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ON THE NORMALITY OF THE NULL-FIBER OF THE
MOMENT MAP FOR 6- AND TORI REPRESENTATIONS

MICHAEL BULOIS

ABsTRACT. Let (G,V) be a representation with either G a torus or (G, V) a
locally free stable 0-representation. We study the fiber at 0 of the associated
moment map, which is a commuting variety in the latter case. We charac-
terize the cases where this fiber is normal. The quotient (i.e. the symplectic
reduction) turns out to be a specific orbifold when the representation is polar.
In the torus case, this confirms a conjecture stated by C. Lehn, M. Lehn, R.
Terpereau and the author in a former article. In the 0-case, the conjecture was

already known but this approach yield another proof.
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orbifold
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INTRODUCTION

Let k be an algebraically closed field of characteristic zero. Let (G,V) be a
representation of a connected reductive algebraic group G on a finite dimensional
k-vector space V. Let g be the Lie algebra of G. We define the moment map

_ VeV — g*
U @) - (g elg-a)

Among the fibers of the moment map, the most special one is £ ~1(0). When the
representation (G, V) is the adjoint action of G on g, p=1(0) can be identified wih
the commuting scheme of g. According to a long-standing conjecture, this scheme
should be normal. One of the aim of this work is to study the normality of the
scheme 1 ~1(0) in some nice cases. For instance, if (G, V) is visible and locally free,
we already know that ~1(0) is a complete intersection and the normality question
reduces to singular locus questions thanks to Serre’s criterion (see e.g. Corollary 1.7
and Remark 1.8). Using this, Panyushev [Pan| has shown that x=1(0) is reduced
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and normal in the case of the representation associated to a symmetric Lie algebra
of maximal rank.

There are some natural generalizations of adjoint representations and symmetric
Lie algebras: the so-called O-representations ( or 6-groups) of Vinberg [Vin| and,
more generally, the polar representations of Dadok and Kac [DK]. Recall that a
O-representation is a representation (G, V') isomorphic to some (Hy,h1) where H
is a connected reductive group acting on its Lie algebra b, with b equipped with
a Zm-grading @iezm h; and where Hy is the connected subgroup of H whose Lie
algebra is ho. It turns out that the geometry of ~1(0) can be a bit more involved
in this setting of #-representations than for the classical adjoint representation.
For instance, it is possible to find examples of such representations where p=1(0)
is non-irreducible [Pan, Bull], non-reduced or irreducible non-normal [BLLT]. In
this paper, we classify the locally free stable §-representations for which p=1(0) is
normal. It turns out (Theorem 4.6) that this normality property holds in all the
classical cases and we find only 5 non-normal examples of exceptional cases, each of
rank 1. We take the opportunity to generalize some properties of decompositions
classes to the f-cases in Section 4. The 6-case is partly based on the study of
some specific tori representations. This is one motivation for studying x~1(0) for a
general representation of a torus in Section 2. The fiber turns out to be normal as
soon as it is irreducible and we give a combinatorial criterion for this in terms of
the weights of the representation (Theorem 2.2).

The variety x~1(0) is also involved in the symplectic reduction (V & V*) /G :=
= 1(0)/G where X /G denotes the categorical quotient of an affine G-variety X.
If £=1(0) is normal, then the symplectic reduction is also normal. Following a
theorem of Joseph [Jos| in the Lie algebra case, and a conjecture stated in [BLLT]
in the complex case (see conjecture 1.3 here), the variety (V & V*)//G should be
isomorphic to a specific orbifold whenever (G, V) is visible and polar. The results
of the present paper yield a proof of this conjecture when G is a torus (Corollary
3.10), and allows to recover it when (G, V) is a stable locally free -representation
(Remark 4.13). In the torus case, we also get that that the visibility assumption
is necessary (Proposition 3.9) but that the scheme (V & V*)//G is nevertheless
reduced (Theorem 2.2) and normal (Proposition 3.4) in general.

One should note that, as the torus case suggests, we put light on representations
which are far from being irreducible. Part of the results concerning tori (e.g., the
normality of the symplectic reduction) were written independantly in the recent
preprint [HSS]. The general philosophy of [HSS] is to focus on “large” representa-

tions (ex: 2-large) whereas the polar representations are “small”.

Acknowledgements. Section 4 of this paper was essentially included in early
versions of [BLLT]. I want to thank my co-authors to allow me to reuse this
material here.

This work has benefited from the support of the project GeoLie (ANR-15-CE40-
0012) and of the LABEX MILYON (ANR-10-LABX-0070) of Université de Lyon
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the French National Research Agency (ANR).

1. GENERALITIES

In this section, we introduce some classical material to study null fibers of mo-
ment maps. Even if some results are stated in a greater generalities, most of this
section is heavily inspired by [Pan|. Popov’s article [Po] is also a source of inspira-
tion.

We work over an algebraically closed field k of characteristic zero. We use the
language of scheme even if these schemes will always be separated of finite type
over k and will often be reduced, i.e. varieties. We do not require that the varieties
are irreducible. When speaking about the irreducible components of a scheme, we
always mean the irreducible components of the corresponding reduced variety and
we do not consider embedded components.

If A is a subset of a vector space, (A) stands for the subspace generated by A.

Definition 1.1. An element z € V is said to be

e semisimple if G.x is closed,
e nilpotent if 0 € G.x.

Equivalently, z is nilpotent if and only if w(x) = 7(0) where 7 : V' — V//G is the
categorical quotient map.

Definition 1.2. The representation (G, V), is said to be

locally free, if dim G.x = dim G for some = € V.

e uisible, if there are finitely many nilpotent G-orbits.

o stable, if there is an open subset of V', consisting of semisimple elements

e polar, if there exists v € V such that dimc¢, = dimV//G where ¢, =
{r e V|g-x Cg-v}. Wethen say that ¢, is a Cartan subspace of V.

Examples of visible and stable representations are given by the adjoint action
of G on g, or a f-representation arising from a Zs-grading (so-called symmetric
Lie algebras). In general, f-representations are always visible but not necessarily
stable [Vin|. Polar representations, as introduced in [DK], can be neither stable
nor visible. Examples of locally free representations are given by symmetric Lie
algebras of mazimal rank. It is worth noting that no adjoint representation (G, g)
is locally free.

When k& = C and (G,V) is polar, we write ¢ and ¢" for dual Cartan subspaces
of V and V*, following [BLLT, (3.4), (3.6)], together with dual decompositions
V=cd(g-c)@dUand V¥ =" @ (g-c¢')®UY. Write W for the Weyl group
N¢(¢)/Cq(c). The following was Conjecture A in [BLLT].

Conjecture 1.3. Assume that (G,V) is visible and polar, then we have an iso-

morphism of Poisson varieties (V @ V*) )G = (c®c¥)/W.

Remark 1.4. Assume k = C. From [BLLT, Proposition 3.3&3.5], we have a injective
natural morphism ¢ x ¢V/W — p=1(0)/G of Poisson varieties. Since ¢ & ¢V /W is
normal, Conjecture 1.3 is equivalent to:
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(1) The morphism ¢ x ¢V/W — p~1(0)/G is dominant (i.e. it is bijective.)
(2) ©=1(0)/G is normal

When studying the null fiber of the moment map, it is enlightening to study the
modality of (G,V'). The modality of a G-subvariety X C V is defined as

mod(G, X) = Imax (ng/l (codimy Gx))

where the maximum is taken over all irreducible subvarieties Y C X.
In the remaining of the section we will consider a finite cover of V, V' =, J;

such that

e FEach J; is G-stable, irreducible and locally closed in V' of constant orbit

dimension (that is I3m; € N, Vz € J;, dim G - x = m;),

o J, = T] =1=].
Exemples of such cover includes sheets of (G, V') or decomposition classes in the case
of the adjoint action. Note that if the cover is disjoint V' = | |, J;, then the second
condition follows from the first one. Since the J; are of constant orbit dimension,
we have mod(G, J;) = dim J; —m,;. Moreover, from finiteness and locally closeness,
each irreducible subvariety Y C V intersects at least one J; as a dense open subset

of Y and we have min,cy codimy G.z = mod(G, J;). Hence
(1) mod(G, V) = max mod(G, J;).
Given a subvariety X C V', we write

2) (N0 x == {(z,0) e p H(0)|z € X} = {(x,0) € X x V*|p € (gx)"}

seen as a subvariety of £ ~1(0). This allows for instance to decompose p~1(0), as a

finite union:

(3) p0) = w1 0)).1.-

Lemma 1.5. (i) Each (1=1(0))y, is an irreducible and locally closed subvari-
ety of p=1(0) of dimension dimV + mod(G, J;).
(ii) Each irreducible component of n=(0) is of the form (u=1(0)),, for some i.
(iii) There is a bijection between the set of irreducible components of p=1(0)
of mazimal dimension dimV + mod(G, V) and the set of J; with maximal
modality mod(G, J;) = mod(G, V).

Proof. (i) From (2), (#=1(0)),, is a subbundle in .J; x V* of codimension m;. In

particular, it is an irreducible subvariety of u~1(0) of dimension
(4) dimV + dim J; — m; = dimV + mod(G, J;).

(i) is clear from (i) and (3).

(iii) By considering projection on the first variable, (#=1(0))s, = (#=1(0)); can
happen only if J; = J;, that is only if i = j. The bijection is then clear from (i)
and (ii). O
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Another classical result is the following characterization of the smooth locus of
p~1(0). If y belongs to a G-module Y (e.g. Y =V or Y =V @ V*), we let
g¥ :={g € g| 9.y = 0} be the centralizer of y in g.

Proposition 1.6. The following assertions are equivalent for an element (x,¢) €
pt0)cvev:
(i) (z,) is a smooth point of the scheme p=1(0)
(ii) (x,p) belongs to a unique irreducible component (u=1(0));, for some J;,
and dim g™% = mod(G, J;) + dimg — dim V'

Proof. The tangent space of u~1(0) at z = (z,¢) is Kerd.u. The dual map of d.pu
has the following expression

{2 = e

g = ) = dgr)+elgy)

In particular, Ker(d.(1))* ={g €glg-a =0=g- ¢} = g*¥. Hence dimKerd,u =
2dimV — dim g 4+ dim g*¥.

Recall that smooth points on a scheme belong to a unique irreducible component.
Let (z, ) belong to a unique irreducible component (1~1(0)), for some J;. Since
dim(~=1(0)) s, = dim V + mod(G, J;) (Lemma 1.5), we get that (z,¢) is a smooth
point of x=1(0) if and only if dimV — dim g + dim g*¥ = mod(G, J;), hence the

equivalence. O

Corollary 1.7. Assume that mod(G,V) =dimV —dim G. Then
(i) (G,V) is locally free.
(ii) u=1(0) is a complete intersection of dimension 2dimV — dim G.
(iii) The smooth points of the scheme p=1(0) are the points (x,) satisfying
g”? ={0}.
(iv) p=1(0) is irreducible if and only if mod(G, J;) < mod(G, V), for any i such
that J; # V. If it is the case, the scheme pu=1(0) is also reduced
(v) p=1(0) is reduced and normal if and only if it is irreducible and the following
holds

(5) Vi, [mod(G,J;) = mod(G,V) —1= (I(z,¢) € (u”(0))s, s.t. g°¢ ={0})]

Proof. (i) Let i be the index such that J;, = V. Then m;, is the maximum orbit di-
mension in V and we get mod(G, V') > mod(G, J;,) = dim V—m,;, > dim V—-dim G.
From the hypothesis, we have equalities so m;, = dimG.

(ii) The irreducible components of maximal dimension of ;z~*(0) have codimension
2dimV — (dimV + mod(G,V)) = dimG in V & V*. Since u~1(0) is defined in
V @ V* by dim g equation, (ii) follows.

(iii) From (ii), #=*(0) is equidimensional and its irreducible components have di-
mension 2dim V' — dim G. From proof of Proposition 1.6, we see that the tangent
space of u=1(0) at (z,¢) has dimension 2dimV — dimg + dim g*¥. The result
follows.

(iv) We have already seen in (i) that mod(G, J;,) = mod(G,V) for iy such that
Ji, = V. The characterization of the irreducibility of x~*(0) then follows from
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equidimensionality and Lemma 1.5 (iii). For z € J;,, we have g* = {0}. So
(1='(0)),, is in the smooth locus of x~'(0) by (iii). Hence ~'(0) is reduced as
soon as it is irreducible.

(v) Recall now that a variety is normal if and only if it satisfies Serre’s condition
(S2) and its singular locus has codimension at least 2. The former is provided
by (ii). Under the irreducibility assumption, the latter is equivalent to (5). In-
deed, the singular locus of p=1(0) is a closed subset of Uity (1=1(0))s,- But, it
follows from Lemma 1.5(i) that an irreducible component of a closed subset of
Uiz, (17 1(0)) 7, of codimension 1 in p~"(0) contains at least one (u~'(0)), with
mod(G, J;) = mod(G,V) — 1. O

Remark 1.8. In the notation of the proof of (i), we have, for a general representation
(G,V): mod(G,V) = dimV — m;,. The limit case mod(G,V) = dimV — m,,
corresponds to condition (Fp) of [Pan], see (2.2) and Corollary 2.5 in loc. cit. Then
Proposition 3.1 in loc. cit. asserts that this condition hold when (G, V) is visible.
In particular, hypothesis of the above corollary are satisfied when (G, V) is locally
free and visible.

Similarily, condition (F7) in loc. cit. is equivalent to the condition appearing in
Corollary 1.7 (iv). Related statements to corollary 1.7 can be found in Theorems
2.4, 3.1 and 3.2 in loc. cit.

2. NULL-FIBER OF THE MOMENT MAP - TORUS CASE

In this section V is an n-dimensional representation of an r-dimensional torus
G =T = (k*)". The weight space X*(T') is isomorphic to Z". We let Wy :=
X*(T) ®z Q. Tt is a Q-vector space of dimension r. Recall that the irreducible

representations of 7" are one-dimensional. So we can decompose V = @, V;, with

T acting on V; = k with weight s; = (sf) . € X*(T). That is, the action of
Jeli,r
an element ¢ = (t;);eq1,,) € T on an element v = (v;)icqi,n) € V is given by
to={ (Tt ) v
=1 .
We introduce the n x r matrix S := (s/); ;. Given I C [1,n] or i € [1,n], we
also define the #I x r-matrix S; := (Sg)(l',j)e[x[[u]] and the (n — 1) X r-matrix

Si 1= S\ iy
In the sequel we need a partition of V' by suitable strata. These are indexed by

subsets I C [1,n] and are given by
Jr = {(’Uz)z S V|’Uz %O@Z S I}

Remark 2.1. Each Jy is a locally closed irreducible T-stable subvariety whose clo-
sure is Vy :={(v;); € V|Vi & I,v; = 0}.

Moreover, there is a T-equivariant action of (C*)™ on V given by (\;); - (vi); =
(X\;v;)i. The orbits of this action are precisely the strata J;. Hence many geometric
properties of the action of 7" on a point v € V (dimension of orbit, nilpotency,

semisimplicity, ...) are preserved along the stratum J; containing v. It will then
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be convenient to make the computations only at vy := (d;cs); where 0 is the Kro-
necker symbol.

It is now clear that V = | |, J; is a cover satisfying the assumptions of Section 1.
vy
For v € V, writing X, := , we have
Un

(6) €0 = {(s70)iequnl € [17]) = Im(X,8) = X, Im(S).

where Im(S) (resp. Im(X,5)) denote the image space of the linear maps k" — k™
associated to S (resp. X,S) in the canonical basis. It follows from (6) that, for

v € Jr, we have

(7) dim T.v = rk S;.

In particular, the modality of J; is given by

(8) mod(T, J;) = #I — rk S; = dim Ker(*Sy).

where Ker(!S7) is the kernel of the linear map k#*! — k" associated to ¢S;. Via the
natural identifications k#*! = V; C V = k", Ker(%S;) is identified with Ker(*:S)NV;.
Assume that I; C I are two subsets of [1,n], then Ker(*S) NV, € Ker(*S)NV7,.
So

(9) LcCcl, = mod(T, J]l) < IIlOd(T7 J[2>,
From (1), we get
(10) mod(7, V) = mod(T, Jp ) = dim V' — 1k S.

We can apply (2) to X = Jr to define (u=1(0))s,. This yields a partition of
p~1(0) into a disjoint union of irreducible locally closed (Lemma 1.5) subsets
pHO) =[] (),
1

Theorem 2.2. Assume that (T,V) is a reprentation with T a torus.

Then, under above notation:

(i) u=1(0) is a reduced complete intersection of dimension 2dimV — 1k S.
(ii) The irreducible components of ;1= (0) are the subsets of the form (u=1(0)),
with vk S —rk S;p =n — #I.
(iii) p=1(0) is irreducible if and only if, for anyi € [1,n], we have tk(S;) =1k S.

) pu=1(0) is normal if and only if it is irreducible.
(iv) p

Proof. By Lemma 1.5, the irreducible components of ~1(0) of maximal dimension
dimV + mod(T,V) = 2dimV —rk S (10) are the (z=1(0));, with #I —rkS; =
n —rk S (8). This last condition is the one expressed in (ii).

Then, from (9), £~1(0) has a single irreducible component of maximal dimension
if and only if mod(T',.J;) < mod(T,Jp ,y) for any I of the form [1,n] \ {i}. If
I=[1,n]\ {i}, it follows from (8), that

mod(T, J[[l,n]]) —1 if I‘kSi =1k S

A(T,J;) =
med(T: /1) { mod (T, Jp1 ) if rkS; = rkS - 1
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In the next paragraph, we show that ;~1(0) is a complete intersection, hence
equidimensional. Together with the above arguments, this implies that (ii) and (iii)
holds.

Consider the kernel of the representation (T,V), K := {t € T|Vi, s;(t) = 1}.
Its Lie algebra is ¢ := {t € t 2 k"|St = 0} = Ker(S). Applying (7) to a general
element v € V, we get dim(7T/K)-v = dimT -v = rkS = dimt — dim¢. So the
representation (T/K, V) is not only faithul but locally free. Note that T/K is also
a torus and that p~1(0) is the same for (7,V) and (T/K,V). Therefore, there is
no loss of generality in assuming that (7,V) is locally free in order to prove (i)
and (iv). Under this assumption, important features are rkS = dim7 (7) and
mod(7T,V) = dimV — dimT (10). In particular, we can apply Corollary 1.7 and
get that ©~1(0) is a complete intersection.

Assuming that (7, V) is locally free, we claim that

(11) VI C [L,n], 3z, ¢) € (u1~1(0),, t=¥) = {0}.

Under this claim, (ii) and Corollary 1.7 (iii) imply that each irreducible component
of 1~1(0) has smooth points. Hence p~!(0) is reduced and this ends the proof
of (i). The claim also implies that condition (5) is automatically satisfied so (iv)
follows from Corollary 1.7 (v).

Proof of claim (11) Let I C [1,n]. The decomposition V' = @, V; induces to
a decomposition V* = @GV =2 k™. We set © = vy = (dier)i € Ji C V and
@ = (b;¢1)i € V* with respect to these decompositions. Since t-x C Vi, we have
p € (t-x)tso (x,9) € (u1(0))s,. Also, let t € T stabilizing (z, ). Then s;(t) = 1
for any ¢ € I and 1/(s;(t)) = 1 for any ¢ ¢ I. Hence ¢ is in the kernel of the

representation. By local freeness, we get t*¥ = {0}. O

3. SYMPLECTIC REDUCTION FOR TORI REPRESENTATIONS

We keep the notation and setting of the previous section. The aim of this sec-
tion is to study the symplectic reduction (V & V*)//T = p=1(0)/T. We prove
Conjecture 1.3 in the context of representations of tori (Corollary 3.10). More-
over, we show that that the conjecture is essentially false for non-visible action
(Proposition 3.9), but that the symplectic reduction remains normal in this case
(Proposition 3.4).

In this section, many properties depend on considerations on the convex hull of
some of the weights s; € X*(T). If 0 # A C X*(T) Cc Wg = X*(T) ®z Q, we
denote by CH(A), the convex hull of A in Wg. We also denote by COH(A) the
interior (for the classical topology) of CH(A) in (A). Alternatively, COH(A) is the

set of convex combination ) ., asa with each o, positive. It is an elementary

result on convex hull that 0 ¢ CH(A) (resp. 0 ¢ CH(A)) if and only if 3¢ € Wy
s. t. Va € A, ¢(a) > 0 (resp. ¢(a) = 0 and ¢(A) # {0}). Note that such ¢ can be
multiplied by a sufficiently large integer so that we can always assume p € X*(T).

In our context of weights on a group, this translates as follows.
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Lemma 3.1. Under above notation, 0 ¢ CH(A) (resp. 0 ¢ CH(A)) if and only if
there exists a one-parameter subgroup C* LT such that Ya € A, 3b, € N* (resp.
ba € N with at least one a € A s.t. by, #0), Vt € C*, a(p(t)) = t’=.

Proposition 3.2. Let ) # 1 C [1,n] and v € J.
(1) v € V is nilpotent if and only if 0 ¢ CH({s;|i € I}).
(2) v eV is semisimple if and only if 0 € CH({s;]i € I}).

Proof. First, recall that the elements of J; all share the same orbit dimension. In
particular, an element y € T.v\ T.v lies in Jp, for some I’ C I. Then, from Hilbert-
Mumford criterion, v = (v;); € V'\ {0} is nilpotent (resp. is not semi-simple) if and
only if there exists a one-parameter subgroup C* < T such that p(t).v; = thiy;
with b; positive for each i € I (resp. non-negative for each ¢ € I and at least one b;

non-zero) . Since t* = s;(p(t)), the result then follows from Lemma 3.1. O
Given (T, V) and associated weights (s;);c[1,n], we split [1,7] into

(12) 1;:={i e [1,n]| rkS; =1k S}, Ip:=1\13={ie[1,n]|rkS; =1rkS—1}.

Corollary 3.3. The representation (T, V') is stable if and only if 0 € CH({s;|i €
[1,n1})-

In this case Iy =0 and p='(0) is irreducible and normal

Proof. A generic element of V' lies in J; ,,] so the first assertion follows from Propo-
sition 3.2. If we can write 0 as a convex combination of the (s;);e[1,,] With non-zero

coefficients, Iy is empty so the second statement follows from Theorem 2.2. O

Proposition 3.4. There is an isomophism (V @ V*) /T = (Vi, © V7)) JJT.
In particular, (V & V*)JJT is normal.

Proof. We denote by ji7, the moment map V;, ® V; — t*. Recall that ~'(0) and
ufdl(O) are reduced by Theorem 2.2. Hence so are (V & V*) /)T = p~(0)/T and
Vi, @ Vi) T = ,uI_d1 (0)/T. Note that V} can be identified with the subrepre-
sentation of V* generated by the isotypical components associated to the weights
{—sili € I4}. This allows us to consider u}dl (0) as a T-stable closed subscheme of
pu=1(0). Therefore, we have a closed immersion ,u;dl (0)/T — p=1(0))T. To show
that this is an isomorphism, there remains to prove that this map is a surjective.
For this, we are going to show that the only closed orbits in p~1(0) lie in MI_;(O).

Let (x,y) € p~1(0) and assume that z ¢ V;,. From the assumption on z, we
know that there exists ¢ such that z; # 0 and rk S; < rkS. Then there exists an
element ¢t € (s;|j # i)* C tsuch that s;(t) = 1. Sot-z = a; and Vi C t-x.
Since y € (t-z)*, we get y; = 0. Then a one-parameter subgroup C* S given
by s;(p(t)) = t% acts on (x,y) viat-y =y and lim;_ot -z = 2’ with v = x; if
j #tand x; = 0. Hence (2/,y) € T.(xz,y) \T.(z,y). A similar argument shows that
T.(x,y) is also non-closed as soon as y ¢ V/.

Let us now show that (Vi, @ V") /T is normal. For each i € I, s; is not a linear
combination of the other s; (j # 7). Hence {s;|i € I} induces a basis of (s; |7 €
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[1,n])/(si|i € I4) and vk S7, = rk S — #Iy. Assuming that rk.Sy,\ iy = kS, — 1
for some i € I, we would then have tkS; < rk Sy, — 1+ #(Iy) = rk S — 1, which
contradicts the assumption i € I;. So rk Sy ,\ (3 = rk Sy, for any i € Iy and (T, V7,)
satisfies hypothesis of Theorem 2.2 (iii-iv). Hence uj_dl (0) is irreducible and normal,

so the same holds for its quotient by 7. O
We have the following useful characterization of a visible action:

Proposition 3.5. The representation (T, V') with weight (s;);e[1,n] is visible if and
only if there is a partition [1,n] = Ué‘:o I; satisfying
. . l .
(i) (sili € [1,n]) = D,_o(sili € L)
I ifj=0
(ii) dim(s;| i e Ly = { 70 TI=C
#l—1ifj>1

(iii) ¥j > 1,0 € CH({s]i € I}).

Note that the subset Iy in the proposition has to coincide with I defined in (12)
and that Iy = [ |;5, I;.

Proof. “if” part: Assume that such a partition exists. Let x € V' be nilpotent and
let I be such that z € J;. Define fj =1InN I;. Assume that j is a positive index
such that I ; # (0. Since z is nilpotent and I ;i C I, it follows from Proposition 3.2
that 0 ¢ CH({s:|i € I;}). By (iii), I; is a proper subset of I;.

On the other hand, (iii) also implies that there is a convex combination ), I, Qisi =
0 with each «; > 0. By (ii), this combination is the unique linear relation (up to
scalar multiplication) between the (s;)ier;. In particular, the family (s;),c i, is lin-
early independant. The same hold if j = 0 by (ii). By (i), we get that (s;);c; is
linearly independent.

Then, by (7), dim7T.z = rk S; = #] = dim Jj. Hence Tz is open in J;. Since
this holds for any = € J;, we get T.x = J;. Since there are finitely many possible
index set I, the representation (T, V) is visible.

“only if” part: We will argue by induction on dim V. Assume dimV = 1. If
s1£0,weset l=0and Iy :={s1}. If sy =0, weset l:=1, Ip :=0 and I := {s1}.

Assume now that the result holds true for any visible representation of T of
dimension n — 1 and consider a visible representation (7, V') of dimension n. Since
V' := V[1,n—1] is a subrepresentation of V, it is also visible. By the inductive
hypothesis, there exists a partition [1,n — 1] = |_|§./:0 I} satisfying (i), (ii) and (iii).
If s, & (sili € [1,n —1]), we can set I := Iy U {n} and I; := I} for any j > 1.

From now on, we assume that s,, € (s;|i € [1,n — 1]). As a first step, we claim
that there is a subset I C [1,7 — 1] and some non-zero rational coefficients (8;)
such that

® 5p = i cjBisi
o INIj#1I] foranyj>1

iel

o Bi>0forie|], ;NI
Indeed, start with a combination with rational coefficients s, := Zie[[l n—1] Bls;.

Fix j > 1. From (iii) and (ii), there is a combination with positive coefficients
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0= Zie% a;s;. Let A\j = maxig;{fﬂg/ai}. Set B; := B; + Ajay for i € I}. So
Bi = 0 for any i € I} and 3; = 0 for at least one 7 € I}. Then set I:={i|p; # 0}
and the claim is shown.

From the property I N I7 # I} and (i), (i), (iii), we get that (s;);c; is linearly
independant as in the proof of the “if part”. So, up to scalar multiplication, the
only relation between {s;|i € I U {n}} is given by the above coefficients §; (i € I).
Assuming that 8; > 0 for some i € I (e.g. if fﬂL]J>1 1 #0), weget 0 ¢ CH({s;]i €
IU{n}}) so orbits in J7 ., are nilpotent by Proposition 3.2. From (7), these orbits
are of dimension rk S}, (n} = #1 = dim Jj | (n} ~ 1. This contradicts the visibility
of (T,V). As aresult, I C Iy and §; < 0 for each i € Iy. Setting | := I’ + 1,
Iy:==TU{n}, I == I\ I and I, := I/ for j € [1,1'] then yield (i), (ii) and (iii) for
the representation (7', V). O

Remark 3.6. We can re-interpret Proposition 3.5 as follows. The visible tori actions
are essentially made of two part: a part of rank 0 provided by Iy and several stable
blocks of rank 1, each looking very much like [BLLT, Example 8.6]. There are other

appearence of stable blocks of rank 1 in Lemma 4.9.
Corollary 3.7. Any visible representation of a torus is polar.

Proof. Let (T, V) be a visible representation and adopt notation of Proposition 3.5.
For w := (wy,...,w;) € C', we consider z(w) as the element (%4)ieq,n] given by
x; = 01if i € Iy and x; := w; if i € I; (j > 1). From (6), we get t- x(w) =
Xe(w)yIm(S). From Proposition 3.5 (i), Im(S) = @, Im(Sr,). Since X, () acts by
wjld on Im(St,), we get that t- z(w) is included in t- z(1,...,1). The subspace
¢ .= {z(w)|lw € C'} is our candidate for being a Cartan subspace of (T,V) and
there remains to show that [ = dim V/T, [DK].

Since (T,V) is visible, a general fiber of the quotient map V' — V//T is the
closure of a general orbit in V. Hence, by (7), dim V)T = dimV —rk S. This is
equal to [ by Proposition 3.5. (]

Let us now take a closer look at (V @& V*) /T, that is at closed orbits of u=1(0).

A first observation is the following.

Lemma 3.8. If (z,y) € u=1(0) is such that x € V and y € V* are semisimple,
then (x,y) is semisimple in V @ V*.

Proof. Consider the set of weigths for the action of T'on V@&V *. Denote by A, (resp.
Ay, Ay ) the set of Welghts correspondlng to the support of x (resp. v, (m y)). By

Proposition 3.2, 0 € C’H(A )and 0 € CH(A ). So0 € CH(A UA,) = C’H(Amyy).
The result follows. 0

Proposition 3.9. The representation (T,V') is visible if and only if closed orbits
of u=1(0) are those of the form T.(z,y) with T.x and T.y closed.

Proof. e Assume that (7,V) is visible. With similar arguments to those of Propo-

sition 3.4, we are going to show that, whenever x € V is not semisimple, (z,y) €
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p~1(0) cannot be semisimple. A symmetric argument on y € V* and Lemma 3.8
then allow to conclude for the “only if” part.

Let « € J; for some Ic [1,n]. The representation (7', V}) is also visible, so we
can apply Proposition 3.5 (with I instead of [1,n]) and get a partition I= l_lé‘:o fj.
Apply also Proposition 3.5 to V, so that we get a partition [1,n] = [_|j 1.

Assuming that x is not semisimple amounts to assume that Iy # () (Proposition
3.2). If Iy N Iy # 0, Proposition 3.4 states that any element of z~*(0) of the form
(z,y) is not semisimple. From now on, we assume that there exists j > 1 such that
Ion I; # (. From property (ii) of Proposition 3.5 on Iy and 1, we also know that
I;\ Iy # 0. Fix i € Iy N I; and iy € I; \fo. The relation between the (s;);ez; can
be written as Zie 1, Qisi = 0 with the «; positive integers. Then we can define a
one parameter subgroup p: C* — T, via

to i =i
silp(t)) =< %0 if i’ =iy
1 else

Then Vi3 = Lie(p(C*)) - C t-2 and, whenever (z,y) € u~(0), we have y;, = 0.
Since p(t) acts on y;;, by multiplication by t*o, we get that lim;_o(p(t) - (z,y))
exists and that its first component lies in Jj lio}* In particular, T'.(x,y) is not
closed.

e Assume now that (7,V) is not visible. We want to find (x,y) semisimple
such that z is not semisimple. Let I C [1,n] be such that J; contains infinitely
many nilpotent orbits. Then 0 ¢ CH({s;|i € I) (Proposition 3.2) and rkS; <
dim J; = #1 (7). Thus there exists non-trivial linear relations ), ;

integer coefficients and for any such relation the «; are not all of the same sign.

«a;s; = 0 with

We can therefore write a relation of the form Ziel, Bisi = Ziel,, [3;s; with each [3;
positive, I’ 1" # ) and I'UT" C I. Let x = (z;); € Jp» and, analogously in V*, let
y = (y;); € Jp» C Vj5, C V*. From this, we get that = is non-zero nilpotent, that
y e Vi C (Vp)t C (t-z)t and that

H@WH@W=H@WH@W}

iel’ iel” iel’ el

T.(z,y) C {(fﬁlay/) €V x Viu

This last subset is a T-invariant closed subset of V' which does not intersect {0} x V*.
Let (2/,3') be in the closed orbit of T.(z, y). Since ' C J; with I C I’, 2/ is non-zero
nilpotent hence not semisimple. O

Proposition 3.9 shows that the visibility assumption in Conjecture 1.3 is neces-
sary, since the statement fails set-theoretically in any non-visible case..
When k = C, we can state the following:

Corollary 3.10. Conjecture 1.3 holds true for representations of tori

Proof. Note that the polar assumption is redundant by Corollary 3.7. According
to Proposition 3.9, the generic elements of the irreducible (Proposition 3.4) variety
V @ V*JT are closed orbits of the form T.(z,y) with x regular (i.e. with T.x

closed of maximal dimension among closed orbits). We may assume that = € c.
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Then y € (t-z)t = (t- )t = ¢V @ U and, since T.y is closed, we get y € ¢V
[DK, Corollary 2.5]. Hence (1) of Remark 1.4 holds Statement (2) follows from
Proposition 3.4. ]

4. NULL-FIBER OF THE MOMENT MAP - 0 CASE

A standard reference for the theory of O-representations is [Vin]. These repre-
sentations are visible and polar but they are not always stable. A classification of
the irreducible f-representations with their main features can be found in [Kac, §3].

Let us first introduce some notation. Let h = ®i€Zm h; be a reductive Lie
algebra equipped with a Z,,-grading, that is [h;, h;] C hi4;. Let H be any connected
algebraic group having b as its Lie algebra. We consider the adjoint representation
of G := Hy on V := h; where Hy is the connected subgroup of H with Lie algebra
ho. Fix w an m-th root of 1. We denote by 6 the automorphism of h given by
O(x) = w'x for x € h;. If a is a f-stable subspace of h, we can decompose a = € a;
with a; := anbh;. We then denote the dual direct sum by a* = Pay. We will
identify a) and (a;)*.

We need to understand p~1(0). From |[Vin, §1.2 and §2.2|, the f-representation
(Hy, h1) is isomorphic to (Hk(H(k))o, [1(h%*))1) for some graded Lie algebras h(¥) =
@ (H™); which are either simple or abelian. The ((H®))q, (§*));) with b simple
are called the simple components of (Hg,bh1). Then p~1(0) is the direct prod-
uct of the ,u,;l(O) where pj is the moment map associated to the representation
((H™*))o, (h*))1). In the abelian case, p~(0) = bh; @ h. From now on, we will
assume that h is simple.

The Killing form L(-,-) is a non-degenerate symmetric bilinear form on h x b
which is invariant under H and . Via L, V* = by identifies to h_1. If z € h and
a C b, we denote the centraliser of z in a by a® = {y € a | [x,y] = 0}. Assume
that ¢ € V* corresponds to y € h_; via L. Then the condition ¢ € (g- )t is
read 0 = L([g, z],y) = L(ho, [z, y]), that is [x,y] = O since [z,y] € ho and L is

non-degenerate on ho @ ho. Thus x~1(0) is isomorphic to the commuting scheme:

(13) p=H0) = {(x,y) € by x by [z,5] = 0}.

We now want to define a suitable locally closed cover of h; satisfying the condi-

tions stated in Section 1

Definition 4.1. We say that a Levi subalgebra [ of ) arises from b if there exists

a semisimple element s € h; such that [ = h*°.

In other words, (31)req N b1 # 0 where 3 is the center of [ and (3;)rcy denotes
the set of elements of 3; whose H-orbit is of maximal dimension. Such a Levi [ is
clearly f-stable. Hence [ = @ 1; gives rise to a Z,,-graded reductive Lie algebra.
We denote by Lg the connected subgroup of H with Lie algebra [j.

Recall from [Vin] that any = € h; has a Jordan decomposition x4 + x,, with

T, Ty € B, the semisimple and nilpotent part of x, respectively.
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Definition 4.2. Given [ a Levi subalgebra of h arising from b, and O a nilpotent

Lo-orbit in 1, we define the decomposition class associated to (I, O) as
J(L,O) :=Ho - {(31)reg Nh1 + O}

Alternatively, € J([,O) if and only if x is Hyp-conjugate to an element z’ € [y
such that [ = f)””/s and O = Ly - z/,. Hence decomposition classes are equivalence
classes, so they form a partition of h;. Next, we adapt some results of [Br] (see also
[TY, §39]).

Proposition 4.3. Let J(I,O) be a decomposition class.

(i) If x € J(1,0), then J(I,O) = Hy - {y € h1| ¥ = b7}

(i) J(1,0) is an irreducible locally closed subset of by.
(i11) If x € J(I,0) then dim Hp.z = dimb; — dim [; + dim O.
(iv) mod(Hoy, J(I,0)) = dim(3()1 .

Proof. There is no loss of generality in assuming that x satisfies h* = [ and O =
Lo - xp.

(i) From |TY, 35.3.3, 39.1.2, 39.1.1|, we have {y € h1|h¥ = h*} = {y € [| h¥= =
[, ()9 = ()"} where ' := [[,[]. Since Lo acts trivially on (3)req, this yields
J(LO) C Hy-{y € h1|hY = h*}. Note that the condition h¥s = [ implies that
Y,Ys,Yn € l1. In order to prove the converse inclusion, it is therefore enough to
show that U = {n € [[|(I')" = ()"} C O. Let n € Y. Then [ = [§" so
dim Lo - n = dim Lg -z, = dim O. The subset U is a dense open subset of (I])*"
by [TY, 35.3.3], hence U is irreducible. From [TY, 35.3.4], U is included in the
nilpotent cone of [} which consists of fintely many Lg-orbits. Let O be the Lg-
nilpotent orbit whose intersection with ¢/ is dense in &. Then ¢/ C O’. Since all the
elements of U share the same Lg-orbit dimension and z,, € ONU, we can eventually
conclude that O = Q0" and U C O.

(ii) It is clear from the definition that J(I, O) is irreducible. Set m = dim h* for
some z € J(I,0). By (i), it does not depend on the choice of z. The map ¢ : y — hY,
from {y € h|dim h¥ = m} to the Grassmannian of m-dimensional subspaces in b,
is a morphism of varieties [TY, 19.7.6, 29.3.1]. By (i), J(I, O) = b1 N~ (Hy - (h*))
with h* seen as an element of the Grassmannian. As orbits are locally closed sets,
so are their inverse images by morphisms of varieties. Hence J ([, O) is locally closed
in {y € h|dimh¥ = m} and the result follows.

(iil) Consider ad z as an endomorphism of h. Then [ is its generalized eigenspace
associated to 0. Let us denote by g the sum of the other generalized eigenspaces. We
haveh =@ qand h-z = [[®q,z] = (ad2)() @ (ad z)(q) = (ad z,)(I) D q. Intersect
with by yields ho - =l - 2, @ q1. In particular, codimy, Hy - ¢ = codimy, Lo - zy,.

(iv) From the computations in (iii), we also get that h - x has trivial intersec-
tion with 3. Since bo - = + (31)1 is the tangeant space of J([,O) at z, we get
dim J([,O) = dim Hy -z +dim(3)1. Since the elements of J(I, O) all share the same
orbit dimension, we have mod(Hy, J(I,0)) = dim J(I, O) — dim Hy - z. The result
follows. (|
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From Proposition 4.3, the decomposition classes satisfy the requirements of the
covers used in Section 1. However, note that two different data (I;, O;), i = 1,2 can
give rise to the same decomposition class. In the sequel, we fix a Cartan subspace
¢ C by, that is a maximal subspace of commuting semisimple elements. The number
dim ¢ is called the rank of (Ho,b1).

Definition 4.4. We say that a property P is hereditary if, whenever P holds on
a O-representation (Hy, h1), it holds on the restricted f-representation ((Hy)°,h})
for any semisimple element ¢ € ;. Here, (H§)° is the connected subgroup of Hy

whose Lie algebra is gg.
Next, we recall a few classical facts.

Lemma 4.5. Let (Hy,b1) be a 0-representation with Cartan subspace ¢ C .

(i) For an element in general position s € ¢, we have h* = b and (3(h*))1 = ¢.
(ii) (Hy,b1) is locally free if and only if dimb; = dim by + dim c.
(iii) (Ho,b1) is stable if and only if there exists s € ¢ such that b5 = 3(h%); = c.
(iv) Stability and local freeness are both hereditary properties.

Proof. (i) follows from [Vin, §3.2].

Since f-representations are visible, it follows from Remark 1.8 that mod(Hy, h1) =
dim b1 —mg where my is the maximal orbit dimension in h;. By (i), Proposition 4.3
(iv) and (1), the maximal modality of a decomposition class is mod(Hy, h1) = dime.
Assertion (ii) follows.

From Proposition 4.3 (iii), an element @ = x5+, can have maximal orbit dimension
in by only if Lo - x,, is of maximal dimension in [; with [ = h®<. This is possible
with 2, = 0 only if [[ = {0} where I' = [[,{]. Since [; contains a Cartan subspace,
this implies that [; is a Cartan subspace. On the other hand, assume that there
exists s € ¢ such that b = 3(h*); = ¢. Then J(h%, {0}) is a decomposition class of
dimension dim Hy - s + mod(Hoy, J(h*, {0})) = dimb; — dim h5 + 0 + dim 3(h®); =
dim bh; by Proposition 4.3. Hence J(h*, {0}) is the open class in h;. Since it is made
of semisimple elements, the representation is stable.

(iv) follows from [BLLT, Lemma 6.3]. O

Recall from [BLLT, Proposition 4.3] that p=!(0) can be irreducible only if
(Hyp, h1) is stable.

Theorem 4.6. Assume that (Hp,b1) is a stable and locally free 0-representation
with b simple, then

i) u=1(0) is an irreducible and reduced complete intersection
ii) u=1(0) is normal if and only if (Ho,b1) does not belong to Table 1

Corollary 4.7. Under the hypothesis of the previous theorem and if b is of classical
type, then p=1(0) is normal

From [Pan, Theorem 3.2] (or, alternatively, Remark 1.8 and Corollary 1.7), (i)
holds. The remaining of the section is devoted to the proof of Theorem 4.6 (ii).



16 MICHAEL BULOIS

Type Kac diagram m n 1o
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0 +maﬁ+a6+a7
TTartas

TABLE 1. Exceptional non-normal

For this, we first rephrase condition (5) in Lemma 4.8. Then we list all the 6-
representations of rank one in Proposition 4.10. In Lemma 4.11, we check which of
them satisfies condition (P). Finally, we check that the non-normal cases of rank
one do not yield any non-normal example of greater rank in Lemma 4.12.

Recall that all Cartan subspaces of h; are conjugate. From Lemma 4.5 (i) (iii)
and Proposition 4.3 (iv), the decomposition class J(h¢, {0}) is the only one with
maximal modality mod(Hy, h1) = dim ¢. Moreover, the decomposition classes with
mod(Hy, J(I,0)) = dime¢ — 1 are the ones such that dim(3(); = dimc¢— 1 and O
arbitrary. The condition on [ means that (Lo, [}) is a f-representation of rank one,
where [" is the derived subalgebra of [.

Recall that, for z € h; with [ = h®=, we have h;¥ C h” C [ and that [p = [[ by
Lemma 4.5 (iv). Hence, using Corollary 1.7 (v), we have:

Lemma 4.8. Under hypothesis of Theorem 4.6, n=1(0) is normal if and only if
(P) Vn € [} nilpotent, In" € ()" such that ([/)(()"’n/) = {0}.
for any Levi subalgebra | C by arising from b1 such that (Lo, l}) is of rank one:

In other words, ~1(0) is normal if and only if the same holds for the semisimple
part of any Levi subalgebra arising from h; whose associated #-representation is
of rank one. The main difference with the symmetric Lie algebra case studied in
[Pan] is that we have many #-representations of rank one. We now aim to classify
them. For this, we recall a few features of the so-called Kac diagrams. The reader
is referred to [Kac, §3] or [Vin, §8] for a detailed treatment.

e A Kac diagram is an affine (possibly twisted) Dynkin diagram x equipped
with an integer label for each node. Up to isomorphisms of representations,
it is enough to consider labels in {0, 1,2}. If we focus on representations of
positive rank, one can restricts to labels in {0, 1}.

o If X, (¢) with a labelling (vy, ..., v,) form a Kac diagram, then it gives rise

to a Zp-grading on a reductive Lie algebra b, where m = £ v;.
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e The Lie algebra g is a reductive algebra whose semisimple part is the Lie
algebra corresponding to the subdiagram of 0O-labelled nodes. The rank of
ho is that of the finite Dynkin diagram giving rise to X,(f).

For instance, for each affine Dynkin diagram X,(f) appearing in the classification
of Kac [Kac, §3, Table 1], we can label each node of X,(f) with 1. We denote such
a Kac diagram by Xff’ (1). They give rise to the only #-representations of positive
rank (Hy, h1) where Hy is a torus.

Lemma 4.9. Let (Hp,b1) be a O-representation corresponding to a Kac diagram
of the form x® (1). Then (Hoy,b1) is stable locally free of rank 1, and u=1(0) is a

normal variety.

Proof. In this case, ho is just the Cartan subalgebra of h (associated with the
Dynkin diagram without the extended node ., +1) and by is the sum of root spaces
Ba;s © € [1,n+1]. Local freeness is clear since oy, . .. a, is a basis of bjj. By Lemma
4.5 (ii), the rank of (Hp, h1) is one. Since ay,41 is the opposite of the highest root,
there is a single relation linking the «o;: an41 = Zz‘e[[l,n]] a;o; with a; < 0. By
Corollary 3.3, (Hog, b1) is stable and p~1(0) is normal. O

Proposition 4.10. Let (Hy,b1) be a stable and locally free -representation of
rank 1 obtained from a simple Lie algebra . Then (Ho,bh1) corresponds to a Kac
diagram of the form Xff) (1) or which appears in Table 1 or Table 2

Proof. When the Lie algebra b is exceptional we use the software [GAP] and its
package [SLA]. We proceed as follows'.

Given h of exceptional type (respectively of type Dy), the first step consists
in listing the Kac-diagrams relative to b (resp. with underlying Dynkin diagram
Df)) with labels in {0,1}. Then we select the corresponding gradings for which
dim by = dimbg + 1. There are few of them. For each selected grading, we choose
a random element = € h; and compute its semisimple part s. Since the rank of
(Hy, h1) is at least 1, the element s should be non-zero (otherwise choose another ).
Then, (Hy, h1) is stable locally free of rank 1 if and only if dim b5 = 1 (Lemma 4.5).
In addition to the X" (1), the only other Kac diagrams arising in this way are
those of Tables 1 and 2.

Assume now that b C gl(V) is classical. Our goal is to show that the only stable
and locally free O-representatons of rank 1 are those arising from the x® (1).
The strategy is similar to the exceptional case, except that we rather rely on the
description of classical f-representations of Vinberg [Vin, §7]. We refer to this paper
and we use the notation therein. In particular, there are four subcases to consider:
First case: 0 is an inner automorphism of h = sl(V) (type A);

Second case: B is of type B or D;
Third case: b is of type C,
Fourth case: 6 outer and b of type A.

IThe detail of the GAP-computations used in Propositions 4.10 and Lemmas 4.11 and 4.12

can be found in the auxilary file “computations rk1.txt”
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In the first three cases (respectively in the fourth case) 6 (respectively 6?) is an
automorphism of order mg given by g + aga~' for some a € GL(V) satisfying
a™ € {£Id}. For 0 of order 1 or 2, the only locally free case of rank 1 is Agl)(l) S0)
we may assume that mg > 1. Then V = @, g V(\) where V(\) = {z € V]a.x =
Az} and § = {AA™ = 41} or § = {A|]A™0 = —1}. That is § = {Awl|j € Zp, }
22;;) and wy := eacp(%
k; :=dimV()\;). The elements x € by, satisfy z.V()\;) C V(Aj4x) for any j € Z,,,.

). For j € Zy,,, we set \j := \ow] and

for A\g = 1 or exp(

We first look at the first case. From [Vin], the rank of (Ho, b1) is minjez,, k;.
Since ho = sl(V) N HjeZmo gl(V;)) and by = HjeZmo Hom(V}, Vj41), we have
. : 1 2
dimby —dimbo = | > ik | - D K —-1) =1- 3 > (k= kja)®.

3E€Zmy 3E€Zmy 3€Zmy

From Lemma 4.5 (ii), we want that this number is 1. The only possibility is that
k; = kj for any j,j' € Zy,, and the condition on the rank forces this common value
to be 1. In this particular case, Hy is a torus so this must coincide with a grading
given by a Kac diagram of the form A" (1) (inner automorphism).

From now on we focus on the last three cases. In each of these cases, a non-
degenerate bilinear form comes into play. This form induces a duality between
V(A) and V(X) and we have k; = k; where j denotes the element of Z,,, satisfying
Ay = )\_] Depending on whether each elements 1 and —1 belong to S or not, the
corresponding #-representations may have different behavior. For v € {£1}, we

{ 1 ifreS { 1 in the 2nd and 4th case
set 1, := ] . Set also €1 :=
-1 ifvégs
{ 1 in the 2nd case
€_1:=

. an
—1 in the 3rd case

. We then have a uniform formula
—1 in the 3rd and 4th case

. R 1
dimb; —dimby = 3 Z kikjy1 — Z k]2 + (exmko + e_1m—1km’)
J J
1
- oa| ;(kj — kjy1)? + 2e1mko + 26111k

In a nutshell, ho is a product of the gl(V}) = gl(V;) for A; ¢ {#1} and possible
copies of s0(Vj) or sp(V;) for A\; € {£1}. A similar combinatoric holds for ;. In
the fourth case, the assumption mg > 1 ensures that kIdy lies in a k-th part of the
grading in gl(V) satisfying k ¢ {0,1}.

We choose m’ € Zy,, such that Re()\,,/) is minimal. By convention, the argument
of a complex number is taken in [0,27[. Choosing jmin € Zm, such that k; is

minimal and Im(\;) > 0, we define

I= {j ‘arg()\j) < arg(Nj,...) or arg(Ap) < arg(hj) < arg()\jmm)} ,

1= { Jarg(\,...) < arg(y) < arg() or arg(h—) < arg(\;) }.
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Using the equality n? = n(n — 1) + n, we can write

. . 1
dimb; —dimbo = 7 |- D (ks = Fjpa)(ky =k = 1) = > (kjn — k) (kypr — &y

Jjel jeJ
+ 3 (kjar — ki) + > (ks — kjg1) + 2eimbo + 26101k
Jel jeJ

The first two terms are non-positive and the rest of the expression is equal to
(Kjmin — ko) + (K5 = k) + (Kjpins — ki) + (kg — ko) + 2exmiko + 2e_1n -1k =

Jmin min

2[(exm — Vko + Ky, ] +2[(e—1m—1 — 1)k + kj,,.. ] Each of the terms in brackets

is either equal to k;, ., if €,m, =1, or is not greater than —k; , if e,m, = —1. In

particular, dim h; — dim by can be positive only if €,7, = 1 for v € {£1}. Hence, it
is of type I in the terminology of [Vin, §7.2], and its rank is k;,,, . Then, it follows
from our formulas and Lemma 4.5 that the only locally free cases of rank 1 are the

following ones

Ejpin =1, +1eS in the 2nd case
Vjel,kj—kjr €{0,1}, | and ¢ +1¢ S in the 3rd case
Vje J kjyr —k; € {0,1} 1€S5,—-1¢ S in the 4th case

In the last three cases, the action is not stable in general. Given subspaces
U(A) € V(XA) of dimension 1, we can construct a non-zero semisimple element
C € by such that C(U(N)) = U(woA). Then V' := Ker(C) decomposes as
V' :i= @, V'(\); the decomposition in two summands V' = (@, U(\)) & V' is or-
thogonal and the derived subalgebra of gl(V)¢ can be identified with s[(V”). If there
exists j € Zp, such that k;, k; 11 > 2, then we can construct in each case a non-zero
element N in h{ Nsl(V’) with N(V'();)) C V'(A\j31), N(V'(X71)) € V'(A;) and
N(U\) =0=N((V'(A\g)) for any A € S and any k ¢ {j,7 + 1}. This contradicts
the stability hypothesis since N € h¢ \ kC, see Lemma 4.5 (iii). Thus, the only sta-
k=1 for j such that \; ¢ {£1}
k;j € {1,2} for j such that \; € {£1}
The different possibilities are listed in Table 3 (up to multiplication of a by —1 in

ble gradings to consider are those with {

type B, which gives rise to the same grading). Once again, Hy is a torus in each
case so the corresponding grading must be obtained from a Kac diagram of the
form X" (1). These Kac diagrams are identified in the last column of Table 3. O

Lemma 4.11. If (Ho,b1) is a O-representation associated to a Kac diagram of
Table 1 (resp. Table 2) then it does not satisfy (resp. it satisfies) condition (P) of
Lemma /.8.

The proof of this lemma relies on computer-based computations. First, we list

representatives of the nilpotent Hg-orbits on h;. For any such representative n;,

we choose a random element n} € h™;. Then we compute f)éni’ni). It turns out to

be {0} for each 7 in cases of Table 2 so (P) holds. In cases of Table 1, we compute
w; = {y € bo' [y, b74] = {0}} = M.y (%) In each case, it turns out that
there exists ¢ such that w; # {0}. Hence (P) must fail in these cases. An example
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Parit Parity of
Case anty %n yo Condition on the k; X,(f) (1)
of mg dim(V')
First case / / Vi, k=1 Agll)(l)
2 ifj=0
odd k; = nJ B ()
1 else
Second case even ]
even 2 ifj € {0, ™0}
kj = e D (1)
1 else
Third case even even Vi, k=1 C,(ll)(l)
2 ifj=0 )
ki — (2)
Fourth case odd evett J { 1 else AQP —1(1)
odd Vi, k=1 AT (1)

TABLE 3. Stable classical locally free grading of rank 1

of such n;, tv; is given in the table, using the numbering of the roots as in [Bo| and

where x, denotes a root vector for the root .

Lemma 4.12. Let (Ho, b1) be a locally free stable O-representation with b simple.
Then there is no proper Levi | arising from b1 such that (Lg,l}) corresponds to a
Kac diagram of Table 1.

Proof. Assume that such a proper Levi exists. Then § is of type E7 or Eg and the
Cartan subspace of by is of dimension 2 or 3. Moreover the order of the automor-
phism 6 giving rise to the graduation is a multiple of 9 or 14. We can now consider
all the possible Kac diagrams of type Er; or Eg such that dim g; —dim gg > 2. After
computation, it turns out that the resulting Z,,-gradings have order which are not

multiple of 9 or 14, which is a contradiction. O

Remark 4.13. Conjecture 1.3 in the case of a locally free stable f-representation
follows from [BLLT, Theorem 1.2]. We briefly explain here how to recover it using
the results of this paper. First, note that the 5 exceptional cases of Table 1 are of
rank one. Then it follows from [BLLT, Proposition 3.4 & 5.1] that the natural map
c®cY/W = Ve V*J/G is a dominant closed immersion, hence an isomorphism. In
the other cases, Theorem 4.6 ensures that ;~1(0) is normal. So the same holds for
the symplectic reduction and the result follows from [BLLT, Proposition 5.1] and
Remark 1.4.

Note that the ground results on polar representations of [DK] are known for 6-
representations over any algebraically closed field of characteristic zero. Thus, we
don’t need the assumption k = C used in [BLLT].
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