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Abstract

In the aim to find the simplest and most efficient shape of a noise absorbing wall to
dissipate the energy of a sound wave, we consider a frequency model (the Helmholtz
equation) with a damping on the boundary. The damping on the boundary is firstly
related with the damping in the volume, knowing the macroscopic parameters of
a fixed porous medium. Once the well-posedness results are proved for the time-
dependent and the frequency models in the class of bounded n-sets (for instance,
locally uniform domains with a d-set boundary, containing self-similar fractals or
Lipschitz domains as examples), the shape optimization problem of minimizing the
acoustical energy for a fixed frequency is considered. To obtain an efficient wall
shape for a large range of frequencies, we define the notion of ¢-optimal shapes and
prove their existence in a class of multiscale Lipschitz boundaries when we consider
energy dissipation on a finite range of frequencies, and in a class of fractals for an
infinite frequency range. The theory is illustrated by numerical results.

1 Introduction

The diffraction and absorption of waves by a system with both absorbing properties
and irregular geometry is an open physical problem. From acoustics to optics, the wave
absorption, related to the coupling between waves and matter, is a problem of interest.
This has to be solved to understand why anechoic chambers (electromagnetic or acoustic)
do work better with irregular absorbing walls. Therefore there is a question about the
existence of an optimal shape of an absorbent wall (for a fixed absorbing material), optimal
in the sense that it is as dissipative as possible for a large range of frequencies, and at the
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same time that such a wall could effectively be constructed. We consider the propagation
of acoustic waves; the acoustic absorbent material of the wall is considered as a porous
medium.

In the area of the optimization of acoustic performances of non absorbing walls,
Duhamel [14] [I5] studies sound propagation in a 2D vertical cut of a road wall and
uses genetic algorithms to obtain optimal shapes (some of them are however not con-
nected and thus could not be easily manufactured). The author also uses a branch and
bound (combinatorial optimization) type linear programming in order to optimize the
position sensors that allow an active noise control, firstly introduced by Lueg [19] in 1934.
Abe et al. [I] consider a BE-based (boundary elements) shape optimization of a non
absorbing two-dimensional wall in the framework of a two-dimensional sound scattering
problem for a fixed frequency (for the Helmholtz equation) using a topological derivative
with the principle that a new shape or topology is obtained by nucleating small scattering
bodies. Also for the Helmholtz equation for a fixed frequency, using the shape deriva-
tive of a functional, representing the acoustical energy, Cao and Stanescu [10] consider a
two-dimensional shape design problem for a non-absorbing part of the boundary to re-
duce the amount of noise radiated from aircraft turbofan engines. For the same problem,
Farhadinia [17] developed a method based on measure theory, which does not require any
information about gradients and the differentiability of the cost function.

On the other hand, for shape optimization problems there are a lot of theoretical
results, reviewed in Refs. [3, B3], which rely on the topological derivatives of the cost
functional to be minimized, with numerical application of the gradient method in both
two and three dimensional cases (in the framework of solid mechanics). In this area,
Achdou and Pironneau [2] considered the problem of optimization of a photocell using
a complex-valued Helmholtz system with periodic boundary conditions with the aim to
maximize the solar energy in a dissipative region.

For acoustic waves in the two-dimensional case, optimization of the shape of an ab-
sorbing inclusion placed in a lossless acoustic medium was considered in Refs. [34, 35].
The considered model is the linear damped wave equation [13] [4], which we also consider
in our case to describe the wave propagation in a porous medium (see Section [2)). Using
the topology derivative approach, Miinch et al. consider in [34] 35] the minimization of
the acoustic energy of the solution of the damped wave equation at a given time 7" > 0
without any geometric restrictions and without the purpose of the design of an absorbent
wall.

In this article, we study the two-dimensional optimization shape problem for a Helmholtz
equation with a damping on the boundary, modeled by a complex-valued Robin boundary
condition (see system () and Fig.[2). The shape of the damping boundary is to be found,
in the aim to minimize the total acoustical energy of the system. The noise source can be
imposed as a source term in the equation and/or by a Dirichlet boundary condition (on
the boundary opposite to the absorbing wall) which models a noise coming from a road.
As for acoustical cavities, the domain of computation is limited on its top and bottom by
boundaries with Neumann boundary conditions.

In Section [2, we introduce the frequency model and its time-dependent analogue with
a dissipation on the boundary and analyze its dissipative properties. We compare this
model with dissipation by the boundary to the corresponding model with a dissipation



in the volume, described by a damped wave equation in which the values of the coeffi-
cients for a given porous medium are given as functions of its macroscopic parameters
(as porosity, tortuosity and resistivity to the passage of air), as initially proposed by [21].
In particular, in Appendix [Al, we propose a possible way to find the complex parameter
in the Robin boundary condition of the former model that best approximates the latter.
All numerical calculations, in particular in Section [7], are performed for a porous material
named ISOREL, frequently used in building isolation.

In Section [3] we establish the well-posedness results of the introduced models with a
dissipation on the boundary in a large class of bounded domains ( (¢, ) -domains with a
d-set boundary), containing Lipschitz domains and von Koch fractals as two particular
cases. We need these well-posedness properties of the models to be able to consider in
this class of domains the question of existence of an optimal shape, optimal in minimizing
the acoustical energy (see Eqgs. (I7)) and (I9)).

In Section Ml for the case of a regular boundary in the classical framework of shape
optimization, for any fixed frequency we have the existence of an optimal shape. To
obtain an efficient wall shape for a large range of frequencies, we define e-optimal shapes.
Knowing empirically that for the efficient energy dissipation of an acoustic wave, its
wavelength A must be related with a geometric scale of the wall, we confirm this fact
numerically by calculating the impact of the different geometric scales on the energy
dissipation in time (see Fig. B, which confirms a guess that the wall length scale must be
of the order of A\/2). The developed optimization algorithm confirms that the optimal
shape has its largest scale length of the order of A/2 (see Subsection [[.T] and Fig. [7]).

Moreover, using the fact that a wave with a wavelength Ay does not fit into a shape
that has a characteristic scale much smaller than its wavelength (smaller than \g/2), we
prove in Section Ml the existence of an e-optimal shape which is a multiscale Lipschitz
boundary when we consider energy dissipation on a finite range of frequencies, and which
is a fractal for an infinite range. Thus, we prove that it is not possible to obtain the most
efficient in the acoustical energy dissipation shape (an e-optimal shape with a minimal
e > 0) for all frequencies without different geometric scales.

For the case of a regular boundary we provide in Section [Bl the shape derivative of an
objective functional chosen to describe the acoustical energy. Using the gradient descent
method for the shape derivative, combined with the finite volume and level set methods
introduced in Section [, we find numerically the optimal shapes for a fixed frequency. In
Subsection [(.2], we show the stability of the numerical algorithm and the non-uniqueness
of the optimal shape, which can be explained by the non-uniqueness of the geometry
providing the same spectral properties. In Subsection [[.3] we obtain an e-optimal shape
for a large range of frequencies. This shape is multiscale, and we show that if we keep only
the largest scale, the new shape has the same good dissipation properties as the optimal
one in the low frequencies corresponding to the chosen scale length, but is no more efficient
in higher frequencies, for which the deleted geometry scales where important.



2 The model : Motivation and known properties

To describe the acoustic wave absorption by a porous medium, there are two possibilities.
The first is to consider wave propagation in two media, typically the air and the wall, which
corresponds to a damping in the volume. The most common mathematical model for it is
the damped wave equation [4], 13]. The second possibility is to consider only one lossless
medium, the air, and model energy dissipation by a damping condition on the boundary.
In both cases, we need to ensure the same order of energy damping corresponding to the
physical characteristics of the chosen porous medium as its porosity ¢, tortuosity «; and
resistivity to the passage of air o.

Thanks to Ref. [2I], we can define the coefficients in the damped wave equation (the
case of the absorption in volume) as funtions of the above mentionned characteristics.
More precisely, for a regular bounded domain Q C R? (for instance 92 € C'') composed
of two disjoint parts 2 = g U ; of two homogeneous media, air in €y and a porous
material in €2y , separated by an internal boundary I', we consider the following boundary
value problem (for the pressure of the wave)

E(x)0%u+ a(x)Opu — V - (u(x)Vu) =0 in Q,
Gulrixon =0, [ulp = [uVu-n]r =0, (1)
uli=o = uola,, Opuli=o = uilaqy,

with £(z) = %, a(z) = 0, p(z) =1 in the air (i.e. in Q) and {(z) = %, a(x) =

*vp ’ o X

cgpocn
is supposed to be perfectly rigid (Neumann boundary condition) and on the internal
boundary I' we have no-jump conditions on u and pVu-n, where n is the normal unit
vector to I'. Here, by ¢y and py are denoted the sound velocity in and the density of the
air respectively, and by v, = 7/5 the ratio of specific heats. The damped character of the
wave propagation described by model () can be illustrated by the decreasing properties
of the energy due to the damping term a(z)u, having its support in €2 :

, w(z) = £ in the porous medium (i.e. in ;). The external boundary 0

5ot ([0 + v ugar) = - [ at@urar )

This model is numerically solved in Subsection [7.1l

But instead of the absorption in volume, especially for the sake of a simpler numerical
treatment of the shape optimization, we consider the following frequency model of the
damping by the boundary. Let Q be a connected bounded domain of R? with a Lipschitz
boundary 0f2. We suppose that the boundary 0f) is divided into three parts 0Q =
Fp ULy UL (see Fig. 2 for an example of €2, chosen for the numerical calculations) and
consider

u=g(x) onlp, g—Z:O on 'y, g—z+a(x)u:0 on I, )

where a(x) is a complex-valued regular function with a strictly positive real part (Re(a) >
0) and a strictly negative imaginary part (Im(a) < 0).

{ Au+w?u=—f(x) =€,
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Remark 1 This particular choice of the signs of the real and the imaginary parts of «
are provided by the well-posedness properties and the energy decay of the corresponding
time-dependent problem. In addition, as the frequency w > 0 is supposed to be fixed, «
can contain a dependence on w, i.e., a = a(zr,w).

Problem (3)) is a frequency version of the following time-dependent wave propagation
problem, considered in Ref. [7]:

OPu— Au=e ™ f(x), (4)

u‘t:O = Uy, &tu‘t:o = Uz, (5)
ou

U‘[‘D = O, a—n s = O, (6)

ou

5 Im(a(z))0u + Re(a(x))u|r = 0. (7)

To show the energy decay, we follow Ref. [7] and introduce the Hilbert space Xo(),
defined as the Cartesian product of the set of functions u € H'(2), which vanish on T'p
and satisfy the Robin type boundary condition () on I', with the space Ls(€2). The
equivalent norm on X;(€2) is defined by

I, )o@ :/Q(lvxu\%m?) d:C+/FRe(oz(:c))|u|2do—

with the corresponding inner product

((u1,u2), (vi,v9)) = /

(Veu1 Vv + ugvy) do + / Re(a(z))uivdo. (8)
Q

r

The advantage of this norm is that the energy balance of the homogeneous problem (4)—()
has the form

00 (I, 900) ) = 2 [ Tma(o)) O

Therefore, for Im(a) < 0 on I', the energy decays in time.
For the case of a smooth boundary 92 (at least Lipschitz), we have the well-posedness
of two models:

Theorem 1 Let Q2 C R"™ be a closed domain with a smooth (at least Lipschitz) boundary
0N =TpUlNUTL. Let in addition Re(a(x)) > 0, Im(a(z)) < 0 be smooth functions
(at least continuous) on T'. Then the following results hold:

1. (C. Bardos, J. Rauch [7]) For all f € L*(Q), (uo,u1) € Xo(Q2) there exists a unique
solution (u,u;) € C(]0,00[, Xo(€2)) of system ({{])—(2).

2. (Gander et al. [18], Evans [16], Allaire [3]) For all f € L*(Q), g € HY*(I'p)
and w > 0 there exists a unique u € H'(Q) solution of problem (3) continuously
depending on the data: there exists C' > 0 not depending on f and g, such that

lulley < € (I a2y + U9l 3 ) -

In addition, if, for m € N*, 0Q € C™2, f e H™Q) and g € H™ 2(T'p), then
the weak solution u belongs to H™?(Q) .
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Air | €|Air

Figure 1: One medium for the absorption on the boundary (left) and two media for the
absorption in the volume (right).

In order to relate the model with a damping on the boundary and the model with
a damping in the volume (see Fig. [l), we propose in Appendix [A]l a way to identify the
parameter « in the Robin boundary condition that provides the best approximation of
the latter model by the former, in the case of a flat boundary I'.

3 Well-posedness of the boundary dissipation models
for d-sets

We extend the well-posedness results of Theorem [I] to a more general class of boundaries,
named Ahlfors d-regular sets or simply d-sets [26], using the functional analysis on
(¢,0)-domains [25] 26, 40], also called locally uniform domains [24]. Let us define the
main notions [5].

Definition 1 (Ahlfors d -regular set or d -set [26), [27]) Let F be a Borel subset
of R™ and myq be the d-dimensional Hausdorff measure, 0 <d <n, d € R. The set F
1s called a d-set, if there exist positive constants ¢, co >0,

crr® <mg(F N Bu(x)) < cyr?,  for Vo eF, 0<r <1,
where B,(x) C R"™ denotes the Euclidean ball centered at x and of radius r .

Definition 2 ((g,0) -domain [25], (26, [{0]) An open connected subset Q2 of R™ is an
(6,8) -domain, € >0, 0 < < oo, if whenever (z,y) € Q* and |v —y| < &, there is a
rectifiable arc v C Q0 with length ((vy) joining x to y and satisfying

1. U(y) < Ira;yl and

2. d(z,00) > el — 2| =L for z €.

lz—yl
It is known [40] that
e All (g,6) domains in R"™ are n-sets (d-set with d =n):
Je>0 VzeQ, Vr€l0,0]n)0,1] u(B.(z)NQ) > Cu(B.(x)) =cr™,

where p(A) denotes the Lebesgue measure of a set A. This property is also called
the measure density condition [20]. Let us notice that an n-set Q cannot be “thin”
close to its boundary 0f2.



o If O isan (g,)-domain and 99 is a d-set (d <n) then Q =QUAIN is a n-set.

In particular, a Lipschitz domain € is an (e, d)-domain and also an n-set [40]. But not
every n-set is an (g,d)-domain: adding an in-going cusp to an (g,¢)-domain we obtain
an n-set which is not an (g,d)-domain anymore. Self-similar fractals (e.g., von Koch’s
snowflake domain) are examples of (g, 00)-domains with a d-set boundary [12, 40] for
d>n-—1.

To extend the usual variational formulations introduced in Refs. |7, [18] to d-set type
fractal boundaries, we use, as in Ref. [5], the existence of the d-dimensional Hausdorff
measure mg on 02 (see Definition [I]) and a generalization of the usual trace theorem and
the Green formula in the sense of the Besov space 32’2(89) with 8 =1-2%>0 (for
the definition of the Besov spaces on d-sets see Ref. [26] p.135 and Ref. [40] or Appendix

in Ref. [6]). Note that for d =n —1, one has 3 =1 and

B**(09) = H=(69).
2
Let us start with the generalization of the notion of the trace:

Definition 3 For an arbitrary open set Q0 of R™, the trace operator Tr is defined [20,
8, 129] for w € L},.(Q) by

loc

1
T =lim— d
ru(z) = lim m(Q N U, (x)) /mUT(m) uu)dy,

where m denotes the Lebesque measure. The trace operator Tr is considered for all x € Q
for which the limit exists.

Henceforth, the boundary 00 is a d-set endowed with the d-dimensional Hausdorff
measure, and Lo(0S2) is defined with respect to this measure as well. Hence, the following

Theorem (see Ref. [5] Section 2) generalizes the classical results [30, [BI] for the Lipschitz
boundaries 02 :

Theorem 2 Let Q be an admissible in the sense of Ref. [3] domain in R™, i.e. Q is
an n-set, such that

o the norms || fllm) and |[fllosoy = I1f Lo + £ oll o) with

1
fﬁ x :suprlinfif fly) —c|dy
1’Q< ) >0 ceR (B, (7)) Br(m)nQ| ) |

are equivalent on HY(Q) ;
e its boundary OS2 is a compact d-set, n—2 <d<n.
Then,
1. HYQ) is compactly embedded in L¥¢(Q) orin Ly(Q) if Q is bounded;

2. Trq : H'(R™) — HY(Q) is a linear continuous and surjective operator with linear
bounded inverse (the extension operator Eq : H(Q) — H'(R") );
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3. for =1—(n—d)/2>0 the operators
Tr: HY(R") — Ly(09Q), and Traq : H'(Q) — Ly(09)

are linear compact operators with dense image Im(Tr) = Im(Trgq) = 82’2(89) and
with linear bounded right inverse (the extension operators)

E:B;*(09) — H'(R") and FEaq: B5*(0Q) — H'(Q);

4. the Green formula holds (see also Refs. [29, [11] for the von Koch case in R? ) for
all w and v from HY(Q)) with Au € Ly(Q) :

ou
/QvAud:p <61/ Trv) B22(00)) B2 (90)) /VvVudx 9)

where the dual Besov space (32’2(89))’ = BE;(@Q) is introduced in Ref. [27].

Remark 2 Theorem [@ is a particular case of the results proven in Ref. [J], thanks
to Refs. [20, 25, 26, (27, [40].

We also notice that in the framework the Sobolev space H' and the Besov spaces BE’Q
with B < 1, as here, we does not need to impose the Markov’s local inequality on 0 (see
Ref. [20] p.39), as it is trivially satisfied (see Ref. [28] p. 198). If we are working with
more reqular spaces, H* with k > 2, k € N*, we need to add the assumption that O
preserves the Markov’s local inequality: for every fixed k € N* | there exists a constant
c=c(V,n, k) >0, such that

max |VP|§E max__|P|
OONBy(z) T 90NB, (x)

for all polynomials P € Py and all closed balls B,(x), © € 0Q and 0 <r <1.
For n =2, if Q is a bounded connected domain, then, thanks to [23] and [20] (see
also Proposition 1 in Ref. [5]), Q is an (g,0) -domain.

In this framework we prove the following theorem

Theorem 3 Let Q be a bounded domain in R™ satisfing the conditions of Theorem([2 (for
instance an (g,0) -domain) with a closed d -set boundary 0 =TpUl'yUT, n—2<d <
n. By mg is denoted the d—dimensional Hausdorff measure on 0 (see Definition [1]).
Let in addition Re(a(x)) > 0, Im(a(x)) < 0 be continuous functions on I'. Then the
following results hold:

1. Forall f € L*(Q), (up,u1) € Xo(Q2), there exists an unique solution U = (u,u;) €
C(]0, 00, Xo(Q2)) of system (4])-(7) satisfying the following energy identity

1d
—— (/(|ut\2 + | Vul|?)dx +/Re(a)\u\2dmd)
2di \ J,, :

—/Im(a)|ut\2dmd:ei“t/fu_td:c. (10)
0 0



2. For all f € Ly(Q) and g € B;’Q(TD) (with f=1—-"%4>0) and w > 0 there
exists a unique u € H'(Q) solution of problem (3) in the following weak sense: for

all ve HY(Q)

/Vu-V@dx—wQ/u@dx+/au@dmd:/f@dx+/ gudmyg. (11)
Q Q r Q T

The weak solution wu continuously depends on the data: there exists C' > 0, not
depending on f, g and the values of «, such that

lulliney < C (Il + 9l sz ) (12)

Proof. Let us focus on the proof of the second point in Theorem [3 i.e. on the well-
posedness of the Helmholtz system (3)). We introduce the space

V(Q)={uec H(Q)|u=0o0nTp} (13)

with the norm

||u||%/(ﬂ) :/Q|Vu|2dx+/FRe(a)|u|2dmd.

Thanks to the continuity of the trace operator Tr: H*(2) — Ly(I'p), the space V() is
a Hilbert space with the inner product of H'(Q). As T is a part of a compact boundary
o8, the norms || - |[g1(q) and || - |l are equivalent on H'(€2) (by Proposition 3 from
Ref. [5]). Thus, the space V(Q) is also a Hilbert space with the inner product

(u,v)vi) = / Vu - Vﬁdx+/Re(a)uT)dmd.
0 r

First, we consider the boundary value problem for the Laplacian (w = 0). We define a
sesquilinear form on V(§2) by

a(u,v) = / Vu - Vvder/ozuvdmd
Q r

and an antilinear form

I(v) = /Q fodz.

We are looking for the weak solution u € V(£2) of the following variational problem
Yo e V(Q), a(u,v)=I(v).

We apply the complex version of the Lax-Milgram theorem. Indeed, the coercivity and
the continuity of the form af(-,-) are immediate:

la(u,u)| = ’/Q\Vu|2d:c+/FRe(a)\u\?dmd+i/FIm(a)|u|2dmd > HuH%,(Q),




and

la(u, v)| g/|auuv|dmd+/ Vuvolde
T Q

Im(a)\?
</ Re<a>\/ Lt () Tooldma + 19l Vol

2
<C </ Re(a)|u|2dmd) </ Re(a)|v|2dmd) + ||VU/||L2(Q)||V'U||L2(Q)
r r
< Cllullvellvllv-

We notice that, thanks to the boudness of 2, the Poincaré inequality holds on V(Q2) and
allows us to show the continuity of [:

L) < I f 2@ llvllz@) < CEO N @ llvllve-

Using now Theorem [, which ensures that the extension operator H'(f2) into H'(R")
is continuous and that the embedding H'(Q2) to L?(Q) is still compact, we conclude
that the operator —A with the boundary conditions imposed in the weak sense of Besov

spaces (see Eq. ([@))

Vo EVID) (wolvio+i [

T

Im(o)ugdmg = )\/ ugdz, (14)
Q

has a discrete spectrum and a compact resolvent as in the usual case of a regular boundary.

Thus, as a corollary of the Fredholm theorem, we also have estimation (I2]).

Now let us prove that a real number w? is not an eigenvalue of —A. Suppose the
converse: there exists an eigenfunction u € V() , such that (I4) holds for A = w? € R*.
Therefore, it also holds for ¢ = v and implies that Im(a) =0 on I', which contradicts
our assumption Im(a) < 0. Consequently, the Helmholtz system (3]) is well-posed for all
w € R in the weak sense of (LI)).

The well-posedness of system ([@l)—(7) is direct from results given in Ref. [7], which keep
true in the general d-set case, thanks to the trace extension theorems (see Theorem
and Ref. [5] Section 2) and the above results for the Laplacian. Indeed, if we rewrite the
system in the matrix form

iU—BU: F,
dt

with U = (u,v) € Xo(Q?), B = ( 2 é ) and F = ( eiwgf(x) ) , as for the regular
case, the operator B is a closed anti-self-adjoint operator on Xy(€2) with respect to
the inner product defined in Eq. (§). In addition, B generates a strongly continuous
contraction semigroup, has compact resolvent and iw for w € R does not in the spectrum
of B, which concludes the proof. [l

We finish this section by the direct corollary of Theorems [1l and 3]

10



Theorem 4 Let Q be a bounded domain in R™ satisfing the conditions of Theorem[d with
a closed d-set boundary 02 =TpUT'NyUT (n—2<d<n). By mq is denoted the d -
dimensional Hausdorff measure on 092 (see Definition[d]). Let in addition Re(a(x)) >0,
Im(a(x)) <0 be continuous functions on T'. Then the following problem

{ Au+w?u=—f(x) z€,

ou ou 15
u=0 onp, 3_7120 on Iy, %Jra(:p)Tru:Trh(x) on T, (15)
has a unique weak solution w € V(Q) for all f € L*(Q) and h € V() in the following
sense: for all v € V(Q)

/Vu-Vvdx—wQ/uvder/aTruTrvdmd:/fvdx+/Tr hTrodmy.
Q Q r Q r

The weak solution u continuously depends on the data: there exists C' > 0, independent
of f, h and the values of o, such that

[ullv <C (||f||L2(Q) + ||h||V(Q)) .

In addition, if, for m € N*, 9Q € C"™*2 | f e H™(Q) and h € H™(Q)NV(Q), then
the weak solution w belongs to H™(Q) NV (Q).

4 Shape design problem

We consider the two dimensional shape design problem, which consists in optimizing the
shape of I' with the Robin dissipative condition in order to minimize the acoustic energy
of the system (3). The boundaries with the Neumann and Dirichlet conditions I'p and
'y are supposed to be fixed. We denote by 2y, and I['y the domain and the boundary
respectively of the initial shape before optimization. The optimization step modifies the
initial shape of Ty to T' = (Id + )Ty, according to the map = € Ty — (x +0(x)) € T
and following the vector field § € Wh>°(R? R?). Here Id is the identity map = € R? —
r € R?, Wh*°(R? R?) is the space of Lipschitz functions ¢ from R? to R?, such that
¢ and V¢ are uniformly bounded in R?. Using the notations |- |gz for the Euclidean
norm in R? and |- |gex2 for the matrices Euclidean norm on R? | we define the norm on

Wl,oo(R2’ RQ) by

[Dllwr.oem2 2) = sup (|o(2)|r2 + [V (2)|rax2) -

rER2

Hence (W'(R?,R?),] - [[wr=m2r2) is a Banach space. Following Ref. [3], p. 127, we
also define for a fixed open D with a Lipschitz boundary the space

C(Q) = {Q C D C R*| 39 € WH (R, R?), [|0]|w1oomzre) < 1
such that Q = (Id + 0)Q}. (16)

Actually, as only a part of the boundary, I', changes its shape, we can impose that for a
fixed open G with a Lipschitz boundary I' C G (see the example of Fig. ).
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I'p

N
Q

I'n

Figure 2: Example of a domain € in R? with three _types of boundaries: I'p and I'y
are fixed and I' can be changed in the restricted area G. Here QUG = D and obviously
QcCD.

To introduce the class of the admissible domains, on which we minimize the acoustical
energy of the system (3]), we define [3], B6] the quasi-distance d(£2,€) on C(£)

d(Q, Qo) = TeTI%“I%SfZO):Q(HT - Id||W1,oo(R27R2) + ||T_1 — Id||W1,oo(R27R2))

with the following space of diffeomorphisms on R?:
T ={T| (T — Id) € WH*(R*,R?), T! — Id € W"°(R? R?)}.

Typically T' = Id + 0 with ||0||w1comerey < 1. If dg(€0,2) is the Hausdorff distance
between Qp and 2, we know [36] that dy(Q,Q2) < d(€Q,2). Hence, in the following,
our purpose is to minimize the acoustic energy in 2 on all admissible shapes of I' keeping
constant the volume of the initial domain €2y, i.e., to minimize

J(Q,u):A/|u|2d:p+B/|Vu|2dx+0/|u|2da (17)
Q Q r

for the domains Q € U,q(€2) from the admissible class of domains

Uad($20) = {€2 € C(Q0)|d(€2, Q) <

< % I'pUTy C O, /dx _Vol()} (18

Q

with Vol(£20) = |Q] = fﬂo dz, A>0, B>0, C >0 positive constants for all fixed
w > 0. In what follows we also suppose that A, B and C' are regular functions of w:

Example 1 If J is the acoustic energy of the Helmholtz problem (3), we typically have
A=1, B=C =0 or equivalently, thanks to the variational form, A =0, B = w—12 ,
O — Relaw))

= w2

In the definition of U,q we take d(€,€) < ¢ according to Lemma 2.4 in Ref. [36] in the

case n = 2 and k = 1. The restriction that all admissible domains €2 € U,; have the

12



fixed parts I'p and 'y in their boundaries is taken into account in the parametrization
of Q = (Id+ 6)Q by the vector field 6. It is sufficient to impose § = 0 on I'p U Ty,
meaning that only the part I' of the boundary may vary. In order to keep the volume
constraint, instead of Eq. (IT) we can also consider the objective function

T u) = A/ luf2dz + B/ IVl + c/ (ul2do + p(Vol(Q2) — Vol(29)),  (19)
Q Q I

where g is some positive constant of the penalization.

Following the approach of F. Murat and J. Simon [36], also explained in Ref. [22], we
have, using the continuity of u and J as functions of Q [22], the existence of an optimal
shape:

Theorem 5 Let Qg C D be a domain with a Lipschitz boundary 08 such that I'p U
Iy C 0, Uu be defined by (I8) and w > 0 be fized. For the objective function
J(Q) , defined in (I7), the shape optimization problem infocy,,.) J(2) has at least one
minimum point (there exists at least one optimal shape of T').

See also Ref. [9] for a free discontinuity approach to a class of shape optimization
problems involving Robin condition on the free boundary.

Let us notice that a bounded domain with a Lipschitz boundary is a particular case
of the (e,d)-domains and hence the optimal shape domain is also an (e, d)-domain. For
practical reasons, it is more realistic to find “the simplest” optimal shape, thus the general
fractal or (e,d)-domains case is not really of interest. In addition, in most practical
situations we need to find “the simplest” optimal shape not only for a fixed frequency, but
for a large frequency interval [wg,w1], such that walls with such a shape could actually be
manufactured. Moreover, the functional J can be considered with frequency depending
coefficients (regular functions of w at least from C'): J(Q)(w). Hence, in the aim to
find the simplest shape, efficient for the energy dissipation in a range of frequencies, we
introduce the definition of an e-optimal shape:

Definition 4 The domain Q* € U,y s called an € -optimal domain for the range of
frequencies |wo,w1], if for all w € [wo,w1] it holds

| min J(Q)(w) = J(Q)(w)] <,

Q€Uqq

where by J(Q*)(w) is denoted the value of the functional J, calculated for the domain
OF at the frequency w .

Remark 3 To validate the notion of c-optimal domain, let us verify that for a fixed
e >0, if QF is optimal for w*, there exists an interval [wo,w:|, such that w* € [wo,wr],
for which Q* is € -optimal. Actually, we notice that

e u depends continuously on w and €);

e for a fized frequency, J is continuous as a function of §2;

13



e as the functional J 1is continuous on w € R, it is equicontinuous on the compact
[wo, w1] C RT :

V>0 301(n)>0:|w —w| <d = [J(Q) (W) — J(Q)(w)| < n;
o Jnin(w) :=mingey,, J(Q)(w) is a uniquely defined continuous function of w :

Vi >0 303(7) >0 |w —w| <= \Qrgljn J(Q)(w) — J() (w")| < 7.
ad

Therefore, for a fivred € > 0, there exists 6(¢) > 0, such that, if |w* —w| <, we have
[ min J(©Q)() ~ Q7))
< | min J(Q)(w) = J(Q) ()] + [J(Q) (W) = J( Q) (w)| <n+7h=e.

QCUq4
Remark 4 From Ref. [36] (Theorem 5.1 p.205 and Theorem 2.4 ii) p.59), we also know
that, since Q* € Uyq is optimal on w*, then there exists a sequence (€,) C Uuq, such
that
A (0, ) = dg (0, V) 4+ dir(D\ Q, D\ Q) — 0.

Consequently, for all € > 0 there exists ng € N, such that for all n > ny §2, is € -optimal
around w* .

Conversely, if Q, € Uiy is e, -optimal on w*, i.e. |J(Qn)(w*) — Imin(W*)| < €n,
then for €, — 0 there exists Q* € U,y such that JH(QH, 0) =£é(en) = 0 as n — +o0.

Let us also formulate the physical principle:

Assumption 1 (Physical principle) A wave with a wavelength Ao does not fit into
a shape of characteristic scale much smaller than Ao . If the wave interaction with the
dissipative media increases, then the energy of the wave decreases.

Taking into account the physical principle and numerical results from Section [T.1l we
introduce the following definition of a “much smaller” wavelength and of “a much higher”
frequency:

Definition 5 Let wy > 0 be a fized frequency. A frequency ws is called a much higher
frequency for wi, we > wy, if we > 2wy . Consequently, for the wavelengths: Ay < A\q
(Ao is much smaller then A ), if Ay < % Conversely, the wavelength X 1is called
comparable to Ao, if X €]22, 2.

Since wall performances depend on the sizes of its components to compare to the wave-
lengths of the source, let us define the notion of the characteristic geometry size of a
domain  (or I', since only the boundary I'" with the Robin boundary condition can
change its shape). If ' starts at a point xp € 02 and ends at a point zp € 0, we
consider Ty, which joins the points zp and xp by a straight line. For x = (z!,2?) € R?,
we suppose that the first coordinate axis x! follows I'y and the second coordinate axis
x? follows its normal direction. Since, the boundary I' belongs to a fixed area G, chosen
in the beginning, the largest geometrical size of I' parallel to 22 depends on the chosen
G . Thus, we does not consider the geometries with parts having a length along the axis
! much smaller the length along 22, and we especially interested in the shape sizes
projected on z!.
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Definition 6 (Shape lengths of ) Let the boundary T' be a C*' boundary of
starting from the point xp = (xks,2%) and ending in xp = (v%,2%) and Ty be the
straight line joining these two points (see Fig. [3 for an example). Let fy be the linear
function defining Ty by x> = fo(z'). We suppose that T can be locally defined by
the graph of a C' function (each time denoted by f, f(x) = 0 for x € T'). By
(i = 1,...,N ) are denoted the intersection points of T' with Ty, ordered by the first

coordinate from left to right
Ty =ap <3 <Ty<...<TyN < Tp=Tnip,

for which in any neighborhood V' of x; there exists x € I' such that

%f(ﬂf) = Vxl,a:2f “n 7£ 0.

Here n s the unit normal vector to I'y. These points define the deviation parts of T' to
compare to the straight line Ty (see the filled regions on Figs.[3 and[4). Thus, we define
the “horizontal” lengths

hi:|l‘i_$i—1|R2 fO’f’ ’l:]_,,N+]_

Let, for x € Ty, m(x) be the number of intersections with T of the straight line,
passing by the point x and following the unit normal vector to Ty, denoted by L(x).

If a part of T, limited by two lines L(x;_1) and L(x;), can be described by a bijection
f, ie.

for all v € Ty with  z' €lxl |, 2, m(z) =1,

i—1> T

then we find the function (f or fo), which is firstly intersected by the line L(x) on
[zi_1,2;], and define the low part f, as its graph. The other function in the couple ( f
and fy ) defines the upper part f, and corresponds to the second intersection of L(x)
(see Fig.[4)). Thus, we find the “vertical” lengths for each of such geometrical parts, by
setting

v = || fu = filloer_,21))s

and form the couples (h;,v;) .

For the intervals with m(x) > 1, we find firstly the maximum interval [z},, v} ] C Ty,
such that for all x € [z}, 2} ] m(x) > 1 (ie if v =], —¢ or x =z}, +¢c for all
sufficiently small € > 0, then m(x) = 1) and define

h;k = |3j‘;k’e — .ﬁUZb‘RQ, 'U;'k = dH(fh7 fb)

i.e. the vertical length v} is given by the Hausdorff distance between f, and f, restricted
on the area between L(z},) and L(z}.). We fiz, as previous, the couples (hy,v}).

Going in smaller geometrical details, on each bijection interval [z;, x;_1] with m(x) =
1 we consider all points T; for j=1,..., K for which

[x:,b’zz,e]’

8Tf(f]) = vzl7z2f 7=0 and P(Zi‘j) 7é P(Zi‘j+1),

where the tangential derivative is taken for the unit vector T parallel to Ty and P(y) is
the orthogonal projection on T'y. Let us set To = x;_1 and T, 1 =x;. If K >3 is an
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odd number (i.e. the derivative changes its sign more than twice between x;_1 and x; ),
then we set (as K is odd, then K + 1 is even)

K +1

hj = |P(95) = P(Tag-n)le2; 05 = |[fu = fillop@ag.pay fori=1,...,—5—.

To avoid difficult notations, the obtained sequence

(hi; vi)i=1..n U (hs 07 )imrve U (g, 05) 5 e
is still denoted by (hi, v;)i=1..N -

If there exists x € Ty, such that a' €|zl x} [ for a fived ©* and m(z) > 1, then the
corresponding part of T, given by f, is no more bijective between L(x;) and L(xpiq) .
Let us consider the union of the joint intervals )al., xl [ (k> 1) on which f is not
bijective. Then, going from the left to the right on T’ inside of the area delimited by L(x;)
and L(x;yx), we find points y; € I' (7 € N), such that

Onf(y;) = Vare2f -n=0 and P(y;) # P(yj11),

where the normal deriwative is taken for the normal unit vector n of I'y. Hence, we
define the horizontal lengths

hnyi = |P(yjs1) — Py;)|re.

To define the vertical lengths we say that a curve in the found bijection area is the lower
geometrical part f;, if the number of intersections of L(x) with it is odd (m(z) is odd)
and is the upper part f,, if the number of intersections with it is even (see Fig. []).
Therefore, we define hyyj as || fu—fillcr) in the bijective compact segment I, constructed
using the points x; and the projections on L'y of points y; .

For each bijective interval inside of |z}, xj. [, actually between all couples of points
(yj—1,Y5) , we also find, as for the bijective case, all points gy, for k=1,..., K, for which
Orf (1) = Vi oo f -7 =0, and, in the case of K >3, we add hy, = |P(J2r) — P(Yo(k-1)) |r2
and O = || fu — fl||C([P(52(k_1))7p(i-2k)}) for k=1,..., % to the sequence (h;,v;)i=1..n -

Repeating the above procedure for all intervals (or more generally, for all unions of
joint intervals) on Ty, where at least in one point m(x) > 1, we construct the sequence
(hi, v3)ien , finite or not. Now, for each i we compare h; and v; :

1. if v; < h;, then d; := h; (the fragment is a quasi-plane),

2. if v; and h; are comparable, then d; :== h%

The case h; < v; is forbidden by the assumption and by the choice of the open set G .
The lengths (d;)ien are characteristic lengths of each element of T' to compare to Ty and
are called shape’s length of €.

Definition 7 (Characteristic geometric size of ) Let (d;);en be the sequence of
shape lengths of 2. Independently of its finiteness, there exists the length d = max;d; ,
which is called the largest geometric size of ). If the length of T' s finite, then the
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Figure 3: Example of the definition of horizontal shape lengths of I' by the construction
introduced in Definition [6l Here we have 6 intersections of I' with I'y and 6 additional
points y; in the region |zi,z5[, where there are points = € T’y for which m(x) > 1.
The segment [rh, x1] contains the projections of 5 points #;, in which the tangential
derivative of f parallel to 'y is equal to zero. The maximum interval [P(ys), P(ys)],
where m(x) > 1, gives the length h*. Therefore, the sequence of the horizontal shape
lengths is given by h; for ¢+ =1,...,11, h* and izj for j =1,...,3. The intervals, on
which T' can be described by a bijection for z! € [P(y2), P(ys)], are [z, x3], [z3, P(y1)],
[P(y2), P(y1)], [P(y1), P(ys)], [P(ya), P(ys)], [P(ys), P(ye)] s [P(ye), P(ys)], [P(ys): w4] -

Figure 4: The choice of f, and f; for each interval, where I'" given on Fig. B3l is defined
by a bijection.

number of its shape lengths N is finite too, and there exists the minimal geometric size
dmin = min_d;. Hence, let (d;);en be ordered decreasing by

i=1,..,N
d:dozdlzdgz..., di—)oif’i—>+OOOTdN:dminifN<OO.

The sequence (d;) defines the distribution of geometrical sizes of T". Let Vol(T'y) be the
length of Ty : Vol(I'y) = |zp—xp|re . A positive number £ () (k € N) is a characteristic
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geometric size of Q number k if there exists K(k) > 2% [%{50)} shape lengths of €2

d d 1 W
d;, € } ST F{m [duin,d]  (m =0,...,K(k)) such that £,(Q) = IR0 ;dim.

If k=0, £(Q), denoted in what follows by £(S2), is the largest characteristic geometry
size of Q. If k € N s such that 2;% < dpin < 2,%1 , then the corresponding (x(£2) ,
denoted in what follows by (yin(Q2) , is the smallest characteristic geometric size of ).
Remark 5 Let wy = ?\—’g and Qy, be a domain with the unique characteristic geometric
size ((Qy,) = lnin(y,) = 2. In addition, let Q be a domain with ((Q) = ((,),
Cnin(Q)) K lpin(Qy,) and dg(2,2y,) < lnin(Q) . Then the domain  has two different
scales: 0(Q) and () . Actually, we suppose that the boundary T' of the domain §)
s obtained by adding to 'y, smaller scales. Adding a scale to the boundary of €, , we
increase the wave interaction with the dissipative part of the boundary. Therefore, the
energy J(Q)(wo) can only decrease, as compared to J(Sy,)(wo), or stay equal (in the
case of no fitting of the wave inside the smallest parts of the boundary). Thus, if QS is
an optimal domain for the frequency wq, then we have

J(25,)(wo) < J(Q)(wo) < J () (wo)-

We also use the following hypothesis, coming from the empirical physics and confirmed
by the numerical results in Section [7.1k

Assumption 2 Let Q* be an optimal domain for w* > 0 with n (n € N) characteristic
geometric scales (€;(€2*));j=o0,..n—1. Then there exists jo (0 < jo < n — 1), such that
() =&

In the framework of ¢ -optimal shapes, the physical principle with Definition [Bl directly
ensures

Corollary 1 1. Let Q* be an optimal domain for w* > 0 with n (n € N) char-

acteristic geometric scales, such that (; (") = )‘7 with 0 < jo < n—1, as in

Assumption [ Then any Q € Uu(Qo) with the same characteristic geometric
scales as §2* up to number jg :

\V/jzo,,jo EJ(Q) ZEJ(Q*),
and dg (0, Q") < 2, is also optimal on w* :
J(Q)(W") = Jmin(W") = J(Q) (7).
2. Let € >0 be a fized real number and Q € U,q(2) (see Eq. (I8) for the definition

of Uaa() ) be an e -optimal domain on a range of frequencies [wo,w;] with the
smallest characteristic geometric size:

A
Crnin () = B for a X € [A1, Ao).
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If Q° € Uyg(Qo) is a domain, such that

JjeN:  6(Q0) = luw(Q)  and dyg(Q°,Q) <

| >

then Q° is also e -optimal on |wy,wq] (with the same ¢ ).

Proof. Let us prove the first point. Without loss of generality, let us suppose €2* is such
that jo =n—1, i.e. Lyn(Q7) =2 Thus, if Q has additional characteristic geometric
sizes (; < 4 (j >n) with dp(€Q,Q*) < &, then by Assumption [l and Remark [ the
greater interaction of the wave with the dissipative boundary implies the non increasing
of the energy J(Q)(w*) < J(Q*)(w*). But, since Q* is optimal on w*, we also have
J(2)(w*) = Juin(w*) < J(Q)(w*). Consequently, J(2)(w*) = Jmin(w*), which ensures
that €2 is optimal on w*. Therefore, to be optimal on a fixed frequency w*, it is sufficient
to be optimal for the geometric sizes with ¢ = )‘7 , all sizes much smaller than ’\2—* (in the
sense of dy(Q*,Q) < )‘75 ), do not change the optimal property at one frequency point.
Let us prove the second point. By the assumption, the scaling A\/2 is sufficient to be

e-optimal on [wy,ws]:
VYw € [wo,w1] [|J(Q)(w) = Jmin(w)] < €.

If we keep this scale and add characteristic scales much smaller than A/2, such that
dp(20,9) < 2, then it holds Juin(w) < J(2°)(w) < J(R)(w). Since the adding of small
characteristic scales does not change the properties to be optimal on w, it also does not
change the property to be not farther than ¢ from the optimal domain. Therefore, the
properties of e-optimality still hold for Q° with the same . [

Remark 6 Thanks to the first point of Corollary [, in what follows, for a solution of
mingep,, J(Q)(w) we always take Q with €, (Q) =3 (for A =2m/w ) (i.e. we consider
the “simplest” such € in terms of characteristic scales).

Definition 8 (n-times wavelength preserving optimal domain)
Let Qy, be a fized initial domain with at least Lipschitz boundary, Mg = i—’g < % for

a fized wo > 41 and n>1, n € N. The domain Q%P € Uyy(Qy,) s called an n -times
wavelength preserving optimal domain based on 2y, for the frequency wy , if there exists

Ap <o <A< o< AN <A, Suchthat VE=1,....n A< —

and QP = Q) is a solution of the following minimization problem (see Eq. {I8) for the
definition of the admissible domains)

J(Q,)(wn) = in J(9)(wn).
QCUad(QAn,1)7 dH(Qvﬂ/\nfl)S)\Tn
where for k=1,...,n—1 the domains €1y, are solutions of the minimization problems

A
QCULa(Qx;,_ 1) da(Q,Qn, )<

19



Remark 7 We know that dp (€2, Q) < d(S2y,,2) . In Definition[d we have supposed that
the largest wavelength Ay < % (or the smallest frequency wy > 4w ) in the aim to ensure
dir (0, Q) < 22 < L where L comes from the condition from Lemma 2.4 in Ref. [30].
The additional restriction dg(Q, Q,_,) < % keeps the new set of the admissible domains

closed by the Hausdorff convergence and, thus, we still have the existence of an optimal
shape in this class [22, [36].

Proposition 1 Let Q' be an n -times wavelength preserving optimal domain based on

a domain Qy, with Ty, € C* for the frequency wy > 4n (thus 2X\g <1 ). Then
A
QP € Upg(Qy,)  with  dy(y,, Q) < ZO

and Q°Pt has at least n multiscale characteristic shape lengths

e A
ek(mpt):; gzk—il (k=1,...,n).

Moreover,

1. for n>2, every Qy, , k=1,...n—1 is an (n — k) -times wavelength preserving
optimal domain based on the domain 2y, for the frequency wy,

2. forall k=1,...,n, Q\,  has the characteristic geometric sizes of Qy,_, and {; =

Emzn(QAk) = % s

3. if Qy, s an € -optimal domain on [w,,wy] (we >0, wy € [Wa,wp)] ) with lpin(Qy,) =
% and wy < 2wy, then for n > 1 all domains Q,, (k=1,...,n) are €-optimal

on |wg,wy| (with the same € ).

Proof. Firstly, we notice that for all n > 1

- 8 2 2n—1

U S WU R A
1) 8 )1 =4

Application of Assumption [Il and its Corollary [l finishes the proof. Actually, point (2) is
also a direct corollary of Assumption 2l More precisely, for point (3), we have that for all
E>1

1 A 1 1
dH<Q)\O,QOpt)§Z()\1—|—+)\n)<—0<1—|——+—|— )

Ak Ao b
dH(QAk7Q>\k,1> S Z S 4.2]? S Z,
with £;(Q2y,) = fmin(2y,) (0 < j < k) by point (2). Thus, if for all &£ > 1 4)_% < %
(i.e. for A\, > % ), by Corollary [ €,, is e-optimal on the interval of e-optimality of
O, O

Definition 9 The interval |[wy,wq] is called the mazimum interval of € -optimality of a
domain Q, if for all w €|wg, w1 Q is e-optimal on w, but no more on wy nor on wy :

Vw €lwo,wi[ [J(Q)(w) — Jmin(w)| < &, but |J(2)(w;) — Jmin(wi)| > € (i = 0,1).
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Now, we give the following theorem for the existence of an ¢-optimal domain for a
fixed range of frequency for the problem (IH]), i.e. with ¢ =0 on I'p:

Theorem 6 Let [wy,Wmax] with wy > 47 and wpax < 400 be a fized frequency interval,
and Qg be a fived reqular domain in R* (I € C®) with {(Q) = lymin(Qo) = 22 .

Define N = [log2 “’zl—(?"} Jor Wmax < 00. For all w € [wy, 00| consider

Imin(w) = inf  J(Q)(w),

QeUq4(Q0)

the minimum of the acoustical energy for the Helmholtz problem (13) with f, h and «
smooth functions of w (of the class C' ), such that for all fived w > 0 they satisfy the
assumptions of Theorem 4] and in the high frequency limit verify

h Rea
for w — +00 i40 and — — 0 in Ly(D), —— — 0,
w? w w |Ima|

where co > 0 s a real constant.

Then Jmin(w) — 0 for w — 400 and there exists 0o > 0, depending on wq, such
that for all € > &y there exists a domain Sy € Uyq(€y) with

Ao A

Z S gmin(QO) S £<QO)7
which is € -optimal on a mazimal interval [wo,w;] with wy > 2wy (see Definition[d).

Moreover, there exists €y > &y, depending on wg and Wmax , such that for all € > &g
there exists an € -optimal domain Q* on [wo, Wmax| -

Vw € [wo, Wmax]  |J () (W) — Jin(w)| < &, (21)

such that dH(Qo,Q*) < 2

4

1. for wmax < 00, QF € Uad(Qo) with at least N characteristic scales £ (Q2*) < 25‘21
for k=1,...,N, where {n(Q*) = lpin(2) ;

2. for Wmax = 00, QF is a fractal domain (an (g,00) -domain), obtained as a limit for
N — +00 of the finite case, with (,(Q%) < 3% for k € N*.

Remark 8 From the theory of the transparent or absorbing boundary conditions, it is
known that the increasing of |Ima| corresponds to the increasing of the wave absorption by
the boundary T, while the coefficient Rea corresponds to the reflection by I". Intuitively,
if h =0, the condition % + (Rea — i|Ima|)u = 0 is satisfied by the wave e 1l =
e~ Realzlg=ltmallzl 4 here the term e~™Rel®l gives the propagating wave and the second term
give the exponential dissipation, growing with the modulus of Ima . Hence, the condition
Rea =5 (0 as soon as w — +oo, imposed in Eq. (20) reads that the dissipation by T

[Ime|
dominates the reflection especially for the high frequencies.
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Proof. Theorem [ with condition ([20) ensures that J,,,(w) — 0 for w — +o0o0. Let
us prove it for a fixed admissible domain 2. Indeed, for any fix w > 0, by Theorem [4],
the operator

B : Ly(2) x V() — V(Q), definning by B(f,h) =u

with w, the solution of problem (IH), is linear and continuous (see also Ref. [5] for the
real Robin boundary condition). Thus, if % — 0 in Ly(92), then ﬁHfH%Q(Q) — 0 and,
by the analogy, 2 — 0 in Ly(I") implies %HhH%Q(F) — 0. The speeds of the decays on w
come from the fundamental solution of the Helmholtz equation: a derivative of the order
m of u is of the order w™ . Consequently, by the continuity of B, of the trace operator,
and of all functions on w, with the help of the variational formulation we have that
for w — +oo the solution of problem (I3) u tends in V(€2) to 0, the unique solution
(thanks to ¢y # 0 the real line belongs to the resolvent set) of the limit homogeneous
problem

ou ou

{ Au+u=0 z€Q,
=0 T —
on Iy, N

u=0 onlp, —icg'Tru=0 onT.

on
In Theorem [6] we impose the decay conditions on the domain D, since it is fixed and
contains all admissible . Since for all admissible © (which are bounded!) we have the
homogeneous Dirichlet condition on I'p, then for all €2 it holds the Poincaré inequality,
ensuring the damping of the acoustical energy (see also Example[I], from where we directly

have J(Q)(w) = L [[ull? g )
JOQ)@) = [l < Callulld gy = 0 as w — +oc.

Hence, the same is true for Jpi,(w).

Let us now prove the existence of an e -optimal domain € € Uaa(€2) on an maximal
interval |wg,w;] with w; > 2wy for a sufficiently large . It turns on the question how to
approximate a continuous function on a compact, here Jyin(w) on [wy, 2wp], by its value
in one point. Thanks to Remark[3] for all € > 0 there exists d(¢) > 0 such that for all w
satisfying |w* — w| < 0, a domain Q*, optimal for w*, is e-optimal on |w* — §,w* + J].
Thus, taking w* = 3% , the question is in the possibility to have ¢ > % .

As Juin(w) is a continuous function on the compact [wg,2wp], by the Mean-value
Theorem, there exists a frequency wg € [wo, 2wp] , such that

1 2wo
Jmin(wg) - _/ Jmin(W)dw.

Wo wo

Therefore, if Q* is optimal on wf, i.e. J(2°)(w§) = Jmin(wg) , then for all

€ > || Jmin(w) = Jmin (w§) I (wo,2w0)) + ([ () (W) — J(€27) (wi) | c(fwo,200)) =1 Do

the domain Q* is e-optimal on [wg,2wy] with the maximal interval of e-optimality
[wo,wl] D) [wo, 2&.}0] .
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Obviously, if we minimize the distance ||.J(€2*)(w) — J(2*)(w§) || c(jwo,200)) ON the set of
optimal domains for wf, we have

inf |[7(27)(w) = J(Q) (wo)llerwo.2w0)) 2 | Tmin(w) = Jmin (w0l oo 200) =2 7

and hence ¢y cannot be less than 2r, which gives a limit of the precision. For instance,
for ro < r there does not exists wg € [wo, 2wp| , such that

”Jmin<w) - Jmin(“-}a)HC([wo,Qwo]) S To.

If Jiin(w) is constant on [wp, 2w], then the limit precision r becomes equal to zero:

1 2wo
Yw € [wo,2wo]  |Jmin(w) — —/ Jmin(w)dw| = 0.

Wo wo

The converse is also true: if for all € > 0 a fixed domain Q* is e-optimal on a compact
interval [wg,wp], then Jpi,(w) is constant on [wg, wy)] .

By Assumption 2 and Remark B £, (€) = L= )‘—20 , which is, by its definition, less
0
or equal to % and bigger or equal to % .

Now, let us consider on frequency intervals of the form [2*wg, 28+1w] the correspond-
ing limit precisions

1 2k+1w0
7k = [|min(w) — 2 /Qk Jinin (W) dw ]| ¢(240,20+ 1))
wo

Since Jpin(w) — 0 for w — 400, i.e. Jp;, converges towards a constant value, thus
r, — 0 for k — 400. Hence, it is easier to approximate Jy;, (with more precision) for
high than for low frequencies. Consequently, there exist a finite number K € N of the
frequency ranges of the form [2Fwp, 2" 1w] and kg € N, such that if ry, = max;—; g7
is the minimal precision on these K intervals, then for all k > kq the limit precisions in
higher frequencies are better: 1, < ry, .

Therefore, taking ¢y large enough, such that ¢y > 2r, > 0 and ¢y > dy, to prove the
theorem it is sufficient to show that for all € > ¢, there exists a sequence (€2,),=1..n C

Uad(QO) , such that

1. for all w € [wg,2"wy] (n < N), the domain €, is e-optimal with characteristic
scales £(Q2,) < % for k=1,...,n, where £,(2,) = Crnin(Qn) ;

2. there exists 2*, which is equal to Qy € Uad(Qo) if N < 400 and which is a
fractal (an (g,00)-domain) if N = +oo with £,(Q*) < 2% for k € N*, such that

Q, = Q* in the class of locally uniform domains (see Definition B), i.e.:

Vw € [wo, Wmax] V7 >0 IM(w,n) >0: VYn> M(w,n)
| () (w) = J () (w)| <,
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and finally conclude that this Q* is e-optimal on [wg, Wmax| (by point 1):
Vw € [wo, Wmax]  [J() (W) — Jin(w)] < €.

Let us fix € > ¢(. For instance, a sequence of n-times wavelength preserving optimal
domains €2, based on € for the frequency wy verifies the properties (1)-(2). Indeed, we
have constructed a domain Qg € Uyg(Qo) with £nin(Q0) = ’\—20 € [22,20], such that it is
e -optimal on a maximal interval [wo, wg[D [wo, 2wo] . Let now, Q € Unyg(€) be optimal
on wi € [2wp, dwp| , such that

1 [ Ao \;
Jmin(W}) = / Tin(@)dw —and  dp(Q, Q) < 7.

2(&)0 20-}0

Thus, € is an 1-times wavelength preserving optimal domain based on Qo for the
frequency wp (see Definition §). Consequently, by point (3) of Proposition [l the domain
)y is e-optimal on |wy, 2wp] and by the optimality on the mean-value frequency wj and
by the fact that e is sufficiently large, €); is also e-optimal on [2wy, 4wo]. Hence, €y is
e -optimal on [wy, 4wo] . Taking each time optimal domains on the mean-values frequencies
wy with the restriction
A oA \F

dpr (2, Q1) < Zk’
we obtain a sequence of n-times wavelength preserving optimal domains (Qn)n:17,.,,N
based on ) for the frequency wq. Proposition [[lensures the point (1) and that Q* = Qy
if N is finite.

For N = +oo we have
A A 1 X

Vn e N dH(QnaQn-f-l) < 12n+1’

and thus, independently on n € N, by Proposition [I]

" A
di (9,2, < ZO'

~ ~

For all n > 1 the domain €, € U,(€) is €-optimal on [wg, 2"w,| with
d(Q, Qpiy) = 0 for n — +oo.

Hence Point (2) holds by the construction and also by the compactness results of Ref. [36]
(Theorem 5.1 p.205 and Theorem 2.4 ii) p.59). O

Remark 9 To be coherent with numerical results of Section [4, Theorem [@ is given in
the two-dimensional case. But, thanks to the general properties of the wave propagation,
the physical principle in Assumption [ obviously holds for the three dimensional case
too, which directly applies Theorem [@ also for three-dimensional domains: to be the most
efficient to dissipate the acoustical energy in R% or R3® for almost all frequencies, the
boundary I' must be fractal.
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5 Shape derivative

Following the ideas Ref. [3], we provide two types of the shape derivation of .J;: the
first method is a formal derivation of the Lagrangian, associated with the optimization
problem, which allows in the simplest way to obtain formula (24]), but does not allow to
prove it rigorously. To have a rigorous proof, as it is explained in Ref. [3], we need to
use a direct derivative approach, involving the Eulerian derivative over domain, which
is much more complicated. Two methods give the same formula ([24]). Let us start by
introducing the definition of the shape derivative of a function (see Ref. [3]). Without
lost of generality, we consider all times the two dimensional case (n = 2).

Definition 10 (Shape derivative) The shape derivative of a function K() : C(Qy) —
R at Qo is defined as the Fréchet derivative in W1°(R% R?) at 0 of the function 0 —
K (Id+0) (), i.e

K (Id+0) () = K(Q) + K'(Q0)(0) + 0()  with lim o)) _ 0,

6—0 ||9||W1 oo(RQ Rz)
where K'(Qq) is a continuous linear form on WhH=(R?* R?).
As in Ref. [3], we introduce two types of derivative. The first is the Eulerian derivative

(or shape derivative), denoted by U, and the second is the Lagrangian derivative (or
material derivative), denoted by Y.

Definition 11 (Eulerian derivative) Assume that x belongs both to the initial domain
Qo and to the deformed domain Q@ = (Id + 0)() . A conitinuous linear form of 6 €
Whoo(R?, R?) , denoted by U(0,x) , is called the Eulerian derivative, if it is defined by the
ETPTession:

u((Id+6)(Q),z) = u(Qo,z) + U0, ) + 0o(f), with lim lo(®)l =0, (22)

6—0 |0l
1.e., U 1is the directional deriwative of w in the direction 6 .

Let us notice that Definition [I1] is local and takes sense for all = in an open set {2,
since for small enough by norm # the points = also belong to 2. However, it does not
ensure that if z € 09, then necessarily * € Q = (Id + 6)(€)) . Hence, we also need to
introduce the Lagrangian derivative:

Definition 12 (Lagrangian derivative) Let u(S) be defined on the domain Q and
Q= (Id+6)(Q). Forall x €y, let us define the function

(0, 2) = u((Id+0)(Q)) o (Id + 6) = u (Id + 0)(Q), z + 0(x)) . (23)

The Lagrangian derivative, denoted by Y (0,z), is a continuous linear form of 6,
defined by the expression (it is the directional derivative of u(,z) in the 0 -direction)

(6, x) = 4(0,2) + Y (0, 2) + o(6), with lim lo H%H)” _o,

where (0, x) = u(Q, x) .
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We notice that this time, varying 6, all functions (6, x) are defined on the same domain
Qo , and we have no problem for the boundary points = € 9€) .
By composition of derivatives, we have the following relation between U and Y :

Y(0,2) =U(0,x) + 0(x) - Vu(Q, ).

We recall two important results from Ref. [3], which will be used to compute the shape
derivative of the objective functions J and J;.

Theorem 7 (G. Allaire [3] Proposition 6.28 p.137) Let €y be open bounded smooth
domain in R?. Let u(Q) be a function from C(Qy) to L'(R?). Let, in addition, 1(0)
be the function from W1°°(R? R?) to LY(R?), defined by Eq. 23), derivable at 0 with
the derivative Y (the Lagrangian derivative of w(Y) ). Then the function Ky from C(Qp)
to R, defined by

is differentiable at Qo and for all § € WH°(R?* R?), we have

K(Q0)(0) = / (w(Q) div 0 + Y (6)) da.

Qo

Similarly, if 4(0) is derivable at 0 as the function from C*(R* R?) to L'(0Q), then

Ky(Q2) = / u(2)ds
09
is differentiable at Qg and, for all 6 € C1(R?* R?), we have
K5(90)(0) = / (u(Q)(divl — Véln -n) +Y(0)) ds.
Qo

Lemma 1 (G. Allaire [3] Remark 6.29 p.138) The derivatives K| and K} can be also
expressed using the Fulerian derivative U as:

Ki(©0)(0) = | (U(6) +div(u(@)0)) d,

and

K4(Q0)(8) = /Q (U(e) +0-n (6“530) + Hu(QO))) ds.

0
We prove the following theorem:

Theorem 8 Let Qg be a bounded domain in R? with a connect boundary 0 € C?3,
divided in three disjoint parts 0Qy =ToUTp UT N . Let Q € C(Q), defined in Eq. ({14),
and, such that Q2 = TUTpUTy with T = (Id+60)Ty (0 € W**°(R? R?) and ||0] < 1).
Let u() € H3(Qo) be the solution of the problem @) in Qo with g € H3(T'p) and
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f € HY(R?) (see Theorem[d). Then the shape derivative of the objective function Ji,
defined in Eq. (19), is given by

J1(Q0)(0) = / 0 n (Alu(Q)* + BIVu(Q)|* + 2Blal*|u(S)]?

To

—4CRe(a)|u(Q)[> + CH|u(Q)|?) ds
+ / 0 - nRe (=Vu(Q) - Vw + w?u(Qo)w — fw — aHu(Qo)w + 20’u(Q)w) ds
o

+ Zu/ 0 - n(Vol(2) — Vol(Q))ds (24)

with n the exterior normal vector on Ty, H the curvature of the boundary I'y, and
w € V(Qy) (V(Q) is defined in Eq. (13)), the unique solution of the adjoint problem
(see Eq. (29)) corresponding to w .

Proof. Since the data of the problem and the solution u are complex functions (except
w which is a positive constant), let us separate the imaginary and real parts, adopting the
following notation: u = ug + tuy. Thus, the boundary value problem for the Helmholtz
equation (3] takes the following form:

Aug +wiug = fr(r) x€Q, (25)
ur = gr(z) onIp, 8;—”1% =0 on Iy, %Jra}gu}%—oqu[ =0 onl,

Aug + wur = fi(z) z€Q, (26)
ur = gr(z) on I'p, % =0 only, %+a1u}g+a}gu1:0 onT.

The objective functional is considered as a function of the real and the complex parts of
u:

() :A/ (Jugl? + ur]?) d:c+B/ (Vurl + [Vuy ) de
Q Q

+ c/ (Junl? + Jus]?) ds.
r

Variational formulation. We take the inner product in L*(Q) of (28) +i (26) by a
test function ¢ = ¢ +i¢; € H'(Q)). With separation of the real and imaginary parts
we obtain

/(AUR +w?ug — fr)ordz — /(Aul + w’ur — fr)¢rdz =0,
Q Q

/(Aul + LUQU[ — f[)(deﬂf + /(AUR + w2uR — fR)(b[dSL’ = 0.
Q Q

By integration by parts, we find
9] 0
/ (%@% - ﬂ@) ds — / ((arur — arur) or — (rur + arur) ¢r) ds
I'p n on r

+ /Q (VurVor — VurVor +w? (urdr — urér) + fior — fror) do =0, (27)
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and

0 0
(o Bor) as— [ (arun+anun) on + (anun — apun) o) as

+ /Q (=Vu;Vor — VurVeor + w? (urgr + urdr) — fror — frér) dz=0.  (28)

Formal derivation (Lagrangian). We define (see [3] p. 152) the Lagrangian of the
optimization problem as the sum of the functional J and the variational formulations (271))
and (28)), by also adding the terms with Lagrangian multipliers Ag and A;, in the aime
to ensure a penalization the Dirichlet boundary condition on I'p:

L urur, wrwr A M) = A [ (funl? + )
+B/Q(\Vu3\2+ |Vu1\2)dx+C/F(\uR|2+\u1|2) s

+/Q (VurVuwr — VupVuwg + w? (ugwg — upwr) + frwg — frwg) do
- /F ((cgur — ayuy) wr — (ajug + agur) wr) ds

ou ou
+/FD (8_ij — a—nlwl) ds —+ /I:D )\R(uR _gR)dS+/FD )\I(UI _gI)d$7

where ugp, ur, wr, wr, Ag and A; are in H'(R?). As the functional J and the
displacement vector 6 of the boundary are real, for the optimization we need to consider
only real part of variational form of the direct problem. Therefore the conjugate problem
can be found from the system

oL
<%(Q7UR, Ur, WR, Wr, AR, )\1),1/13> =0,
oL
<87(Q7 UR, Uy, WR, Wy, )\Ru )\1)7 ’l/}I> - 07
I

with

oL
<%7 1/1R> = /Q<2AUR7/1R + 2BVupVip — VwrVig + w’wgibp)de

— / (agwr — aywy — 2CuR) Yrds +/ (2BVugr — Vwg) - ngds
r

o0N
+ aﬂU}RdS + )\R ’(/)RdS,
r, on I'p
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and

L
<687, ?/11> = /(QAUIwI + 2BVu;Vpr + Vw;Vipr — wwpipr)da
I Q

+/(a1wR+aRw1+20u1)w1ds+/ (28Vu1+Vw1)~nw1ds
r o0

—wIdS + )\1/ Yrds.

I'p

After the integration by parts, we obtain the following adjoint problem:

(

AU}R + w2wR = —Q(AUR(Q()) — BAUR(Q())) S QQ,

0
wr =0 onI'p, i

on
0
gﬂ—n + apwp — ajwWy = —QB[OJRUR<Q()) — (X[U[(Qo)] + 2CUR<QO) on F07

=0 on Iy,

Aw[ + w wr = Q(AU[(QQ) — BAU}(Q())) x € Qo, <29>
wr=0 onI'p, ﬂ:O on 'y,

on
ow

a—nl + ajwr + apwr = QB((IRUI(QQ) + Q]UR(Qo)) - 2CU](Q()) on Fo.
\

Then, A\g = (—2BVug + Vwg) -n and A\; = (—=2BVu; — Vwy) - n. We notice that the
adjoint problem (29) can be more compactly rewritten for the complex-valued functions
w e V(Q) (w=wg+iwr), u(€) and « :

Aw + w2w = -2 (Aﬂ(QQ) — BA’I](Q())) x € Qo,

ow
zg:O on I'p, 3—n:0 on 'y, (30)
ot aw = —2Bau(8y) +2Cu(€p) on I.

on

Since the Dirichlet and Neumann boundaries are supposed to be fixed, we impose 6 = 0
on I'p and I'y. Consequently, functions Ag and A; do not contribute to the final
formula of the shape derivative. Hence, J'(£20)(f) is given by

oL oL
o2

= / 0 - n (Alu|* + B|Vu|* — 2CRe(a)|ul* + CH|u|?) ds
To

J'(Q0)(0) =

Qo, ur, ur, wr, wr)(0)

+ / 0 -nRe (—Vu Vw + wuw — fw — aHuw — aag:)) ds, (31)
o

where n is the outward normal on I'y and H is the curvature of I'y. Using the boundary
conditions and adding the volume constraint, we directly obtain (24)).

Derivation. Since ['p does not move in our assumption, and thus, the value g does
not have any influence to the shape derivative J'(€)), in what following, in the aim to
simplify the notations, we take ¢ =0 on I'p.
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We take the variational form of the problem over {2 and we transform it in a variational
form over €. For this we change the variables z = y + 6(y) and consider u(f) =
u ((Id+ 6)(Qq))o(Id+0) with a test function of the form ¢(z) = o (Id+60)"(x) = ¥ (y)
We use the formulas (see Ref. [3] Lemmas 6.21 and 6.23)

/fd:c:/ fde= [ fo(Id+6)|detV(Id+ 0)|dx,

Q (Id+6)2 Qo

(Vf)o(Id+6) = (V(Id+0)™) V (fo(Id+9)),

/ fds = [ fo(Id+8)|det(I + V) ||[((I + V)" )nlseds
3(Q0+6) Ty

with [ = VId (i.e., I is the identity matrix) to obtain

—

au(0)y| det(I + VO)||((I + VO) ™ )n|zeds

(A(O)Vu(6)) - Vipdy + /

Qo

0

w?u(0)y| det(I + VO)|dy

0

S— 5

fo (Id+0)u|det(I + V6)|dy — /

ou
—pd
FD 877, ,l7Z) 87

Qo

where

A(6) = | det(I + VO)|(I + VO) " (I + V).

With the notation Y = (v/(0),6), being the Lagrangian derivative at 0 of u(f) in the
direction 6, and u(0) = u(§2), we find that for all ¥ € V()

/ (=VY - Vo + w*Yoh)dy + / (=divdI + V0 + (V6)") Vu(0) - Vidy
Qo Qo

+ /Q 0 w?u(0)y div fdy = /Q 0 div(f0)ydy + /

1)

a (Y +u(0)(dive — (V) n - n)) ¢ds.

Consequently, the Lagrangian derivative Y € V(£)y) is the unique solution of the following
problem

AY +w?Y =div (= divdl + VO + (V)" Vu())
— w?u(Qp) div 0 + div(f0) in Qo,

Y
Y =0 on FD7 a—n:O on FN, (32)
Y
g—n +aY = — au(Q) (divl — (VO)'n - n)

+ (= divéI + VO + (VO)') Vu(Q) -n on T.

The well-posedness of the system (B2) follows from the regularity of 6, f and u on
(see Theorem [@).
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The equation for the Lagrangian derivative Y can be simplified to
AY +w?Y = A0 - Vu()) + w6 - Vu(Qy).

Since the Eulerian derivative U =Y — 6 - Vu(y) and § =0 on I'p and 'y, we obtain
that U € V() is solution of the following problem

AU +w?U =0 in Q,

n
ou D*u(Q
o +alU=0-n (a2u(§20) - 87<12 0>) + V(0 -n)-Viu(y) on Dy,

with the notation of the tangential gradient V,¢ = V¢ — (V¢ - n)n. Let us show it.
Thanks to the regularity of the boundary 9, the elements of H'(2) can be considered
as the restrictions of the corresponding elements of H'(R?). Thus, we can reformulate

the variational form ([27)-(28) by “to find u(Q) € V(R?), such that for all ¢ € V(R?) it

holds
/Vu-Vvdx—wQ/uvder/auvda:/fvdx."
0 0 r 0

We derive the last equality at €2y, using Theorem [7] and the facts, that # =0 on I'p, and
'y . Hence, we find that u'(€2)(8) = U, where U satisfies

/ (—VU-ngerQUgb)dx—/ alUgds
Qo

o

:/ 0-n (Vu : V¢—w2u¢+f¢+aHu¢+aagLn¢)) ds. (34)
1)

From Eq. (34)), for the test function ¢ of a compact support in 2, we find (see for example
Ref. [3] p. 144) that it holds the equation AU + w?U = 0.
To prove the boundary conditions of system (33)), we use the following relations on Ty

ou 0 0
Vu- -V — %a—i =V - V;9, 0_Z = —au on Iy,

to transform Eq. ([84) to the equality

/Q (—VUV¢+w2U¢)dx—/

T

aUqbdzs:/ 0-n(Vu-Vip+(f —w?u)o+aHup—a ug)ds.
0 To

Noticing, as in Ref. [22] Proposition 5.4.12 and Theorem 5.4.13 p. 196, that for u €
{H3*(Q)| u=0o0nTp} (using the regularity property for f € H'(R?), g € H*(R?) and
90 € C?) and ¢ € {C°(R?*)| ¢ =0 on I'p}, there hold the relations

ou  O%u
f_W2UZAu:Atu+H8_n+W on [y,
/ 0 - npNuds = — ViuVy(p0 - n)ds = —/ (0 -nVuVio + ¢VuV(0 - n))ds.
T'o To o
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Since, in addition,

| vuvsswvgar=— [ 6%as+ [ (o +wvisar = [ 657,
Qo Qo To on

Ty an

we finally obtain the boundary conditions for the system (33]).
Therefore, thanks to Theorem [7, we find the shape derivative of J as

T(0)(6) = / div (0 (Aju(Q) + BIVu(Q)?)) de

Qo

+ c/ro 6-n (%ﬁ‘))‘g + H|u(Qo)|2) ds + /Q (24 (up(Q)Un + ur(Q0)U7)

+QB (VUR(QQ)VUR + VU[(Q())VU])) dz + 20/ (UR(QQ)UR + UI(Q())U[)CIS

To
O|u(Q)?

— / 0-n (A|u(QO)\2 + B|Vu(Q)? + C
- on

+ CH|u(QO)\2) ds

+ / Re (240(Q0)U + 2BVa(Q)VU) dz + 2C / Re(a(Q)U)ds.

0

On the other hand, we also have relation ([B84]). So, we would like to find ¢, such that

/Q(—VU-V¢+W2U¢)d:c—/

To

aU¢d3+/ VU - neds =

I'p

_ / (245(Q)U + 2BV(Q0)VU) — / 20T(Q)Uds, (35)

T'o
Let w be the solution of the adjoint problem (B0), then Eq. (33]) is satisfied for ¢ = w.

Hence,

/ Re (24(0)U + 2BVa(Q)VU) dz + / 2CRe((€)U)ds
Qo

o

= /FO 6 - nRe (—VU(QO) -V + w?u(Qo)w — fw — aHu(Q)w — QW) ds.

Finally, we obtain the shape derivative J'(£2)(#) given by formula (31]). Using the Robin
boundary condition, we obtain

aV(uw) -n = a(wVu-n+uVw-n) = —2%uw — 2B|al?|ul* + 2Calul*.

Then, we can calculate the shape derivative of J as

J(Q)(0) = /F 0 n (Au(Q)” + B|Vu(Q)|* + 2B|af*|u() >

—4CRe(a)|u(Q) > + CH|u(0)|?) ds
+ / 0 - nRe (—Vu(Q) - Vw + w’u(Qo)w — fw — aHu(Qo)w + 20°u(Q)w) ds.
To
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Now, if we add to the objective function the volume constraint with the Lagrange coeffi-

cient p (see Eq. (19))
Ji(Q,u) = J(Q,u) + 1 (Vol(Q) — Vol(Q))?,

the shape derivative of objective function J; is given by

TL(90)(6) = J(Q)(60) + 25 / 61 (Vol() — Vol(2)) ds,

To

which concludes the proof. [J

6 Shape optimization algorithm

We want to solve numerically, using the descend gradient method, the following mini-
mization problem: for w >0 and €y find Q°P' € Uuy(), Qo) , such that

Jl(QOpt) = min Jl(Q)

Q€Uqa(A\,Q0)

We rewrite the shape derivative of J;, given by Eq. (24)), in the form

J(90)(6) = / (6 n)(—V)ds, (36)

o

where by the velocity —V is denoted

—V = (AJul* + B|Vul? + 2B|al*|u]* — 4CRe(a)|ul” + CH |u|?)
+ Re (—Vu -V + wuw — fw — aHuw + 2a2uw)
+ 2 (Vol(2) — Vol(Qy)) . (37)

If the velocity V' follows the outward normal direction, or equivalently, if #-n =V | then
Eq. (36) implies that
J1(Q0)(0) = —/ Vids < 0,
o

which ensures the decreasing behavior of the objective function. To calculate it, we need
to know wu, the solution of the Helmholtz equation in €2y, but also w, the solution of
the adjoint problem and the curvature H . Inspired by Refs. [3, B8, 89], we construct a
shape optimization algorithm composed of the following steps:

(i) Solving the Helmholtz problem () by a center finite difference schema in a fixed do-
main D , which is assumed to contain all domains {2 during the shape optimization
process.

(ii) Calculating the velocity V' of the Robin boundary I', based on the shape derivative,
and then extending a such velocity towards the normal vector on the whole domain
D, or at least around the Robin boundary.
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(iii) Solving the level set equation to obtain a new shape.

If J1(Q)(#) > 0, then Q is an optimal domain, and the algorithm stops. In order to
describe the shape of the domain, we use a concept of level sets. More precisely, the level
set function 1 of the domain €2 C D is defined by

P(x)=0 iff ze€ (00N D),
P(r) <0 iff zeqQ,
Y(x) >0 iff ze(D\Q).

The level set method, initially devised by S. Osher and J-A. Sethian in Ref. [38], allows,
not only to define implicitly the domain, but also to follow easily the propagation of
the boundary during the evolution process. Let us take into account a particle z(t) on
the boundary, which propagates in time, hence it has the zero-level set all time, 1i.e.,
¥(x(t),t) = 0. By the chain rule, it yields that

e+ a(t) - Vi (x(t), 1) = 0. (38)

If V' is the velocity in the outward normal direction of the boundary, i.e. 2/(t)-n=V,
with n = % , then from Eq. (B8)), we obtain a so-called level set equation

U+ VIV =0, (39)

associated with the initial condition (x,t = 0) = 0. This equation is of Hamilton-Jacobi
type, and in what follows we call it the Hamilton-Jacobi equation.

To calculate the shape derivative of the objective function and velocity’s extension,
we use formula (24]). More precisely, we calculate —V (see Eq. (87)) and use the descend
gradient method, taking 6 = Vn , in the aim to obtain a new domain, which has a smaller
value of the objective function. After solving the Helmholtz equation (B]) and the adjoint
problem (B0), we find numerically the corresponding solutions « and w, and evaluate
Vu and Vw. The curvature H is calculated, basing on the level set function 1, by the
following equation

V@/) . wyng - 2%%%@/ + wxww;

H=V. —
VY| (¢g+¢§)3/2

To apply the level set method, we need to know the velocity V' not only on the boundary,
but in both sides of the Robin boundary I'. Naturally, V' is defined inside the domain
), so we have to extend V outside the domain to be able to solve the Hamilton-Jacobi
equation (B9). The method to extend V' outside the domain [37, 89], on one way, is to
solve until the stationary state the equation

(bt—FB(I',y)V(anO,

with the initial condition ¢(t = 0) equal to V' inside the domain 2 and zero elsewhere.
Here by n is denoted the outward normal vector to I'. The mesh, used to solve the
Hamilton-Jacobi equation, is coarser than the mesh, used to solve the Helmholtz equation.
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We use an upwind schema for solving the Hamilton-Jacobi equation [37,[39] and discretize

Eq. (39) as follows

,lanrl _ o

T [max (V;

N 7,0) V* +min (V;;,0) V"] =0, (40)

where
vt — [max (Di;m’ 0)2 1 min (Dz‘—;xa 0)2 + max (Di_jy’ 0)2 + min (D;J‘,y, 0)2} 1/2 )
v — [max (D;]fm’ 0)2 1 min (Di_jx7 0)2 + max (Di‘;y’ 0)2 + min (Di;y, 0)2} 1/2 )

(i, 5) —¢"(i— 1, ) Pri+1,7) — ¢ ()

L +zr _
Dy = Az - D= Az !
v Ay ) i Ay )

and ¥y = 1(t = 0) is the signed distance function, defined by

do(,y) = *dist[(z,y), T, (z,y) € D. (41)

In the last formula, I' is the Robin boundary, and the sign plus (or minus) corresponds
to outside (or inside) of the domain . Schema (40)) is stable under the CFL condition

Az
A
T PG )

with a space-step Az = Ay.

7 Numerical experiments

For all numerical tests, presented below, we consider the rectangle D = [0,3] x [0, 1],
and suppose that D always contains the domain {2, on which we solve the Helmholtz
equation. The boundaries I'y and I'p are fixed, as it is shown on Fig. 2, and T" is the
moving boundary inside of G = [%, 3] x [0,1]. Here GN K is the %-neighborhood of the
flat T, fixed at = 2. If Q has the flat boundary T', then Q = [0,2] x [0, 1] with the
characteristic lengths ¢ =1 and L =2/¢.

The Helmholtz equation is considered with a wave number k =

) .
5, 1.,

Au+kPu=—f,

where ¢y is the sound speed in the air. We take f = 0, g = ﬁexp (—M>

202

with ¢ = 1 in the Helmholtz boundary value problem. For the chosen o, the smallest

wavelength, excited by ¢, is A = g The parameter o in the Robin boundary con-
dition depends on the value of the frequency w. It is calculated for ISOREL, using a
minimization of the difference between the solution of the problem with a volume dis-

sipation (described by a damped wave equation) and the solution of the problem with
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the boundary dissipation for the flat shape of T' (see Appendix [Al and Fig. ). We solve
the Helmholtz boundary value problem on the fine mesh with the size h = é , and we
perform the level set approach for the optimization algorithm on the coarse mesh of the

size kK = 2h = 3—£2 (in the aim of a penalization of too much complicated shapes of T').

However, we notice that £ < \.

7.1 Illustrations for Assumption [1l and Theorem

Time depending energy decay. We consider the three shallow cavities
Q= QO L Ql :]0, 1[)(] — 2, 2[,

shown on Fig. [l with two homogeneous media, air (lower part) and a porous material
(upper part), separated by an internal boundary I';, ¢ = 0,1,2. To preserve the volume
of each medium and to model the increasing irregularity of the interface, as compared
to the plane T'y (at y = 0), we chose as 'y and I'y as the first two fractal genera-
tions of a symmetric element. The external boundary 0f) is supposed to be perfectly
rigid (Neumann boundary condition). Air is considered as a loss-less medium, and the
porous medium (ISOREL) is considered as a dissipative homogeneous medium. As it was
mentioned in Section 2] using the ideas of Hamet [21], the wave propagation in ) can
be modeled by problem (Il) (which is the wave equation in the air (¢ = 0), and is the
damped wave equation [4, 13| (@ # 0) in the porous medium), where we take an initial
data as a Gaussian, centered in a fixed point zy = (0.75, —1.5) of Qy:

1 _ o=z

e 22, OQwuli— =0
5\/% t|t0

with 6 = 0.1. Such choice of § ensures that supp(ul;—g) C Qp. We discretize Eq. (1))
in a way which mimics the energy dissipation (2)), and which is an adaptation to damped
acoustic waves of the finite volume method presented in Ref. [23]. Let u!" be the dis-
cretized pressure in the control volume i at time nAt, then we write

U|t:0 =

L e N et n
. NE oAy T IV Vel =0,

At

1 unJrl _ unfl 2
L (EnHY2 _ pre1/2) — _/ (7) de.
Al ) o "\ 2Al v

so that the energy E"t1/2 .= %(fg f(“nﬂ*“n)de + [o 1Vu" - Vu"“dx) is damped as

Fig. Bl shows that an irregular shape of the internal boundary can significantly increase
the dissipation properties of the porous medium (I'; 5 as compared to I'g). The efficient
energy damping by I'y, compared to the damping performances of I'y, are much better
and we notice that the wavelength A of the wave, created by the initial data, is compared
(two times bigger) to the characteristic length scale size of the geometry I';. At the same
time, the small difference in the energy decays, corresponding to the internal boundaries
I'y and I'y, confirms the hypothesis of Assumption [I} the wave does not penetrate in the
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Pressure contour Pressure contour

01

0.01 0.1
Time

Figure 5: Pressure contours at ¢ = 0.01 in cavities with an internal boundary of different
Minkowski fractal generations (from left to right and top to bottom: I'y (flat), I'; and
[y ) and the corresponding energy damping. The size of the mesh is 128 x 512.

smallest geometry parts of the size \/8, but the wave still keeps a good penetration for
the scales of the order A/2 as for T';. This finally implies that the shape of the internal
boundary does not need to be “too complicated” for being an efficient acoustic absorbent
for a fixed frequency.

Frequency optimization results. Taking Qo = [0,2] x [0,1] C D, we firstly calculate

the values of J
J:/|u|2dx—|—/ |Vu|2dx—|—Re(oz)/|u|2ds
Q Q r

for a range of frequencies for the flat shape €2, for instance for w € [2400,4000]. Let us
fixe a frequency wy = 3170, corresponding to a local maximum of J. For this fixed wy
we have o = 23.7699 — 24.8367i (see Appendix [Al).

We perform two numerical tests, taking different initial domains {2y in the shape
optimization algorithm: the flat geometry of I' (see Fig. [0l and a non-flat T (see Fig. )
with the smallest characteristic geometric size £, (€2o) much smaller than the wavelength

A= é The optimal shape on Fig. [6l has a mean value of shape’s scale length of the order
of £ ie ((Qs) = 3. The optimal shape Qo = Q5 on Fig. [ keeps the largest
characteristic geometrical size of the order of 3 ({(Omegal,) = 3

sot) = 5 ) and for smaller
scales () is in a small neighborhood of Qggfj )
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Figure 6: From the top to the bottom the values of |u|? and |Vu|?> on the domains (from
the left to right) €y (with the flat T'), Q5, Qg and ;4 respectively with the same scale
of colors in each row (the red values are maximal and the blue values are minimal (near
zero)). The domain )y is the initial shape and the domain ;4 is the optimal shape for

w = 3170.

04
‘ i 0.2
i1 1 1] )

(b) iter =3  (c) iter =5 (d) iter = 10
40
30
| : 20
‘ : 10
| o

) [Vu($o)? ) iter = 3 ) iter =5 (i) iter = 10

Figure 7: From the top to the bottom the values of |u[* and [Vu|* on the domains (from
the left to right) Qo , Q3 , Q5 and 910 respectively with the same scale of colors in each
row. The domain ) is the initial shape and the domain Qo is the optimal shape for
w = 3170.

Figure [§ confirms the concept of the e-optimality of a domain form a small neighbor-
hood of the optimal domain with the same characteristic geometric size, equal to A/2 (see
Corollary [[l). In addition, Figure 8 shows the existence of the frequency interval [wy, ws],
including wy = 3170, for which the optimal shapes Qﬂgg and ()7 are e-optimal by the
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Figure 8: The objective function J as a function of w for the flat shape Qq = Q¢ given
by the blue line, for the optimal shape Q5 = Q% (see Fig. B) given by the red line,
and for the optimal shape §2;9 = Q7 (see Fig. []) given by the green line. The optimal
domains Q% and Q7 , are J(Qo)(wo)/J () (wo) = 27.5 times better for the energy

dissipation than the flat shape €.
continuity of the functional J; on w.

7.2 Properties of the optimization algorithm

In this Section we illustrate the stability properties of the optimization algorithm.

As in Subsection [, we fix the frequency wg = 3170, which is a local maximum
of J(Q)(w) = [, |ul*dz, calculated for Qg =]0,2[x]0,1[ in a range of frequencies, for
instance, w € [3000,6000]. This time we chose A =1 and B = C =0 for the simulation
of the acoustical energy.

If we start the optimization algorithm one time from 2y = f and the second time
from Qg = Qf, such that dy(Qg, Q%) < ¢ is mall enough, then the optimal shapes Qs
and Qgpt are “almost the same”, i.e. there exists C' > 0, depending only on ¢, such that
the distance

Qb

dH(Qgpw opt) < C(E)dH(Qg7 Qg)

is also small enough. Hence, [J(Q%,)(wo) —J(Q25,;)(wo)| < 1 is also small enough by the
continuity of J as a function of the domain; see Fig. [0 for the numerical example.

Let us also notice, that, as for the question of Mark Kac “Can one hear the shape of
a drum?”, we don’t have the uniqueness of the optimal shape I', since different shapes
can have the same spectrum and be identically efficient in the dissipation of the energy in
the fixed range of frequency. Fig. [I0 illustrates the case, when the initial shape €y = €2
is not in a small neighborhood of €F; and £(€) is almost equal to £(€2 ). For this
choice of Qf we obtain that QZ is not in a small neighborhood of Qfi2t, but we still

opt
have [J(,:)(wo) — J(Q23,:)(wo)| < 1. Moreover, Fig. [[T] shows, that the values of the
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(f) Convergence starting by 2§ (g) Convergence starting by QF

Figure 9: The values of |u|* are presented on two initial and optimal domains for
the fixed frequency wy = 3170. From the left to the right: the initial domain €
and the corresponding optimal domain Q2. = Qf,, the initial domain €, taken in
a small neighborhood of 2§, and the corresponding optimal domain Qgpt = 08,. We
see that Q¢ is in a small neighborhood of € (the shapes of I'* and I’ are al-
most the same). The values of J are also almost the same: J(€;)(wo) ~ 0.1458 and
J(Q0 ) (wo) &~ 0.1458. To compare to the flat shape Qy = [0,2] x [0,1], for which
J(Q)(wo) = 4.286, J(0)(wo)/J(25,) (wo) = 27.492, hence the optimal shapes dissipate
the energy 27.5 times better than the flat one. In the bottom, the convergence of the
optimization algorithm for two cases of the initial domain: for Q¢ in the left and for QY

in the right.

functional |.J(€2g,;)(w) — J (28

2n)(w)| < 1 are almost the same for all w in a rather large
neighborhood of wy .

7.3 Optimized “simple” wall for a large range of frequencies

In this Subsection, we are searching of an ¢-optimal shape of the wall €2, minimizing the
acoustical energy

J(Q)(w):/ﬂ|u|2daz

in a large range of frequencies with a simplest possible design. Let us fix the range of
frequencies for the energy dissipation: w € [3000, 6000] .

As in Sections [l and [.2] we fix the frequency wy = 3170 of a local maximum of J
on Qq.e =J0,2[x]0,1[. We perform the shape optimization algorithm for this frequency,
taking as the initial shape g, given on Fig.[I2] and we obtain €2 , optimal at w = 3170.
Noticing that all local maxima of J(€2;) are smaller than the local maxima of J(Qgay)
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Figure 10: The values of |u|* are presented on two initial and optimal domains for the
fixed frequency wy = 3170. From the left to the right: the initial domain Qf8* and
the corresponding optimal domain Qggg , the initial domain €2f, significantly different to
Qi and to Q| taken with £(Qf) ~ ((Qf%) | and the corresponding optimal domain
Qgp We see that Qﬂaﬁ is not in a small neighborhood of € (the shapes of T and
I are really d1fferent) But the values of J for wy = 3170 are also almost the same:

J(Qf2t) = 0.1654 and J(QC ) = 0.1659.
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Figure 11: The objective function J as a function of w for the flat shape €2y is given by
the blue line, for the optimal shape QI8 (see Fig. [[0) is given by the red line, and for

opt
the optimal shape Q¢ . (see Fig. [I0) is given by the green line.

opt
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(a) Qo (b) (c) Qo (d) Q3
(e) Q4 ) Qs (8) Qs (h) Q7

Figure 12: Shapes, which are used in the optimization algorithm process: from left to
right in the top line- €y (the initial shape), Qx, k£ =1,2,3, and from left to right in the
bottom line - €4, k£ = 4,5,6,7. The domain {27 is generated manually in the aim to
simplify g (the final €-optimal shape).

4.5
4 | -
3.5¢ 1 =3,
.S 1 —=JQ 1)
g J(Q,)
S i
® —e—J(Q3)
= 4
'*g Q)
S ¢ :( i ! ¢ —dQy)
: b b4 bl -J(Qy)
“ ‘ & & J/AA
o -a' «;-4 “”’ '&i’ Sy
3000 3500 4000 4500 5000 5500 6000

w

Figure 13: The values of the objective function (A = 1,B = 0,C = 0) on flat shape
J(p) as a function on w € [3000,6000] are presented by the blue line, the values of
J(£21) (see Figll2 for the shape of ;) are presented by the red line, of J(£23) by the
yellow line, of J(£23) by the green line, of J(£4) by the magenta line, of J(Q5) by the
marine blue line, and of J(€2s) by the black dashed line.

(see Fig. [[3]), we choose ) as the initial domain and restart the optimization algorithm,
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Figure 14: Comparison of the dissipative properties of the flat shape (g, , the optimal
6 and of its simplification §2;. The values of J(Qgat), of J(€Q) and of J(Q;) (A =
1,B=0,C =0) as functions of w € [3000,6000] are given by the blue, red and green

lines respectively.
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Figure 15: Energy distribution in g, €26 and €2; respectively for w = 3235, cor-
responding to the case, when J({2) ~ J(£27) are almost the same (precisely J(£2) =

0.2841, J(Q) = 0.2829)
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Figure 16: Energy distribution in Qg,;, 2 and 7 respectively for w = 3495, corre-
sponding to the case, when J(€) = 0.4767 and J(€2;) = 0.5077 take slight different

values.
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Figure 17: Emergy distribution in g, , ¢ and €2; respectively for w = 3415, the
frequency, which yields a local maximum of the objective function on the domain ;.

minimizing in the neighborhood of €2; the sum of functionals

> I Q) wn);
k=1

where w; = 3410, wy = 4025 and w3 = 4555 are the local maxima of J(€). This
minimization gives the optimal shape {2, such that

1. €y is e-optimal in the neighborhood of wy for k=0,1,2,3;

2. all local maxima of J({2) are smaller than the local maxima of J(€)).

Choosing wy4 = 3625 and ws = 4240, corresponding to the local maxima of J(£), we
take 2y as the initial domain and restart the optimization algorithm, minimizing

J () (wa) + J(2)(w5)
to obtain the optimal shape €23, such that
1. Qg is e-optimal in the neighborhood of wy for £ =0,...,5;

2. all local maxima of J(€23) are smaller than the local maxima of J(€,).

We iterate this process up to §2¢ and we are stopped by the restriction that I' must be
containing by the area [2,3] x [0,1].

The shape of g contains multiscale geometry, which ensures the dissipative perfor-
mances of the wall in a large range of frequencies (see Fig. [[3]). Thinking about the
demolding process of wall’s construction, we simplify the geometry of (g, deleting the
multiscaling and keeping only the biggest characteristic scale of Qg (see the domain
(generated by hand) on Fig. [[2)). As we can see from Fig. [[4], since we have kept almost
unchanged the biggest characteristic geometric size £(€)g) = ¢(€27), the energy dissipation
is almost the same in the corresponding range of frequencies (see red and green lines for
(3000, 3700] on Fig.[I4). As all smaller scale details have been deleted, the shape of 5 is
not so good as the shape of g to dissipate higher frequencies (see red and green lines for
(3700, 6000] on Fig.[I4)). Hence, Fig. I4 shows that the compromises between two desired
properties “to be the most dissipative” (as (2 here) and “to be simple to construct” (on
the example of ;) is not too bad, especially if we know the most important frequencies
to dissipate. Figures [[5HIT show the energy distribution for three values of frequencies
illustrating the three typical cases: J(€%) = J(€27), J(%) < J(€27) and J(€2;) has its
local maximum.
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8 Conclusion

The well-posedness for the wave equation and the Helmholtz equation with a damping on
the boundary was obtain in the class of n-sets, which generalizes the case of Lipschitz
boundary to d-sets, which are fractal for n — 1 < d < n. In the framework of a
noise barrier optimization, we have introduced the concept of the e-optimal domains and
have shown that for a efficient dissipation of the energy in a large band of frequencies,
the e-optimal domain must have a multiscale boundary geometry. More precisely, we
have proved that an e-optimal domain for all frequencies exists and, to be the most
dissipative, it has a fractal boundary with a characteristic scale for a fractal generation
A/2. The shape derivation of a general energy functional was obtained for the complex-
valued Helmholtz boundary value problem. With the purpose to find the most efficient
and the simplest e-optimal domain, easy to construct, we have developed a numerical
algorithm, using the classical conjugate gradient method, combined with the level set
method, which allows to find an efficient multiscale shape for a large range of frequency.
We have illustrated the theoretical results by the numerical examples. In particular, we
show that if, in addition, we simplify the obtained optimal shape, by deleting the smaller
scales of the geometry, the new shape is efficient in the frequencies corresponding to its
characteristic geometry scale length, but no more efficient in the higher frequencies.
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A Approximation of the damping parameter o in the
Robin boundary condition by a model with dissipa-
tion in the volume

Theorem 9 Let Q =|—L, L[ x |—{, 4] be a domain with a simply connected sub-domain
Qo , whose boundaries are | — L,0] x{¢}, {—L} x |—=¢,¢[, | — L,0[ x{—{} and another
boundary, denoted by T", which is the straight line starting in (0, —{) and ending in (0,/),
denoting by T'. In addition let 1 be the supplementary domain of €y in €2, so that T’
s the common boundary of €y and . The length L s supposed to be large enough.
Then the following problem (the frequency version of the wave damped problem (1))

-V (MoVU()) — w2§0u0 = 0 wn Qo, (43)
-V (,tLqul) — w2§1u1 = 0 Ql, (44)
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with .
gl - 51 (1 + ﬂ) 5
Siw

together with boundary conditions on T’
ug = uy and poVug-n = puVuy - n, (45)

and the condition on the left boundary
uo(—L,y) = 9(y), (46)
and some other boundary conditions, can be replaced by the following model
— V- (oVug) — w?&ua = 0 in Qg (47)
with boundary absorption condition on T’
oV - n + aus =0 (48)
and the condition on the left boundary
uz(—L,y) = g(y) (49)
with a complex parameter o, minimizing the following expression
Alfuo — U2H%2(QO) + B[V (uo — U2)Hi2(ﬂo)-

More precisely, let ug, uy, us and g be decomposed into Fourier modes in the y direc-
tion, denoting by k the associated wave number, and let

ex(a) = Alluoy — uapll72q_rop + BIIV (wor — ua i)l 720-10p;
f(x) = (Aopro — 7) exp(—=AoL) + (Xopto + x) exp(Ao L),

x(k, a) = g <)\0M0 — A1ji1 _ Aopto — Oé)
’ J(Apr) f(a) ’

0k, @) = gi ()\olio + A B Aofto + Oé)
’ J(Apn) f(a) ’

where
Ao = 4 /k2— S22 gf k2> %2
Ho Ho (50)
do=iy/2w?2 — k2 4f k? <2
Ko Mo
Then

ex(a) = (A + BIK) (% (I [L = exp(~2AL)]
+nf? lexp(2X\oL) — 1]} + 2LRe (x7)))

A
+ Bgo {IXI*[1 = exp(=2XoL)] + [n]* [exp(2X0L) — 1]} — 2BATLRe (x7)
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if k% > i—%wQ or

1

ext) = (A -+ BIE) (L + 1) + -t (e[ = exp(-20a0)]) )
+BLof* (IxP” + [nl”) + iBAoTm {x7 [1 — exp(=220L)]}

if kK < i—ng, and the parameter « can be found from the minimization of the error

function
e(a) == Z er(a).

k=" nezZ

Proof. We shall decompose ug, u; and us; into modes in the y direction, denoting by
k the associated wave number.
The mode u; j, solves

Do ) — <k2 — éwz) gy =0,
Ho
and thus
ug k() = Agexp(Aox) + By exp(—Aox), (51)

where )¢ is given in Eq. (B0).
The mode u; j, solves

M1
and thus
uy g(x) = Ay exp(Ax) + By exp(—Aiz), (52)
where )
A2 = k2 — (1+ﬂ) SHE
! Siw ) ’
so that

1 & ( & )2 (aW)2
Al = —=4| k2 — =w?+ k2 ——=w?| + | —
V2 t \/ i t

. 2 2

P&, ( & ) (aw)

SR T R ) ey A
V2 \ 1 \/ t i

For large L, since Re(A;) > 0, the value of A; tend to 0, so that we may neglect the
first contribution in the right-hand side of (52)). Consequently we consider the expression

uy k() = By exp(—A1x). (53)
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Continuity conditions (45)) and expressions (5Il) and (53]) imply the following relations
Ao+ Bo=Bi , podo(Ao — Bo) = —puAi B,

from which we infer that

B — Aopto + A1pn
D W
oHo 1M1
and thus \ \
Ho + A
ugr(z) = Ag |exp(Ngz +076X —\oT
0,k() o [exp(Aoz) Noflo — M ji p(—Xox)

The decomposition of the boundary condition (46)) into Fourier modes implies that ugx(—L) =
gr , which gives the final expression

[(Nopto — Arpa) exp(Aox) + (Xopto + Arpin) exp(—Aoz)]
[(Nopto — Arper) exp(=AoL) + (Aopo + Arpr) exp(AoL)]

uo k() = gi (54)

Let us now turn to the expression of wusy . Since the equation (A7) is the same as that
verified by wgy, both solutions have the same general form:

ug k() = Agexp(Aox) + By exp(—Aoz).
The Robin boundary condition (48) on I' implies that
toro(Az — Bz) + a(As + By) = 0,

which means that

Aofto + @

ug k() = Ag |exp(Aox) + pW—

exp(—Aox)

Application of the boundary condition (49) implies the final expression

(oo — a) exp(Xox) + (Moo + @) exp(—Aow)]
u2i(T) = g [(Mopto — @) exp(—AoL) + (Aopto + ) eXp()\oL)]. (55)

Using (54) and (55), we have that

(uok — uz)(x) = x(k, @) exp(Aox) + n(k, ) exp(=Aoz), (56)
where the coefficients y and 71 are computed from (54)) and (B53). In order to compute

the L? norm of this expression, we must first compute the square of its modulus (by 7
is denoted the complex conjugate of 7):

e — s () = Xl exp(om)? + | exp(— o) + 2Re (i expg)oxp(—Hor) )
Note that, according to the values of k, the expression above may be simplified into
ok — uzil*(x) = [x|* exp(2002) + [n]* exp(—=2Xoz) + 2Re (x7) ,
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if k2> %042 or

Ho
[tox — w2kl *(z) = [x[* + In]* + 2Re (x7 exp(2X)) ,

if k? < %wQ. Thus, we have for k2 > %wQ

0
1
/ o g — gl ?(z)dz = TN {IxI*[1 = exp(=2XoL)] + [n|* [exp(2AoL) — 1]}
—L
+ 2LRe (x7)

or, for k% < %wQ,

0 :
1
/ [uo x — ugl*(z)dz = L(|x|* + In|?) + )\—OIm {xn[1 —exp(—2XoL)]}.
~L

Now, we also have to compute the L? norm of the gradient of (ugj — usy). Noting

that ou( )

z\U0k — U2k

\Y — =1 . ’ ’ ,
(UO,k U2,k) ( Z]{?(U(),]g . u2,k) )

it holds that
|V (uox — U2,1c)|2 = |k|2\uo,k — U2,k|2 + 0z (up x — U2,k)\2-

With the expression (Bd), it follows that
|00 (w0, — uz)[* = [Mol* [[x[* exp(2X0z) + [1]* exp(—2Aoz) — 2Re (x7)] ,

if k2> 042 or

Ho
|0 (to e — u2k)|> = [Ao|® [[XI* + [n]* — 2Re (x7 exp(2X02))]

if k% < %wz, and thus

[ 10 0s — wa)Pla)ds = 52 1P 1~ exp(-20L)] + Inf fexp(20aL) — 1}

—-L

— 2A\3LRe (x77) ,
if k2> 042 or if k2 < S0u?)
1o 1o
0
/ 10w (o — uae)[*(w)dz = Lio[* (Ix[* + [n]*) + ddoIm {x77 [1 — exp(—2XoL)]} -
-L

Therefore, we can find « as the solution of the mentioned minimization problem. [J

Since the minimization will be done numerically and since the sequence (z,—z,2z —
z,-++) = z(exp(i(jAx)/Ax)) is the highest frequency mode that can be reached on a grid
of size Ax, then, in practice, the sum may be truncated to

ens(@) == Z er(a).

_nmw L L
k=" m€L,—z g <<z
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Figure 18: The real (top left) and imaginary (top right) parts of a and the sum of the
errors ep, (in the bottom) as function of frequencies w € [600, 30000] calculated for the
ISOREL porous material.

For the equations (A3)—(44), we use the same coefficients as for problem (Il) and take the
values corresponding to a porous medium, called ISOREL, using in the building isolation.
More precisely we assume: ¢ = 0.7, 7, = 1.4, 0 = 142300N.m *.s, py = 1.2kg/m?,
ap =1.15, ¢y = 340m.s7 L.

Using the function fminsearch (in Matlab), we find the value of « presented in

Fig. [Al

Remark 10 Fig. [Al allows us to compare the difference between two considered time-
dependent models for the damping in the volume and for the damping on the boundary. We
see that Re(a) is not a constant in general, but for w — +o00 Im(a) is a linear function
of w. In this sense, the damping properties of two models are almost the same, but the
reflection is more accurately considered by the damping wave equation in the volume.
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