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Abstract

We consider random walks A-biased towards the root on a Galton—Watson tree, whose
offspring distribution (pg)r>1 is non-degenerate and has finite mean m > 1. In the transient
regime 0 < A < m, the loop-erased trajectory of the biased random walk defines the \-
harmonic ray, whose law is the A-harmonic measure on the boundary of the Galton—Watson
tree. We answer a question of Lyons, Pemantle and Peres [8] by showing that the A-harmonic
measure has a.s. strictly larger Hausdorff dimension than that of the visibility measure. We
also prove that the average number of children of the vertices visited by the A-harmonic
ray is a.s. bounded below by m and bounded above by m~! 3" k?p;,. Moreover, the average
number of children along the A\-harmonic ray is a.s. strictly larger than the average number
of children along the A-biased random walk trajectory. We observe that the latter is not
monotone in the bias parameter .

Keywords. random walk, harmonic measure, Galton—Watson tree, stationary measure.
AMS 2010 Classification Numbers. 60J15, 60J80.

1 Introduction

Consider a Galton—Watson tree T rooted at e with a non-degenerate offspring distribution
(pk)k>0. We suppose that pg = 0, p < 1 for all & > 1, and the mean offspring number
m =Y .>1 kpr € (1,00). So the Galton—Watson tree T is supercritical and leafless. Let T be
the space of all infinite rooted trees with no leaves. The law of T is called the Galton-Watson
measure GW on 7. For every vertex z in T, let v(x) stand for its number of children. We
denote by z, the parent of x and by zi,1 < i < v(z), the children of z.

For A > 0, conditionally on T, the A-biased random walk (X,,)n>0 on T is a Markov chain
starting from the root e, such that, from the vertex e all transitions to its children are equally
likely, whereas for every vertex x € T different from e,

A
Pr(Xps1 =24 | Xp=2) = —
T( n+1 z | n l‘) V(.I‘)—i-)\
1
Pr(Xpy1=ai | X, =2) = OEDS for every 1 <i < v(z).
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Note that A = 1 corresponds to the simple random walk on T, and A = 0 corresponds to the
simple forward random walk with no backtracking. Lyons established in [5] that (X,,),>0 is
almost surely transient if and only if A < m. Throughout this work, we assume A < m and
hence the A-biased random walk is always transient.

For a vertex x € T, let |z| stand for the graph distance from the root e to z. Let 0T denote
the boundary of T, which is defined as the set of infinite rays in T emanating from the root.
Since (Xp)n>0 is transient, its loop-erased trajectory defines a unique infinite ray =, € OT,
whose distribution is called the A\-harmonic measure. We call =) the A-harmonic ray in T.

For different rays £,n7 € 0T, let £ A n denote the vertex common to both £ and 7 that is
farthest from the root. We define the metric

d(&,m) := exp(—|{ An]) for £, € T, & # .

Under this metric, the boundary OT has a.s. Hausdorff dimension logm. Lyons, Pemantle and
Peres [6, 7] showed the dimension drop of harmonic measure: for all 0 < A < m, the Hausdorff
dimension of the A-harmonic measure is a.s. a constant d) < logm. The 0-harmonic measure
associated with the simple forward random walk was called visibility measure in [6]. Its Hausdorff
dimension is a.s. equal to the constant ), (logk)pr, = GW/logv], where we write v = v(e)
for the offspring number under GW. -

Recently, Berestycki, Lubetzky, Peres and Sly [4] applied the dimension drop result d; <
logm to show cutoff for mixing time of simple random walk on a random graph starting from
a typical vertex. The Hausdorff dimension of the 0-harmonic measure was similarly used in [4]
and independently used by Ben-Hamou and Salez in [3] to determine the mixing time of the
non-backtracking random walk on a random graph.

The primary result of this work answers a question of Ledrappier posed in [8]. This question
is also stated as Question 17.28 in Lyons and Peres’s book [9].

Theorem 1. For all A € (0,m), we have dy > GW]logv|, meaning that the Hausdorff di-
mension of the \-harmonic measure is a.s. strictly larger than the Hausdorff dimension of the
0-harmonic measure. Moreover,

lim dy = GWllogv| and lim dy = logm.

A—=0t A—=m~

When ) increases to the critical value m, it is non-trivial that the support of the A-harmonic
measure has its Hausdorff dimension tending to that of the whole boundary. Besides, Jensen’s
inequality implies GW log v] > — log GW[v~1]. The preceding theorem thus improves the lower
bound dy > —log GW[v~1] shown by Virdg in Corollary 7.2 of [10].

Our proof of Theorem 1 originates from the construction of a probability measure pHarm,
on 7T that is stationary and ergodic for the harmonic flow rule. In Section 4 below, its Radon—
Nikodym derivative with respect to GW is given by (7). We derive afterwards an explicit
expression for the dimension dy, and prove Theorem 1 in Section 5. The way to find this
harmonic-stationary measure puparm, is inspired by a recent work of Aidékon [1], in which he
found explicitly the stationary measure of the environment seen from a A-biased random walk.
It renders possible an application of the ergodic theory on Galton—Watson trees developed in
[6] to the biased random walk. After introducing the escape probability of A-biased random
walk on a tree in Section 2, we will give a precise description of Aidékon’s stationary measure
in Section 3.

Apart from the Hausdorff dimension of harmonic measure, another quantity of interest is
the average number of children of vertices visited by the harmonic ray =Z,. For an infinite path



7 = (z0,21,...) in T, if the limit
n

1
A, 2 vl
k=0
exists, we call it the average number of children of the vertices along the path Z. Section 7
will be devoted to comparing the average number of children of vertices along different random

paths in T. The main results in this direction are summarized in the following way.
Theorem 2. For all X € (0,m),

(i) the average number of children of the vertices visited by the \-harmonic ray Zy in T is
a.s. strictly larger than m, and strictly smaller than m™' > k*py;

(ii) the average number of children of the vertices visited by the \-harmonic ray Zy in T is
a.s. strictly larger than the average number of children seen by the A-biased random walk
(Xn)nZO inT.

Assertion (i) above was suggested by some numerical calculations concerning the case A\ = 1
mentioned at the end of Section 17.10 in [9]. By the strong law of large numbers, the average
number of children seen by the simple forward random walk is a.s. equal to m. On the other
hand, the uniform measure on the boundary of T can be obtained by putting mass 1 uniformly on
the vertices of level n in T and taking the weak limit as n — co. We say that a random ray in T
is uniform if it is distributed according to the uniform measure on 9T. When Y (klog k)p < oo,
the uniform measure on 0T has a.s. Hausdorff dimension log m, and the uniform ray in T can be
identified with the distinguished infinite path in a size-biased Galton—Watson tree. In particular,
the average number of children seen by the uniform ray in T is equal to m™! > k%py. For more
details we refer the reader to Section 6 of [6] or Chapter 17 of [9].

Concerning assertion (ii) in Theorem 2, it is worth pointing out that the average number of
children seen by the A-biased random walk is not monotone with respect to A\: Proposition 9
in Section 7 will show that this number is strictly smaller than m when A € (0, 1), equal to m
when A\ = 0 or 1, and strictly larger than m when A € (1,m). Hence, its right continuity at 0
(established in Proposition 10) implies that the average number of children seen by the A-biased
random walk cannot be monotonic nondecreasing for all A € (0,m). This lack of monotonicity
might be explained by two opposing effects of having a small bias A: on one hand, it helps the
random walk to escape faster to infinity, and we know that a high-degree path is in favour of the
escape of the A-biased random walk, but on the other hand, small bias implies less backtracking,
so the A-biased random walk spends less time on high-degree vertices.

The FKG inequality for product measures (also known as the Harris inequality) will be
extremely useful in proving Theorem 2. For assertion (ii), we need some extra knowledge on the
speed of the A-biased random walk, which will be presented in Section 6.

We close this introduction by mentioning that the following question from [8] remains open.
Question 1. Is the dimension dy of the A-harmonic measure nondecreasing for A € (0,m)?

Taking into account the previous discussion, we find it intriguing to ask the same question
for the average number of children along the A\-harmonic ray.

Question 2. Is the average number of children of the vertices visited by the A-harmonic ray in
T nondecreasing for A € (0,m)?



2 Escape probability and the effective conductance

For a tree T' € T rooted at e, we define T} as the tree obtained by adding to e an extra adjacent
vertex ey, called the parent of e. The new tree T} is naturally rooted at e,. For a vertex u € T,
the descendant tree T, of u is the subtree of T formed by those edges and vertices which become
disconnected from the root of T when u is removed. By definition, T, is rooted at u.

Unless otherwise stated, we assume A € (0, m) in the rest of the paper. Under the probability
measure Pr, let (X,,)n>0 denote a A-biased random walk on 7. For any vertex u € T, define
7y = min{n > 0: X,, = u} the hitting time of u, with the usual convention that min{) = co.
Let

BA(T) :=Pr(re, =0 | Xo=¢€)=Pr(Vvn > 1, X, #e. | Xo=¢)

be the probability of never visiting the parent e, of e when starting from e. For notational ease,
we will make implicit the dependency in A of the escape probability by writing 5(7") = Ba(T).
For GW-a.e. T, 0 < B(T) < 1. By coupling with a biased random walk on N, we see that
B(T) > 1 — A. Moreover, Lemma 4.2 of [1] shows that

0<GW[ < . (1)

1
A—1+ ﬁ(T)}
For a vertex u € T, |u| = 1, the probability that a A-harmonic ray in 7" passes through w is

_ )
Z|w|:1 /B(Tw) .

If the tree T is viewed as an electric network, and if the conductance of an edge linking
vertices of level n and n + 1 is A™", then C)(7") denotes the effective conductance of T from
its root to infinity. As for the escape probability, we will write C(T") for C5(T') to simplify the
notation. Using the link between reversible Markov chains and electric networks, we know that

C(T) AB(T)
T)=C(T,) = d (1) = : 2
This relationship between 3(7") and C(7) will be used repeatedly. Since C(T') > B(T'), the lower
bound C(T') > 1 — X also holds. Moreover, for z € R,

Atz C(T) B B(T)x
A=1+CM))A+X112)+ At A=1+8(T)+z’

Taking x = C(7T") for another tree T" yields the following identity

BTHeT)  _ BIC(T) (3)
A=1+8(T)+C(T) A=1+5(T)+C(T")

Using (2) we can also verify that

A =1+ B8(T)+C(TH) (L +2171C(T) = XA+ 1 e(m) 1+ 1 1e(T)) -1
=\ —1+8(T)+C(T)(1+ 'c(T). (4)

The following integrability result will be used to prove the inequality d) > GW/[logv].
Lemma 3. For 0 < A < m, we have GW [log 8(T)™!] < oco.
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Proof. For a A-biased random walk (Xj)r>0 on the tree T', let
Tp = min{k > 0: | Xi| =n}
be its hitting time of level n. For a vertex u € T, we define
Bn(u) := Pr(my, < Ty, | Xo = u)

the probability to hit level n before u, when starting from u. If the vertex u is at level n, clearly
Bn(u) = 1. We write 1,2,...,v(e) for the children of the root e. The Markov property of random
walk implies that

lf(e) 6 i
Bn(e) = Zl:ll,(e) ) NS
A+ 2 =1 Bn(i)
See e.g. [1, Section 4.1] for the derivation. Taking z = )\(Z;jiel) Bn(i))~! and g = Av(e) ! <z
in the inequality log(1 + ) < logz + log(1 4 z5"), we deduce that

- A 1 S S
5n(e) = log <1 + Zzyiel) ﬁn(z)> <log(1+ A" v(e)) +log A+ log Zzyiel) /Bn(z) :

Let € < 1 be some positive number. For the descendant tree T;, we have 8(T;) < B,(7). Then,

I
) B i)

By convention, the indicator functions involved above are equal to 1 on the event {r(e) = 1}.
Taking expectation gives

1

1 _ 1 _
log < (log 571(1)> (g, (i)<ewiz2y +loge ! < (log M) Lig(T)<evizoy +loge .

GW {bg } < GW(log(A +v(e))] +loge ™' + GW[log 1} GW[qr©-1],

1
571(6) anl(e)

where ¢ :== GW(B(T) < ¢). Notice that ¢- — 0 as € — 0. So we can take € small enough such
that
A= GW[r©O 1 < 1.

Hence, writing B, := GW/[log(\ + v(e))] + loge™! < 0o, we obtain

1 }< B,
Bn(e)] — 1— A

Letting n — oo, we have §,(e) — B(T'). An application of Fatou’s lemma finishes the proof. [

GW {log

3 Stationary measure of the tree seen from random walk

We set up some notation before presenting Aidékon’s stationary measure. For a rooted tree
T € T, its boundary 9T is the set of all rays starting from the root. Clearly, one can identify
0T, with 0T. Let

T =A{(T,8) | T eT,§= (§n)n>0 € OT}

denote the space of trees with a marked ray. By definition, £y coincides with the root vertex
of T. If Ty and T» are two trees rooted respectively at e; and e, we define T1—e75 as the tree



rooted at the root ey of T formed by joining the roots of T7 and 15 by an edge. The root es is
the parent of e; in T1-eT5, thus we will not distinguish ey from (e1),. Given a ray & € 97T, there
is a unique tree T such that T' = T¢,—eT". Therefore, 7* is in bijection with the space

{(T-T*,6) | T.T* € T,€ = (€4)nz0 € T}

Introducing a marked ray helps us to keep track of the past trajectory of the biased random
walk. In particular, the initial starting point of the random walk, towards which the bias is
exerted, would be represented by the marked ray at infinity. To be more precise, if we assign a
vertex u € T' to be the new root of the tree T', the re-rooted tree will be written as ReRoot(T’, u).
Given & = (&,)n>0 € 0T, we say that z is the &-parent of y in 7' if z becomes the parent of y in
the tree ReRoot(T,&,) for all sufficiently large n. A random walk on T is A-biased towards & if
the random walk always moves to its &-parent with probability A times that of moving to one
of the other neighbors.

We consider the Markov chain on 7* that, starting from some fixed tree T with a marked
ray & = (§n)n>0, is isomorphic to a random walk on T' A-biased towards . Recall that v(&p)
is the number of edges incident to the root. The transition probabilities prw, of this Markov
chain are defined as follows:

o If 7" = ReRoot(T,z) and &' = (z, &, &1, &2, - . .) with a vertex z adjacent to &y being different

from &1, .
pRWA((Taé)a (T,’é-,)) = mv
e If T/ = ReRoot(T, £1) and & = (£1,&,...),
A
pRW)\((Ta 5)7 (T/7£/)) = mv

o Otherwise, prw, (7€), (T7,¢')) = 0.

Now we are ready to define the environment that is invariant under re-rooting along a
A-biased random walk. Let T and T™ be two independent Galton-Watson trees of offspring
distribution (pk)r>0. We write e for the root vertex of T, and e™ for the root vertex of T*. Let
v denote the number of children of et in TT. Similarly, let v denote the number of children of
e in T. Note that the number of children of e in T-T* is v + 1. Conditionally on (T, T"), let
R be a random ray in T distributed according to the A-harmonic measure on 0T. We assume
that (T-eT*,R) is defined under the probability measure P.

Definition 1. The A-augmented Galton—Watson measure AGW y is defined as the probability
measure on T* that is absolutely continuous with respect to the law of (T-eT+, R) with density

c—l <)‘+V+)B(T) (5)
A A =1+ 6(T) +C(T+)’

where
(A+v1)B(T)
A—1+8(T)+C(T+)

C\ =

is the normalizing constant.
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Figure 1: The random tree T-eT™ rooted at e™ with a marked ray R

It follows from the inequality A — 1 4+ C(T*) > 0 that

. _E[ (A +vF)B(T)
AT TN 14B(T) + ¢(TH)

<EXN+vT]=X+m.

Let TY,..., T}, denote the descendant trees of the children of e* in T*. With a slight
abuse of notation, let Ty, T, ..., T, denote the descendant trees of the children of e inside T.
See Fig. 1 for a schematic illustration. By the parallel law of conductances,

CT*) = Y B(T) and C(T) =3 A(T). (6)
=1 =1

We will frequently use the branching property that conditionally on v, the collection of trees
{T,T7,..., Tj+} are independent and identically distributed according to GW.

According to Theorem 4.1 in [1], the A-augmented Galton-Watson measure AGW is the
asymptotic distribution of the environment seen from the A-biased random walk on T.

Proposition 4. The Markov chain with transition probabilities prw, and initial distribution
AGW,, is stationary.

Proof. Let F: T — Rt and G: T* — RT be nonnegative measurable functions. Let (T-eT+, R)
denote the tree with a marked ray obtained from (T-T*, R) by performing a one-step transition
according to prw, . It suffices to show that

[ (A+v)B(T)
A—14p5(T)+C(TH)
To compute the left-hand side, we need to distinguish two different situations.

Case I: There exists 1 < ¢ < vT such that the root of ']I‘Z7L becomes the new root of T—eT™.
For each i € [1,v7], it happens with probability 1/(v* + \). In this case,

(A+v")B(T)

1T m e SR

F(@Tﬂc;(fr,fz)] = E[

Tt =T and T= T—OTL,



where T;gi stands for the tree rooted at et containing only the descendant trees {']I‘;L, 1<35<

vT,j # i} together with the edges connecting their roots to et. It is easy to see that 'JI'ZTF and
’H‘—o']I‘;gi are two i.i.d. Galton—-Watson trees. Meanwhile, R € OT is the ray R* obtained by

adding the vertex e™ to the beginning of the sequence R. We set accordingly

_ A+rHBMm &1

L= BT BT) + 0T 2 o 4 AT (G-I RY)
_ B(T) &
- E[A 15 A o) 2 FETTL R+)]-

Given T and TY, we let R; be a random ray in the tree ']T—OT;ZZ. distributed according to the
A-harmonic measure on the tree boundary. Then R can be identified with R.; conditionally
on {R; € OT}. We see that I is equal to

m S C(r-+T)
b L‘ — 14 B(T) +C(T) ; F(T;)G(T-T;, R#i)l{n¢ieaT}W
1 v
=F L\ — 14 5(T) +C(T+) ; F(TZF)G(T—OTL’ R7£7;)1{R¢¢€8T}C(T_.T;i):|~

By symmetry, we deduce further that

C(T—eT7,) N N v
I= E|:A 1+ 5(T) + C(T+)F(T1 )G(T_.TyélvR#l)(l{R;ﬂeaT} + Z; 1{R¢168Tj}>:|

B C(T—eT%,)
- {A— 1+ B(T) +C(T*)

F(T{)G(T-T%,, Rﬂ)} :

As B(T) + C(TT) = B(T) + %, B(TH) = B(TT) + C(T—QTL), we obtain from the previous
display that

_ C(T)
I_E[)\—1+B(']I‘+)+C(T)

Using (3) and (2), we get therefore

F(TT)G(T, R)] :

5(T) c(T)

A—1+p5(T) +C(T+) p(T+)

_ [ 200 T
X— 1+ B(T) + C(T+)

I= E{ F(T*)G(T,R)]

F(THG(T, R)} .

Case II: The vertex e becomes the new root of T—eT*, which happens with probability
A/(vt + ). In this case, if R passes through the root of Ty, for some integer k € [1,v], then

T=T; and T' =T T,

where T, stands for the tree rooted at e formed by all descendant trees {T,1 < ¢ < vl # k}
together with the edges connecting their roots to e. As in the previous case, Ty, and TT—eT



are two independent Galton-Watson trees. But R is now the ray R~ obtained by deleting e
from the beginning of the sequence R. We set thus

A+ vT)B(T A Y ~
1= 0 ﬁ(’]l‘s +(c)(1r+) 7 2 T TG R ir-com)|
_ AS(T) . ]
- E[A “15 A e 2 T TG R )1{R—eam] :

Given T and TT, we let Ry be a random ray in the tree T} distributed according to the -
harmonic measure. It follows that

3 AB(T s
I = E{; A—1+ 5(?(T) )+ C(’]I‘*)F(TJF_.T#)G(T’“R’“) C((Tk))}
5[y B(T) )
! EL; (=15 A + e N+ ATem) T#k)G(TmRk)}

Using the identity (4), we see that

A =1+ B8(T) +C(TT)HA+1"1C(T)) = (A—1+8(TT)+C(T))(1+A"'c(TT))
= (A =1+ B(Tx) +C(THTz)) (1 +A7C(TT)).

Together with (2), it implies

- +A~te(Th)) !
= E{Z)\—l-Fﬁ Tk)+C(T+—OT¢k)

_ B(Tr)(1 = B(TT))
a E[Zl A =1+ 5(Tg) + C(T+4T¢k)F(T+*T¢k)G(Tk7Rk)]-

F(T"—T)G(Tk, Rk)]

Observe that the root of TT—eTy, has v children. For any integer m > k, the conditional law of
(T, T*—T k) given {v = m} is the same as that of (T, T") conditionally on {v* = m}. Hence,
we obtain

vt

B(T)(1 — B(T;
I = EL; A—(ll(ﬁ('lf) ié()%ﬂF(T*)G(T,R)]

e L G lend)
X — 1+ B(T) + C(T+)

F(TH)G(T, R)} :
Finally, adding up Cases I and II, we have

A+vDBT) e n
E[}\_Hrﬂ( T (T+)F(T+)G(T,R)}

_ [ AMA+CT) BT — C(T*)
- | s e PO R + B[ e PTG R)
(A +vH)B(T)

A—1+8(T)+C(T+)

which completes the proof of the stationarity. O

= E| F(T*)G(T, R),



We write 7 for an infinite path (z,,)n>0 in 7. Let RW) x AGW  be the probability measure
on the space

{(Z,(T,€) | (T,6) e T*, 2 C T}

that is associated to the Markov chain considered in Proposition 4. It is given by choosing a tree
T with a marked ray £ according to AGWj, and then independently running on 7" a random
walk A-biased towards &.

4 Harmonic-stationary measure

Let HARMY be the flow on the vertices of T in correspondence with the A\-harmonic measure
on 0T, so that HARM;(U) coincides with the mass given by the A-harmonic measure to the set
of all rays passing through the vertex u. We denote by HARM), the transition probabilities for a
Markov chain on 7, that goes from a tree T' to the descendant tree Ty, |u| = 1, with probability

T _ B(Tu) _ 5(Tu)
HARMAW) = s B(T) ~ e

The existence of a HARMy-stationary probability measure pnarm, that is absolutely con-
tinuous with respect to GW was established in Lemma 5.2 of [7]. Taking into account the
stationary measure of the environment AGW ), we can construct guyarm, as an induced mea-
sure by considering the A-biased random walk at the exit epochs. See [6, Section 8] and [7,
Section 5] for more details.

According to Proposition 5.2 of [6], HarM, is equivalent to GW and the associated HARM -
Markov chain is ergodic. Ergodicity implies further that guyarm, is the unique HARM y-stationary
probability measure absolutely continuous with respect to GW. Due to uniqueness, we can
identify pnarm, via the next result.

Lemma 5. For every x > 0, set

kx(z) == GW

B ) _ gl A
N1+ 80 +z) CIA—1+BM +a)

The finite measure kx(C(T))GW (dT) is HARMy-stationary.

Proof. The function xy: RT™ — RT is bounded and strictly increasing. In fact, for GW-a.e. T
A—14 3(T) > 0. The function
A1)
A=14+8(T)+=
is strictly increasing in z, and it is bounded above by §(T'). Thus, ky(z) < GW[S(T)] < 1.
We write v for the offspring number of the root of T'. Conditionally on the event {v = k},
let T1,...,T; denote the descendant trees of the children of the root. In order to prove the

HARM ,-stationarity, we must verify that for any bounded measurable function F' on 7T, the
integral [ F(T)rx(C(T))GW (dT) is equal to

! ‘_;pk ;/F(TZ)KA(C(T))ﬁ(Tl) +ot 5(Tk)GW(dT v =F)
B(T1)

-y k:pk/F(Tl)n,\(C(T)) GWT | v = k).
k=1

B(T1) + -+ B(Tk)

10



Using the definition of k) and the branching property, we see that I is given by

— B(To)B(11) _

E_ kpk/F(Tl))\_ ¥ B(To) + B(TY) —|—---+ﬂ(Tk)GW(dT | v =k)GW(dTp)
3 BTVAT)
_Zk:pk/F(Tl))\_ AT A +‘_'+6(Tk)GW(dTU)GW(dT1) GW(dT})
_ D(B(Ty) + A(T) + -+ B(TY)) N

}:p /F < 1+B(To)+ﬁ(T1) .+ﬁ(Tk)GW(dTO)GW(dT1) GW(dT},)

B(Ty)C(T)
_/F 517 307) + ) S W A GW(AT)

Hence, it follows from (3) that

B(T)C(11) _
I_/F TS =1 507 1 CTF 1)GW(dT)GW(dT1)_/F(Tl)m,\(C(Tl))GW(dTl),

which finishes the proof. O

We deduce from the preceding lemma that the Radon-Nikodym derivative of pparm, with
respect to GW is a.s.

diHARM, (T) = 1

AGW —rx(C ) GW(dT"), (7)

h A / A—1 —|— ﬁ +C(T)
where the normalizing constant

B(T)C(TT)
X—1+B(T) +C(TH)]

(T) N
)\—1+ﬁ s )GW(dT)GW(dT)_E[

Writing R(T') = C(T)~! for the effective resistance, one can reformulate (7) as

diHARM,, (T) = 1 A1

dGW " hy / A= DR(T)R(T") + R(T) + R(T") + A1 GW(dT").

When A = 1, it coincides with the expression of the same density in Section 8 of [6].

Using the proof of Lemma 5, we see that the mesure ppyarm, defined by (7) is still HARM -
stationary when py > 0 is allowed. We also point out that the proof of Proposition 17.31 in [9]
(corresponding to the case A = 1) can be adapted to derive (7) from the construction of pHarm,
by inducing.

To finish this section, let us mention a work in progress of Rousselin containing some general
condition for a Markov chain on trees to have a stationary measure. His result also applies to
the HARM-Markov chain considered above.

5 Dimension of the harmonic measure

Let T be a random tree distributed as piHarm, , and let © be the Ad-harmonic ray in T. If we denote
the vertices along © by ©¢, ©1, ..., then according to the flow property of harmonic measure, the
sequence of descendant trees (Tg, )n>0 is a stationary HARMy-Markov chain. In what follows,

11



we write HARM) x uparm, for the law of (©,T) on the space {({,T) | T € T,§ € 0T'}. Recall
that the ergodicity of HARM) X pnarm, results from Proposition 5.2 in [6].

As shown in [6, Section 5], the Hausdorff dimension dy of the A-harmonic measure coincides
with the entropy

Entropyparm, (HARM, ) := HARM, X pnarwm, (d€, dT).

/ log — L
HARM (&1)
Thus, by (2) we have
_ C(T)
i = o
~ g 2D
B(Tg,)(1 — B(T))

HARM\ X pnarm, (d€,dT)

HARM)\ X ,LLHARM)\(dfydT)'
By stationarity,
A
dv= [ 1og Ty R (4T) = [ 108 (C(T) + Npara, (0T), (8)

provided the integral [log 3(T) ' unarm, (dT) is finite. Using the explicit form (7) of unarm, ,
we see that this integral is equal to

st 1
X—1+B(T) +C(TT) ° BT+’

h/\lE{

in which the expectation is less than

5(T) SO N Y G VIR DY Y. s N
e O o8 7)) = E (5= ) E e e @
Notice that for z € (0,1),
0< 1fxlog%<1.

Hence, the product in (9) is bounded by

W {A—Aff/;m} ’

which is finite according to (1). Therefore, the formula (8) is justified. By (7) again, we obtain

- (T")C(T) /
dy = h/\l/log(C(T)+)\)>\_1+5( T L T )GW(dT)GW(dT)
(

— h;lE{log(C(’]I"L)—i—)\) —1+(ﬁ)(CT)T )C( sk

Now we proceed to show that dy > GW]logr|. Recall that the function k) is strictly
increasing. The FKG inequality implies that
A(T)C(TT)
A—1+p5(T)+C(T+)

E|log(C(T) 4 A) [A B(T)C(TT)

—14B(T) +C(TH) ]

> E[log(C(TT) + \)] x E

12



In view of the previous formula for d, it suffices to prove
GW/log(C(T) + N\)] > GW]log v].

In fact, the strict inequality holds. Recall the notation that T1,...,7T, stand for the descendant
trees of the children of the root in T'. It is justified by Lemma 3 that

SWlose(r) ) = 6w i 2]~ 6w[iog - 0]
B c)] _ Zic ATL)
—Gw{k’gﬁmﬂ = Gw| g B(T) |

By strict concavity of the log function,

LSBT el
Zlog ==l Y > —logv = logv,
> log 3T _;V g g

j=1
with equality if and only if for all 1 < j < v,
i1 B(L5)
B(T;)
But this condition for equality cannot hold for GW-a.e. T'. Therefore,

GW/(log(C(T) + A7 1)] = GW{log ’V;(lﬁl()m]

= GW[Z %log VBETBJ()T)} > GW/log ).

J=1

To complete the proof of Theorem 1, it remains to examine the asymptotic behaviors of dy:
When A — 0T, a.s. 8(T) — 1 and C(T+) = X%, B(T;) — v*. Since

B(T)C(T™)
X — 1+ B(T) + C(T+)

<B(T) <1, (10)

we can use Lebesgue’s dominated convergence to get limy_,g+ hy = 1. Similarly, it follows from

A(T)C(TT)

log(C(T") + >‘))\ — 14 B(T) +C(T+)

<log(C(TH) 4+ \) < log(vt +m)

that limy_,+ d\ = E[logr™] = GW(logv].
When A — m™, a.s. 3(T) — 0 and C(T*) — 0. We have seen that the FKG inequality yields
the lower bound
dy > Eflog(C(TT) + \)].

Using again dominated convergence, we obtain

lim Elog(C(T*) + \)] = logm.

A—m—

On the other hand, recall that dy < logm. Consequently, dy — logm when A — m™.

13



6 Speed of the biased random walk

For the A-biased random walk (X,,)n>0 on T starting from the root, Lyons, Pemantle and Peres
[7] showed that a.s. the limit
| X
£y = lim ——

n—oo n

exists, and is a strictly positive deterministic constant provided A < m. We call £y the speed
(or rate of escape) of the A-biased random walk.

Given the asymptotic distribution AGW ) of the environment, the speed £, is calculated in
[1, Theorem 1.1] as

gl Qrsm & A
EA_CAlE[/\ 1+B(T)+C('JI‘+)<ZZIV++)\ wmﬂ
P [ O
P14 B(T) +C(T)

Another way to compute £) comes from the observation that the speed equals the probability
to be at an exit point under the stationary measure RW) x AGW, (see Proposition 8.2 in [6]),
which yields the formula

s A+0D)BT) &1
b _CklE{ A—1+B(T) +C(T+) ;u++A’B(T?)

_clE{ B(T)C(T™) _

YEINTTRBM AT T w

This alternative interpretation of £ can be shown using the Kac lemma in ergodic theory. Here,
we would rather establish the equality

B(T)C(TY) B (vt = X)B(T)
E{A —1+4(T) +C(T+)] - E{A — 1+ B(T) +C(T+)]

(11)
by a direct verification. In fact, the right-hand side of (11) is given by

Ay U S R0
X—1+ B(T) +C(T+) A—1+B(T)+C(TH) ]

By symmetry and (2), this difference is equal to

5[ C(TH) +B(T) _E{ (1+X)B(T)
A =14 B(T) +C(T+) A—=1+B(T) +C(TH)
_ g Cmh) —A3(T)
T IA=1+B(T) +C(T+)
_z| C(T)C(T™) } +E[ A(C(TT) —¢(T)) _
LA =1+ C(T*))(A +C(T)) + C(T) (A—1+C(T+))(A+C(T)) +C(T)
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The second expectation in the last line vanishes, because

g AC(TT) E' C(TT)
(A—=14+C(T*+))(A+C(T)) +C(T) LA —1+C(T+) +C(T) + A-1C(T)C(T™)

[ C(T)

LA —1+C(T+) +C(T) + A-1C(T)C(T+)

_ 5 AC(T)

LA =1+C(TH)(A+C(T)) +C(T)

[ <

To finish the proof of (11), we use (2) again to see that the left-hand side of (11) also coincides
with

g c(me(T*) |
A=1+C(TH)(A+C(T))+C(T) |

The following lemma will be useful in the next section.
Lemma 6. We have the inequalities

v HBTIC(TH) v+t —N)B(T) (r+—N)B(T)
Bl ity Blmagts| moa » E| =it |
-

v+ (vt +A)B(T) v+t +A)B(T) + A N (t+0B(T) 77
Elxiimienn)  Eloranedy] ™ E | s=tem e

Before giving the proof, we point out that %—;i is the speed of the A-biased random walk on

an m-ary tree when m € N. The strict inequality

m— A\
m+ A

0y <

indicates the slowing down of the walk due to randomness of the Galton—Watson tree. It has
already been shown in Corollary 7.1 of Virdg [10] by different arguments.

Proof. To establish the first inequality, we proceed as in the proof of (11) to show that

[ v B(T)C(TY) |> B vt —N)B(T) ]
X—1+ A(T) +C(TT) A—1+B(T)+C(T+H))

The left-hand side is equal to

E{ v +C(T)C(T) }
A—1+C(TH)) (A +C(T) +¢(T)]’

while the right-hand side is given by

E_ vt +1)3(T) ] B [ v (14 \)B(T)
A—143(T)+C(T+) | A—1+4p3(T)+C(T+)
_ gl vH(C(TH) +B8(T) 7 [ v (1+N)B(T)
A =1+ 6(T) +C(T+) A—145(T)+C(TH)
[T~ 23 |
A =1+ 8(T) +C(TH) ]

v +C(T)C(T) . At (C(T) — C(T))
A= 1+C(TH)(A+C(T) + C(T)} + {()\ —1+C(TH))(A +C(T)) + C(T) ]

15



Notice that

vt

C(T*) —C(T) _ S B(T) = C(T)
A=14+C(TH))A+C(T) +C(T) SV B(TS)(A + C(T)) + A(A — 1 +C(T))

is strictly increasing with respect to v*. Applying the FKG inequality, we see that

E[ At (C(TH) — C(T))
(A —1+C(TH) (A +C(T)) + C(T)

| > 2615 AC(TH) —C(T)) |

(A—=1+4+C(T+))(A\+C(T)) + C(T)

where in the product the second expectation equals zero. The proof of (12) is thus finished.
The second inequality in question can be easily reduced to

v* (vt + N)B(T)
X—1+ B(T) + C(TT)

v B(T) }

B| X—1+ B(T) + C(T+)

| > B+ B

which results again from the FKG inequality, since

{ v (vt + N)B(T) }_E{ (v +A)C(TT) }
A—1+4B(T)+C(T+)) — 7N =1+ B(T) + C(T+)

and

[ v B(T) } _ [ C(T™) ]
A—1+8(T)+C(T+) A—1+p(T)+C(T+))
Conversely, the FKG inequality implies that

(v +2N)B(T) + B(T)
e T A(T) +c<1r+)} SB[l Ely— T A(T) +c<1r+)}’
which yields the third inequality £ < Z23. O

7 Average number of children along a random path

Recall that for every vertex x in a tree T', we write v(z) for its number of children. Birkhoff’s
ergodic theorem implies that for HARMy x pparm,-a.e. (§,T),

L S N _ v B(T)C(TH)
nl_mn];) (fk)*/ (e)unarm, (dT) = hy " E Y= 13 A(T) 1 (T )’

The last expectation is finite, as we derive from (10) that

VATCT)
A—1+A(T) +C(Th) =

Since pHArRM, is equivalent to GW, the convergence above also holds for HARM, x GW-
a.e. (§,T). Hence, the average number of children of the vertices visited by the A-harmonic
ray in a Galton—Watson tree is the same as the puparm,-mean degree of the root.

For every k > 1, we set

Ay = | POZLAT) )
A= 1+ 8(T) + T, B(T)
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The sequence (A(k))g>1 is strictly increasing. Moreover,

Ak) E[ B(T)B(TT)
k A =1+ 8(T) + X7, B(T))

is strictly decreasing with respect to k.

Proposition 7. For 0 < A <m,

/V(G)MHARMA(dT) > m.
Furthermore, [v(e)unarm, (dT) — m as A — 07.
Proof. The first assertion, reformulated as

VAT S B(TY) |> 5015 B(T) 4 B(TY)
A—1+B(T) + Y, B(TT) A—1+4B(T) + 20, B(THT

is a simple consequence of the FKG inequality, since
GW[rvA(v)] > GWv] - GW[A(v)].

When A — 07, a.s. 3(T) — 1 and C(T+) — v*. Using Lebesgue’s dominated convergence,
we have seen at the end of Section 5 that limy_,q+ Ay = 1. The same argument applies to the
convergence of

v B(T)C(TT)
A—14 35(T) +C(T+)

towards E[vT] = m. O

Under GW we define a random variable # having the size-biased distribution of v.

Proposition 8. For 0 < A <m,
[ e, (@T) < GWIP] = m™" 5 k2py.

If we assume further that 3" kPpy, < oo, then [v(e)unarm, (AT) = GWI[D] as A — m™.

Proof. Since [ v(e)unarm, (dT) < 0o, we may assume Y. k?py < oo throughout the proof. The
inequality in the first assertion can be written as

B(T) SV, B(TS)
A =1+ B(T) + X, B(T) 1

vt B(T) X0 B(TY)

Ev*]-E
VB T A + o AT

< B0 B

By conditioning on v*, we see that it is equivalent to

GWIA(?)] < GW[7] - Gw{A(ﬁ )},

1%

which results from the FKG inequality.
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For the second assertion, remark that
as
V+ﬁ<T> >i-1 (T;L)
m—1

5|20 Y B(TY)

m—1

GW[v?] - GW[B(T)]?
m—1
GW[v]- GW[B(T)?

m—1

E

9

When the offspring distribution p admits a second moment, Proposition 3.1 of [2] shows that

_AI
GWI[5(T)]

is uniformly bounded in L?(GW). Using this fact, we can verify that

-1

B S BTHTT

m—1

lim h)\-E|:

A—m~—

With the third moment condition 3 k3p;, < oo, we similarly have

vt B(T) 1 B(TY)

[ [ S BT
aom= LA — 14 B(T) + X0, A(TY)

m—1

Consequently,
GW[?]

/ V() mas, (AT) = Gy = GWP

as A — m~. O

Now we turn to investigate the average number of children seen by A-biased random walk
on the Galton-Watson tree T. First of all, as remarked in [6, Section 8], the ergodicity of
HARM), x uparm implies that RW) x AGW,, is also ergodic. For a tree T rooted at e, let v (e)
denote the number of children of the root minus 1. Since

{ vFA+v)B(T) T E{ (A+vH)C(Th)
A—14+B(T)+C(T+)] 7 [X—1+B(T)+C(T+)

<A+ E[vT] < o,

it follows from Birkhoff’s ergodic theorem that for RW) x AGW y-a.e. (g, (T,¢)),

IS = [t R S A CSAPLEI ()
Jb%n]; ( ’f)_/ () AGWA(AT, d¢) = ¢, E[A—1+B('H‘)+C(T+) - 13

Using arguments similar to those in the remark on page 600 of [6], we deduce that the average

number of children seen by the A-biased random walk on T is a.s. given by the same integral
[vt(e) AGW ,(dT, df).

Proposition 9. We have

<m when 0 <A<,
/1/+(6)AGW,\(dT, d¢) =m when X € {0,1};
>m  when 1 <X <m.
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Proof. For every integer k > 1 we set

(A +k)B(T)
— 14 B(T) + X7 L B(TH

By(k) = E[A

Clearly, we have A
/ v (€) AGW, (dT, d¢) = m.

When A € {0,1}, By(k) = 1 for all k. We will show that the sequence (Bjy(k))r>1 is strictly
decreasing when 0 < A < 1, and strictly increasing when 1 < A < m. Therefore, by the FKG
inequality, GW[B\(?)] > GW|[B)(v)] when 1 < A < m, and GW|[B)(?)] < GW|[B)\(v)] when
0<A<L

To get the claimed monotonicity of the sequence (By(k))g>1, notice that

E[ (A -+ k)B(T) + B(T} )
A—1+B(T)+ X BT ]

By(k+1) =

Simple calculations give

Bk +1) - By () - £ O DD 1 PL )L AT 4 S L)

(A =14 B(T) + S B(T)) (A — 1+ B(T) + X, B(TY))
{ BT )\ = 1A = B(T))
(A =1+ B(T) + X5 BT ) (A = 1+ B(T )+Z _1 B(T]))

E{ —kB(T k+1)5( )+ 6(T k+1) YL B(TH)

_ k+1 + _ +
(A =14 B(T) + X5 BT ) (A = 1+ B(T) + iy BT
Since the last expectation vanishes, By(k + 1) — By(k) < 0 if and only if A < 1. O

The next result, together with the preceding one, shows that [ v+ (e) AGW ,(dT, d¢) is not
monotone with respect to .

Proposition 10. As A — 07, [vT(e)AGW (dT,d&) converges to m.

Proof. Note that
5(T) -
A—1+B8(T)+ 37 15(T+)_

By Lebesgue’s dominated convergence it follows that limy_,g+ ¢y = 1. Similarly, we have

lim E[ vt ()
A=0t LA =14 B(T) + 37 15( D)

On the other hand,

| (v*)?B(T) 5 vt S B(TH)
A—1+B(T) + X4, B(T}) A—1+5( )+ X0 B(T)

to which we can apply Lebesgue’s dominated convergence again to get

(v*)?B(T)

lim E|: T - [V+] =m.
A0t LA =1+ B(T) + 3552, B(T)
In view of (13), the proof is thus finished. O]
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Proposition 11. Assume that 3 k*pj, < co. Then,

2 2
lim [0t (e) AGW, (AT, dg) = Tt 2 FPE
A—m— 2m

Proof. As for the analogous result in Proposition 8, we can use the uniform boundedness in
L?*(GW) of B(T)/GWI[B(T)] to see that

FA+uﬂﬁmq1:1

v\ + )BT !
A—1 )

= lim F
im 1

A—m~

lim ¢\ - FE
A—m—

[ vE(A+v")B(T)
X— 1+ B(T) +C(T+)

Hence, it follows from

va+vﬂMTq4E

V+()\+V+)B(T)] _ Elvt(Z+vt) Am 4+ 3 k2py,

A—1 A—1 EX+vt] A 4+m
that
lim C—IE[ vEA+vT)B(T) A+ S Kpy _m? 4 3 kP py
Amm- N A=14+B8(T) +C(T+H)]  asm-  A+m 2m ’
which finishes the proof by (13). O

Proposition 12. For all 0 < A < m, we have [v(e)unarm, (dT) > [vT(e)AGW \(dT, df).

Proof. In view of (11), the required inequality

{ v B(T)C(T) ]E[ (A+v1)B(T)
A—1+B(T)+C(T+)|" [x—1+ B(T) + C(T+)
vE(A+vT)B(T) B(T)C(T™)

{A — 1+ 8(T) +C(T+) E{A —1+5(T) +C(T+)]

directly results from Lemma 6. ]

Combining Propositions 7, 8, 10 and 11, we see that

Jim ( / V() pmarn, (AT) — / vt () AGW (dT, dg)) —0,

A—07F
and if 3 k3py, < oo,

Y K*pp—m?

0.
2m >

Jim ( / v(€) g, (AT) — / y+(e)AGWA(dT,d§))

A—m—
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