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Abstract

Principal curves are defined as parametric curves passing through the “middle” of a proba-
bility distribution in R%. In addition to the original definition based on self-consistency, several
points of view have been considered among which a least square type constrained minimization
problem. In this paper, we are interested in theoretical properties satisfied by a constrained
principal curve associated to a probability distribution with second-order moment. We study
open and closed principal curves f : [0, 1] — R? with length at most L and show in particular
that they have finite curvature whenever the probability distribution is not supported on the
range of a curve with length L.

We derive from the order 1 condition, expressing that a curve is a critical point for the
criterion, an equation involving the curve, its curvature, as well as a random variable playing
the role of the curve parameter. This equation allows to show that a constrained principal
curve in dimension 2 has no multiple point.

Keywords — Principal curves, quantization of probability measures, length constraint, finite
curvature.

2000 Mathematics Subject Classification: Primary 60E99; Secondary 35B38, 49Q10, 49Q20.

1 Introduction

1.1 Motivation and context

Principal curves are parametric curves passing through the “middle” of a probability distribution
in R?, d > 1. In short, they provide a one-dimensional summary of the distribution. The original
definition, based on the so-called self-consistency property, was introduced by Hastie and Stuetzle|
(1989)). A parametric curve f is said to be self-consistent for a random vector X with finite second
moment if it satisfies,

f(tr(X)) = E[X[t(X)] as.,
where the projection index t; is given by

t¢(x) = maxargmin ||z — f(t)[]*.
t

In the principal curve definition, some regularity assumptions are made in addition: the curve is
required to be smooth (C), it does not intersect itself, and has finite length inside any ball in R.

Subsequently, several principal curve definitions, more or less related to the original one, as
well as algorithms, were proposed in the literature (Tibshirani (1992),Kégl et al.| (2000)/Verbeek
et al.| (2001), Delicado| (2001)/Sandilya and Kulkarni (2002), |[Einbeck et al.| (2005a) /Ozertem and
Erdogmus| (2011)),Gerber and Whitaker| (2013)). Note also that principal curves, in their empirical
version, that is in the statistical framework, when the random vector is replaced by a data cloud,
have many applications in various areas (see for example Hastie and Stuetzle| (1989), Friedsam and|
for applications in physics, [Kégl and Krzyzak| (2002)), Reinhard and Niranjan| (1999)
in character and speech recognition, [Brunsdon| (2007)), |Stanford and Raftery| (2000), Banfield and
Raftery| (1992), Einbeck et al| (2005a/b) in mapping and geology, De’ath| (1999), (Corkeron et al.
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Figure 1: Two examples of principal curves with length constraint: (a) Uniform distribution over
the square [0, 1]%. (b) Gaussian distribution N (0, I).

(2004), [Einbeck et al.| (2005a) in natural sciences, (Caffo et al| (2008]) in pharmacology, and Wong
and Chung (2008)), Drier et al.[(2013) in medicine, for the study of cardiovascular disease or cancer).

Let us focus on the definition given by [Kégl et al.| (2000), who consider constrained principal
curves. More precisely, principal curves in this case are obtained as solutions of a least-square
minimization problem under length constraint. A motivation for introducing this definition, which
is more amenable to analysis, is the fact that the existence of principal curves could not be proven
in general (see Duchamp and Stuetzle| (1996a)), Duchamp and Stuetzle (1996b) for results obtained
in the case of some particular distributions in two dimensions). More formally, Kégl et al.| (2000)
propose to minimize the quantity E [min, | X — f(¢)[|?] over all curves whose length is not greater
than a certain prespecified value and show that there exists a minimizer for this criterion whenever
X is square integrable. Contrary to the original definition, the curves are not assumed to be
differentiable any more, which allows in particular to consider polygonal lines. These basic curves
actually play a significant role in [Kégl et al.| (2000) research work, especially in the computational
aspect.

Observe that such a length constraint makes perfectly sense in the empirical case. Indeed,
from a practical point of view, it is essential to appropriately tune some parameter reflecting the
complexity of the curve, in order to achieve a trade-off between a curve passing through all data
points and a too rough one. The parameter selection issue was addressed in this statistical context
for instance in |Biau and Fischer| (2012]), |[Fischer| (2013) and |Gerber and Whitaker| (2013]).

This kind of framework is closely related to the question known as “average-distance problem”
in a part of the mathematical community (see the survey |Lemenant| (2012), and the references
therein). It was studied for instance very recently in [Lu and Slepcev| (2016) in the penalized form,
that is the case where the length is not constrained directly, but through a penalty term added to
the principal curve criterion. Considering a compactly supported distribution, the authors show
existence of a minimizer of the penalized criterion, study its curvature, and they prove that, in two
dimensions, a minimizing curve is injective.

1.2 Contents and organization of the paper

We adopt the length-constrained point of view as introduced by [Kégl et al.| (2000). We consider
general distributions, assuming only a second order moment, and search for an open or closed
principal curve among parametric curves from [0, 1] to R? with length at most L.

To illustrate our framework, two examples of length-constrained principal curves, fitted via a
stochastic gradient descent algorithm, are presented in Figure



Our document is organized as follows. Section [2] introduces relevant notation and recalls some
basic facts about length-constrained principal curves. In our main result, stated in his complete
form in Theorem[3.1]in Section[3] we prove that such a principal curve is right- and left-differentiable
everywhere and has bounded curvature. Moreover, when the support of X is not the range of a
curve with length less than L, we show that there exists A > 0 and a random variable ¢ taking its
values in [0, 1] such that || X — f(f)|| = mingep 1 || X — f(t)[| a.s. and

E[X — f@)|f = t] vg(dt) = —Af"(dt), (1)
where v; stands for the distribution of .
In Section 4} formula allows us to propose in dimension d = 2 a proof of the injectivity of

a open principal curve as well as of a closed principal curve restricted to [0,1). Finally, we give in
Section [5] an example where there exists a unique curve, which is explicit.

2 Definitions and notation

For d > 1, the space R? is equipped with the standard Euclidean norm, denoted by || - ||. The
associated inner product between two elements u and v is denoted by (u,v).

For every x € R%, let 27 be its j-th component, for j = 1,...,d, that is z = (z',...,2%). For
every x = (2!,...,2%) € R?, we set |70 = maxi<i<a|?’|. Let (Q,F,P) be a probability space

and X a random vector on (£, F,P) with values in R, such that E[|| X||?] < +oc.
We will consider curves, that are continuous functions

f:[0,1] —» R?
te (f1),. .., fUt).

For such a curve f : [0,1] — R%, let .Z(f) denote its length, defined by
ZL(f) =sup Y _ | f(t:) = f(ti-1)l,
i=1

where the supremum is taken over all possible subdivisions 0 =ty < --- <t, =1, n > 1 (see, e.g.,
Alexandrov and Reshetnyak| (1989))).
Let

AU =2 | min 1 - £

and, for L > 0,
G(L) = min{A(f), f € Cr},

where, in the sequel, C;, will denote either one of the following set of curves:

{felo, ] =R, 2(f) < L},
{f € [Ov 1] —>Rd7$(f) < L,f(O) = f(l)}

Curves belonging to the latter set are closed curves. Note that G is well-defined. Indeed, [Kégl
et al.| (2000) have shown the existence of an open curve f with Z(f) < L achieving the infimum
of the criterion A(f), and the same proof applies for closed curves.

It will be useful to rewrite G(L), for every L > 0, as the minimum of the quantity

E[lX - X%

over all possible random vectors X taking their values in the range f([0,1]) of a curve f € Cy.

Remark 1. If the curve f : [0,1] — R< has length .Z(f) < L, then there exists a curve with the
same range, which is Lipschitz with constant L. Conversely, if f : [0,1] — R? is Lipschitz with
constant L, its length is at most L.



Remark 2. Let L > 0. Suppose that X satisfies G(L) = E[| X — X]||?]. Writing
E[lX — X[ = E[IX — X — E[X — X]|I°] + |E[X] - E[X]|]?,

we see that, necessarily, R
E[X] = E[X], (2)

since, otherwise, the criterion could be made strictly smaller by replacing X by the translated
variable X + E[X] — E[X], which contradicts the optimality of X.

3 Main results and proofs

3.1 Uniqueness of projection random vector

Given a curve f € Cp, such that A(f) = G(L), let X be a random vector with values in f([0,1])
such that | X — X| = minse(o1) | X — f(¢)|| a.s. Thanks to property (2)), this projection random

vector X can be shown to be unique almost surely.
For every x € RY, let d(z, f([0,1])) denote the distance from the point x to the range of the
curve f. Consider the set

P(x) ={y € f([0,1]), |z — yll = d(z, £([0,1]))} = B(x, d(=, f([0,1]))) N f([0, 1]).

If P(x) has cardinality at least 2, x is called an ambiguity point in the literature (see |[Hastie and
Stuetzle| (1989)). The next result is proved in Section below.

Proposition 3.1. 1. The set A= {x € R?, Card(P(x)) > 2} of ambiguity points is measurable.
2. The set A is negligible for the distribution of X .

3.2 Main theorem and comments

For an R%valued signed-measure v on [0, 1], that is v = (v!,...,v%), where each v/ is a signed-

measure, and for g : [0,1] — R? a measurable function, we will use the following notation:
d . .
Jlg(t),v(dt)) =375, [ ¢ () (dt).

Theorem 3.1. Let L > 0 such that G(L) > 0 and let f € Cr, such that A(f) = G(L). Then,
Z(f) = L. Assuming that f is L-Lipschitz, we obtain that

o [ is right-differentiable on [0,1), ||f.(t)|| = L for all t € [0,1),
o f is left-differentiable on (0,1], || f;(t)|| = L for all t € (0,1],
and there exists a unique signed measure f" on [0,1] (with values in RY) such that
o ["((s,t]) = f(t) = f1(s) for all 0 < s <t <1,
o f7([0,1)) = 0.
In the case Cr, = {f : [0,1] = R%, Z(f) < L}, we also have
o ["({0}) = £7(0),
o ["({1}) = —fi(1).

Moreover, there exists a unique A > 0 and, up to consider an extension of the probability space
(Q, F,P), there exists a random variable t taking its values in [0,1] such that

o [IX — f(D)l = mingepo,y) | X = f(B)]| a.s.,

e for every bounded Borel function g : [0,1] — R,

B (X~ f@.00)] = | (oft), 1" (an) ®)

[0,1]



Remark 3. Whenever the function g is absolutely continuous, an integration by parts shows that
Equation may also be written

E[(X — f(1),9(D)] = A/O (g'(1), £.(1))dt. (4)

To see this, let us write

£(00.1)g(1) = "(10))g0) + |

(071]

(9(0). £ + [ /(). £"((0,5])s.

(011]

Since f”([0,1]) = 0, we have

" /H (o). £@0) + [ 1g/(6) 115N,

(0,1]

which, combined with , implies the announced formula .
Remark 4. If the curve f has an angle at ¢, which means that f/.(t) # f;(t), we see that

E[(X = f()1=y] = =M"({t}h) = Mfi(t) = £1(t) # 0.

So, at an angle, P(f = t) > 0.
Besides, when Cp, = {f : [0,1] — R4, Z(f) < L}, we have

E[(X — f()) L=y = —Af"({0}) = —AL(0),

which cannot be zero, since f(0) has norm L > 0. This implies that P(f = 0) > 0.

Remark 5. Regarding the random variable 7, let us mention that f is unique almost surely whenever
the curve is injective since X is unique almost surely (it is the case in dimension d < 2 ; see Section
. In general, it is worth pointing out that the theorem does not ensure that it is a function of
X, as (X,1) is, in fact, obtained as a limit in distribution of (X,#,) for some sequence (f,),>1.
Besides, note that we do not know whether A depends on the curve f.

Remark 6. Let Cr, = {f : [0,1] = R, Z(f) < L}. It may be of interest to consider the simplest
case of dimension 1, where the problem may be solve entirely and explicitly Assume that X is a
real-valued random variable, and that, for some length L > 0, G(L) > 0. Consider an optimal curve
f with length Z(f) < L. Using Remark [7| below, we have that, in fact, £(f) = L, so that the
range of f is given by an interval [a, a + L]. In this context, solving directly the length-constrained
principal curve problem in dimension 1 leads to minimizing in a the quantity

A@) == E | min (X = f(0)°| = EIX = 0)*Lpxca] + B[ =0 = DP*Lsarny]
The function A is differentiable in a, with derivative given by
A'(a) = ZE[(Q - X)]-{X<a}} + 2]E[(a + L — X)]-{X>a+L}]~

Moreover, A" admits a right-derivative A/ (a) = 2(P(X < a) + P(X > a + L)), which is positive
since G(L) > 0 implies that we do not have X € [a,a + L] almost surely. Hence, A is strictly
convex, which shows that the minimizing a is unique, so that the range of the principal curve f is
also uniquely defined.

Besides, observe that Equation from Theorem takes the following form in dimension 1:
for every bounded Borel function g : [0, 1] — R%,

E[(X = a)lix<a19(0)] + E[(X —a — L)1ix>arr39(1)] = AL(g(1) — 9(0)).
In particular, we get
E[(X = a)l{x<a)] = —AL,
E[(X —a—L)lixsarry] = AL,

which characterizes . Let us stress that we directly see in this case that A > 0, since, otherwise
X € [a,a+ L] almost surely, which contradicts the fact that G(L) > 0.



3.3 Proof of Proposition 3.1

For u € R? and r > 0, let B(u,r) and B(u,r) denote, respectively, the open and the closed balls
with center u and radius r. For a subset S C R?, let diam(S) = sup, ,ea |z — y|| be its diameter.

1. Note that

A= {z e R, Card(B(x,d(z, £([0,1]))) N £([0,1])) > 2}
= {z € R, diam(B(z, d(z, f£([0,1]))) N £([0,1])) > 0}
=R\ {z € RY, diam(B(z,d(z, f([0,1]))) N £([0,1])) = 0}.

For every = € RY, we may write

diam(B(x, d(x, £(0,1]))) N £(0,1])) = Tim diam(B(z, d(z, ((0,1])) + 1/n) N £([0,1])).
Since f is continuous, f([0,1] N Q) is dense in f([0,1]). For every n > 1, the countable set
B(z,d(x, f([0,1])) + 1/n) N f([0,1] N Q) is dense in B(z,d(z, f([0,1])) + 1/n) N f([0,1]), so
that both sets have the same diameter. Yet, it can be easily checked that the diameter of
a countable set is measurable, and finally, we obtain that the set A of ambiguity points is
measurable.

2. To begin with, we prove that, for every j = 1,...,d, it is possible to construct a projection
random vector X such that

X9 = maxm;(B(X,d(X, f([0,1]))) N f([0,1])).

Here, 7; stands for the projection onto direction j, that is, for = (z!,...,2%) € R%,

mj(x) = 7. Let {t1,t2,...} be an enumeration of the countable set [0,1] N Q. Let ¢ > 0,
r € R First, note that the set {t € [0,1],||f(t) — z|| < d(z, f([0,1])) + €} is open. It is
nonempty since the distance from z to the closed set f([0,1]) is attained. We deduce from
this that Card({t € [0,1]NQ, || f(¢) —x| < d(x, f([0,1]))+e}) = oo. Let us define the sequence

(k2 (2))men by

ki (@) = min{k : | f(te) — =] < d(, £([0,1])) + €}
kI (x) = min{k > k2 (2) « | f(te) — =] < d(@, £([0,1])) + e}, meN.

Let j € {1,...,d}. We set
p*(z) = min{p > 1, f (tyr(y)) > Su%fj(tk;"(m)) -}
me

We define X.(z) = f(t

kg*(”“>(x))’ which is a measurable Choice; Notice that, since { f7 (trm(z)),m €

N} = 7m;(B(z,d(z, f([0,1]))+e)Nf([0,1]NQ)) is dense in 7 (B(z, d(x, f([0,1]))+e)N f([0, 1])),
both sets have the same supremum.

Let
I (z) = mj(B(z, d(z, f((0,1])) + &) N f([0,1])), T(x) = m;(B(,d(z, f([0,1]))) N f([0,1])).

The limit of X7(z) is given by lim._,o max II.(z). Yet, note that, for every e, II(z) C II.(z)
so that
max II(z) < maxII.(x). (5)

Moreover, if € is small enough, then for all y € TI.(x), d(y,I(x)) < n(e), where n tends to 0
with €, and, thus,
max I, (z) < maxII(z) + n(e). (6)

Combining inequalities [5[ and |§|, we obtain that lim._,g max Il (z) = max II(x).



Set €, = 1/n. Up to an extraction, we may assume that (Xe, (X ), X) converges in distri-
bution to (X, X) as n — oo. The random vector X satisfies | X — X|| = d(X, £(]0,1])) and
X7 = max II(X).

Similarly, as may be seen for instance by replacing X by — X, there exists a projection random
vector Y such that

Y9 = minm; (B(X,d(X, f([0,1]))) N £([0,1])).

Now, we use this result to show that A is negligible for the distribution of X. Assume that
P(Card(P(X)) > 2) > 0. There exists a first coordinate j such that P(Card(m;(P(X))) >

2) > 0. Then, it is possible to construct X7 and Y7 such that P(X7 > Y7) =1 and P(X7 >
Y]) > 0. Yet, by property (), E[X] = E[X] = E[Y] = E[X], and, in particular, E[X7] =
E[Y7], which leads to a contradlctlon Thus, P(Card(P(X)) =1) = 1.

In the next sections, we present two lemmas, which are important both independently and for
obtaining the main result Theorem

3.4 Properties of the function G

The first lemma is about the monotony and continuity properties of the function G. Observe that G
is nonincreasing since increasing the maximum length L always leads to perform the minimization
over a set containing the initial one.

Lemma 3.1. 1. The function G is continuous.
2. The function G is decreasing over [0, Ly), where Ly = inf{L > 0,G(L) = 0} € Ry U {+o0}.

In particular, Lemma [3.1] admits the next useful corollary.

Remark 7. For L > 0, if G(L) > 0 and f € Cp, is such that A(f) = G(L), then Z(f) = L.
Indeed, if Z(f) < L, then Lemma [3.1] would imply G(Z(f)) > G(L) = A(f), which contradicts
the definition of G.

Proof of Lemma[3d 1. Set L > 0. Let us show that G is continuous at the point L. Let
(Lk)ken be a sequence in Ry converging to L, with Ly # L for all k € N. Let f € Cp, be such
that A(f) = G(L), and let X stands for a random vector taking its values in f([0,1]) such that
|X — X|| = mingep,1) |[X — f(t)]| a.s. For every k € N, let f; : [0,1] — R be a curve such that
L(fr) < Lis A(fr) = G(Ly) and || fr(t) — fu(t')|| < Lt — '] for ¢,’ € [0,1].

Observe that the sequence (G(Lg))ken is bounded since E[||X]|?] < +o0o. Let us show that
G(L) is the unique sublimit of this sequence. Let v : N — N be any increasing function. Our
purpose is to show that the sequence (G(Lx)))ren converges to G(L).

Let us check that the f; are equi-uniformly continuous and uniformly bounded. Since the
sequence (Ly)ren is bounded, say by L', the f are Lipschitz with common Lipschitz constant L',
and, thus, they are equi-uniformly continuous. For every k € N, ¢ € [0,1], we have | fi(¢)| <
LE (O + 14 (8) — Fu(O)Il. Yet, [fu(t) — fi(0)| < L'lt] < L. Moreover, the sequence (fx(0))xen is
bounded: otherwise, since the sequence of lengths (Lj)ken is bounded, the whole curve would be
located at infinity, which cannot be optimal given that E[|| X||?] < +oc. So, the sequence (fi)ren
is uniformly bounded.

Consequently, there exists an increasing function ¢ : N — N such that the subsequence
(fooy(k))ken converges uniformly to some function ¢ : [0,1] — R?. (Remark: the curve ¢ is L
Lipschitz, since for all ¢, ¢/,

lo(t) = () < @) = fooyty O + [ foor (k) (1) = Foory ey A = | foor i) (') — @(t)
H‘P(ﬂ - fcro'y(k) (t)” + La’O'y(k)|t - tll - ”fcro'y(k)(tl) - (P(t/)

E



which implies, taking the limit as k — oo, ||¢(t)—@(t')|| < L|{t—t'|.) We have £ () < limg_00 Ly =
L. Now, observe that

0 | X~ fyony (H]* — min | X — (1)

= (min X = fooy o )l = min | X = @(0)]]) (min X = fooq (D] + min | X = o(8)])
< 10(t) = Faory (N UX = Faonay ()] + 11X = (7)),

where || X — ¢(t*)|| = miny || X — ¢(t)]|. Since E[[| X|*] < oo and fyoy ) converges uniformly to ¢,
this shows that A(f,oy(x)) converges to A(p).

Finally, let us check that A(p) = G(L). If L = 0, then for every k, Ly > L, thus A(fyoyk)) =
G(fooyk)) < G(0) for every k. Consequently, A(¢) < G(0), which implies A(¢) = G(0) since ¢
has length 0. If L > 0, note that, for every k, %X is a random vector with values in %f([(), 1])
and % f has length at most Ly, since X is taking its values in f ([0,1]) where f has length L. Thus,
for every k,

Lao k) 2
E U'X - I’/Y()XH > G(Lao'y(k)) = A(foo'y(k))'

taking the limit as £ — oo, we obtain
E[IX - XI?] = Ap),

which means that A(yp) = G(L) since £ () < L.

2. We have to show that G is decreasing as long as the length constraint is effective (that
is G(L) > 0). Let us prove that for 0 < L; < Lo, we have G(L2) < G(Ly) if G(L1) > 0. Let
f:[0,1] = R? such that .Z(f) < Ly and A(f) = G(L1). For to € [0,1] and r > 0, we define Z,, ,
by

Zi{),r = f7(to) + 1 A (X7 — (1) Lxos oty + (=7) V(X7 = F7(t0)) L 1x7 < 1 (1))
where J = mini : [X* = f(to)| = | X — f(to)ll<}
Zi e =[to)ifi# Ji=1,...,d

Observe that Zy, , takes its values in

d
Clto,r) = (J{w e R : &’ = fi(to) for i # j, |27 — f(to)| < r}.

j=1

Indeed, all coordinates of ZAtmT are equal to the corresponding coordinate of f(¢y) apart from the
J-th coordinate, that is the first coordinate for which the distance between X and f(to) is the
largest one. Let us check that |Z]] , — f/(to)] <.

If X7 > f7(ty), either ZA,;{)T — f'(tg) =7, or ZtJOr — fI(to) = X7 — f(ty) <.

If X/ < f/(to), either f7(to) — Z . =7, or f/(to) = Z} . = f/(to)) - X' <r

to,r



Figure 2: Example illustrating the definition of Z;, , in R2.

Then, letting again X be a random vector with values in f([0,1]) such that || X — X|| =
mingepo,17 [|[ X — f(2)] a.s., we set

Xtor = X1y _x<x-20g o} T Lo L x =X )> 1 X = 20y 11}

Since | X — Ze, o> = 1X = f(t0) [ = 1X — f(t0) |12 + (IX = £ (to)llo — )%

2 = X = X — X, o[
= [I1X = X0 = 1X = 4.

: +
= [ = XU = X = £(t0) 12+ 11X = £(t0) 1% = (IX = Flt)lloc = )2 ]
12 = X = 1 = £(20) 12+ X = f(to) 2 = (IX = £(t0)|ow = 1)?]

11X = X2 = X = F(t)IP + 201X = flt) oo = 2]

Y

+

= [I£(to) = XI> + 20X = f(to). F(to) = X) + 20|X = f(t0)l|oe — 1] |

= [~l1f(to) = K| + 20X = X, f(t0) = X) + 201X = f(to) |0 — 2]

_ R _ % v 2y _ 2
>[ 1500) = I+ 20X = X, o) = ) + 221X~ s L

since for every z € RY, ||z|| < Vd||z| oo
N N N 2r N
> (15 a0) = I +20¢ - X, 1(00) = %) + 2 - %) - 2]
+
snce X = X[ < X = (o)l

Besides, X;,, takes its values in f([0,1]) U C(to, ), which is the range of a parametric curve
with length at most Ly + 4dr, so that E[|| X — X, ||| > G(Ly + 4dr).
Thus,
G(L1) > G(L1 + 4dr)

+E

~ ~ N 2r N
[—If(to) — X2 +2(X - X, f(to) - X) + ﬁnx —X| —r2H G



Since G(L1) > 0, P(|X — X| > 0) > 0, thus there exist § > 0 and K < oo such that
n:=PK>||X—-X||>6)>0.

Recall that, for all (¢,t'), we have || f(t) — f(t')|| < L[t —t'|. Then, for every p > 1, there exists
k, 1<k < p,such that | X — f(& DI % and so, we have

P
D Lot
k=1

1
P

Thus,
P
N . k L
Sl (] 5)
h—1 p p
Consequently, for every p > 1, there exists ¢, € [0, 1] such that

L
<K>||X X|| =6, X - f(t )||<p1)2;7)>o.

According to , we obtain

G<L1>2G<L1+4dr>+m[||f<tp>X||2+2<XX,f<tp>X> T - X||r}
+

2 2KL, 26
> G(Ly + 4dr) + [ (KX X268, X—f(t,)|| <2} ( T"‘ﬁ_?“ )]
L2 2KL, 2 2)

n 1
> G(Ly + 4dr +(—— =y
(L ) p\ P P Vd

Now, choosing r > 0 such that % — 72 >0 and Ly + 4dr < Ly, we finally obtain, taking p large

enough,
G(Ll) > G(Ll —|—4d’l") > G(Lg)

3.5 Lack of self-consistency

The next result, which is crucial for proving that A # 0 in Theorem [3.]] B3] shows that the prop-
erty E[X|X] = X cannot be satisfied almost surely in our constrained setting. So, whenever
the constraint is active, a length-constrained principal curve does not satisfy the self-consistency

property.

Lemma 3.2. Let L > 0 such that G(L) > 0, and let f € Cp, be such that A(f) = G(L). If X
is a random vector with values in f([0,1]) such that | X — X|| = minep1] | X — f(t)| a.s., then
P(E[X|X] # X) > 0.

Proof. First of all, observe that Z(f) = L since G(L) > 0, according to Remark [7l Assume that

E[X|X] = X as.. A A
For € € [0,1], we set X. = (1 —¢)X. Then,

IX = Xo|? = | X = X +eX|® = | X - X|* + | X)* +2¢(X - X, X).

Since E[X|X] = X a.s., E[X — X|X] = 0 a.s., and thus, E(X — X, X)] = E(E[X — X |X], X)] =0,
so that
E[|lX — X.|*] = E[| X — X|*] + £E[| X|]. (8)

The random vector X, is taking its values in the range of (1 — &) f, which has length (1 — ¢)L.
Observe that A
E[|| X]?] < +oo, (9)

10



since E[|| X||?] < oo and

E[|IXI] < 2E[| X — X|*] + 2E[| X|}*]
< 2E[|X — f(0))1%] + 2E[|| X |1?]
< G6E[| XI°] + 4]l £(0)[I*.

We will show that, adding to (1 — ¢)f a curve with length €L, it is possible to build Y. with
E[| X — Y2|?] < E[||X — X||?], which contradicts the optimality of .

For € € [0,1], let f. = (1 —¢)f. We then define X&toyr as the variable )A(to,r corresponding to
fe- More precisely, similarly as in the proof of Lemma we define, for ¢y € [0,1] and r > 0, the
random vector ZAE,tO’T, with values in

d
Clto,r) = (Jfw € RT s 2" = fi(to) for i # ji 2! = fl(to)| <7,
j=1
by
224 = F(to) +r A_(XJ - Tt xo2 570y + (=) V(X7 = f2(t0))1ix7< £ (1)}
where J = min{i : | X" — fi(to)| = [| X — fe(to)]|o}
Zir=Tito)ifi# Ji=1,....d
We set

Xetor = X1px % 1<) X—Zeg oy T Zestor L Ix - Ro > 1X—Zeg o1}

By the same calculation as in the proof of Lemma we obtain

1X R P X =K I > [—Hfs(to) LR 420X — Ko £ to) — Koy 4+ 2L X — £to)] - ]

f |

Since [|X — fo(to)| = | X — f(to)l| — el f(to)| = X — X|| =&l f(o)l], we get

+

X = Xel® = I1X = XKool 2 [—(1 —e)?[1f(to) = X|* +2(1 = &)(X — X., f(to) — X)

# 200X Xl = ZZelseol -]
Thus,
E[IX = £el? = I1X = Resoor 2| X]
> |-15to) — XI? + 201 — BIXIK] - Ko, fr0) - X) + 27@ ¢ = 1] - Zoellsaon —+%]
= [~110) = K17 + 201 - e)ex. o) - X>+WE[ %] - Zelseol -]
2:—Ilf(to)—XIIQ—%IIXIIIf(to) x|+ 2 1 - )| %] - zfenf(ton—rL. (10)

Besides, since G(L) > 0, there exist § > 0, K < 400, such that
n=P(IX] < K.E[|X - X||£] = 6) >0.

Moreover, for every p > 1, 22:1 1{|\)A(7f(ﬁ)|\<£} > 1 since f is L-Lipschitz. Consequently,
P - P

Ol=2)>

Se (HXH < KE[|x - X[[£] 24,
k=1

11



Hence, setting
N SN A k L
A= {11 < K8 [1x - %1|%) 26 |5 -7 (B) [ < 21
b p
we see that there exists ¢, € [0, 1] such that P(A,) >
’

N N N 2 N
L, [—nf(tp) = X7 = 22l K1) = X+ T2 X - X

g. From (|10)), we get

E[IX - X - I1X - X,

psT

2r

_ ,',.2
> E e u

x|

L?> 2¢KL 2r6 2reM
oy [ LKL 20 ot )
W~ "V v
where M = sup,cpo,1) [If(¢)]]- Since )A(E,tp,r takes its values in f.([0,1]) U C(e, tp, ), which is the
range of a curve with length at most (1 — &)L + 4dr, then choosing r such that 4dr = L, we have

2 ~ L? 2K Le Loe M Le? [2?
n
<E { X — X 2} - = —— — + — —
} H EH p ( p2 p 2d3/2 2d3/2 16d2)

nl?  2nKLe nLée  nMLe* nL*c?
p? 2d3/2p  2d3/?2p  16d2p’

Py ad

EMX—&id

= E[|X — X|?] + 2E[|| X% +

using (8). Then, taking ¢ = b, we get

nL? 29KLp nLép nMLp?> nL?p?
3 PP 2d3/2p2 " 2d3/2p3  16d%pP

EMX—XHM?

2 112 P2 )
] < B - X7+ SR 1P+

If p is small enough, then p?E[||X||?] — Z£02 < 0. Then, taking p large enough, this leads to a
random vector Y, with values in the range of a curve with length at most L, such that E[|| X —Y||?] <
E[JIX — X?].

O

Equipped with lemmas [3.] and [3:2] we can present the proof of the main result.

3.6 Proof of Theorem [3.1]

To obtain a length-constrained principal curve, we have to minimize a function which is not dif-
ferentiable. The main idea in the proof below is to a build a discrete approximation of a principal
curve using a sequence of points in R? (linking the points to get a polygonal curve).

This sequence of points may be obtained by minimizing a differentiable criterion, which is
based on the distances from the random vector X to each of these points (and not to the segments
corresponding to the pairs of points). The properties of the principal curve are shown by passing
to the limit.

We have chosen to present the proof for open curves. It adapts straightforwardly to the case
of closed curves, which turns out to be even simpler since there are no endpoints and so all points
of the curve play the same role. Note that the normalization factor “n — 1” below becomes “n” in
the closed curve context.

Discrete approximation Let Z ~ N(0,1;), independent of X. Let (), (n.) and (g,) be
sequences of positive real numbers such that

G =0(1/n), n,=0(1/n), ne,— o0, en—0.

For n > 1, we set X,, = X + (,,Z. Observe that X,, has a density. We also introduce i.i.d. random
vectors &7, ..., &, independent of X and Z, with same distribution as a centered random vector &

12



with continuously differentiable density with compact support, such that [|£]] < n,. For n > 1 and
(71,...,2,) € (RY)", we set

Fu@s,...,a0) = E [ win X, — 2, g?n?] Fen Y Ml — DI,
=1

1<i<n
where t]' := :;11, for1 <i<n.
Let us introduce (v7,...,v") € (RY)" satisfying
n
(n=1) > llof — vy ||* < L? (11)
i=2
and

E,(v},...,vy) = min {Fn(xl, ceyZp)i(n—=1) Z llz: —zi_1|* < L2}.

i=2
Let XZ be such that X? € {x; +£&7,...,z, + &'} and
1%, = Xzl = min X, — @ — €7 (12)
almost surely. In the sequel, X, will stand for X}(f?"”’vz).
Let us first check that
sup F,, (v, ..., un) < oo. (13)

n>1

Recall that, for all t,#' € [0,1], ||f(¢) — f(t')]| < L|t — t’|. Hence, we have

(n =1 IFE) = fE-)I* < L2, (14)
=2

and consequently, we may consider (z1,...,2z,) = (f (tf)) e We see that
1<i<n

Fn(”?? s 71}2) < E [HXn - f(O) - 5?”2]
<2E [|| X — &11%] + 201 £(0)]
< 2E [|IX|1?] + 2d¢2 + 2n7 + 21 £(0)]1*.

We define f,, : [0,1] — R% by

Falt) =00 4 (0= 1) (6= 80) (0l —0f), xSt

This function f, is absolutely continuous and we have f},(t) = (n—1)(vf, , —vl") for t € (=%, L5,
so that

n—1

= (- 1) o —op I < 12,

=1

1 n—1
n n 1
JRIACIRE SUSE EE
i=1
according to . Hence, for all t,¢' € [0, 1],
1
100 = Fu®) = | | St < LFE=71 (15)
0

and

2 < ([ Inwra)” <1 (16)
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Upper bound for the penalty term We will now show that there exists ¢ > 0 such that, for
alln > 1,

n

en 3 ot = fE? < <. (17)

i=1

3

The following upper bound will be useful:

ny _eny| — 1 _ n < .
iy X, = £(62) = €01 - win 1X = SGD| < G121+, as)
By definition of (vf,...,v"), thanks to (I4), we may write

Bl ) <E [ min X, — F(E9) —aﬂ .

1<i<n

Observe that

X, — n| X —
i X, = 0F) = €01 pmin X~ 0

<[ min 16, = 702 - €21~ i 10 = e+ | i 1 = 7)) - i 1 = 70

L
<GllZI| +mm + ——,
n—1

so that

I3 2
—)? < 2 =
(2o (X = f(5) = &7 < min [|X = FOI°+ (nn+§nIIZII+ n_1>

L
2 Z —_— in || X — f(t)].
#2 (m+ G2+ 727 ) i 1X - 700

Consequently, there exists ¢; > 0, such that

Fo(o,...,o") < G(L) + 2. (19)

r¥n n

Besides,

Fo(ofs. . o) = E | min X, fn(t?)—ﬁfllg} +en ) I alt) = FER)IP,
i=1

1<i<n
and, writing

n 2 . ny (12
min [X, — Fu(t) — €217 — min X — £a(t2)

1<i<n
< Yy _£n| — i — n i — ny _gn i — n
< | min (10 = fu(t) =& = min X - £a(67) x(lglgn||xn Falt) = €' + min |IX fn<tl>|)

< (<n||Z| ) (G20 o+ 2 i 1~ 1))

2
:(cnnzunn) +2(gn||zn+nn) min [1X ~ £,()].
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we obtain

Fn(v?a s ’v:nl) > E |: m_in HX - fn(t?)||2] —-E [(Cn”Z” + %)2] - 2(CnE[HZH] + 777L)E 1I§nii£n ”X - fn(t?)”
+enz||fn - FE)P

> B [n[l I = (01| - GCENZI) - 52— 20,G.E]I 1]

GE]|1Z]] + m)E [mm 1X = £u(t) }mann (i) — £

=1

>G(L) - = +enZ L fn(t7) = FEDIP,

for some constant c; > 0. Indeed, Z(f,) < L according to , which allows to lower bound
E [minte[o,l} | X — fn(t)||2} by G(L), and moreover, E [minj<;<y | X — fn(t1")]]] is bounded since
(fa)n>1 is uniformly bounded and E[||X||?] < oco. Thus, there exists a constant c3 such that
G(L)— S ten X0y | fa (87) = F(2)||” < G(L)+ <2, which shows that e, S0, || £ (£2) = £(E2)||”

£C3
n

Construction of £ The upper bounds and (15), together with the fact ne, — oo, imply
that the sequence (f,)n>1 converges uniformly to f.

Let , = I on the event {X = ol +€P}, 1 < i < n. Since the sequence £, is bounded,
there exists an increasing function o : N — N and ¢ such that the pairs (Xo(n)s g(n)) converge in

distribution to (X, ).
For every n > 1, almost surely,

16 = falE)ll = min |1 X, = £

1<i<n

< |16 = FulE)ll = min [[Xa = £u () = €| + | min [|X0 = £a(e?) — €] = min X0 £u(t7)]

1<i<n 1<i<n 1<i<n

< |10 = fain)ll - Z 1X0 = Faltn) = €710, — g emyaery | + 70

< S 1% = Faliadl = 01X = falEn) = €212 pemyieny + n

i=1

< 21,
Hence, considering the extraction, we obtain
IX — f@)l = o [X = fOI as.

Order 1 equations for critical points Recall that, for n > 1 and = = (21, ..., 2,) € (R,

F(z1,...,2,) =E [mln | X —x; — §”||2] +5nZ||xz FEM|

i=1

Lemma 3.3. The function (z1,...,z,) — E [minlgign X — i — {ﬂﬂ is differentiable, and,
for 1 < i <mn, the gradient with respect to x; is given by

9 n||2 T
o E Lg;lg 1X, — 25 — & ] — _9E [(Xn an)l{Xz.:m&}] ,
(Recall that X* satisfies (12).)
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Proof. For x = (x1,...,7,) € (RY)™ and w € Q, we set

o : .M 2
Gn(z,w) := 121%1””)(71((’0) x; — & (w7

For every z, since the distribution of X,, gives zero measure to affine hyperplanes of R% and the
vectors x; + &, 1 < i < n, are mutually distinct P(dw) almost surely, we have P(dw) almost surely,

Gu(w,w) = Y | Xn(w) = i = & (@) P10 ()i (@) | <ming s X ()5 €2 ()]}
1=1

For every x € (R%)", P(dw) almost surely, y — G,,(y,w) is differentiable at x and for 1 < i < n,

0
B, O @) = =2 Xn (W) = 21 = EH WD, ) =i @) | <minmy | X (@)=~ (@) 1}

= =2(Xn (@) = XN (x5 w)=r s ()}
For every u = (uy,...,u,) € (RY)", we set ||lu|| = (31, [|ui]|?)!/?. Let 2®) = (xgk), e ,x%k)) be a
sequence tending to x = (z1,...,7,) € (R)™ as k tends to infinity. Then,

" 0 (k) 1
(k) _ _ i k) _ o -
Gute® ) = Galo) = 3= (- Gule ™ —2.) | g

converges P(dw) almost surely to 0 as k tends to infinity. Moreover,
(Gl ) = G, )

% A

= (|min |1X, - — &+ min X, —2{ —&])| min |X, -2 - € - min X, - - €7

1<i<n 1<i<n 1<i<n 1<i<n

1<i

k k
<2 (1%l + 1o + )+ 12°11) max flz: — 2],

so that
{Gn(fm N - Gn(m(’“), .)|

I — 2™

where C' is a constant which does not depend on k. Similarly, we have, for 1 <17 < n,
9
axi

< O([1Xnll +1),

G, >H < O (1%, + 1),

where C’ does not depend on k, and, thus,

LIy (2 (0 / Sy e )
7Gn s )by T Ly < C Xn 1 = L
Tz =20 Zl<ax (@), 2 — 2 (1l + D=5 o
< C'Va(IXall + D).
Since E[||X,]|] < oo, the result follows from Lebesgue’s dominated convergence theorem. O

Using the lemma, we obtain that Fj, is differentiable, and for 1 < i < n, the gradient with
respect to x; is given by
0
8$i
Consequently, considering the constrained optimization problem, there exists a Lagrange mul-
tiplier A\,, > 0 such that

Fn(xla cee 71'n) =—-2E |:(Xn - Xﬁ)l{f(ﬁ:L.;_gln}} + 2571(1'1' - f(t;n))a 1<i<n.

—2E | (X»n — Xn)l{)%n:@g-s-gg}} + 2¢ey, (Uzn - f(t?)) + 2Xn(n = 1) (v — vy — (v — o)) =0,
2<i<n-—1,

—2E (X, — X”)l{f(n:v?%?} + 2, (v} = f(0)) = 2A,(n — 1) (v} —0}) =0,
—2E | (X — Xn)l{fcnzv"%"} + 2en(vy, — f(1)) + 2An(n = 1)(vy; —vp 1) =0,
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-E [(Xn - Xn)l{f(n:vgl.kggl}} +én (Uzn - f(t?)) + An(n = 1)(0f — oty — (Uﬁ-l —v})) =0,

2<i<n-—1,
-E (Xn - Xn)]-{xn_vl P4ery + 511( - f(O)) - )‘n(n - 1)(”3 - ’U?) - 07
B |(Xn - Xn)l{)?n:v;prgg} +en(vy — (1) + An(n = 1) (v —vp_y) =0.
A is nonzero Assume that the extraction o was chosen such that A\ := lim,,_, o Ao(n) € EJF

exists. Let us show that A > 0. Let g : [0,1] — R be an absolutely continuous function such that
fo g’ (t)||?dt < 0. For n > 1, we may write

E[(Xn = fa(tn), 9(tn))]

=é@ﬂ&—&+$mnﬁwﬁgww

- é <E :(X" - X”)l{)?n:v;wsr}} () > i< {5?1{&:@%?}} 79(t?)>
ﬁ;@EﬁqgﬁwwqﬁﬂUﬁ>+%§§< — £, 9(t1)

+An01—1>[< — i, 9(0 -+§j - wal—v?»gum>+<w:—vzl,m1»]
=§KE@HWHWHBLMﬁ»+%§? — . 00)

+ Anln = 1) [Zu — ol g(t) - 21@;11 — o', g(t1) — (05 = v}, 9(0))
+m—whmﬂ

_ z< €1 5y 8
+%§?w—ﬂmgw»+&m—n§}&rw%wan—mm» (20)

Note first that

<mlglloe B [Lix ey

i=1
= 1|9l o- (21)

é <E [f?l{j(n:vln+§?}} ,g(t?)>

Then,

<eén Z [oi" = F(E)glloo

«
Il
-

QJZM FENR) " Vallglse
< V/zn | 9llse- (22)
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according to . Regarding the last term, we may write

n—1 n—1 n—1 1/2
(n—1) D~ (wly =o' g(t) = 9(E)| < (0 = 1) [Z ferts = o2 ” 32 llotets) - g(tmﬂ

) 1/2
(t)dtH ]

n—1
<Lvn-1 [
=1

<[ [ 1 opal

Thus, if h : R — R? is continuously differentiable, we have

1/2

1 1/2
E{Xn — full)s U] < VR hllow + AnL [ / VR (0), fﬂt)ﬂ?dt}
1/2

1
< VI 0L sup (VR | [ 1501
te[0,1] 0
< Veeu|hlloo + AnL? sup [[VA(fu(®))]-
tef0,1]
Since e, — 0 and (f;,)n>1 is uniformly bounded, we see that A = 0 would imply that
E[<X - f(f)v h(f(£))>] = nli_)ngoEKXU(n) - fo(n) (fa(n))7 h(fa(n) (Ea(n))»] =0,

so that E[X — f(f)|f(f)] = 0 a.s. by density of continuously differentiable functions since h is an
arbitrary such function. This contradicts Lemma

Finite curvature Let §,, denote the Dirac mass at m. For every n > 2, we define f/ on [0, 1]

by
n—1
fr=(n=1) |3 (0l = of = (0F = o) + (05 = vi)do — (vyy —vp_1)dr |, (23)
i=2
which is a vector-valued signed measure. For an R%valued signed-measure v = (v!,...,v%) on

[0, 1], we set
Ivil = (Z 197 13) " (24)

where ||/ |7y denotes the total variation norm of v*. We may write

An X LF0I = 20 D N0 ({20
=1
<3 [ [~ g ]|+ 0 3 2 — 01
i=1 i=1 »
E[| X, — Xul] + envn (Z [|or — t”)||2>

1/2
o o e (va fe) ||2>

Consequently, using inequalities and (L7)), &, — 0 and lim, s Ay(n) = A > 0, we obtain that
SUp,,>1 ||f(’7'(n)|| < 400, that is, the sequence of signed measures (fc/;/(n))nzl is uniformly bounded
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in total variation norm. Hence, it is relatively compact for the topology induced by the bounded
Lipschitz norm defined for every signed measure p by

Il —sup{H [ ot

Let us show that the sequence ( f{’T’( ))n>1 converges for the bounded Lipschitz norm to some

<1,sup 9@ —9® 4
the |z —t

signed measure. Let v be a limit point of (f

a'(n))n>1 Up to extraction, we have, for every (s,t)
such that v({s}) =v({t}) =0,

fmy (s, ]) = v((s,1]), (25)
fomy ([0,8]) = v([0,2]), f5)([0,8)) — v([0,1)). (26)
Since, for 0 <s <t <1, f;/((s,t]) = f},.(t) — f,,.(s), we have, for 0 < ¢ < 1,

fult) = £a(0) +££,(0 / £

Up to a proper extraction, by , all terms converge and we obtain, for 0 <t < 1,

F(t) = F(0) + ££1(0) + / (0, ul)du,

Consequently, for 0 < s <t <1,
v((s,t]) = fr(t) = fr(s).
In other words, the signed measure v is the second derivative of f, called hereafter f”.
Observe, on the definition (23)), that f;/([0,1]) = 0, so that f”([0,1]) = 0.
In the case Cr, = {¢: [0,1] = RY, Z(p) < L}, for t € [0,1), £7/([0,1]) = [} ,(t). Hence, using
(26), since ¢ — f”([0,]) is right-continuous, f.(t) = f”([0,¢]) for ¢ € [0,1). Similarly, t — f”([0,¢))
is left-continuous and, for ¢ € (0,1], f;(t) = f"([0,t)). So, we get

F1H0}) = £0), {1 = = fe(D).

Recall that f is L-Lipschitz. Moreover, according to Remark |7 .Z(f) = L since G(L) > 0.
Thus, we have || f/(t)|| = L dt—a.e., and, since f/ is right-continuous, this implies that || f.(¢)|| = L
for all t € [0,1). Similarly, we obtain that || f;(¢)|| = L for all ¢ € (0,1].

Finally, let us prove . Clearly, it suffices to consider the case where the test function g is
continuous. Using equation and the upper bounds and 7 we obtain, for n > 2,

n—1
E[(Xn = fu(tn) 9(in))] = An(n = 1) Z<U:’L+1 =05 9(ti1) — 9(t))| < (n + ev/En)llgll oo,
and besides
M= 1) Y00 = 12 0080) =87 = < [ (o), i)

Thus, passing to the limit, we see that f satisfies equation . .
Finally, the uniqueness of X\ follows from the uniqueness of X (Proposition , and the fact
that

. . 1
E[(X — X, X)] = A / | £1(5)|2ds = AL

obtained thanks to Equation in Remark
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4 An application: injectivity of f

In this section, we present an application of the formula of Theorem We will use this first
order condition to show in dimension d = 2 that an open optimal curve is injective, and a closed
optimal curve restricted to [0,1) is injective , except in the case where its range is a segment.

Again, we consider L > 0 such that G(L) > 0 and a curve f € Cr, such that A(f) = G(L), which
is L-Lipschitz. We let # be defined as in Theorem The random vector f(£) will sometimes be
denoted by X. Recall that || X — X|| = mingepo,1) [|[ X — f(t)| a.s. by Theoremh

To prove the injectivity of f, we will need several preliminary lemmas. Let us point out that
Lemma [41] to Lemma [£.5] below are valid for every d > 1.

First of all, we state the next lemma, which will be useful in the sequel, providing a lower bound
on the curvature of any closed arc of f. Recall notation (24)). For a Borel set A C [0,1], f denotes
the vector-valued signed measure defined by f%(B) = f”(AN B) for all Borel set B C [0, 1].

Lemma 4.1. If0<a <b<1 and f(a) = f(b), then || f(, I = L.
Proof of Lemma[{-1 Let us write

b
0= f(b) - f(a) = / FL(t)dt

(0,¢]

b
= / [f£(0)+ f”(dS)] dt = (b— a) £1(0) + / (b— sV a)f"(ds)
a (0,5]

= (b—a)f2(0) + (b — a)£"((0, a]) + / (b— 5)f"(ds)

(a,b]

— (b—a)!(a) + /( =)

Thus, [, , ¢=of"(ds) = —f;(a), which implies || f{; [l > || f/(a)]| = L. O

a

As a first step toward injectivity, we now show that, if a point is multiple, it is only visited
finitely many times.

Lemma 4.2. For every t € [0,1], the set f~1({f()}) is finite.

Proof. Let t € [0,1]. Suppose that f~1({f(t)}) is infinite. Then, for all k& > 1, there exist
tosti,.- .ty € fTH{F()}) such that 0 < tg < t; < -+ < tx < 1. So, by Lemma [L.1] ||| >
Zf:l [ (’Qi_l t] || > kL, which contradicts the fact that f has finite curvature. O

In the case Cr, = {¢ : [0,1] — R, Z(¢) < L}, the endpoints of the curve f cannot be multiple
points.

Lemma 4.3. Let C;, = {p : [0,1] — RY Z(p) < L}. We have f~*({f(0)}) = {0} and
FHAF@Y = {1}

Proof. Observe that, by symmetry, we only need to prove the first statement since the second one
follows then by considering the curve t — f(1—t). Assume that the set f~1({f(0)}) has cardinality
at least 2. Thanks to lemma[d.2] we may consider to = min{t > 0: f(t) = f(0)}. For z € f([0,1]),
we set t(x) = inf{t € [0,1], f(t) = x}. For every ¢ € (0,t), we let

Xs = f(i\/€)1{£>0} + f(o)]-{{:o}-

With this definition, the random vector X, takes its values in f([e,1]) U {f(0)}, that is in f([e, 1])
since f(to) = f(0) and € < ty. Thus, 1XTEE takes its values in %’i]), which is the range of a curve
with length at most L. Consequently, by optimality of f, we have

3 2

X, .
B||x- 2| | > mox - 5
— &
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Besides, we may write

2

xo X | Cllxoxax-
1—¢ 1—¢
o )
||XX||2+HX Xe +2<XX,X Xs>
—€ 1—¢
N 1 N ~ N 2 A A N A A
:||X—X||2+(1_6)2\|X—X5—5XH2+1—_5((X—X,X—XJ—&(X—X,X)).

As || X — X_|| < Le since f is L-Lipschitz, we get
E[|X - X. —eX|?) < 2% + 28E[|| X %] = 2(L° + E[| X|*))e?

Note that E[||X||?] < oo by the same argument than in (©). Moreover, thanks to Equation in
Remark [3] we have

. . 1
E[(X — X, X)] = A / | £1(3)]|2ds = AL2. (27)

Furthermore, X — X, = (f(f) — f(€))1{g<i<ey, so that Equation (3) implies

E(X - X, X - X)] = /\/[o 1]<(f(t) — f(e)Lio<i<ey, £/ (d1)).

Hence,

E[(X - X, X - X.)]| < AZ/ 7 () = @) 1(dt)

d
Le Y |(f"Y
j=1

where |(f”)7] stands for the total variation of the signed measure (f)7. Finally, we obtain

X, | 5 5
E H T ] <E [||X — X||2} +2(L* + E[| X|*])e® + ALep(e) —
where p(e) tends to 0 as e — 0. This inequality shows that, for € small enough, E [HX — 1{5 2} <
E[|| X — X|?], which contradicts the optimality of f. O

For an open curve, there exists a multiple point which is the last multiple point.

Lemma 4.4. Let C; = {p : [0,1] — R4 Z(¢) < L}. There exists 6 > 0 such that for every
el-o1, f{r®m = {t}

Proof. Otherwise, we can build sequences (tx)r>1 and (sx)r>1 such that ¢, — 1 and f(¢;) = f(sk),
with s # ¢ for all £ > 1. Up to extraction of a subsequence, we may assume that (sj) converges
to a limit s € [0,1]. Hence, we have f(s) = f(1), which implies s = 1 by Lemmal[4.3] Up to another
extraction, we may consider that the intervals [si Atg, si Vig], k > 1, are mutually disjoint. Finally,
using Lemma [4£.1] we obtain

||f//|| > Z ||f sk/\tk,sk\/tk || 00,

k>1

which yields a contradiction since we have shown that an optimal curve has finite curvature.
O

Now, we show that the two branches of the curve are necessarily tangent at a multiple point.
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Lemma 4.5. (i) If there exist 0 < tg < t1 < 1 such that f(to) = f(t1), then fi(to) = fl(to) =
—fi(tr) = = fi(t).
(ii) In the case Cr, = {¢ : [0,1] = R4, Z(p) < L,(0) = ¢(1)}, if there exists 0 < t < 1 such
that f(t) = f(0), then f;(t) = fi(t) = = f7(0) = = fy(1).
Proof. First, we show that point (i¢) follows from point (7). Let ¢ € (0,1) such that f(¢) = f(0).
Define the curve g by g(s) = f(s+ ¢/2) for s € [0,1 —¢/2] and g(s) = f(s+t/2—1) for s €

[1 —t/2,1]. Clearly, g is a closed curve, A(g) = A(f) and g is L-Lipschitz. Moreover, one has:
9(t/2) = g(1 = 1/2), g,(t/2) = f1(t), go(t/2) = fo(t), 9, (1 = /2) = [7(0) and g;(1 —t/2) = fi(1).

Consequently, if (¢) holds true for g, one deduces (7).
It remains to show point (4 ) Suppose that f;(to) # f.(to). Let v € (0,1] and ¢ > 0. We

introduce the random vectors Xo., = (1 4 )X and
Xy = (1+9) | XLici0 o0t teniufto} T Pe(O)Licto e torefto} | »

where he( (mﬁa Llote) =Flo=e) (4 — (¢ — €)) + f(to — 5))
Let us erte

E[|X — Xon %] = E[IX = X + E[|X - Xo,[I%] + 2]E[<X X, X~ Xo,)]

= E[IX - X[ + YE[| X|*] - 2E[(X — X,7X)]

= E[IX - X[ + YE[I X[*] - 2vAL>. (28)
For the last equality, we used equat19n . R R
Note that X, 5 = Xo 4+ (1 +7)(h=(t) = f(£))Licity—c tore\ (1o} a0 that [|he(t) — f(2)]| < 4eL. So,
we have

E[|X = Xenl”] = E[IX = Xo [P + (1 +1’Ellhe () = FOI*Liero—c torel fro}]
+2(1+ NE[X = Xoy, (he () = FE) iepro—e ot r0})]
= E[|X — Xo,[] + O(%) + o(e).  (29)

Indeed, P([tg — &,to + €] \ {to}) tends to 0 as ¢ tends to 0. Besides, the random vector X, . is
taking its values in the range of a curve of length

Lep o= (L4 9)(L(1 = 28) + [[f(to + &) = f(to = &)I)).

Yet, since f;(to) # fl(to), if € is small enough, there exists a € [0,1) such that

1f(to+e) = fto =)l = || f(to + &) — f(to) + f(to) = f(to —&)I”
=¢? [Hmo +¢) — f(to) H2 N Hf(to) — fto—¢) H2
3

€
+2<f(t0+5)—f(to) f(to)—f(t0—5)>]
€ ’ € ’

<e*(2L? +2L%q).
Hence, ||f(to +¢) — f(to — €)|| < eL/2(1 + a), and, thus,
Lony <(1479)(L —2eL +eL/2(1 + @) = (1 +7)(L — ne),
where > 0. Let v = . Then, for € small enough, we get L., < L —

7 @ < L and, using
equations and (29), we have E[||X — X.,|I?] <E[||X — X|?]. This contradicts the optimality
of f. So, fi(to) = fl(to). Similarly, we obtain that f;(t1) = f/(t1). Finally, consider the curve g,
defined by

t if t € [0,t0] U [t1,1
g(t):{f() if ¢ € [0, 0] U [12, 1]

f(to + 1t — t) ifte (to,tl).
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This definition means that g has the same range as f but the arc between ty and t; is traveled
along in the reverse direction. Since g, having the same range and length as f, is an optimal curve,
which satisfies g(tg) = g(t1), we have g,(to) = g,.(to) and g;(t1) = g,.(t1). On the other hand, by
the definition of g, we know that f'(to) = g;(to) = —g;(t1) and f'(t1) = g,.(t1) = —g.(to). Hence,
f'(to) = =f'(ta). O

We introduce the set
D= {t € [0,1) | Card(f L ({£()}) N [0,1)) > 2}.

Lemma 4.6. If f(t), t € (0,1), is a multiple point of f : [0,1] — R2, then t cannot be right- or
left-isolated:
forallt € DN (0,1), for alle >0, (t,t+e)ND #0 and (t —e,t) N D # 0.

Proof. Let to € DN (0,1). Assume that there exists ¢ > 0 such that (to,to +¢&) N D = 0 or
(to —e,to) N D = . We will show that this leads to a contradiction. Without loss of generality, up
to considering ¢ — f(1 —t), we assume that (to —€,t9) N D = 0. Let ¢; € [0,1) such that ¢y # ¢;
and f(tg) = f(t1). By Lemma one has f;(to) = —f/(t1).

Let

and define the functions a and 8 by
a(t) = (f(t) — f(tr),y) for t € [t1,t1 +¢)
B(t) = (f(t) — f(to), y) for t € (to — &, to].

Notice, since f(tg) = f(t1), that o and g are restrictions, to [t1,t1 +¢) and (tg — €, to] respectively,
of the same function. Nevertheless, this notation «, 8 were chosen for readability.
The functions « and f satisfy the following properties:

e « is right-differentiable and a.(t) = (f/.(t),y) for every t € [t;,t1 + ). Since al.(t1) = L >0

r

and o, is right-continuous, there exists ¢ € (0, ), such that o.(t) > JL for every t € [t1, t1+7].

o [is left-differentiable and 3;(t) = (f;(t), y) for every t € (to—e, to]. Since 8y(to) = —L < 0 and
By is left-continuous, there exists 6’ € (0,¢) such that §)(t) < —0'L for every t € [tg — &', to].

Without loss of generality, we may assume that ' = ¢, since it suffices to pick the smallest of
both values to have the properties on /. and f3;. In particular, we see that

e « is a bijection from [t1,t1 4 0] onto its range «([t1,t1 +d]) = [0, a], where a := «a(t; +§) > 0,
e [ is a bijection from [tg — 0, to] onto its range B([to — d,t0]) = [0, b], where b := B(to — ) > 0.

We denote by a~! and 87! their inverse functions.

Let z € R? be such that ||z|] = 1 and (z,y) = 0. For every t € (t1,a~1(b)], we have (f(t) —
f(B7Y((t))),y) = 0. Then, we may write f(t) — f(B~(a(t))) = (f(t) — f(B~L(a(t))), z)z. More-
over, for t € (t1,a~1(b)], since there are no further multiple point before to, f(t)— f(871(a(t))) # 0.

Thus, there exists o € {—1,1} such that
f(t) — f(B~ (a(t)))
1) = f(B=H a®))Il

We suppose, without loss of generality, that the vector z was chosen such that ¢ = 1. Now, let us
show that, for t € (t,a~1(b)],

=0z.

(= 1(0) < o~ sup_[£(s) — F(B (a(s))]l.

2 ¢ <s<t
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Since (z, f(t1)) = 0, we have, according to Theorem (3.1

(2, £ (1)) = (2, f7(t) = fr(t1))

- /(tht]<z7f”(ds)>

- _iE {(X — f(#), Z>1{t1<fSt}}

__! e ) = F(B7 () A
- AEKX f(t)’||f(f)—f(ﬁ—l(a(f)))||>1{t1<t<t}]

Besides, for t € [0, 1], starting from
1X = f@O1? = 11X = FOI? +1FE) = FOI +2(X = F(D), f(B) = f(2),
we deduce, by optimality of £, the inequality
. . 1 .
—{X = f@O), f() = f() = SIf() — FOI as.

Hence, we obtain

(2 F1(0) < 55 [IF) ~ B @1, <ic0)]
< %fgggt 1f(s) = F(B~ ()] (30)

Similarly, we get, for every t € [371(a),to),

(= 0) < = sup [[f(s) — Fla™ (B (31)

T 2N t<s<ty

This may be seen for instance by considering the optimal curve parameterized in the reverse
direction t + f(1 —t). For z € [0,a A D), let D(z) = f(a(x)) — f(B371(x)). This function D is
right-differentiable and

) — fila” (@) fi(B~ ()
Do) = e @) T B @)
Moreover, o). (o™ (z)) > 6L and —3,(8~'(x)) > §L, so that

(D)), ) < 5= Fila @) + e 8™ @)
< 53 5w D]

For the last inequality, we used the upper bounds and together with the monotony of «
and 3. Observe, since z = %, that (D].(z), z) is the right-derivative of || D(z)||. As D(0) =0,
the Gronwall Lemma implies that D(z) = 0 for all « € [0, a Ab), which yields a contradiction, since

the considered multiple point is supposed to be left-isolated. O
We may now state the injectivity result in dimension 2, for open and closed curves.
Proposition 4.1. (i) IfCr, = {p € [0,1] = R?, ZL(p) < L}, then f is injective.

(i) If Cr, = {p € [0,1] — R? Z(p) < L,p(0) = (1)}, then either f restricted to [0,1) is
injective or f([0,1]) is a segment.

Proof. (i) Cr, = {¢ € [0,1] = R?, Z(¢) < L}.
Thanks to Lemma [£:4] if f has multiple points, there exists a last multiple point. As such, this
multiple point is right-isolated. However, by Lemma [£.6] this cannot happen. So, f is injective.
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(i) C1 = L € [0,1] = B2, Z(p) < L, p(0) = ¢(1)}.

We assume that f restricted to [0,1) is not injective. So, our aim is to prove that f ([0,1]) is a
segment. As f is supposed not to be injective, the set D = {t € [0,1) | Card([0,1)Nf~L({f(t)})) >
2} is non-empty. Without loss of generality, we can assume that DN (0,1) # (). Indeed, if D = {0},
we can replace f by the curve t — f((t+ 1/2) mod 1) for which D = {1/2}.

Let us show that D is dense in (0,1). Proceeding by contradiction, we assume that there exists
a non-empty open interval (a,b) C (0,1) such that D N (a,b) = (. Since D N (0,1) # 0, one has
DN (0,a) # 0 or DN[b,1) # 0. Consider the case where D N [b, 1) # 0. Define 3 = inf(D N [b,1)).
There exist two sequences (tx)x>1 C D and (sg)r>1 C D such that ¢, | 8, f(tx) = f(sx) and
sk # ty, for all £ > 1. Up to an extraction, s, converges to a limit s € [0,1]. If 8 # s then 8 € D
is left-isolated which is impossible by Lemma [£.6] Thus s = 8 and consequently s, > f for k
large enough. This yields f/(sx) — f.(8). Besides, for all k, f.(tx) — f.(B) and, by Lemma [4.5
Il (tr) = —fl(sk), which contradicts the fact that f has speed L. The case where D N (0,a] # () is
similar.

The next step is to prove that the set [0,1) \ D is finite. Let ¢t € (0,1) \ D. Since D is dense,
there exists a sequence (t;)r>1 € D such that 5 | t. For every k > 1, there exists s # ty such
that f(tx) = f(sk). If s € [0,1] is a limit point of (sx), then f(¢) = f(s) which implies t = s
since t ¢ D and t # 0. Therefore limy_, o, s, = t. Up to an extraction, we may assume that (si)
converges increasingly or decreasingly to ¢t. By Lemma one has f'(tx) = —f'(sy) for k large
enough. If s; | ¢, one obtains a contradiction: f/.(¢) = limy f/(t;) = —limg f/(sx) = —f.(¢). Thus
sk Tt and one gets f/.(t) = —f;(t). This means that f(t) is a cusp. Since || f”]|([0,1]) < oo, there
are only a finite number of such points.

Observe that, as a consequence of Lemma for every t € [0,1), Card([0, )Nf~L({f(1)})) <3
Indeed, if a point has multiplicity at least 3, that is there exist 0 < t; < t5 < t3 < 1 such that
f(t1) = f(t2) = f(t3), then, on the one hand, f/(t;) = —f'(t2) = —f'(¢3), and on the other hand,
f'(t2) = —f'(t3). Thus, one obtains again a contradiction: f/(t1) = f'(t2) = f'(t3) = 0. In other
words, D = {t € [0,1) | Card([0,1) N fF~L({f(1)})) = 2}.

We introduce the function ¢ : [0,1) — [0, 1), defined as follows: for ¢ € [0,1) \ D, set ¢(t) =t
and for t € D, set p(t) =t where t’ € f~1({f(t)}) and ¢’ ¢ t. Note that ¢ is an involution.

Let us show that the function ¢ is continuous on (0,1)\{(0)}. First, observe that f is derivable
on DN (0,1) by Lemma[4.5] and that f’ is continuous on DN (0,1) since f} is right-continuous and
f7 is left-continuous. Let ¢ € (0,1) such that ¢t # ¢(0) and let (¢;)r>1 be a sequence converging
to t. Let s € [0,1] be a limit point of (p(tx)). Since f(tx) = f(p(tx)), for all & > 1, one has
f(s) = f(t). Necessarily, s € (0,1) since ¢t # ¢(0). If ¢t ¢ D, one has s =t = ¢(t). If t € D, then
s € {t,o(t)}. Since DN (0,1) is open, tx € D for k large enough, hence f’'(¢(tx)) = —f'(t) for k
large enough. Thus f/(s) = —f/(t) and consequently s = ¢(t).

Let us show that ¢ is derivable on DN(0,1)\{y(0)} and ¢'(t) = —1 for all t € DN(0,1)\{¢(0)}.
Let t € DN (0,1), t # ¢(0). For all h € R such that |h| <t A (1 —t), we have

fE+h) = f(t) = flp(t+h)) = fe(t))

/ t+h
Lp 1
— (olt + 1) — (1)) / F((t) + ulplt + ) — (1)) du.

Besides, since f’ is continuous at the point ¢(t) € D N (0,1) and ¢ is continuous at the point
t, one has limp_,qo fol f'(o(t) + ulp(t + h) — @(t))du = f'(¢(t)) = —f'(t). One deduces that
limp, o (p(t +h) —p(t))/h = —1.

Let us prove that ¢(p(0)/2+1t) = ¢(0)/24+1—t mod 1 for all t € [—¢(0)/2,1—¢(0)/2). From
the two previous steps, one deduces that if ¢(0) = 0, ¢(¢t) = 1 —t¢ for all ¢t € (0,1), as desired,
while, if ¢(0) € (0, 1), there exist two constants ¢; and co such that

ety =c—t Vte(0,0(0), @t)=c—t Vie (p0),1).

It remains to prove that ¢; = ¢(0) and ¢z = 1+ ¢(0). As ¢ takes its values in [0, 1), one has
©(0) <e¢p <land 1< e <1+ 9(0). Moreover, since ¢ is a bijection, co — ¢ > ¢; for t > ¢(0) or
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co —t <1 —(0) for t > ¢(0), that is co — 1 > ¢1 or ¢ < ¢1. In the first case, one gets ¢; = p(0)

and c2 = 14 ¢(0). In the second case, one gets ¢; = co = 1, which is not possible: necessarily,

©(0) = 1/2, since otherwise p(1 — ¢(0)) = ¢(0) which yields 1 — ¢(0) = 0, and we see that the

restriction of f to [0,1/2] is a closed curve with the same range as f, hence f is not optimal.
Finally, define the curve f by

f(t) = f((¢(0)/2+1) mod 1).

This curve f has the same range as f and, from the last step, f(t) = f(1 —t) for all t € [0,1]. Let
us show that f([0,1]) is a segment. Otherwise, the curve g defined by

gty =Jf(t) ifte[0,1/2], g(t)=f(1/2)+2(t—1/2)(F(1) — f(1/2)) ifte[1/2,1]

satisfies Z(g) < Z(f) and A(g) < A(f), since f([0,1]) = f([0,1/2]), thus f cannot be optimal.
O

5 A particular case

In this section, we investigate the principal curve problem for a particular distribution, the uniform
distribution on a circle.

Proposition 5.1. Consider the unit circle centered at the origin with parameterization given by
g(t) = (cos(2mt), sin(27t))

fort € [0,1]. Let U be a uniform random variable on [0,1] and let X = g(U). Then, for every

L < 2m, the circle centered at the origin with radius o s the unique closed principal curve with
s
length L for X.

Proof. Let f : [0,1] — R? be an optimal closed curve with length L. We denote by K the
convex hull of f([0,1]). Since f([0,1]) is compact, K is a compact convex set (consequence of
Caratheodory’s theorem; see, e.g., Hiriart-Urruty and Lemaréchal (2012))). Notice that f([0,1])
is included in the unit disk: indeed, if not, since f is a closed curve, with Z(f) < 2w, there
exist u; and ws, such that f(u;) and f(us) belong to the unit circle and the arc t € (ug,us) is
outside the disk, which is not optimal since replacing this arc by the corresponding unit circle arc
yields a better and shorter curve. In turn, the convex hull K is also included in the unit disk,
by convexity of the latter. Let mx : R?2 — K denote the projection onto K et define the curve h
by h(t) = mx(g(t)) for t € [0,1]. By this definition of h as projection of the unit circle on a set
included in the unit disk containing f([0,1]), we have

A(h) < A(f)-

e Let us prove that h has length at most L. First, note that h has finite length, since mg is
Lipschitz. By properties of the projection on a closed convex set, we know that the set of
points of R? projecting onto a given element of the boundary 0K of K is a cone. This ensures
that h : [0,1] — K is onto, because a cone with vertex in the unit disk intersects the unit
circle g([0, 1]) at least once. More specifically, if the cone reduces to a half-line (degenerated
case), then it intersects g([0,1]) exactly once. Otherwise, the cone is the region delimited
by two distinct half-lines with common origin in the disk, and, thus, contains an infinity of
such distinct half-lines, each of them intersecting ¢([0,1]) once. Hence, for every element of
v € h([0,1]), there is either one ¢ such that v = h(t), or an infinity.

We will use Cauchy-Crofton’s formula on the length of a parametric curve (for a proof, see,
e.g., |Ayari and Dubuc| (1997)). Let d, ¢ denote the line with equation x cosé + ysinf = r.
For every parametric curve ¢ = (¢!, p?), if

Nﬂp(ra 0) ={t €[0,1],¢(t) € dT,e} ={te|o, 1]7901(75) cos 0 + 902(75) sinf = r},
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then the length of ¢ is given by

1 27 [e’s}
- / / Ny(r,8)drdd.
4 0 —o0

Let us compare Ny (r,0) and Ny(r,0) for (r,0) € R x [0,27]. To begin with, note that
Np(r,0) is finite almost everywhere since h has finite length. So, we need only consider
the cases where N, (r,#) is finite. This allows to exclude the points v € h([0,1]) such that
h=1({v}) is infinite, as well as the cases where a line d,. o and (|0, 1]) have a whole segment in
common. Observing that, if the line d,. g does not intersect /1 ([0, 1]), then it does not intersect
f£([0,1]) either, since h([0,1]) is the boundary of the convex hull of f([0,1]), it remains to
look at the two following cases for comparing Ny (r,6) and Ny(r,0).

— If the line d, g intersects h([0, 1]) at a single point, then this point belongs to f([0, 1]).
— If the line d, y intersects A ([0, 1]) at exactly two points, then f([0,1]) crosses the line. If

f([0,1]) were located on one side of the line, K were not the convex hull. Since f is a
closed curve, f([0,1]) crosses the line at least twice.

So, Ny (r,0) < Ny(r,0) almost everywhere, that is Z(h) < Z(f) = L.

e Now, observe that h([0,1]) C f([0,1]). Indeed, otherwise, there exists ¢ € [0, 1] such that
h(t) ¢ £([0,1]), which means that d(g(t), f([0,1])) > d(g(t), K). By continuity this implies
that d(g(s), f([0,1])) > d(g(s), K) for all s in a non-empty open set and one obtains that
A(h) < A(f). By optimality of f, this is not possible since .Z(h) < L.

e Since h([0,1]) C f([0,1]) and .Z(f) = L, to obtain that f([0, 1]) is the circle with center (0, 0)
and radius L/2m, it remains to show that h([0,1]) is the circle with center (0,0) and radius
L/2m. Let 6 € [0,1] and let Ay : R> — R? denote the rotation with center (0,0) and angle
2m0. We set hg(t) = 7a,(x)(9(t)), for every t € [0,1]. Since hg(t) = Ag o mx(Ay ' (9(1))) =
Ap o i (g(t — 0)), hg is a curve with same length as h. Moreover, Ag(X) has the same
distribution as X, so that

E [ X = ma,x) (X)I?] = E [l A0(X) — 7, () (A (X)[I]
=E [”AO(X) - A0(7TK(X))||2]
=E[|X - 7x(X)I].

By strict convexity, we deduce from this equality that, if P (ﬂAG(K)(X) #* Tk (X)) > 0, then
E [ X — (mr (X) + 7a,050) (X)) /2[I°] < A(h).

Since the random variable (7 (X) + Ta,(kx)(X))/2 takes its values in the range of the
curve (h + hg)/2 with length smaller than £ (h) < L, that is not possible. Consequently,
Tay(k)(X) = mx(X) almost surely. In other words, m4,(x)(9(t)) = h(t) for almost every
t € [0,1], and, thus, by continuity, he(t) = h(t) for every t € [0,1]. For ¢ € [0,1], let 6 = ¢.
We have h(t) = hi(t) = A: o mx(9(0)) = A¢(h(0)). Since A(f) = A(h) and Z(h) < L,
Z(h) = L. Hence, h(]0,1]) is the circle with center (0,0) and radius L/27.

O

Remark 8. Observe that radial symmetry of a distribution is not sufficient to guarantee that a given
circle will be a constrained principal curve for this distribution. Let us exhibit two counterexamples.

e Let p > 0 and let U denote the uniform distribution on the unit circle. Consider a random
variable X taking its values in R?, distributed according to the mixture distribution

Pdo,0) + (1 —p)U,

where §(g gy stands for the Dirac mass at the origin (0,0). Then, for every circle with center
(0,0) and radius r € (0,1], because of the atom at the origin, the projection of X on the
circle is not unique almost surely, which implies, thanks to Proposition [3.I] than none of these
circles may be a constrained principal curve for X.
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e We consider the case where X is a standard Gaussian random vector in R?. Lemma [3.2]
ensures that the circle with center (0,0) and radius E[|| X||] = \/7/2 cannot be a constrained
principal curve for X because it is self-consistent.
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