutes with all limits and all colimits. On the other hand,
the functor (X < P « V) — V has a coadjoint V' ~— (Spec(Z) < Spec(Z) <« V)
and commutes therefore with all colimits.

One can also check directly from the definition that the functor (X < P «— V) — V
actually commutes with all limits. More precisely, if we are given a diagram
{(Xi = P < Vj)}ier, and we assume that lim X;, lim P; and lim V; exist, then
our diagram has a limit which is (lim Xj < lim P; < limV;). We should mostly
apply this to fibered products.

We endow the category of adic overconvergent spaces and formal morphisms with
the adic topology: this is the coarsest topology making cocontinuous the forgetful
functor (X — P « V) +— V. It is generated by the pretopology made of families

{(X > P < V) > (X = P<—V)h

where V = e; Vi is an open covering. This topology is subcanonical. Moreover,
the functor (X — P « V) — V is left exact continuous and cocontinuous, giving
rise to two morphisms of topos.

We implicitly endowed the category of adic spaces with the adic topology. If we use
another topology such as the étale topology for example, then we can consider the
corresponding topology on the category of adic overconvergent spaces and formal
morphisms which is defined exactly as before. On the other hand, we may also
endow our category with the image topology of the functor

(X <> P) > (X < P « P

where the first category is endowed for example with the Zariski topology (or some
other topology if we wish). We obtain the topology generated by the pretopology
made of families

{(Xi = P V) > (X = P& V)i
where P = UjejR- is an open covering, and for each i € I, X; = X n P, and
V; = A71(P2). Finally, note that it is also possible to endow the category of adic
overconvergent spaces and formal morphisms with a topology coming both from the

adic and the formal side (coarsest topology finer than both). This would give rise
for example to the Zariski-adic topology.

6 Tubes

In this section, we introduce the notion of tube that may be seen as an adic version
of completion. We recall that all formal schemes (resp adic spaces) are assumed to
be locally noetherian (resp. of noetherian type).

We start with the following observation:
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Lemma 6.1. If X — P is a closed formal embedding, then the canonical map
P/X — P induces a homeomorphism between P/*? and its image inside P*3.

Proof. This is a local question and we may therefore assume that P = Spf(A) is
affine and that X is defined by an ideal a < A. It is then sufficient to recall that
the topology on Spa(A) and Spa(A’®) only depend on the ring A (and not on its
topology) and are actually both induced by the topology of Spv(A). O

Example 1. In the simplest non trivial case X := Spec(F,) and P := Spec(Z),
we have P/X = Spf(Z,) (with the p-adic topology). It follows that P*! =
Spv(Z) and P/*#d = Spa(Z,). The homeomorphic image of Spa(Z,) into
Spv(Z) is the closed subset consisting in the the point v, and its (horizontal)
specialization p.

2. If we consider the inclusion of the origin 0 < A, then we have A’® = A~ and

therefore
A% — D =D = A,

Recall that this inclusion is not open or closed (although it is analytically an
open immersion).

We will usually identify the topological space of P/%¥2d with its homeomorphic image
inside P24,

Definition 6.2. Let (X — P & V) be an adic overconvergent space.

1. When X 1is closed in P, then the tube of X in V is the subset

1X[yi= A" (P < V.

2. In general, if X denotes the closure of X in P and wox := X\X its locus at
infinity, then the tube of X in V is the subset

1X[v:= X[\ Joox[ve V.

Be careful that even if P does not usually appear in the notation, the tube | X[y
also depends on P, and it might sometimes be necessary to write | X|py in order
to remove any ambiguity. On the contrary, when V = P2 (and \ = Idy), we will
write |X|[p and call it the tube of X in P. In particular, when X is closed in P,
then | X|[p is the homeomorphic image of P/X2d in P24 discussed above.

The tube | X[y is endowed with the subspace topology coming from the topology of
V. When we consider it as a topologically locally ringed space, we use the restriction
sheaf iy Oy where ix: ] X[y~ V denotes the inclusion map. When X is closed in
P, the homeomorphism P/*24 ~]X|p is not an isomorphism of locally topologically
ringed spaces in general.

Note that we could also consider the naive tube spy;'(X) which is different from the
true tube just introduced (more about this later).
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Example 1. Recall that |Spec(Fp)[spec(z) is a closed subset of Spv(Z) which
is homeomorphic, but not isomorphic, to Spa(Z,) (where Z, has the p-adic
topology). More precisely, a function on the tube is an element of the local
ring Z,) which is smaller than Z,.

2. With the adic overconvergent space

(Spec(F,) — Spec(Z) < Spa(Q,)),

in which @Q, has the “p-adic” topology, then we have
|Spec(F,) [Spa(Qp) = Spa(Qy).

3. Let us consider now an adic overconvergent space (X — P «— O) where
O := Spa(K, O,) is a Huber point. Then, we have:

(a) If O is non-analytic, then | X [o can be any “interval” in O (totally ordered
by specialization).

(b) If O is analytic, then | X|[p= & or O.
4. If we consider the adic overconvergent space ({0} < A < Dg,), we have
10[pg, = Dg, <= Dq,
which is an open subset.

5. (Lazda and Pal setting) Let K be a discretely valued field of mixed character-
istic p with valuation ring V and residue field k. We embed the point X :=
into P := Ab, and we let V := Db%. The tube of the closed point of P is the
open unit disc Dy and it follows that

1X[v=D}\Dg = {v} = {v,v7},

where v is the Gauss point. A basis of neighborhoods of | X[y is given by the
V,, == D2 A\Dg (0, pw). Tt follows that

P(1X[y,i 'Oy) = &
is the bounded Robba ring of K (see [16]).

6. (Monsky-Washnitzer setting) Let R be a noetherian ring and X an affine
scheme of finite type over R. From a presentation of X over R, we obtain a
sequence of inclusions X < A% < P% and we denote by X the projective closure
of X. We fix a morphism of formal scheme S — Spec(R) and a morphism of
adic spaces O — S and we consider the adic overconvergent space

XS %73 <—70.

Then we have
]XS[YO:]AQ[IP%OXO C Ag
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In order to lighten the notations, when we are given a fixed morphism of adic spaces
AV — W, some v eV and some function f defined in a neighborhood of A(v) in
W, we will simply write v(f) instead of v(A71(f)).

Lemma 6.3. Let P := Spf(A) be an affine formal scheme, X < P the closed formal
subscheme defined by an ideal a = A and X : V — P* any morphism of adic spaces.
Then, we have

spy H(X)={veV :¥feauv(f) >0}

and
[ X[y={veV :Vfeauv(f") > +w0}.

Proof. The first assertion immediately follows from the definition of specialization.

Now, we have
P/Xad — Spa(A/®) « Spa(A) = P,

By definition, a point v € V belongs to | X[y if and only if A(v), which is a point in
P24 falls into P/*24. It means that A(v) is not only continuous for the topology of
A but also for the a-adic topology. It exactly means that for any f € a, we will have
v(f") — 4. 0O

It will sometimes be convenient to use the multiplicative notation, or even work
directly inside the residue field, and we want to recall that

v(f") =+ < [f"(v)] =0 < f"(v) = 0.

In other words, {v(f™)}nen is unbounded in G, if and only if f(v) is topologically
nilpotent in k(v).

The lemma shows that |X[y < spy '(X) when X is closed. Unlike in Tate or
Berkovich theory, this inclusion is usually strict (as we shall see). As a consequence,
there is no inclusion in general when X is only assumed to be locally closed. In
particular, some points of |X|[p might specialize outside X (but not too far as we
shall also see).

Example We let S = Spf(A) be an affine formal scheme and we consider the zero-
section S «— Ag. If v is any valuation on A and v~ denotes the corresponding
valuation on A[T'] that specializes inside the unit disc, we have v=(T") = (0,1) >
(0,0) but, if the valuation v is not trivial, we have v~ (7™) = (0,n) — +00 because
(0,n) < (g,0) whenever g > 0 (we use the lexicographical order). In this case, we
see that |S[p is strictly smaller than sp~!(S).

Proposition 6.4. Let (X — P & V) be an adic overconvergent space. Then, we
have the following:

1. if Y < P is another locally closed subscheme and X <Y, then |X[y< Y]y,

2. if X = X1 n Xy where X1, Xy are two other locally closed subschemes, then
1X[v=]X1lvn]Xolv,
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3. if X = X1 u Xy where X1, Xy are two other locally closed subschemes, then
[X[v=]X1[vv [ Xa[v.

Proof. Clearly, it is sufficient to consider the case V = P, Let us first check that
these assertions hold for closed subspaces. This is a local question on P and we may
therefore rely on lemma [6.14l Assertion 1) should then be clear. For the other two,
we may assume that P = Spf(A) and X, X, X5 are defined by a, a1, as, respectively.
In assertion 2) (resp. 3)), we suppose that a = a; + as (resp. a = ajay). It is then
sufficient to notice that if f, g € A, we have

v((f +9)") =+ < (v(f") = +o0 and v(g") — +0)

and
v((fg)") = o0 = (v(f") = +o0 or v(g") — +0).

Note that, for the second equivalence, it is necessary to use the fact that our
valuations are non-negative on A.

We derive now from the closed case that if U and Z are open and closed complements
in the topology of P, then |U[p and |Z[p are complements in P3¢ (this is not
obvious from the definition). Equivalently, it means that |[U[pn |Z[p= |ooy[ and
this equality follows from assertion 2) in the closed case since U n Z = oo. Note

that this implies that the proposition also holds in the open case.

As an intermediate step, we prove now that if Z is closed, U open and X < U n Z,
then we have |X[pc |U[pn]Z[p. From the closed case, we have |X[pc |Z[p and
therefore also |X|[pc |Z[p. In order to prove that |X[pc |U[p, we introduce a
closed complement F' for U and use the previous remark. We may then rewrite our

inclusion on the form |X[pn |F[pc |oox[p, and this follows from the closed case
again since X N F < o0y

Assume that we actually have an equality X = U n Z. Then one shows that we also
have an equality |X[p=]U[pn]Z[p. We only have to prove the reverse inclusion
1U[pn]Z[p< ]X[p. Equivalently, we have to show that |Z[pc |X[pu |F[p (where
F is a closed complement for U as before), and this follows again from the closed
case since Z < X U F.

It is now easy to finish the proof of assertions 1) and 2). For assertion 1), we may
write Y = U n Z with U open and Z closed. We assume that X c Y =UnZ
and it follows that |X[pc |U[pn ]|Z[p but, from what we just proved, we know that
Y[p=]U[pn |Z|p. For assertion 2), we can write X; = U; n Z; with U; open and
Z; closed, and use the stability by intersection for open or closed that we already
know.

Assertion 3) also results from the closed case because closure commutes with union,
and therefore, X = X, U X,. More precisely, thanks to assertion 1), only the
direct inclusion needs a proof and this is equivalent to | X[p< | X:1[pu | Xa[pu |oox[p.
Actually, since, for i = 1,2, we have w0, < w0y, the same is true for the tubes, and
we are reduced to check that | X[pc | X 1[pu | Xa[pu Joox[p. Thus, as expected, this

again follows from the closed case. O
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Corollary 6.5. Let (X — P & V) be an adic overconvergent space. If P := Spf(A)
is affine and X is defined modulo an ideal of definition by

Vie{l,...r}, fi(x) =0 and dje{l,...,s}, g;(x)#0,
then spy' (X) is defined in V by

Vie{l,...r},o(f;) >0 and 3Jje{l,...,s},v(g;) <O.
and | X[y s defined by

Vie{l,...r},v(f") » +o and 3Fje{l,...,s},v(g}) — +ow.

Proof. When X is a closed subset defined by an open ideal a, our hypothesis means
that a = I + (f1,..., f.) for some ideal of definition I of A. Since we always have
v(f™) — +oo for f € I, the assertion follows from proposition [6.14l In general, X is

the intersection of a closed subset and an open subset and we may use assertion 2)
of proposition [6.4l. O

The standard properties of completion translate directly into the language of tubes:

Proposition 6.6. Let (X — P & V') be an adic overconvergent space. Then,

1. The tube | X[y only depends on the underlying subspace of X (and not on the
structure of formal scheme).

2. if P =,e; P: is an open covering, X; :== X n P, and V; := A" (P), then we
have an open covering
1X[pv=J1Xilp v,
iel
3. ifu: Q — P is a morphism of formal schemes and X\ factors through Q*, then

1X[pv=1u""(X)[gv-

Proof. Thanks to proposition 6.4, we may assume that X is closed in P in which case
everything follows from proposition and the standard properties of the functor
(—)2d, O

Be careful that, when ) is an open formal subscheme of P containing X, then
| X[o# ] X[p in general: we may not replace P with a neighborhood of X (this is
a striking difference with the notion of tube in Tate or Berkovich theory). On the
contrary, if Y is a closed formal subscheme of P that contains X and Q := P/Y,
then we do have

1X[p=]X[o.

As a consequence of assertion [3]), we see that the tube is functorial in the sense that
any morphism of adic overconvergent spaces

(Y > Q W)= (X = P V)
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induces a morphism of locally topologically ringed spaces
Iflo: Y [w— X[y

(this is not built into the definition). The functor (X < P « V) — | X[y is clearly
continuous and cocontinuous. Be careful however that the (composite) functor
(X — P) — | X|[p is still continuous, but it is not cocontinuous because the adic
topology is usually finer than the Zariski topology.

We can also prove that he tube is left exact in the following sense:

Proposition 6.7. Assume that we are given two morphisms of formal embeddings
(X; — P) = (X — P) fori=1,2 and that P, xp P, is representable by a locally
noetherian formal scheme. Then, if we are given X : V — P x paa P34 we have

1X1 xx Xolv=]X1[vn]Xa[v.

Proof. We may assume that V = P x p.a P34, In other words, if we denote by
pi : Py xp Py — P; the projections, we have to show that

1X1 xx Xo[pixpr= (1) (1X1[p) N (05") (1 Xa[py)-

We may assume that X = P = Spf(A), that P; = Spf(A;) and that X; is closed in
P; defined by a; for i = 1,2. It follows that P, xp P» = Spf(4; ®4 A2) and that
X1 xx Xy is defined by a; ®4 As + A1 ®4 as. Therefore, when v € Py xp P, we will
have

ve]Xy xx Xo[pwpp, < Vfea,v(p'(f)") — 4o fori=1,2
= (P () e]Xy[p fori=1,2

since v(p; *(f)") = (P} (v))(f*) for i = 1,2. m

Unfortunately, the following fibration theorem will not be very useful but it is worth
mentioning however, as a formal consequence of the formal fibration theorem:

Proposition 6.8 (Weak fibration theorem). Assume that we are given two formal
embeddings X — P and X' — P'. If a differentially smooth morphism u: P' — P
induces an isomorphism X' ~ X and an isomorphism X ~ X, then, it induces
locally on P, an isomorphism

1X'[p~ D" x | X[p.

Proof. We may assume that X and X' are closed in P and P’ respectively, in which
case our assertion follows directly from the formal fibration theorem O

One would like to relax our hypothesis in the proposition and only assume that u

induces an isomorphism X’ ~ X (and not necessarily X ~ X). Unfortunately, the
conclusion will not hold anymore as the case of an open immersion P’ < P shows
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(with X = X’ = P’). The tube inside P will be strictly bigger than the tube inside
P’ in general.

A tube has no reason to be locally closed (even for the constructible topology) as the
example of the absolute open unit disc inside the absolute closed unit disc shows.
The situation will be much nicer when we stick to analytic spaces (as we shall see
later) or if we consider the naive tube:

Proposition 6.9. Assume that X is a locally closed (resp. a closed, resp. an open)
formal subscheme of a formal scheme P and let X : V — P be any morphism of
adic spaces. Then, spy' (X) is a locally closed (resp. a closed, resp. an open) locally
constructible subset of V.

Proof. Note that only constructibility really needs a proof because specialization
is continuous. We may clearly assume that P = Spf(A) and that X is the closed
subset defined by an ideal a. If fi,..., f. are generators of a, then

spy (X) = {v eV: rznil{w(fz) > 0}

is a closed constructible subset of V' (finite intersection of complements of rational
open subsets which are quasi-compact). O

We can now describe how far our tube differs from the naive tube. In particular, we
will see that the points of the tube of X cannot specialize too far from X itself (we
will denote by W and W the interior and the closure of a subset W):

Proposition 6.10. Let (X — P — V) be an adic overconvergent space. If we let
W = spy, (X)), then we have ] o
W c]X[yc W.

Moreover, if V is analytic, then |X[y= W (resp. |X[v= W) when X is closed
(resp. open) in the topology of P.

Proof. First of all, we should recall that, if we write W (X) instead of W, then W
sends closed to closed and preserves standard set operations. And we know from
proposition [6.4] that the tube also preserves these operations (although it does not
send closed to closed). Assume for a while that we know that the conclusion holds
in the closed case. If we write X = Z nU with Z closed and U open in the topology
of P, we will have

o

W(2) <12lve W(2)

and, by considering a closed complement of U, we deduce that

W(U) c|U[yc W(U).

Since |Z nUlv=]Z[vn |U|v, this will imply that

-0 _—o

W(ZnU)=W(Z)nWU)<|ZnUlycW(Z)nWU)=W(ZnU)
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and we will be done.

Thus, we assume from now on that X is closed in P. Since the question is local
on V', we may also assume that V' = Spa(B, B*) with (B, B*) complete, that P is
affine and that X is defined by some ideal a. Then | X[y is defined as a subset of
V' by the conditions v(f") — +0o0 and W is defined by the conditions v(f) > 0 for
f € a. We proved in lemma that both conditions are stable under specialization.
Now, any v € V has a generization w € V' of minimal height < 1 and it follows that

w(f) >0< w(f") - +wo=v(f") > +w.

Now, since W is a (closed) constructible subset of V| one knows that v € W if and
only if any generization of v belongs to W. This implies the first assertion and we
may now assume that V' is analytic. In this case, w has height exactly 1 and this
is the maximum (vertical) generization of v. Moreover, there exists an isomorphism
H(w) ~ H(v) on the completed residue fields, and it follows that

w(f) >0 e w(f") = +oo < v(f") = +o

(because this last condition is purely topological). Thus, we see that w € W when
v €]X[y. Actually, the same holds for any other generization of v because it is
necessarily a specialization of w. O

Corollary 6.11. The tube of a locally closed (resp. closed, resp. open) formal
subscheme in an analytic space is a locally closed (resp. open, resp. closed) subset.

In particular, the tube of a closed formal subscheme into an analytic overconvergent
space has a natural structure of analytic space (as an open subset).

Assume that X < P is a locally closed embedding such that X is open in the
topology of P. Then, there exists a unique open formal subscheme ) of P having
the same underlying space as X and we have sp~(X) = Q* which is an open subset
of P, Tt follows that ] X [pan is the same thing as the closure of Q" in P*®. More
generally, if we are given A\: V — P2 with V analytic, then | X[y will be the closure
of A71(Q*) in V.

Recall that we denote by V] the set of points of height 1 in an analytic space V' and
by sep : V' — V] the canonical retraction (the projection on the Berkovich quotient).

Proposition 6.12. If (X — P < V) is an analytic overconvergent space and
veV, then
v €| X[ve spy(sep(v)) € X.

Proof. We may assume that X is open in the topology of P - and use complement
and intersection in order to deduce the general case. Then, we know from proposition
.10 that ] X[y=W with W := sp;,*(X). Since W is a constructible subset, we will
have v € W if and only if v has a generization v’ in W. Since W is open, the
maximum generization v; of v' will also be in W and we may therefore assume that
v’ = vy, which is also the maximum generization of v. In other words, we have
ve W =]X[y if and only if sep(v) = v; € W = sp;,*(X) as asserted. O
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As a consequence of this proposition, when V' is analytic, we can recover the true
tube from the naive one:

1X[vy=sep ' (spv ' (X) n V).

In particular, we see that, when V' is analytic, the tube ]|X[y is stable both under
specialization and generization.

We want now to describe more precisely the analytic points of the tube of a closed
formal subscheme. Recall that if a is an ideal in a ring A, we denote by a™ the
ideal generated by all f with f € a.

Definition 6.13. Let (X — P & V') be an adic overconvergent space with X closed
in P. Let V — Spa(B, BT) be an adic morphism and J an ideal of definition for
B. Then the tube of radius n € N of X in V (relatively to J) is

[Xvn = {v eV: inf wo(f)>=infu(g) # +oo} :

(n) geJ
fEIX,Sp(v)

We will give some examples below but we want to first prove the following:

Proposition 6.14. Let (X — P « V) be an adic overconvergent space with X
closed in P, V' — Spa(B, BT) an adic morphism and J an ideal of definition for B.
Then, for alln € N, [ Xy, is a constructible open subset of V' such that

[X]V,n < [X]vnst

and we have

1X 6= X v

neN

Proof. All questions are local on V' and therefore also on P. We may therefore
assume that P := Spf(A), so that X is defined by an ideal a = A, and that
V' = Spa(B, B*t). In this situation, if fi,..., f, are some generators for a modulo J
and gi,...,gs some generators for J, we have

(X = {x eV: mTin o(fl) = mi{lv(gj) # —l—OO} :

=1 j=

One may then notice that [ Xy, is the finite union of the rational subsets

r,8
{x €V iminfo(f7'), v(g;)} = vlgn) # +OO}
for k = 1,...,s. This is therefore a quasi-compact (which is equivalent to
constructible since V is affinoid) open subset of V' as asserted. Now that we know
that [X]y,, is constructible, in order to prove the second assertion, it is sufficient
to check that if w € [X]y,, specializes to v € V, then v € [X]y,11. At this
point, it seems more natural to work in the residue fields and use the multiplicative
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notation (even if the absolute value might have higher height). Let us assume

that |f"(w)| < |g(w)| # 0 with f € a and g € J. Then necessarily f(w) is
topologically nilpotent (because g(w) is) and ‘f;(%)) < 1. It follows that %;()w)
is also topologically nilpotent. Since H(v) is homeomorphic to H(w), we also have

<1

g(v) # 0 and %;gv) topologically nilpotent. In particular, we must have ‘%
and therefore | f"*1(v)| < |g(v)| # 0.
For the last assertion, it is sufficient to check that, for f € a and v € V', we have
(v(f") > +wandve V™) <« (IneN,dge Jo(f") =v(g) # +0).
First of all, we know that
veV®™ < dJge Jou(g) # +o,

because J is an ideal of definition. Moreover, once we know that v(g) # 40, then
the equivalence

v(f") >+ < IneNo(f") =v(g)
follows from the fact that v(¢g") — —+oo (because g € J and our valuations are

continuous). O

Example Assume that we are given a morphism of adic spaces O — Spa(B, B™)
where B is a Tate ring with topologically nilpotent unit 7 (in which case the
morphism is automatically adic and O is automatically analytic).

1. We consider the analytic overconvergent space (zero section)
Spec(Z)—— A <—Dg .

Then, we have
]SpeC(Z> [Do = D6
(even as adic spaces, as we shall see below), and

[Spec(Z)|pgm = Do(0,73) := {v € Ao : v(T") = v(r)}

is a closed disk which is an affinoid space for each n € N. The formula of the
proposition reads

D5 = | JDo(0, 7).

neN

Recall that the open unit disc does not contain the v~ -points.
2. We consider now the analytic overconvergent space
AP~ DPpy.

Then, from the first example, one can easily deduce that

JARE = [ Do(0,7 )

neN
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where )
Do(0,7 =) :={ve Ao :v(xT") =0}

is also an affinoid open subset for each n € N. This tube is slightly bigger than
the closed unit disc Dp: it contains the v*-points.

3. To make it more explicit, we may consider the case O = Spa(Q,) (with the“p-
adic” topology). Then we have

P = D(0,17) U {o } LD(o0,17) .
> N

< —

]X[ Joo[

4. This can be extended to the Monsky-Washnitzer setting. We let R be a
noetherian ring and S — Spec(R) be any morphism of formal schemes. Then,
we consider an R-algebra of finite type A and denote by X some projective
closure of X := Spec(A). Finally, we give ourselves a morphism R — By where
B is a Tate ring with topologically nilpotent unit 7 and let O = Spa(B, B™).
Then we have

P(1Xs[x,, i O%,) = (Bo®r A)'[1/7].

We can now prove the following adic variant of the famous proposition 0.2.7 of [3]:

Proposition 6.15. If (X — P & V') is an analytic overconvergent space with X
closed in P, then there exists an isomorphism of adic spaces:

ATH PRy = PR b V)X e VL

Proof. The question is local. We may therefore assume that P = Spf(A) is affine
with X defined by an ideal a = (f1,..., f.) and that V = Spa(B, B") with B a
complete Tate ring with topologically nilpotent unit 7. Recall that, in this situation,
P/X = Spa(A/*) where A/ is identical to A as a ring but its topology is defined
by a + I if I denotes an ideal of definition for A. Proposition 614 tells us that

1X[v=U,en[X]vn with
(X, = {x eV: Ié?{v(fzn)} > v(m) # +oo} ’

and we need to show that the natural map [X]y,,, — P factors canonically through
P/Xad  After replacing a with a™, we may assume that n = 1. If we write
[X]v1 = Spf(C,C") with (C,C*) complete, we need to show that the composite
map A — B — (' is continuous for the a-adic topology. Thus, we have to check
that f — 0 in C for all i« = 1,...,r (we may re-use the letter n). This follows
from the fact that, by definition, f;/m is power-bounded in C' and 7 is topologically
nilpotent. U

As a consequence of this proposition, we see that, in an analytic overconvergent

space (X < P « V), we may replace P with is completion along X and then
replace X with the open formal subschemes ) of P having the same underlying
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space as X, without modifying the tube. In practice, we are therefore often reduced
to the case when X = () is an open formal subscheme of P as we shall see later.

Note that it is necessary to assume V analytic in the proposition in order to
consider |X[y as an adic space (as an open subset of V). Anyway, the map
AL (P/Xad) Xy is not even an isomorphism of locally topologically ringed spaces
in general.

In order to generalize the constructions of this section to the case where P is
not locally noetherian, it is necessary to assume that X is locally radically finitely
presented: it means that locally, X is defined modulo an ideal of definition by an
ideal a such that 4/a = v/A- S for some finite set S € A. One may then proceed
in the same way as above, using generalized adic spaces of Scholze and Weinstein
instead of the honest adic spaces of Huber. We will not work out the details here.

Example If Vis a (non discrete) valuation ring with residue field k and X < Pisa
locally closed embedding of a k-variety into a formal scheme which is locally finitely
presented over V), then X is locally radically finitely presented. This follows from
the fact that, if m denotes the maximal ideal of V, then we have /m = m = 4/(7)
for any topologically nilpotent unit 7.

7 Strict neighborhoods

In this section, we relax our category of overconvergent spaces in order to make the
role of the ambient formal scheme secondary and to allow the replacement of the
adic space by some neighborhood of the tube. As usual, formal schemes are always
locally noetherian and adic spaces are locally of noetherian type.

Definition 7.1. A strict neighborhood is a formal morphism

X/( P/ V/

ok

X——P~—V.
where
1. f is an isomorphism,
2. v 1is locally noetherian,

3. w s an open immersion,

4. 1flu is surjective.

Note that a strict neighborhood automatically induces an isomorphism



of topologically locally ringed spaces (for the induced structures).

Up to isomorphism, we may always assume that X’ = X, that f = Idx and that u
is the inclusion of an open subset so that | X[y =]X[y, and we would then write

X(H P/ - ﬁ/

|

X——sP-—V.
Example Assume that we are given a formal scheme S and a morphism O — S
with O analytic. Then there exists a sequence of strict neighborhoods

(this is not true however when O is not analytic).

A strict neighborhood always splits as follows:

Proposition 7.2. Any strict neighborhood
)(l(H P/ - V/
Tk
X——sP~—V.

is the composition of a strict neighborhood with w = Idy and another strict
neighborhood with both f =1dx and v = Idp.

Proof. Follows from proposition [(.3] O

Strict neighborhoods will allow us to increase (or shrink) P as the next proposition
shows.

Proposition 7.3. If (X — P < V) is an adic overconvergent space and P — @) is
a locally closed embedding, then we have a strict neighborhood:

X——sP<~—V

1

X Q—V.

Proof. Since the left hand square is cartesian, we have [X[gnP* =]X[p. Every-
thing follows because a locally closed embedding is locally noetherian. O

Be careful however that the morphism

|

X Q— Q.
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is not a strict neighborhood in general as the case X = P = A and Q = P shows:
we have | X[p=D #]A[p=]X][g. In the statement of the proposition, it is therefore
important to keep the same V' on the right.

Using the next property, it will also be possible to assume that the locus at infinity
is a divisor:

Proposition 7.4. Let (X < P <« V) be an adic overconvergent space. Ifv: P' — P
is a blowing up of a usual subscheme centered outside X, then it extends to a strict
neighborhood

X pr 2y

R

X -pA vy

Proof. We may clearly assume that V' = P*. Now, the assertion results from
proposition B3, More precisely, if we denote by Z the center of the blowing up
and let Z' = v™1(Z) so that X " Z = ¢ and X n Z' = &, then v induces an
isomorphism P24\ 7/ad ~ pad\ 7ad hetween an open neighborhood of | X|[p and an
open neighborhood of |X[p. We may set V/ = P'ad\ Z’ad, O

As a consequence, we obtain Chow’s lemma for overconvergent spaces:
Corollary 7.5. Assume that we are given a formal morphism

Ve QW

bk

X—P~—V

in which v : @ — P is separated of finite type around Y (see definition [7.9). If
Y is reduced, f is quasi-projective and X quasi-compact, then, there ewists a strict

neighborhood
Y — Q’ W

L

Yo e Q~——W.

such that the composite map v' : Q" — P is quasi-projective in the neighborhood of
Y.

Proof. We may assume that X also is reduced. We are in the situation to apply the
precise Chow’s lemma (corollary 5.7.14 of [20]): there exists a blowing-up Z — Y
centered outside Y such that the composite map Z — X is projective. This blowing
up is always induced by some blowing up ' — @ and we may apply proposition
BI3 (we have Y =Y and Y/ = 7). O

When V is analytic, we also have the following:
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Proposition 7.6. If (X < P < V) is an analytic overconvergent space, then there
exists a strict neighborhood

X pr 2y
X——spP2V.

with X open and dense in the topology of P' and | X[y closed in V'.

Proof. Simply choose P’ = PX and V! = |X[v. The result is then an immediate
consequence of proposition [6.15] U

The next two propositions will allow us to prove that strict neighborhoods form a
right multiplicative system.

Lemma 7.7. Strict neighborhoods are stable under pull back.

Proof. Immediate consequence of proposition .7 O
Lemma 7.8. If a strict neighborhood
X/( P/ V/

b

has a section, then this section is also a strict neighborhood.

Proof. Condition 1) and 4) are clearly satisfied because f and |f[, are always
isomorphisms and a section of an isomorphism is necessarily an isomorphism.
Actually, the same holds for condition 3) because an open immersion with a section
is also an isomorphism. Finally, condition 2) follows from the fact that a section of
a locally noetherian map is locally noetherian. O

Proposition 7.9. Adic overconvergent spaces and formal morphisms admit right
calculus of fractions with respect to strict neighborhoods.

Proof. This is a formal consequence of lemmas [7.7 and as lemma [.10 below
shows. [

Lemma 7.10. Let C be a category and S a set of morphisms which contains
identities, is stable by composition, is stable by pull-back and is stable by taking
sections. Then, C admits right calculus of fractions with respect to S.

Proof. According to definition 2.3 of [9], there are four (sometimes called after Ore)
conditions to check, the first two of which coincide with our first two. For the third
condition, we have to show that any diagram

Y’*Jil>X,
|
| ¢ ls
Y
y 1. x



with s € S may be completed into a commutative diagram with ¢t € S. We may
simply choose for ¢ the pull back of s along f. For the fourth condition, we must
show that any commutative diagram

Y’73>Y$X—S>X’

with s € S may be completed into a commutative diagram with ¢ € S. First of
all, if we pull back s along itself, we see that X x x X is representable and that
the projection p : X xx» X — X belongs to S. It follows that the diagonal map
0 : X — X xx X also belongs to S because this is a section of p. We may then pull
back ¢ along the map (f,g) : Y — X xx X in order to obtain ¢ : Y/ — Y (which is
actually the kernel of f and g). O]

Definition 7.11. The adic overconvergent site is the category of adic overconvergent
spaces localized with respect to strict meighborhoods and endowed with the image
topology.

In other words, an object of the adic overconvergent site is an adic overconvergent
space and a morphism is, up to equivalence, a diagram

(V' = Q= W)
-
Y=QeW)  (X=PeV)

where the vertical map is a strict neighborhood. It means that we may always
replace W with some neighborhood of the tube and modify ) almost as we wish.

Our category is endowed with the image topology which is the coarsest topology
making continuous the localization map. This is the topology generated by the
pretopology made of families of formal morphisms

{(X =P <=V) > (X =P V)
where, for each i € I, V; is open in V, and |X[y= U,;|X[v;. Again, it is
subcanonical.

If necessary, we will call this topology the adic topology. We may also endow our
category with the Zariski topology (image of the Zariski topology) or even with the
Zariski-adic topology which is the coarsest topology finer than the two others, for
example. Many other choices are possible.

Since the formal scheme P plays a very loose role in the theory, we will usually
denote by (X, V') an object of the adic overconvergent site. The localization functor

(X >P<V)—(X,V)

from the category of overconvergent adic spaces and formal morphism to the
overconvergent adic site commutes with finite limits ([9] again) and is continuous (by
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definition). Let us remark that, as a consequence, the functor (X — P) — (X, P*)
from the category of formal embeddings to the category of adic overconvergent sites
also commutes with finite limits. It is continuous for the Zariski or Zariski-adic
topology but not for the adic-topology (see proposition however). Also, the
functor (X, V) — X commutes with all limits because it has an adjoint X — (X, &).
And it is also continuous. Finally, giving a sheaf (or a presheaf) on the adic
overconvergent site is equivalent to giving a sheaf (or a presheaf) with respect to
formal morphisms which becomes an isomorphism on strict neighborhoods.

We insist on the fact that we usually write (X < P « V') for an adic overconvergent
space seen as an object before localization (with formal morphisms) and (X, V') when
we see it as an object of the adic overconvergent site (up to strict neighborhoods).

Proposition 7.12. A formal morphism
(Y > QW)= (X = P V)

induces an isomorphism (Y, W) ~ (X, V) if and only if there exists a commutative
diagram

Y = Q < W)

T

Y =Q<W) (X =P <V)

where both diagonal arrows are strict neighborhoods.

We may always assume that Y’ = Y, that the corresponding map is the identity
and that W' is an open subset of W.

Proof. Only the direct implication needs a proof. According to proposition 7.1.20.
(i) of [I5] (be careful that they call left what we call right) or section 3.5 of chapter
L'in [9], there exists a commutative diagram of formal morphisms:

(Yl PN Q/ - W/) (X/ PN Pl - V/)

i

Y =>Q<-W)——=(X—=P<V)

with strict neighborhoods as vertical maps. It is sufficient to prove that the upper
map is a strict neighborhood. Since the composite map Q' — P' — @ is locally
noetherian, the first one )’ — P’ is also necessarily locally noetherian (see [7]) and
condition 2) holds. The proofs that the other three conditions hold are very similar
to each other and we will only do condition 3) which is the one that requires some
care. Let us denote by V” the inverse image of W’ in V' through the diagonal map,
and identify W’ and V" with their images in W and V respectively. Then, there
exists a commutative diagram

W/ V//

|1

W/ V//
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The diagonal map has both a section and a retraction and must be an isomorphism.
It follows that the upper map is also an isomorphism and we are done. O

Be careful that the map () — P is not necessarily locally noetherian as the following
example shows:

(& < AP — &) — (& < Spec(Z) — &.)
We will mostly be interested in the following consequence:

Corollary 7.13. Assume that we are given two adic overconvergent spaces (X; —
P, < V) fori=1,2. Then, (X1,V1) ~ (X2, V2) if and only if there exists a common
strict neighborhood

(X —PeV)

///// \\\\\

(X1 = P« W) (Xo > P« V3). O

Note that when Xy = X, we may also assume that X = X; = X, and that the
corresponding maps are the identity.

Most of the time, we will work over a given adic overconvergent space (C' < S « O).
It is important to notice that, by construction, the diagonal maps in corollary [7.13]
will be defined over (C'— S « O) as well.

It will be convenient to call a formal morphism (X — P «— V) — (C — S < O)
locally noetherian when the morphism P — S is locally noetherian.

Proposition 7.14. Assume that we are given two locally noetherian adic over-
convergent spaces (X; — P, < V;) over (C — S <« O) for i = 1,2. Then,
(X1, V1) ~ (X2, Vo) if and only if the projections extend to strict neighborhoods

(Xgpl ><5P2<—V)

/ \

(X1 > P <) (Xg > Py < V).

Again, when X, = X, we may also assume that X = X; = X, and that the
corresponding maps are the identity.

Proof. In the situation of corollary [[.I3, we may always assume (as we indicate
after the statement of the corollary) that the morphisms are compatible with the
structural maps. Then the common strict neighborhood factors as

(X > P<V)

|

(Xgpl ><5P2<—V)

/ \

(X1 > P < 1) (Xg > Py < V).
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It should be clear that both diagonal arrows are strict neighborhoods. For example,
the composite map

1X[pv—1X[pxspv—1X1lP 1

being surjective, the second map must also be surjective and condition 4) holds. [J

The following obvious consequence of proposition [7.14] will often make it possible

to assume that X is a usual scheme when considering an adic overconvergent space
(X, V).

Corollary 7.15. Assume that (X,V) and (X, V') are two locally noetherian adic
overconvergent spaces over (C,0). Then we have

(X> V) = (X’ Vl) had (Xreda V) = (Xreda Vl)

Note that this is the same X on both sides and we implicitly assume that the map
induced at this level is the identity.

There is no chance for the forgetful functor (X, V) — X to be continuous (for the
Zariski topology of X) because we choose to use the coarse topology on the algebraic
side when we defined the topology on the adic overconvergent site. However, we have
the following consequence of the proposition:

Corollary 7.16. Let (X — P & V) and (X — P’ & V') be two locally noetherian
adic overconvergent spaces over some (C — S « Q). Assume that there exists
two open coverings P = |J,.; P and P' = |J,.; P/ such that, for each i € I,
X n P, = X n P! and, locally, we have (X n P, \"'(P*) ~ (X n P/, \~'(P;2).

K3 K3

Then, locally, we have (X,V) ~ (X,V’).

Proof. Let us write X; :== X n P, = X n P!, V; :== \"}(P) and V! := N~1(P/9).
We assume that there exists, for each ¢ € I, a family of open subsets {V;;};cs, of
V; such that | X;[v,= Ujeji]X [v;;, a family of open subsets {V};}jes, of V/ such that

1 X7 [V{: Uj . Ji]XZ( [V{j , and an isomorphism (X;, V;;) ~ (X; V’). Then, proposition

(2] 1]
[CI4 tells us that for each i € I,j € I;, the projections extend to a common strict

neighborhood
(X; — P, xg P «

/ \

(X; = P, < V) (X, <> Pl < V).

It follows that the projections
X — P X5 P — WZJ

/ \

(X — P V) (X < P < V)

also provide a common strict neighborhood and (X,V) is locally isomorphic to
(X, V). O
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8 The strong fibration theorem

At last, we give the the strong fibration theorem, building on all the previous results.
As usual, formal schemes are supposed to be locally noetherian and adic spaces are
assumed to be locally of noetherian type.

Recall that adic overconvergent spaces were first made into a category by using
formal morphisms and that we turned strict neighborhoods into isomorphisms in
order to obtain the adic overconvergent site. In the process, the formal scheme which
is used as a link between the algebraic and the analytic world almost disappears.
We will see that, however, many properties of the formal morphism are somehow
transferred to the (true) morphism.

We start by explaining how we can extend some notions coming from formal schemes
(resp. adic spaces) to adic overconvergent spaces and formal morphisms (resp. to the
adic overconvergent site):

Definition 8.1. 1. A formal morphism
Ye—Q—W
ok
X——P~-—V.
of adic overconvergent spaces is

(a) right cartesian W is a neighborhood of Y in (v®)~1(V),

(b) said to satisfy a property P (of formal schemes) if v satisfies the property
P around Y .

2. A morphism of adic overconvergent spaces (Y, W) — (X, V) is said to satisfy
a property P (of adic spaces) if there exists a neighborhood V' of X in'V and
a netghborhood W' of Y in W such that the induced map W' — V' satisfies

the property P.

Recall from definitions and that the expression “around Y” has two different
meanings depending on the “open” or “closed” nature of the property.

Proposition 8.2. If a right cartesian formal morphism
Ye—Q—W
ol
X——P~—1V.

of analytic overconvergent spaces is formally locally of finite type and formally
unramified (resp. and formally smooth, resp. and formally étale), then it induces
an unramified (resp. a smooth, resp. an étale) morphism

Y, W) — (X, V).
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Proof. We may assume, after completion, that X and Y are open in P and @
respectively.

If v is formally unramified around Y, then the coherent sheaf Qb /p has a support
Z which is a closed formal subscheme of () that does not meet Y. The inclusion
Z < P% induces an inclusion Z*d < ]Z[p and it follows that p=1(Z3d) = ]Z[y. In
particular, the support of Q; y,, which is a closed subset contained in p (229,
does not meet |Y[y. It follows that there exists a neighborhood W’ of Y in W such
that Qf, v = 0. Moreover, since v is locally of finite type around Y, we may assume
thanks to corollary that W’ — V is locally of finite type. It follows that u is
unramified in the neighborhood of Y.

We proceed in an analogous way for smoothness using the jacobian criterion. Since
the question is local and v is formally locally of finite type, we may assume that
there exists a closed embedding () — AIJ—S’N defined by an ideal (fi,..., f.) and that
the minor det[df;/0T}]; ,_, is invertible outside a closed subset Z not meeting Y.

Pulling back, we obtain a locally closed embedding W’ < ]D‘J—;’N and the above minor
stays invertible outside Zd. As above, u~(Z2d) does not meet |Y [+ and we know
that the locus where le minor is invertible is open. O

Theorem 316 has the following consequence:

Corollary 8.3. If a right cartesian formal morphism
(Y > QW)= (X = P V)

of analytic overconvergent spaces is formally locally of finite type (resp. formally
locally of finite type and separated, resp. partially proper), then the associated
morphism

(Y,W) - (X,V)

is locally of finite type (resp. separated, resp. partially proper) .
Proof. Simply replace V and W with V' := | X[y and W’ :=]Y[w. O

In order to go further, it will be necessary to mix open (such as formally smooth)
and closed (such as partially proper) conditions.

Theorem 8.4. If a right cartesian formal morphism of analytic overconvergent
spaces

X¢ P N V!
bl
XC——spP<2V

is partially proper and formally étale, and induces an isomorphism f: X' ~ X, then

it induces an isomorphism
(X7, V') ~ (X, V).
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Proof. After completing along X (resp. 7’), we may assume that X (resp. X’) is
open in the topology of P (resp. P’). If we denote for the moment by U (resp. U’) the
open subset of P (resp. P’) having the same underlying space as X (resp. X’), then
the induced morphism U’ — U is formally étale and induces an isomorphism on the
maximal reduced subschemes. This is necessarily an isomorphism. We may therefore
replace X (resp. X’) by U (resp. U’) and assume that it is a formal open subscheme
of P (resp. P'). In this situation, we have sp~(X) = X2 (resp. sp~}(X’) = X"2d).
Let us consider now the open subspaces W = sp,'(X) and W' = spy' (X') of V
and V' respectively. Since the right hand square of our diagram is cartesian in the
neighborhood of the tubes, we see that u induces an isomorphism

W/ _ )\,_I(X,ad) ~ )\—I(Xad) = W.

Since v is partially proper around X', we know from corollary that v is partially
proper in the neighborhoods of the tubes. In particular, it is specializing and the
isomorphism W’ ~ W extends therefore uniquely to a homeomorphism

X' Tv=W ~W =]X[y

(recall that W and W’ are locally constructible). Now, any v €]X'[y+ generizes
to some w’ € W' and since V' is analytic, the canonical map O, — O, (is
local and) induces an isomorphism H(v') ~ H(w’). For the same reason, we have
H(u(v')) ~ H(u(w')). On the other hand, the isomorphism W’ ~ W provides
an isomorphism H(u(w')) ~ H(w') and it follows that H(u(v")) ~ H(v). We
may therefore apply proposition 2.3.7 of [14] (analytic variant) which tells us that
u induces an isomorphism between the étale topos of (V’, |X'[y) and the étale
topos of (V) | X[y). Moreover, thanks to proposition 82, we may assume that the
map u: V' — V is étale. Then, necessarily, u induces an isomorphism between a
neighborhood of |X'[y in V" and a neighborhood of | X[y in V. O

Note that the étale site of a pseudo-adic space (V,T') is not subcanonical because
any open immersion V' — V with T" < V’ will induce an isomorphism between the
étale topos of (V’,T) and (V,T). This is why we need to shrink V' and V' once more
at the end of the proof. Alternatively, one could use the modified étale site obtained
by formally inverting such an open immersion (which is then subcanonical).

Theorem 8.5 (Strong fibration theorem). If a right cartesian formal morphism of
analytic overconvergent spaces

(X' —>P <«V)5 (X—>P<V)

is partially proper and formally smooth, and induces an isomorphism X' ~ X, then
there exists, locally in the adic overconvergent site, an isomorphism

(X", V') ~ (X,P}).

Here, we denote by (X, P},) the adic overconvergent space associated to (X < P} «
PL).
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Proof. The strategy is due to Berthelot and we follow essentially the proof of theorem
4.1.3 in [I8]. First of all, thanks to corollary [T.15, we may assume that both X
and X' are reduced. Also, using proposition [(.4] we may assume that X’ is the
complement of a divisor in in X' Now, since the question is local for the adic
topology of the overconvergent site, we may assume that V' is affinoid. Moreover,
thanks to corollary [[.T6, the question is local on X and therefore also on P that
we may both assume to be affine. Also thanks to proposition [[.8, we may assume
that P’ is quasi-compact. We are then in the situation of applying our version of
Chow’s lemma (corollary [75) and we may therefore assume that the map X — X
induced on the compactifications is projective. Next, proposition grants us the
existence of a projective morphism of formal embeddings (X' — @) — (X — P)
which is étale around X’ and such that the closure of X’ in @ is identical to the
closure of X’ in P’. The formal morphism (X' < Q «— Q@ xpV) — (X — P «— V) is
right cartesian, partially proper and étale around X’ and induces therefore, thanks
to theorem [84] an isomorphism in the adic overconvergent site. After pulling back
along this formal morphlsm we may therefore assume that v actually induces an
isomorphism f : X ~ X. We may now use lemma 2 and apply theorem 8
again. ]

In order to state the last result, we recall that if B is a site, then a morphism 7" — T
of presheaves on B is called a local epzmorphzsm (resp. local zsomorphzsm)ﬂ if the
morphism of associated sheaves T" — T is an epimorphism (resp. isomorphism).
And a morphism Y — X in B is a local epimorphism (resp. local isomorphism) if
the corresponding morphism of presheaves Y - X is.

Corollary 8.6. If a formal morphism of analytic overconvergent spaces
YVoQW)>(X—>P<V)

is partially proper and formally smooth, and induces an isomorphism X' ~ X, then
it induces a local epimorphism

(X", V') - (X,V)

in the adic overconvergent site.

Proof. Tt follows from theorem that, locally, the morphism (X', V') — (X,V)
has a section. O
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