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ESTIMATING A DENSITY, A HAZARD RATE, AND A TRANSITION
INTENSITY VIA THE p-ESTIMATION METHOD

MATHIEU SART

ABSTRACT. We propose a unified study of three statistical settings by widening the p-estimation
method developed in [BBS17]. More specifically, we aim at estimating a density, a hazard rate (from
censored data), and a transition intensity of a time inhomogeneous Markov process. We relate the
performance of p-estimators to deviations of an empirical process. We deduce non-asymptotic risk
bounds for an Hellinger-type loss when the models consist, for instance, of piecewise polynomial
functions, multimodal functions, or functions whose square root is piecewise convex-concave. Under
convex-type assumptions on the models, maximum likelihood estimators coincide with p-estimators,
and satisfy therefore our risk bounds. However, our results also apply to some models where the
maximum likelihood method does not work. Subsequently, we present an alternative way, based on
estimator selection, to define a piecewise polynomial estimator. We control the risk of the estimator
and carry out some numerical simulations to compare our approach with a more classical one based
on maximum likelihood only.

1. INTRODUCTION

1.1. Statistical settings. In the present paper, we are interesting in estimating a unknown func-
tion sg that appears in one of the following frameworks.

Framework 1 (Density Estimation). Let X be a real-valued random wvariable with density func-
tion so with respect to the Lebesgue measure . Qur aim is to estimate the density so from the
observation of n independent copies Xy, ..., X, of X.

Framework 2 (Hazard rate estimation for right censored data). Let (Ty,C1),...,(Tn,Cp) be n
independent copies of a pair (T, C) of non-negative random variables. The variable C' may take the
value +o0o. We suppose that T is independent of C' and that T admits a density fo with respect to
the Lebesque measure . The target function is the hazard rate sg defined for t > 0 by
fo(?)
)=
SO( ) P (T > t)
L f T, <G,

The observations are (X;, D;)1<i<n where X; = min{T;, C;} and D; = { 0 otherwise

Framework 3 (Estimation of the transition intensity of a Markov process). We consider a (possibly
inhomogeneous) Markov process {Xy,t > 0} with the following properties:

e The process is cadlag with finite state space, says {0,1,...,m}.
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e The state 0 is absorbing.

e Let, for each interval I C [0,400), As be the event: “the process jumps at least two times
on I”. Then, P(Ar) = o(u(I)) when the length u(I) of I tends to 0.

e The transition time

TLO = inf{t >0, X =1, Xy = 0},

which has values in [0, 400], is absolutely continuous with respect to the Lebesgue measure
on R and satisfies therefore for all Borel set A of R,

P (Tip€ A)= / fo(t)dt,
A
for a suitable non-negative measurable function fy.

We consider an observation interval I 55 C [0,400) either of the form I,ps = [0,T] with T € (0, +00)
or Iops = [0,+00). Our aim is to estimate the transition rate sg from state 1 to 0 defined for t > 0

by
fo(?)
P(X,_ =1)
from the observation of n independent copies {Xt(i),t € Iopst of {Xi,t € Lops}-

So (t) =

In all these frameworks, we will always suppose that n > 3. Although numerous estimation
strategies can be considered, we will rather focus in this paper on a particular method presented
in [BBS17] and named “p-estimation”.

1.2. About p-estimation in framework 1. We begin by carrying out the method and some
known results in density estimation. The key references are [BBS17, BB16, BB17].

We need a loss in order to measure the quality of an estimator. In p-estimation, we deal with the
Hellinger distance h. It is defined for two non-negative integrable functions s and s’ by

R, =5 [ (Ve - VE@)

The aim is then to define an estimator § that minimizes as far as possible the Hellinger distance h
between § and the target sg.

The procedure is based on models .S, that is a collections of densities, which translate, in math-
ematical terms, the knowledge we have on sg. A model may correspond to different assumptions,
such as parametric, regularity, or qualitative ones. This includes in particular models S for which
the maximum likelihood method does not work. Several examples are known in the literature. A
very simple one is

(1) S = U {slg, where s is a non-increasing density on K},

K interval of R
where 1x denotes the indicator function of K. In this model, the log likelihood can be made
arbitrarily large, and the maximum likelihood estimator does not exist. By contrast, we may
define, and study, p-estimators on S.

The maximal risk Rg(n) = supg,eg E[h?(so, 8)] of a p-estimator § on S can be controlled according
to different notions that aim at measuring the “complexity” of the model S (entropy with bracketing,
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metric dimension, covering numbers. .. ). Interestingly, Rg(n) achieves the optimal minimax rate of
convergence in most cases we know (up to possible logarithmic factors).

This minimax point of view supposes that sg does belong to S. Such an assumption corresponds
to a perfect modelling of the statistical problem, which is scarcely the case in practice. It makes
therefore more sense to study the risk of the estimator § not only when sq lies in .S but more generally
when sg is close to the model S. It turns out that the Hellinger quadratic risk of a p-estimator §
can be bounded above by

E[h*(so, )] < C ing h%(so,s) + Rs(n) whatever the density so,
se

where C'is a universal constant (that is a number). This inequality asserts that a small error in the
choice of the model S induces a small error in the estimation of sg. This is a robustness property.
Such a property is not shared in general by the maximum likelihood estimator: it may indeed
perform very poorly when sg ¢ S but is close to S in terms of Hellinger distance.

The rate given by Rg(n) stands for the worst-case rate over all densities sg of S. This rate may
therefore be very pessimistic in the sense that the estimation may be much faster for some particular
densities sg € S. The preceding risk bound can be refined to take into account this phenomenon
(named superminimaxity in [BB16]). For illustration purposes, consider the model S defined by (1)
and a p-estimator § on S. Then, the rate of convergence of § is at least y/d/n log®/ %(n/d) when sq
is not only non-increasing on an interval but also piecewise constant on d intervals. In this case,
the rate of estimation is much faster than the minimax rate.

There are moreover two additional properties of p-estimators we now briefly mention. First, p-
estimators can be related to maximum likelihood ones. Second, it is possible to deal with penalized
p-estimators, allowing to cope with model selection.

1.3. Hazard rate and transition intensity estimation. These two frameworks have not yet
been studied by means of the p-estimation method. They appear in different domains such as
reliability or survival analysis. For instance, in medical studies, a variable T" may be used to
represent the lifetime of a patient, the hazard rate sg at time ¢,

Jo(t) . PE<T<t+h|T>t)

sol) = pirs — i h ’

then measures the tendency of dying just after ¢, given survival to time . Since patients may leave
the study, the data may be censored. The random variable C' then gives the time of leaving and
D = 17<c indicates whether the patient dies (D = 1) or leaves the study (D = 0).

In medical trials, a Markov process {X¢, ¢t > 0} may be used to model the evolution of a disease,
the state 0 representing (for instance) the death of the patient. The transition rate sg at time ¢,

fo) o B Xen =0[ X =1)
P(X;_ =1) k>0 h ’
has similar interpretation than the hazard rate: it measures the risk of dying just after ¢, given the
disease is in state 1 at time t—. This framework is actually more general than the one of hazard
rate estimation (when the data are uncensored) as sg coincides with the hazard rate of T when the
Markov process is defined by X; = 17>4.

So (t) =

In the literature, numerous estimators have been proposed to deal with (at least) one of these two
frameworks. We may cite wavelet estimators, Kernel estimators, maximum likelihood estimators,
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procedures based on L2 contrasts. .. However, non-asymptotic studies seem be rather scarce. We
refer to [BC05, RB06, BC0S, P1a09, AD10] for results concerning procedures based on (penalized) L2
contrasts. We may cite [vdG95, DR02] for a study of non-asymptotic properties of maximum
likelihood estimators. We refer to [BB09] for results concerning a selection rule based on pairwise
comparisons of histogram type estimators.

1.4. A generalized procedure. In this paper, we propose to extend the scope of p-estimation
to frameworks 2 and 3. Although it has already been studied in the literature, we do not exclude
framework 1 for pedagogical and numerical reasons (see Section 1.5 below).

We measure the risks of our estimators by means of a (possibly random) Hellinger-type distance h
adapted to the framework. In framework 1, h is the usual Hellinger distance, in framework 2,

ect) = [ (- VD)’ (1 ) an
and in framework 3,
(s, s) = %/Ib <\/@_ \/%)2 (% Z.Z:;]lXt(i):1> dt.

The quality of an estimator § is therefore assessed by h?(sg, 5): the smaller h?(sg, §), the better the
estimator.

In hazard rate estimation, we also explain how to use the (unknown) loss hp defined by

Wh(s.s) =5 [ (VAT - VD) B X = 0t

in place of h.

We develop the p-estimation method in frameworks 2 and 3. We explain how to relate the
Hellinger-type risk h(sg, §) of a p-estimator § to the deviations of an empirical process. We then
carry out a uniform exponential inequality, and use it to deduce risk bounds and rates of convergence
when the target sq is, for instance, a piecewise polynomial function, a multimodal function, or a
function whose square root is piecewise convex-concave. These rates correspond to the expected
ones, up to possible logarithm factors. Moreover, they are slightly faster that the ones obtained
in [BB16] in density estimation under same assumptions.

Besides, there is a close connection between maximum likelihood and p-estimation when the
models satisfy convexity-type conditions. This allows to deduce results for maximum likelihood
estimators from results for p-estimators. Thereby, this paper also includes non-asymptotic risk
bounds for maximum likelihood estimators.

1.5. Estimator selection. The practical computation of p-estimators seems unfortunately to be
numerically out of reach in numerous models. This is the case for instance when S = P, consists of
non-negative piecewise polynomial functions of degree r on £ pieces. Although maximum likelihood
estimators do not exist on Py, p-estimators do exist, and we may even control their Hellinger-type
risks. However, we do not know how to construct them in practice (in none of the three frameworks).

We then propose an alternative way, based on maximum likelihood and estimator selection to re-
duce the numerical complexity. More precisely, we carry out a new procedure, inspired from [Sar14],
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to select among a suitable collection of maximum likelihood estimators. Although the large cardinal
of this family, dynamic programming makes it possible the practical implementation of the proce-
dure in favourable situations. We prove an oracle inequality for the selected estimator from which,
we deduce, when r = 0, a risk bound very similar to the one we would obtain for the p-estimator
on Pyo. Besides, we carry out a numerical study in which we compare, in the context of density
estimation, our procedure with a selection rule based on maximum likelihood only.

We finally explain how to modify this procedure to select adaptively the number £ of pieces from
the data. In particular, we show that we can build an estimator that performs well when sg belongs,
or is close to, the model P, = Uj2, P;,. We get a risk bound that almost corresponds to the one
we would obtain for the best estimator of the family {s;,,¢ > 1} where $;, denotes the p-estimator
on Py .

1.6. Organization of the paper. We carry out in Section 2 the general statistical setting that
encompasses the three frameworks. We then explain the estimation procedure and relate it to the
maximum likelihood one. In Section 3, we present the probabilistic tool that enables us to control
the risk of p-estimators. We then present the required assumptions on the models as well as our
main result on the theoretical performances of p-estimators. In Section 4, we deal with estimator
selection to define a piecewise polynomial estimator. Section 5 is devoted to numerical simulations.
The proofs are deferred to Section 6.

2. THE p-ESTIMATION METHOD
2.1. Statistical setting and notations. In this paper, the target sg is viewed as an intensity of
a random measure ([BB09, AD10, Bar11]). This makes it possible a unified treatment of the three
frameworks. More precisely, we consider an abstract probability space (€2, £, P ) on which are defined

the random variables appearing in the different frameworks. We associate to each framework, and
each borel set A € B(R) two random variables N(A) and M(A). We set in density estimation,

1 n
N(A) = =3 1a(X0),  M(A) = p(A),
i=1
and in hazard rate estimation,
1 « 1
N(A) = — 1A(X)1p.—1, M(A) =— L1x. >t 110400y (%) dt.
(4) n;A( ) D=1 (4) n;/AX»t[o,Jr)()
In framework 3, we define the jump time of the i process
7 = inf {t >0, X9 =1, x = 0} ,
and consider
1« ; 1«
N(4) = n Z; lefSEA]lfobs(Tl(,g), M(A) = ” Z;/A]lxt(“:l]llobs(t) dt.
These formulas define two random measures N and M on (R, B(R)) such that

E[N(A)] =E [/A so(t) dM(t)} for all A € B(R).
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In each of the frameworks, the statistical problem may be reduced to that of estimating sg from the
observation of the random measures N and M.

As explained in the introduction, we will evaluate the quality of the estimators by using an
Hellinger-type loss. This Hellinger-type distance h can be written simultaneously in the three
statistical settings as

W5, = 5 | (Vo = VD) anr(o),

for all non-negative integrable functions s and s’ with respect to the measure M.

We now introduce some notations that will be used all along the paper. We define Ry = [0, +00),
and set for z,y € R, z Ay = min(z,y), x Vy = max(z,y). The positive part of a real valued
function f is denoted by fi and its negative part by f_. The distance between a point x and a
set A in a metric space (E,d) is denoted by d(z, A) = infyca d(z,y). We denote the cardinal of a
set A by |A|, and its complement by A°. We set log, # = max{logz, 1} for all > 0. The notations
c,d,C,C",... are for the constants. These constants may change from line to line.

2.2. Heuristics. Let S = L1 (R, ) be the cone of non-negative Lebesgue integrable functions in
frameworks 1 and 3, and & be the cone of measurable non-negative functions which are locally
integrable with respect to p in framework 2. Let now S be a subset of §. Such set will be named
model. Our aim is to define an estimator § with values in S such that h(sg, §) is as small as possible.

Consider two arbitrary functions s, s’ of §. We begin by defining an approximation Tx(s,s’) of
h?(sg,s) — h%(so, s').

Let ¢ be the real-valued function defined for > 0 by ¢(z) = g;i, and 9(4+o00) = 1. For

5,8 €S, we set
TE(s,s'):/w(s'/s) sodM—l/ (s —s) dM.
R 4 Jr

In this definition, and throughout the paper, we use the conventions 0/0 = 1 and x/0 = +o0 for all
x > 0. Some computations show:

Lemma 1. For all s,s' € S,

1 1
(2) ghz(so, s) — 3h%(s0,5') < Tr(s,s") < 3h*(so,5) — §h2(so, s').

Let S be a model and s € S. We are interested in evaluating h?(sg, s) — h%(so,S). The smaller
this number, the better s. As Tx(s,s’) is roughly of the order of h%(sg,s) — h%(so, s'), it is natural
to approximate h?(so, s) — h*(so, S) by ve(s) = supycg TE(s,s') and to study the properties of the
minimizers of yg(+).

We deduce from the above lemma that for all s € S,
1 1
3h*(s0,5) = 8h%(s0,8) < ym(s) < 3h*(s0, s) — 3h*(s0, ).
Minimizing yg(-) over S yields a function § € S (assuming such a function exists) such that,

1 . . 1 8
§h2(so,§) —3h%(s0,S) < yE(5) < ;Ielgny(s) < 3;22}12(5073) — §h2(so,S) = ghQ(SO,S).
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Therefore, h%(sg,5) < 17h%(sg, S), which means that 5 is, up to a multiplicative constant, the closest
function of sg among the ones of S.

The approximation Tx(s,s’) of h%(sg, s) — h%(sg, s') is unknown in practice as it involves sg. This
prevents us from minimizing vz (). It can however be suitably approximated in practice.

2.3. The procedure. Let T'(s,s’) be the approximation of Tg(s, s") defined for s,s" € 8 by

T(s, ) = /R o (s'/s) dN—i /R (s — s) dM.

This is the shorten formula of

%; {¢ (s'(X0)/s(X3)) — i /R (s'(t) — s(1)) dt} in framework 1,
T(s,s) = % {¢ (s'(X:)/s(X;)) Lp,=1 — i /000 (s'(t) — s(t)) Lx,>t dt} in framework 2,
i=1
% {T/J(s/(Tl(f()))/S(Tl(fg))]lfobs (Tl(lo)) - i/j (s’(t) — s(t)) ]lXt(i):l dt} in framework 3.
\ =1 obs

Let S be a model and for s € S,
v(s) = sup T (s, 8').
s'eS

Any estimator § € S satisfying
(3) ¥(8) < inf y(s) +1/n

is called p-estimator.

Remark 1. Contrary to [BBS17, BB17], we do not assume that S consists of densities in frame-
work 1 for more flexibility in the choice of models. Likewise, the functions of S may not be hazard
rates in framework 2, or transition intensities in framework 3.

The procedure may also be used to estimate the restriction of sg to an interval K. Indeed, let N’
be defined by N’'(A) = N(ANK) for all A € B(R). Then, E[N'(A)] = E[f,solx dM] and the
target function becomes sgl . Let now F be a collection of functions and S be a model of the form
S ={flgk, f € F}. Since the functions of S vanish outside K, we may replace N in the procedure
by N’ without changing the estimator. Thereby, when all functions of S vanish outside K, the
estimator § actually estimates sgl .

Although the frameworks are different, the procedures in frameworks 2 and 3 may be related to
that of framework 1 (when the data are not censored in framework 2). Consider for instance frame-
work 2 and suppose that C' = +00. Let S be a model and define Gy, (t) = n™! 31" Lx,>11[g400)(t)-
The collection S’ = {sG,, s € S} is random and does not consist of densities. However, G, (t)
estimates the probability P(X > t) when ¢ > 0. It may then be natural to use the proce-
dure in framework 1 with S’ to estimate the density of X. In that case, an estimator is a p-
estimator on S’ in density estimation if and only if it is of the form $G,, where § is a p-estimator
on S in hazard rate estimation. A similar reasoning applies to framework 3 (replace G, (t) by

G(t) =1~ 2001 Ly, Ly (1))
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Remark 2. Two ingredients are required to define the procedure. First, we need to approximate
h%(so,s) — h?(sg, s') by a quantity Tr(s,s’) that satisfies an inequality akin to (2). Second, we need
a random variable T'(s, s’) that can be computed in practice and that is close enough to Tg(s, s")
(for more details about the meaning of “close enough”, we refer to Section 3.1). When s and s
are supposed to be densities in framework 1, Tr(s,s") becomes [; 1)(s'/s)so du. We then recover
an approximation of h?(sg, s) — h?(sg, ') that appears in [BB17] (with a slight improvement of the
numerical ratio ap/a; in their Assumption 1).

2.4. Connection with maximum likelihood estimation. The p-estimation procedure differs
from that of maximum likelihood. Nevertheless, the two approaches are very close in some situations,
see [BBS17, BB17] for results in density estimation.

We define
4) L(s) = / log sdN — / sdM forall s €S,
R R

and call maximum likelihood estimator any estimator maximizing £(-) on S. In the above formula,
and throughout the paper, the convention log 0 = —oo is used.

In framework 1, the term fR sdM = fR sdp plays the role of a Lagrange term as s € S may not
be a density. In framework 2, £(s) is the usual log likelihood when s is a hazard rate, up to some
terms constant in s. The same is true for framework 3, see the literature of counting processes e.g.
equation (3.2) of [Ant89] (using that s is an Aalen’s multiplicative intensity).

We may write

logs’ —1 1
T(S,s/):/tanh <u> dN——/ (s —s)dM foralls,s' €8S.
R 4 4 Jr

As tanh(z) ~ x when x ~ 0, we deduce that if § maximizes £(-) and s’ ~ §,

1 1
T(§,s’)f:—</ logs/dN—/logédN> ——</ s/dM—/§dM>
4 \Ur R 4 \Jr R

Thereby, T'(5,s") is likely non-positive. Under suitable properties of S, this result does not only
occur when s’ ~ §, but also for all s/ € S, which implies that v(5) = 0. In particular, § is a
p-estimator.

Theorem 1. Suppose that S is a conver subset of S. Let K be a subset of R such that {x €
R, s(z) #0} C K for all s € S. Define

EK(s):/logst—/de forall s €8,
K K

and suppose that sup,cg L (s) & {—00,+00}.

If there exists an estimator § € S such that Li(s) < Lk (3) for all s € S, then v(5) =0 and § is
a p-estimator. Conversely, assume that there exists a p-estimator § € S such that v(§) = 0. Then,
foralls € S, Lk(s) < Lk(5), and § mazimizes Lk (-) over S.

When K = R, Lk(-) = L(-), which means that results on maximum likelihood estimators may
be derived from that of p-estimators and vice versa. A similar result for convex sets of densities was
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obtained by Su Weijie in the context of framework 1 and was recently included in [BB17]. Using
sets K not equal to R may be of interest to remove some observations that would make the log
likelihood identically equal to —oco. In that case, we rather estimate the restriction of sg to K as
illustrated below.

We consider the convex model S in framework 1 defined by
(5) S = {s]l(O,Jroo), s is a non-increasing function of & on ]R} .

When the random variables X; are positive, which in particular holds true almost surely if sg
does belong to S, the maximum likelihood estimator exists on S and is known as the Grenander
estimator, see [Greb6]. We deduce from the above theorem with K = R that this estimator is, in
this case, a p-estimator. When some of the random variables X; are non-positive, £(s) = —oo for
all s € S, and we cannot maximize L£(-) over S to design an estimator. However, the p-estimation
approach works and still coincides with the maximum likelihood one, up to minor modifications.
Indeed, in this case, the preceding theorem can be used with K = (0, +00). Then, Lx(s) takes the
form

1 o0
Li(s)=— Z log s(X;) — / s(t)dt forall s € S.
n. 0
26{17"'7”}
X;>0
Let § be the Grenander estimator based on the random variables X1, ..., X, that are positive. This
estimator is a density and maximizes the map

1
S — log s(X;
o Z g s(Xi)
Z6{17“'771}
X;>0
over the densities s of S, where ng is the number of positive random variables among X, ..., X,.
One can verify that the estimator that maximizes L(-) over S, and which is thus a p-estimator
on S, is § = (ng/n)3. Note that [, §du = ng/n, which means that § is not a density unless all the
observations X; are positive. This is due to the fact that § here estimates the restriction of sg to

(0,400) (which cannot be a density when some observations X; are negative).

Let us mention that a maximum likelihood estimator may not be rate optimal. We refer to
Theorem 3 of [BM93] for an example of convex set of densities where this phenomenon occurs. As S
is convex in that example, the maximum likelihood estimator is also a p-estimator. This means that
there are unfortunately p-estimators that do not reach the optimal minimax rate of convergence.

It is sometimes convenient to consider models S of the form S = { 2, feF } where F consists
of non-negative functions. The set F can then be interpreted as a translation of the knowledge
one has on /sg. For instance, if 7 denotes the set of non-negative concave functions on [0, +00)
vanishing on (—o0, 0), the assumption sg € S means that /sq is concave on [0, +-00) with support in
[0, +00). It turns out that the connection between p- and maximum likelihood estimators remains
valid when the convexity assumption is put on F instead of S.

Theorem 2. Let F be a conver set of non-negative functions such that S = {f2, fe ]:} 1s included
in 8. Let K be a subset of R such that {x € R, f(x) # 0} C K for all f € F. Then, if
Supses Lr(s) & {—o0,+o0}, the conclusions of Theorem 1 apply to S: any mazimizer § € S
of Lk (-) on S vanishes v(-), and any § € S vanishing () mazimizes Lk (-) over S.
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3. RISK BOUNDS OF p-ESTIMATORS

3.1. A uniform exponential inequality. We recall that the definition of p-estimators is based
on the minimization of a criterion (-) on S. This criterion (-) uses the approximation 7T'(s, s’) ~
Tg(s,s') where s,s' € S. Bounding above the risk of the p-estimator requires to bound above the
error due to the approximation of T by T

We introduce for any bounded function f € 8, the centered random variable

Z(f):/Rde—/RfsodM.

It can also be written as

% Z (f(X;) —E[f(X)]) in framework 1,
i=1
Z(f) = 1 zn: (f(Xi)]lD._l — /OO f)so(t)Lx,>¢ dt > in framework 2,
n Z:1 1 0 1
% Z <f(T1(f3)]110bs (T1(,Z())) — /I f(t)so(t)]lXt(i):1 dt) in framework 3.
i=1 obs

Note that Z(f) measures the approximation error of Tg(s,s’) by T(s,s’) when f = 1(s'/s). The
theorem below allows to control the deviations of Z(f).

Theorem 3. Let F C S be a set of functions f such that |f(t)| <1 for all f € F, t € R. Let A be
the collection of sets defined by

A={{teR, fr(t)>u},feF,uec (0,)}U{{teR, f_(t)>u},feF,ue(0,1)}.
Suppose:

e in frameworks 1 and 2 that A is a Vapnik-Chervonenkis class of dimension at most 2d. More-
over, there exists an at most countable set A" C A satisfying the following technical assertion:
for all A € A, there exists a sequence (Apm)m>0 € AN such that limp, 400 1a,, (t) = 14(t)
for every t € R.

o in framework 3, that each set A € A is a union of at most d intervals.

Let, for f € F,

E[f*(X))] in framework 1,
u(f) = / f?sodM = n-1 S fooo f2(t)so(t)]lxi2t dt in framework 2,
. Y flobs f2(t)50(t)]lXt(i):1 dt in framework 3.

Then, there exists for all € > 0 an event which holds true with probability larger than 1 — e~ and
on which: for all f € F, and € > 0,

dlog? (n/d)
n

(6) 1Z(f)] Sav(f)JrCa{ +§10g+(1/§)}~

In the above inequality, C. only depends on e.
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A class consisting of unions of at most d intervals is Vapnik-Chervonenkis with dimension at
most 2d. Therefore, the condition in framework 3 is stronger than in the two first frameworks. It
remains however general enough to control the risks of p-estimators in several models S of interest
(see the next section). As a by-product of the proof of the theorem, we get the following proposition
which may be of independent interest:

Proposition 4. Consider framework 1 and an at most countable set F C 8 of functions f such
that |f(t)| <1 forallt € R, f € F. Let for u € (0,1), A, be the collection of sets defined by

Av={{t eR, f1(t) > u},f e FYU{{t e R, [ () > u}, f €T},
and Sa,(2n) be the Vapnik-Chervonenkis shatter coefficient
Sa,(2n) = HlaXeRH{tl,...,th}ﬂA,A € Au}l.

15--5l2n

Let 0 = sup;crE[f*(X)] and r,, = SUPyc(0,1) 1084 154, (2n)|.  Then, there exist universal con-
stants C, C' such that

E |sup|Z <(C inf log(1 +/ su >u) du T—"—i—CT—"
feg! (Nl ne(O,l){ g(1/n) D VP (f(X)] }\/ - -
n 1 1 n
- SC,[U LMJ_],
n n

This proposition gives a bound on E [sup rer|lZ(f )|] that involves the Vapnik-Chervonenkis shat-
ter coefficients S 4, (2n) of A,. This result may not be as sharp as the bounds based on covering
numbers (see Theorem 3.1 of [GKO06]). It is, however, rather convenient in the situations where the
shatter coefficients are easier to control than the covering numbers.

Our proposition may be viewed as a refined version of a result of [Barl6] when the random
variables X; are identically distributed and when A, is Vapnik-Chervonenkis with dimension d
(apart from constants). Such an assumption corresponds to a notion of (weak) VC-major class. In
that case, Sauer’s lemma [Sau72] implies

\/dlog+(n/d) log, (1/0) N dlog, (n/d)

n n

(8) E|sup|Z(f)|| <C"|o

ferF

)

where C” is a number. If we put aside the constant C”, the main difference between this bound and
Inequality (2.8) of [Bar16] lies in the position of the logarithmic term log, (1/0): it is here involved
inside the square root while it is outside in [Barl6].

Theorem 3 is well tailored for bounding the risk of a p-estimator. Indeed, when f = ¢ (s'/s), the
random variable v(f) can be bounded above as follows.

Lemma 2. For all 5,5’ € S,
/ V?(s'/s)so AM < 4 (h*(so, s) + h*(s0, ")) .
R

Now, under suitable assumptions on the collection F = {¢(s'/s), s, s’ € S}, Inequality (6) roughly
says that with high probability (and e = 1/24):

(9) |T(s,s") — Tg(s,s')| < % (h*(so, s) + h*(s0,s')) + Rs(n) for all s,s" € S.
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The term Rg(n) depends on the probability of the event on which (9) holds true and the complexity
of S. The approximation T(s,s’) ~ Tg(s,s’) is then accurate enough to control the risk of a
p-estimator §. Indeed, we deduce from (2), that for all s,s" € S,

1

FH(50,5) — ¥ (s0, ') ~ Rs(n) < T(s,5) < - W(s0,5) — 5h(s0, ) + Rs(n).

We may then replace Tg(s,s’) by T'(s,s’) and yg(-) by v(-) in the computations of Section 2.2 to
bound the risk of a p-estimator §. This would lead to

h%(sg, §) < 37h*(sg,S) + 12Rg(n) + 6/n.

We need, however, to explain the assumptions to put on the model S to make inequality (9) more
precise and rigorous.

3.2. Assumptions on models. We consider a non-decreasing collection (Z;)4>1 of Borel sets. In
framework 3, Z; is the collection of unions of at most d intervals. In frameworks 1 and 2, Z; may
be more general. More precisely:

Assumption 1. We suppose:

e in frameworks 1 and 2, that the collection Ly is Vapnik-Chervonenkis with dimension at
most 2d. Besides, the following technical condition holds: there exists an at most countable
set I, C Iq such that for all I € I, there exists a sequence (Ip)m>0 € IC’lN satisfying

lim ]l[m(t) = ]l](t)

m——+00

for every t € R.
e in framework 3, that the sets I € Iy are unions of at most d intervals.

We then consider models S satisfying the following condition.
Assumption 2. There exist S C S and a map ds(-) on S such that: for all5€ S, s € S, u >0,
the set {t € R, s(t) > us(t)} belongs to Ly s)-

This assumption applies for several models of interest, including some which are well suited for
estimating functions under smooth or shape constraints. We carry out below three examples.

Let £ > 1 and M, be the family that gathers all the collections m of size ¢ of the form

(10) m = {[xl’xﬂv (l‘2,$3], (l‘3,l‘4], cee (nyxZ—i-l]} )

where x1 < z9 < --+ < xy41 are £ + 1 real numbers (with the convention that m = {[z1, z2]} when
0=1).

We define for » > 0 the model P, by

(11) Py, = { Z sk lg, where m € My and sk is a polynomial function of degree at most r
Kem

that is non-negative on K }

Proposition 5. Let for d > 1, Z; be the collection of unions of at most d intervals. Then, Assump-
tion 2 is fulfilled with S = Py, S C Py, and for all 5 € S, dg(5) = (£+2)(2r +1).
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We may also consider the model consisting of piecewise monotone functions and the one consisting
of functions whose square root is piecewise convex-concave. They are defined for k£ > 1 by

(12) Fr=8n { Z sk li,where m € M, and sk is monotone on the interior of K} .
Kem

G.=8nN { Z s%]lK, where m € My, and sk is a non-negative function that is either
Kem
convex or concave on the interior of K} .

The proposition below is given by [BB16]:

Proposition 6. Let for d > 1, Z; be the collection of unions of at most d intervals. Assumption 2
1s fulfilled with:

e S=F, SCS N(UR Pro) and for all 5 € SNPyp, ds(5) = (3/2)(k +£+5).
e S =G SCS NUZPeisqroot): where Pt sgroor = {5 € S, \/s € Pui}, and for all
5€ SNPuisqroots Ads(5) = 3(k +L+5).

3.3. A uniform risk bound.

Theorem 7. Let (Zg)q>1 be a non-decreasing collection of Borel sets that fulfils Assumption 1. For
all € > 0, there exists an event which holds true with probability larger than 1 — e~ and on which:
for all model S satisfying Assumption 2 and all p-estimator § on S,

A . _ ds(3) n
(13) h?(sg, 8) < C;Eg {hz(so,s) + - log? <ds(§)> +§log+(1/§)} .
In particular,
(14) E [h*(s0,8)] < C’ IIelg {E [h*(s0,5)] + dsés) log?. ( d;zs)> } .

In the above inequalities C' and C' are universal positive constants.
Define Rg(so,n) by

(15) Rs(so,n) = inf {E [h%(s0,5)] + dSTES) log? < d;zs)> } :

5e8

It follows from (14) that Rg(sg,n) is — up to a universal multiplicative constant — an upper-bound
of the Hellinger quadratic risk E [h2(50,§)] of a p-estimator § on S. It then remains to com-
pute Rg(sg,n) to deduce (an upper bound of) the rate of convergence of the p-estimator when
sg € S. Let us now discuss what is new here.

First, in density estimation, our risk bound slightly improves the one of [BB16] in the sense
that our variance term involves a smaller exponent on the logarithm. The logarithm term cannot
be avoided in general under our assumptions (see Section 3.5). It is an open question to know
whether the power 2 can be replaced by 1. A careful comparison between the two results show that
our assumptions on models are more stringent. But, the conclusion is also stronger: the event on
which (13) holds true depends on S through (I;)4>1 only. It remains the same when the model S
changes but not the collection (/4)g>1.
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Second, our study is not restricted to density estimation but encompasses three frameworks. It
is noteworthy that the risk bound is of the same form in the three frameworks: only the Hellinger
loss depends on the framework. Thereby, we can effortlessly transfer results in density estimation to
frameworks 2 and 3. In particular, the properties of “robustness” or “superminimaxity” described
in the introduction remain valid in hazard rate and transition intensity estimation. For the sake of
illustration, we make the risk bounds explicit when S = P;,., S = F, and S = G, in Sections 3.5
and 3.7.

3.4. About the risk bounds in hazard rate estimation. The empirical distance h has been
scarcely used in hazard rate estimation. The only papers we are aware of that deal with this loss
are [vdG95, BB09]. But other losses may be considered, and in particular deterministic losses.
Since sg is not integrable on (0, 400), it is not possible to use a loss of the form

h%mzf(s(h / <\/— \/—t)

when @ = 400. Setting a < +00 amounts to measuring the quality of the estimation on an interval
of finite length only. Moreover, the rate of convergence of hum f(so, 3) depends generally on « when «
goes to infinity with n.

In the present paper, we prefer losses that measure the quality of the estimation of sg on the
whole half-line (0, +00). We dealt with h, but we may also consider

h%(so,ﬁ):%/o (Voo — V3D B (X > 1)

The difference between hg and h lies in the fact that hg involves the (unknown) survival function
G(t) = P(X >t) of X whereas h involves its empirical part G, (t) = n~! S°I' | 1x,>¢. Note that
the quality of the estimation is not measured uniformly on (0, +00) but accordingly to the difficulty
of the problem. In particular, the larger ¢, the farther §(¢) may be from sg(t).

Let us mention that we may always relate h,y;r to hg since

h(s0L0.a)s 810.0) < hinis(S0,8) < (G(a) ™" hh(S0L(0.0)s $1(0.4)),
when G(a) > 0. Likewise, we may relate hg to h as shown below.

Proposition 8. Consider framework 2, suppose n > 1043, that G is continuous, E[X] < oo and
that the density fo of T is square-integrable: fo d,u < 0. Let & be a positive random variable
such that

logn logn

(16) 150 < Gp(a) < 151

n

There exists a universal constant C' such that, for all estimator § € 8§, the truncated estimator §
defined by

§ = min{s, ng}]l[o,@]

satisfies

logn+ +f0 fgd,u}

n n2

E [ (so, >]<c{ [h2(s0, 8)] +
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Thereby, a truncation argument allows to deduce risk bounds for the deterministic loss hg from
the ones established with h. For instance, let § be a p-estimator satisfying the assumptions of
Theorem 7. Then, the preceding proposition asserts:

) ) .
B [1(s0.5)] < C int {h%<sO,§> + 259102 < ds(§)> LB du}
E[X] + fooo fg dﬂ} ‘

< C{RS(S(),TL)+ n2
Up to a remaining term, and a modification of the multiplicative constant, this bound corresponds

to the one we would get for E [h%(so, §)] and that is written in (14).

3.5. Risks of p-estimators on P;,. We now make explicit the risk bound given by Theorem 7
when S = P, is defined by (11). We have,

(0 +2)(2r + 1)1og? (n/(£+2)(2r + 1))

(17) <E [h2(5077)f,r)] 4 Qﬁ(r \ 1) logi (n/f(T vV 1))

Rp,, (so,n) =E [hQ(SO,PM)] +

When sq € Py, but is close to Py, E [hz(so,Pg,r)] is an approximation term that may be inter-
preted as a robustness term. It is, for instance, small when /sg is smooth with bounded support,
see [DY90].

When sg does belong to Py, Rpe’r(S(), n) becomes

9¢(r v 1)1log? (n/t(rv 1
R’PZT.(SO7n)S ( ) g+( / ( ))
: n
This bound is valid in the three frameworks and is almost optimal. Omnly the power 2 on the
logarithm is sub-optimal in general (the optimal risk bound involves a power 1 instead of 2 in

framework 1 when r = 0, see [BM98, BB17])).

3.6. About piecewise polynomial maximum likelihood estimation. The risk bound given
by Theorem 7 also applies to maximum likelihood estimators when the assumptions of Theorem 1
or 2 are met with K = R.

For instance, consider m € M, and define P,(m) as the convex subset of P, whose functions
are polynomial on each interval K of m:

Pr(m) = { E siklg, for all K € m, sk is a polynomial function of degree at most r,
Kem
non-negative on K} .

We may prove:
Lemma 3. Let r >0, £ > 1, m € My, and for K € m,
Pr(K) = {slk, s is a polynomial function of degree at most r and non-negative on K} .

Then, supsep, iy LK (s) is finite and achieved at a point Skx. Moreover, 8m = 3 e, 8K 15 a
p-estimator on the model S = P,(m) that vanishes y(-). If N(UxemK) = N(R), $,, mazimizes L(-)
and is therefore also a mazximum likelihood estimator.
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It follows from Theorem 7 that there exists an event that does not depend on m, that holds true
with probability larger than 1 — e, and on which:

. ml(rv1l) . n
h%(s0, ém) < C { h%(so, P,(m +9‘710 _
(50:5) < O { 2G50, P+ 9 g (s
In particular, the estimator §,, is robust with respect to model misspecification measured in terms
of h. Let us mention that this property is not always true for maximum likelihood estimators, see
Section 2.3 of [Bir06] for an example in density estimation. We carry out below another elementary
example in framework 2.

)+ etog. 1/}

Proposition 9. Let o > 0, s4(t) = t‘llltZQ be the hazard rate of a Pareto distribution, and the
model S = {sq, > 0}. Suppose that the data are not censored, that is C' = 400 almost surely,
and that the target hazard rate is so(t) = fo(t)/P(T > t) where fy is a mizture of two Pareto
distributions defined for n € (0,1/2) by

Then, there exists a universal positive constant ¢ such that the risk of a mazimum likelihood esti-
mator § is bounded below by

E[h?(s0, 3)] > clog(1/(2n)).
By contrast, the risk of a p-estimator can be bounded above by

2
sup E[hQ(so,ﬁ)] < ClOg n’

ne(0,1/2) n

where C' 1s a universal constant.

The risk bound log? n /n of the p-estimator is likely not optimal. However, we observe that it does
not increase when 1 runs from 1/2 to 0. This is different for the maximum likelihood estimator: its
risk may be made arbitrarily large by playing with 7.

3.7. Risks of p-estimators on F; and ¥;. Bounding Rg(sg,n) from above is no more difficult
in frameworks 2 and 3 than in density estimation. Thereby, we may easily get upper-bounds in
frameworks 2 and 3 from results obtained in the literature in density estimation. More precisely, two
bounds on Rg(sg,n) can be deduced from the results of [BB16]: when S = Fj and when S = %;.
They are given below.

Corollary 1. There exist universal constants C,C" and a map V() on Fy such that for all sg € Fy,

. _ k+¢ n
R]:k (SO7n) <C ég{ {E [h2(507 8)] + T logi <m> }
EE’PLO NFp

n

2.\ 2/3 2
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Moreover, there exist universal constants C”,C" and a map W(-) on 9. such that for all sg € %,

k4t

: — n
Ry, (so,n) < C” ég{ {IE [h*(s0,5)] + Tlog%r <—k: n €>}

gepﬁ,l,sqxl‘oot ngk

2.\ 4/5 2
< C""{W(so) (log n> N klog n}

n n

This corollary gives therefore (an upper-bound of) the rates of convergence of p-estimators on Fj,
and % in the three frameworks, and in particular, in hazard rate and transition intensity estimation.
In these inequalities, the terms V' (sg), W (sg) measure, in some sense, the “variations” of |/sqg. To
reduce the size of this paper, we propose to make explicit V'(-) only.

Let for K C R,

w(K) in framework 1,
MEp(K) = [ P(X > 1)1}y 100)(t)dt  in framework 2,
[ P(Xi— =11, (t)dt  in framework 3.

The map V(+) is then defined for sg € Fj, by
o7 1/3

V(so) = inf 3 ME<K>< /22}1350(:17)—,/35(80(%)) ,

Kem

where the infimum runs over all collections m € M;, for which sg = ) Kem Sk Lk where sk is
monotone on the interior of K. Moreover, V (sg) can be bounded from above as follows when k = 2
and sg € Fo.

Consider framework 1, k = 2. If the support of sg is of finite length Lg,pp, we deduce

V(so) < 2LL3 (supso(z))*/3.

supp
z€eR

Consider now framework 2, k = 2, and suppose that X has finite expectation. Then, for all interval
K C [0,4+00), Mg(K) is not larger than E(X) and hence

V(sp) <2 (E(X))1/3 (supso(a:))l/3.
x>0
As to framework 3, define 71 = robs 1x, —i1dt and suppose that E(77) < oo. Then, Mg(K) <
E(Ty) and thus
V(so) < 2(E(Ty))"? ( sup so(z))"®  when k = 2.

TE€Lobs

4. FROM THEORY TO PRACTICE: ESTIMATOR SELECTION

It is often difficult in practice to find a global minimum of ~(-) and thus to build p-estimators. In
particular, we do not know how to construct a p-estimator on the model S = Py ,. In this section,
our goal is to propose an alternative way, more numerically friendly, to define an estimator with
similar statistical properties on this model. We then explain how to make the estimator adaptive
with respect to £.
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4.1. Piecewise polynomial estimator selection. The quality of a p-estimator is, in the present
paper, assessed by means of Theorem 7. The event on which (13) is valid depends on the collection
(Z4)a>1 but not on the model S. In particular, the risk bound remains true when the model S vary
randomly among the class of models for which Assumption 2 is fulfilled.

An application of this result is the following. Consider £ > 1, » > 0 and an at most countable
collection {$y, A € A} C Py, of non-negative piecewise polynomial estimators of degree at most r
based on at most ¢ pieces. We deduce from Proposition 5 that the (random) model S = {5, A € A}
fulfils Assumption 2 with S = S, dg(5)) = (¢ + 2)(2r + 1) and Z4 the class of unions of at most d
intervals.

Instead of dealing with Py, we may thus restrict our procedure to a random S = {5),\ € A}
subset. This is interesting from a numerical point of view as the optimization problem becomes
easier. Indeed, minimizing the criterion 7(-) requires, in general, to know T'(sy, $y/), for every pair
(5x,8x) € S2. This is possible in practice when S is finite and not too large.

The resulting estimator is then of the form § = §; and satisfies

(19) E [h2(s0, 3;)] < C { inf E [h2(s0, 5)] + " Delog? (n/(¢(r +1))) } ,

A€A n

where C'is a universal constant. As we see in (19), we should take S = {8, A € A} as large as possible
to improve on the theoretical performances of the selected estimator. Ideally, {5x,A € A} = Py, to
recover the risk bound of a p-estimator 5 on Py,

1+ (r + 1)l1og2 (n/(6(r + 1)) }

(20) E [h*(s0,8)] < C {E [h*(s0, Pe,r) ”

There is therefore a trade-off between the theoretical and numerical properties of 5. The larger the
collection S = {38y, A € A}, the better the theoretical properties, but the longer it takes to compute
the estimator.

4.2. Selecting among a special collection of piecewise polynomial estimators. In this
section, we propose to deal with a special but possibly very large collection {5y, A € A} of piecewise
polynomial p-estimators. This collection being very rich, we hope to recover a theoretical risk
bound akin to (20). Moreover, we propose a criterion 72(-) that uses the particular structure of this
collection to reduce the numerical complexity.

We consider a (possibly random) collection of distinct random variables {Y;, ¢ € I } where Iisa
(possibly random) set such that 7 = |I| > 2. Since the random variables (Y;),.; are distinct almost
surely, we may order them: Y(1) < ¥{g) < -+ < ¥(;). We define the collection M that gathers all
the partitions m of [Y{y), Y{3)] of the form

m = {[}/il)7}/in1)]7 (Yv(nl)a Yv(ng)L (Yv(ng)a Yv(ng)L ceey (Yv(nk)7 Yr(ﬁ)]} )

where £ > 0 and 1 < nj <ng--- < ny <n with the convention that m = {[Y{y), Y{3)]} when k = 0.
We set for £ € {1,...,n— 1},

.K/l\z:{meﬂ/l\, ]m\:ﬁ}.

Note that M\g C My, but ./\//Yg % My. We consider a random variable ¢ with values in {1,...,n—1}.
For each m € M;, we define the piecewise polynomial p-estimator $,, on P.(m) as explained
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in Lemma 3. This construction implies that there exist 7 intervals on which §,, is a polynomial
function. Moreover, the set of points on which 3, is not smooth is included in {Y{y, Y(2), ..., ¥(5)}-

We now explain how to select an estimator among the family {$,,, m € M e

We define for m € M\, K emandm e ./\//\l, the partition m’' V K of K by
(21) m' VK ={K'nK,K'em/, K'"K #0}.

We consider a positive number L and define the criterion ~o(-) for m € M ) by

(r+1)log} (n/(r+1)) } |

22 Sm) = T (3mly, émli) — Lim' V K
(22) V2(8m) Zsup{(s Ky 8m 1K) — Lim' v K| -

Kem m’E//\;(\g
The selected estimator is then any estimator §;, of the collection {5,,, m € M ;} minimizing ~2(-):

(23) Yo(8m) = min y2(8m).

mEMl;

Theorem 10. There exists a universal constant Ly such that if L > Lg, any estimator S; mini-
mizing (23) satisfies for all € >0, and probability larger than 1 — ™",

(r +1)log% (n/(r + 1))

(24) h2(So,§m) < C{ in/f\ h2(So,’Pr(m)) + L

mGMé

+§10g+(1/§)}-

In particular,

inf K2(so, Py () + £ HDlogE 0/ + 1)

(25) E [h*(s0,4m)] < C'E
mGMé n

In the above inequalities, C' and C' are universal constants. Moreover, the event on which (24)
holds may be chosen independently of (Y;),cj, £, , 7 and the value of L (when L > Lo).

This last inequality also says

inf K2(s0,8n) 4 £ F D0 (/4 1)

E [h*(s0,3m)] < C'E
mEMlﬁ n

This risk bound is very similar to the one (19) obtained when the first criterion (-) is minimized
on S = {5,, mé€ M s} (we only slightly loose on the variance term). The main interest of this
procedure with respect to the first one lies in its numerical complexity. Its form is due to numerical
considerations. In the literature, a criterion with a similar form is studied in [Sar14] to select a
partition among the collection of dyadic partitions defined by the recursive algorithm of [DY90]. To
avoid a digression, we defer the discussion on numerical aspects to Section 4.3.

We now consider framework 1. When Y(l) < minj<i<y X; < maxi<i<n X; < Y(ﬁ), 8y maxi-
mizes L£(-) and is therefore a maximum likelihood estimator. It is then natural to compare our
estimator §y; to the one §; that maximizes the log likelihood L(s,,) over m € ﬂ ;- We refer to
Section 5 for numerical simulations when {V;, i € I} = {X;, i € {1,...,n}} and 7 = 0 (and when
the parameter L is chosen as in the next section). We do not know theoretical results for $;. How-

ever, when {Y;, i € I } is not random, then results concerning §; may be found in the literature.
We refer to Theorem 3.2 of [Cas99] (when r = 0) and Theorem 2 of [BBM99] (when r > 0) for
upper-bounds of the Hellinger risk in density estimation. Note that they put restrictions either
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on sg, or on the minimal length of the intervals K of the partitions m € M ;- Besides, contrary to
ours, their upper-bounds involve the Kullback Leibler divergence.

The bias term in (24) depends on the collection M ; and thus on the choice of {Y;, i € I }. In
general, this bias term may be larger than the one we would obtain for a p-estimator on 77277,. As
the Y; are allowed to be random, we may choose them accordingly to the data, and in such a way
that the bias term becomes comparable to the one we would obtain for the p-estimator, at least
when r = 0.

Suppose that {Y;, i € I } is rich enough to satisfy
(26) N(A)=N{Y;,ieI}nA) forall Ac B(R).
For instance, we may define {Y;, i € I} as follows:

e in framework 1, we may set I = {1,...,n}, and for all i € I, V; = X;,

e in framework 2, suppose that the random variables X; are distinct almost surely. Then, we
may consider a set I C {1,...,n}, such that |[I| > 2,1 > {i € {1,...,n}, D; = 1} and
define for all i € I, Y; = X;,

e in framework 3, we may consider a set I C {1,...,n}, such that [I| > 2and I D {i €
{1,...,n}, T1(,Z()) € Iyps}, and define for all i € I, Y; = 1(%

We may show:

Lemma 4. Suppose that condition (26) is met and r = 0. Then, for all £ > 0, the following holds
with probability larger than 1 —e™: for all£ € {1,...,7—1}, m € M, written as in (10) and such
that Y1y and Y(y) belong to [x1,2441], there exists m’ € My such that the p-estimator §,, satisfies

?log? ¢
n 0g+n(”/)

(27) h*(s0,8m) < C {hz(SoaPo(m)) + §1og+(1/§)} :

We refer to Lemma 5 in Section 4.4 for another result when r > 1.

Suppose now that sg vanishes outside a (possibly unknown) interval, says [0, Lsupp]. Let {Y;, i €
I} be the collection described below (26). Then, (26) holds and {Y;, i € I} C [0, Lgupp]. We deduce
from (25) and (27) when 7 = 0 and L large enough,

A . (log%n
E [h*(s0,8m)] < C'E mlenj\f/lé h*(s0, Po(m)) + L 5 ;
m partition of [0, Lsupp]

where C’ is a universal constant. If now Pio 10, Loupp] denotes the collection of step functions based
on partitions m of [0, Lsupp| belonging to M,

+Llﬁlogzn

E [1*(s0,5m)] < C'E [h*(s0, Py [0 1,,00) n

The only difference between h?(so, P; 0 Lsupp}) and h?(sg,P; ) lies in the fact that the functions

s € P;, may be based on partitions of an interval K different of [0, Lgypp). In particular,

h2(50=7)é+2,0,[0,L5upp}) < h2(50=7)é,0) < h2(50=Pé,0,[0,Lsupp])‘
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We recover, up to slight modifications, the risk bound we would obtain for a p-estimator on P; .
4.3. About the practical implementation of the procedure.

4.3.1. Numerical complerity. Optimizing a criterion crit(-) on M ; is not an easy task as M ; is often
very large: computing all the crit(m) is numerically prohibitive. Luckily, dynamic programming
allows to solve more efficiently the optimization problem when the criterion takes the form

(28) crit(m) = > F(K).

Kem
Let K be the collection of intervals with endpoints in {Y(;),i € {1,...,7}}. Let x be the number of
computations needed to compute all the F'(K) when K varies among K. Then, we may minimize or
maximize crit(-) on M ; by an algorithm of dynamic programming in at most x+ O(ﬁzf) operations.
A description of this algorithm may be found in [Kan92] and in Section 4.2 of [CR04].

Here, v2(8m) writes 72(3,) = > ke F(K) with

F(K) = sup { Z [T (3k Licrirs 80 L) — L(r + 1) log? (n/(r +1)) n™ Lxnx] } ;
m’EMZ K'em/

and where $g, §g+ are defined in Lemma 3. Algorithms may therefore be used to compute each
F(K) and to minimize va(-).
Suppose first that » = 0. We begin by storing in memory all the $x, N(K), M(K) with K € K.

This requires at most O(c - n - 1?) operations where ¢ = 1 in frameworks 1, 2 and where ¢ depends
on the Markov processes in framework 3. Let K € K. Since K N K’ € K, we may compute all the

. . I 1. .
T(SK]leK/,SK/]lKQK/) = T/)(SKI/SK)N(KQK/) 1 (SK/ — SK) M(Kﬂ K/),

when K’ runs among K in at most O(n?) operations. Computing all the F(K) with O(n?) algo-
rithms of dynamic programming requires at most O(n*¢) additional operations. It then remains to
minimize v2(+). Finally, the number of operations needed to define 3, is at most O(a2(cn + n2f)).

When r > 1, the procedure is similar, although slower. We define for K, K’ € K, k; (respec-
tively k) as the maximum number of operations needed to know §x (respectively [y, 8k dM).
We begin by storing in memory all the §x, all the atoms of N on K, and all the fKnK' Sk dM.
This requires at most O((k; + n)n? + kon) operations. Since K N K’ € K, we may compute each
T (8xlgnkr, 8k 1gnks) in at most O(nrN(K N K') 4+ 1) additional operations. We store all the
T (5x1gnr, 8k 1K), and use O(A?) algorithms of dynamic programming to know all the F(K).
A last algorithm is used to minimize vo(+). Finally, the minimization of ¥2(-) may be performed in
at most O(A*(£ + ky) + (k1 4+ n)A% + rn) operations.

The estimator §,; may therefore be computed in practice in favourable situations. Numerical
simulations are also possible (see Section 5). Unfortunately, the preceding bounds may be quite
large, especially when 7 is large. They are, however, much smaller than the number of computations
we would need to perform to minimize the first criterion 7(-) by a naive algorithm that would require
to know every T'(S,, $m/)-
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Remark. We may also optimize a criterion of the form (28) when M ; is replaced by M <i =

{m € M, lm| < £}. This only increases the computational cost of the algorithm by O(f). This
collection will appear in Section 4.4.

4.3.2. About L. In our procedure, the parameter L is involved in the construction of the estimator $,;
and must be chosen by the statistician. Theorem 10 applies when L > Ly where Lg is a universal
constant. Unfortunately, the value of Ly is too large to be used in practice, and we do not know
the smallest value of Ly that would make the risk bound valid.

A simple solution to avoid the choice of a calibration parameter L is to consider a collection L
of such parameters and to select among them. More precisely, we minimize v,(-) for each L € L
and denote the resulting estimator by 5, to emphasize that it depends on L. We then pick out an
estimator among {5, , L € L} by the first selection rule, see Section 4.1.

A p-estimator on the (random) model {3;;,, L € L} is of the form § = §;;, and satisfies for all
€ > 0 and probability larger than 1 — ™",

(r+ 1)élogi (n/(r+1))

h*(s0,8) < C' | inf {h*(s0,5m,)} + +&log (1/9)

where C' is a universal constant. If L contains at least one number L larger than Lg, we derive
from (24),

O(r +1)log (n/(r + 1))

h?(so,8) < C' | inf {h*(so,P(m))} + min [ 1, jnf L + &log, (1/€) ],
S il

mEMlﬁ L>Ly

where C’ is a universal constant.

Thereby, the estimator § no longer depends on the particular choice of a calibration parameter L
but rather on a collection .. The larger IL, the better the risk bound. However, the numerical
complexity of the whole procedure increases with the size of L, and the constant C’ above may be
larger than in (24).

4.4. Adaptive piecewise polynomial estimation. The two preceding sections explain how to
define a piecewise polynomial estimator on ¢ pieces. We show in this section that the criterion may
be modified to choose ¢ from the data, and get an estimator adaptive with respect to £.

We define for lpax € {1,...,7 — 1} the collection M\Sémax of partitions m € M whose cardinal is
at most £iax,

émax

Mggmax = {m e M, ]m\ < gmax} = U My.
=1
We consider a random variable £, with values in {1,...,7 — 1} and aim at selecting an estimator
among {8m, m € M_; }.

We consider L > 0 and set for m € M\ b

’73(§m) = Z sup {T(§m]lK,§mr]lK) —L|m/\/K|
KEmm’EM

(r+1) logﬁ_ (n/(r+1)) } ‘

n

<Imax
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The selected estimator §,; is any estimator of the family satisfying

(r+1)|m| log%r (n/(r+1))

(29) ¥3(8m) + 2L -

meM_; n

<fmax

= inf {73('§m) +2L(r +1) m|log? (n/(r + 1)) } '

We prove:

Theorem 11. There exists a universal constant Ly such that if L > Lo, any estimator Sz, satisfy-
ing (29) satisfies for all € > 0, and probability larger than 1 — e~ "%,

(r+1)|m| logi(n/(r +1))

(30)  h*(so,4m) < C  inf {hZ(so,Pr(m))—i—L
meM

+ 510g+(1/§)} .

SZ’NL(I,Z‘

In particular,

(31) E [h*(s0,3m)] < C'E

inf {hQ(So, Pr(m)) + L
meM

(r + 1)|m|log> (n/(r +1)) H |

n

Sé’maz

In the above inequalities, C' and C' are universal constants. Moreover, the event on which (30)
holds may be chosen independently of (Y;),j, Comazs T, 7 and the value of L (when L > Lyg).

This risk bound improves when émax grows up. Moreover, (31) implies

ot { inf {h2 (0, Py (m))} + L (r+ 1)élogi(n/(r+ 1))}] '

1S£S£max mEM n

E [hz(S(), §m)] < C/E

The right-hand side of this 1nequahty corresponds to the bound (25) achieved by the estimator of
Section 4.2 when the choice of ¢ is the best possible among {1, ... max}

The quality and the construction of the estimator §y, still depends on {Y;, i € I }. However, when
lmax = 7—1, and when {Y;, i € I} is rich enough, the infimum in (31) can be taken over the infinite
collection M = J;»; M, (up to a modification of C’), as shown below.

Lemma 5. Suppose that {Y;, i € I} is chosen in such a way that N satisfies (26). There exists
a universal constant C' such that for all € > 0 and probability larger than 1 — e~ ": for all £ > 1,
m € My, there exists m' € M such that

Lr+1) loggr (n/(l(r+1)))

n

h?(s0, 8m) < C {hQ(So,Pr(m)) + + 510g+(1/£)} :

Moreover, m/| <20+ 3.

Suppose now that émax = n— 1, that (26) is satisfied, and that L > max{1, Ly}. We then deduce
from (31) that $,, satisfies

E [h%(so, $)] < C'E -

inf {hz(so,Pr(m)) +L

meM

Im|(r + 1) log? (n/(r + 1)) H
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where C’ is a universal constant. We deduce from Lemma 5,

[ 0+ 1) log2 (n/(r + 1))}

E [h*(s0,8m)] < C"E | inf {hQ(SO,PT(m))+L -

meMy
L ¢>1

< C"E |inf {h2(50, Por) + L
>1

((r 4 1) log? (n/(r + 1)) }]

n

< C"inf R(0),
>1

where )
L 1)1 1
R(E) —F [h2(SO,P[7r)] + L (T + ) Og;(n/(r + )) )
This term R(¢) can be interpreted as an upper-bound of the risk of a p-estimator on P, (up to

constants), barely worse than the one given by Theorem 7 and that is written in (20).

5. NUMERICAL SIMULATIONS

We consider framework 1, r = 0, £ € {1,...,n}, {¥;, i € I} = {X1,...,X,,} and the (random)
collection M consisting of partitions of [X (), X(,)] of size £ defined in Section 4.2. For each

m € M\g, we consider the p- and maximum likelihood estimator §,, on Py(m) defined by
N(K) . 1<
Sm = ——= with N(K) = — 1x(X;).
K; (5 (K) =~ §:j (X))

We carry out in this section a numerical study to compare two selection rules described in Sec-
tions 4.2 and 4.3.2.

e The first procedure is based on the likelihood. We select the partition (19 e ./\//Yg by
maximizing the map

1 < —
m— L(8m) = - Zlog S5m(X;) over m e My.
i=1

e The second procedure is based on the p-estimation method. We consider a set A consisting
of 300 equally spaced points over [0, 3], and define

]L:{Lz,aeA}.
log“n

For each L € L, we use the procedure of Section 4.2 specified in (22) and (23) to get a

partition my € My. We then use the procedure of Section 4.1 to pick out an estimator

among {$y,, , L € L} as explained in Section 4.3.2. This leads to a selected partition of the

form m; € M, that will be denoted in the sequel by m(20.

We consider four densities sg:

Example 1. sqg is the density of a Normal distribution

1
so(x) = e~ ™12 for all x € R.
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Example 2. sg is the density of a log Normal distribution

so(x) = e‘%1°g2x1(07+00) (x) for all z € R.

V2T
Example 3. sqg is the density of an exponential distribution
so(7) = e "l yo0)(z) for all z € R.

Example 4. sg is the density of a mizture of uniform distributions

1 1 3
S()(I') = 5 X 31[071/3} (Z’) + g X 31[1/372/3} (Z’) + g X 3]].[2/371] (1’) fOT all x € R.
We simulate Ny, samples (X1, ..., X)) according to a density sg defined above, and compute, in

each of these samples the two selected estimators. Let, for k € {1,2} and i € {1,..., Nyep}, 8,500
be the value of the estimator corresponding to the k" procedure and the i** sample. We evaluate
the quality of the estimators by
Nrep

h? (SO7 85, (10, ) .
i=1

~ 1
R(k.0) = 5
rep

We estimate the probability that the two estimators coincide by

NI’C
~ 1 L
Pequal(e) = N. E ]lm(z,e,z‘):m(l,l,i)
rep

i=1

Results are summarized in Figures 1 (when n = 50) and 2 (when n = 100).

Ex1 | Ex2 | Ex3| Ex4 Ex1 | Ex2 | Ex3| Ex4
R(1,2) |0.057 |0.078 | 0.064 | 0.052 || R(1,5) |0.062 | 0.063 | 0.061 | 0.060
R(2,2) |0.057 | 0.080 | 0.065 | 0.051 || R(2,5) |0.059 |0.062 | 0.059 | 0.060

R22 1100 | 1.02 | 1.02 | 099 || Z23 | 095 | 0.98 | 0.98 | 1.00

Poguat(2) | 076 | 0.75 | 0.80 | 0.78 || Pogua(5) | 0.27 | 0.33 | 0.32 | 0.39
) 10.052]0.056 | 0.053 | 0.048 ) 10.067 [ 0.068 | 0.066 | 0.065
) 0.047 | 0.055 | 0.052 | 0.047 ) |0.065 | 0.067 | 0.065 | 0.065

B23) 991 | 098 | 097 | 0.99 | Z28 | 097 | 0.99 | 0.99 | 1.00
Prguat(3) | 063 | 0.64 | 0.66 | 057 || P.ua(6) | 0.28 | 0.33 | 0.33 | 0.37

0.057 | 0.058 | 0.056 | 0.054 || R(1,7) |0.071|0.072 | 0.071 | 0.070
0.052 | 0.055 | 0.053 | 0.053 || R(2,7) |0.070 | 0.072 | 0.070 | 0.071

ECYH 1592 | 094 | 095 | 098 || EZD | 0999 | 1.00 | 1.00 | 1.00
Proguat(4) ] 032 | 040 | 0.40 | 0.43 || Poyuar(7) | 0.32 | 0.36 | 0.35 | 0.41

FIGURE 1. Results for simulated data with n = 50, N;¢p, = 10000.

Numerically, we observe in these examples that the two estimators 5.a. and 5, . perform
similarly. Their risks are close and the estimators may even coincide. In Example 4, sg does
belong to P3 and the fractions R(2,¢)/R(1,¢) are very close to 1. In the other examples, sg is
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Ex1 | Ex2 | Ex3| Ex4 Ex1 | Ex2 | Ex3| Ex4

R(1,2) |0.055|0.074 | 0.056 | 0.035 || R(1,5) |0.038 | 0.038 | 0.037 | 0.033

R(2,2) |0.056 | 0.076 | 0.057 | 0.034 || R(2,5) |0.0350.034 | 0.035 | 0.033
R(2,2) R(2,5)

1.03 | 1.02 | 1.02 | 0.98 0.92 | 0.94 | 095 | 1.00

Poguat(2) | 0.63 | 0.60 | 0.70 | 0.80 | Poguar(5) | 0.15 | 0.18 | 0.17 | 0.23
3) |0.034[0.042 ] 0.037 | 0.023 ) 0.041]0.040 | 0.039 | 0.037
R(2,3) |0.033]0.042 | 0.036 | 0.024 ) 1 0.039 | 0.040 | 0.038 | 0.037

E23) 1 096 | 1.00 | 098 | 1.01 | E&8 | 095 | 0.97 | 0.98 | 1.00
Poguar(3) | 071 | 0.63 | 0.63 | 0.57 | Pogua(6) | 0.10 | 0.15 | 0.11 | 0.19

0.036 | 0.035 | 0.034 | 0.028 || R(1,7) |0.044 | 0.043 | 0.043 | 0.40
0.032 | 0.034 | 0.032 | 0.028 || R(2,7) |0.043 | 0.043 | 0.042 | 0.40

B4 1990 | 096 | 094 | 098 || EZD 1 096 | 0.99 | 0.98 | 1.00
Poguat(4) | 029 | 0.39 | 0.35 | 0.33 | Poguar(7) | 0.09 | 0.11 | 0.11 | 0.16

FIGURE 2. Results for simulated data with n = 100, N;¢, = 1000.

not piecewise constant, and the robustness properties of the second procedure may be useful. The
fractions §(2, 0)/ E(l, ?) suggest indeed that the second procedure improves the risk of the first one
by a few percent, at least when the size ¢ of the partitions is well adapted to the underlying density,
that is when ¢ corresponds to the smallest values of R(1,¢) and R(2, ).

Remark. The fractions R(2,¢)/R(1,¢) are computed with all significant digits and are then
rounded.

6. PROOFS

6.1. Proof of Lemma 1. Let /g = (/s +V/s')/2 and
K={teR, s(t)#0 or s'(t) #0}.

Then,
L 7@_\/5 2 _1 7\/?_\/55 1 s'— /s
5/K = (v dM_2/K 7 0dM+2/K<\/_ V3) VadM

—/ (V& = v5) vsoam.

K

Note that

h%(sg,s') — h?(sg, s) = %/K(s' —3) dM—I—/K\/%<\/§— \/;> dM.
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Therefore,
1 [ V-5 2qy — L[ Vs L 7 — /5
5/KT(\/S——\@ M = 2/}( v 0dM+2/K<\/_ V3) vadm
_%/K(s’—s) dM + h*(sg,s") — h*(so, 5)
(32) = Tg(s,s') + h*(sg,s") — h*(sg, 5).
Now,
VIV e (VI VT
5 | N R \/é)dM—K\/g+\/s7<\/_o ; )dM

NETCAY
gl{(ﬁ—?> M

<3 [ (m-va) + (ve - 7)) an

By using the inequality (z +y)? < (1 +a)2? + (1 +a~1H)y?,

s’ — /s @ a1
%/K%(\/s__\/afdMng /K(\/s——\/g)2dM—|—1+4 /K(\/s_—\/?>2dM
< 1 —;ahz(so,s) + L +a_1h2(50,8/)'

We now put this inequality into (32) to get

_ A1
a h2(So,8/).

3 1
Ti(s,s') < " (s0,5) -

The right-hand side of (2) follows from this inequality with a@ = 3. As to the left-hand side, note
that we also have (setting @ = 3, and exchanging the role of s and '),

1
TE(S/7 8) < 3h2(507 8/) - §h2(807 8)‘
Yet, Tg(s,s') = —Tg(s',s) and hence Tg(s, s') > 2h*(so,s) — 3h*(so, s') as wished. 0.

6.2. Proof of Theorem 1. In each framework, the measure N can be put of the form N(A) =
n~t Y. 1a(Y;) where I C {1,...,n}, and where the Y; are suitable real-valued random variables.

For instance, in framework 1, I = {1,...,n}, Y; = X, in framework 2, I= {ie{l,...,n},D; =1},
Y; = X;, and in framework 3, I = {i € {1,... ,n},Tl(’Z()) € Iost, Vi = Tl(f).

Set J={iel,Y;e K}. Then, for s,s' € S, T(s,s') and L(s) take the form
N s'(Y5) _ 1/ r
T(s,s)—nz;jl/}<s(yj) 1 K(s s) dM
j€

EK(S):%Zlogs(Yj)—/ sdM.

‘ K
je
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The proof is straightforward if J = () since then 47 (s, s') = L (s')—Lx (s) and 4y(s) = supyeg Lx (s')—
L (s). We suppose from now on that J # 0.
Claim 1. Let 8" = {s € S, Lk(s) # —oc} and s € S'. Then, supycq T(s,s") = 0 if and only if
supyeg L (s') — Lk (s) = 0.
Proof. Suppose that supycg Li(s') — Lk (s) = 0.
Let S ={se€ S, s=¢, N as} and S, = 5"\ S]. When s € 5,
1
T(s,s) = ——/ (s —s) dM
4 Jk

(Lx(s') — Lk (s)).

=

Therefore, T'(s,s") < 0.

Let now s € S, v € [0,1] and ( = s’ —s. Note that s + u¢ = (1 — u)s + us’ € S’ and thus
Lk (s+ul) — Lx(s) <0. We introduce the real-valued map g4 for u € [0, 1] by

p1(u) = Lk (s +ug) — L (8)
- ()

We now define p9 for u € [0,1] by
p2(u) = 4T(s s+ ug)

e (P ) e
Some computations show that g and p2 are twice differentiable on [0, 1] and
©1(0) = 2(0) = 0

¢(Y;)
4(0) = ph(0) = Y] - [ cam
.]

#1(0) = 9(0) (C )

Therefore, ©/(0) and p5(0) are always negative.

—

he above computations show the

Since p;(u) is non-positive for all u € [0,1], ¢} (0)
1 ,ui]. Now, g is concave, and hence

existence of u; € (0,1] such that po(u) < 0 for all u
non-positive on [0, 1]. In particular, ps(1) = T'(s,s") <O0.
Likewise, supycg T(s,s") = 0 implies supycg Lx(s") — Lk (s) = 0.

U
Let § € S such that Lx(8) > Lk (s) for all s € S and Lx(5) # —oo. The above claim then shows

that T'(5,s) <0 for all s € S such that Lx(s) # —oo. Choose now s € S such that Lx(s) = —oc.
Define for u € [0,1], s, = (1 —u)§ + us € S and note that s; =s. If u € [0,1), Lx(s,) # —00 and
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thus T'(8, s,,) < 0. The continuity of the map u € [0, 1] — T'(8, s,,) ensures that T'(3,s) < 0. Finally,
v(5) =0.

Conversely, let § be a p-estimator satisfying v(5) = 0. We begin by proving that Lx(8) # —oo.
Consider s € S such that Lx(s) # —oo and define for u € [0,1], s, = (1 —u)§ +us € S,

:_Z¢< (1= w3 g(/))*“( )>—2/K(su—§)dM.

JjeJ

When j € J, 5(Y;) > 0. Therefore, if J' = {j e J,5(Y;) = 0} and u € (0,1],

=1 L5 (W) L7y

n n —
jedNJ! Yi)

Therefore, if J' # ) choosing u > 0 small enough leads to p3(u) = |J'|/(2n) > 0, which is impossible
as y(8) = 0. Therefore, J' =0 and Lk (8) # —oo. The claim then asserts that for all s € S such
that Lx(s) # —oo, EK( ) < Lk(8). This inequality being true if Lx(s) = —oo, the proof is
complete. O

6.3. Sketch of the proof of Theorem 2. We define the elements Y;, I , J as in the proof of
Theorem 1. Let for z € [0, 4+-00], ¥2(z) = ¢(2?) and for f, f’ € F,

To(f, f') = Zw( ) i/K(f’z—ﬂ) dM

Lxo(f) = Lr(f*) = Zlog f(y, /K f2dM.

]EJ

The proof is very similar to the one of Theorem 1. The main change lies in the replacement of the
symbols S, T', L by F, Ts, Lk 2. We will only give some insight into why Claim 1 remain valid
under these modifications.

As in the proof of Theorem 1, we may suppose that .J # (.

Claim 2. Let F' = {f € F, Lxa(f) # —oo} and f € F'. Then, suppcz To(f, f') = 0 if and only
ifsupffe]:/ £K72(f/) — £K72(f) =0.

Sketch of the proof. We prove that sup ez L 2(f') — Li2(f) = 0 implies sup e m To(f, f') =
The proof of the converse is similar.

Let 7 = {f' e F, f'=f, N as} and F5 = F'\ F{. As in the proof of Claim 1, Tx(f, f') =
(Lr2(f) — Lk2(f))/4 when f' € F| and is thus non-positive. Let now [ € Fj, v € [0,1] a
¢=f"—f. Note that f+u( = (1 —u)f +uf € F and thus Lxo(f +ul) — Lx2(f) <O.
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We introduce the real-valued map gy for u € [0, 1] by
p1(u) = L 2(f + u) — L 2(f)

__21 <+—Y?)<(>—u2/KC2dM—2u/KCfdM.

We now define g9 for u € [0, 1] by
p2(u) = 4T(f, f + u()

__Z¢2< +“< > /ng—m/ CfdM.

Some computations show that p1(0) = p2(0) = 0, ©}(0) = 5(0), {(0) = p5(0) < 0.

As p1(u) is non-positive for all u € [0,1], ©)(0) < 0. There exists therefore u; € (0, 1] such that
p2(u) <0 for all u € [0,u1]. Since 19 is concave, @9 is also concave, and 9 is non-positive on [0, 1].
In particular, po(1) = To(f, f) <0

0

6.4. Proof of Theorem 3. Let Mg, be the (possibly random) measure defined by

Mg, (A) = / sodM  for all A € B(R).
A

Let, for each A € B(R), Q(A) be a random variable such that Q(-) defines a measure on (R, B(R)).

Let f be a bounded function and
= 0] [ o]

Since E [N(A)] = E [Ms,(A)] for all A € B(R), Z(f) can be written as Z(f) = Zn(f) — Znm, (f)-

We now aim at controlling the deviations of Zg. We begin by showing that this issue boils down
to a suitable control of the deviations of Q(A) — E[Q(A)].

Lemma 6. Let F be a collection of functions of 8 such that |f| < 1 for all f € F. Consider a
collection A C B(R) such that

AS{ItER, fo(t) >ul, feF,uecODYU{zeR, f_()>u),feF, ue (0,1)}

Suppose that sup 4c 4 E[Q(A)] < 1, that there exist non-negative numbers «, 3, and an event on
which: for all A € A,

(%) Q(4) - ElQA)]| < va (VRUA) + VEQA) ) + .
Then, on this event, for all f € F,

(34 Z0(0)] = € {favg(P)1og, (/ug(1) +a+ 5
where

o [ o i}
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Moreover, for all e >0,
(35) Za(f)] < cvg(f) + Cealog, (1/a) + CB.

The constant C' is universal whereas Ce only depends on €.

The proof of this result is delayed to Section 6.5 below. As N is an empirical measure, we can
prove that (33) is valid with @ = N on an event of high probability by using, for example, the
Vapnik-Chervonenkis inequalities for relative deviations. More precisely:

Lemma 7. Let A C B(R) be a collection of Borel sets and S4(2n) be the Vapnik-Chervonenkis
shatter coefficient of A defined by

Sa(2n) =, maXGR\{{tl,...,tgn} NAAeA}|.

1y--502n
Suppose that there exists an at most countable set A" C A such that: for all A € A, there exists a
sequence (Am)m>o € AN satisfying limy, 100 14, (t) = 1 a(t) for every t € R.

Let now § > 0. Then, there exist a universal constant c; and an event ¢y such that P [Q&l] >
1 — e and on which (33) holds for Q@ = N and for all A € A with o = ¢;[log, |Sa(2n)| + n&]/n
and = 0.

We now need to study the deviations of Zy, . There is nothing to prove in framework 1 since
then Zp,, = 0. The lemma below allows to control the deviations of Zyy (f) for all bounded
function f. It is proved in Section 6.7.

Lemma 8. Define G(t) =P (X > t) in framework 2 and G(t) = P (X;— = 1)1y, (t) in framework 3.
For all £ > 0, there exists an event Q¢ o such that P[Q¢ o] > 1 — e "™ and on which: for all € > 0,
and measurable function f such that |f(t)] <1 for allt € R,

36 (] < oagg () + C2int {le+ 1/ [ soau+ [
Moreover, in framework 2,
(37) | Zaty (F)] < evary (f) + CL(E +1/n)log, [1/(€+1/n)].

In these inequalities, CL and C” only depend on e.

o

soGdu+ &+ 1/n}

The computation of the infimum in (36) may be avoided in framework 3 when one restricts the
collection among which the functions f may vary. More precisely, a bound on Zyy, (f) may be
deduced from the following result to be proved in Section 6.8 and from Lemma 7.

Lemma 9. Consider framework 3. Let for d > 1, Ly be the class of unions of at most 2d intervals.
Then, there exist a universal constant cy and an event Qg such that P[Q¢o] > 1 —e™™ and on

which (33) holds true for Q = Ms, for all A € Tyq with o = = ca[dlog, (n/d) + ng]/n.

We are now in position to prove (6). In framework 1, we use Lemmas 6 and 7 to deduce on € 1:
ciflogy |Sa(2n)| +ng] | ( n )
n " \eflogy [Sa(2n)] + ng]

Sauer’s lemma shows that there exists ¢} such that log, [S4(2n)| < ¢jdlog, (n/d). Inequality (6)
then follows from elementary computations.

1Z(f)| < ev(f) + Ce
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We now turn to frameworks 2 and 3. As in framework 1, Lemmas 6 and 7 imply on Q¢ (16g2)/n,1:

2
Zn ()] < con(f) + C- dlg%w

+ 510g+(1/§)] )

where C; only depends on ¢. It follows from Lemmas 6, 8 and 9 that on Q¢ (10g2)/n,2

2
|Zas., ()| < evnr, () + CL dlog+”/d>

+£10g+(1/£)] :

where C{ only depends on e. Since |Z(f)| < [Zn(f)| + [Zp, (f)l, we get on Q¢ og2)/m1 N
Qe 1 10g2) /n,2°

(0] 2 n
(39) 1Z00)] < e(on () + vasg (£)) + (€2 +C) [‘“g%”d) + slog+<1/s>] .
Now,
(39) () < | [ av] =g [ fam,|.

In framework 2, we deduce from Lemma 8 with € = 1/2 that on Q¢ (1542 /n,2:

/R fdM,, -~ E [ /R f2dMso]

(40) %E { /R f4 dMSO} +C

IN

%E UR £ dMSO} +C(E+1/n)log [1/(€ +1/n)]

dlog? (n/d)
n

IN

+ glOg—‘r(l/g)] )

where C is universal. In framework 3,

{teR, f2(t) >u} = {teR, fi(t) > Vu} | J{t e R, f-(t) > Vu}

is a union of at most 2d intervals. Lemma 9 with Lemma 7 show that (40) remains valid on
Qe t (log2)/n,2- Moreover, as |f| < 1,

[/f2dMSO] <2/f2d o +2C

dlog? (n/d)
n

dlog+(n/d)

+¢£ 10g+(1/£)] .
By using (39),

un(f) < 2vnm, () +2C

+£10g+(1/€)] :

We put this inequality in (38) and use vaz, (f) < v(f) to show (6) on Q¢ (10g2)/n,1 N Le-(log2)/n,2-
Moreover,

P [(Qt(0a2)/n1 N et (og2)/m2) ] < €7
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6.5. Proof of Lemma 6. For convenience, and to make the proof more readable, we introduce a
new notation. Given z,y € R, the assertion: there exists a universal constant C' such that z < Cy
is written in the sequel as « < y. The claim below follows from elementary computations.

Claim 3. When (33) holds true,
(41) Q(A) —E[Q(A)]| < vamin{Q(A),EQ(A)]} +a+ .

Proof of Claim 3. For reasons of symmetry, we may suppose that Q(A) > E[Q(A)] to prove (41).
We derive from (33),

Q(A) —E[QA)]] < vVaQ(A)+a+p
< Va (QUA) ~ EQ(A)) + /aEQUA)] + o+ 6.
For all £ > 0, we deduce from the inequality 2,/Zy < ez + ¢~ 'y, that
Q(A) ~ E[Q(AN| < 51Q(4) ~EIQ(A)]| + C [VaEQ(AN +a + 5]

where C' is universal. This shows (41). O

Without loss of generality, we prove the lemma when the functions f of F are non-negative.
We suppose moreover that we are on an event on which (33) holds true. Let for v € (0,1),
Apy ={t €R, f(t) > u}. Asin [Barl6], the notion of integral is a great help: for all t € R,

1
fO = [ Ly, () du
0
Let € > 0 and 7 € (0, 1] to be specified later. Since

f2(t) =2 /01 U]lAf,u(t) du,

we get

Z(f)] — evolf ‘/ Q(Ar) —E[Q(Af)]) du —26min{/OluQ(Aﬁu)du,/OluE[Q(Af,u)]du}

/ {1Q(A1) — EIQ(A})]] — 2eumin {Q(A7.,), E[Q(Af)]}} du
/ 1Q(A.) — EIQ(Ag,)]| du

(42) / {1Q(A74) — EIQ(A;)]] — 2eumin {Q(Az.). EIQ(Af,)]}} du.

It follows from (41) and the inequality 2,/7y < ex + e 1y,

Q(Ayu) — E[Q(Afu)]| — 2eumin {Q(Afw), E[Q(Afu)]} < o/ (eu) + a + B
We deduce,

(43) Z(f)| - evo(f) < Va /O " JEQAs)] du + (a/2) log (1/n) + o + 6.
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We now optimize this result with respect to € and »:

1Z()] = oznemof]{\/vQ )log(1/7) / VE[Q(Af ) du}+a+ﬁ

It remains to use E[Q(Af,)] <1 to prove (34).

Elementary computations then show (35). As z — xlog, (1/x) is non-decreasing, for all x <y,
zylog, (1/z) < y?log, (1/y). Moreover, when z > y, log, (1/z) < log, (1/y) and hence zylog  (1/z) <
zylog, (1/y). Therefore, for all z,y > 0,
zylog, (1/x) < max{z,y}tylog, (1/y)
< (z +y)ylog, (1/y).
We thus obtain for all € > 0,

2y/xylog, (1/x) < e(z+y) + s_1y10g+(1/y)

<ex+ Coylog, (1/y),

where C: = € + e~1. We use this inequality with r = vg(f) and y = a to get

2, /avg(f) log. (1/vg(f)) < evg(f) + Cealog, (1/a).

This proves (35). O

6.6. Proof of Lemma 7. Let A € A and (A4,,)m>1 be the sequence given by the theorem. Then,
N(A,,) converges to N(A). Moreover, it follows from the dominated convergence theorem that
E [[g |14, — 14| dN] converges to 0. In particular, E[N(Ay,)] converges to E[N(A)]. We deduce
that

sup |\/N(A) — VE[N(A)]| = sup [VN(A) - VE[N(A
AecA

From now on, we may therefore consider, without loss of generality, the collection A as at most
countable. We then use the celebrated Vapnik-Chervonenkis inequalities for relative deviation
recalled below (see for instance page 24 of [DL12)):

Theorem 12 (Vapnik-Chervonenkis inequalities for relative deviation). Let Z1,...,Z, be n inde-
pendent and identically distributed random variables with values in a space X. Let B be an at most
countable collection of measurable sets. Define the empirical measure vy,(B) = n=t> " | 15(Z;),
v(B) = E[un(B)] and the Vapnik-Chervonenkis shatter coefficient

Sp(2n) = max N {{z1,...,220n} N B, B € B}|.

Z1,--,22n€

Then, for all x > 0,

“u v(B) — vy(B) . -
P <B€% —I/(B) > ) < 4S55(2n)
P <B€[l; . B) > ) < 4S5p(2n) .
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In particular,

(44) <sup ‘\/Vn \/I/(B)‘ > x> < 853(271)6_”2/4.

Assume that we are within framework 1. Then, the random measure N is the empirical measure
of X1,...,X,. Now (44) with B = A,

4
22— - (log 8 +log, [S4(2n)| + nf)

shows that (33) holds true with probability larger than 1 — e ™, a=2a% f=0.

The proof in frameworks 2 and 3 is very similar since N is an empirical measure for suitable
random variables with values in X = R x {0,1}: Z; = (X;,1p,=1) in framework 2 and Z; =

(Tl(f()) ]lTl(fgeIobs’ ]lTl(féEIobs) in framework 3. We apply (44) with B = {A x {1}, A € A}. Moreover,
|Sg(2n)| < max {{z1,...,20n} N A, A € A}|
T1,..0,T20
< [Sa(2n)].
We end the proof as in framework 1. O

6.7. Proof of Lemma 8.

Claim 4. Let fort >0, V(t) = Lx>; in framework 2 and V() = 1x, =11y, (t) in framework 3.
Then, for all Borel set A C [0,4+00), and k > 1,

E [( /A so(H)V (1) dt>k] <K /A so(E[V ()] dt.

The proof of this lemma is deferred to Sections 6.7.1 and 6.7.2 below. We define o > 0,
o 2
R, :/ So (\/Gn—\/é) du,
0

and we prove:

Claim 5. For all £ > 0 and probability larger than 1 — 2e™"¢,

R, < 35/ so .
0

Proof. Let u=n/3 and A\ = u/ foa so dp. It follows from Jensen’s inequality that

exp <u aRa > < IR ! /a So €Xp (u(\/G_n— \/(_?)2) d

Jo sodu o SoduJo

We deduce,

(45) E [exp (ARy)] < fo slo du/a so(t [exp( (v Gl(t \/G(t))2>] dt
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Now,

[exp( (v Gl(t \/G(t))2>} :1+/1C>O [exp( (VGn(t) — VG(t ))z)zx] dz

:1+/1oo P ‘\/Gn(t)_\/G(t)‘ ZW

The random variable nG,(t) is binomially distributed with parameters (n,G(t)). Therefore, we
derive from Theorems 3 and 4 of [Oka59] that

P[WGn(t)—m(t)\z 1°g$]g ’

dzx.

| IS |

Hence,

[exp( (V/Gnlt \/G(t))2>} < 1+/100idx

n/u

2
1 x

2.

IN

By (45), E [exp (ARq)] < 2 and by Markov’s inequality,
P [Ry > né/N =P [eARO‘ > né } < 2e7mE,

We now prove Lemma 8. We have,

2y (NI < [ 5017 (G0 = 6)]
/ so|f (VG — V@) (VG ~ VG +21/Gy)
Gn<G
[ sl s (V&I VE) (VB - VG +21E) | an
< [ solst (V& VG w2 [ salsl [VG, — VG| V(GG e

dp

Define .
R:Roo:/ S0 (\/G_n—\/@)Zdu
0

By using |f| <1 and Cauchy-Schwarz inequality,

Zag (] < R+ NW | sormin{Gn.Ghay
0

< R+ 2VR,/un,, (f)-

Therefore, for all ¢ > 0, using that 2,/zy < e 'z + ey,
(46) | Zayy ()] < evnigg (f) + (1 +e )R,
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It remains to bound R from above. We consider «« > 0 that minimizes

[5+1/”]/Oasodu+/ooSOGdM+€+1/n.

Now,

(47) R<R,+ / so (Gn + G) dp.
With probability larger than 1 — (1/2)e™™¢, Claim 5 ensures that

log 4 «
(48) Ra§3<£+ o8 )/ so dyu.
n 0
Now,
1~ [

| sodn= > / so(B)VA(t) dt,

where V;(t) = Lx,>¢ in framework 2 and Vi(t) = 1,_, 1r,,(t) in framework 3. Claim 4 shows
O

that the assumptions of Bernstein’s deviation inequality are satisfied (Proposition 2.9 of [Mas07]).
Therefore, with probability larger than 1 — (1/2)e™"%,

o log 2 o0 log 2
(49) / SO[Gn—G]du§2\/<£+ 05 )/ soG dp+ &+ Oi :
Since 2,/xy <z +vy,
(50) / sOGndu§2/ sOGdu+2<§+ Oi >
By putting (48) and (50) into (47), we get with probability larger than 1 — e™"¢,
log 4 @ o 2log 2
R§3[Og +§}/ sodu+3/ soGdu + 2¢ + Tl
n 0 a n
It then remains to use the definition of o and (46) to prove (36). Moreover, in framework 2,
dp = ——L _P(T>t)P(C >t)dt < d
and
duy = — 7 dt=-1 d
/OS()/L /0 ]P)(th) og . Jodu ),
which gives (37). O

6.7.1. Proof of Claim 4 in framework 2. We define for k > 1,

t1,..,tp €A
by <tg<---<t

k
Jy, = Hso(tj) P (X >t;,) dt; dto ... diy.
j=1
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We have,

k k
E [(/ SO(t)]lXZt dt) ] = E /k HSO(tj)]lXth dt; dty ... dtg
A Ak 7
7j=1

k
= / [Is0t) | P (X > max{ts,....t}) dtrdty... dty
Ak .
7=1

= klJ.
Now,
k-1 00
Ji < t1,tpy_1€EA H So(tj) </t So(tk)P (X > tk) dtk> dt1dto ... dig_q,
ti<te<<tp_1 \J=1 k=1
and
/ so(te)P (X > tg)dty = fo(te)P(C > ty) dty,
te—1 te—1
< < fo(tk)dtk> P(C > tp1)
tk—1
< P(T >t 1)P(C > tg1)
< P(X > tpq).
Therefore,
k-1
Jp < ot €A so(t;) | P (X >tp_1) dt;dta... dtp—y
t<ta<--<t_1 \J=1
< Jik-r
By induction, J < Ji. O

6.7.2. Proof of Claim 4 in framework 3.

Claim 6. Lett > 0,F; = 0(X,, v <t) be the o-algebra generated by the family of random variables
Xy, v €[0,t]. Let B be an event Fi-measurable. Let up be the measure defined for all A € B(R) by
pp(A) =P (B andTip € A).

Then, for p-almost all u > t,
dup

(51) Tl

(u) =P (B and Xy— = 1) so(u).

Proof. First of all, up is absolutely continuous with respect to the Lebesgue measure y and admits
therefore a Radon-Nikodym derivative. We now aim to show that this derivative is given by (51)
for almost all u > t.

Let Zp(u) be the random variable giving the number of jumps of the Markov process in [u —
h,u+ h]. Then, P (Z(u) > 2) = o(h) when h — 0. We deduce,

pp([u,u+h]) =P (B, Zy(u) =1, T o € [u,u+ h]) + o(h).
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When Zp,(u) =1, Th o € [u,u + h] is equivalent to X,,— =1 and X, 4, = 0. This yields

p([u,u+h]) = P(B,Zy(u) =1,Xy- =1, Xyyp =0) + o(h)
= P(B, Xy =1, Xoen = 0) + o(h)
P (B, X, = VP (Xpsp = 0| B, Xu = 1) + o(h).

As B is Fi-measurable and u > t,

pp(lu,u+h]) = P(B, Xy =1)P(Xypp =0] Xy =1) +0(h)
B P Xy =1, X4, = 0)
(52) = P(B,Xy_=1) P, :{) + o(h).

Now,
P(Xy- =1, Xupn =0) = P(Xyo =1, Xun =0, Zp(u) = 1) + o(h)
= P(Tho € [u,u+h], Zp(u) =1) + o(h)
= P(Tio € [u,u+ h]) + o(h).
Finally, by putting this inequality into (52),
P(Th o € [u,u+ h])

pp(fwu+h)) = P(BX,  =1) + o(h)

P (X, =1)
— P(B, X, = 1)#}21) +o(h)
= hP (B, Xu— = 1)so(u) + o(h),
which proves (51). O

We now return to the proof of Claim 4. Without loss of generality, we suppose that A C Is.
Define for k£ > 1,

t1,.. .tk EA
t1<to<--<tg

k
J = (H SO(tj) P (th_ =1,... ,th_ = 1) dtq dty ... dt.
j=1

We have,

k k
E[(/ SO(t)]lthldt>] = E / Hso(tj)]lxtr:ldtldtg...dtk
A AR
k
- /Ak Hso(tj) P(Xy-=1,..., X~ =1) dtydta... dty
7j=1

= k.
Yet,

Ji <

k-1 )
> t1ootp 1 €A H So(tj) (/ So(tk)]P’ (th_ = 1, v ,th_ = 1) dtk) dtl dtg e dtk_l.
t1<7t27<"'<tk71 j=1

th—1
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Let B= [X;,—=1,...,X;, ,— =1] € %, ,. Then,

o o d
/ Sot))P (Xp— =1,..., Xy =1) dty, = / %(tk)dtk
te—1 te—1 k

pB([tk—1, +00))
=P (th_ = 1,. . ’th—l— =1and Tl,O Z tk—l)
< P(Xp-=1,..., X, ,—=1).

Therefore, J < Ji_1 and by induction Ji < Jj. O

6.8. Proof of Lemma 9. Let T2i be the class of unions of at most 2d intervals with endpoints
in (QN[0,+00)) U{+0co}. Then, Zyy is at most countable, and we only need to prove (33) when
Ae fgd.

The random measure Mg, is of the form

1 n
Mg, (A) = - Z /A So(t)]lxt(i):l 17, (t)dt for all A € B(R).
i=1

There exist independent random variables 71, ..., Z, such that
1 .
M, (A) = - ZfA(ZZ-) with fa(Z;) = Aso(t)]ngzl]llobs(t) dt.
i=1

We measure the complexity of the family {f4, A € Zo4} by means of the notion of entropy with
bracketing:

Claim 7. For all § > 0, there exists a collection Cs of functions of the form fa with A € Toq.
The cardinal of this set can be bounded by log |Cs| < cdlog (1/6?), where c is a universal constant.

Moreover, for all A € Toq, there exist fa,, fa, € Cs such that fa, < fa < fa, and such that for all
k>1,

E [(fAz(Zl) - fA1(Zl))k] < %!52.

Proof. First of all, we only need to prove the claim when ¢ is smaller than 1, what we will do in the
sequel.

We endow Zog with the distance dist defined for A, Ay € Zog by
dist(Al, Ag) =E [Mso (AlAAg)] where AjAAy = (A1 \Ag) U (A2 \Al)
We may write dist(Aq, Az) as

dist(Ay, Ag) = / La (£) — La, (8)] folt) dt.

Tobs

We introduce the real valued function F' defined for x > 0 by

F(z) = /0 " folt) .
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Since F' is a continuous non-decreasing function such that F'([0,+00)) C [0, 1], there exist an even
integer £ € [2,8d/6% + 2], and ¢ non-negative numbers (1,2, ..., o_1,2¢) € {0} x Q2 x {400}
such that

(Jnax {F(zig) - Fla)} < 6%/(8d).

We may suppose that ¢ > 2d. Let X = {x1,22,...,2¢}, and Zy, be the collection of unions of at
most 2d closed intervals whose endpoints belong to X.

When k < /2, choosing k disjoint closed intervals whose endpoints belong to X amounts to
choosing 2k numbers among X. When k > ¢ /2, we cannot find k disjoint closed intervals with
endpoints in X. The cardinality of Zy;, is therefore bounded by

2d
k=0

Standard combinatorial arguments (see, for instance, Lemma 6 of [BBM99]) show that |[Zg| <
(te/(2d))* . Using now that ¢ < 8d/82 + 2, we derive that
log | Zis| < cdlog, (1/6%)
for a suitable universal constant c.
For each set A € Tog, we now show that there exist Ay, Ay € Zgs such that fa, < fa < fa,
and dist(A1, Ay) < §2/2. Let A € Tyq be written as A = Uiil Ay, where A is an interval whose
endpoints are ay < bg. For each k € {1,...,2d}, there exist a](j) < a](f) < bl(j) < b,(f) € X such that

o) < ay < a?

k > b](i‘l) < bk < b](f)a

and
F(a?) = F(a") <6%/(8d), FOb) - F(bM) < 52/(84d).
Define the closed intervals
A,(Cl) {a; e R, a(z) <z < b,gl)}, A,(f) = {a; e R, a,(:) <z < b,(f)}.

Then, A; = iil A,(gl) and Ay = 261 A(z) belong to Zy;s and satisfy fa, < fa < fa,. Moreover,

AsAA; C U oM,y u oV, 6P,
k=1
and hence,

dist(Ay, Ay) < Z / o 8 fo(t)dt

2d
<3 (F@?) - F @) + £ ) - £ (1))
k2:dl
<> (6°/(8d) + 6%/ (84))
k=1
< §%)/2.
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Now,
k
E[(fa:(20) = £, (Z20)"] =B [(fana, (20)"]
< KIE [Mgy (A2 \ A1)] thanks to Claim 4
§ k:!dz'st(Al, Ag)
< k16%/2,
which completes the proof with Cs = {fa, A € Zgis}. O

We will use several times an exponential inequality of [Mas07] to prove Lemma 9. We keep the
notation < introduced at the beginning of Section 6.5.

Set for 6 > 0, Bs =Cs U{—f, f € Cs}. Note that
log |Bs| < log?2 +log [Cs5| < c1dlog(1/67),

where ¢; is a universal constant. We set H(0) = c¢;dlog, (1/6%) and for o € (0, 1],

E:\/H/OU VH(u) Andu+2(1+0)H(o).

Simple arguments allow to bound E from above, see for instance page 190 of [GN15]: the funda-
mental theorem of calculus shows
1

o/log(e/o) :/0 (x/log(e/u) —m> du

> log. (1/u) du —o/2.
| w17y duof
Consequently,

(53) E < oy/ndlog, (1/02) + dlog, (1/0?).

Consider ¢ > 0 and define J as the (possibly empty) set of non-negative integers j such that

279 > d/(2n). Let, for j € J, z; = 2log(j+1)+14n&, Aj = {A € Toq, 2777 <E[Ms,(A)] <277}
Claims 4 and 7 show that assumptions of Corollary 6.9 of [Mas07] are satisfied with F = { fa,—fa, A€ Zj},
0? =279 b = 1, and H(§) = cidlog,(1/6?). There exists therefore an event ; such that
P(Q;) > 1 — e % and on which: for all 4 € A;,

n |MSO(A) - E[MSO(A)” < E + 0'\/7'L£Ej + 33‘]

Hence,

dlog,(1/0?) + z; N dlog, (1/0%) + z;
n n '

[ Mso (A) — E[Ms, (A)]] < 0\/

As 0?2 < 4E[Msy(A)], 02 > d/n, and z; < log, (n/d) + né,

Mg (4) By (4] < VE (A LB/ D4 e dloms(n/) 3 e



ESTIMATING A DENSITY, A HAZARD RATE, AND A TRANSITION INTENSITY 43

Let now A = {A € Iyy, E[Mg,(A)] < d/(2n)}. We apply Corollary 6.9 of [Mas07] with F =
{fA, —fa, A€ 71}, b =1, 0> = min{d/n,2}. We deduce that there exists an event )’ such that
P(Q) > 1— (1/2)e~ and on which: for all A € A,

dlog, (1/0%) + né +log2 N dlog, (1/0%) + n& + log 2
n n '

[Mso (A) — E[Mso (A)]| 0\/

Since o < /d/n < \/(dlog (n/d) +né)/n,

n/d) —I—né‘

n

Mg (4) — E[Mag (4)]] < 084

We deduce from these computations that (33) holds true with @ = Mg, on the event €' () (N;csQ;)
for all A € Ujerlj U A with a, 3 of the form cy(dlog, (n/d) + n€)/n. Now, Toy = Ujejjtj U A,

and
P{&Hﬁ<ﬂ90)1<d9mﬂ+§:Pmﬂ
g

<e M8,

0

6.9. Proof of Proposition 4. Suppose without loss of generality that the functions f are non-
negative. Consider € > 0 and n € (0,1). We derive from the beginning of the proof of Theorem 3
that for all f € F, and u € (0,1), there exists 4, € A, (we omit the subscript f) such that

2l <20+ [ IN(A) ~ BV du
0
1
+ [ {IN(A,) —E[N(A,)]| — 2cuE[N(A,)]} du.

Therefore,

(54) E | sup [Z(f)|

feFr

<eo? + /OnE [Ailéglu IN(A,) — E[N(Au)]@ du

1

—I—/ E [ sup {|N(A,) —E[N(A,)]| — 25uE[N(Au)]}] du.
n Ay€A,

Let now & > 0. As (33) holds true for all A € A, on an event ¢, such that P[Qg,] > 1 — e,

with o = cllog, |S4,(2n)| + né]/n, f = 0, we deduce from Claim 3 that on this event: for all

Ay € Ay,

)

n
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and using that \/zy < C/(8zu)x + (2eu/C)y,

IN(Ay) — E[N(A)]| — 2cuE[N(4,)] < C' {1°g+ |5Au7<12”>| +ng  logy |SA;£in)| + né} |

In these two inequalities, C' and C’ are universal constants.

We integrate these inequalities with respect to & to get

E[ sup ]N(Au)—E[N(Au)]@ gc”[ log |54, @m)l E[N(Au)]+10g+\5Au(2n)\]7

AyEA, n AyEA, n

and

n new

E [ sup {|N(A,) —E[N(A,)]| — 2suE[N(Au)]}] <" [

log, [S4,(2n)] N log | ISAU(%)q
AyuEAy

where C” is universal. We now deduce from (54),

E |sup [Z(f)]

" 11 S 2
< o? +0 / wdu
feF

" 1
/ \/ sup E[N )]> (log |Sa,(2n)]) du—i—%/o log, |S4,(2n)| du.

A €Ay

As e >0 and n € (0,1) are arbitrary,

log ]SA (2n)|
< — inf / —t 2 du +/ sup E[N > log, |S4,(2n)]) du
V1 ne(0,1) { \/ \/ A egu Au)] ) (logy [Sa,(2n)])

L& / log, S, (2n)] du,
n Jo

E |sup |Z(f)]
feF

where C" is a universal constant. It then remains to bound above these integrals. g

6.10. Proof of Lemma 2. The proof of this lemma follows from some computations as in Sec-
tion 8.4 of [Barl1] (see also Proposition 3 of [BB17]). Let /g = (/s + V/s/)/2 and

K={teR, s(t)#0 or §'(t) #0}.
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:i/[(<\/;—\/§>2%0dM

:%/K<\/?—\/§>2<\/%—1+1> dM

g%/}((@—\/;f(\/%—g dM + 5 /(\/_ Vi) au
)

IN
N —

IN
\%x\
ﬂ

(VS0 — v@)? dM + h?(s, s')

So — \/6)2 dM + h*(s,s")

IN

[ (Vo= vA) + (Vo = V) aM 4 1 (s, )

< / (V50 —v5)° dM+/ (vso — V) AM + h?(s,s)
K
< 2h%(s0, s) + 2h*(s0,s') + h2(s,s').
We complete the proof by using h(s,s’) < 2h%(sg, s) + 2h?(so, §'). O

6.11. Proof of Proposition 5 for S = Py,. Let 5,5 € P;,. There exist two partitions mq,mo
of R into intervals such that |m;| = ¢ + 2 and |mg| = ¢ + 2 and such that s (respectively §) is
polynomial on each element K; € m (respectively Ko € my). Let

m = {KlﬂKQ, (Kl,KQ) € my X mo, K1 NK>y 75@}

Then, m is a partition of R into intervals such that |m| < |m| + |mz| < 2¢+ 4. Moreover, we may

write s and 5 as
s = E sklg and 5= g Sklgk,
Kem Kem

where s and Sx are non-negative polynomial functions on K of degree at most r. Let Px =
Sk — uSk. Now,
{teR, s(t)>us(t)} = | J {te K, Px(t) >0}
Kem

Let Z be the set gathering the zeros of Pi. If Z = (), then P is either positive, or negative on R
and the set {t € K, Pk (t) > 0} is either empty or the interval K. If Z = R, then Px = 0 and
{t € K, Pg(t) > 0} = (). Suppose now that Z # () and Z # R. We may write Z = {by,..., by} with
by <by <.+ <bpand k <r. Weset by = —oo and by = +oo. For all j € {0,...,k}, P is either
positive or negative on (bj, bj+1), and its sign changes with j. Therefore, the set {t € K, Pk (t) > 0}
is a union of at most k/2 + 1 intervals.

Finally, for all K € m, {t € K, Pk (t) > 0} is always a union of at most /2 + 1 intervals, which
implies that {t € R, s(t) > u5(t)} is a union of at most (r/2 + 1)(2¢ + 4) intervals. O
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6.12. Proof of Theorem 7. Let for d > 1,

(55) a(d) = Lo (2).

~n d

We need to prove that there exist a universal constant C' and an event Q¢ such that P (Q¢) > 1—e"¢
and on which any p-estimator § on S satisfies

(56) H2(s0,) < € inf {W¥(s0.5) + 9(ds()) + £ log. (1/6)}

We introduce the following notations. We define for all odd integer d > 3,

Ja = { ﬂ Ay, (Ar)r>1 is a non-increasing sequence of I(d_l)/2} ,

r=1
Ji=JiU{R\ A, Ae Jy}.

Let s,s" € 8. Suppose that there exists d > 1 such that for all u > 0, the set {t € R, s'(t) > us(t)}
belongs to Z;. Then, dy(s) stands for any number d such that

{teR, (t) > us(t)}

belongs to Z; (for all u > 0). If the preceding assumption does not hold, we set dy(s) = +o00. We
define for all odd integer d > 3,

Gy ={w(s'/s), s, € 8,dy(s) = (d—1)/2}.
We will apply Theorem 3 to the class F = ¥;. We begin with the following elementary claim:
Claim 8. The functions f € 9; satisfy |f| < 1. Moreover, the collection
(67) A={{teR, frt)>u}l, feY,ue(0,DU{{teR, f_(t)>u}, feYy ue(0,1)}

is included in Jy.

Proof. Let f € ¢, written as f = 1(s'/s). Then,
[EER, fi(t) > u} = {t € R, v (s/(1)/s(t)) > u}

={teR, s(t) #0, ¥y (s'(t)/s(t)) >u} U{t e R, s(t) =0, §'(t) > 0}

={teR, s(t)#0, s'(t) >vs(t)} U{t €R, s(t) =0, s'(t) > 0},
where v = ¢~ (u) € (0, +00). Therefore,

{teR, fr(t) >u}={teR, s(t) >vs(t)},
belongs to Z(g_1)/2 C T4
Now, note that 1_(z) = 14 (1/x). Hence,

{teR, f-(t)>u} ={t eR, i(s(t)/s'(t) >u}.
By exchanging the role of s and s’ in the above computations, we derive

{teR, f-(t) >u}={teR, s(t) >vs'(t)}

={teR, &)< (1/v)s(t)}.

Now, for all » > 1,

{teR, s'(t) > (1—1/(2r)(1/v)s(t)} € Lig—1)/2-
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Therefore,
{teR, s'(0) = (1/v)s)} = [V {teR, 5'(t) > (1 - 1/(2r)(1/v)s(t)}
r=1
belongs to Jy and {t € R, f_(t) >u} =R\ {t € R, s'(t) > (1/v)s(t)} belongs to Jy. O

Claim 9. The collection Jy is Vapnik-Chervonenkis with dimension at most 2d—1 < 2d. Moreover,
in framework 3, each set A € Jy is a union of at most (d+ 1)/2 < d intervals.

Proof. Let t1,...,t2, € R and a non-increasing sequence (A;);>1. Then,
(0.]
() {1 ton} N A = lim [{t1,... tan} N A,
r—+00
r=1
The non-increasing sequence (|{t1,...,ta,} N Ar|)r>1 consists of integers. Therefore, there exists 7

such that |{t1,...,ton} N Ar| = [{t1,...,t2n} N Ay for all 7 > 7. Hence,

({1 ton} VAL = {t1, .. tan} N Ay,

r=1

This implies that
{{t1,.. . tan} NA, A€ Ty} = {{tl, ot b MA A€ I(d_l)/z}

and Sg,(2n) = S7,_,,,,(2n). Therefore, Jy is Vapnik-Chervonenkis with dimension at most d — 1.
We deduce that J; is Vapnik-Chervonenkis with dimension at most 2(d — 1) + 1 < 2d.

The two following elementary results show that each set A € Jy is a union of at most (d + 1)/2
intervals in framework 3:

e For all union A of at most (d—1)/2 intervals, R\ A is a union of at most (d+ 1)/2 intervals.
e For all non-increasing sequence (A,),>; consisting of unions of at most (d — 1)/2 intervals,
Moo, A, is a union of at most (d — 1)/2 intervals.

O

The lemma below is at the core of the proof of Theorem 7.

Lemma 10. For all £ > 0, there exists an event Q¢ such that P () > 1 — e~ and on which: for
alle € (0,1/12), 5,8’ € S,

4 — 3¢

(58) T(s,s") < (3+4e)h*(so,s) — h?(so, s") + c; min {9(dy (s)),9(ds(s")) } + c2€log, (1/€).

In the above inequality, c1 and cy only depend on £ and the convention ¥(+00) = +00 is used.
Proof. Let d > 3 be an odd integer. Claims 8 and 9 show that the assumptions of Theorem 3 are

satisfied with F = G4. Therefore, there exists for all £ > 0 an event ¢ (d) such that P [Q¢(d)] >
1 — e and on which: for all € > 0, f € ¥ of the form f = v (s'/s), with s,5' € S,

1Z(f)] < ev(f) +c[0(2dg(s) + 1) + Elog (1/€)] .
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In this inequality, ¢ only depends on . Let Q¢ = (d odd Qe+ (210g(144))/n(d). Then,
d>3

P ()] < D P [(Qerroarayn(@)] <Y = AT d? e
d odd =

Moreover, on €: for all s,s" € S, f =1(s'/s) such that dg(s) < oo,

2log(2 + 2dy(s)) 1
(5 B 8+ | ¢ TmEL o)

2c108(2 : 20y (s)) > + et log, (1/€)

1Z(H)| <ev(f) + e (2ds(s) +1) + ¢

<ev(f)+cd(2dg(s)+1)+

log

+ <2 log(2 + 2d(s))
<ev(f)+ d¥(dy(s)) + c€log, (1/€),

where ¢’ only depends on e. This last inequality remains true when dg (s) = oo using the convention
9(+03) = +oo. Moreover, as |Z(—f)| = |Z(f)], v(=f) = v(f), ¥(s/s') = —(s'/s), we may
exchange the role of s and s’ in the preceding inequality to get on €:

(59) 1Z(f)] < ev(£) + ¢ min {(dy(s")), 9(de ()} + & log . (1/¢).

Now, it follows from (2) that for all s,s" € S,

1
(60) T(s,s") < 3h*(sg,s) — ghz(so, s+ Z((s')s)).
Therefore, we deduce from Lemma 2 and from (59) that on €: for all s,5' € S,
4 — 3¢
12
which proves (58) with ¢; = ¢ and ¢3 = c. O

T(s,s') < (3 +4e)h*(s0,5) —

h*(s0,s') + ¢ min {9(ds(s")), O(dy (5)) } + clog (1/€),

We now finish the proof of Theorem 7. Lemma 10 implies that on ¢: for all 5,5 € S,

61)  T(s5) < (B+40(s0,5) — TR (s0,5) + exi(d(5)) + eat log, (1/6).

Thus, for all s € S,

4-3
= h2(s0, S) + 1 sup 9(dy () + ca log . (1/€).
s'e

By using T'(s,s’) = —T'(s', s), we deduce from (61) that for all s,s" € S,

: 1236 h*(s0,s') — (3 + 4e)h*(s0, s) — c19(dy (s)) — ca€log, (1/€) < T(s', s).

Any p-estimator $§ satisfies on {)¢: for all s € S,
4— 3¢

(62) v(s) < (3+4e)h*(so, s) —

(63)

h2(s0,3) — (3 + 4e)h*(s0, ) — c19(ds(s)) — cablog (1/€) < T'(3, s)

7(3)
v(s) + 1/n.

IA A
VAR
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Using now (62) and 1/n < supycg?¥(dy(s)), we deduce when ¢ € (0,1/12),
(64) h2(so, 3) < 1I€1£ {cl,ahz(so, s) — h2(so, S) 4 cae sup I(dg (s)) + c2& log+(1/§)} ,
s s'es
with ¢ . = 24(3 + 4¢)/(4 — 3¢), and with ¢z . depending only on e.
When s € S and s’ € S, Assumption 2 says that dy(s) may be defined by dy(s) = dg(s).
Therefore, (64) becomes

h%(so, §) < ing {e1,:h%(s0,8) — h*(s0, ) + c2,.0(ds(s)) + 2. log (1/€)},

se

and it remains to choose € arbitrarily in (0,1/12) to prove the theorem. O

6.13. Proof of Lemma 3. As in the proof of Theorem 1, the measure N can be put of the form
N(A) =n~13, 1 1a(Y;) where I C {1,...,n}, and where the ¥; are suitable real-valued random
variables.

Note that if K N {Y(y),...,Yn)} = 0 then,

Li(s) == [ sty
K
and the supremum sup,cp, (k) Lk (s) is achieved at sk = 0 and equals 0. We now suppose that

Let G, be the Radon—Nikodym derivative of M with respect to the Lebesgue measure . Then,
Gp =1 in framework 1, Gp(t) =n~" 37 Lx,>11[g 400)(t) in framework 2 and

n
Gn(t) =n~1 Z nxt(i):l]lfobs (t)
=1

in framework 3. Let k be the largest integer of {1,...,7} such that Y(;y belongs to K and K' =
KN (—00,Y)]. There exists some o > 0 such that (Y —a, Y)) C K’. Moreover, we can choose a
small enough to get G (t) > 1/n for all t € (Y — a, Yig).

Let now s € P.(K). Then, Lx(s) takes the form

Li(s) =5 3 ogs(4) 1(¥) — [ s)Glt)

iel K
and is bounded above by
1 (Y
Li(s) <log, <Sup s(t)> - —/ s(t) dt.
te K’ n Y(k)—a

We endow the linear space consisting of polynomial functions of degree at most r with the two
following norms:

Y
sl = / s®)] dt,  [slloo = sup |s()] -
Yiy—a teK!
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This linear space being of finite dimension, there exists C' such that ||s||s < C||s||; for all s € P,.(K).
Now,

15l
Li(s) <logy (Clsllh) — et
The continuous map Lx(-) tends therefore to —oo when ||s|]|; — +o00. As there exists at least a

function s € P,(K) such that Lx(s) # —o0o, §x does exist.
For the second part of the lemma, we use Theorem 1 to deduce that T'(§x,skg) < 0 for all
sk € Pr(K). If s € Pr(m) is of the form s = o, sk,
T(3m,s) = Y T(3k,5x) < 0.
Kem
Thus, 7(8,,) = 0 and §,, is a p-estimator on P,(m).
Finally, §,, maximizes

L, (5) :/U logsdN — sdM

Kem UKEm

over s € Pp(m). As s vanishes outside Uxem, Lug,,,(s) = L(s) if N(Ukem) = N(R). O

6.14. Proof of Proposition 9. The survival function G and the hazard rate sg of T" are given by

L. m 1 7\ Lix
G(t) = Licjom) + (1 - E) Liep,1) + <1 -+ g) 5
so(t) = i Liewn | L1
(n—1t+n t t

The maximum likelihood estimator on S = {s,a > 0} is § = s5 where & = min;<j<, X;.
Let A,, be the event on which there exists at least one observation X; smaller than 27. Then,
P(A,)=1—(1—-1/2n))" >1—e"Y2>0.39.

Let now ¢y be defined by the relation G(t9) = 2/3 and B,, be the event on which n/2 observations X;
are not smaller than ty. Then, P(B,) = P(Y > n/2) where Y is binomially distributed with
parameters (n,2/3). Therefore, P (B,) > 0.74 as n > 3, and

(65) P (A, N By) >1— (P(AS) +P(B°)) > 0.13.

Define the empirical survival function G, (t) = n=! S | 1x,5;. Then, G,,(tg) > 1/2 on B,,. Since
G(1) >1—1/n > 2/3 when n > 3, t( is not smaller than 1. We deduce on B,, that G, (t) > 1/2 for
all t < 1. Therefore,

09> 5 [ (VA Vaom)

Now, on A,, §(t) = 1/t when ¢t > 2n and hence using the definition of sg:

1 [t 7 2
h2(sg.3) > = “(1-,/———L—) 4a
(S0.8) 2 5 /t( <n—1>t+n>



ESTIMATING A DENSITY, A HAZARD RATE, AND A TRANSITION INTENSITY 51

Now,

2 2
. n n
f 1-,/— >1-,/— > 0.17.
f‘%( (n—1>t+n> —< 2<n—1>n+n>

Therefore, h?(sg, 5) > 0.041log(1/(2n)) and
E[h%(s0, 5)] > 0.041og(1/(2n))P (A, N B,).
It remains to use (65) to conclude.

We now turn to p-estimation. The model S fulfils Assumption 2 with dg(-) = 1, S = S and
where Z; is the collection of intervals. A p-estimator § on S satisfies therefore

2
E[h?*(so,8)] < C {E[hz(SO,S)] + loi n} :

Now, the bias term can be bounded above by E[h%(sg, S)] < E[h?(se,s1)] with s1(t) = ¢t 11;>1.
Since sq differs from s; only on [n, 1),

e 2 PTenl) Gm-GQA) 1-n_1

2 < = _ — ) — — < =

E[h*(so0,5)] 5 /77 ( so(t) O> G(t)dt = 5 = 5 = o
This concludes the proof. O

6.15. Proof of Proposition 8. We begin by proving the following lemma.

Lemma 11. Consider framework 2, and suppose that G is continuous. Let & > 0 and suppose that
there ewists a positive random variable & satisfying

logn logn

< Gn(g) < (T1+166) ——.

(66) (70 + 16¢)

There exists an event which holds true with probability larger than 1 — n~¢ and on which: for all
t €[0,d¢], Gn(t) <4G(t) and G(t) < (9/4)Gn(t). Moreover, for all estimator § € S,

R R logn
(67) Wb (s0:81j0,5¢)) < (9/4)h*(s0L0,a]: $Lj0.a¢]) + (80 + 186)=>

R . logn
(68) 12(s0, 8110 ) < 403 (50110 4 3Lp0.ag) + (321 + 73€) i .

Proof of Lemma 11. We need the celebrated Vapnick-Chervonenkis inequalities for relative devia-
tions. We apply Theorem 12 with B = {[t, +00), t > 0}, Sp(2n) = 2n + 1 and 2% = 4¢(logn)/n +
4(log 2 + log(16n + 8))/n. There exists therefore an event ;¢ such that P(Q1¢) > 1 — (1/2)n~¢
and on which: for all ¢ > 0,

VGl ~ VG | <.

The assumption on d;¢ ensures that 42? < G,,(4¢) and hence: for all ¢ € [0, &,

V@) = VGO | < (1/2)/Gulde) < (1/2)V/Gou().

We deduce: for all ¢t € [0, &¢], Gy (t) < 4G(t) and G(t) < (9/4)Gn(t).
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Now,
h3(s0,810.4)) < hE(s0L[0,a) 1[0,a¢) + 15 (S0 L5 +00): 0)
< (9/4)h*(s0L(0,4.)> 81 [0,6¢]) + hE(S0Liae,+00): 0)-
If Go (resp G¢) denotes the survival function of C' (resp T'), G = G¢Gr and thus

oo

1 1 [ 1 [
h%(sol[@g,Jroo),O) = 5/ soGdu = 5/ soGoGrdu = 5/ foGe du.

07

Therefore,

1 [ . 1 . . 1.
h(801 (4,400, 0) < (5/ fo du) x Gelbe) < 5 Gr(ae)Golae) < 5G(ae).
3

It remains to use G(Gg) < (9/4)Gr(Gg), Gn(de) < (71 + 16€) (logn)/n to get (67) on € ¢.
As to (68), note that
h*(so, 81j0,4,)) < h2(501[0,d§}7 $1j0,ae)) + h2(sol[d§,+oo)7 0)

(69) < 4h2E(SO]l[0,6c§}7 §]l[07&§]) + h2(50]l[@57+00), 0)
If (9/2) (71 4+ 16¢) (logn)/n > 1, we set a = 0. If not, there exists a number a > 0 such that
9 logn
=—(71+1 .
Gla) = 5 (71 +166) 2
On ngl,

Glag) < 3Ga(6e) < 3 (71 + 166) E".

4
Therefore o < é¢ and (69) leads to
(70) h*(s0, 81(0,a.) < 405 (0Lj0,4.]> $1(0,6¢]) + P (S0 L[ 400), 0)-

It follows from Bernstein’s deviation inequality, and more precisely from (50), that there exists an
event (¢ o such that P[Q¢ 5] >1— (1/2)n~¢ and on which

© & 1 log 2
/ soGy < 2/ soG dy + 251081 1082
(07 « n
Since fso soGdu < G(a) (see the preceding computations),

/ soGn < 2G(a) +

25 logn + log 2
—
We deduce,
1 log 2
h2(501 g +00),0) < G(a) + “g”%
By using (70), we get on Q¢ 1 N Q¢ o,
. . logn + log 2
h*(s0, 81j0,as) < 4h%(s0lj0,a) $10,a,]) + Gla) + gng
No matter if (9/2) (71 + 16¢) (logn)/n is smaller or larger than 1,
9 1
Gla) < 5 (71 +16¢) ==,

which shows (68). O
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Lemma 12. Consider framework 2, and suppose that G is continuous. Let & > 0 and suppose
that there exists a positive random variable &g satisfying (66). There exists an event which holds
true with probability larger than 1 — n™¢ and on which: for all Kk, > 0, all estimator § € S, and
§ = min{3, kn}Ljg,a);

1 1
(71) h2(s0,3) < (9/2)h%(s0, 3) + 9P | fo(T) > 70/4”% + (803 + 183¢) Oi n

Proof of Lemma 12. We derive from (67) that with probability larger than 1 —n~¢,

N - logn
13 (50.3) < (9/4)h%(s0Lpp 0, §) + (80 + 186) 2.

n

Now,
h?(s0Lj0,a¢):8) = h*(s01 (0,0 Lo<nn, $110,6¢) La<nn) + h2 (S0 1[0 .0 Losnny nlio,ae Lesrs)
< h*(s0,8) + h*(s0L[0,6¢ Lss s finLj0,a¢ Losr,,)-
We need to bound above the second term of this inequality. We have,
h2(Soll[o,ad Losrns bnLo,ae Losnn) < hz(soll[o,ag] Ls> ki s0<rins fnL[0,6¢) Lo>kn,s0<kn)
+ hZ(So]l[o,dg] Lo> ki s0>mns BnL[0,6¢) Lo>rn,50>h0m ) -
Yet,

2 A
h(s0L(0,a¢) Ls>rn.s0<rn s fin 10,a6] Ls>rn,s0<kn) < B (S0, 8),

h2
h2 (SO ]]‘[07@5] ]]‘§>H7L7SO>H7L7 /{n ]]‘[07@5] ]]‘§>’in750>/in) é h‘2 (SO ]]‘[O,CAld ]150>Kn7 /{’ﬂ ]1[0,015} ]150>Kn)'

By putting all these inequalities together,

- . logn
(72)  Kh(so.3) < (9/2)h%(s0,3) + (9/4)h* (S0Li0,a¢) Lsoress Fn Lo Lso>ie,) + (80 + 18§) ==
We now derive from (68),
9 9 logn
h(s0L{o,a) Lso>kns nLo,ae Lso>rn) < 4RE(S0Lj0,a¢ Lso>rns fnLjo,ae Lso>k,) + (321 + 73E) -
OAZE 1
<2 [ (s0 4 ) Lugon, G+ (321 -+ 73¢) 22
0
6&5 l
<t [ ol G+ (3214 730) 5"
0
6&5 l
< 4/ folsgor, dpu + (321 + 736) 21
0
As G is a non-increasing function, we deduce that for all ¢ € [0, G,
1 1
G(t) > Glag) > (1/4)Gn(de) > (70 + 16€) Oi >0 Oi iy

Moreover, sg(t) > K, implies when ¢ € [0, Gg],

logn

fo(t) > knG(t) > T0ky,
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Therefore,

logn

G
/ Jolsgsw, dp <P | fo(T) > 70k,
0

We are now in position to state:

Proposition 13. Consider framework 2, and suppose that G is continuous. Let € > 0 and suppose
that there exists a positive random variable G satisfying (66). Then, for all estimator 5§ € S, and
5 = min{s, K/n}]l[o@d,

E [h%(s0, )] < (9/2)E [h2(so,$)] + (803 + 183¢) logn

1 14 raE[X
+ 9P [fO(T)>70mn Og”]+ + rBlX]

n o2né

Proof of Proposition 13. Let A¢ be the event given by Lemma 12. Then IP (A¢) > 1—n~¢. Moreover,

E [h%(s0,8)] < E [h(s0,3)14,] + E [hyso,gmg] .

We have,

1 [ 1 o0 1 E[X

h2E(So,§)§—/ (So+§)Gd,u§—<1+/ /{nGdM>SLH’

2 Jo 2 0 2

and hence,
~ . 1+ s, E[X

E [ (s0.5)] <E [Bh(s0.5)La] + —angt],

It remains to use (71) to finish the proof. 0

We may use this result with ¢ =5, k,, = n® and apply Markov’s inequality

logn n 9
P T n <
o) > Tom, | < [

to get Proposition 8. Note that there exists a random variable & satisfying (16) if 150(logn)/n < 1
that is n > 1043. O

6.16. Proofs of Theorems 10 and 11. It is convenient for ease of demonstration to encompass
the two procedures into a more general selection rule we now describe. Theorems 10 and 11 follow
from Theorem 14 below. Their proofs are given in Sections 6.16.2 and 6.16.3.

We consider an arbitrary (possibly random) set A. For each \ € [X, we consider an estimator $y
with values in §. Our aim is to select an estimator among the collection {$y, A € A}.

We consider for each A € A a (possibly random) model Sy © 8. We associate to each A € A,
s € S, two penalty terms pen; ,(s) and peny()). We finally define the criterion v4 by

v4(8)) = sup [T(ﬁx,s) — pen17/\(s)] .
SES’A

The selected estimator 85 is then any estimator among {5x, A € A} satisfying

74(85) + 2peny(A) < inf {74(5x) + 2peny(A)} + 1/n.
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The risk of this estimator is bounded above as follows.

Theorem 14. Let (Z;)g>1 be a non-decreasing collection of Borel sets that fulfils Assumption 1,
and dg(s) be the notation introduced in Section 6.12. Let for € > 0, Q¢ be the event given by
Lemma 10. It satisfies P(Q¢) > 1 — e ™. We suppose that there exist two real valued maps,
A()>0on A, and d(-) > 1 on 8 such that

(73) ds, (s) < d(s) + A(\)  for all X € A, s € Sh.

We suppose that there exist a (possibly random) model S C Miei Sy and a map pen,(-) on S such
that

(74) peny »(s) < peny(s) + peny(\) forall s € S, X €A.
There exists a universal constant L1 such that if for all A € A, se Sy,

d(s) n
(75) pen »(s) > LlT log%r <®>

AN o n
>
pen2()\) = Ll n 10g+ <A()\)> ’
and if for all s € S,

pen, (s) > m@ log? (%) ,

then, on Q¢ :
h*(s0,8;) < c <in£ {n?(s0, $\) + peny(A) } + inf {h*(s0,s) + peny(s)} +§10g+(1/§)> :
AeA se$

In the above inequality, c is a universal constant and the convention 0 x logﬁ_(n/O) = 0 is used when
A(X) =0.

6.16.1. Proof of Theorem 14. Let ¢ € (0,1/12). Lemma 10 asserts the following on €¢: for all
s, eS8
4 - 35 2 / . /

P h*(sg, ') + ¢1 min {ﬁ(dsr(s)),ﬁ(ds(s ))} + 2€log (1/€)
where ¢1, ¢ only depend on € and where ¥(-) is given by (55).

Let A € A and s € 5. Then,

(76) T(s,8") < (3 + 4)h(s0, 5) —

%}ﬂ(so, s) + 19 (ds, (s)) + c2€ log, (1/€).

Note that ¥(d;) < 1.489(dy) for all d; < dy. Therefore,
T(8x,8) < (3+4e)h*(s0, 8) + 1.48c19(d(s) + A(N)) + c2€log (1/€)
< (3 +4e)h*(s0,85) + 1.48¢19(d(s)) + 1.48c19(A(N)) + caélog (1/€).
If Ly is large enough,
T(3x,5) < (34 4)h*(s0, 8x) + peny 5 (5) + peny(A) + e2é log, (1/€),

T(8x,5) < (3 +4e)h*(s0, 81) —

and hence

(77) 74(81) < (3 +4e)h?(s0,81) + peny(A) + ca€ log y (1/€).
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We now derive from (76) that for all s € S X
4 — 3¢ .
02 (50,83) + cutd(dy () + et Lo (1/€).
Using moreover that T'(55,s) = —1'(s, 55) we deduce,
4 — 3¢
12

T(s,55) < (3 + 4¢)h*(s0, 5) —

h*(s0,85) < T(85,5) + (34 42)h*(s0, 5) + c1¥(ds, (s)) + ca€log (1/€)

< T(35,8) + (3 +4e)h*(s0, 8) + L.48c19(d(s) + A(N)) + c2é log,, (1/€)

< T(35,8) + (3+4e)h%(s0, 5) + 1.48c10(d(s)) + 1.48c19(A(N)) + o€ log, (1/€).
If Ly is large enough,

4—3 1 1 N
5250, 83) < T(55.5) + (3 4)h%(s0.5) + Lpen, 3(s) + Lpens(3)
+ c2§log, (1/€) —1/n
1 A 3
< |T'(35,5) — penlj(s)} + Epenz(/\) + [(3 + 4€)h2(so, s) + Epenlj(s)]

+ € log (1/€) — 1/n.
Since this inequality is valid for all s € S 5 and ScS %

4 — 3¢
12

h2(so, 55) < a(85) + %penz(j\) + infg {3(1 + &)h?(sg, 5) + gpenm(s)}
se
+ extlog, (1/€) — 1/n.

We deduce from (74),

: I23€ h?(s0,83) < 7a(83) + 2peny(A) + nf {3(1 ) (so5) + gpenl(s)}
ES
+ c2€log (1/€) —1/n.

By using the definition of A and (77), we get for all A € A,

4—3 3
(50, 53) < 9a(52) + 2pens(N) + inf {30+ 0 (s0,5) + Spem(5) | + 2ea€ o (1/6)
sES

< (3 + 4¢)h*(s0, 8)) + 3peny(N\) + inf {3(1 + £)h3(s0, 5) + gpenl(s)}
s€S
+ 22 log , (1/€).

It remains to take the infimum over A € A to finish the proof.

6.16.2. Proof of Theorem 10. We will apply the selection rule developed in Section 6.16 to pick out

an estimator among {5y, A € A} {8m, meM g} For this purpose, we need to explain the values

of the different parameters involved in the procedure. We define Z; as the collection of unions of at

most d intervals. We set S = {8m, m € .K/l\lf}, and for m € M\g,

Sm = { Z .§mK]lK, mg G./\//Yl;}.

Kem
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Note that the assumption S C n,, vy S, of Theorem 14 is fulfilled. We define for m € M\é’
14
K € m and mg € M, the partition mg V K of K by (21). A function s € S, of the form

5 = Y kem Smy Lk is piecewise polynomial. In the sequel, m(s) designs a partition of M of the
form
m(s) = U mg V K,
Kem
with minimal length that is such that

|m(s)| :inf{ Z Img V K|, s = Z émK]lK}.

Kem Kem

Let S = Us—1 Pk, and note that S, C S for all m € M\Z' Let s € S and k > 1 be the smallest
integer for which s € Py ,. It follows from Proposition 5 that Assumption 2 is satisfied with
S =Py, anddp, (s)= (¢ V k) 4+ 2)(2r +1). In particular, for all m € M; and s € S, we may
set since s, € P;

ds, (s) = inf ((év k) +2)(2r + 1).

k>1
Pkmas

We now define d(-) for s € S and A(-) for m € M\Z by

d(s) = inf (k+2)(2r+1), A(m)= 02r +1).
P, rDs

We define d(-) arbitrarily when s ¢ S. Note that (73) is satisfied. We now define Ly = 6L; and the
penalties for L > Lo, m € M; and s € S, by
(r + 1)[m(s)|log? (n/(r + 1)) Lt 1)flog? (n/(r + 1))

peny ,,(s) - , peny(m) n

The first penalty satisfies the lower bound (75) since
d(s) < (2r +1)(Jm(s)| +2) < 6(r +1)|m(s)| for all s € Sy,
It remains to define pen, (s) for s € S = {3,,, m € 'A//\(é}'

Claim 10. For all m,m’ € M, |m(3,y)| < |m| + |m/|.

Proof of Claim 10. We have,
M) < Y Imic VK|
Kem

< Z HENK' K em KnK #0}|
Kem
<H{KnK' (K,K')emxm' KNK #0}|.

Since m and m/ are collections of intervals, |m(8,,)| < |m| + |m/|. O
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It then follows that for all m,m’ € M l;,

r ) (0] 2 n/(r
peny (i) < LB ),

The penalty defined by
L(T + 1)€logi(n/(r +1))
n

pen; (8,) =
satisfies therefore (74).

Note now that the selection rules described in Sections 6.16 and 4.2 coincide. Theorem 14 controls
the risk of the selected estimator: for all £ > 0, there exists an event )¢ of probability larger than
1 —e ™, and on which:

h?(so, 45,) < C ( inf {h*(so,8m) + peny(m)} + inf {h*(so,8m) + pen;(5m)} + §log+(1/§)) ,
mGMé mEMl;
where C' is a universal constant. By using the definition of the penalty terms,

1)/ log? 1
h2(so0, $m) gC’{ inf {h2(507§m)}+L(T+ )¢ Og;(n/(r%— )
mEMlz

+§10g+(1/§)},

where C” is a universal constant. It then remains to use the fact that §,, is a p-estimator on P,(m)
to get a bound on h%(sg, 8,,) on the same event ()¢ (the event that appears in Theorem 7 to control
the risk of a p-estimator is the same that the one that appears in Theorem 14. It is, in each case,
defined by Lemma 10). O

6.16.3. Proof of Theorem 11. The proof is almost the same than the one of Theorem 10. The
modifications are very mild, and this is the reason why we only specify the values of the different
parameters involved in the procedure of Section 6.16:

S = {8m, m € Mgémax}

S, = { Z Smuli, mg € M\<Zmax} for all m € 'M\Sémax

Kem
(r+1)|m| logi(n/(r +1))

for all m € M\

O

6.17. Proofs of Lemmas 4 and 5. We set M = J,~; M. The following claim will be useful in
the sequel. B

Claim 11. Let £ > 0 and Q¢ be the event given by Lemma 10 when Zg is the collection of unions
of at most d intervals. Then, P(Q¢) > 1 —e ™. Letn > 0, r > 0, and m,m’ € M. The
following holds on Q¢: for all piecewise polynomial estimators $,, € Pr(m), 8,y € Pr(m’) such that
T(§m7 '§m’) 2 -1,
(RS RN -
g—‘,— /
n (r+1)(Im| + [m'])

B2 (80, 5me) < C {h2<sO,s:m> i ) T elog. (1/6) + n} .
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Moreover, if &, is a p-estimator on P,.(m),

(r+1Dlm| o

(50, 50) < € {12050, Py )+ 50 g2 )+ €roe (179}

(=

In the above inequalities, C is universal.

Proof. Let € = 1/24. On Qy:

SR S0, 8) - ex9(ds (3m)) + eat log (1/6),

where ¢; and ¢y are universal constants. Now, §,, and §,,» belong to P,.(m") where

m'={KNnK' (K,K')emxm', KNK'#0}.

(78) T(5m, 5y ) < (3 + 4e)h2(s0, 8m) —

Yet, |m”| < |m|+|m/|. Thereby, 3,, and 8, belong to Pj,| 4 |ny|,» and it follows from Proposition 5
that we may set

dar, (3m) = (Im| 4 |m/[ +2)(2r + 1).
We now bound above 9(dg (3,,)) in (78), and then use T'(5,,, ;1) > —1 to prove the first inequality
of the claim. The second one follows from Theorem 7 and Proposition 5. O

Proof of Lemma 4. Let m € M), be a collection written as

m = {[:El’x?]v (l‘2,$3], (l‘3,£174], SR (nyxZ—i-l]}

and such that 1 <Y(y), and Y(3) < z¢41. We may define a partition m € M, of the form

m = {[Z1, T2, (T2, T3], (T3, Ta), - . ., (Te, Tega]}
where z1 = Y(l) and Tpp1 = }f(,ﬂ) and whose intervals are included into the ones of m.

Let $y, and $5 be p-estimators on Py(m) and Py(m) respectively. We order the intervals of m
as follows. We define ¢ intervals Iy, ..., I; such that m = {I1,...,I;} and such that the value §;
on I;, denoted by 51;, is non-decreasing when j grows up. We denote the endpoints of I; by a; < b;.
We now define j; as the largest integer of {1,...,7} such that Y1) < aj and j2 as the smallest
integer such that Y(;,) > b;. When j1 = 1, we set K; = [Y;)),Y{;,)] and when j; # 1, we set
Kj = (Y(j,), Y(j»)l- Note that K is the smallest interval containing I; that is either of the form
Yy Y] or (Y1), Yol

Define J; = K and for j € {2,...,¢}, J; = K; \Ui;ll K;. Since K; ¢ K; when i # j, K; \ K; is
an interval. Therefore, J; = gzl(K i\ K;) is also an interval. When it is not empty, it is either of
the form [Y{y, Y(;)] with i > 1 or (Y{;)), Y(;,)] with 41 < ida. The collection m' = {J;, j € {1,...,£}}
defines therefore a partition of [Y{y),Y()] that belongs to My with ¢ < ¢ (we must remove the
empty sets). Let s be the step function of Py(m') defined by

12
S = E S]j]ljj.
j=1

We now prove that s < 8. When t & [Y(1), Y()l, 5(t) = 8m(t) = 0. When t € [Y{y), Y(3)], there
exist j € {1,...,¢} such that ¢t € I; and 5/ < j such that t € Jj. Therefore, s(t) = .§1j,. By using
that 87, < &, we finally deduce that s(t) < 5m(t).
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Consider an interval I; € m and let us denote the cardinal of {Y(,-), Yoy € Ij,i€{1,... ,ﬁ}}
by kj. When k; > 3, there exists at least k; — 2 random variables Y(;) that belong to I; but not to
Ujreqr,...ar K. Such Y, belong therefore to J; and satisfy s(Y(;)) = $n(Y(;)). Therefore,

J'#i

¢
j=1

(79) < 20

It follows from s < 35, (79) and (26) that T'(s, ) < 2¢/n. We now use Claim 11 to get on €2
. 1

(50) 12(s0:5) < C {150, 8m) + L log? (1) + €log, (1/6) }.

where C' is universal.

We may refine the partition m’' € My to get m’ € M, such that Po(m’) C Po(m/). Let &y
and 87/ be p-estimators on Py(m’) and Py(m’) respectively. There exists a universal constant C’
such that on :

h2(so,§m/) <’ {h2(so,’PO(m’)) + élogi (n/t) +§log+(1/§)} .
By using that s € Py(m') C Po(m’) and (80),

h(s0, émr) < C” {h2(so,s) + Slog%r (n/l) + §log+(1/§)} ,

(81) <c” {hQ(so, Sm) + élog%r (n/l) + {10g+(1/§)} ,

where C" is universal. Note now that &, L[y, ] € Po(m) and thus T'(8,7, §m]].[y(1)’y(ﬁ)]) <0 as 4

(1):Y(a)
is a p-estimator on the convex model Py(m) (see Theorem 1 and Lemma 3). Now,

A L. 1 . .
T (S8, 8m) = T(Sm,sm]l[y(l)’y(ﬁ)]) + 1 </R Sm]].[y(l)’y(ﬁ)] dM — /Rsm dM)
<0.
Therefore, Claim 11 asserts that

1
(52) (50, 55) < € {2 (s0.5) + 1 Tog? (/) + 1ok, (1/€)
where C" is universal. By using that §,, is a p-estimator,
. ¢
(83) h2(s0, m) < C"" {hQ(SO,Po(m)) + —log} (n/0) + 610g+(1/§)} :
It remains to put inequalities (81), (82) and (83) together to finish the proof. O

Proof of Lemma 5. Note that we may always suppose that
{Kﬂ {Yh),. .. ,Y(;L)},K S m}
contains Y(;) and Y{zy (up to an increase of |m| by 2). Let
my = {Kem, {}/(1),,Y(ﬁ)} QK#@}
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Then, m; # 0 and we may write m; = {Kj, j € {1,...,k}} where 1 < k < ¢ and where Kj is an
interval with endpoints a;, b; satisfying a1 < b1 <as <by <....
Let us recall that the p-estimator §,, is of the form
S = Z Sk where §x maximizes Lk (-) over P,.(K).
Kem
When K € m does not belong to mq, §xg = 0 and hence

For each j € {1,...,k}, we set a; = min {Y(i), Y(i) € Kj}, Bj = maX{Y(i), Y € Kj}. We define
fOI" j S {2,...,]{7 — 1}, Jgj = (ﬁj,osz] and fOI" j S {2,...,k}, JQj_l = (Oéj,ﬁj]. If 51 = Yv(l), we
set Ji =0, Jo = [B1, ] and if B1 > Yy, J1 = [Y1), B1], J2 = (B1, az]. Note that Jo; 1 C Kj for
all j € {1,...,k}. The collection m' = {J;,j € {1,...,2k — 1}} defines a partition of M such that
|m’| < 2k — 1. We define the p-estimator

k—1
m/ = E SJZ] 1 E sz’

CI.»

where §4 maximizes L£4(-) over P,(A) for all non-empty interval A with the convention that $3 = 0
when A = (). We now consider
k
St =D By
j=1

Note that §,, also belongs to the random model P,(m’) and hence T'($p,/, $p) < 0. We deduce
from Claim 11 and from |m/| < 2k —1 < 2¢ — 1, that on €

1)¢
(s4) (50 500) < € {12(s0.5,0) + T g2

)+ etog 1/}
where C' is universal.

Now, for all j € {1,...,k}, such that Joj_1 # 0,
(85) T (85y_1: 8K, 1m;_1) <0,

since 57,;_, maximizes Lj,; ,(-) over P.(Jo;j—1) and that 8,17, , € Pp(Jaj—1). When Joj 1 = 0,
T (875;_1+8K,;17,;_,) = 0, and thus (85) also holds.

We define
k
A= U Jgj_l.
j=1

We deduce from (85) that T'(5,, 14, 8m14) < 0. Therefore,
T (G 3m) = TG L, 3mla) + T(0, Gl ac)
<0+ T(0, 3,1 4c)

< Y (8,/0) AN

Ac
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where we recall the conventions (0/0) = ¥(1) = 0, ¥ (z/0)

= ( ) =1 for all x > 0. Let
B = UJ 1 K. Note that §,, vanishes outside B and thus, as |¢| <1

(86) TG, 6m) < /B (/0 AN < N(B 0 A,

Now,

N(BnN A Z{N JQJ 1)}

Since o, B € {Y;,i € I}, we deduce from (26) that N(K;) — N(J2j-1) = N({a;}). In each of the
frameworks, N({a;}) < 1/n and thus N(B N A¢) < k/n. By using (86), we get T (3, 5m) < k/n.
Claim 11 with n = k/n < {/n ensures that on {¢:

(50 500) < {12050, 80) + D 0g? () cto 1760

where C” is universal. Since §,, is a p-estimator on P,(m), we deduce that on the same event :
. (r+1)¢ n
h*(s0, 5m) < C" {hQ(SO,PT(m)) + S log? ) el (/9 g

where C” is universal. It then remains to combine the two last inequalities with (84) to finish the
proof. O

REFERENCES

[AD10] Nathalie Akakpo and Cécile Durot. Histogram selection for possibly censored data. Math-
ematical Methods of Statistics, 19(3):189-218, 2010.

[Ant89] Anestis Antoniadis. A penalty method for nonparametric estimation of the intensity func-
tion of a counting process. Annals of the Institute of Statistical Mathematics, 41(4):781—
807, 1989.

[Barll] Yannick Baraud. Estimator selection with respect to Hellinger-type risks. Probability
Theory and Related Fields, 151(1-2):353-401, 2011.

[Bar16] Yannick Baraud. Bounding the expectation of the supremum of an empirical process over
a (weak) ve-major class. Electronic journal of statistics, 10(2):1709-1728, 2016.

[BB09] Yannick Baraud and Lucien Birgé. Estimating the intensity of a random measure by
histogram type estimators. Probability Theory and Related Fields, 143:239-284, 2009.

[BB16] Yannick Baraud and Lucien Birgé. p-estimators for shape restricted density estimation.
Stochastic Processes and their Applications, 126(12):3888-3912, 2016.

[BB17] Yannick Baraud and Lucien Birgé. p-estimators revisited: general theory and applications.
arXiv preprint, 2017.

[BBM99] Andrew Barron, Lucien Birgé, and Pascal Massart. Risk bounds for model selection via
penalization. Probability theory and related fields, 113(3):301-413, 1999.
[BBS17] Yannick Baraud, Lucien Birgé, and Mathieu Sart. A new method for estimation and

model selection: p-estimation. Inventiones mathematicae, 207(2):425-517, 2017.

[BCO5] Elodie Brunel and Fabienne Comte. Penalized contrast estimation of density and hazard
rate with censored data. Sankhya: The Indian Journal of Statistics, pages 441-475, 2005.

[BC08] Elodie Brunel and Fabienne Comte. Adaptive estimation of hazard rate with censored
data. Communications in Statistics— Theory and Methods, 37(8):1284-1305, 2008.



ESTIMATING A DENSITY, A HAZARD RATE, AND A TRANSITION INTENSITY 63

[Bir06] Lucien Birgé. Model selection via testing: an alternative to (penalized) maximum
likelihood estimators. Annales de ’Institut Henri Poincaré. Probabilités et Statistique,
42(3):273-325, 2006.

[BM93] Lucien Birgé and Pascal Massart. Rates of convergence for minimum contrast estimators.
Probab. Theory Related Fields, 97(1-2):113-150, 1993.

[BM98]| Lucien Birgé and Pascal Massart. Minimum contrast estimators on sieves: exponential
bounds and rates of convergence. Bernoulli, 4(3):329-375, 1998.

[Cas99] Gwénaélle Castellan. Modified akaike’s criterion for histogram density estimation. Tech-
nical report, 1999.

[CRO4] Fabienne Comte and Yves Rozenholc. A new algorithm for fixed design regression and
denoising. Annals of the Institute of Statistical Mathematics, 56(3):449-473, 2004.

[DL12] Luc Devroye and Gabor Lugosi. Combinatorial methods in density estimation. Springer
Science & Business Media, 2012.

[DRO2] Sebastian Dohler and Ludger Ruschendorf. Adaptive estimation of hazard functions.
Probability and mathematical statistics - Wroclaw University, 22(2):355-379, 2002.

[DY90] R. DeVore and X. Yu. Degree of adaptive approximation. Mathematics of Computation,
55:625-635, 1990.

[GK06] Evarist Giné and Vladimir Koltchinskii. Concentration inequalities and asymptotic results
for ratio type empirical processes. The Annals of Probability, 34(3):1143-1216, 2006.

[GN15] Evarist Giné and Richard Nickl. Mathematical foundations of infinite-dimensional statis-
tical models. Cambridge Series in Statistical and Probabilistic Mathematics. Cambridge
University Press, 2015.

[Greb6] Ulf Grenander. On the theory of mortality measurement. Scandinavian Actuarial Journal,
1956(1):70-96, 1956.

[Kan92] Yuichiro Kanazawa. An optimal variable cell histogram based on the sample spacings.
The Annals of Statistics, 20(1):291-304, 1992.

[Mas07] Pascal Massart. Concentration inequalities and model selection, volume 1896 of Lecture
Notes in Mathematics. Springer-Verlag Berlin Heidelberg, 2007. Ecole d’été de Proba-
bilités de Saint-Flour.

[Okab9] Masashi Okamoto. Some inequalities relating to the partial sum of binomial probabilities.
Annals of the institute of Statistical Mathematics, 10(1):29-35, 1959.

[Pla09] Sandra Plancade. Non parametric estimation of hazard rate in presence of censoring. hal
preprint, 2009.

[RB06] Patricia Reynaud-Bouret. Penalized projection estimators of the aalen multiplicative
intensity. Bernoulli, 12(4):633-661, 2006.

[Sar14] Mathieu Sart. Estimation of the transition density of a Markov chain. Annales de I’Institut
Henri Poincaré. Probabilités et Statistique, 50(3):1028-1068, 2014.

[Sau72] Norbert Sauer. On the density of families of sets. Journal of Combinatorial Theory, Series
A, 13(1):145-147, 1972.

[vdG95] Sara van de Geer. Exponential inequalities for martingales, with application to maximum
likelihood estimation for counting processes. The Annals of Statistics, 23(5):1779-1801,
1995.

UN1v LyON, UJl\/I-SAINT-ETIENN& CNRS UMR 5208, INsTITUT CAMILLE JORDAN, 10 RUE TREFILERIE, CS
82301, F-42023 SAINT-ETIENNE CEDEX 2, FRANCE

E-mail address: mathieu.sart@univ-st-etienne.fr



	1. Introduction
	1.1. Statistical settings.
	1.2. About -estimation in framework 1.
	1.3. Hazard rate and transition intensity estimation.
	1.4. A generalized procedure.
	1.5. Estimator selection.
	1.6. Organization of the paper.

	2. The -estimation method
	2.1. Statistical setting and notations.
	2.2. Heuristics.
	2.3. The procedure.
	2.4. Connection with maximum likelihood estimation.

	3. Risk bounds of -estimators
	3.1. A uniform exponential inequality.
	3.2. Assumptions on models.
	3.3. A uniform risk bound.
	3.4. About the risk bounds in hazard rate estimation.
	3.5. Risks of -estimators on P,r
	3.6. About piecewise polynomial maximum likelihood estimation
	3.7. Risks of -estimators on Fk and Gk

	4. From theory to practice: estimator selection
	4.1. Piecewise polynomial estimator selection.
	4.2. Selecting among a special collection of piecewise polynomial estimators.
	4.3. About the practical implementation of the procedure.
	4.4. Adaptive piecewise polynomial estimation.

	5. Numerical simulations
	6. Proofs
	6.1. Proof of Lemma 1.
	6.2. Proof of Theorem 1.
	6.3. Sketch of the proof of Theorem 2.
	6.4. Proof of Theorem 3.
	6.5. Proof of Lemma 6.
	6.6. Proof of Lemma 7.
	6.7. Proof of Lemma 8.
	6.8. Proof of Lemma 9.
	6.9. Proof of Proposition 4.
	6.10. Proof of Lemma 2.
	6.11. Proof of Proposition 5 for S = P,r .
	6.12. Proof of Theorem 7.
	6.13. Proof of Lemma 3.
	6.14. Proof of Proposition 9.
	6.15. Proof of Proposition 8.
	6.16. Proofs of Theorems 10 and 11.
	6.17. Proofs of Lemmas 4 and 5

	References

