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Regularity and Stability for the Semigroup of Jump Diffusions with
State-Dependent Intensity

Vlad Bally* Dan Goreac! Victor Rabiet?

July 9, 2017

Abstract

We consider stochastic differential systems driven by a Brownian motion and a Poisson
point measure where the intensity measure of jumps depends on the solution. This behavior is
natural for several physical models (such as Boltzmann equation, piecewise deterministic Markov
processes, etc). First, we give sufficient conditions guaranteeing that the semigroup associated
with such an equation preserves regularity by mapping the space of the of k-times differentiable
bounded functions into itself. Furthermore, we give an explicit estimate of the operator norm.
This is the key-ingredient in a quantitative Trotter-Kato-type stability result: it allows us to
give an explicit estimate of the distance between two semigroups associated with different sets
of coeflicients in terms of the difference between the corresponding infinitesimal operators. As
an application, we present a method allowing to replace ”small jumps” by a Brownian motion or
by a drift component. The example of the 2D Boltzmann equation is also treated in all detail.

Keywords: piecewise diffusive jumps processes, trajectory-dependent jump intensity, PDMP,
regularity of semigroups of operators, weak error, Boltzmann equation

1 Introduction

We propose a quantitative analysis of the regularity of semigroups of operators associated with
hybrid piecewise-diffusive systems

Xi=az+> fé o1(s, Xs)dB + f(f b(s, Xs)ds
(1) + [ el 2, X)L fusn(s,2,x, )} Nu(ds, dz, du).
[0,t]x ExR, B

taking their values in some Euclidian space R%. Here,

e (E,€&) is a measurable space,

e N,(ds,dz,du) is a homogenous Poisson point measure on E x (0,00) with intensity measure

p(dz) X 1(g,00)(w)du,
o W, = (W})jen is an infinite-dimensional Brownian motion (independent of N,,) and

e the coefficients o7,b: Ry x R = R?and ¢: Ry x E xR = R?% v : Ry, x E x R — [0,00)
are assumed to be smooth enough.
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Whenever the jump intensity v is constant, one deals with classical stochastic differential systems
with jumps. Regularity of the associated flow is then immediate (see [26] or [30]). However, if v is
non-constant, the position X,_ of the solution plays an important part in the intensity of jumps.
This latter framework occurs in a wide variety of applications and it will receive our attention
throughout the paper.

Our first result (see Theorem 15), which is the core of the paper, consists in proving that,
under natural assumptions, the semigroup P.f(z) = E(f(X¢(z)) propagates regularity in finite
time 7" > 0, i.e.

(2) Sup [P f e < Qu(T.P) [ fllgoc s VS € CF(RY).

Here, | fllj o is the infinite norm of f and its first k derivatives. In the case k = 0, this means
that P, is a Feller semigroup.

As we have already hinted, the main difficulty to overcome is due to the presence of the jump
intensity (s, z, Xs—). In classical jump equation, the indicator function Liu<y(s,z,x,_)} does not
appear and one may construct a version of the solution such that z — X;(x) is k-times differ-
entiable (see [30]). Next one proceeds with differentiating the associated semigroup and using
chain rule 0, P f(z) = 2?21 E (9, f(Xi(x))] 0, X} (x) and concludes that (2) holds for k = 1 with
Q1(T, P) = sup supE [|[VX(z)|]. However, in our framework, the indicator function is present

t<T =z

such that the stochastic differential representation of the solution in (1) is not appropriate. We
will employ the alternative representation in (25) (known in the engineering literature as "real
shock” representation, whileas (1) is known as the ”fictive shock” representation). The speci-
ficity of our framework is that the law of the jumps depends on the trajectory and this depen-
dence is quantified by ~. As consequence, the constants O will depend on some quantities of type
S 10 In~y (t, z,2)[P v (t, z,x) pu (dz) (for appropriate p < k and index a; the presence of such terms
is inspired by Malliavin calculus techniques).

A second result is a stability propety in the line of the Trotter - Kato theorem (cf. [35, Theorem
4.4]). We consider a sequence (P¢'),, o of semigroups of operators with generators £ and we assume
that, for some ¢ € N,

3) 1" = L) fllo < & % | fllgoo»  for all f € CJ(RY).

Here, £ stands for the infinitesimal operator associated with (1). In Theorem 16 we prove that,
under suitable hypotheses, the previous inequality yields

(4) (P = Po)flloe < &% Qq(T,P)x | fllgoe, forall f € CHRY).

In order to undersand the link betwen this result and the property (2), one writes

t t
Pu(e) = PLf) = [ OPE Puf@ds = [ PLL(L" - D (a)ds
0 0
and notice that by (3) first and by (2) next
[PEs(L" = L)Paf| g < IL" = LYPsflloe <& X [Psfllg 0 < & % Qq(TP) [1fllg 00

We finally mention that in the paper we deal with non-homogenous semigroups and the inequalities
are written with weighted norms (for simplicity we have chosen to present the results with usual
inifinity norms in this introduction).

If 1 is a finite measure and o is null, the solution of the above equation (1) relates to the class of
Piecewise Deterministic Markov Process (abridged PDMP). These equations have been introduced
in [14] and studied in detail in [15]. A wide literature is available on the subject of PDMP as



they present an increasing amount of applications: on/off systems (cf. [9]), reliability (e.g. [16]),
simulations and approximations of reaction networks (e.g. [22], [2], [13], with some error bounds
hinted at in [28] or [21]), neuron models (e.g. [11], [10]), etc. The reader may equally take a look
at the recent book [12] for an overview of some applications. In engineering community, these
equations are also known as ”transport equations” (see [33] or [29]).

To the best of our knowledge, in the general case (including a diffusion component and an
infinite number of jumps), under suitable assumptions, the first proof of existence and uniqueness
of the solution of equation (1) is given in [24].

Now assume that, for one purpose or another, one aims at applying some kind of numerical
algorithm in order to simulate the solution of equation (1). Furthermore, assume for the moment,
that ¢ = b = 0 such that

t
(5) Xt:x+/ // (s, 2, Xs— )L fusy(s,2,x,_ )y Nu(ds, dz, du).
0 JE J(0,00)

If u(FE) is finite, then one deals with a finite number of jumps in any interval of time, such that
the solution X is given with respect to a compound Poisson process that can be explicitly simu-
lated (leading, in particular chemistry-inspired settings, to what is commonly known as Gillespie’s
algorithm [22]; for other general aspects on simulation, see also [33]). However, even in this rather
smooth case, the presence of a trajectory-triggered jump (i.e. dependence on z in the jump inten-
sity 7) can lead, in certain regions (as 7 gets large) to the accumulation of many (possibly) small
jumps. In this case, the algorithm becomes very slow. One way of dealing with the problem is to
replace these small jumps with an averaged motion leading (piecewise) to an ordinary differential
equation (e.g. in [1]). Within the context of reaction networks, some intuitions on the partition
of reactions and species to get the hybrid behavior as well as qualitative behavior (convergence to
PDMP) are specified, for example, in [13]. Further heuristics can be found in [3].

In the general framework of infinite u(E), this direct approach may fail to provide fast solutions
(except particular situations e.g. in [36]). To provide an answer, the natural idea is to truncate the
"small jumps” on some compatible family of sets (E;,), .y and simulating X{* solution of

t
©) Xp—as [ [ /(O enlo 2 X e gy N, ).

This procedure leads to a large error. To improve it, one might want to further replace the ”small
jumps” from F, by a Brownian diffusion term leading to

X'=z+ f(f fEn on(s,z, X)W, (ds,dz) + fg bn(s, XI)ds

(7) + Jo Jize Sionse) (5% XI) L fu(s,xm )y Nu(ds, dz, du)

where W), is a time-space Gaussian random measure (associated with L% (u); standard procedure
allows interpreting W, as in equation (1)). The specific form of o,, and b, is obtained by using a
second-order Taylor development in the infinitesimal operator of the initial equation.

This idea goes back to [4]. In the case of systems driven by a Lévy process (with 7 fixed), [18]
gives a precise estimate of the error and compares the approximation obtained by truncation as in
equation (6) with the one obtained by adding a Gaussian noise as in equation (7). An enlightening
discussion on the complexity of the two methods is also provided. Similar results concerning
Kac’s equation are obtained in [19] and for a Boltzmann-type equation in [23]. For some recent
developpement on asymptotics of Boltzmann-type equation, we also mention [25]. Finally, it is
worth mentioning that the converse approach (replacing Brownian with jump diffusions) may also
be useful. The engineering literature is quite abundant in overviews of numerical methods for
(continuous) diffusion processes using jump-type schemes. In this case the stochastic integral with
respect to the Brownian motion is replaced by an integral with respect to a jump process.



The aim of the present paper is to provide quantitative estimates of the weak approximation
error when substituting the original system (1) with hybrid (piecewise diffusive Markov system
(7)) in the general case when ~ is trajectory-dependent (which constitutes the main difficulty to
overcome). At intuitive level, Trotter-Kato-type results (cf. [35, Theorem 4.4]) give the qualitative
behavior. If P™ (resp. L") is the semigroup (resp. infinitesimal generator) associated with (7) and
P (resp. L) is the semigroup (resp. infinitesimal generator) associated with (1), under Feller-type
conditions, convergence of L™ to £ will imply the corresponding convergence of semigroups. This
type of qualitative behavior can be found, for instance, in [31] (leading to drift), [5] (leading to
piecewise diffusive processes). In order to get error bounds (leading to a quantitative estimate),
one employes (4).

A somewhat different motivation for our work comes from a method introduced in [8] (see also
[7]) to study convergence to equilibrium for Markov chains. Roughly speaking, instead of looking
into the long-time behavior of the Markov chain Y,,,n € N, one replaces this chain by a Markov
process X; sharing the same asymptotics (¢ — X; being an "asymptotic pseudotrajectory”). In
[34], the results of our paper are used in order to extend this method (of [8]) to the piecewise
deterministic Markov framework.

Finally, although many biological intuitions exist on the use of hybrid models for reaction
systems (e.g. [3]), the quantitative estimates in our paper may turn out to provide a (purely
mathematical) selection criterion for the components to be averaged and the contributions to be
kept within the jump component. The use of diffusions punctuated by jumps (as mesoscopic
approach) responds, on one hand, to the question of speeding up algorithms and, on the other, of
keeping a high degree of stochasticity (needed, for example, to exhibit multistable regimes).

This paper is organized as follows. We begin with presenting the main notations used throughout
the paper. We proceed, in Section 2.1 with the main elements leading to the processes involved.
First, we recall some classical results on cylindrical diffusion-driven processes and the regularity of
the induced flow (Section 2.1.1). Next, in Section 2.1.2, we introduce the jumping mechanism as
well as the standing assumptions. We proceed with the construction of hybrid systems (piecewise
diffusive with trajectory-triggered jumps) in Section 2.2. We begin with some localization estimates
when the underlying measure is finite in Lemma 6. We also recall some elements on fictive and real
shocks leading to some kind of Marked-point process representation of our system. These elements
turn out to be of particular importance in providing the differentiability of the flow generated by our
hybrid system. The norm notations and the LP-regularity of the solution (uniformly with respect
to the initial data) are given in Section 3.

The differentiability of the associated semigroup is studied in Section 4 (with the main result
being Theorem 14 whose uniform estimates extend to general underlying measures in Theorem 15).

Section 5 gives quantitative results on the distance between semigroups associated with such
systems. The natural assumptions are presented in the first subsection. The main result Theorem
16 produces quantitative upper-bounds for the distance between semigroups starting from the
distance between infinitesimal operators.

We present two classes of applications. In Section 6, we imagine a piecewise deterministic
Markov process presenting three regimes and leading to a hybrid approximation with explicit dis-
tance on associated semigroups. First, we provide a theoretical framework describing the model,
the regimes, the assumptions and the main qualitative behavior (in Theorem 19). Next, explicit
measures make the object of a simple example to which our result is applied.

The second class of examples is given by a two-dimensional Boltzmann equation (following the
approach in [6]) in Section 7. We begin with describing the model, its probabilistic interpretation
and the (cut off) approximation given in [6] and leading to a pure-jump PDMP. In this approximated
model, using our results, we replace small jumps with either a drift term (first-order approximation
provided in Theorem 23) or a diffusion term (second-order approximation provided in Theorem
24).



2 Notations

Let (E, &) be a measurable space and p be a (fixed) non negative o-finite measure on (E,£).

Given a standard Euclidian state-space R™, the spaces LP(u) (for 1 < p < oo) will denote the
usual space of p—power integrable, R™-valued functions defined on F. This space is endowed

16llr ) = ( / |¢<z>|pu<dz>> g

for all measurable function ¢ : £ — R™. For notation purposes and by abuse of notation, the
dependence on m is dropped (one should write ?(u; R™)). The norm |-| denotes the classical,
Fuclidian norm on R"™.

with the usual norm

The space Cy(R™) is the space of real-valued functions on R™ whose partial derivatives up
to order ¢ are bounded and continuous.

Given a (fixed) probability space (2, F,P) and a (fixed) time horizon T > 0,

If £ is an R™-valued random variable on €2, we denote, as usual, ||, = (E Hﬂp])% .

If Y is an adapted real-valued process and Z is an L?(u)-valued process, then we denote by

1
p
— 3 p
) and HZHT,p - (E iggHZtHEg(u)])

We use M to denote the space of the measurable functions f : [0,7] x E x R? — R (where
metric space are endowed with usual Borel fields). For f € My, we consider the norm

3
sup |Y3["
t<T

Yz, = (E

8 = sup su t,-,x .
(8) HfH(ﬂ,oo) tggmegd”f( )HL?(;L)

Similar norm can be induced on M% by replacing L2(1; R) with L2(; R?) norms.

For a multi-index o = (aq,...,aq) € {1,...,d}? we denote |a| = ¢ the length of a and
0y = Oy, .-.-Oz,, the corresponding derivative. To simplify notation, the variable z may
be suppressed and we will use 9°.

For k € N*, we denote by Ry the family of real-valued vectors indexed by multi-indexes of
at most k length i.e. Ry = {ypm = (Ys)i<ig<k : Ys € R} and, for yy € Ry, we denote

kt1
©) [Vilg, = D el PT -

1<|BI<k

By convention,

y[o]‘R[O] = 0. Similarly, Rflk} is defined for vectors whose components belong

to R? and |yg| is then computed with respect to the usual Euclidian norm on R

If  — f(t,2,2) is a real-valued, ¢ times differentiable function for every (¢,2) € [0,7] x E
then, for every 1 <[ < g we denote

(10) Hle,q,(y,,oo) = Z Hagf”(,u,oo) and Hqu,(p,oo) = Hf”(p,oo) + Hf”l,q,(,u,,oo)

I<]a|<q



Remark 1 We emphasize that in ||, ,
itself does not appear).

for 1 =1, only derivatives are involved (| f]|,

Hy00) Hy00)

e For a measurable function g : [0, 7] x RY — R we denote by ||g|., = sup lg(t, )| and,
(t,z)€[0,T]x R4
if x — g(t,x) is ¢ times differentiable for every t € [0, 7], then

I9ligoe = D 11059l and [Igll, 0 = llglloo + l9ll1 .00 -
I<|a|<q

2.1 Preliminary results
2.1.1 Continuous Diffusion

We assume the fixed probability space (£2, F,P) to be endowed with a Gaussian noise W), based on p,
as introduced by Walsh in [38]. We recall that IV, is a family of centred Gaussian random variables
W,(t, h) indexed by (t,h) € Ry x L?(u) with covariances E [W,,(t, )W, (s, g)] = (t A s) (hs )2y -
Note that whenever (€;),cy € L?(1) is an orthonormal basis, the family (W,(t, e1)),en 1S a sequence
of independent standard Brownian motions.

We briefly recall the stochastic integral with respect to W,. One considers the natural filtration
FV = a(Wyu(s,h) : s < t,h € L*(u)), for all t > 0. For a process ¢ : Ry x Q — L?(u) which is

adapted (i.e (¢, h)p2(, is F}V measurable for every h € L?(y)) and for which E UOT Hgth%g(M) dt] <

00, for every 1" > 0, one defines

(11) /O/Egbs(z)WM(ds,dz) ::;/0 (D5 €1) 2 Walds, 1),

Let 0 < s < T be fixed. A non-homogeneous continuous diffusion process ®;.(x),s <t < T
driven by W, with (regular) coefficients o and b is the solution of the stochastic equation

O, (x) =+ f; Jpo (u, 2, @4(x) Wy(du, dz) + f; b(u, @y () du

(12) =x+ Z?il fot o1 (u, q)s,u(x)) dBilL + fst b (u, (I)Svu(x)) du,

with BL = W,(s,¢;) and oy(u, z) = (o (u, ST, €1)2(y) -
The following result is standard for finite-dimensional Brownian motions (e.g. [26], [30]) and
its generalization to this setting is quite forward.

Proposition 2 Let us assume the following norm condition to hold true
(13) Vol (u00) + 1VEllo < 00

Then, for every initial datum x € RY, the equation (12) has a unique strong solution. Moreover, if
o1 g1, (,00) + [Bll1,4,00 < 00, then there exists a version of this solution such that v X(x) is
q times differentiable.

Remark 3 Let us note that the following (more usual) alternative representation for this diffusion
holds: let a™(t,x) = [po'09(t,z,x)u(dz), 1 < i,j < d and set 5 = a2. Then the law of Oy

coincides with the law of </I\>S7t solution of

‘/1\)3,15(33) =+ i /t 0 <u, $s7u(x)> dBJ + /t b <u, $s7u(x)> du,

J=1



where B = (B, ..., BY) is a standard Brownian motion. We prefer working with the representation,
P, ; (and not with @S,t ) for two reasons. First, the stochastic integral with respect to W, (du, dz)
naturally appears in our problem. Moreover, if one liked to work with 657,5, then one would have to
compute o = az and to derive reqularity properties for o from reqularity properties for a, and this is
more delicate (one needs some ellipticity property for a). In contrast, if one starts with the equation
(12), then the proof of the previous proposition is a straightforward extension of the classical results.

2.1.2 Jump Mechanism and Further Notations

We assume the space ) to be large enough to contain an independent Poisson point measure
on £ x Ry denoted by N, and having a compensator ]/\\fu(ds,dz, du) = dsp(dz)du. (For further
constructions and properties, the reader is referred to [26]). We just mention that, whenever
Ay x Iy e ExBRy), I =1,...,m are disjoint sets, then ¢t — N, (¢, A; x I;) are independent Poisson
processes with parameters pu(A;) x Leb(l;). Here, B(R,) stands for the family of Borel subsets of
Ry.

We consider now the coefficients ¢ € ./\/l% and v € M7 and we assume that there exist some
functions ., [, : E — R, such that

(14) Culy, ) = sup sup /E (=) et 2, 0)] + Le(2) (¢, 2, 2))u(dz) < o0

and such that, for every z,y € R%, every t > 0 and z € F,

(15) le(t, z,2) — et 2, 9)| <le(2) [z —yl,  (E22) =7 2,9)| <L(2) e -yl
Moreover, we assume that + takes non-negative values and

(16) I' := sup sup supy(t,z,z) < c0.
t<T xcRd zeE

We also set, for any Borel set G C F,

(17) a(G) = sup sup. [ [elt, )] (8 5 ()
t<T xzcReJG

and assume that a(E) < oco.

2.2 The Hybrid System

We are interested in the (hybrid) stochastic differential equation

" Xeaw) = -+ [ [0y Xoy (D) Woldrd2) + 160 X ()
+Jo Joxioar € 2 Xsr (0)) Vuga (. X, (@)} Niu(drs dz, du).

Remark 4 The stochastic components W, and N, are assumed to be associated with the same
measurable space (E,E, ). This assumption is made in order to avoid heavy notation. Alterna-
tively, one may consider W, on (E,E,p) and N, on some (independent) space (F,F,v). For most
examples, the space E = {1,...,d} and the uniform measure pu(i) = é, for all i € E play an impor-
tant role. In this setting, W, (dr,dz) = 52?:1 dW}, such that one comes back to a usual diffusion
process driven by a finite-dimensional Brownian motion.

The following result gives the existence and uniqueness of the solution to our hybrid system in
the class of cadlag processes in L.



Theorem 5 Suppose that (14),(15),(16),(17) and (13) hold. Then the equation (18) has a unique
L' solution (that is a cadlag process Xsi(z),t > s with B(|Xs+(z)|) < 0o which verifies (18)).

The above theorem has been first proven in [24]. The main idea is that, in contrast with the
standard approach to SDESs relying on L.? norms, one has to work here with L' norms. This is due
to the indicator function appearing in the Poisson noise. We shortly recall this argument in the
following.

2.2.1 Localization Estimates for u

For a set G C E we denote by X SCZ} the solution of the equation (18) in which the measure p is
restricted to G i.e. substituted by 1g(z)du(z). The first step gives the behavior of such solutions
for different sets G.

Lemma 6 We suppose that (14),(15),(16),(17) and (13) hold. Let Gy C Go C E be two measurable

sets (the case G1 = Gg = E is included) and let AXg; = Xscftl — Xff There exists a universal

constant C such that for every T > 0 one has

(19)
E | sup |AX{|

s<t<T

2
< (1A%, + TalGG) exp (T (90 + V0l + Culr))” +1)

The proof is quite straightforward. For our readers’ sake, the elements of proof are gathered in
Section 8.1.

Let us now discuss the construction of a solution of the equation (18) and present two alternative
representations of this solution.

2.2.2 Fictive Shocks on Increasing Support Sets

We also fix

We fix G C E with pu(G) < oo and we recall that v is upper-bounded by I' (see (16)).
z)p(dz) using a

s > 0 and we will construct X gt solution of the equation (18) associated with 15(z)
compound Poisson process as follows.

One takes J; to be a (usual) Poisson process of parameter 2I'uu(G) and denotes by Ty, k € N
the jump times of J;. Moreover, one considers two sequences of independent random variables Zj,
and Uy, k € N (independent of J; as well and supported by the set {2 assumed to be large enough).
These random variables are distributed

(20) P(Z, € dz) = ﬁu(dz), P(Uy € du) = %1[0,2” (u)du.

Finally, one defines the continuous stochastic flow ®;.(z),0 < s <t to be the solution of the SDE
(12). Then the solution X of the equation (18) associated with 1g(z)u(dz) is constructed by
setting st(x) =z and

Xscft(x) = @Tk,t(Xng (x)), on T, <t < T

and
Xin,, (@) = X5, (@) + (T, Zir, X, (2))1
8, Thp1 \ T 8, Tpqp1—\T CUL k41 Zht1s s Ty —\T {UkSV(TkH,ZkJthngH,(95))}’
where Xka+17(x) = &7, 7., (X513, (7)). This gives the solution of the equation

th :Ja: + fst fE o(r, z,Xgr)Wu(dr, dz) + fst b(r, Xgr)dr
+ il ger (T Zs X (@0) v, 011, 20X, (@)

(21)

that is (18) associated with 1g(z)u(dz). This is the so-called ”fictive shock” representation (see
[33]).



Remark 7 To construct the global solution, one begins with considering a sequence E, T E with
w(Ey,) < co. Then, one constructs Xftn as before and then, using (19), checks that this is a Cauchy
sequence. Passing to the limit, one obtains X, solution of the general equation (18). Uniqueness
follows directly from (19).

For the simplicity of the notation, in the following we will work with s = 0. The estimates for
s > 0 are quite similar. As usual, we will denote th(:n) by X&(x).

2.2.3 Real Shocks

We construct now the "real shock” representation YtG in the following way. We define E, = FU{z,},
where z, is a point which does not belong to E and we extend p to E, by setting p(z.) = 1. We also
extend c(t, z,x) to E, by c(t, z.,z) = 0, for every (t,z) € Ry x R%. Given a sequence (zy),cy C Bk,
one denotes zF = (z1, ..., z;) and constructs x;(z, 2’*) as follows.

xy(x, zk) = &p (27, (2, zk)), on Ty <t < Tk,

22
( ) LTyi1 (1‘, ZkJrl) = ka-H—(x? Zk) + C(TkJrlv Rk+15 ka-H—(xv Zk))lG'(ZkJrl)'

Next, we define, for every (¢,z,2) € Ry x E, x RY,

QG(t, Z,x) = @G(tax)l{z*}(z) + Wl(G)lG(Z)ry(t’ Z,x)a

23
(23) where O¢g(t,z) =1 — Wl(G) Jo(t, 2z, x)dp(z).

We consider a sequence of random variables (Ek) with the laws constructed recursively by

keN

1

(24) E(Zy € dz | ka_(x,Zk_ ) =1v) = qa(Ty, z,y)u(dz),

where Z" ' = (Z1,...,Z1_1). Finally, we define YtG(CC) = ﬂ:t(:v,7jt). This amounts to saying that
—G ¢ —G Epp— & — —G —
(25) X, (x)==x +/ / o(s,z, X )dW,(ds,dz) + / b(s, X, )ds + Zc(Tk, Zi, X1, )a(Zk).
0o JE 0 P

The equation (25) is similar to the equation (21) but now 1{Uk§’Y(Tk7Zk7XTk—($))} no longer appears.

Remark 8 Ifo and b are smooth functions, one can choose a variant of x +— ®44(z) that is almost
surely differentiable. Moreover, if x v c(t,z,x) is also smooth, then x + x4(x,2”t) is smooth as

well. So x — YtG(x) will be also differentiable. This is less obvious for x + X (x) because of the
indicator function appearing in the equation (21).

Moreover, we have the following well known identity of laws result.
Lemma 9 The law of <7tG(x)> . coincides with the law of (XtG(x))DO solution to (21). In
t -

particular, PF f(x) = E [f(XtG(x)]_ =E [f(YtG(x)} .

3 Differentiability of the Flow

We will now study the differentiability of the application = — 7? () when assuming u(G) < oo.
Let us begin with introducing some further notations. Given a regular function ¢ : Ry x ExR% — R



that is differentiable with respect to the space variable z € R? we denote by

(26) 9lgy = sup sup ( / rg<t,z,wwwt,z,x)u(dz))%,

0<t<T xcRd
(27) l9lap = sup |glg, -
1<p'<p
(28) Oyp(G) = 14 (0]l 0g o) + [Bllagoe + D [05clap,
2<]al<q
(29) ay(G) = [V ne) + VBl + [VCIE
¢ ), *
1<n<q 1
(30) agp(C,G) = Clypq (G) exp (CTC] > _apq(G)> .
1<n<q™

Note that if g1 < g2 and p; < py then 0y, ,, (G) < 84, 1, (G) and ap, (G) < ap, (G) (this is the reason
of being of SUPj < <p N 9lap)-

In the following we suppose that (G) < oo and 6, ,(G) < oo and consider X (z) and Yf(aﬂ),
solutions of the equations (21) and (25) constructed in the previous section. Under these hypothesis
one may choose a variant of z — 7? () which is ¢ times differentiable. Our aim is to estimate the
IL? norm of 80‘75(35) :

Lemma 10 Let o be a multi-index with |o| = k. For every p > 2, the following inequality holds
true.

1

p
(31) sup E [sup 8“7?(:6)‘1 < ap,(C,G).
xER4 t<T

The proof is postponed to Section 8.2.2. The main idea consists in providing estimates for the
chain rule distinguishing first order and higher order derivatives. Subsequently, these estimates will
be applied for the different components in the differential formula of 9*X, (z). Next, one provides
estimates for generic equations of this type (having a linear form) and uses a recurrence argument
over |« .

We give now some consequences of (31).

Corollary 11 A. Let « be a multi-index with || = g > 1 and let p > 2 and n > 0 be given. For
every g : Ry x RT — R that is smooth with respect to x € R?, the following inequality holds true.

Ji

D

k=1

(32) Tu(@)(tVv1)al

q,(1+77)pq(

o9 (11, X7, (@) ||| <Clgll, C.G).

7q7m

p

B Let g: Ry x RY = R be a function that is smooth with respect to x € R, Then,

i 16(Zi) |0 (10,24, X7, (@)
k=1

(33) <c| > 0desnp! g (C6)

D 1<|8I< ]

1
L g

For our readers’ sake, the proof is provided in Section 8.2.3.
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4 Differentiability of the Semigroup

B_efore giving the main result on the semigroup of operators, we recall that the law of -
(Z1,...,Z3,) has, as density, py, (x, 27t )u(dz1), ..., p(dzy,) with

th(CC z ) Hk 1QG(T/€’Z’€’ka ( k_l))'

This explicit formulation allows one to obtain a very important step in proving regularity of the
semigroup.

Lemma 12 Let us assume that I'u(G) > 1 and oy 24,(C, G) < 00 for some given g € N and p > 2.

Let v be a multi-index with |o| = q > 1. Then, there exists a universal constant C' (depending on p
and q but not on G) such that

(34) Haa Inpy,(z, 7“”)

, <C(tv1)x O‘g,qu(Ca G)) x (Laq(y) + Z1§\ﬁ|§q[aﬁ Inv]c 2p)
with [Inv|g,2p defined in (27) and

q
h

(35)  Tog(r)=sup sup 4, Sycpicn ( [ 1otz w(t,z,xwz))

t<T zcRd

Before going any further, we make the following elementary remark.

Remark 13 For every smooth function ¢ : R — R* and any multi-index p with |p| = q, one gets
the existence of some function Pg’ ‘R4 — R% such that

(36) 06(x) = 6(x)PY (x) and |PY(a)| < OF,cippc, [0* mota)| ¥

for all x € R%. In order to prove this one first writes ¢ = exp(In@)) and then takes derivatives. One
obtains ¢ multiplied with a polynomz'al applied to terms of type 0°In ¢ i.e. some linear combination
of products of type [];_, 9P In ¢ with Y1 18(@)| = q. Using Young’s inequality with p; = |ﬁ?i)\’
we obtain

‘H;Zlaﬁ(i) In (p‘ < Z;‘ZI@ ‘35(1’) ln¢‘ o]

And this proves the upper bound for

Pf(m)‘ given in (36).

We are now able to proceed with the proof of Lemma 12.
Proof. We have

Ji
0%Inpy,(x,27t) = L2y (21)0%(In @G(Tk,ka,(az,zk_l)))
k=1

Ji
+ 3 1o (2) 0 (Y (T, 25, o1, — (2, 2571)))
k=1

=: s1(x, 27t) + so(x, 27t).

In order to estimate s1(z,2”t) we will use (32) for g = In©g. Recalling that v is upper-bounded
by I, we have ©¢(t,z) > 1. Then, for every multi-index o with |a| = g one has

|aa ln@G(t 5'3)| < Zr 1Z|5 (D)]+...+|8(r)|= q i=1 ‘aﬁ @G t,x ‘
< Xt e L 50 =l Tz Ja 070 (2, 2)| p(dz).

11



Using Young’s inequality and (36) (recall that I'u(G) > 1), one proves

q

]

1j1 Jo |07 (t, 2, 2)| p(dz) < C

[hgh

(Jg [0°O(t, 2, 2)| dp(2)) P

=1

q

(fG‘ 5 (L2 @ "Y(t,z,x)u(dz)> B

C
C S (Jglormat 5 2)| ¥ (t, 2 2)u(d2)) " < CTaq(y).

1<|pl<h<q

M=

1

i

IN

We conclude that |0%1InO¢(t, z)| < I'cq(7). As a consequence of (32) (with n = 1), one gets

c
'u(G)

elln (-7
To estimate the second term, we use (33) with g(¢, z,x) = In~(¢, z, ) and for n = 1 to get an upper
bound given by

p} )% < C(tV1)Tgq(7)ag0,(C,G).

_ — p
E[|SL16(Z00" Iy (Th, 24, (K- (2))) '] £ Call5(C G) 115107 172

The proof is now complete. m
We now discuss the differentiability of the semigroup associated with our process. To this
purpose, we let, for f regular enough,

G

PEf) =B [f (XF(@)] =E[f (X} (@)] =E[ | Gl =, 27 ()i |

Theorem 14 We assume (14),(15),(16),(17) and (13) to hold true. Then, for every q € N, there
exists a constant C' > 0 independent of G such that

q

BT [PEF], 0 < Clfllge ¥ (EV DT x 02,(C,6) x (14 Tay(n) + 3 0% vl
1<|81<q

Proof. We want to estimate, for a multi-index « such that |a| < ¢, the partial derivative

B[ f (K@) = Y E[ /E 91 (e (,27)) % 0"l (dth)}
(B:p)=a

= 3 B[ 07 (o 2) B w2 (2 (o) i)
(B.p)=o UE} ]

o
with P5 (2 t)(x, z7t) given by (36). Using Cauchy-Schwartz inequality, we have

8°E [f( )H < Y (ppa A3 x B}, with Ay = E Uaﬁf (Yf(m))ﬂ and

0 2
Bp:E[fEJt B )| ¢ (2 u(dn ) epa(dzg, )|

We have (recalling that 0 < |5] < |a| < q),

4] < CIFI <1+ S OE [mpxt(x){?"]) < O 0 035,(C.C).

1<]pl<q

12



H
=
<
I
o
-+

| hen B, = 1. Moreover, using the estimates from (36) and (34) respectively (with
p= % > 2), one gets

1
2

B 2|p|
sice 3 5 (el [ e T iate it ater)

1</pl<q 1<]p1<q 1<IBI<I ] B
—J 2lel %
<C Z (IE [‘8ﬁlnpjt (x,Z t) 7! )
1<I81<Ipl<q

q

<SOx (VD! xal, (CG) [1+Ta+ Y. [07Inr]au
1<|81<q

The assertion follows from these estimates. m

In the proof of the previous theorem we need p(G) < oo having to argue on XtG and YtG . We
take an increasing sequence E,, T E such that u(E,) < co and we use (37) and (19), to extend the
result to (possibly) infinite total measure u (F) . For simplicity, we will write P; instead of PF.

Theorem 15 We assume that the jump rate v is bounded (16), the jump coefficients are Lipschitz
reqular (15) resp. the diffusion coefficients are smooth (13). Moreover, we assume the integrability
conditions on the jump mechanism (14) and (17).

Then Py maps C{(R?) in CJ(R?) and there exists C > 0 (independent of E) such that

(38) 1Pefllgoo < C 1 fllgoe 6V DT x 024 (C.E) x | 14+ Trg(M + > (070954
1<|8l<q

with oy (C, E), T 4(y) and [0° Iny]g, defined in (30),(35) and (27).

5 The Distance Between Two Semigroups

In this section we consider two sets of coefficients o, b, ¢, v and 3,/5, ¢,7 on measurable space (F, &, 1)
respectively (E, g, 1) and we associate the stochastic equations in (18). The space (2, F,P) is as-
sumed to be large enough to support the (possibly mutually independent) Poisson random measures
N, and Nj as well as the cylindrical Brownian processes W, and W7.

We denote by X, ;(x) respectively by )?to,t(x) the solutions of the corresponding equations
and we consider the non homogeneous semigroups Py, +f(z) = E[f (X4 (x))] and Py, f(x) =

E [ f <)/(\'t07t(x))} . Our aim is to estimate the weak distance between these two semigroups. To

begin, we give the standing assumptions.

5.1 Standing Assumptions
Assumption Hi(q). Given the coefficients o, b, ¢, 7y, we denote by

q

(39)  Qu(T\P):=C(TV1)! x oy (C.E) x [14+Tp )+ > [0°mvleag) |
1<18]<q

with a,,(C, E), T'g 4(7) and [0° In~] g, defined in (30),(35) and (27) and the constant C' appearing
in (37). We assume that all these quantities are well defined and finite, so that Q4(7,P) < oc.

13



Whenever this assumption holds true, Theorem 15 yields

(40) p [Prosfl, o < Qo PY Il
to<t<T

We will also need a condition on the behavior of particular (polynomial) test functions.

Assumption Hj (k). For k € N, we denote by v (z) = (1 + |x|2)% and we assume that one finds
a constant Cy(T,P) such that

1

(41) sup ™

to<t<T

,Pto,twk < Ck(TaP) < 00.

o0

Finally, we will make an assumption on the gradient of the infinitesimal operators

(12) Luf (@) = 577 [at )01 (@)] + bt 0)0 @) + [ (Fla+ clt,20) — F@)ltsz0)u(de),

E

with

ab(t,x) = / ol(t,z,x)00 (t, z,x)u(dz), for all z € RY, ¢t €[0,7] and all 1 < i,j < d.
E
Assumption Hs(k,q). We assume that there exists C' > 1 such that, for all f € C{ (Rd)

iVﬁtf

(43) sup o

t<T

< Cfllg,00 -

.

When o = 0, one can ask this condition for ¢ > 2. Otherwise, one usually takes ¢ > 3.

5.2 Upper Bounds on the Distance Between Semigroups

We consider two sets of coefficients o, b, ¢,y and 8,/5, ¢,7 and the corresponding semigroups P; and
Pi. We fix k,q € N.

Theorem 16 We assume that Py satisfies Ha(k) and Hsz(k,q) and that P, verifies Hy(q) and

Hs(k,q). Moreover, we assume (16),(15),(14) and (13) to hold true for &,b,¢,5. Finally, we assume
that there exists a function e(-) : Ry — Ry such that, for every 0 <t <T

1 N

(a9 |t 2o <) 151,
VY o

Then, the following inequality holds true

. . t
(45) Pto,t—m,afH < T PIQULP) ISl % [ (o),
00 to

1
m
(o
with Ci(P) the constant in (41) (with respect to o,b,¢,v) and Q4(T, P) is given in (39) (with respect

to the coefficients 7,b,¢c,7).

Proof. For n € N, we set § := % and t; = tg + 46, for all 0 < i < n. With these notations,

1
i,

1

¢k (,Ptivti+1 - Pti 7ti+1)7)t07tif'

n—1
~ 1
(Prot = Proa)f = D w—PtiH,ﬂ/Jk
i—0 'k

14



We make the notation(s) g; = ﬁto,tif- Using (41) for Py, , 4

(Pro.t PtotfH <CkT7DZ
=0

Ptz tig1 T ,Ptiﬂfzurl )gi

|«
Y

o0

By It6’s formula,
tir1 tit1
Piitia9i () = gi () + E [/ Lgi(Xt, s (x))ds} =g (x) + / Lsgi(x)ds + &,
t; t;

with g;(z) := E [fi”l (Ls9i( Xy, s () — Esgi(x))ds] . We write the same type of formulae for
ﬁti t;i119i, take the difference between the two and use (44) in order to get
L
Y

< [ |l s - Logr d5+H#si

< Nl 0 () + e+

(Ptiyti+l Pt t1+1)

1
Y| oo

By (40)? ||gZquo — Q(I(T P) Hf”qoo S0 that ﬁnallya

N t n—1
d —; &; .
QuT. P) 171, o /ﬂs) +§( e - Oo)]

To conclude, one still needs to estimate the terms e; and prove that these errors vanish as n
increases. The assumption (43) yields

1

i(7’1to,1t - 73to,t)f“ < Ck(T,P) o
oo k

H?ﬁk

.

|L69i(Xt,,6(x)) = Logi(2)] < [y | Vﬁsgz(AH (1 —/\)Xt (@), Xiy s () — )| dA
< C19ill g 00 | Xeis(@) = 2] Jo (0 + (1= X)X 5 (2))d\.

It follows
. tit1 1
i) < CQUE A e [ [ B + (1= ) Xi0(2) [Xs (o) — ] s
t;
Using the standard estimates on the trajectory, E [|Xti7s(x)|k] <C <1 + |x|k> . Hence,

E [Yi Az + (1= X)Xy, 5(2))] < CYi(a).

Using Cauchy-Schwartz inequality, we get

i ) < CQUE Al [ (B [1Xiale) = o)

By setting 7,,(s) :=t; for t; < s < t;41, we finally get

Z\az )< CQUEP Tl [ (B[ Xono0) — ) s

and the right-hand term vanishes as n — co. Similar estimates are valid for € which concludes our
proof. m
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Remark 17 1. This assertion is to be interpreted in connection to Trotter-Kato-type results (e.g.
[85, Theorem 4.4]) stating that, given Py and (Pf'), oy homogeneous Feller semigroups of infinites-
imal operators L respectively Ly, if L, converges to L, then P;> — Py (in an appropriate sense).
The inequality (45) gives not only qualitative behavior, but a quantitative one by providing estimate
of the error within our framework.

2. The main difficulty and novelty in our approach is to provide (40). Whenever v is constant,
one deals with a usual SDE with jumps and the proof of (40) follows from the regularity of the
flow xz — Xi(x). However, since y(t,z,x) depends on x (which is the case for PDMP), the effort
developed in the previous sections is necessary. Note however that (40) is needed only on one of
P: and 7/5t. Hence, in a framework in which either v or 7y does not depend on x, the proofs simplify
considerably.

6 PDMP With Three Regimes

In this section we discus piecewise diffusive Markov processes in which three regimes are at work
depending on the speed of the jumps. The intermediate regime will be purely deterministic and
replaced by a drift term (corresponding to an application of the Law of Large Numbers). The fast
regime will provide a diffusive term (associated with an application of the Central Limit Theorem).
Finally, the slow regime is kept as jump-type contribution. We do not aim at treating a completely
general framework but only at presenting an example in order to illustrate our approach.

6.1 Theoretical Framework
6.1.1 The Model

Let us begin with fixing € > 0 and a measurable space (E, &, u.) where u. is a non negative finite
measure. The space decomposes as follows £ = A.UB.UC,, where A., B, C. are mutually disjoint
Borel measurable sets. Moreover, given I'; > 0, to some (smooth, time-homogeneous) coefficients
e,V E xR =R, b : R — R, we associate the stochastic equation

Xf=x+ fg b-(X%)ds + fg fAEX[OQI‘E} ce(z,Xg_)1{u§%(z,X§7)}N _(ds,dz, du)

(46)
*‘]SZJkBEUC%)x[erE}Ce(z’}(5—)1{u§3@(zvX§,)}fvrs(ds’dz"hi)

where N, is a Poisson point measure on £ x R associated with I'; and p. and N,. = N,. — N,
is the associated martingale measure.

S

6.1.2 The Regimes

The jumps in A, are assumed to occur at high frequency. They lead to a Brownian motion. The
jumps in B, represent an intermediary regime which will be modeled by a drift term while the jumps
in C. are rather rare and remain in the same regime. This model is expressed by the following
setting. We consider a finite measure p and the coefficients 0,0 : R — R and ¢,v: E x R — R. We
associate the equation

(47)
t t t

X; = x—|—/ b(Xs)ds—{—/ O'(Xs)dWs+/ / c(z, Xs ) qu<r(z,x, )3 Nulds, dz,du), 0 <t <T.
0 0 0 JEx[0,2T -

Our aim is to give sufficient conditions in order to obtain the convergence of the family X¢ to
X and to estimate the error.
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6.1.3 Standing (Sufficient) Assumptions

Throughout the section, unless stated otherwise, we assume the following.

Assumption Hj. We assume that c¢. and 4. satisfy integrability condition (14), the Lipschitz
regularity assumption (15) and the uniform upper-bound of ~. assumption (16) (written for T'.
substituting I").

Remark 18 Note that the constants which appear in these conditions depend on € (so they are not
uniform with respect to €). Under these hypothesis, the equation (46) has a unique solution (which
may alternatively be constructed using a compound Poisson process).

We also need an assumption on the limit coefficients.
Assumption Hy. We assume that o,b € CE(R) and, for every z € F, the functions = — ¢(z,x)
and x — In~y(z,z) are three times differentiable and

(48) Z sup []80‘0(35)\ + [0%(x)| —i—sup\@o‘ (z,z)| +sup |0%Iny(z,2)|| =: Cx < 0.
0§hﬂ§3$ER zeR

Under this hypothesis, the equation (47) has a unique solution (see Remark 7). Finally, we need
some further assumptions in order to obtain convergence. We denote by v.(z,dz) := v:(z, z) s (dz)
and set

[un

oe(x) : <fA (z,2)ve(x dz)) , b (x) =0 (z) + fBE ce(z,x)ve(z,dz),
o(e) = |02 - 02” () = [|b= — bl
e (€) = Sup Jo. l(e = co)(z,2)|v(z,2) + [(v = 7:) (2, )| dp(2).

S O

Moreover we denote the convenient moments by
04(g) = sup fAE leo(z,2))? ve(x,dz), 6p(e) =sup fBE leo(z, ) ve(w, dz),
zeR zeR
dc(e) = Sup Jp—c. le(z,2)[ (2, 2)pu(dz)
re

Assumption H;. We assume that 6(g) := d5(€) + 0p(€) + 0¢c(€) + da(e) + 0B(€) + dc(€) e 0.
e—

Assumption H,. Finally, we assume that the restrictions of u. and p to C. coincide, i.e
Lo, (2)pe(dz) = 1. (2)p(d2).

6.1.4 The Theoretical Result
Under these assumptions, one can state and prove the following.

Theorem 19 We assume that Hg, Hy, H1 and Hy hold true. We let P; and Py be the semigroups
associated with X; respectively with X;. Then, there exists a universal constant C' such that, for

every [ € C3(R),
(49) IPEf = Piflloe < (EV 1)’ CO2Zexp((t V 1)CCE) x 6() || fl3 00 -

The proof follows from Theorem 16 and, for our readers’ convenience a sketch is presented in
Section 8.3.

Remark 20 The notation used in the previous theorem suggests that Py is an approzimation of P;.
However, sometimes, the point of view is the exact opposite: the physical phenomenon is modeled
by X; and X; represents an approzimation which is easier to handle. Having this in mind one
may also consider the following optimization problem: given the dynamics of X7, which is the best
dynamics (coefficients) of type Xy which approzimates X;7 In order to formulate this problem in a
clean way one has to give a criterion in order to precise the sense of "best”. This would be another
problem that escapes the aim of the present paper.
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6.2 A Simple Example

Let us now give an explicit example.

Example 21 To this purpose, we consider ¢,y € Cg’(]R) and

dz dz dz
pe(dz) = 1(5,35}(2)2—2 + 1(35,4a](z)m + 1(45,1}(2);

ce(z,x) = c(x)V/z (1(25,1](2) — al(e,%}(z)) with @ = ————.

o
S8

and we associate the equation

t 1 1
Xf = x—|—/ / / Cs(ZaXsef)l{ugfy(Xj_)}N E(ds,dz,du).
0 J0 JO

Note that, in contrast with the equation (46), the measure N,_ is not compensated. But, in fact,
the activity of the small jumps in 1(c o¢)(2) compensate the activity of the small jumps in 15, 34 (2).
The limit equation is

t
Xt:x—i—/ O’(XS)dWS—l-/ ds+/ / / s )V 2L < xz )} Nu(ds, dz, du)
0

with p(dz) = 27'dz and a( ) = Bic(x)A(2),b(x) = [z ce(z,2)ve(w,d2) = Pac(x)y(z). Here,
B = ((a —1)In2+1n 3) g and o = n% Then, by applying Theorem 19, it follows that

IPef = Pi flloo < CVENFls o0

with C' depending on ||c||5 ., and |[Inv||5 o . To this purpose, one only needs to check the assumption
H, (see Section 8.3 for details on this step) and apply Theorem 19.

7 Boltzmann’s equation

7.1 The Equation
7.1.1 The Model

In this section we use the previous results to construct an approximation scheme for the solution
of the two-dimensional Boltzmann equation taking the following form

(50) o = [ an [ A= 0O R R) = S0 0)

Here,

e fi(v) is a non negative measure on R? representing the density of particles with velocity v in
a model for a gas in dimension two.

e Ry is the rotation of angle § and the new speeds after collision are v/ = erv* 4 Ry (U v*)
respectively v, = U‘F% — Ry (U_QU*) .

e the parameters v € (0,1) and k € (0, 1] are chosen for the cross section to model the interaction
in the spirit of the assumption A(~,v) in [6].
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The rigorous sense of this equation is given by integrating it against a test function (hence
leading to weak solutions of (50)). In [20, Corollary 2.3 and Lemma 4.1], the authors have proven
that, for every v € (0,1) and x € (0, 1], the above equation admits a unique weak solution as follows.
One assumes that there exists s € (x,2) such that [el*l” fo(dv) < co. Then, there exists a unique

solution f; of (50) which starts from fy. Moreover, the solution satisfies sup [ elvl” fi(dv) < oo for
t<T

every s’ < s.
Using Skorohod representation theorem, we find a measurable function v; : [0,1] — R? such
that for every ¢ : R? — R,

61) | vttonde = [ v,

Throughout the section, unless stated otherwise, we fix v, k and s € (k, 2) and the corresponding
solution f;(v) (and, in particular, v(p)).

7.1.2 Probabilistic Interpretation. Approximations

In [37], the author gives a probabilistic interpretation for the solutions of the classical Bolzmann
equation (in dimension 3). A variant of this result in dimension two (so for the equation (50)), as
well as an approximation result for it, is given in [6, Section 2]. We briefly recall these elements.

We let (€2, F,P) be a probability space, the space F := [—%, %] x [0,1] and let N(dt,df, dp, du)
be a Poisson point measure on E x R with intensity measure 8~ ) df x dp x du. We also consider
the matrix

1 ( cosd —1 —sinf

1
A(9) =5 sin cosf —1 > - §(R6 - D.

Then we are interested in the equation

t
(52) Vi= Vot / / AO) (Vs = 00D uz v —us =y N (ds, 6, dp, du)
0 JExR,

with P(Vy € dv) = fo(dv).

In the spirit of [6, Section 2], one also constructs the following approximation. One considers
a C° even non-negative function y supported by [—1,1] and such that fR x(x)dz = 1. We fix
no € (%, -L-) . Given ¢ € (0,1], we denote by I'. = (In %)770 and define

CRAVAVSZ

=y

53 oea) = [ (V2 ATy

The reader is invited to note that 2¢ < p.(x) < T, for every z € R, p.(x) = z, for x € (3¢,Tc —
1), () = 2 for x € (0,¢) and @ (x) =T for z € (T'¢, 00).
To the cut off function ¢., one associates the equation

t
(54) VE =V + / / AO)VE = 050D i (v —unpo]y N (5,9, dp, du).
0 EXR+ s

Proposition 2.1 in [6] provides the following probabilistic interpretation as well as an approximation
result.

Proposition 22 ([6, Proposition 2.1]) 1. The equation (52) has a unique cadlag adapted solu-
tion (Vi)i>o0 and its law P(V; € dv) = fi(dv)*.

'In this sense, V; provides a probabilistic representation for f;
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2. The equation (54) has a unique cadlag solution V¢ and

(55) supE[|V; — V& < CeCTs x eltr,
t<T

Moreover, there exists eg > 0 such that, for every 0 < s’ < s,

(56) sup E |sup <evﬁ|5l + el‘/f's,)] < 0.

e<eq t<T

In the following, we assume that

(57) /e|”|sf0(dv) <oo Vs<2.

In particular this gives the restriction % <mo < ﬁ Then, if p > 1 is such that xp < 2, we may

choose 79 such that nyrp < 1. This guarantees that for every a > 0 there exists g, (small enough)
such that, with a(e) = (ln %)—Hnonp’

(58) e’ =70 <7 Wo<e<e,.

7.2 First Order Approximation

The aim of this section is to construct an approximation of the solution V; of the equation (52) in
which the small jumps, corresponding to || < 0, are replaced by a drift term.

First, let us fix § > 0, r = 231—3: (§ t—2>, set ¢ = " and consider the solution V® of the
truncated equation (54) associated with this e. The inequality (55) provides a control of the distance
between V; and V. Second, for this solution V;F of (54) we apply Lemma 16 in order to replace the
small jumps by a convenient drift term.

To fall in the framework given in the first part of our paper, we will denote by V{ ,(v) the
solution of the equation (54) which starts from v € R? at time ¢y € [0,7] and we set Pf ,f(v) =
E[f (V£ (v))]. We also denote (for & > 0 fixed above),

,u(d@, dp) - 0_(1+V)d6 X dp7 C(t, 07 Ps U) = A(a)(v - Ut(p))7 76(t7 P, U) = (p?(‘v - Ut(p)’)
The infinitesimal operator of Pf ; is simply given by
£i1w) = [ udd.dp)r(t.p.0) (£ (0 +clt.6. ) = ).

We will replace the activity of small jumps (such that 6 is close to 0) with a drift term. To this
purpose, we denote by Es = {(0,p) : |#| > ¢} and we define

bf(t,v) = f{|9\S5} ~v(t, p,v)c(t, 0, p,v)u(dd,dp) and
LY f(v) = bs(t,0)f (v) + [, 1(db, dp)y(t, p,0)(f(v + e(t, 0, p,0)) = f(v)).

The approximating equation is

t t
U o) = vt [ (s, U s@Ndst [ [ (s, 00p. U8 o (0L puzyiupg oy N (ds,d8,dp. .
to to J Esx Ry 0>

(59)

We denote by ﬁg),t the semigroup associated with £9, that is ﬁfmtf(v) =E[f (Utéo,s(v))].

Theorem 23 Suppose that k < % and v < % For every n < % there ewists Cp) > 1 and
0y > 0 such that for 0 <6 < 6, we have

(60) ELf(V)] - E[f (U )] ] < Cyfllg x 0.

The proof essentially consists in the use of Theorem 16 combined with (55). For our readers’
sake, the complete proof is given in Section 8.4.
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7.3 Second Order Approximation
We define

q\(t,@,p,v) = c(t, 0, p,v)\/:(t, p,v), qg’j(t,v) = f{|9\§5} w(df,dp)o'al(t, 0, p,v),
L2f(v) = (bs(t,0), V() + 3 0y ag? (t,0)0% f (v)
+ [, 1(d0, dp)ye(t, p,v) (f (v + c(t, 0, p,v)) — f(v)).

vihere bs is given by (59). This is the infinitesimal operator corresponding to the semigroup
Pg)7tf(v) =E [f(Ught(v))] with Ut(i,t(v) solution to

Up(v) =v 4; Jio b6 (5,U5 ((v) ds + [ [, 05(s,0,0, U8 o (v))W,(ds, d6, dp)
+ Jo Jiyxry (5,00, Ughsf(U))l{ugﬂ/(s,p,U§50757(v))}N(d87 db, dp, du).

The approach is quite similar to the first order. The main result is the following.

Theorem 24 Let us assume that k < 1_18 and let

1l—v 1—-Y%Y 3 _ 4y
1 2 i
(61) T<2—/£/\2—§/\4+/£
Then
1 .
(62) H%(Pto,tf—%,t)f“ < OF ) [ fll

Remark 25 [t turns out that the second order error is larger then the first order error. This is
somewhat counterintuitive. This s due to the fact that we miz two different errors: Pr ¢ f — Py ~

el** and metf—ﬁg)’t ~ 83 Ve3 Ife is fized then the second order error is 8>~V and the first order
error is 6>~V and this seems coherent. But if we miz the two errors things become less obvious.

8 Proof of the Results

8.1 Proof of the Results in Section 2.2

We begin with the estimates given in Lemma 6.
Proof of Lemma 6. We follow the ideas in [24] so we just sketch the proof. Let us fix the initial
time s < T. For every t € [s,T], one has

t t t
IAX 4| < [AX |+ / / h(r, z)dW, (dr,dz)|+ / g(r)dr|+ / / H(r—,z,u)N,(dr,dz, du)
s JE s s JEXx[0,2T]
where
h(r,z) = o(r, Z,Xscfrl) —o(r, z,Xg,?), g(r) = b(r, Xscfrl) —b(r, Xscfﬁ)
and

G G
H(r,z,u) = 1¢, (2)c(r, Z’st;_)l{ugfy(r,z,XsG}_)} — 1gy (2)c(r, Z’stg_)l{ugw(r,z,XSf_)}’
for all (r,z,u) € [s,t] x E x Ry. Using the inequality

1
Ih(r, 2)] < |AX,,] ></ ‘va(r,z,Ang';, + (1= NX%)|dA,
0
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we obtain )
2
[ [ 1ntr z>12u<dz>} < IV ey [ DX

Burkholder’s inequality yields
sup

t/
/ / (r, 2)dW,(dr,dz)
s<t'<t
t 5
< C Vo] B (/ yAXS,T\Zdr>

And the same inequality holds for g. Finally, since N, is a positive measure, one has

t T
[ sup / / z,u) Ny (drdzdu) ] <E [/ dr/ |H (r, z,u)| ,u(dz)du] .
s<t/'<t Ex|0, 2F] s Ex[0,2I]

A careful analysis of the term |H(r,z,u)| shows that the above term is upper bounded by (¢ —
$)a(Go\G1) + C(c f E [|AX; ] dr. Going back to the initial inequality in our proof, one gets

< CE

(/:/E\h(r, z)]Q,u(dz)dr>%]

< C Vo ooy (t = $)2 E [ sup ]AX”@ .

s<r<t

E [ sup |AXS7T|} <NAX 5| + (t — s)a(Ga\Gh)

s<r<t
1
CIVoll(y00) + VOl + C7,0))) (t = 5)2 E [ sup |AXS,T|] .

s<r<t

-2
Hence, whenever t — s < § := (QC(HVJH(M,OO) + Vb + C’(%c)))) , one gets

E [ sup |AXS,T|] <2(JAX 5| + (T — s)a(Ga\G1)) -

s<r<t

2
The argument follows by partitioning [s,7] in n < 4T <C’(HVUH(M o) T 1IVOlo + C(mc)))) +1
subintervals of length ¢ and iterating. m

8.2 Proof of the Results in Section 3

The proof of Lemma 10 makes extensive use of moment estimates of some kind of linear-type
stochastic system. To this purpose, we begin with briefly explaining the type of system and the
estimates we have in mind.

8.2.1 Preliminary Arguments for Lemma 10: Moment Estimates for Linear SDE

In this section we consider the d—dimensional linear equation

(63) V, = Vo—i‘// + (Vb(s, Xy), Vs))ds
+/0 /E(H(s,z)+<VU(S,Z,X5)7V;>)WM(dS7dZ)

t
+/ / (Q(s—,2) +(Vacls, 2, Xs ), Voo ) fuzy(s,2,x, )3 Vu(ds, du, dz)
Gx(0,2T
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Here X is the solution of the equation (1) and H, h and @ are predictable processes which verify

T
E[ /0 (Il (5, )2 + 1B(3)]) ds + sup sup /G (Q(s,2) (s, 2 2)pld2)) | < oo.

s<T gcRd

This type of condition is needed in order for the corresponding stochastic (respectively Lebesgue)
integrals in (63) to make sense.

Proposition 26 We assume that there exists some predictable process R and some measurable
function p: Ry x E x R* = R, such that

(64) Q(s, 2)| < p(s, 2, Xs) [Rsl,

P-almost everywhere on Q, for all (s,z) € Ry x E. Then, for every p > 2 there exists a universal
constant C' (depending on p but not on the coefficients) such that?

IVl < Cexp (CT((IVol, o) + 190l + [Vl ) ) %

(63)
< (ol + 1l + Il + Pl |1 Rlz,)

Proof. Let us begin with writing V; = Vy + Iy + My + J;, where [; designates the integral with
respect to ds and so on. Using Burkholder’s inequality

</OT/G <|H(s,z)|2 + (Vol(s, z, Xs), Vs>|2> ,u(dz)ds>
T

g
( | (M + 191 Vi) ds> ] |

< CE

E |sup [M,[”
t<T

[MIS]
—_ 1

<CE

Hoélder’s inequality then yields
1Mz, < CVT(1Hllzp + V0] 00y 1V Il 7)-

A similar estimate holds true for I;. Let us now give the estimates on the jump term J;. To shorten
notations, we write dN,, instead of N, (dsdudz) and drop the dependency of the coeflicients on these

variables. Moreover, we consider the standard decomposition of dN, = d]vu + d]/\\fu (martingale
part and gompensator). Corresponding to this decomposition, we write J; = J; + J;. In order to
estimate J;, we will use Burkholder’s inequality for jump processes (e.g. [30, Theorem 2.11]) to get

D
~ T ~ 2
E |sup Jt‘p < CE (/ / Q+ (Ve, V) 1{u§v}dNu>
t<T 0 Jax[oer]
T A~
4+ CE / / Q4 (Ve V)P Lpueryd,| -
0 JGx][0,21

By assumption, one has |Q + (Ve, V)| < |p| |R| 4+ |Ve||V|. Hence (for every fixed time parameter),

[ 1+ (Ve ey <2 [ 1o (R s+ 2 [ [9eP Vi
Gx[0,2T) e G

2, 2 2 o2
< 2[R["|plg o +2|VI*Velg, -

#We recall that |pl¢,, is defined in (26) and [ple,p = supi<, <, [Pl -
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This leads to the following inequality.

[SIiS]

T
= P
E (/ / rcz+<w,v>\21{u9}dm> < T4 (|olf IR, + Vel IV IF,) -
0 G x[0,2T']

In a similar way,

E < CT(lplgp 1 R, + 1V elE, 1V IT)-

T
/ / 1Q + (Ve, V)P 1< dN,,
0 JGxo,21)

For the term j;, similar arguments yield

T p
(/ / |Q +(Ve, V) 1{USW}dNu> ]
o Jax(ozr

< (ol IRIE,, + 1V elfy IVIE,) -

E [sup j;‘p] <E
t<T

Summing up these estimates we conclude that, if 7' < 1, then

1
[ll7, < CT?([plep IRz, + [Velap VI,
It follows that
(66) Vilz, < Vo, + CUplep(IRl 7, + [ Hllz, + [[All7,)
1 1
+C(T2 Vol (yoo) T TVl + T2 [Velap) Vg, -

We will use this inequality on the successive intervals (kT', (k + 1)T) ,k € N for some convenient T'
(see after) in order to obtain (65). We take

1 1 1
T = min , ; i1
{6CHVbHoo (6C [|Vall(00))? (6C[VelGp)P }

Hy00)
which implies C(T% Vol e + TVl + T%[Vc](;p) < 1. Then, the inequality (66) yields
V7, < 2(Voll, + Cplap(1Bllz, + 1H |7, + 1All7,))-
We denote Qi = C([plap |1 Bllyry + 1Hlkry + 12llkrp) and v = [[V]i7, and we obtain
Vg1 <20, +Qp <20, +Q, VE<n

and as a consequence v, < 2"(|V|, + @n). Now, let S be fixed and let n = [S/T] + 1. Then we get

IVllsy < vn < 2°(V]g + On) = BTV 4 Clplayp IR ] 5, + [ Hlls, + I1Alls)-

We have
[S/T] < S x max{6C [|Vb] . , (6C |Vl 00))? (6C[Vap)*}

so we conclude. m
The same reasoning based on Burkholder’s inequality for jump processes as in the previous
proof leads to the following.

Remark 27 For every p > 2 there exists a universal constant C' (depending on p) such that for
every f

t p %
67 (E / / (522 X Lpusop (oo N (ds, du, d2) < Cmax {t,1} [f]cp.
0 JGx(0,2T)

24



8.2.2 Proof of Lemma 10

Proof of Lemma 10. We will prove, by recurrence that, for all p > 2k,

sup 80‘7? ()
t<T

(68) sup E
z€R4

1<n<kT

b7 k%
%] < ay(C,G) = €8, "= (G)exp <CTI<:< D 1) a,,(G)>.

Step 1. (Chain Estimates) Let f : RY — R and g : R? — R? be smooth functions. If
|| =k > 1, then

d ke
0 (Fg@)] < C [ 1@ @) < oo @]+ > @ Hign|x > |o%g@)|"
=1

2<o/|<k 1<|B]<k—1

The above inequality is obtained by taking first derivatives and then by using Young’s inequality
in order to separate the different derivatives of g. As an immediate consequence, one gets

(69) 5 (g @D < C [ IVl |0%9@)] + I lapee D [0%0@)|™
1<|B|<k—1

Similar reasoning for F : Ry x E x R® — R that is globally measurable and differentiable with
respect to z € R? yields
(70)

;
(Lot s gnPun) <0 (1971 0] + 1Flpguny Y [0%sla)

1<|BI<k—1

R
18]

Having this inequality in mind (and the notation (9)), we introduce the following notations

(71) Yo =0%(x), Y11= (0"9(x))1<5/<k-1-
Using this notation the estimate (69) (resp.(70)) reads
(72) 10%(f(9(@))] < CUV Fllog [yl + 1 fllz 1,00 [¥-11],, )

1
2
@) ([ 1) ) ) < CUTF oy o] + 1 -,

Step 2. (Deriving the Differential Equation for aaYtG (x) and Estimates) We denote by
Yalt,z) = 30‘7?(36) and by Y (t,2) = (Yalt,2))1<|a/<k € Rfk], for all initial data x. We claim
that, for every multi-index o with |a| =k > 1,

(74) —|—f0t Is <ha <5,2,Y§,?[k,1}(5,x)> + <Val <s,z,Y§> ,Ya(s,:v)> W, (ds, dz)
+ 57 (Qa (13,25, X5 (@), Vo (=) ) + (Ve (1,2, X7, ) V7, _(2))) 16(Z))

where g., ho and @ satisfy

1
2 2
(75) ([ (1ratt ) P @2)) ) < € ol Iy

(76) |9a(t, 2, y)| < C[bllyg oo ‘y[’H”Rﬁ_

1]

1]
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and

(77) |Q0¢(t’ Z,x’y)| <C ‘y[k71}|Rt[ik71] Z |(9(;C(t, Z,$)| :

2<al<k
The equation (74) is obtained by taking formal derivatives in (25) and then, (75),(76) and (77) are
obtained by using (72) and (73).

Step 3. Now we prove (68) by recurrence on k. If & = 1 the inequality (68) is an immediate
consequence of Proposition 26. Let us now assume (68) to hold true for k£ — 1. In order to prove
it for k we will make use of Proposition 26. A first step is to make use the identity of laws from
Lemma 9. We denote by Y (t,x) = (Yo(t, 7)) 1<|a|<k € ]R‘[ik] the unique solution of the system of
equations

Yo(t,x) = 8°‘X0 )+ Jo (g0 (5, X5, Yi_yy(s,2)) + (Vb (s, XG) Yo(s,2))) ds
. + fo fE (ha (s 2, X Yk 1](8,56)) + <anl (5,2, X5), Yo (s, )>) W, (ds, dz)
(78) + 0 (QalTy, 2, X§ (@), Y1) (Tj—, )
+ <VxC(Tj, ZjaX%_)a Ya(Tj—,33)>)1{Uk§fy(Tj,Zj,XTj_)-

These equations are the same as in (74) but we replace YSG by X, Z; by Z; and 1¢(Z;) by
Y, <v(T;,2;, X, )} - According to Lemma 9, Y[k](t, x),t > 0 has the same law as Y[k](t x),t > 0. Now
- J
we use Proposition 26 for Vo = 0*X§ (x) (implying that |Vp| < 1), h(s) = ga(s,XsG,Y[k,l](s,x))
and
H(S’ Z) = ha(S, 2y XsG (x) ) Yv[k:fl](s’ x))’ Q(S’ Z) = Qa(sa 2, XsG(x)a Yv[k:fl](sa CC)),
for all s € [0,7] and all z € E. In view of (75) and (76)

I ($)llL2 ) < Cllollzk, 4,00) Xsup|Yk (s, !Rd IR CHszkooXsup\Y[k (s, @ \Rd

-1

The estimates (77) give

|Q(s,2)| < p(s, 2, X% (x))Rs, where Ry = |Y[k,1](s p(s,z,x)=C Z ‘80‘ c(s,z,x) ‘

‘de )
2<|a/|<k

1
We recall that || = k > 2 and p > 2k. Then, by Proposition 26, one has

CONN

a_G e
X" (w)HT’% = 0°X¢ @)

< Cexp(CTa%(G))Hk%(G) sup (IE

Sup{Y}C 1] S, T {Rd ]) V1

z€R4 s<T [k—1]
k
kp D
= Cexp(CTar(G))0, 2 (G) E < Sup‘aﬁXG )‘ ])
k 'k s<T
1<|BI<k—-1

We assume that 1 < |f] = r < k — 1. Using the recurrence hypothesis and due to the fact that

kp P
EL , one gets

( [sup ‘85XG x) §]>7 = H@BY_G(:E)HTE < C’H:,;SnSTE(G) exp (CT’I“ ( > %) a,,(G)) .

s<T

This implies

e ’ DI
< [sup ‘(9BXG )‘ A ]) < C9r1,<n<k 1" (@) exp <CTk: ( > l) ap(G)> .
s<T 1<n<k—1T
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We insert this inequality in (79) and note that ap (G) < ap(G) and Gk%(G) < 0k p(G) to conclude

4k oy, 1 .
Haaf(’(x)HT <0, T (@) exp (CTap(G) <1 T E Y —))
ok 1<n<k—17

ko L .
=00, =" (G)exp (C’Tap(G)k ) —>.

1<n<k

The proof is now complete by taking pk to replace p in (68). m

8.2.3 Proof of the Corollary 11 and Lemma 12
We begin with the following simple remark.

Remark 28 Whenever n € N* and p < n, one gets
dneQF,u(G)t(esfl)
dsn /s=0 = Pn (Lp(G)t)

an n-degree polynomial. As a consequence, for some large enough constant depending, eventually,
on the upper bound n but not on T, u(G) nor on t,

(80) 7], < CTu(G) max (£, 1) .

1ell, < 1 Jell,, and (| ll,, =

We now give the proof of Corollary 11.
Proof of Corollary 11. In order to prove the first assertion, one simply writes, (P—almost surely
on k < Jp),

o —a .
‘8 <g(Tk,XTk7(x))>‘ < Cglly 400 Agy With Ag =1V Z sup

s<t
1<|p|<q °—

X ()]
Using Holder’s inequality and (31), we upper bound the term in the left hand side of (32) by

1
1 1 _
C gl g B (U X Ag)? < Cllgly g el s (B [AH7] ) 7
n

q
«
10,00 q7(1+n)pq(

To prove the second assertion, we write

Ji
> 1a(Zk)

k=1

% <Tk,7k,7%—(~"3))‘ < Ay x By,

with
Jt

By= Y By(), where By(8) = S 1¢(Zy) ‘(aﬁg)(Tk,7k,7%_(:ﬂ)) .

1<|81<q k=1

Using Hélder’s inequality and (31), we upper bound the term in (33) by
el % 1Bl < 0 i (.G Bl
) n

Using the identification of laws from Lemma 9 and the inequality (67), one has

t
G
HBqH(l‘f‘n)p - /0 /GX[O 27 ‘aﬁg (S’ & XS* (x)) ‘ 1{u§’y(s,z,XSG_(x))}Nﬂ(d8’ dZ, du)

(I+m)p

(1+n)
< C[aﬁg]q(ﬂi)p-

The assertion follows by putting these estimates together. m
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8.3 Proofs of Results in Section 6

We begin with Theorem 19. As already hinted before, the result follows from Theorem 16.

Proof of Theorem 19. We use Theorem 16 with £k = 0 and ¢ = 3. It is easy to check that Pf
verifies Ho(0) and H3(0,3) (note that the constant C' in (43) depends on ¢; but is not involved in
the estimate (45)). And Py verifies Hy(0) and H3(0,3) as well. Moreover, the constant Qs3(t, P)
defined in (39) verifies

Qs(t,P) < C(tV 1PC2 exp((t v 1)CC)

where C\ is the constant in (48) and C' is a universal constant. Moreover, using a Taylor expansion
of order three we get

1(Le = £)flloe < C3(e) [1f 3,00

with C' an universal constant. Then (45) gives (49). m
Next, we proceed with checking the Assumption H; to complete the explicit example.
Proof of Assumption H;. We notice that, by the choice of a, | dz

636 ce(z,7)y(z)55 = 0 so our
equation may be written as

t 3 1 _
X;;: = .’E—|—/ / / CE(Z?XS—)l{uﬁ'\/(XSE_)}N E(ds,dz,du)
0 Je 0

t 1 1
[ e X ey N (s, ).
0 J3e JO

This is the same as the equation (46). We take E = [0,1], A. = (0,3¢],B: = (3¢,4¢| and
C. = (4e,1] and we have

3e dz 4e dz
| @eon@S =a@), [ aton sy =)
€ 3e z
so that 6,(e) = d(e) = 0. Moreover, on C;, ¢ = ¢, which implies 0.(¢) = 0. Finally, simple
computations yield d4(e) + dp(e) + dc(e) < C/e which leads to the desired conclusion. m
8.4 Proofs of the Results in Section 7

Before proceeding to the proofs, we recall the following estimates for the derivatives of the above
cut off function given in [6, Lemma 2.3].

Lemma 29 ([6, Lemma 2.3]) There exists ¢g > 0 such that, for every ¢ € (0,e0), every multi-
mdex o € {1,2}1, 1 € N* and every v € R?, one has

(81) 10° - (Jv])] < Cr(Lgjojeer. -1y 1] + Ljjer—1rorin L),
(82) 0205 ([0])] < Cillgueer.—y 101" + Lgujeo—1rorn ).

Moreover, for every B € (0,1], € € (0,e9), and z,y > 0
(83) 2?15 (@) — PE ()| < CaTE | —y)”

8.4.1 Proof of the First-Order Estimates in Boltzmann Equation

The proof consists in two major steps. First, we give upper-bounds for the constants in (28), (29)
and (30). Second, we use Theorem 16 for which we check the assumptions. To conclude, we invoke
(55) together with the estimates provided by Theorem 16.
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We recall the parameters associated with P° in (28), (29) and (30),

0a.p.0)(Es) = 14 105l 00 + Do<aj<ql5clEsp = 1+ [15ll.4 00 »
ap,5)(Es) = Vsl o, + [VelG
a > *

1<n<q

0 (5)(C. Es) = CO, =50 () exp <0qu<§<q% (10511 + [vc]fggm)> .

the first expression following from 0% = 0 if |a| > 2.

Lemma 30 We assume that k < % and we take ¢ = 2 (so that ¢’k < %) For every a > 0 there
exists eg > 0 and C > 1 such that for every e € (0,£9) one has

) Qg,4q,0)(C; E5) < Ce™®.
Moreover (see (35) for the notation), for all r < 1=%,

(85) FE(S,q(rV) + [ln ’7]E’5,q,4q < Cx§¥xel1=Cx 57q(1/+r).
As a consequence, the constant in the right hand side of (45) verifies

(86) Qq(T,P%) < C x §-altr+a),

Proof. (Throughout the proof, C' will be a universal real constant and a an arbitrary small constant
that may change from one line to another.)
Since [0%c(t,0, p,v)| < |0] X 1jj=1 and |y] < TF we get, for every p > 1

| 10clt.6.p.0) 2t p, 0Vt dp) < O
Es

In particular
4q° — 4¢* 4¢°K
[VC]E(sAqQ = sup |Vc|g , < CI¢
1<p<iq

and consequently, if 4¢°x < 2 then, as a consequence of (58), for sufficiently small ¢ > 0

exp(CT[Vc]glqg) < exp(CPéqQ") <e
Moreover, using (82) we get

0% (clt,6, p, 072t p, )| < C16] x (151l 4 T2,
As a consequence,

10%bs(t,v)| < 8 x (&M*la‘ + r'g) —C [51*”“(”“*‘04) +ore| < o

the last inequality being true for |a| = 2, if r < mﬁﬁ = =2 We infer that 16511400 < C and
0g.4q2(Es) = 1+ ||bsllg 4 0o < C implying (84).
We now turn to the proof of the inequality (85). Using (81) we get

Y105 A < Cliju—vy())>re—13 + Ljo—vi(p)lefera—1} (1 + [0 = (o) NP v = vy (p)|*
< C (Lpn(pir13 + Loupeir. e 7).
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For every p > 1 (and small enough §), we infer
|05 Iny|p, , < C6¥/Pemlol < C5velol,
In particular,

(Inv]Es,4q = Z1<\a|<q SUP; <p<aq |0y In ’Y‘E(;Aq <C6 e 1=Co""1 and
FG#}( ) Zh 1 Zl<|a|<h |(9 1n7|JqE|o];|/| | <CHi e 1 = os—awv+r)

. . . . o 1—
Remark 31 The inequality (86) remains true (with the exvact same proof) for ¢ =3 and r < =%
as soon as K < %.

Proof. Finally, by gathering these estimates, one obtains (85). ®

Lemma 32 Suppose that (57) holds and k < %, (we recall that e = 6" with 0 < r < 1=£). For
every a > 0 there exists €9 > 0 such that, for e < g

1 V—4Tr—oa
(87) (P2, - P;itfH < O,

[

Proof. We will use Theorem 16 with ¢ = 2,k = 2.
Step 1. We check that for every p € N and every a > 0, one can find C' > 1 and ¢, , > 0 such
that, for every € € (0,¢,4), the following estimate holds true

(88) E [V (@)IP] < Cip(v)e™*

This implies that the hypothesis Ha(p) (see (41)) holds for the semigroup P with C,(T,P°) = ™.
To this purpose, we use Itd’s formula for f,(z) = |z|? to get

E[[VE@)[] = [v[” + Jp(t), where
Jy(t) =E [ T Sy (VE + AGOYVE 0o~ [VE Py (v oy N (5. 8. . du)] .

Using the inequality ||a + b|P — [a[’| < C'|b| (laP~" + [b|P~"), we obtain

[Tp(6)] < CTER [ fi [ 2 [o A@)(VE = vy ()] x (JA@)(VE = va() P~ + [VEP™) g dpds]
< OTSE [ [ Jun(p)] + IVEDoolo )P VP dpds|
< CTEE |5 Jo (us(p)P + [VEP)dpds)| < CTE(1L+ B [§ |VEP)ds

The last inequality is a consequence of
1
(89) / lvs(p) [P dp = / [v|P fs(dv) < C < .
0 R2

The inequality (88) is then a consequence of Gronwall’s Lemma.
Step 2. Second, we need to estimate, for regular f, the difference between the actions of
infinitesimal operators

(i -2 f) = / (0, dp)e (L, p, ) (0 + (2,0, p.0)) — [(0) — (VS (0), (1,0, p, ).
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One easily notes (using, again, (89)), that
(6= 22) ) < Wl T [ 10, d) 0., ) < Coa0)d ], T
5
We conclude that
1 e _ pb 2—v -
— (s = <
(90) | (e -2y o] <o isl e

This proves that (44) holds with k = 2 and (t) = 6>~ Ve~ 2.

Step 3. We check that H3(1 2) holds true for both 775 and P¢. We will only check it for the
approximating semigroup 73 the remaining case being very similar. We recall that f;(dv) = P(V; €
dv) where V; is the solution of the equation (52). Then, for every z € R?,

de
bs(t,x) = [ p(dl, dp)ye(t, p, x)e(t, 0, p, x) = E[A0)(x = V)ee (I = ViD)] o
§ {0<s} o
Using (83) with 5 =1 we get

|b5(t, )| + [Vbs (¢, )| < CTZ¢n(x)

such that
(o1) | -vste.rwn)| < orsisl .
We write now

L(f) (@) = [, 1(d0, dp)v(t, p.x)(f(z + c(t, 0, p,x)) — f())

= fE (d0,dp)~(t, p,x fo dN (Vf(x + Ae(t,0,p,2)), c(t,0,p,x))
=E | [is<i0i<3y a9 (12 = Vil) ) [ ANV f(z + AA0) (x — V7)), A(0) (x — V2))| -

And, using again (83) with ﬁ =1, this gives

(92)

]

S| <
Step 4. We use (45) with ¢ =2,k =2
‘ (P~ P ) fH < C x C1(t,P)Qa(t. PP) [} (s)ds x |1 fllg.ne
< Ce @ x§ 2(v+rta) o §2-v HfHQ,oo — (52 3v—2r—3a HfH2,oo )

Here we have used (88),(90) and (86). m
We can now provide a proof for Theorem 23.

Proof of Theorem 23. We recall that
2—3v

r= and € = 0" and we write
[ELVD] B [/U°(V)]| < 4-+ B, where
= BV -EF(VF(WII, B =B [f(U7 (V)] - E[f (Vi (V).

By (55),
A<e x| fll, o < gritr—a 11l 0

Since (2 —3v)/(1 —v) <3< (34 k)/(1 — k) it follows that r < (1 —v)/(1 — k) and so we may use
(87) and we obtain

B < /R [EF@E@I-E £ )] | fotav) < € /R (L of2)foldo) x 222 ),

We conclude that

(2 8v)(14k) g,

(B (V)] = E [FUS00)]| < €11l (6707 4 827372730) < O flly 67 5%

the last inequality being a consequence of the choice of r. m
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8.4.2 Proof of the Second-Order Estimates in Boltzmann Equation
We begin with giving some useful estimates for the noise coefficient oy :

Lemma 33 1. Let g e N*, r < (1 —v/2)/(q — 1 —K/2) and € = §". Then, the following inequality

holds true|oslly 4 (000 < C

2. L3 verifies Hs(2,3)3.
3. Let us assume that k < 1/18 and

1—v 1-v/2

< .
(93) e kN2 k)2
Then
1 D —4v—3r—a
(04) H%m;tf - Pti,»fH < O

Proof. 1. Using (82) (with § instead of ), we get

0% (t,0,p,v)| =

0 (c(t,0,p, 007 (t,p,0) ) | < o] (2151 4 12)
which gives, for 1 < |a] < g,

/ laaa(t,a,p,v)IQM(dH,dp) < ol Lanid <€2+n—2\a| + F?) _ CéQ—V—r(2|a\—2—n) <C
E§
the last inequality being true if r < (2 —v)/(2¢ — 2 — k).

2. We only check that

1 - o
(95) v o0ois| < orsifl .
[ee]
(The remaining estimates are similar to step 3 in the proof of Lemma 32). One has

ai(t,0) = / u(d8, dp) () (£.6, p.v)1(t, p.v)
{10|<8}

so (95) follows from (83) with 5 = 1.

3. We will use Theorem 16 with ¢ = k = 3. Using the first assertion and (86) (see Remark 31),
we get that both P and P¢ verify Hs(2,3) with Q,(t,P°) < C x 64+ And we recall that in
(88) we have proved that C3(T,P?) = e~ . It remains to estimate

(ﬁi B E?)f(?}) _ / f(v + c(t,@,p,v)) - f(v) - <Vf(v),c(t,9,p,v)> )
E

do, dp)(t, p, ‘o
p(df, dp)( p”)< —5 20021 €' (8,6, p,0)07 f (v)

5
Taylor’s formula gives
(25 = £ ()| < C [ 1(d0, dv) (2, 0, p,0)|* X || 5.0 T
—v 1 K —V K
<O [y lv—ve(p)P dp X | fll3,06 T5 < C3(0)6* ||f 13,00 T
so that (44) holds with e(t) = 6> ¥~ We use (45) with ¢ = k = 3 to get

~ 56y [t
| = Plos| | < € x CoPIQuP) [ e(o)ds x 1l
< Ce x 630 3 |l o0 = COP I | F -
]
Proof of Theorem 24. We proceed as in the first-order case by combining the two errors by

taking r such that (1 + k) = 3 — 4v — 3r which amounts to r = iff:. But we need (93) to hold
true so we ask (61) to hold true. m

3see (43)
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