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ESTIMATING A DENSITY, A HAZARD RATE, AND A TRANSITION
INTENSITY VIA THE p-ESTIMATION METHOD

MATHIEU SART

ABSTRACT. We propose a unified study of three statistical settings by widening the p-estimation
method developed in [BBS17]. More specifically, we aim at estimating a density, a hazard rate (from
censored data), and a transition intensity of a time inhomogeneous Markov process. We show non-
asymptotic risk bounds for an Hellinger-type loss when the models consist, for instance, of piecewise
polynomial functions, multimodal functions, or functions whose square root is piecewise convex-
concave. Under convex-type assumptions on the models, maximum likelihood estimators coincide
with p-estimators, and satisfy therefore our risk bounds. However, our results also apply to some
models where the maximum likelihood method does not work. Subsequently, we present an alternative
way, based on estimator selection, to define a piecewise polynomial estimator. We control the risk
of the estimator and carry out some numerical simulations to compare our approach with a more
classical one based on maximum likelihood only.

1. INTRODUCTION

1.1. Statistical settings. In the present paper, we are interested in estimating a unknown func-
tion sg that appears in one of the following frameworks.

Framework 1 (Density Estimation). Let X be a real-valued random variable with density function sg
with respect to the Lebesque measure p. Our aim is to estimate the density so from the observation
of n independent copies X1,...,X, of X.

Framework 2 (Hazard rate estimation for right censored data). Let (T1,C4),...,(T,,Cy) be n
independent copies of a pair (T,C) of non-negative random variables. The variable C' may take the
value +00. We suppose that T is independent of C' and that T admits a density fy with respect to
the Lebesque measure . The target function is the hazard rate sg defined for t > 0 by
fo(t)
t) = ————.
SO( ) P (T > t)

The observations are (X;, D;)1<i<n where X; = min{T;, C;} and D; = { 0 otherwise

Framework 3 (Estimation of the transition intensity of a Markov process). We consider a (possibly
inhomogeneous) Markov process { Xy, t > 0} with the following properties:

e The process is cadlag with finite state space, says {0,1,...,m}.

e The state 0 is absorbing.

e Let, for each interval I C [0,+00), As be the event: “the process jumps at least two times on
I7. Then, P(Ar) = o(u(I)) when the length pu(I) of I tends to 0.
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o The transition time
T170 = mf{t >0, X, =1, X} = O},

which has values in [0, +00], is absolutely continuous with respect to the Lebesque measure f
on R and satisfies therefore for all Borel set A of R,

P (TLO S A) = /Af()(t) dt,

for a suitable non-negative measurable function fy.

We consider an observation interval I,ps C [0,+00) either of the form I,,s = [0,T] with T € (0, 4+00)
or Iyps = [0,+00). Our aim is to estimate the transition rate sg from state 1 to 0 defined for t > 0

by
fo(t)
P(X,_ =1)’

from the observation of n independent copies {Xt(i),t € Lops} of { X4, t € Tops}.

So (t) =

In all these frameworks, we will always suppose that n > 3. Although numerous estimation
strategies can be considered, we will rather focus in this paper on a particular method presented
in [BBS17] and named “p-estimation”.

1.2. About p-estimation in framework 1. We begin by carrying out the method and some known
results in density estimation. The key references are [BBS17, BB16, BB17].

We need a loss in order to measure the quality of an estimator. In p-estimation, we deal with the
Hellinger distance h. It is defined for two non-negative integrable functions s and s’ by

P, = 5 [ (Vo - V50) a.

The aim is then to define an estimator § that minimizes as far as possible the Hellinger distance h
between § and the target sq.

The procedure is based on models S, that is a collections of densities, which translate, in math-
ematical terms, the knowledge we have on sg. A model may correspond to different assumptions,
such as parametric, regularity, or qualitative ones. This includes in particular models S for which
the maximum likelihood method does not work. Several examples are known in the literature. A
very simple one is

(1) S = U {slg, where s is a non-increasing density on K},

K interval of R
where 1x denotes the indicator function of K. In this model, the log likelihood can be made
arbitrarily large, and the maximum likelihood estimator does not exist. By contrast, we may define,
and study, p-estimators on S.

The maximal risk Rg(n) = supg,cgs E[h%(s0, 8)] of a p-estimator § on S can be controlled according
to different notions that aim at measuring the “complexity” of the model S (entropy with bracketing,
metric dimension, covering numbers. . .). Interestingly, Rg(n) achieves the optimal minimax rate of
convergence in most cases we know (up to possible logarithmic factors).

This minimax point of view supposes that sg does belong to S. Such an assumption corresponds
to a perfect modelling of the statistical problem, which is scarcely the case in practice. It makes
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therefore more sense to study the risk of the estimator 5 not only when sg lies in .S but more generally
when sg is close to the model S. It turns out that the Hellinger quadratic risk of a p-estimator § can
be bounded from above by

E[h?*(so,3)] < C ing h*(so, s) + Rs(n) whatever the density so,
s€

where C' is a universal constant (that is a number). This inequality asserts that a small error in the
choice of the model S induces a small error in the estimation of sg. This is a robustness property.
Such a property is not shared in general by the maximum likelihood estimator: it may indeed perform
very poorly when sg ¢ S but is close to S in terms of Hellinger distance.

The rate given by Rg(n) stands for the worst-case rate over all densities sg of S. This rate may
therefore be very pessimistic in the sense that the estimation may be much faster for some particular
densities sg € S. The preceding risk bound can be refined to take into account this phenomenon
(named superminimaxity in [BB16]). For illustration purposes, consider the model S defined by (1)
and a p-estimator § on S. Then, the rate of convergence of § is at least \/¢/nlog?(n/¢) when sq
is not only non-increasing on an interval but also piecewise constant on ¢ intervals. In this case, the
rate of estimation is much faster than the minimax rate.

There are moreover two additional properties of p-estimators we now briefly mention. First, p-
estimators can be related to maximum likelihood ones. Second, it is possible to deal with penalized
p-estimators, allowing to cope with model selection.

1.3. Hazard rate and transition intensity estimation. These two frameworks have not yet been
studied by means of the p-estimation method. They appear in different domains such as reliability or
survival analysis. For instance, in medical studies, a variable T may be used to represent the lifetime
of a patient, the hazard rate sg at time ¢,

fo(t) Pt<T<t+h|T>t)

solt) = prsg — M h ’

then measures the tendency of dying just after ¢, given survival to time ¢. Since patients may leave
the study, the data may be censored. The random variable C' then gives the time of leaving and
D = 17<c indicates whether the patient dies (D = 1) or leaves the study (D = 0).

In medical trials, a Markov process {X¢, ¢t > 0} may be used to model the evolution of a disease,
the state 0 representing (for instance) the death of the patient. The transition rate sg at time ¢,

Bt) L P =0]X =1
P(X;_ =1) h>0 h ’
has similar interpretation than the hazard rate: it measures the risk of dying just after ¢, given the
disease is in state 1 at time t—. This framework is actually more general than the one of hazard
rate estimation (when the data are uncensored) as sg coincides with the hazard rate of 7" when the
Markov process is defined by X; = L7>4.

so(t) =

In the literature, numerous estimators have been proposed to deal with (at least) one of these
two frameworks. We may cite wavelet estimators, Kernel estimators, maximum likelihood estima-
tors, procedures based on L? contrasts. . . However, non-asymptotic studies seem to be rather scarce.
We refer to [BC05, RB06, BC08, Plall, AD10] for results concerning procedures based on (penal-
ized) L2 contrasts. We may cite [vdG95, DR02] for a study of non-asymptotic properties of maximum
likelihood estimators. We refer to [BB09| for results concerning a selection rule based on pairwise
comparisons of histogram type estimators.
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1.4. A generalized procedure. In this paper, we propose to extend the scope of p-estimation to
frameworks 2 and 3. Although it has already been studied in the literature, we do not exclude
framework 1 for pedagogical and numerical reasons (see Section 1.5 below).

We measure the risks of our estimators by means of a (possibly random) Hellinger-type distance h
adapted to the framework. In framework 1, h is the usual Hellinger distance, in framework 2,

R%(s,s") = %/OOO (M_ «/s/(t))Q (% Zn: 1X¢>t> dt,
i=1
and in framework 3,
h2(s,s') = %/j (\/@_ \/s‘/(t))Z (% Zn: 1X§”=1> dt.
obs i=1

The quality of an estimator 3 is therefore assessed by h?(sg, 5): the smaller h?(sg, §), the better the
estimator.

In hazard rate estimation, we also explain how to use the (unknown) loss hp defined by

(s, =5 [ (VA0 - VI@) B (X 2 ),

in place of h.

We develop the p-estimation method in frameworks 2 and 3. We use a new uniform exponential
inequality to prove risk bounds and rates of convergence when the target sg is, for instance, a
piecewise polynomial function, a multimodal function, or a function whose square root is piecewise
convex-concave. These rates correspond to the expected ones, up to possible logarithmic factors.
Moreover, they are slightly faster that the ones obtained in [BB16] in density estimation under the
same assumptions.

Besides, there is a close connection between maximum likelihood and p-estimation when the models
satisfy convexity-type conditions. This allows to deduce results for maximum likelihood estimators
from results for p-estimators. Thereby, this paper also includes non-asymptotic risk bounds for
maximum likelihood estimators.

1.5. Estimator selection. The practical computation of p-estimators seems unfortunately to be
numerically out of reach in numerous models. This is the case for instance when S = Py, consists of
non-negative piecewise polynomial functions of degree r on ¢ pieces. Although maximum likelihood
estimators do not exist on Py, p-estimators do exist, and we may even control their Hellinger-type
risks. However, we do not know how to construct them in practice (in none of the three frameworks).

We then propose an alternative way, based on maximum likelihood and estimator selection to
reduce the numerical complexity. More precisely, we carry out a new procedure, inspired from [Sar14],
to select among a suitable collection of maximum likelihood estimators. Although the cardinal of this
family is large, dynamic programming makes possible the practical implementation of the procedure
in favorable situations. We prove an oracle inequality for the selected estimator from which, we
deduce, when r = 0, a risk bound very similar to the one we would obtain for the p-estimator on Py .
Besides, we carry out a numerical study in which we compare, in the context of density estimation,
our procedure with a selection rule based on maximum likelihood only.
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We finally explain how to modify this procedure to select adaptively the number ¢ of pieces from
the data. In particular, we show that we can build an estimator that performs well when sg belongs,
or is close to, the model P, = U2, Py,. We get a risk bound that almost corresponds to the one
we would obtain for the best estimator of the family {5,,,¢ > 1} where 5,, denotes the p-estimator
on Py .

1.6. Organization of the paper. We carry out in Section 2 the general statistical setting that
encompasses the three frameworks and explain the estimation procedure. In Section 3, we present
the required assumptions on the models as well as our main result on the theoretical performances of
p-estimators. We also show how to use the loss hg in hazard rate estimation and relate our estimators
to those of maximum likelihood. In Section 4, we deal with estimator selection to define a piecewise
polynomial estimator in a more practical way. Section 5 is devoted to numerical simulations. The
proofs are deferred to Section 6. The probabilistic tool that enables us to control the risk of p-
estimators is quite technical and therefore delayed to Appendix A. We give a simple example to
illustrate the robustness of p-estimators in hazard rate estimation in Appendix B. We discuss in
more detail the numerical complexity of our procedures in Appendix C.

2. THE p-ESTIMATION METHOD
2.1. Statistical setting and notations. In this paper, the target sg is viewed as the intensity of
a random measure ([BB09, AD10, Barll]). This makes possible a unified treatment of the three
frameworks. More precisely, we consider an abstract probability space (£2,E,P) on which are defined

the random variables appearing in the different frameworks. We associate to each framework, and
each borel set A € B(R) two random variables N(A) and M(A). We set in density estimation,

1 n
i=1
and in hazard rate estimation,
1< 1<
N(A) = — 1A(Xi)1p,—1, M(A) =— Ix. >t 110 100y (%) dt.
)= a0 M) = 2 [ S0

In framework 3, we define the jump time of the i process

7 — inf {t S0, x% =1, x® = 0} ,

and consider
N(A) = n ZZ:; ]lTl(f())eA]lIobs (Tl,o)v M(4) = n ; /A ]lXt@:l]lIobs (t)dt.
These formulas define two random measures N and M on (R, B(R)) such that
E[N(A)]|=E [/ so(t) dM(t)} for all A € B(R).
A

In each of the frameworks, the statistical problem may be reduced to that of estimating sg from the
observation of the random measures N and M.
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As explained in the introduction, we will evaluate the quality of the estimators by using an
Hellinger-type loss. This Hellinger-type distance h can be written simultaneously in the three statis-

tical settings as
h%(s,s') /(\/ — /s t>

for all non-negative integrable functions s and s’ with respect to the measure M.

We now introduce some notations that will be used all along the paper. We define Ry = [0, +00),
and set for z,y € R, z Ay = min(z,y), xVy = max(z,y). The positive part of a real valued function f
is denoted by f1 and its negative part by f_. The distance between a point x and a set A in a metric
space (E,d) is denoted by d(x, A) = inf,ca d(x,y). We denote the cardinal of a set A by |A|, and
its complement by A°. We set log, x = max{log z,1} for all z > 0. The notations ¢,¢,C,C’,... are
for the constants. These constants may change from line to line.

2.2. Heuristics. Let & = ILEF(IR, i) be the cone of non-negative Lebesgue integrable functions in
frameworks 1 and 3, and 8 be the cone of measurable non-negative functions which are locally
integrable with respect to p in framework 2. Let now S be a subset of §. Such set will be called a
model. Our aim is to define an estimator § with values in S such that h(sg, §) is as small as possible.

Consider two arbitrary functions s,s’ of 8. We begin by defining an approximation Tg(s,s’) of
h?(sg,s) — h%(so, s').

Let ¢ be the real-valued function defined for z > 0 by ¥(z) = ? —» and ¥(+00) = 1. For

5,8 €8, we set
TE(s,s'):/w(s’/s) sOdM—l/ (s —s) dM.
R 4 Jr

In this definition, and throughout the paper, we use the conventions 0/0 = 1 and z/0 = +o0 for all
x > 0. Some computations show:

Lemma 1. For all s,s' € S,

1 1
(2) §h2(so, s) — 3h%(so,s") < Tg(s,s') < 3h%(so,s) — §h2(so, s').

Let S be a model and s € S. We are interested in evaluating h?(sg,s) — h%(sg,S). The smaller
this number, the better s. As Tg(s,s’) is roughly of the order of h?(sg,s) — h%(sg, s’), it is natural
to approximate h2(sq, s) — h?(so,S) by vE(s) = supycg Tr(s,s') and to study the properties of the
minimizers of yg(-).

We deduce from the above lemma that for all s € S,
%hz(s(), s) — 3h2(s0, S) < vu(s) < 3h2(so, 5) — %hz(s(), s).
Minimizing yg(-) over S yields a function § € S (assuming such a function exists) such that,
S (50,5) — 34(50,5) < 75(5) < inf 1p(s) < 3 nf K(s0,5) — 3h(s0,5) = Sh(50,5).

Therefore, h?(sg,5) < 17h?(sg, S), which means that 5 is, up to a multiplicative constant, the closest
function to sg among the ones of S.

The approximation Tz (s, s') of h%(sg,s) — h?(sg, s’) is unknown in practice as it involves sg. This
prevents us from minimizing yg(+). It can however be suitably approximated in practice.
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2.3. The procedure. Let T'(s,s’) be the approximation of Tg(s, s’) defined for s,s" € 8 by

(s, s') = /R b (s/s) AN — /R (s — s) dM.

This translates as

%; {1/1 (s'(X3)/s(X3)) — %/R (s'(t) — s(t)) dt} in framework 1,
T(s,s) = % [ (5/(X3)/5(X0) 1,1 - i /O T (S (0) - s(0)) Lx,ne ar) in framework 2,
i=1
% {¢(s/(Tff3)/s(Tffg))]]'Iobs (Tflg) - i/j (s’(t) — S(t)) ]lXt(i):l dt} in framework 3.
1=1 obs

Let S be a model and for s € S,
v(s) = sup T'(s, s').
s'eS

Any estimator § € S satisfying
(3) 7(8) < infy(s) +1/n

is called a p-estimator.

Remark. Contrary to [BBS17, BB17], we do not assume that S consists of densities in framework 1
for more flexibility in the choice of models. Likewise, the functions of S may not be hazard rates in
framework 2, or transition intensities in framework 3.

The procedure may also be used to estimate the restriction of sg to an interval K. Indeed, let N’
be defined by N'(A) = N(ANK) for all A € B(R). Then, E[N'(A)] = E[[, solx dM] and the
target function becomes sglg. Let now F be a collection of functions and S be a model of the form
S ={flg, f € F}. Since the functions of S vanish outside K, we may replace N in the procedure
by N’ without changing the estimator. Thereby, when all functions of S vanish outside K, the
estimator § actually estimates sgl .

3. RISK BOUNDS FOR p-ESTIMATORS

3.1. Assumptions on models. We recall that the definition of p-estimators is based on the min-
imization of a criterion v(-) on S. This criterion ~(-) uses the approximation T'(s,s’) ~ Tg(s,s’)
where s,s’ € S. Bounding above the risk of the p-estimator requires to bound above the error due
to the approximation of T by T. For more informations on this point, we refer to Appendix A. We
here only mention that it is possible to control the error under suitable assumptions on the model S
we now describe.

We consider a non-decreasing collection (Z;)4>1 of Borel sets. This class may be a collection of
unions of at most d intervals, or more generally, in frameworks 1 and 2, a Vapnik-Chervonenkis class
of dimension at most 2d.

Assumption 1. We suppose:
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e in frameworks 1 and 2, that the collection Iy is Vapnik-Chervonenkis with dimension at
most 2d. Besides, the following technical condition holds: there exists an at most countable
set I, C Iq such that for all I € I, there exists a sequence (Ip)m>0 € IC’lN satisfying

yim g, () = 17(2)
for every t € R.
e in framework 3, that the sets I € Iy are unions of at most d intervals.

We then consider models S satisfying the following condition.
Assumption 2. There exist S C S and a map ds(-) on S such that: for all5€ S, s €S, u >0,
the set {t € R, s(t) > u3(t)} belongs to Ly s)-

This assumption applies for several models of interest, including some which are well suited for
estimating functions under smooth or shape constraints. We carry out below three examples.

Let £ > 1 and My be the family that gathers all the collections m of size £ of the form

(4) m= {[3317 33‘2], (:EQ) 33‘3], (333, 33‘4], SRR (va :Eé-i-l]} )
where 1 < x93 < -+ < xyy1 are £ + 1 real numbers (with the convention that m = {[x1, 22|} when
0=1).

We define for » > 0 the model P, by

(5)  Pe, = { Z sklg, where m € My and sk is a polynomial function of degree at most r
Kem

that is non-negative on K }

Proposition 1. Let for d > 1, Z; be the collection of unions of at most d intervals. Then, Assump-
tion 2 is fulfilled with S = S = Py, and for all 5 € S, dg(5) = (£ +2)(r + 2).

We may also consider the model composed of piecewise monotone functions and the one composed
of functions whose square roots are piecewise convex-concave. They are defined for £ > 1 by

(6) Fr=8nN { Z sk li,where m € M, and sk is monotone on K} .
Kem

G.=8nN { Z s%( 1x,where m € My and sk is a non-negative function that is either
Kem
convex or concave on K} .

We recall here that S is the cone of non-negative integrable functions in frameworks 1 and 3, and
the cone of non-negative locally integrable functions in framework 2.

When S = Fj,, we may define S as the set of functions of Fj, that are piecewise constant on a
finite number of pieces. When S = G, we may define S as the set of functions of G, whose square
root is piecewise affine (on a finite number of pieces). More precisely, the proposition below is given
by [BB16]:
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Proposition 2. Let for d > 1, Z; be the collection of unions of at most d intervals. Assumption 2
18 fulfilled with:

e S =7, Si: SN (URPro) C S and for all 5 € SNPyo, ds(5) = (3/2)(k + £+ 5).
e S =Gk S=5N(UXPr1sqroot) C S, where Ppisgroot = {5 € S, /s € Pe1}, and for all
5€ SNPuisqroots ds(5) = 3(k +L+5).

3.2. A uniform risk bound.

Theorem 3. Let (Z;)4>1 be a non-decreasing collection of Borel sets that fulfils Assumption 1. For
all € > 0, there exists an event of probability lower bounded by 1 — e~ on which: for all model S
satisfying Assumption 2 and all p-estimator § on S,

(7) K(s0,4) < Cinf {h2<so,s> 1 85 1o (%@)) +slog+<1/s>} .

5eS8

In particular,

(8) E [h*(s0,8)] < C”inf {E [h*(s0,5)] + dsés) log?. < n )}

5e8

In the above inequalities C and C' are universal positive constants.

Define Rg(so,n) by

(9) Rg(so,n) = inf {E [h%(s0,5)] + dsf) log? < d;@) } .

5€8

It follows from (8) that Rg(sp,n) is —up to a universal multiplicative constant —an upper-bound of the
Hellinger quadratic risk E [h2 (o, §)] of a p-estimator § on S. It then remains to compute Rg(so,n)
to deduce (an upper bound of) the rate of convergence of the p-estimator when sg € S. Let us now
discuss what is new here.

First, in density estimation, our risk bound slightly improves the one of [BB16] in the sense
that our variance term involves a smaller exponent on the logarithm. The logarithmic term cannot
be avoided in general under our assumptions (see Section 3.3). It is an open question to know
whether the power 2 can be replaced by 1. A careful comparison between the two results show that
our assumptions on models are more stringent. But, the conclusion is also stronger: the event on
which (7) holds true depends on S through (I;)4>1 only. It remains the same when the model S
changes but not the collection (I4)g>1. This property is the keystone of Section 4.1 (see (17)) and at
the heart of the developments of subsequent sections.

Second, our study is not restricted to density estimation but encompasses three frameworks. It
is noteworthy that the risk bound is of the same form in the three frameworks: only the Hellinger
loss depends on the framework. Thereby, we can effortlessly transfer results in density estimation to
frameworks 2 and 3. In particular, the properties of “robustness” or “superminimaxity” described
in the introduction remain valid in hazard rate and transition intensity estimation. For the sake of
illustration, we make the risk bounds explicit when S = Py, S = F; and S = G;, in Sections 3.3
and 3.4.
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3.3. Risks of p-estimators on P;,. When S = P, Theorem 3 asserts

(€ +2)(r +2)log (n/((£ +2)(r +2)))

(10) < E [12(s0,Pp,)] + S0 V1083 (n/(tr + 1)

Rp,, (so,n) =E [hQ(so,Pm)] +

When sg & Py, but is close to Py ., E [h2 (so, Pf,r)] is an approximation term that may be interpreted
as a robustness term. It is, for instance, small when /8¢ is smooth with bounded support, see [DY90].

When sg does belong to Py, Rp,, (so,n) becomes

60(r + 1) log? (n/l(r + 1
Py () < 20 DB (/84 1)
This bound is valid in the three frameworks and is almost optimal. Only the power 2 on the logarithm
is sub-optimal in general (the optimal risk bound involves a power 1 instead of 2 in framework 1

when r = 0, see [BM98, BB17]).

3.4. Risks of p-estimators on Fj and %;. Bounding Rg(sg,n) from above is no more difficult
in frameworks 2 and 3 than in density estimation. Thereby, we may easily get upper-bounds in
frameworks 2 and 3 from results obtained in the literature in density estimation. More precisely, two
bounds on Rg(sg,n) can be deduced from the results of [BB16]: when S = Fj and when S = %.
They are given below.

Corollary 1. There exist universal constants C,C" and a map V (-) on Fy, such that for all sg € Fy,

k+¢ n
< . 2 = 2
(11) Rz (so,n) <€ inf {E[h (s0,8)] + — 10g+<k+£>}
5€P 0NFi
log2n\*?  klog?
(12) gc’{V(So)<Ognn> + Ofn -

Moreover, there exist universal constants C",C" and a map W (-) on % such that for all sg € %,

. _ k+7¢ n
Ra(som) <C7 {E[h2<so,s>]+710gz+ <k—+€>}

gerpl,l,sqmootmgk

2.\ 4/5 2
(13) < o {W(SO) (10gn n> n klog n}

n

This corollary gives therefore (an upper-bound of) the rates of convergence of p-estimators on Fy,
and ¥, in the three frameworks, and in particular, in the two new ones. Up to logarithmic factors,
we recover the expected rate n~/? for a multimodal function sg (using the loss k). Moreover, this
rate becomes parametric when sg € JF} is also piecewise constant on £ pieces. More generally, the
convergence rate we get is faster than n~'/3 if £ is allowed to depend on n, but in such a way
that /n~'/3 tends to 0 (up to logarithmic factors). The number ¢ as well as the pieces on which sg
is constant are possibly unknown to the statistician. This reasoning applies in a similar way to the
collection %;,.

Like-minded results have been obtained for least squares estimators in the regression setting. We
refer to [Zha02, Chal4, BT15, CGS15, GS15, Bell8, CL19|. In isotonic regression, the risk of the
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least squares estimator is, in general, bounded from above by a quantity of the order of n=/3. This
bound becomes of the order of /(¢/n)log(n/¢) when the regression function is piecewise constant
on £ pieces. Likewise, in convex regression, the result is better when the target is piecewise affine.
This is the same phenomenon as described above for our estimators, although our results involve
additional logarithmic factors.

In (12) and (13), the terms V(sg), W (sg) measure, in some sense, the “variations” of /sg. To
reduce the size of this paper, we propose to make explicit V'(-) only.

Let for K C R,

pu(K) in framework 1,
Mp(K) = [ P(X > 1)1}y 100)(t)dt  in framework 2,
[ P(Xi— =1)1g, (t)dt  in framework 3.

The map V(+) is then defined for sg € Fj, by
97 1/3

V(so) = i%f[é;n Mg(K) < liggso(a;) — /xiglf(so(x)> ,

where the infimum runs over all collections m € M, for which so = Y ¢, sSKklx where sg is
monotone on K.

It can be bounded from above as follows when k£ = 2 and sg € Fa:

e in framework 1,

V(so) < 2L§£§p(§1€1£ so(z))'/?,

whenever the support of sg is of finite length Lgpp.

e in framework 2,
3

V(so) < 2(E(X))"/3 (sg%so(a;))l/ :
whenever X has finite expectation. B
e in framework 3,
V(so) < 2(E(T1)"* ( sup so(2))"”,

€l bs

whenever 1) = f Lois 1x, —1dt has finite expectation.

Contrary to density estimation, the size Lg,pp of the support of sqg is not involved in these upper-
bounds in hazard rate and transition intensity estimation.

3.5. About the risk bounds in hazard rate estimation. The empirical distance h has been
scarcely used in hazard rate estimation. The only papers we are aware of that deal with this loss
are [vdG95, BB09]. But other losses may be considered, and in particular deterministic losses.
Since sg is not integrable on (0, 400), it is not possible to use a loss of the form

1 [« 2
2 A -
Wig(50.9) = 5 /0 (Voo — V3D ar.
when a = +o00. Setting @ < +00 amounts to measuring the quality of the estimation on an interval
of finite length only. Moreover, the rate of convergence of hfmi f(so, §) depends generally on a when «

goes to infinity with n.
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In the present paper, we dealt with A, but we may also consider

h%(so,ﬁ):%/ (\/— \/—t> (X > 1) dt.

0
The difference between hp and h lies in the fact that hg involves the (unknown) survival function
G(t) = P(X > t) of X whereas h involves its empirical counterpart G, (t) = n=1>°"  1x,5;. Note
that the quality of the estimation is not measured uniformly on (0, +00) but according to the difficulty
of the problem. In particular, the larger ¢, the farther $(¢) may be from so(%).

Let us mention that we may always relate h,,;; to hg since

h (010,01 810.0) < hinif(s0,8) < (G(a) ™" Wi (soLj0.a), $10.)),

when G(«) > 0. Likewise, we may relate hg to h as shown below.

Proposition 4. Consider framework 2, suppose n > 1043, that G is continuous, E[X] < co and that
the density fo of T is square-integrable: fooo fédu < co. Let & be a positive random variable such
that

1
(14) 150"

log n

< Gp(a) <151

There exists a universal constant C' such that, for all estzmatm“ § € 8, the truncated estimator s
defined by

§ = min{s, ng}]l[07d}
satisfies

logn | E[X]+ [¢° §du}
+ - .

n

E [ (so, >}<c{ [h2(s0, 8)] +

Thereby, a truncation argument allows to deduce risk bounds for the deterministic loss hg from the
ones established with h. For instance, let § be a p-estimator satisfying the assumptions of Theorem 3.
Then, the preceding proposition asserts:

_ . ds(3) n E[X] + [5° fédu
E [h2(sg, 5)] < C inf { h% (s, 5) + —2 log> + 0
3(50.8)) < € int {10, + = 1og? (1 J
+ fo f 0 dp }

n2

<C {RS(SO7n) +

Up to a remaining term, and a modification of the multiplicative constant, this bound corresponds
to the one we would get for E [h?(so,§)] and that is written in (8). In particular, the rates of
convergence we got for S = Fj, and S = % are valid for 5§ and the Hellinger loss hg.

3.6. Connection with maximum likelihood estimation. The p-estimation procedure differs
from that of maximum likelihood. Nevertheless, the two approaches are very close in some situations,
see [BBS17, BB17] for results in density estimation. This point is crucial to reduce the numerical
complexity when S = P, (see Section 4).

We define
(15) L(s) = / logst—/de forall s € S,
R R

and call maximum likelihood estimator any estimator maximizing £(-) on S. In the above formula,
and throughout the paper, the convention log 0 = —oo is used.
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In framework 1, the term fR sdM = fR sdp plays the role of a Lagrange term as s € S may not
be a density. In framework 2, £(s) is the usual log likelihood when s is a hazard rate, up to some
terms constant in s. The same is true for framework 3, see the literature of counting processes e.g.
equation (3.2) of [Ant89] (using that s is an Aalen’s multiplicative intensity).

We may write

log s’ —1 1
T(s,s’):/tanh <M> dN——/ (s —s)dM foralls,s' €8,
R 4 4 Jr

As tanh(z) ~ x when x ~ 0, we deduce that if § maximizes £(-) and s’ ~ §,

1 1
T(§,s’)f:—</ logS/dN—/log§dN> ——</ s/dM—/§dM>
4 \Ur R 4 \Ur R

Thereby, T'(8, ") is likely non-positive. Under suitable properties of S, this result does not only occur
when s’ ~ §, but also for all s’ € S, which implies that v(5) = 0. In particular, § is a p-estimator.

Theorem 5. Suppose that S is a convex subset of S. Let K be a subset of R such that {x € R, s(x) #
0} C K for all s € S. Define

£K(8):/logst—/de forallse S,
K K

and suppose that supy,eg Lk (s) & {—00, +00}.

If there exists an estimator § € S such that Li(s) < Lk (§) for all s € S, then v(5§) =0 and § is
a p-estimator. Conversely, assume that there exists a p-estimator § € S such that v(5) = 0. Then,
foralls €S, Lk(s) < Lk(§), and § mazimizes Lx(-) over S.

When K =R, Lk(-) = £(-), which means that results on maximum likelihood estimators may be
derived from that of p-estimators and vice versa. A similar result for convex sets of densities was
obtained by Su Weijie in the context of framework 1 and was recently included in [BB17]. Using
sets K not equal to R may be of interest to remove some observations that would make the log
likelihood identically equal to —oo. In that case, we rather estimate the restriction of sg to K as
illustrated below.

We consider the convex model S in framework 1 defined by
(16) S = {s1(g 4o0), § is a non-increasing function of & on R} .

When the random variables X; are positive, which in particular holds true almost surely if sg does
belong to S, the maximum likelihood estimator exists on S and is known as the Grenander estimator,
see [Greb6]. We deduce from the above theorem with K = R that this estimator is, in this case, a
p-estimator. When some of the random variables X; are non-positive, £(s) = —oo for all s € S, and
we cannot maximize L£(-) over S to design an estimator. However, the p-estimation approach works
and still coincides with the maximum likelihood one, up to minor modifications. Indeed, in this case,
the preceding theorem can be used with K = (0, +00). Then, Lx(s) takes the form

1 [e.e]
Li(s)=— Z log s(X;) —/ s(t)dt for all s € S.
0

n
Ze{lvvn}
X;>0
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Let 5 be the Grenander estimator based on the random variables X1, ..., X, that are positive. This
estimator is a density and maximizes the map

1
5 — log s(X;
LS sy
i€{1,...,n}
X;>0
over the densities s of S, where ng is the number of positive random variables among X7,..., X,.
One can verify that the estimator that maximizes Lx(-) over S, and which is thus a p-estimator
on S, is § = (ng/n)s. Note that [ §du = ng/n, which means that § is not a density unless all the
observations X; are positive. This is due to the fact that § here estimates the restriction of sg to

(0, 4+00) (which cannot be a density when some observations X; are negative).

Let us mention that a maximum likelihood estimator may not be rate optimal. We refer to
Theorem 3 of [BM93] for an example of convex set of densities where this phenomenon occurs. As S
is convex in that example, the maximum likelihood estimator is also a p-estimator. This means that
there are unfortunately p-estimators that do not reach the optimal minimax rate of convergence.

It is sometimes convenient to consider models S of the form S = { 2 feF } where F consists of
non-negative functions. The set F can then be interpreted as a translation of the knowledge one has
on /Sg. For instance, if F denotes the set of non-negative concave functions on [0, +00) vanishing
on (—00,0), the assumption sg € S means that ,/sq is concave on [0, 4+00) with support in [0, +00).
It turns out that the connection between p- and maximum likelihood estimators remains valid when
the convexity assumption is put on F instead of S.

Theorem 6. Let F be a convex set of non-negative functions such that S = {fz, fe f} 1s included
inS. Let K be a subset of R such that {x € R, f(x) # 0} C K forall f € F. Then, ifsup,cg Lk (s) &
{—00, 400}, the conclusions of Theorem 5 apply to S: any mazimizer § € S of Li(-) on S vanishes
v(+), and any § € S vanishing () mazimizes Lk (-) over S.

4. FROM THEORY TO PRACTICE: ESTIMATOR SELECTION

It is often difficult in practice to find a global minimum of (-) and thus to build p-estimators. In
particular, we do not know how to construct a p-estimator on the model S = Py ,. In this section,
our goal is to propose an alternative way, more numerically friendly, to define an estimator with
similar statistical properties on this model. We then explain how to make the estimator adaptive
with respect to £.

4.1. Maximum likelihood estimation. We start by considering a much simpler model than Py ,..
More precisely, we consider a partition m € M, and define the collection P,(m) C Py, of piecewise
polynomial functions on m:

Pr(m) = { Z sklg, for all K € m, sk is a polynomial function of degree at most r,
Kem
non-negative on K} .

As P,(m) is convex, our procedure is essentially reduced to that of maximum likelihood, which is
easier to implement in practice. Elementary computations show:
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Lemma 2. Letr >0, £ > 1, m € My, and for K € m,
Pr(K) = {slk, s is a polynomial function of degree at most r and non-negative on K} .
Then, supsep, (i) Lk (8) is finite and achieved at a point 3.

Moreover, 8, = Y e 5K 15 a p-estimator on the model S = P.(m) that vanishes v(-). If
N(UgemK) = N(R), 8, mazimizes L(-) and is therefore also a maximum likelihood estimator.

It follows from Theorem 3 that there is an event that does not depend on m, that holds true with
probability larger than 1 — e~ and on which:

(r+1) 2<

) #0500 < 0 {iGsn,Pom) + L g2 () cton 1/

lr+1)

Our objective in the subsequent sections is to define a good partition, that is a partition m for which
the bias term h?(sg, P,(m)) is small.

Remark: the preceding inequality shows that §,, is robust with respect to model misspecification
measured in terms of h. Let us mention that this property is not always true for maximum likelihood
estimators, see Section 2.3 of [Bir06] for an example in density estimation. This is not specific to this
framework, see Appendix B for an example in hazard rate estimation.

4.2. Estimator selection. Let (m))aea be a family of (possibly random) partitions of M,. The pre-
ceding section explains how to compute a p-estimator §,,, on P,(my). We deduce from Proposition 1
that the (random) model S = {§,,,,\ € A} fulfils Assumption 2 with S = S, dg(8m,) = (£+2)(r+2).
Applying our procedure to S leads to an estimator of the form § = S that satisfies on an event of

probability lower bounded by 1 — e™"¢,

. , . (r +1)flog? (n/(£(r +1)))
h2(5073m5\) <C {)l\lelf\hz(S(),SmA) + +’I’L

—|—§10g+(1/§)} ;

1)¢log? lr+1
(18) < c’{mf h2(s0, Py (my)) -+ LT Dloes (/£ 1) +slog+<1/s>},
AEA n
using (17). Here, C,C’ are universal constants.
Instead of dealing with Py, — which seems to be very tricky in practice — we may restrict

our procedure to the set S = {5,,,,A € A}. Minimizing our criterion then requires to compute
T'(8my s 8m,, ), for every pair (8m,,58m,,) € S2. This is numerically feasible when S is finite and not
too large.

As we see in (18), we should take {m), A € A} as large as possible to improve on the theoretical
performances of the selected estimator. Ideally, {mx,\ € A} = M, to recover the risk bound of a
p-estimator 5 on Py,

N (r+ 1)€log3_ (n/(L(r+1)))

(19)  h3(s0,8m) < C' {h%s(,,w,» " £log+<1/£>} .

There is therefore a trade-off between the theoretical and computational properties of §p, . The
larger the collection, the better the theoretical properties, but the longer it takes to compute the
estimator.
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4.3. Selecting among a special collection of piecewise polynomial estimators. In this sec-
tion, we propose to deal with a special but possibly very large collection {,,,,A € A} of piecewise
polynomial p-estimators. This collection being very rich, we hope to recover a theoretical risk bound
akin to (19). Moreover, we propose a criterion ~,(-) that uses the particular structure of this collection
to reduce the numerical complexity.

We consider a (possibly random) collection of distinct random variables {Y;, i € I} where I is a
(possibly random) set such that 7 = [I| > 2. Since the random variables (Y;),_; are distinct almost

surely, we may order them: Y(;) < Y(9) <--- < Y{3). We define the collection M that gathers all the
partitions m of [Y(y), Y{3)] of the form

m = {[}/21)7 Yv(nl)L (Yv(nl)a Yv(ng)]v (Yv(ng)a Yv(ng)]v R (Y*(nk)7 Y*(ﬁ)]} ’

where k > 0 and 1 < ny <ngz--- < ng < n with the convention that m = {[Y{y), Y{3)]} when k = 0.
We set for £ € {1,...,n— 1},

M\g:{méﬁ/l\, |m|:€}.
Note that M\g C My, but M\g # M.

We now consider a random variable ¢ with values in {1,...,7—1}. For each m € M ;» we define the
piecewise polynomial p-estimator §,, on P,(m) as explained in Lemma 2. This construction implies
that there exist ¢ intervals on which §,, is a polynomial function. Moreover, §,, may have spikes on
{Y), Yi2); - -+ Yy} only. We aim at selecting an estimator among the family {3,,, m € M;}.

We define for m € M, K € m and m’ € M, the partition m’ V K of K by
(20) m' VK ={K'nK, K'em/, K'NK #0}.

We consider a positive number L and define the criterion ~,(-) for m € M ) by

(r + 1)log? (n/(r + 1)) }

n

(21) Y2(8m) = Y sup {T(§m]lK,§m/]lK)—L|m’\/K|
Kemm eM;

The selected estimator is then any estimator §, of the collection {§,,, m € M ;} minimizing ~2(-):

(22) Y2(8m) = min Y2(55,).

mEMlﬁ

Theorem 7. There exists a universal constant Ly such that if L > Lg, any estimator S; minimiz-
ing (22) satisfies for all € > 0, and probability larger than 1 — e~ "%,

(23)  P¥(s0,8p) < C{ inf h2(so, Py(m)) + L 1)llog? (n/(r +1))
meM; n

+£10g+(1/£)}-

In particular,

nf 12 (s0, Py (m)) 1 1 F DU0gL(/ (0 + 1))

(24) E [h*(s0, 3m)] < C'E
mGMé n

In the above inequalities, C and C" are universal constants. Moreover, the event on which (23) holds
may be chosen independently of (Y;),cj, £, 1, v and the value of L (when L > Ly).
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This risk bound is very similar to the one (18) obtained when the first criterion () is minimized
on S = {§,,m € M\Z} (we only slightly lose on the variance term). The main interest of this
procedure compared to the first one lies in its numerical complexity. To avoid a digression, we defer
the discussion on numerical aspects to Section 5 and Appendix C.

Let us mention that our procedure is in line with [Sar14] where a numerical complexity reduction
work was carried out. More precisely, it is explained there how to select a partition m from the col-
lection of dyadic partitions of [DY90]. This is very effective to estimate a function under smoothness
assumptions (that is, under the assumption that the target belongs to a Besov space). Our aim in
this paper is different. Instead, we want to design an estimator with similar statistical properties to
that of a p-estimator on Py,. This is why we use a much richer collection than in [Sar14].

We now consider framework 1. When Y(l) < minj<i<p, X; < maxj<i<p, X; < Y(ﬁ), Sy, Maxi-
mizes L£(-) and is therefore a maximum likelihood estimator. It is then natural to compare our
estimator $; to the one §; that maximizes the log likelihood L(8,,) over m € ﬂ ;- We refer to
Section 5 for numerical simulations when {Y;, i € I} = {X;, i € {1,...,n}} and r = 0. We do not
know theoretical results for ;. However, when {Y;, i € I } is not random, then results concerning ;7
may be found in the literature. We refer to Theorem 3.2 of [Cas99] (when r = 0) and Theorem 2
of [BBM99] (when r > 0) for upper-bounds of the Hellinger risk in density estimation. Note that they
put restrictions either on sg, or on the minimal length of the intervals K of the partitions m € M /i
Besides, contrary to ours, their upper-bounds involve the Kullback Leibler divergence.

The bias term in (23) depends on the collection M ; and thus on the choice of {Y;, i € I}. In
general, this bias term may be larger than the one we would obtain for a p-estimator on P; . As
the Y; are allowed to be random, we may choose them according to the data, and in such a way that

the bias term becomes comparable to the one we would obtain for the p-estimator, at least when
r=0.

Suppose that {Y;, i € I } is rich enough to satisfy
(25) N(A)=N{Y;,ieI}nA) forall AcB(R).

For instance, we may define {Y;, i € I} as follows:

e in framework 1, we may set I = {1,...,n}, and for all i € I, V; = X;,

e in framework 2, suppose that the random variables X; are distinct almost surely. Then, we
may consider a set I C {1,...,n}, such that |I| > 2, I > {i € {1,...,n}, D; = 1} and define
foralliel,Y; = X;,

e in framework 3, we may consider a set I C {1,...,n}, such that [I| > 2 and I D {i €
{1,...,n}, T1(,Z()) € Iyps}, and define for all i € I, Y; = T1(,Z())-

We may show:

Corollary 2. Suppose (25) and that so vanishes outside the interval [0, Lsypp). Let P; be

Ov[OvLsumv]
the collection of step functions based on partitions m of [0, Lsypp] belonging to M;.
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There exists a universal constant Ly such that if L > Lo, r = 0, any estimator $; minimizing (22)
satisfies for all € > 0, and probability larger than 1 — e,

(r+ 1)01og? (n/(r + 1))

(26) hz(So,gm) <C {h2 (SO’,PE707[O7LSUIJZJ}) + L + 510g+(1/£)} .

In particular,

(r+1)log% (n/(r + 1))

E [1*(s0. )] < C'E | h*(s0, Py o 1,,,,)) + L

In the above inequalities, C and C' are universal constants.

Note that the procedure does not require the knowledge of the support [0, Lgypp] of so. Moreover,
the only difference between h?(so,P;, 0 Lsupp}) and h?(so,P;,) lies in the fact that the functions

s € Pj, may be based on partitions of an interval K different from [0, Lsypp). In particular,

2 2 2
h7(80: Pi1a.0.10,Luupp]) < 17 (80, Py) < h7(50, Py 0 1000
We recover, up to slight modifications, the risk bound we would obtain for a p-estimator on P; .

The estimator §,; has however the advantage of being computable in practice when n and { are small
enough, see Appendix C. We refer to Section 4.4 below for more general results (in particular to deal
with > 1).

4.4. Adaptive piecewise polynomial estimation. The preceding section explains how to define
a piecewise polynomial estimator on ¢ pieces. We show in this section that the criterion may be
modified to choose ¢ from the data, and get an estimator adaptive with respect to £.

We define for £pmax € {1,...,7 — 1} the collection ./\//\lgmax of partitions m € M whose cardinal is
at most £ax,

Zmax

Mgzmax = {m e M, \m] < gmax} = U My.
=1
We consider a random variable @max with values in {1,...,7n — 1} and aim at selecting an estimator
among {8, m € M_; }.

We consider L > 0 and set for m € M\ b

’73(§m) = Z sup {T(§m]lK,§m/]lK) —L|m/\/K| 7”L

Kem m/eM

(r+1)log? (n/(r + 1)) }
Sémax
The selected estimator §,; is any estimator of the family satisfying

(r+1)|m| logi (n/(r+1))

(27) ¥3(8m) + 2L

= inf v3(8m) + 2L(r + 1)
meM

m|log? (n/(r + 1)) }

n

Sémax

The numerical complexity of this procedure is similar to that of Section 4.3. Moreover, we prove:
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Theorem 8. There exists a universal constant Ly such that if L > Lg, any estimator Sz, satisfy-
ing (27) satisfies for all € > 0, and probability larger than 1 — e™"%,

(r+1)|m| logi(n/(r +1))

(28)  h*(s0,8m) <C  inf {h2(50,7’r(m))+L
meM

+£10g+(1/£)}-

SZ’NL(I,QJ

In particular,

(29)  E[h*(s0,45)] < C'E

meM n

inf {hz(so, Py (m)) 4 7 Dimilogl (n/(r +1)) }] |

S Z’IVL(L.'E

In the above inequalities, C and C' are universal constants. Moreover, the event on which (28) holds
may be chosen independently of (Y;),;, Cmazs 1, 7 and the value of L (when L > Ly).

This risk bound improves when émax grows. Moreover, (29) implies

inf { inf {h2 (0.7 } LL r+1)flogi(n/(r+1))}].

1<0<bmax | me n

E [1*(so. $m)] < C'E

The right-hand side of this 1nequahty corresponds to the bound (24) achieved by the estimator of
Section 4.3 when the choice of 7 is the best possible among {1, ... max}

The quality and the construction of the estimator §,, still depends on {Y;, ¢ € I }. However, when
lmax = 7 — 1, and when {Y;, i € I} is rich enough, the infimum in (29) can be taken over the infinite
collection M = (J;5; My (up to a modification of C”), as shown below.

Lemma 3. Suppose that {Y;, i € f} is chosen in such a way that N satisfies (25). There exists a
universal constant C' such that for all € > 0 and probability larger than 1 — e ™¢: for all £ > 1,

lr+1) log%r (n/(L(r+1)))

m€M§23+3

inf  h*(so,8m) < C {hz(SOaPZ,r) + + £1og+(1/£)} :

Suppose now that fpax = 7 — 1, that (25) is satisfied, and that L > max{1, Lo}. We then deduce
from M = M_; and (29),

E [hz(S(), §m)] < C/E

ian{h2(so,Pr(m)) + L

meM

|m|(r + 1) logi(n/(r +1)) H

n

where C” is a universal constant. Lemma 3 implies

E [1*(s0, $n)] < C"E

ot {h%sO,m,T) L U+ Dlogh (n/(r+1)) H |

n
< C"inf R(0),
>1
where
r+1) logi(n/(r +1))
. .

This term R(¢) can be interpreted as an upper-bound of the risk of a p-estimator on Py, (up to
constants), barely worse than the one given by Theorem 3 and that is written in (19).

R(¢) = E [h*(s0, Pe,)| + L
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5. NUMERICAL SIMULATIONS

5.1. About L. We propose in this section a simple way to tune the parameter L in the procedure
of Section 4.3. In theory, any value of L larger than Ly is suitable (where L( stands for a universal
constant). Unfortunately, the value of Ly is too large to be used in practice, and we do not know the
smallest value of Ly that would make the risk bound valid.

A simple solution to solve the choice of this calibration parameter L is to consider a collection L
of such parameters and to select among them. More precisely, we minimize yo(-) for each L € L
and denote the resulting estimator by 3, to emphasize that it depends on L. We then pick out an
estimator among {5, , L € L} by the first selection rule, see Section 4.2.

A p-estimator on the (random) model {3, , L € L} is of the form § = §;;. and satisfies for all
€ > 0 and probability larger than 1 — ™",

(r+ 1)lﬁlog%r (n/(r+1))

h%(sg,5) < C mf {h (S0, 8y ) } + + &log, (1/€)

where C is a universal constant. If I contains at least one number L larger than Lg, we derive
from (23),

/(r + 1) log> 1
hz(So, §)<C'| inf {h (so, P }—l—mln 1, 1nf L {(r+1)log’ (n/(r +1))

n
me./\/l L>Lo

+§10g+(1/§) )

where C’ is a universal constant.

Thereby, the estimator § no longer depends on the particular choice of L but rather on the
collection IL.. The larger L, the better the risk bound. However, the numerical complexity of the
whole procedure increases with the size of L, and the constant C’ above may be larger than in (23).

5.2. Results. We consider framework 1, r =0, £ € {1,...,n}, {Y;, i € f} ={Xy,...,X,,} and the
(random) collection M, consisting of partitions of [X (1), X(y)] of size £ defined in Section 4.3. For

each m € M\g, we consider the p- and maximum likelihood estimator §,, on Py(m) defined by

i N(K)
Sm—zm thN Z]IK

Kem

We carry out in this section a numerical study to compare two selection rules described in Sections 4.3
and 5.1.

e The first procedure is based on the likelihood. We select the partition (%9 e ./\/lg by
maximizing the map

m— L(8 Zlogsm i) overme./(/l\g.

e The second procedure is based on the p-estimation method. We consider a set A consisting
of 300 equally spaced points over [0, 3], and define

L:{%,GGA}
log“n
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For each L € L, we use the procedure of Section 4.3 specified in (21) and (22) to get a

partition m; € M. We then use the procedure of Section 4.2 to pick out an estimator

among {8;;,,, L € L} as explained in Section 5.1. This leads to a selected partition of the

form m; € M, that will be denoted in the sequel by m(0.

We consider four densities sg:

Example 1. sq is the density of a Normal distribution

1
so(x) = e ™2 for all z € R.

Ver

Example 2. sq is the density of a log Normal distribution

1
so(x) = :E\/%e_%logzx]lm&OO) (x)  for all z € R.

Example 3. sg is the density of an exponential distribution
so(7) = e "l yo0)(x) for all z € R.

Example 4. sg is the density of a mizture of uniform distributions

1 1 3
so(z) = g % 31,1/ () + g > 3113273 (%) + 5 X 3ljgs51)(x)  for all z € R.

8
We simulate Nyep samples (X1,. .., X)) according to a density so defined above, and compute, in
each of these samples the two selected estimators. Let, for k € {1,2} and i € {1,..., Nrep}, Sp,k000)

be the value of the estimator corresponding to the k" procedure and the i*" sample. We evaluate
the quality of the estimators by

N,
R 1 rep
R(k.0) = 57— > 1* (50, $5i0.0)-
rep

We estimate the probability that the two estimators coincide by

1 Nrep

N, rep

ﬁequal (6) =

L 5,2,00) —p3,(1,6,6)
=1

Results are summarized in Figures 1 (when n = 50) and 2 (when n = 100).

Numerically, we observe in these examples that the two estimators 5,1, and 3,2, perform sim-
ilarly. Their risks are close and the estimators may even coincide. In Example 4, sg does belong
to P3o and the fractions E(Z, 0)/ R\(l,ﬁ) are very close to 1. In the other examples, sg is not piece-
wise constant, and the robustness properties of the second procedure may be useful. The fractions
E(Z, 0)/ R\(l,ﬁ) suggest indeed that the second procedure improves the risk of the first one by a few
percent, at least when the size ¢ of the partitions is well adapted to the underlying density, that is
when ¢ corresponds to the smallest values of ﬁ(l, ¢) and §(2,€).

Remark. The fractions R(2,¢)/R(1,¢) are computed with all significant digits and are then
rounded.
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Ex1 | Ex2 | Ex3| Ex4 Ex1|Ex2 | Ex3| Ex4

R(1,2) |0.057 | 0.078 | 0.064 | 0.052 || R(1,5) | 0.062 | 0.063 | 0.061 | 0.060

R(2,2) [0.057 | 0.080 | 0.065 | 0.051 || R(2,5) | 0.059 | 0.062 | 0.059 | 0.060
R(2,2) R(2,5)

= 1.00 | 1.02 | 1.02 | 0.99 0.95 | 098 | 0.98 | 1.00

P.guat(2) | 0.76 | 0.75 | 0.80 | 0.78 | Peguar(5)| 0.27 | 0.33 | 0.32 | 0.39
R(1,3) |0.052]0.056 | 0.053 | 0.048 || R(1,6) | 0.067 | 0.068 | 0.066 | 0.065
R(2,3) ]0.047 | 0.055 | 0.052 | 0.047 || R(2,6) | 0.065 | 0.067 | 0.065 | 0.065

B23) 1091 | 098 | 0.97 | 0.99 | 228 | 097 [ 099 | 0.99 | 1.00

Poguar(3) | 0.63 | 0.64 | 0.66 | 0.57 || P.gua(6) | 0.28 | 0.33 | 0.33 | 0.37
0.057 | 0.058 | 0.056 | 0.054 | R(1,7) |0.071]0.072 | 0.071 | 0.070
0.052 | 0.055 | 0.053 | 0.053 | R(2,7) |0.070 | 0.072 | 0.070 | 0.071

B24 1 092 | 094 | 095 | 098 | Z2D | 099 | 1.00 | 1.00 | 1.00
Poguat(4) | 0.32 | 0.40 | 0.40 | 0.43 || Poguar(7) | 0.32 | 0.36 | 0.35 | 0.41

FIGURE 1. Results for simulated data with n = 50, N;¢, = 10000.

Ex1 | Ex2 | Ex3| Ex4 Ex1|Ex2 | Ex3| Ex4
R(1,2) [0.055|0.074 | 0.056 | 0.035 || R(1,5) | 0.038 | 0.038 | 0.037 | 0.033
R(2,2) |0.056 | 0.076 | 0.057 | 0.034 || R(2,5) |0.035|0.034 | 0.035 | 0.033

B2 | 03| 102 | 1.02 | 098 | B2 | 092 | 0.94 | 0.95 | 1.00

P.qua(2) | 0.63 | 0.60 | 0.70 | 0.80 | Pegua(5)| 0.15 | 0.18 | 0.17 | 0.23
R(1,3) ]0.034|0.042 | 0.037 | 0.023 | R(1,6) | 0.041 | 0.040 | 0.039 | 0.037
R(2,3) |0.033|0.042 | 0.036 | 0.024 || R(2,6) | 0.039 | 0.040 | 0.038 | 0.037

R23) | 096 | 1.00 | 0.98 | 1.01 | 228 | 095 | 097 | 0.98 | 1.00

Poguar(3) | 0.71 | 0.63 | 0.63 | 0.57 | Poguar(6) | 0.10 | 0.15 | 0.11 | 0.19
0.036 | 0.035 | 0.034 | 0.028 | R(1,7) |0.044 [ 0.043 | 0.043 | 0.40
0.032 | 0.034 | 0.032 | 0.028 | R(2,7) | 0.043 | 0.043 | 0.042 | 0.40

ReA | 590 | 0.96 | 094 | 008 | E2D | 0.96 | 0.99 | 0.98 | 1.00
Poguar(4) | 029 | 0.39 | 0.35 | 0.33 || Pogua(7) | 0.09 | 0.11 | 0.11 | 0.16

FIGURE 2. Results for simulated data with n = 100, Nyep, = 1000.

6. PROOFS

6.1. Proof of Lemma 1. Let /g = (/s + V/s')/2 and
K={teR, s(t)#0 or s'(t) #0}.
Then,

%/I(%(ﬁ—ﬁ)zszé/K%sOdM%/K(W—\/E)ﬁdM
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—/K(x/?—\@ /5o dM.

Note that
hz(so,s’)—hz(so,s):%/K(S/—s)dM—l—/K\/%<\/§—\/§) dM.
Therefore,
%/K%(\/s——\/@?djw _ %/}{%sodM+%/K(\F—\/§)\/adM
—%/K( ' — 5)dM + h*(so, ') — h*(so, 5)

(30) = Tg(s,s) + h?(so,s") — h*(so, s).
Now,

L[V s anr [ VI VRSZAN

3 )T e v a = Mﬂ@(@— : ) dM

NESZAY
g/f((ﬁ—#> am

<3 J (s va) + (vea - )

By using the inequality (z + y)? < (1 + a)2? + (1 + o~ 1)y?,

1 - 1 1+at 2
_/ VI e e a < +a/ (Vo — V&) dm + -2 / (Voo - V&) dm
2 )k V4 4 Jk 4 K
1 1+a!
< +ah2(507s) + ta hz(So,S,).
2 2
We now put this inequality into (30) to get
1— —1
Ti(s,s) < 222 h2(s0,5) — o h2(s0, ).

The right-hand side of (2) follows from this inequality with & = 3. As to the left-hand side, note
that we also have (setting o = 3, and exchanging the role of s and s),

1
Tr(s',s) < 3h%(so,5') — §h2(so,s).

Yet, Tg(s,s') = —Tg(s, s) and hence Tg(s, s') > 2h*(sq, s) — 3h*(so, s') as wished. 0.

6.2. Proof of Proposition 1 for S = P;,. Let 5,5 € Py,. There exist two partitions mq, mo of R
into intervals such that |my| = ¢ + 2 and |msg| = £ + 2 and such that s (respectively ) is polynomial
on each element K € my (respectively Ko € mg). Let

m = {KlﬂKQ, (Kl,Kg) € my X mo, K1 N Ky 75@}
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Then, m is a partition of R into intervals such that |m| < |mq| + |mgo| < 2¢ + 4. Moreover, we may

write s and s as
s = E sglxg and 5= E Sklk,
Kem Kem

where sx and Sx are non-negative polynomial functions on K of degree at most r. Let P = sx—uSg.
Now,

{teR, st)>us(t)} = | J {te K, Px(t)>0}.
Kem

Let Z be the set gathering the zeros of Pg. If Z = (), then Pk is either positive, or negative on R
and the set {t € K, Pg(t) > 0} is either empty or the interval K. If Z = R, then Px = 0 and
{t € K, Px(t) > 0} = 0. Suppose now that Z # () and Z # R. We may write Z = {b1,...,b;} with
by <bgy <--- <bgand k <r. We set by = —oc0 and bg1 = +o00. For all j € {0,...,k}, Pk is either
positive or negative on (b;,b;41), and its sign changes with j. Therefore, the set {t € K, Pk (t) > 0}
is a union of at most k/2 + 1 intervals.

Finally, for all K € m, {t € K, Px(t) > 0} is always a union of at most r/2 4 1 intervals, which
implies that {t € R, s(t) > u5(t)} is a union of at most (r/2 + 1)(2¢ + 4) intervals. O

6.3. Proof of Theorem 3. Let for d > 1,

(31) 9(d) = %bgi (g) :

We need to prove that there exist a universal constant C and an event Q¢ such that P (Q¢) > 1 —e™"¢
and on which any p-estimator § on S satisfies

(32) h?(sg, §) < 0222 {h*(s0,5) +V(ds(5)) + Elog (1/€)} .

We introduce the following notations. We define for all odd integer d > 3,

o
Ji = { ﬂ A, (Ar)r>1 is a non-increasing sequence of I(d_l)/Q} ,

r=1
Ja=JaU{R\ A, Aec Ju}.

Let s,s’ € 8. Suppose that there exists d > 1 such that for all u > 0, the set {t € R, §'(¢) > us(t)}
belongs to Zy. Then, dy(s) stands for any number d such that

{teR, §(t) > us(t)}

belongs to Zy (for all u > 0). If the preceding assumption does not hold, we set dy(s) = +o00. We
define for all odd integers d > 3,

Gy ={w(s'/s), s, € 8,dy(s) = (d—1)/2}.

We will apply Theorem 11 (in Appendix A) to the class F = ¥;. We begin with the following
elementary claim:

Claim 1. The functions f € 9; satisfy |f| < 1. Moreover, the collection
(33 A={{teR, fr(t)>u}, febue (0D} U{{t eR, f_() >u}, f €Dy, ue(0,1)}

is included in Jy.
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Proof. Let f € 4; written as f = 1(s'/s). Then,
{t eR, f1(t) >u} = {t € R, ¥y (s'(t)/5(t)) > u}
={teR, s(t) #0, i(s'(t)/s(t)) >u}U{t eR, s(t) =0, s'(t) >0}
={teR, s(t)#0, s'(t) >vs(t)} U{t R, s(t) =0, s'(t) >0},
where v = ¢~ !(u) € (0, +00). Therefore,
{teR, fi(t)>u} ={teR, (t)>vst)},
belongs to Z(g_1)/2 C T4
Now, note that 1_(z) = 14 (1/x). Hence,
{teR, f-(t) >u} ={t eR, y(s(t)/s'(t) > u}.
By exchanging the role of s and s’ in the above computations, we derive
{teR, f_(t) >u} ={t eR, s(t) >vs'(t)}
={teR, &)< (1/v)s(t)} .
Now, for all » > 1,
{teR, s'(t) > (1—-1/2r)(1/v)s(t)} € Lig—1)/2-

Therefore,
{teR, s'(t) > (1/v)s(t)} = ﬂ {teR, s'(t) > (1—1/(2r))(1/v)s(t)}
r=1
belongs to Jy and {t € R, f_(t) >u} =R\ {t € R, §'(t) > (1/v)s(t)} belongs to Jj. O

Claim 2. The collection Jy is Vapnik-Chervonenkis with dimension at most 2d —1 < 2d. Moreover,
in framework 3, each set A € Jq is a union of at most (d+ 1)/2 < d intervals.

Proof. Let t1,...,t2, € R and a non-increasing sequence (A, ),>1. Then,

O ({t1,- o ton} VA = T [{t1,... ton} N Ay

The non-increasing sequence (|{¢1,...,t2n} N A;|);>1 consists of integers. Therefore, there exists rg
such that [{t1,...,ton} N Ar| = [{t1,...,t2n} N Ay, for all » > r¢. Hence,

o0

m ({tl, ... ,tgn} N Ar) = {tl, ... ,tgn} N Aro-

r=1

This implies that
{{tr,..tan} NA A€ Tgy = {{t1, . tan} N A, A€ Lig1))2}

and Sg,(2n) = S7,_,,,,(2n). Therefore, J; is Vapnik-Chervonenkis with dimension at most d — 1.
We deduce that J; is Vapnik-Chervonenkis with dimension at most 2(d — 1) + 1 < 2d.

The two following elementary results show that each set A € J; is a union of at most (d + 1)/2
intervals in framework 3:

e For all union A of at most (d — 1)/2 intervals, R\ A is a union of at most (d+ 1)/2 intervals.
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e For all non-increasing sequence (A, ),>1 consisting of unions of at most (d — 1)/2 intervals,
Moo, Ay is a union of at most (d — 1)/2 intervals.

U
Claim 3. For all s,s' € S,

/Rq/}2(s'/s) so dM < 4 (h*(so,s) + h*(s0, ")) -

Proof of Claim 3. The proof of this lemma follows from some computations as in Section 8.4 of [Bar11]
(see also Proposition 3 of [BB17]). Let /g = (v/s + V/s')/2 and

K ={teR, s(t)#0 or §(t) #0}.
Then,

IA

g/ (\/——f) dM+/ (vso — V&) 2 AM + h2(s, s')
K
< 2h (507 ) + 2h2(507 S,) + h2(8, 8/)'
We complete the proof by using h%(s, s’) < 2h%(sg, s) + 2h*(so, §'). O

The lemma below is at the core of the proof of Theorem 3.

Lemma 4. For all £ > 0, there exists an event Q¢ such that P (Q¢) > 1— e and on which: for all
e€(0,1/12), s,s' € S,

(34) T(s,5) < (3+ 4e)h2(so, s) — %lﬂ(so, ) + e min {9(dy (5)), 9(ds ()} + eo log, (1/€).

In the above inequality, c; and cy only depend on £ and the convention ¥(+00) = +00 is used.

Proof. Let d > 3 be an odd integer. Claims 1 and 2 show that the assumptions of Theorem 11 in
Appendix A are satisfied with F = Gy. Therefore, there exists for all £ > 0 an event {2¢(d) such that
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P[Q¢(d)] > 1 — e~ and on which: for all € > 0, f € ¥, of the form f = ¢(s'/s), with s,s' € S,

1Z(f)] < ev(f) +c[0(2dg(s) +1) + Elog (1/€)] .
In this inequality, ¢ only depends on e. Let ¢ = ﬂd odd Qe y(210g(14+d))/n(d). Then,

P (27 < Y P [(Uerionraymn(@)] <D (1142 e
dd(;%d d:l

Moreover, on §¢: for all s,s' € S, f =1(s'/s) such that dy(s) < oo,

2log(2 + 2dy (s)) 1
(5 + n logy ¢ + 218020, )

2¢log(2 jz_ 2dy (s)) + c€log, (1/¢€)

1Z(H)] < ev(f) +cd (2ds(s) +1) + ¢

log

<ev(f)+cd(2dg(s)+ 1)+

< ev(f) + dV(dy(s)) + c€log, (1/€),

where ¢’ only depends on e. This last inequality remains true when dy (s) = oo using the convention
¥(+00) = +o00. Moreover, as | Z(—f)| = |Z(f)], v(—f) = v(f), ¥(s/s") = —1(s'/s), we may exchange
the role of s and s in the preceding inequality to get on Q:

(35) 1Z(f)] < ev(f) + ¢ min {9(ds(s")), (ds (5)) } + c&log (1/€).
Now, it follows from (2) that for all 5,5’ € S,
(36) T(s,s') < 3h?(so,s) — %hQ(so, s+ Z(w(s'/s)).

Therefore, we deduce from Claim 3 and from (35) that on Q¢: for all 5,5' € S,

4 1236 hQ(S(), 8/) + ¢ min {ﬁ(ds(sl)), 79(d5/(8))} +c§ 10g+(1/§)7

which proves (34) with ¢; = ¢ and ¢ = ¢. O

+ <2log(2 :2dsf(8))>

T(s,s") < (3 + 4e)h*(so, s) —

We now finish the proof of Theorem 3. Lemma 4 implies that on Q¢: for all s,s" € S,

4 1235 h2(s0,s") + c19(dy () + caélog (1/€).

(37) T(s,s') < (34 4e)h*(sg,s) —
Thus, for all s € S,

(38) 2(5) < 3+ 42)h2(S0.8) — —— 2 12(s9, 5) + e sup Ddy(5)) + ot log (1/£).

12 s'eS
By using T'(s,s’) = —T(s', s), we deduce from (37) that for all s,s" € S,
4—-3
= Sh2(s0, ') — (3 + 4e)h2(s0, 5) — c19(dy () — caf log,, (1/€) < T(s', s).
Any p-estimator 5 satisfies on (¢: for all s € 5,

- 3€h2(so, 8) — (3 +4e)h*(s0,8') — c19(ds(s)) — ca€log, (1/€) < T(3,s)

v(8)
v(s) +1/n.

(39)

IN A
>
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Using now (38) and 1/n < supycg?¥(dy(s)), we deduce when ¢ € (0,1/12),
(40) h2(so, §) < 11612 {cl,ahz(so, s) — h2(so, S) + c2c sup 9(dy (s)) + 02,€§log+(1/§)} ,
S s'eS
with ¢ . = 24(3 + 4¢)/(4 — 3¢), and with ¢y . depending only on e.
When s € S and s’ € S, Assumption 2 says that dy (s) may be defined by d, (s) = ds(s). Therefore,
(40) becomes

h?(sg, §) < ing {e1.:h%(s0,8) — h*(80, ) + c2,.9(ds(s)) + c2.&log (1/€)},

se

and it remains to choose ¢ arbitrarily in (0,1/12) to prove the theorem. g

6.4. Proof of Proposition 4. We begin by proving the following lemma.

Lemma 5. Consider framework 2, and suppose that G is continuous. Let & > 0 and suppose that
there ewists a positive random variable & satisfying
ogn logn

(41) (70 + 16¢) 1% < Galdg) < (714 16§) ==

There exists an event which holds true with probability larger than 1 — n=¢ and on which: for all
t € [0,d¢], Gn(t) <4G(t) and G(t) < (9/4)Gn(t). Moreover, for all estimator § € S,

. R logn
(42) h(s0,81j0,a0) < (9/4)h (s0 106, 8Lj0,a)) + (80 + 18¢) i

. . logn
(43) h?(s0,81[0,6,)) < 407 (s0L[0,.5,): 81 [0,6s)) + (321 + T3¢) i .

Proof of Lemma 5. We need the celebrated Vapnick-Chervonenkis inequalities for relative deviations
(Theorem 14 in Section D.3). We apply this result with B = {[t,+00), t > 0}, Sg(2n) = 2n + 1
and 2% = 4¢(logn)/n + 4(log 2 + log(16n + 8))/n. There exists therefore an event Q¢ such that
P(Q¢) > 1—(1/2)n"¢ and on which: for all ¢ > 0,

V() - Va)| <.
The assumption on d; ensures that 42? < G,,(G¢) and hence: for all ¢ € [0, &,
VGull) — VG| < (1/2)y/Gulée) < (1/2)V/Gal0).
We deduce: for all ¢t € [0, &¢], Gy (t) < 4G(t) and G(t) < (9/4)Gn(t).

Now,

h(s0,8110,4.) < PE(s0L10,a0)> 810,6)) + M (801 [, +00): 0)
< (9/4)h*(s0Lo,a¢)> 810,6¢)) + P (S0 L i, +00): 0)-
If Go (resp G¢) denotes the survival function of C' (resp T'), G = G¢Gr and thus

1
h(s01 (4, +00), 0) = 5/

oo

1 [ 1 [
s0G dy = 5[ soGeGrdu = 5[ foGe du.
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Therefore,

1 [ . 1 . . L., .
h (8014 1000, 0) < <§/a fo dﬂ) x Go(ae) < 5G1(G¢)Ge(de) < 5G(Ge)-

It remains to use G(d¢) < (9/4)Gp(Gg), Gn(dg) < (71 + 16€) (logn)/n to get (42) on Oy ¢.
As to (43), note that
h*(s0, 81[0,a¢]) < h*(s0lo.a¢) 810,6¢)) + 77 (S0L[ag,+00): 0)
(44) < 4N (soljoac)s 810.a¢]) + h* (30 Ljag +00): 0)-
If (9/2) (71 4 16&) (logn)/n > 1, we set a = 0. If not, there exists a number o > 0 such that

9 logn
=— (71416 .
- (71+16¢) =

G(a)
On Q¢ 1,
Glag) < ZGn(é@ < Z(?l +16¢) loi”-
Therefore a < é¢ and (44) leads to
(45) h*(s0, 81 [0,a¢) < 405 (s0Lj0,a¢], $L0,a¢]) + B (S0 L 400): 0)-

It follows from Bernstein’s deviation inequality, and more precisely from (86), that there exists an
event ¢ o such that P[Q¢ ] > 1— (1/2)n~¢ and on which

°° o 1 log 2
/ S()Gn < 2/ S()Gdu + 2%

Since fso soGdu < G(a) (see the preceding computations),

o0 1 log 2
/ s0Gn < 2G(a) + 250{%“"%.
We deduce,

Elogn + log 2
—_—

h2(801[a +00),0) < G(a) +

By using (45), we get on ¢ 1 N ¢ o,

R R logn + log 2
h*(s0, 81[0,a,) < 405 (s0lj0,a) $1j0,as)) + Gla) + gng

No matter if (9/2) (71 + 16¢) (logn)/n is smaller or larger than 1,

G(a) < g (71 + 16¢) 208"

n )
which shows (43). O

Lemma 6. Consider framework 2, and suppose that G is continuous. Let & > 0 and suppose

that there exists a positive random variable ég¢ satisfying (41). There exists an event which holds

true with probability larger than 1 — n=¢ and on which: for all k, > 0, all estimator § € S, and

5§ = min{s, /{n}]l[07@5},

logn logn
BT 1 4 (803 + 183¢) i .

(46) h%(s0,8) < (9/2)h*(s0,8) + 9P | fo(T) > 70k,
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Proof of Lemma 6. We derive from (42) that with probability larger than 1 —n=¢,
log n

I (50, 3) < (9/4)h*(s0Lj0,a¢], 3) + (80 + 18¢)

Now,
h?(s0lj0,a.):8) = h* (801 (0,40 La<nn, $110,6¢) La<nn) + h2(S0L[0.a¢ Losnnr fnlio,ae Losnn)
< h*(s0,8) + h*(soljo.a¢ Lasrns fnL0,6e) Lssn, )-
We need to bound above the second term of this inequality. We have,
(301 [0,6¢ 1> kns fnL0,6¢) Laswn) < 77 (80106 16>k s0<hn fin L[0,a¢) 1> kn s0<hn)
+ hz(So]l[o,ad Ls> 80> n s 5 L[0,6¢) Ls>n,50 >m ) -
Yet,
1 (301[0,6) 15>k s0<rn» Fin L[0,a¢ Lssrnso<na) < h7(s0,5),
hz(So]l[o,ag] Lsskn,s0>mns BnL[0,6e) Lishn,s0>nm) < hz(So]l[o,ag] Lso> ks finLi0,ag] Lso > )-
By putting all these inequalities together,
10g n

(47)  hg(s0,3) < (9/2)h(s0,3) + (9/4)h” (50L{0,6¢] Lso>rn» KinLj0,a¢] Lso>rn) + (80 + 18¢)

We now derive from (43),

logn

h2(50]l[0,é5]]lso>nna /{n]]-[O,olg]]]-So>nn) < 4h2E'(So]]‘[0,d§]]]‘SO>Hn7 ”n]l[o,dg]]lso>lin) + (321 + 735)

log n

IN

bre
2/ (S0 + kn) Lsg>r, Gdp + (321 + 73¢)
0

logn

G
< 4/ S0Lso>r, G dp + (321 + 73¢)
0

log n

<4 / follsosrn it + (321 + 73¢)
0

As G is a non-increasing function, we deduce that for all ¢ € [0, ],

log n logn

G(t) = Gag) = (1/4)Gn () = (70 + 16)

> 70
n

Moreover, sg(t) > £, implies when ¢ € [0, G¢],

logn

fo(t) > knG(t) > T0ky,
Therefore,

logn

e
/ fo]]-50>lin d,u <P f(](T) > 70k,
0

We are now in position to state:
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Proposition 9. Consider framework 2, and suppose that G is continuous. Let & > 0 and suppose
that there exists a positive random variable &g satisfying (41). Then, for all estimator § € S, and
§ = min{s, /-in}]l[oﬁd,

E [h2(s0,5)] < (9/2)E [h2(so, )] + (803 + 1835)10% 9P [ Fo(T) > 70k, log”] LB

o2né

Proof of Proposition 9. Let A¢ be the event given by Lemma 6. Then P (A¢) > 1 — n~¢. Moreover,

E [h%(s0,3)] <E [k (s0,5)1a.] +E [h%(soyg)hg] :

We have,

1 [ 1 ) 1 E[X

h2E(507§)§_/ (So+§)Gd,u,§—<l—|—/ l‘inGd/L> SL[L

2 Jo 2 0 2

and hence,
~ - 1+ k,E[X

E [h3(s0,3)] < E [h%(s0,8) L] + TH

It remains to use (46) to finish the proof. 0

We may use this result with ¢ =5, k,, = n® and apply Markov’s inequality

logn n * 9
< d
} ~ 70k, logn/o Jodp

to get Proposition 4. Note that there exists a random variable & satisfying (14) if 150(logn)/n < 1
that is n > 1043. O

P | fo(T) > 70k,

6.5. Proof of Theorem 5. In each framework, the measure N can be put in the form N(A) =
n~t > i La(Y;) where I c{1,...,n}, and where the Y; are suitable real-valued random variables.
For instance, in framework 1, I = {1,...,n}, ¥; = X;, in framework 2, I = {i € {1,...,n}, D; = 1},
Y; = X;, and in framework 3, I = {i e{1,... ,n},Tl(f()) € Ipst, Vi = Tl(f).

Set J={i €I, Y; € K}. Then, for s,s' € S, T(s,s') and Lx(s) take the form

-2 () e

jeJ

ﬁK(s):%Zlogs(Yj)—/ sdM.

The proof is straightforward if J = () since then 47 (s, s') = L (s')—Lx (s) and 4y(s) = supyeg Lx (s')—
L (s). We suppose from now on that J # 0.

Claim 4. Let 8" = {s € S, Li(s) # —oo} and s € S’. Then, supycg T(s,s") = 0 if and only if
supycg Li(s') — Lx(s) =0.
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Proof. Suppose that supycg Li(s') — Lk(s) = 0.
Let S1={s€ S, s=¢, N as}and S, =5"\S]. When s € 5],

T(s,s) = —i/K(s’—s) dM

(Lr(s") — Lk(s)).

I

Therefore, T'(s, s’) < 0.

Let now s € S,, u € [0,1] and ( = s’ —s. Note that s + u¢ = (1 — u)s + us’ € S’ and thus
L (s+ul) — Lx(s) <0. We introduce the real-valued map p; for u € [0, 1] defined by

p1(u) = Lx (s +uC) — Lk (s)

_—Zl <+—?)C()>—U/Kng.

We now define p9 for u € [0,1] by

pa(u) = 4T(s, s+ uC)

—Z¢<+—UC> _u/ CdAM.

Some computations show that g and g9 are twice differentiable on [0, 1] and
©1(0) = 2(0) =

0
, , 1 ¢(Y))
0 =) =3 3 yj - [ cam

pL(0) = =——Z<< .

Therefore, ©(0) and @ (0) are always negative.

Since p1(u) is non-positive for all u € [0,1], ©}(0) < 0. The above computations show the existence
of uy € (0,1] such that pa(u) < 0 for all u € [0,u;]. Now, g9 is concave, and hence non-positive on
[0,1]. In particular, po(1) = T'(s,s’) <O0.

Likewise, supycg T(s,s") = 0 implies supycg Lx(s") — Lk (s) = 0.
O

Let § € S such that Lx(5) > Lk (s) for all s € S and Lk(5) # —oo. The above claim then shows
that T'(8,s) < 0 for all s € S such that Lx(s) # —oco. Choose now s € S such that Lx(s) = —o0.
Define for v € [0,1], s, = (1 —u)§ + us € S and note that s; = s. If u € [0,1), Lx(sy) # —00 and
thus 7'(8, s,) < 0. The continuity of the map u € [0, 1] — T'(5, s,,) ensures that T'(5,s) < 0. Finally,

v(5) =0.
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Conversely, let § be a p-estimator satisfying v(§) = 0. We begin by proving that Lx(§) # —oo.
Consider s € S such that Lx(s) # —oco and define for u € [0,1], s, = (1 —u)§ +us € S,

p3(u) =T(8, sy)
B (1 —u)5(Y;) + us(Y;) 1 .
“Z‘”< S0 >‘1/K(S“‘S)dM'

Therefore, if J' # () choosing u > 0 small enough leads to p3(u) > |J'|/(2n) > 0, which is impossible
as v(3) = 0. Therefore, J' = @ and L (5) # —oo. The claim then asserts that for all s € S such that
LK (s) #—00, Lk(s) < Lk(8). This inequality being true if Lx(s) = —oo, the proof is complete. [

6.6. Sketch of the proof of Theorem 6. We define the elements Y;, I, J as in the proof of
Theorem 5. Let for z € [0, 4+-00], ¥2(z) = ¢(2?) and for f, f’ € F,

Ta(f. 1) = Zw () -1 [ 2=y

Lio(f) = Lr(f?) = Zlog f(y, /K f2dM.

]EJ

The proof is very similar to the one of Theorem 5. The main change lies in the replacement of the
symbols S, T', Lx by F, To, L. We will only give some insight into why Claim 4 remains valid
under these modifications.

As in the proof of Theorem 5, we may suppose that J # 0.

Claim 5. Let F' = {f € F, Li2(f) # —oo} and f € F'. Then, suppcx Tao(f, f') = 0 if and only if
Supf/e]:/ £K72(f/) — £K72(f) = 0

Sketch of the proof. We prove that suppcz Lx2(f') — Lx2(f) = 0 implies supp ez To(f, f') =
The proof of the converse is similar.

Let F{ = {f' e F, f'=f, N as} and F), = F'\ Fj. As in the proof of Claim 4, T5(f, f') =
(Lr2(f") — Lrx2(f))/4 when f' € F| and is thus non-positive. Let now f € F}, u € [0,1] a
¢=f"—f. Note that f+u¢ = (1 —u)f +uf’ € F and thus Lk o(f + u¢) — Lx2(f) <O.

We introduce the real-valued map gy for u € [0, 1] defined by
p1(u) = ﬁKz(f +uC) — Lk 2(f)

_Z L«YJ>_ 2 [ 240
Zl ( ) u/KC dM 2u/K<fdM.
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We now define g9 for u € [0,1] by
p2(u) = 4T5(f, f + u()

_ %;w <—f(39}?};‘f(yj)> —u2/Kg2 dM—Qu/K(fdM.

Some computations show that p1(0) = p2(0) = 0, ©}(0) = 5(0), {(0) = p5(0) < 0.

As pi(u) is non-positive for all u € [0,1], ©}(0) < 0. There exists therefore u; € (0, 1] such that
p2(u) <0 for all u € [0,u1]. Since 19 is concave, o is also concave, and g9 is non-positive on [0, 1].
In particular, po(1) = Ta(f, f') < 0.

O

6.7. Proof of Lemma 2. As in the proof of Theorem 5, the measure N can be put in the form
N(A) =n~tY . ;1a(Yi) where I C {1,...,n}, and where the Y; are suitable real-valued random
variables.

Note that if K N {Y(y),...,Yn)} = 0 then,

Li(s) == [ sty
K
and the supremum SUPsep, (K) Lk (s) is achieved at §g = 0 and equals 0. We now suppose that

Let G,, be the Radon—-Nikodym derivative of M with respect to the Lebesgue measure pu. Then,
Gp =1 in framework 1, Gp(t) = n~ " 37" 1x,5¢1)9 400)(t) in framework 2 and

n
Gn(t) =n~"t Z 1x§2:1]lfobs(t)
i=1

in framework 3. Let k be the largest integer of {1,...,7} such that Y1) belongs to K and K' =
K N (=00, Y] There exists some a > 0 such that (Y —a, Y(y)) C K'. Moreover, we can choose a
small enough to get G(t) > 1/n for all t € (Y — o, Yip).

Let now s € Pr(K). Then, Lk (s) takes the form

Li(s) = 5 3 (og () Lie(¥) — [ s()Gu(t)

iel K
and is bounded from above by
1 (Yo
Lk (s) <log, | sup s(t) | — —/ s(t) dt.
tEK/ n Y(k)—a

We endow the linear space consisting of polynomial functions of degree at most r with the two
following norms:

Y
lls]l1 =/ s(®)] dt,  |Isllcc = sup [s(t)].
teK!

Yiry—a
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This linear space being of finite dimension, there exists C such that ||s|lcc < C||s]|1 for all s € P,.(K).
Now,

S|l1
Lxls) <log, (Clsf) — 1L
The continuous map Lx () tends therefore to —oo when ||s||; — +o00. As there exists at least a

function s € P,(K) such that Lx(s) # —o0o, §x does exist.

For the second part of the lemma, we use Theorem 5 to deduce that T'(Sx,skx) < 0 for all
sg € Pp(K). If s € Pp(m) is of the form s = Yo, 5k,

T(3m,8) = Y T(5k,5K) < 0.
Kem
Thus, 7(8,,) = 0 and §,, is a p-estimator on P,(m).
Finally, §,, maximizes

LUwen(5) :/U log sdN — sdM

Kem UKGm

over s € Pp(m). As s vanishes outside U em, Lug,,,(s) = L(s) if N(Ukem) = N(R). O

6.8. Proofs of Theorems 7 and 8. It is convenient for the demonstration to encompass the two
procedures into a more general selection rule we now describe. Theorems 7 and 8 follow from
Theorem 10 below. Their proofs are given in Sections 6.8.2 and 6.8.3.

We consider an arbitrary (possibly random) set A. For each A € A, we consider an estimator &y
with values in §. Our aim is to select an estimator among the collection {§y, A € A}.

We consider for each A\ € A a (possibly random) model Sy € 8. We associate to each A € A,
s € S, two penalty terms pen, ,(s) and peny()). We finally define the criterion v4 by

~v4(8)) = sup [T(§>\,s) — penLA(s)] .
SES’A

The selected estimator 85 is then any estimator among {5), A € A} satisfying
74(55) + 2peny(A) < inf {74(8)) + 2peny(A)} + 1/n.
€

The risk of this estimator is bounded from above as follows.

Theorem 10. Let (Zg)q>1 be a non-decreasing collection of Borel sets that fulfils Assumption 1,
and dy (s) be the notation introduced in Section 6.3. Let for & > 0, Q¢ be the event given by Lemma 4.

It satisfies P (£2¢) > 1 — e, We suppose that there exist two real valued maps, A(-) > 0 on A, and
d(-) > 1 on 8 such that

(48) ds, (s) < d(s) + A\ forall X € A, s € Sy.

We suppose that there exist a (possibly random) model S c Miei Sy and a map pen;(-) on S such
that

(49) peny ,(s) < peny(s) + peng(\)  for all s € S, AeA.
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There exists a universal constant L1 such that if for all A € A, s e Sy,

(3)1 2

" (i)

peny(A) > Ly AT(:\) log%r (ﬁ) ,

(50) pen; A (5) > Iy

and if for all s € S,

d(s) , n
pen,(s) > Ly p log?. (d(s)) ,
then, on Q¢
h*(s0,8;) < c <inf {h?(s0, $\) + peny(\) } + inf {h*(so,s) + peny(s)} + {10g+(1/§)> .
AEA ses

In the above inequality, c is a universal constant and the convention 0 X logﬁ_(n/O) = 0 is used when
A(N) =0.

6.8.1. Proof of Theorem 10. Let ¢ € (0,1/12). Lemma 4 asserts the following on €)¢: for all 5,5’ € S

4 1235}12(50,3’) + ¢1 min {ﬁ(ds’(s)),ﬁ(ds(s’))} et log, (1/€)

where ¢1, c2 only depend on € and where ¥(-) is given by (31).
Let A € A and s € S). Then,

(51) T(37 3/) < (3 + 4E)h2(507 S) -

4 1236}12(507 3) + 0119 (dg)\ (3)) + 026 10g+(1/§)

Note that ¥(d;) < 1.489(dy) for all d; < dy. Therefore,
T(3,8) < (3 +4e)h?(s0, 8x) + 1.48c19(d(s) + A(N)) + c2€ log., (1/€)
3+ 4e)h*(s0,8x) + 1.48¢19(d(s)) + 1.48c19(A(N)) + caélog (1/€).

T(5x,5) < (3 +4e)h*(s0, 5)) —

<
<

—~~

If Ly is large enough,

T(3x,5) < (3 + 4e)h*(s0, 81) + peny 5 (s) + peny(A) + ca€ log  (1/€),
and hence
(52) 7(32) < (3 +42)h*(s0,81) + peny(A) + 2 log (1/€).
We now derive from (51) that for all s € S e
4 — 3¢

12

Using moreover that T(§5\, s) = —=T(s, 55) we deduce,

4 — 3¢
12

T(s,3;) < (3 +4e)h*(so,s) —

h*(s0,33) + c19(ds; (5)) + c2€ log  (1/€).

h2(so, 35) < T(55,5) + (3 + 4e)h?(sg, s) + Clﬁ(déi (5)) + c2€log, (1/€)
T(35,8) + (3 + 4e)h*(s0, ) + 1.48c19(d(s) + A(N)) + e2€ log  (1/€)
T

(85,5) + (3 + 4e)h?(s0, 5) + 1.48¢19(d(s)) + 1.48c19(A(N)) + e2€ log. (1/€).

IA

IN
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If Ly is large enough,
4— 3¢
12

1

§pen2(5\)

h?(so,35) < T(35,8) + (3 +42)h*(so,s) + %penLj\(s) +
+ cp€log, (1/€) —1/n
< |T(35,8) — penM(s)] + %penz(i\) + [(3 + 4e)h3(sg, 5) + gpen175\(s)]
+ cp€log (1/€) —1/n.

Since this inequality is valid for all s € S 5 and S c S,

4—3 1 N 3
= 5h2(so7 85) < a(85) + §pen2()\) + inf {3(1 + E)hz(so, s) + §pen1 ;\(s)}
seS ’

+ o€ log (1/€) — 1/n.

We deduce from (49),

4-3 2 3
5 €h2(so, 55) < a(85) + 2peng(A) + inf {3(1 + €)h%(so, 5) + gpenl(s)}
seS
+ € log (1/€) — 1/n.

By using the definition of A and (52), we get for all \ € A,

4-3 3
G 8hz(so, 55) < 74(8)) + 2peny(A) + inf {3(1 + €)h*(s0, 5) + §pen1(s)} + 2c2€ log, (1/€)
ses

< (34 42)h2(s0, 6) + 3peny(A) + inf {3(1 )R (so, ) + ;penl(s)}

seS
+ 2c9¢ log, (1/€).

It remains to take the infimum over A € A to finish the proof. O

6.8.2. Proof of Theorem 7. We will apply the selection rule developed in Section 6.8 to pick out an
estimator among {3y, A € A} = {§n, me M Z} For this purpose, we need to explain the values of
the different parameters involved in the procedure. We define Z; as the collection of unions of at
most d intervals. We set S = {8,,, m € 'A//\lé}> and for m € 'A//\lé’

Sm = { Z §mK]lK, mg € M\f}
Kem
Note that the assumption S C n,, T, S,, of Theorem 10 is fulfilled. We define for m € M » K em
4
and mg € M, the partition mg VK of K by (20). A function s € S, of the form s =), 5m, 1k

is piecewise polynomial. In the sequel, m(s) designs a partition of M of the form

m(s) = U mg V K,
Kem

with minimal length that is such that

|m(s)| :inf{ Z mg VK|, s= Z §mK]lK}.

Kem Kem
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Let S = U= P, and note that S, C S forallm e M\Z' Let s € S and k > 1 be the smallest integer
for which s € Py ;.. It follows from Proposition 1 that Assumption 2 is satisfied with S =P, = and

dp.

i (s) = (({V k) +2)(r+2). In particular, for all m € ./(/(\2 and s € S, we may set since 3, € Pi

ds, (s) = égfl ((f\/ k) +2)(r +2).

'Pk;BS

We now define d(-) for s € S and A(-) for m € M\lg by

d(s) = inf (k+2)(r+2), A(m)={(r+2).

'Pk;BS

We define d(-) arbitrarily when s ¢ S. Note that (48) is satisfied. We now define Ly = 6L; and the
penalties for L > Lo, m € M; and s € S, by

peny (s) = L+ Dlm(s)] 1zg2+(n/(r + 1))7 e (m) = Lot 1)¢ logi(n/(r +1)

The first penalty satisfies the lower bound (50) since
d(s) < (r+2)(Jm(s)| +2) < 6(r 4+ 1)|m(s)| for all s € S,,.
It remains to define pen,(s) for s € S = {4, m € M\é}.

Claim 6. For all m,m’ € M, |m(éw)| < |m| + |m/|.

Proof of Claim 6. We have,

m(5m)| < > Imi VK]
Kem

<) HKnK K emKnK +0}|
Kem
<H{ENK' (K,K')emxm/,KNK'#0}|.

Since m and m’ are collections of intervals, |m(8,,/)| < |m|+ |m/|. O

Tt then follows that for all m,m’ € M 3

(r+ 1)01og? (n/(r + 1))

peny ,, (8y) < L + peny(m).
The penalty defined by
L(T + 1)€logi(n/(r +1))

n

pen; (§,y) =
satisfies therefore (49).

Note now that the selection rules described in Sections 6.8 and 4.3 coincide. Theorem 10 controls
the risk of the selected estimator: for all £ > 0, there exists an event ()¢ of probability larger than
1 —e ™, and on which:

h?(s0, ém) < C ( inf  {h*(s0,3m) + peny(m)} + inf {h*(so,3m) + pen; ($m)} + §log+(1/§)> :

mEMlz mEMlﬁ
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where C' is a universal constant. By using the definition of the penalty terms,

lon sl <€ { inf {12(s0,4m)} + LT Dflog? (n/(r + 1))

mEMlﬁ n

+§10g+(1/§)}7

where C’ is a universal constant. It then remains to use the fact that §,, is a p-estimator on P,.(m)
to get a bound on h*(sg, §,,) on the same event ¢ (the event that appears in Theorem 3 to control
the risk of a p-estimator is the same that the one that appears in Theorem 10. It is, in each case,
defined by Lemma 4). O

6.8.3. Proof of Theorem 8. The proof is almost the same as in the case of Theorem 7. The modifica-
tions are very mild, and this is the reason why we only specify the values of the different parameters
involved in the procedure of Section 6.8:

S = {8m, m € Mgémax}

S, = { Z Smp LK, Mg € M\<2max} for all m € M\<émax
Kem ; ;
1)|m|log? 1 —
pen; (8,,) = peny(m) = L(T + Dimilog: (n/(r + 1)) for all m e M_;

n max

O

6.9. Proof of Corollary 2. This corollary follows from (23) and the lemma below whose proof is
given in the next section.

Lemma 7. Suppose that condition (25) is met and r = 0. Then, for all £ > 0, the following holds
with probability larger than 1 — e~ for all £ € {1,... 7 — 1}, m € M, written as in (4) and such
that Y1y and Y(z) belong to [1,xp11], there exists m' € My such that the p-estimator §,, satisfies

2
(53) h*(so, 8m) < C {h2<sO,7>o<m>> + mgzw +£1og+(1/£)} :

O

6.10. Proofs of Lemmas 7 and 3. We set M = [J,~; M. The following claim will be useful in
the sequel. -

Claim 7. Let £ > 0 and $¢ be the event given by Lemma 4 when I, is the collection of unions of at
most d intervals. Then, P (Q¢) > 1 — e ™. Letn>0,r >0, and m,m' € M. The following holds
on Q¢: for all piecewise polynomial estimators $py, € Pr(m), $py € Pr(m') such that T3, $py) > —1,

o8 < € {08 + R o (i ) + o 1)+

Moreover, if 8, is a p-estimator on P,.(m),

(r+1)|m|

150, 50) < € {1250, P on) + g2 () + €loe. 1/6) )

In the above inequalities, C' is universal.
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Proof. Let e =1/24. On Q¢:

4 — 3¢

(54) T (3 8mr) < (34 4)h% (0, 81m) — o

h2(507 gm’) + Clﬁ(d§m/ (gm)) + 62§ 10g+(1/§)7
where ¢; and ¢y are universal constants. Now, §,, and §,,, belong to P,.(m”) where
m" = {KNK', (K,K')emxm/, KNK'#0}.

Yet, |m”| < |m| + |m'|. Thereby, 3, and 5,y belong to Pj;y|1|m|,» and it follows from Proposition 1
that we may set

dy (8) = (Im| + |m| +2)(r + 2).

m

We now bound ¥(ds (8,,)) from above in (54), and then use T'(5,,,5,) > —n to prove the first
inequality of the claim. The second one follows from Theorem 3 and Proposition 1. O

Proof of Lemma 7. Let m € M}, be a collection written as

m = {[xl’xﬂv (l‘2,$3], (l‘3,l‘4], s (nyxZ—i-l]}

and such that 1 <Y(y), and Y(3) < z¢41. We may define a partition m € M, of the form

m = {[71, 2], (T2, T3], (T3, Ta), - - -, (Te, Tet1]}
where Z1 = Y(q) and Zyy1 = Y(3) and whose intervals are included into the ones of m.

Let 8, and $5 be p-estimators on Py(m) and Py(m) respectively. We order the intervals of m
as follows. We define ¢ intervals Iy, ..., I, such that m = {I1,...,I;} and such that the value §g
on I, denoted by 3y, is non-decreasing when j grows up. We denote the endpoints of I; by a; < b;.
We now define j; as the largest integer of {1,...,n} such that Y(,) < a; and jo as the smallest
integer such that Y(;,) > b;. When j; = 1, we set K; = [Y(;,),Y(;,)] and when j; # 1, we set
Kj = (Y{(j,),Y(j,]- Note that Kj; is the smallest interval containing I; that is either of the form
Yy Y] or (Y1), Yol

Define J; = K; and for j € {2 L T =K\ Ug:_ll K;. Since K; ¢ K; when i # j, K; \ K; is
an interval. Therefore, J; = (/_;(K; \ K;) is also an interval. When it is not empty, it is either of
the form [Y(y), Y{;)] with i > 1 or (Yii1)» Y(ig)] with i1 < 1'2 The collection m' = {J;, j € {1,...,(}}

defines therefore a partition of [Y(l), Y{#)] that belongs to M ¢ with ¢/ < ¢ (we must remove the empty
sets). Let s be the step function of Py(m’) defined by

4
S = Z‘éfj]ljj’
j=1

We now prove that s < 5. When ¢ & [Y(1), Y], s(t) = 5
j €{l,...,¢} such that ¢t € I; and j/ < j such that ¢t € J;
81, < 81;, we finally deduce that s(t) < 87 (¢).

12

(t) = 0. When t € [Y(y), Y(3)], there exist
. Therefore, s(t) = §1,. By using that

Consider an interval I; € m and let us denote the cardinal of {Y(Z-), Yo €11 €41,... ,ﬁ}}
by kj. When k; > 3, there exists at least k; — 2 random variables Y(; that belong to I; but not to
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Ujreqr,...a} K. Such Y(;) belong therefore to J; and satisfy s(Y(;)) = 8n(Y(;)). Therefore,
J'#3
[{Yi: s() # 8 (V). i € {1, A} | = Z [V, s(Viy) # 8 (V). Yoy € Ly i € {1, Y}
(55) < 26.
It follows from s < 3y, (55) and (25) that T'(s, 5,) < 2¢/n. We now use Claim 7 to get on ¢
(56) 1(s0:5) < € {1250, 8m) + - log? (10 + €log (1/6) }.

where C' is universal.

We may refine the partition m’' € My to get m’ € My such that Po(m’) C Po(m’). Let &,
and $;/ be p-estimators on Py(m’) and Py(m’) respectively. There exists a universal constant C’
such that on :

h*(s0, $m) < C' {h2(50,770(m/)) + élogi (n/t) + {10g+(1/§)} :
By using that s € Py(m') C Po(m’) and (56),

h?(s0, 8m) < C' {hz(so,s) + élog%r (n/l) + {10g+(1/§)} ,

(57) < C,//{}12(50,§m)—|—§log%r (n/€)+£log+(1/£)} ,

where C” is universal. Note now that §m]l[y(1)7y(ﬂ)} € Po(m) and thus T'(5, §m]].[y(1)’y(ﬁ)]) <0 as §5
is a p-estimator on the convex model Py(m) (see Theorem 5 and Lemma 2). Now,

A A 1 . ;
T(Sm, Sm) = T(Sm, Sm]l[y(l)’y(ﬁ)]) + Z </R Sm]l[y(lyy(m} dM — /Rsm dM>
<0.

Therefore, Claim 7 asserts that

2 A " 2 a ¢ 2
(59) B (50,6m) < € L 12(s0,80) + - log? (n/0) + Elog, (1/6)
where C" is universal. By using that §,, is a p-estimator,

l
(59) (50, 50) < " {1¥(s0, Pum) + £ 10g2 (/1) + €log (1/6)}.
It remains to put inequalities (57), (58) and (59) together to finish the proof. O
Proof of Lemma 3. Note that we may always suppose that
{Kn{Yqyy,....Y5)}, K € m}

contains Y(1) and Y(3) (up to an increase of |m| by 2). Let

Then, m; # 0 and we may write m; = {Kj, j € {1,...,k}} where 1 < k < ¢ and where Kj is an
interval with endpoints a;, b; satisfying a1 < b1 <as <by <....
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Let us recall that the p-estimator §,, is of the form
Sm = Z S where §x maximizes Lk (-) over P,.(K).
Kem

When K € m does not belong to m1, §xg = 0 and hence
k
Sm =Y 8k,
=1

For each j € {1,...,k}, we set oj = min{Y(i), Y € Kj}, Bj = maX{Y(i), Y € Kj}. We define
for j S {2,...,k‘ — 1}, J2j = (ﬁj,()éj.H] and for ] S {2,...,]{7}, Jgj_l = (Oéj,ﬁj]. If 51 = }/(1), we
set Ji =0, Jo = [B1,a0] and if 81 > Y3y, J1 = [Y(1),51], J2 = (B1,2]. Note that Jo; 1 C Kj for
all j € {1,...,k}. The collection m’ = {J;,j € {1,...,2k — 1}} defines a partition of M such that
|m’| < 2k — 1. We define the p-estimator

Ed

-1

k
§m’ = E <§J2j,1 + <§J2j7

<
Il

where §4 maximizes L£4(-) over Pr(A) for all non-empty interval A with the convention that sy = 0
when A = (). We now consider

k
Sy = E <§J2j71.
J=1

Note that 5, also belongs to the random model P,.(m’) and hence T'(5,,/, 5,/) < 0. We deduce from
Claim 7 and from |m/| <2k —1 < 2¢ — 1, that on Q¢

. _ (r+1)¢ n
(60) h*(s0, 8mr) < C {hQ(sO,smf) o log? i) " log, (1/€) ¢,
where C is universal.
Now, for all j € {1,...,k}, such that Joj_1 # 0,
(61) T (§J2j71, §Kj]lJ2j,1) <0,

since §7,, , maximizes Lj,; ,(-) over P.(Joj—1) and that 3k 1,,, , € Pr(Joj—1). When Jp; 1 = 0,
T (875;_1+8K,;11,;_,) = 0, and thus (61) also holds.

We define
k
A= By
j=1

We deduce from (61) that T'(5,, 14, $m1a) < 0. Therefore,
T(Sms8m) =T (S la,8mla) +T(0,8,14¢)
<0+ T(0,5m1 4c)

< [ 0 (/o) an.
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where we recall the conventions (0/0) = (1) = 0, ¥(x/0) = ¥(c0) = 1 for all z > 0. Let
B = U§:1 K. Note that $,, vanishes outside B and thus, as [¢)| < 1,

(62) TG, i) < / W (3/0) AN < N(B 1 A°).

BNA®
Now,

N(BN A =

||[ij

N(J2j-1)}-

Since «j, B € {Y;,i € I}, we deduce from (25) that N(K;) — N(Joj—1) = N({e;}). In each of the
frameworks, N({e;}) < 1/n and thus N(B N A°) < k/n. By using (62), we get T'(5,,5m) < k/n.
Claim 7 with n = k/n < ¢/n ensures that on Q:

1)¢ n
206 = N < I p2(an 4 (r+ 2
(50 500) < O {1250, 80) + D bog2 () o1/
where C” is universal. Since §,, is a p-estimator on P.(m), we deduce that on the same event :
1)¢ n
2 a <" 2 (T + 2
(50 50) < " { (o0, o)+ D o (s ) + o 1/6)

where C” is universal. It then remains to combine the two last inequalities with (60) to finish the
proof. O
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APPENDIX A. A UNIFORM EXPONENTIAL INEQUALITY.

In this section, we present the key tool to control the error due to the approximation T'(s,s’) ~
Tg(s,s’). It is used in the proof of Theorem 3. Its proof is given in Appendix D.

We introduce for any bounded function f € 8, the centered random variable

Z(f):/Rde—/RfsodM.

It can also be written as

% Z (f(X3) —E[f(X3)]) in framework 1,
i=1
Z(f) = 1 Zn: (f(X,-)]lD:l — /OO f(t)so(t)Lx,>¢ dt) in framework 2,
n — i 0 iz
% Z (f(Tl(f()))]].]Obs (Tl(lo)) - /I f(t)so(t)]lxt(i):1 dt) in framework 3.
i=1 obs

This variable Z(f) measures the approximation error of Tg(s,s’) by T'(s,s’) when f = (s'/s). The
theorem below allows to control the deviations of Z(f).

Theorem 11. Let F C 8 be a set of functions f such that |f(t)] <1 for all f € F, t € R. Let A be
the collection of sets defined by

A={{teR, f+(t) >u}, feF,uec (0, )} U{{t eR, f-(t) >u},f € F, ue(0,1)}.
Suppose:

e in frameworks 1 and 2 that A is a Vapnik-Chervonenkis class of dimension at most 2d.
Moreover, there exists an at most countable set A" C A satisfying the following technical
assertion: for all A € A, there exists a sequence (Ay)m>0 € AN such that lim,, 1o 14, (1) =
14(t) for every t € R.

e in framework 3, that each set A € A is a union of at most d intervals.

Let, for f € F,
E[f2(X)] in framework 1,
u(f) = / FPsodM = n 300 [ fA(t)so(t) 1x, > dt in framework 2,
R nI \ fz(t)so(t)]lxu)_1 dt in framework 3.
obs t——

Then, there exists for all € > 0 an event which holds true with probability larger than 1 — e~ and
on which: for all f € F, and e > 0,

dlog? (n/d)
n

(63) 1Z(f)] ésv(f)JrCe{ +€10g+(1/£)}-

In the above inequality, C. only depends on ¢.

Theorem 11 is well tailored for bounding the risk of a p-estimator. Indeed, when f = 1(s’/s), the
random variable v(f) can be bounded from above as follows: for all s,s’ € S,

v (YP(s'/s)) <4 (h2(so, s) 4 h(so, ') .
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For the proof of this inequality, we refer to Claim 3 page 26. Under suitable assumptions on the
collection F = {1(s'/s),s,s’ € S}, Inequality (63) roughly says that with high probability (and
e=1/24):

(64) |T(s,s") — Tg(s,s')| < % (h2(so, s) 4 h%(so, ")) + Rg(n) forall s, s’ € 5.

The term Rg(n) depends on the probability of the event on which (64) holds true and the complexity
of S. The approximation T'(s,s’) ~ Tg(s,s’) is then accurate enough to control the risk of a p-
estimator §. Indeed, we deduce from (2), that for all s,s" € S,

1

£12(s0,5) — W50, ) ~ Ro(n) < T(s, ) < - W¥(s0,5) — ch(s0, ) + R(n).

We may then replace Tr(s,s’) by T(s,s’) and vg(-) by «(-) in the computations of Section 2.2 to
bound the risk of a p-estimator §. This leads to

h%(sg, 5) < 37h*(so,S) + 12Rg(n) + 6/n.
For a rigorous result, we refer to Theorem 3.

As a by-product of the proof of Theorem 11 we get the following proposition (to be proved in
Section D.6) which may be of independent interest:

Proposition 12. Consider framework 1 and an at most countable set F C 8 of functions f such
that |f(t)| <1 for allt € R, f € F. Let for u € (0,1), A, be the collection of sets defined by

Av={{t e R, f1(t) >u}, f e FIU{{t eR, f-(t) > u}, f € F},
and Sa,(2n) be the Vapnik-Chervonenkis shatter coefficient
Sa,(2n) = max R|{{t1,...,t2n}ﬁA,AGAUH-

1yeest2n€

Let 0% = Supfe]:E[fQ(X)] and Ty, = Supye(oq)logy |Sa,(2n)[.  Then, there exist universal con-
stants C', C" such that

E [sup|Z(f)]| <C inf { log(1/n) +/ sup\/ (|f(X)] > u) du}\/r—n—FCT—n
fer n€(0,1) n n
(65) SOF ﬁ@ﬂlﬂ+@l
n n

This proposition gives a bound on E [sup rer|Z(f) H that involves the Vapnik-Chervonenkis shatter
coefficients S 4, (2n) of A,,. This result may not be as sharp as the bounds based on covering numbers
(see Theorem 3.1 of [GKO06]). It is, however, rather convenient in the situations where the shatter
coefficients are easier to control than the covering numbers.

Our proposition may be viewed as a refined version of a result of [Bar16] when the random variables
X; are identically distributed and when A, is Vapnik-Chervonenkis with dimension d (apart from
constants). Such an assumption corresponds to a notion of (weak) VC-major class. In that case,
Sauer’s lemma [Sau72] implies

(66) E |sup |[Z(f)|| <C" |o

fer

I

\/dlog+(n/d) log, (1/0) N dlog, (n/d)

n n




48 MATHIEU SART

where C” is a number. If we put aside the constant C”, the main difference between this bound and
Inequality (2.8) of [Barl6] lies in the position of the logarithmic term log, (1/0): it is here involved
inside the square root while it is outside in [Barl6].
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APPENDIX B. ROBUSTNESS OF p- AND MAXIMUM LIKELIHOOD ESTIMATORS

We show here that the behaviour of a p-estimator can be very different from that of a maximum
likelihood estimator in framework 2.

Proposition 13. Let a > 0, s4(t) = t‘l]ltztx be the hazard rate of a Pareto distribution, and the
model S = {sq,a > 0}. Suppose that the data are not censored, that is C = 400 almost surely, and
that the target hazard rate is so(t) = fo(t)/P (T > t) where fy is a mizture of two Pareto distributions

defined for n € (0,1/2) by
1 Li>y 1Y I
t - — 1 _— ;‘
fO( ) n 2 + ( Tl> +2
Then, there exists a universal positive constant ¢ such that the risk of a maximum likelihood estima-
tor § is bounded from below by

E[h*(so, )] > clog(1/(2n)).
By contrast, the risk of a p-estimator can be bounded from above by

2
sup E[h%(so,8)] < -8,
n€(0,1/2) n

where C is a universal constant.

The risk bound log? n /n of the p-estimator is likely not optimal. However, we observe that it does
not increase when 7 runs from 1/2 to 0. This is different for the maximum likelihood estimator: its
risk may be made arbitrarily large by playing with 7.

Proof of Proposition 13. The survival function G and the hazard rate sg of T' are given by

I n T 7\ L
G(t) = Licjom) + (1 -+ E) Liep,1) + (1 -+ g) -

B n Liema) = Lt
n—1t+n t ¢

The maximum likelihood estimator on S = {s,a > 0} is § = s5 where & = min;<j<, X;.

Let A,, be the event on which there exists at least one observation X; smaller than 27. Then,
P(A,) =1—(1-1/(2n)" > 1—e 2> 0.39.

Let now ¢y be defined by the relation G(t
are not smaller than to. Then, P (B,)
parameters (n,2/3). Therefore, P (B,,) >

0.
(67) P (A,NB,) >

0) = 2/3 and B,, be the event on which n/2 observations X;
= P(Y > n/2) where Y is binomially distributed with
74 as n > 3, and

1—-

(P(AS) +P(BS)) > 0.13.

Define the empirical survival function Gy, (t) = n71 Y% | 1x,5;. Then, Gy(to) > 1/2 on B,. Since
G(1) >1—1/n>2/3 when n > 3, ty is not smaller than 1. We deduce on B,, that G, (t) > 1/2 for
all t < 1. Therefore,

h2(307 2

/(F Veo))

N
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Now, on A,, §(t) = 1/t when ¢t > 2n and hence using the definition of sg:

1 [t 7 2
h(sg.5) >~ - (1—-,/—L—— ) dt.
(SO’S)—4/2,775< <n—1>t+n>

2 2
. n n
f (1—y/—————| >(1—,/m—0/—F—— | >0.17.
t61[12177,1] < (n—1)t+ n) - < 2(n —1)n+ 77>
Therefore, h?(sg, 3) > 0.041log(1/(2n)) and
E[h?(sg, 5)] > 0.041og(1/(2n))P (A, N By).

It remains to use (67) to conclude.

Now,

We now turn to p-estimation. The model S fulfils Assumption 2 with ds(-) = 1, S = S and
where Z; is the collection of intervals. A p-estimator § on S satisfies therefore

2
E[h2(so, §)] < C {E[h2(so, S)] + loi "} .

Now, the bias term can be bounded above by E[h*(so,S)] < E[h?(so,s1)] with s1(t) = t11;>1.
Sincesy differs from s; only on [n, 1),

1 _ _
E[h2(s0, )] < %/77 (Voo —0) Gty = P(T 62[77’ 1) _ &) 5 ¢ _1 1 < =

This concludes the proof. O
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APPENDIX C. NUMERICAL COMPLEXITY

We discuss here the numerical complexity of the procedure defined in Section 4.3.

Optimizing a criterion crit(-) on M ; 1s not an easy task as M ; is often very large: computing all
the crit(m) is numerically prohibitive. Luckily, dynamic programming allows to solve more efficiently
the optimization problem when the criterion takes the form

(68) crit(m) = > F(K).

Kem
Let K be the collection of intervals with endpoints in {Y{;),7 € {1,...,7}}. Let x be the number of
computations needed to compute all the F'(K) when K varies among K. Then, we may minimize or
maximize crit(-) on M ; by a dynamic programming algorithm in at most x + O(ﬁzé) operations. A
description of this algorithm may be found in [Kan92] and in Section 4.2 of [CR04].

Here, ¥2(3,) is equal to v2(8m) = > ke F(K) where

F(K) = sup { > T Grlgnkr Sk lgnkr) — Lr + 1) log? (n/(r + 1)) n L] } ,
m’EMlz K'em/

and where §, §x are defined in Lemma 2. Algorithms may therefore be used to compute each F(K)
and to minimize ~a(-).

Suppose first that » = 0. We begin by storing in memory all the §x, N(K), M(K) with K € K.
This requires at most O(c - n - 7%) operations where ¢ = 1 in frameworks 1, 2 and where ¢ depends
on the Markov processes in framework 3. Let K € K. Since K N K’ € K, we may compute all the

. . . 1., .
T(SK]IKQK/,SK/]IKQK/) = 1/J(SK//SK)N(Kﬂ K/) — Z (SK/ — SK) M(K N K/),

when K’ runs among K in at most O(7?) operations. Computing all the F(K) with O(n?) dy-
namic programming algorithms requires at most O(A*f) additional operations. It then remains to
minimize y2(+). Finally, the number of operations needed to define 3,, is at most O(A2(en + n2f)).

When r > 1, the procedure is similar, although slower. We define for K, K’ € K, ki (respec-
tively k2) as the maximum number of operations needed to know §x (respectively [p s $x dM).
We begin by storing in memory all the Sk, all the atoms of N on K, and all the fKnK’ Sk dM.
This requires at most O((k; + n)n? + ki) operations. Since K N K’ € K, we may compute each
T (3x1knk, Sk 1knk’) in at most O(nrN(K N K') + 1) additional operations. We store all the
T (5x1gnr, 8k 1K), and use O(7?) dynamic programming algorithms to know all the F(K). A
last algorithm is used to minimize v2(-). Finally, the minimization of ~(-) may be performed in at
most O(A4(£ + ko) + (k1 +n)a? + rn) operations.

The estimator §; may therefore be computed in practice in favorable situations. Numerical sim-
ulations are also possible (see Section 5). Unfortunately, the preceding bounds may be quite large,
especially when 7 is large. They are, however, much smaller than the number of computations we

would need to perform to minimize the first criterion ~(-) by a naive algorithm that would require
to know every T'(S,, $m/)-

Remark. We may also optimize a criterion of the form (68) when M 7 is replaced by M g =1m¢€
./T/l\, lm| < £}. This only increases the computational cost of the algorithm by O(f).
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APPENDIX D. PROOFS OF THE RESULTS OF APPENDIX A

D.1. Proof of Theorem 11. Let Mg, be the (possibly random) measure defined by
Mg, (A) = / sodM for all A € B(R).
A

Let, for each A € B(R), Q(A) be a random variable such that Q(-) defines a measure on (R, B(R)).

Let f be a bounded function and
- ool

Since E [N (A)] = E [Ms,(A)] for all A € B(R), Z(f) can be written as Z(f) = Zn(f) — Znm, (f)-

We now aim at controlling the deviations of ZQ. We begin by showing that this issue boils down
to a suitable control of the deviations of Q(A) — E[Q(A)].

Lemma 8. Let F be a collection of functions of & such that |f| < 1 for all f € F. Consider a
collection A C B(R) such that

AD{{teR, f+(t)>ul,feF,ue (0,))}U{{z eR, f_(t)>u},feF,ue (0,1)}.

Suppose that sup g 4 E[Q(A)] < 1, that there exist non-negative numbers o, B, and an event on which:
for all A e A,

(69) Q(4) ~ E[QA)] < va (V) + VERA)N) + 8.
Then, on this event, for all f € F,
(70) Z0(0)] < € {favg(P)log, (/ug(f) +a+ 5}
where

:min{/Rf?dQ,E URﬂdQ”.

Moreover, for all e >0,
(71) Za(f)| < cvg(f) + Cealog, (1/a) + CB.

The constant C' is universal whereas C. only depends on €.

The proof of this result is delayed to Section D.2 below. As N is an empirical measure, we can
prove that (69) is valid with @ = N on an event of high probability by using, for example, the
Vapnik-Chervonenkis inequalities for relative deviations. More precisely:

Lemma 9. Let A C B(R) be a collection of Borel sets and Sa(2n) be the Vapnik-Chervonenkis
shatter coefficient of A defined by
Sa(2n) = max R\{{tl, ot NA A€ A}

1ye-t2n€

Suppose that there exists an at most countable set A" C A such that: for all A € A, there exists a
sequence (Am)m>o € AN satisfying limy, 100 14, (t) = 1 a(t) for every t € R.

Let now & > 0. Then, there exist a universal constant c1 and an event Q¢ 1 such that P [Q&l] >
1 — e ™ and on which (69) holds for @ = N and for all A € A with o = c1[log,, |Sa(2n)| + n&]/n
and = 0.
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We now need to study the deviations of Zyy, . There is nothing to prove in framework 1 since then
Znm,, = 0. The lemma below allows to control the deviations of Zys, (f) for all bounded function f.
It is proved in Section D.4.

Lemma 10. Define G(t) = P (X > t) in framework 2 and G(t) = P (X~ = 1)1y, (t) in framework 3.
For all £ > 0, there exists an event Q¢ o such that P[Qe o] > 1 — e " and on which: for all € > 0,
and measurable function f such that |f(t)| <1 for allt € R,

1) |2 (D] < coniy (0 + CEint {1/ [ soau+ [

o

soGdu+ &+ 1/n}

Moreover, in framework 2,
(73) | Zaty ()] < evny (f) + CL(E +1/n)log, [1/(€ +1/n)].

In these inequalities, C. and C” only depend on e.

The computation of the infimum in (72) may be avoided in framework 3 when one restricts the
collection among which the functions f may vary. More precisely, a bound on Zy,, (f) may be
deduced from the following result to be proved in Section D.5 and from Lemma 9.

Lemma 11. Consider framework 3. Let for d > 1, Iyg be the class of unions of at most 2d intervals.
Then, there exist a universal constant ca and an event Q¢ o such that P[Qe o] > 1 — e and on
which (69) holds true for Q = Ms, for all A € Tyq with o = f = ca[dlog, (n/d) + n&]/n.

We are now in position to prove (63). In framework 1, we use Lemmas 8 and 9 to deduce on )¢ ;:

s, 5400l 0, ( " )
n T\ log, [Sa(2n)|+ng])

1Z(f) < ev(f) + Ce

Sauer’s lemma shows that there exists ¢| such that log, [Sa(2n)| < ¢ dlog, (n/d). Inequality (63)
then follows from elementary computations.

We now turn to frameworks 2 and 3. As in framework 1, Lemmas 8 and 9 imply on Q¢ (16g2)/n,1°

dlog? (n/d)
n

1Zn(f)| < evn(f) + Ce

+ 510g+(1/§)] )
where C; only depends on e. It follows from Lemmas 8, 10 and 11 that on Q¢ (105 2)/n,2:

dlog? (n/d)

|21y (1] < 20, () + CL |25

+&log, (1/€)

9

where C{ only depends on e. Since |Z(f)| < [Zn(f)+|Zn,, (f)], we get on Qe (105 2) /n, 124 (10g 2) /n,2°

dlog% (n/d)

(74) 1Z(f)] < e(on(f) + vagy () + (Ce + C7) "

+£10g+(1/£)] :

(73) on(f) <E [/Rﬂdﬂ —E [/szdMso].
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In framework 2, we deduce from Lemma 10 with e = 1/2 that on Q¢ (16¢2)/n,2:
[ a5 [ ]| < 58| [ rarm] + ot amton, 16+ 1/m)

(76) < §E [ /R 1 dMso} o dlog?;(n/d)

+£10g+(1/€)] ;

where C' is universal. In framework 3,

{teR, f2(t) >u} = {teR, fi(t) > Vu}| J{teR, f-(t) > Vu}

is a union of at most 2d intervals. Lemma 11 with Lemma 9 show that (76) remains valid on
Qe y(log2)/n,2- Moreover, as |f| < 1,

[/f2 SO]<2/f?ol o +2C

dlog? (n/d)
n

d og+<n/d>

+ {10g+(1/§)] .
By using (75),
oN(f) < 2vm,, (f) +2C

+ 510g+(1/§)] .

We put this inequality in (74) and use vy, (f) < v(f) to show (63) on Qey10g2)/n,1 N Lt log2)/n,2-
Moreover,
P [(QS+(log2)/n,1 N Q§+(log2)/n,2) ] <e M,
(]

D.2. Proof of Lemma 8. For convenience, and to make the proof more readable, we introduce a
new notation. Given expressions z,y € R, the assertion: there exists a universal constant C' such that
x < Cy is written in the sequel as x < y. The claim below follows from elementary computations.

Claim 8. When (69) holds true,
(77) Q(4) — E[Q(A)]] x Vamin{Q(A),E[Q(A)]} +a + 5.

Proof of Claim 8. For reasons of symmetry, we may suppose that Q(A) > E[Q(A)] to prove (77).
We derive from (69),

1Q(A) - E[Q(A)]] < VaQ(A) + o+ 8
< Va(Q(4) —E[Q(A)]) + VaE[Q(A)] + a+ 6.
For all € > 0, we deduce from the inequality 2,/zy < ez + ey, that
Q(4) ~ EIQ(A)]| < 51Q(A) ~ EIQ(A)]| + € [VaEIQUA +a+ 5]
where C' is universal. This shows (77). O

Without loss of generality, we prove the lemma when the functions f of F are non-negative. We
suppose moreover that we are on an event on which (69) holds true. Let for u € (0,1), Af, =
{t € R, f(t) > u}. As in [Barl6], the notion of integral is a great help: for all ¢t € R,

1
ft) = /0 La, () du.
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Let € > 0 and n € (0, 1] to be specified later. Since

1
2t = 2/0 ula,,(t)du,

we get

_ 9%emin { /O QA ) du, /0 Q)] du}

2] - votf) = | / Q(Ar.) — EIQ(A;,)]) du

/ {1Q(As) — BIQ(A7)]] — 2eumin {Q(A.), E[Q(As.)]}} du
/ 1Q(As) — EIQ(Ag,)]| du
(78) / {1Q(A14) — EIQ(A})]| — 2eumin {Q(A.,). EIQ(A;.)]}} du.

It follows from (77) and the inequality 2,/7y < ex 4+ &'y,

Q(Afw) — E[Q(Afu)]| — 2eumin {Q(Afu), E[Q(Afu)]} < o/ (eu) + a+ 5.
We deduce,

(79) Z(f)| - cvolf) < Va /0 " JEQAL)] du + (a/2)log (1/n) +a + 6.

We now optimize this result with respect to € and #:

1Z(f)] = anel?()fl {\/UQ Ylog(1/n) + / \VE[Q(Af,)] du}—l—a—FB

It remains to use E[Q(Af.)] < 1 to prove (70).

Elementary computations then show (71). As x — zlog, (1/x) is non-decreasing, for all z < y,
zylog, (1/z) < y?*log (1/y). Moreover, when z > y, log, (1/z) < log, (1/y) and hence zylog (1/x) <
xylog, (1/y). Therefore, for all z,y > 0,

zylog, (1/x) < max{z,y}ylog, (1/y)
< (z +y)ylog, (1/y).

We thus obtain for all € > 0,

2, /xylog, (1/x) < e(x +y) +e ylog, (1/y)

<ex+ Ceylog, (1/y),

where C: = € + 71, We use this inequality with = = vg(f) and y = a to get

2\/aUQ(f) log, (1/vq(f)) < evg(f) + Cealog, (1/a).

This proves (71). O
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D.3. Proof of Lemma 9. Let A € A and (A;,)m>1 be the sequence given by the theorem. Then,
N(A;,) converges to N(A). Moreover, it follows from the dominated convergence theorem that
E[[g |14,, — 14| dN] converges to 0. In particular, E[N(Ay,)] converges to E[N(A)]. We deduce
that

sup |v/N(4) — VEIN(A)]| = sup |\/N(A) — VEN(A)].
AeA AeA

From now on, we may therefore consider, without loss of generality, the collection A as at most
countable. We then use the celebrated Vapnik-Chervonenkis inequalities for relative deviation re-
called below (see for instance page 24 of [DL12]):

Theorem 14 (Vapnik-Chervonenkis inequalities for relative deviation). Let Zi,...,Z, be n inde-
pendent and identically distributed random variables with values in a space X. Let B be an at most
countable collection of measurable sets. Define the empirical measure vn,(B) = n= 1Y " | 15(Z;),
v(B) = E[v,(B)] and the Vapnik-Chervonenkis shatter coefficient

Sp(2n) = maxexl{{zl,...,zgn} NB,B € B}|.

Z15---522n

Then, for all x > 0,

su V(B)_VH(B) T n e—nx2/4
g (BEIZDB v(B) & ) < 45s(2n)

su VH(B) _V(B) T n e—nx2/4
g (Bell; vn(B) & ) < 45s(2n) .

In particular,

(80) P <jsglgz; ‘\/I/n(B) - \/I/(B)‘ > x) < SSB(Zn)e_”m2/4.

Assume that we are within framework 1. Then, the random measure NN is the empirical measure
of X1,...,X,. Now (80) with B = A,

4
z* = — (log8 + log.. |S4(2n)] + ng)

shows that (69) holds true with probability larger than 1 — e ™, o = z2, § = 0.

The proof in frameworks 2 and 3 is very similar since N is an empirical measure for suitable
random variables with values in X = R x {0,1}: Z; = (X;,1p,—1) in framework 2 and Z; =

(Tl(’l()) ]lTl(fSEIobs’ lefSEIobs) in framework 3. We apply (80) with B = {A x {1}, A € A}. Moreover,
|Sg(2n)| < maxeR\{{azl, coTop b NAJA € A}
L1320
< |Sa(2n)|.
We end the proof as in framework 1. O

D.4. Proof of Lemma 10.
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Claim 9. Let fort > 0, V(t) = Lx>¢ in framework 2 and V(t) = 1x, =111, (t) in framework 3.
Then, for any Borel set A C [0,+00), and k > 1,

( /A so(t)V (1) dt>k] < k! /A so(E[V(£)] dt.

The proof of this lemma is deferred to Sections D.4.1 and D.4.2 below. We define o > 0,

Ra:/oaso <\/G_n—\/5>2 du,

E

and we prove:

Claim 10. For all £ > 0 and probability larger than 1 — 2e~"¢,

Ra < 35/ So d,u
0

Proof. Let u=n/3 and A\ = u/ foa so dp. It follows from Jensen’s inequality that

R 1 /a
e T —— < — So € u(n/Gp —VG)?) d
xp< fo Sodﬂ> Jo sodpJo ° Xp( ( )>

We deduce,
(81) Blexp (\Ra)) < o Slodu / " So(t)E JE [esxp (u(v/GolD) — VED)?)] i

Now,

[exp( (v Go(t \/G(t))zﬂ = 1+/100 [exp( (V/Gn(t) — /G( ))2) } dz

:1+/100]P’ ‘\/Gn(t) \/@]

The random variable nG,(t) is binomially distributed with parameters (n,G(t)). Therefore, we
derive from Theorems 3 and 4 of [Oka59] that

NCRORVED] logf”]g -

U zn/u

Hence,

[exp( (v Gn(t) — VG(1) ﬂ <1—|—/OO 3:3/“ dz

By (81), E [exp (AR,)] < 2 and by Markov’s inequality,

P [Ry > né/N =P [ema > e"f} < 2¢7M,



58 MATHIEU SART

We now prove Lemma 10. We have,

Zg (NI [ 5017 (G = Gl
_/G<GsO1f(r V@) (VG - VG +2VG)
+/L>G50(f(\/_ VG) (VG VG +2VG) | du
< [ solf) (VG = V) dnt2 [ solfl| VG - VG| VGG s

du

Define oo
R:ROO:/ so (\/G_n—\/E)Qdu
0

By using |f| < 1 and Cauchy-Schwarz inequality,

Zag (] < R+ NW | sorzuin{Gu.Gay
0

< R+ 2VRJun,, (f)-

Therefore, for all € > 0, using that 2,/zy < e 'z + ey,
(82) | Zagy (F)| < cvng (f) + (14 DR

It remains to bound R from above. We consider o > 0 that minimizes

£ 1/n] [ sadnt [ soGeut €+ 1/

Now,
(83) RSRQ—F/ so (G +G) dp
With probability larger than 1 — (1/2)e™"¢, Claim 10 ensures that

1
(84) R<3< Og> so du.

Now,
/ soGh, d,u— — / t,

where V;(t) = lx,>¢ in framework 2 and Vj(t ) = ]l 1;

obs

X (t) in framework 3. Claim 9 shows

that the assumptions of Bernstein’s deviation inequality are satisfied (Proposition 2.9 of [Mas07]).
Therefore, with probability larger than 1 — (1/2)e™"%,

o log 2 o0 log 2
(85) / s0 (G — G du§2\/<£+ 05 >/ soG dp+ € + 05 .

Since 2,/zy < = + v,
(86) / soGnd,u§2/ sOGdu+2<§+ 05 )

«
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By putting (84) and (86) into (83), we get with probability larger than 1 — e™"¢,
@ & 2log 2

+§} / sodu+3/ soG dp + 26 + ng .

0 a

It then remains to use the definition of o and (82) to prove (72). Moreover, in framework 2,

/asocdﬂz/a %@(Tﬁ)mozndtﬁ/& fodp,

D.4.1. Proof of Claim 9 in framework 2. We define for k > 1,

log 4

R<s|
n

and

which gives (73).

k
Te= [, [Isot) | P (X >t) dtydty... dty.
t1<to<--<tp \J=1
We have,
k [ k
E </ SO(t)]lXZt dt> = E / So(tj)]lXth dtl dtg N dtk
A Ak 5
k
_ / [Tso(t) | P (X > max{ts, ..., t}) dtyds... dty
Ak .
j=1
= klJg.
Now,
k—1 o
Jk < thotn 1 €A H So(tj) (/t So(tk)]P’ (X > tk) dtk> dtl dtg . dtk_l,
t<to<--<tp_1 \J=1 k=1
and
/ So(tk)]P’ (X > tk) dtk = fo(tk)]P’ (C > tk) dtk
te—1 tre—1
< < fo(tk)dtk> P(C > tg-1)
th—1
< P(T >t 1)P(C >t 1)
< P(X >tpq).
Therefore,
k—1
Jk trote €A H So(tj) P (X > tk—l) dtl dtQ e dtk—l
t1<7t27<~~~<tk,1 j=1
< Jg-1

By induction, J < Ji.

59
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D.4.2. Proof of Claim 9 in framework 3.

Claim 11. Lett > 0,F; = 0(X,, v < t) be the o-algebra generated by the family of random variables
Xy, v €[0,t]. Let B be an event Fi-measurable. Let up be the measure defined for all A € B(R) by

,uB(A) =P (B and T17() € A) .
Then, for p-almost all u > t,

dup

(87) T

(u) =P (B and Xy— = 1) sg(u).

Proof. First of all, up is absolutely continuous with respect to the Lebesgue measure p and admits
therefore a Radon-Nikodym derivative. We now aim to show that this derivative is given by (87) for
almost all u > t.

Let Zj(u) be the random variable giving the number of jumps of the Markov process in [u—h, u+h].
Then, P (Z(u) > 2) = o(h) when h — 0. We deduce,

pa([u,u+h]) =P (B, Zp(u) =1, T o € [u,u+ h]) + o(h).
When Zj(u) =1, T1 o € [u,u+ h| is equivalent to X,,— =1 and X,4+j, = 0. This yields
pp([u,u+h]) = P(B,Zp(u)=1,Xy_ =1, Xysp =0)+o0(h)
— P(B,Xu_ =1, Xurn=0)+o(h)
P (B, Xy = 1)P(Xysp =0| B, Xu_ = 1) + o(h).
As B is Fi-measurable and u > t,

pa(fw,u+h]) = P(B,Xyo = )P (Xyyn = 0| Xue = 1) +o(h)
(88) ~ P(B, X, —1)" (X“Pj &j_)i‘{ ’)‘ =0, o(h).

Now,
P(Xy- =1, Xupn =0) = P(Xyo =1, Xupn =0, Zp(u) = 1) + o(h)
= P(Tho € [u,u+h], Zp(u) =1) + o(h)
= P(Tio € [u,u+ h]) + o(h).
Finally, by putting this inequality into (88),
P (T € [u,u+ h])

oot i) = P(B.X, == el o)
= P(B X, = 1) (?({LO_(”:) 5+ o)
= hP(B,Xu— = 1)so(u) + o(h),
which proves (87). O

We now return to the proof of Claim 9. Without loss of generality, we suppose that A C Iops.
Define for k£ > 1,

t1,...,tk €A !
1 <to<---<tp =

k
Ji = HSO(tj) P (th_ =1,... ,th_ = 1) dty dtg ... dity.
7j=1
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We have,

[(feone ]

k
E /AkHSO(tj)]lthzl dtl dtg... dtk
j=1

k
- /Ak HSO(t]) P (th— = 17 cee 7th— = 1) dtl dt2 . dtk
j=1

"
Yet,
k—1 o
T < [y oiea | TIso) (/t so(te)P (Xe— =1,..., Xy = 1) dtk> dtydts. .. dty_.
ti<to<--<tp_1 \j=1 k-1

Let B= [X;,—=1,...,X;, ,— =1] € %, ,. Then,

00 o] dNB
SO(tk)]P (th_ == 1, e ,th_ == 1) dtk == T(tk) dtk
te—1 th—1 k
pB([tk-1,+00))
= P (Xy—=1,...,X4 - =1land Tip > t_)
< P(Xy-=1,...,%, ,—=1).

Therefore, J < Ji_1 and by induction Ji < Jj. O
D.5. Proof of Lemma 11. Let Zo; be the class of unions of at most 2d intervals with endpoints

in (QN[0,400)) U {4+00}. Then, Ty is at most countable, and we only need to prove (69) when
Ae ng.

The random measure Mg, is of the form
1 n
Mo (A) =~ > Aso(t)nxt@zlnfobs (t)dt for all A € B(R).
i=1
There exist independent random variables 71, ..., Z, such that
1 o .
M, (A) = ~ ZfA(ZZ-) with fa(Z;) = Aso(t)]lXt@zl]Llobs(t) dt.
i=1

We measure the complexity of the family {fa4, A € Zog} by means of the notion of entropy with
bracketing:

Claim 12. For all § > 0, there exists a collection Cs of functions of the form fa with A € Toq.
The cardinal of this set can be bounded by log|Cs| < cdlog, (1/6%), where c is a universal constant.

Moreover, for all A € Toq, there exist fa,, fa, € Cs such that fa, < fa < fa, and such that for all
k> 1,

E |(fay(Z1) - fA1(Zl))k] < %!52.
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Proof. First of all, we only need to prove the claim when ¢ is smaller than 1, what we will do in the
sequel.

We endow Zog with the distance dist defined for A, Ay € To4 by
d’L'St(Al, Ag) =E [Mso (AlAAg)] where A1AAy = (A1 \ Ag) U (A2 \Al)
We may write dist(Aq, Az) as
dist(Ay, As) — / L, (8) = Ly (8)] folt) dt.

Tobs

We introduce the real valued function F' defined for x > 0 by

Flx) = /O " folt) .

Since F' is a continuous non-decreasing function such that F([0,4+o00)) C [0, 1], there exist an even
integer ¢ € [2,8d/6% + 2], and ¢ non-negative numbers (1,2, ..., zs_1,2¢) € {0} x Q2 x {400}
such that
F(zi1) — Fx)} < 6%/(84).
max {F(wie1) = F(e)} < 8/(84)
We may suppose that £ > 2d. Let X = {x1,2,...,2¢}, and Zg, be the collection of unions of at
most 2d closed intervals whose endpoints belong to X.

When k& < ¢/2, choosing k disjoint closed intervals whose endpoints belong to X amounts to
choosing 2k numbers among X. When k > ¢/2, we cannot find k disjoint closed intervals with
endpoints in X. The cardinality of Z4, is therefore bounded by

2d
k=0

Standard combinatorial arguments (see, for instance, Lemma 6 of [BBM99]) show that |[Zus| <
(¢e/(2d))*? . Using now that ¢ < 8d/6% + 2, we derive that

log [Zis| < cdlog, (1/6%)
for a suitable universal constant c.

For each set A € Zoy, we now show that there exist Ay, Ay € Ty such that fa, < fa < fa,
and dist(Ay, As) < 62/2. Let A € Tog be written as A = Uiil A where A; is an interval whose
endpoints are ay < bg. For each k € {1,...,2d}, there exist a,(gl) < a,(f) < b,(gl) < b,(f) € X such that

af) <ap <a), b <bp <b,
and
2 1 2 1
F(af) = F(a)) < 8/(8d),  F(b7) = F(r”) < 8%/(8d).
Define the closed intervals
Al(j) = {a; eR, a,(f) <z < b,(:)}, Al(f) = {a; eR, a,(gl) <z< b,(f)}.

Then, Ay = iil A,(gl) and Ag = iil A,(f) belong to Zy;s and satisfy fa, < fa < fa,. Moreover,

2d
AAA C | [, aPy U ()", b)),
k=1
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and hence,

2d
dist(A1, Ag) < Z / 0 o fo(t)dt

U(b(l) b(2)]

< Z( F(af) + F (o) - F())

2d

<> (6%/(8d) + 6%/ (84))

k=1
< 6%/2.

Now,

E|(f1:(21) = fa(Z0))] = B[ (fana(20)"]
< EklE [Mgy (A \ A1)]  thanks to Claim 9
< kldist(Aq, Az)
< k16?2,
which completes the proof with Cs = {fa, A € Zg;s}. O

We will use several times an exponential inequality of [Mas07] to prove Lemma 11. We keep the
notation < introduced at the beginning of Section D.2.

Set for 6 > 0, Bs =Cs U{—f, f € Cs}. Note that
log |Bs| < log2 + log |Cs| < c1dlog, (1/8%),
where c; is a universal constant. We set H(0) = ¢;dlog, (1/6%) and for o € (0, 1],

E = \/ﬁ/oa VHu) Andu+2(1+0)H(o).

Simple arguments allow to bound E from above, see for instance page 190 of [GN15]: the fundamental
theorem of calculus shows

o/ log(e/o) / (x/log e/u) — ﬁ) du

log

> log, (1/u)du — o/2.
| ogciu du- oy
Consequently,

(89) E < o\/ndlog, (1/02) + dlog, (1/c?).

Consider £ > 0 and define J as the (possibly empty) set of non-negative integers j such that 277 >

d/(2n). Let, for j € J, x; = 2log(j+1)+14n¢, A; = {A € Tyq, 27771 <E[Ms,(A)] <277} . Claims 9

and 12 show that assumptions of Corollary 6.9 of [Mas07] are satisfied with F = { fa,—fa, A€ 71j},

02 =277 b =1, and H(§) = c1dlog,(1/6%). There exists therefore an event ; such that
P(Q;) > 1 — e % and on which: for all 4 € A;,

n|Mso(A) — E[Msy (A)]| < E + o/nz; + x;j.
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Hence,

dlog,(1/0?%) + z; N dlog, (1/0%) + x;
n n '

[Mso (A) — E[Mso (A)]] < 0\/
As 0?2 < 4E[Ms,(A)], 0? > d/n, and z; < log, (n/d) + n&,
[Mag (4) — ElMog ()] < ETg (A 2128ln /) 408 o (1/d) ¢

Let now A = {A € Tyq, E[Ms,(A)] <d/(2n)}. We apply Corollary 6.9 of [Mas07] with F =
{fA,—fA, Ac .71}, b =1, 0> = min{d/n,2}. We deduce that there exists an event )’ such that
P(Q) >1—(1/2)e and on which: for all A € A,

dlog,(1/0?) + n& +log2 n dlog, (1/0%) + n& + log 2
n n '

[Mso (A) — E[Ms, (A)]] < 0\/

Since o < /d/n < \/(dlog (n/d) + n&)/n,

Mg (4) — B[y, ()] < LoD L 0E

We deduce from these computations that (69) holds true with Q = My, on the event Q' (Njes ;)
for all A € Uje]?lj UA with «, 8 of the form co(dlog (n/d) + ng)/n. Now, Zag = Ujejﬁj UA, and

P [(Q’ﬂ (QQJ))] <P [Q"] +ZJ]P’ (@]

e—n§ OO e—n§
<
< +j§::1 r

<e .

O

D.6. Proof of Proposition 12. Suppose without loss of generality that the functions f are non-
negative. Consider ¢ > 0 and n € (0,1). We derive from the beginning of the proof of Theorem 11
that for all f € F, and u € (0,1), there exists 4, € A, (we omit the subscript f) such that

Z(5) < =0®+ [ IN(AL) — E[N(AL)]| du
+ [ {IN(A,) —E[N(A4,)]| — 2¢uE[N(A,)]} du.
Therefore,

(90) E |sup [Z(f)]

fer

<eo? + /OnE [Ailelgu IN(Ay) — E[N(Au)]\] du

1
+ [ B s (IN(A) - BIN(AL)] - 2BIN(A])] du
n Ay€eAy
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Let now £ > 0. As (69) holds true for all A € A,, on an event Q¢ , such that P[] > 1—e™", with
a = cllog, [S4,(2n)| +n&]/n, B =0, we deduce from Claim 8 that on this event: for all A, € A,,

\/log+ |S4,(2n)] + n& BN (AL)] + log, |S4,(2n)| + n&
n

n

and using that /zy < C/(8eu)x + (2eu/C)y,

IN(Ay) — E[N(A)]| — 2euE[N (A,)] < C {log+ 54.,(2n)] 4+ n¢ N log, [Sa,(2n)| + n§} '

n neu

In these two inequalities, C' and C’ are universal constants.

We integrate these inequalities with respect to & to get

log, 1S4, @) e 108 \sAu@n)r] |

| sup N(4,) - EV(A.)]]| < ¢

Ay EA, n AyEA, n

and

E [ sup {IN(Au) — E[N(4,)]| - 2auE[N<Au>]}} <" [
AyeAy

log, [Sa,(2n)| N log, [S4,(2n)]
n neuw

where C” is universal. We now deduce from (90),

" 11 2

feFr

<€0+

" 1
/ ¢ sup E[N )]) (log+|SAu(2n)|)du+%/0 log, |54, (2n)] du.

Au€Ay
Ase>0andn € (0 1) are arbitrary,

log S.Au (2n)]
E [sup|Z(f)]| < inf / log.. |54, (20)] / sup E[N )]) (logy |54, (2n)]) du
feF n n€(0,1) Ay€Ay
+ [ ron, 54,0 au
n Jo
where C" is a universal constant. It then remains to bound from above these integrals. (]

UN1v LyON, UJM-SAINT—ETIENNE, CNRS UMR 5208, INSTITUT CAMILLE JORDAN, 10 RUE TREFILERIE, CS
82301, F-42023 SAINT-ETIENNE CEDEX 2, FRANCE

E-mail address: mathieu.sart@univ-st-etienne.fr



	1. Introduction
	1.1. Statistical settings.
	1.2. About -estimation in framework 1.
	1.3. Hazard rate and transition intensity estimation.
	1.4. A generalized procedure.
	1.5. Estimator selection.
	1.6. Organization of the paper.

	2. The -estimation method
	2.1. Statistical setting and notations.
	2.2. Heuristics.
	2.3. The procedure.

	3. Risk bounds for -estimators
	3.1. Assumptions on models.
	3.2. A uniform risk bound.
	3.3. Risks of -estimators on P,r
	3.4. Risks of -estimators on Fk and Gk
	3.5. About the risk bounds in hazard rate estimation.
	3.6. Connection with maximum likelihood estimation.

	4. From theory to practice: estimator selection
	4.1. Maximum likelihood estimation.
	4.2. Estimator selection.
	4.3. Selecting among a special collection of piecewise polynomial estimators.
	4.4. Adaptive piecewise polynomial estimation.

	5. Numerical simulations
	5.1. About L.
	5.2. Results.

	6. Proofs
	6.1. Proof of Lemma 1.
	6.2. Proof of Proposition 1 for S = P,r .
	6.3. Proof of Theorem 3.
	6.4. Proof of Proposition 4.
	6.5. Proof of Theorem 5.
	6.6. Sketch of the proof of Theorem 6.
	6.7. Proof of Lemma 2.
	6.8. Proofs of Theorems 7 and 8.
	6.9. Proof of Corollary 2.
	6.10. Proofs of Lemmas 7 and 3

	References
	Appendix A. A uniform exponential inequality.
	Appendix B. Robustness of - and maximum likelihood estimators
	Appendix C. Numerical complexity
	Appendix D. Proofs of the results of Appendix A
	D.1. Proof of Theorem 11.
	D.2. Proof of Lemma 8.
	D.3. Proof of Lemma 9.
	D.4. Proof of Lemma 10.
	D.5. Proof of Lemma 11.
	D.6. Proof of Proposition 12.


