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We extend previous results on healthy derivative self-interactions for a Proca field to the case
of a set of massive vector fields. We obtain non-gauge invariant derivative self-interactions for the
vector fields that maintain the appropriate number of propagating degrees of freedom. In view of the
potential cosmological applications, we restrict to interactions with an internal rotational symmetry.
We provide a systematical construction order by order in derivatives of the fields and making use
of the antisymmetric Levi-Civita tensor. We then compare with the one single vector field case
and show that the interactions can be broadly divided into two groups, namely the ones obtained
from a direct extension of the generalized Proca terms and genuine multi-Proca interactions with
no correspondence in the single Proca case. We also discuss the curved spacetime version of the
interactions to include the necessary non-minimal couplings to gravity. Finally, we explore the
cosmological applications and show that there are three different vector fields configurations giving
rise to isotropic solutions. Two of them have already been considered in the literature and the third
one, representing a combination of the first two, is new and offers unexplored cosmological scenarios.

PACS numbers:

I. INTRODUCTION

The accelerated expansion of the universe discovered
almost two decades ago still remains a challenging puz-
zle for modern cosmology. Assuming General Relativity
as the appropriate theory describing the gravitational in-
teraction on cosmological scales, the cosmic acceleration
can be accounted for by simply including a cosmologi-
cal constant. However, its required value in agreement
with observations turns out to be tiny as compared to
the expected natural value and this discord puts on trial
our theoretical understanding of gravity and the standard
techniques of quantum field theory [1]. This problem has
triggered a plethora of attempts to modify gravity on
large scales and most of them eventually unfold in the
form of additional scalar fields, which can then be used
as a condensate whose energy density can drive the ac-
celerated expansion of the universe. Some modified grav-
ity scenarios resorted to braneworld models with extra-
dimensions as possible mechanisms to generate acceler-
ation and/or alleviate the hierarchy problem, being the
DGP model [2] a paradigmatic example. In this model,
the effective scalar field describing the vibrations of the
brane presents interesting features among which we can
mention interactions involving second derivatives of the
scalar field, which nevertheless lead to second order field
equations so that the Ostrogradski instability is avoided,
and a Galilean symmetry allowing for constant shift not
only in the field itself, but also in its gradient. These
properties were then generalized to find the most general
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Lagrangian sharing such features [3] and are known as
Galileon interactions. A nice property of these interac-
tions is their radiative stability under quantum correc-
tions [4], even if they fail to tackle the cosmological con-
stant problem. The covariantization of these Galileon
interactions to include gravity requires the introduction
of non-minimal couplings in order to maintain the second
order nature of the equations of motion and this led to the
rediscovery of the now so-called Horndeski Lagrangians,
which are the most general scalar-tensor theories leading
to second order equations of motion [5]. Further develop-
ments showed that it is in fact possible to build more gen-
eral scalar-tensor theories with higher order equations of
motion, but still without additional propagating degrees
of freedom and, therefore, avoiding the Ostrogradski in-
stability [6].

Along the lines of constructing consistent theories for
scalar-tensor interactions, one can try to build analogous
consistent theories for a vector field. Interestingly, very
much like the Galilelon interactions can be elegantly ob-
tained from geometrical constructions in higher dimen-
sions [7, 8], it is possible to obtain vector Galileon inter-
actions within the framework of (generalized) Weyl ge-
ometries [9, 10]. For a massive vector field one can indeed
construct non-gauge invariant derivative self-interactions
of the vector field with the requirement that only three
degrees of freedom propagate, as it corresponds to a mas-
sive vector field. The resulting theory is composed by
the generalized Proca interactions which guarantee hav-
ing second order equations of motion and the desired 3
polarizations for the vector [11, 12]. Not surprisingly and
in a similar way to the Horndeski lagrangians for a scalar
field, the generalized Proca interactions can also be fur-
ther extended to the case of more general vector-tensor
interactions with higher order equations of motion, but
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still propagating three polarizations [13].

The goal of this work is to extend the generalized Proca
interactions to the case of several interacting vector fields
to obtain a multi-Proca version of the healthy non-gauge
invariant derivative interactions. A similar extension has
also been pursued for the case of scalar Galileon inter-
actions, resulting in the so-called multi-Galileon theories
[14]. We will apply a construction scheme taking advan-
tage of the symmetries of the Levi-Civita tensor in the
same spirit as the one applied to the single Proca field
in [12]. For this purpose, we will go order by order in
derivatives of the vector fields and construct the interac-
tions to guarantee that the temporal components of the
vector fields do not propagate and, thus, giving rise to
healthy interactions. Interactions for a generalized SU(2)
Proca field has been considered in [15]. That work has a
similar goal to ours, but using a different approach and
limiting to interactions with up to six Lorentz indices. At
the coincident orders, our interactions agree with theirs.
Furthermore, our different systematical procedure allows
us to construct interactions which are beyond the orders
considered in [15].

The paper will be organized as follows. We will start
by very briefly reviewing non-abelian gauge theories. In
section III we will proceed to the systematical construc-
tion of the interactions, ending with a summary of all
the interactions. Section V will be devoted to making a
comparison between the obtained interactions and those
present in the single vector field case. Furthermore, this
will allow us to identify some of the required non-minimal
couplings to extend the interactions to curved spacetime.
Finally, in section VI we will discuss the possible config-
urations for the vector fields that will allow for isotropic
cosmological solutions and illustrate it with a simple ex-
ample. In section VII we discuss our main findings.

Internal group and Lorentz (spacetime) indices will be
denoted by latin a, b, c, . . . and greek α, β, γ, . . . letters
respectively. We will use the mostly plus signature for
the spacetime metric. The dual of an antisymmetric ten-
sor Fµν is defined as F̃µν ≡ 1

2ǫ
µνρσFρσ . We define sym-

metrization and antisymmetrization as T(µν) = Tµν+Tνµ

and T[µν] = Tµν − Tνµ respectively.

II. NON-ABELIAN GAUGE FIELD

Before proceeding to the construction of the derivative
self-interactions for a set of massive vector fields, it will be
convenient to briefly review the properties of interacting
massless vector fields. It is known that consistency of
the interactions for the massless vector fields leads to the
full non-abelian gauge structure of Yang-Mills theories.
Alternatively, one can start with the Lagrangian for a set
of massless vector fields Aa

µ

L = −1

4
GabF

aµνF b
µν (1)

with F a
µν = ∂µA

a
ν − ∂νA

a
µ and Gab a metric in the field

space. The isometry group of this metric leads to the
presence of global symmetries that, through Noether the-
orem, gives rise to a set of conserved currents. Then,
when the interactions for the fields are introduced as
consistent couplings to the currents, again the resulting
interactions are given by the Yang-Mills Lagrangian

L = −1

4
GabFaµνFb

µν (2)

with the non-abelian field strength

Fa
µν = F a

µν + gfabcAb
µA

c
ν (3)

where g is the coupling constant of the non-abelian field
and fabc are the structure constants of the Lie alge-
bra of the isometry group of Gab whose generators Ta

then satisfy [Ta, Tb] = ifab
cTc and can be normalized

so that Tr(TaTb) = Gab, i.e., Gab is nothing but the
corresponding Killing metric of the group. The vector
fields then take values in the Lie algebra of the group so
that under an isometry transformation with parameters
θa the vectors transform in the adjoint representation
Aa

µ → Aa
µ + fbc

aθbAc
µ − ∂µθ

a/g, i.e., as it corresponds
to a connection. One can then introduce the covariant
derivative Dµ ≡ ∂µ1− igAa

µTa, whose commutator gives,
as usual, the curvature: [Dµ, Dν ] = −igFa

µνTa. The field

strength transforms covariantly1 and, thus, the above La-
grangian is gauge invariant. Adding a mass term for
the vector fields breaks the non-abelian gauge symmetry.
This can be done either by adding a hard mass term to
the Lagrangian or through a Higgs mechanism so that the
gauge symmetry is spontaneously broken and it is non-
linearly realised. Either way, the resulting Lagrangian
will read

L = −1

4
GabFaµνFb

µν − 1

2
MabA

a
µA

bµ. (4)

with Mab the mass matrix. Although the gauge symme-
try is broken by the mass term, the original global sym-
metry can remain if, for instance, Mab ∝ Gab. Our main
goal in this work is to construct the generalization of the
massive non-abelian vector field to include derivative self-
interactions. For the construction we will follow closely
the approach applied in [12]. For the sake of concreteness,
we will restrict our analysis to the case of an internal ro-
tational group for the vector fields, which can be viewed
as a descendent of an original SU(2) gauge symmetry. In
that case, we have that the Killing metric is the Euclidian
metric δab (so lowering and raising group indices will be
innocuous operations ) and the structure constants are
given by the completely antisymmetric Levi-Civita sym-
bol ǫabc. Furthermore, we will assume that the global

1 As opposed to the abelian case where the field strength is gauge
invariant.
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symmetry remains so that the number of possible inter-
actions is substantially reduced. Since for SO(3) the ad-
joint and the fundamental representations are equivalent,
we will no make any distinction in the following.

III. SYSTEMATICAL CONSTRUCTION

In this section we will systematically construct the
healthy derivate self-interactions for a set of vector fields
with an internal global SO(3) symmetry, as explained
above. The procedure that we will follow is then based
in the usual construction making use of the antisymme-
try of the Levi-Civita tensor ǫµναβ and that has been ex-
tensively exploited in the literature to construct healthy
interactions. In particular, it was used in [16] to gen-
eralize the Galileon interactions to the case of arbitrary
p-forms. For a set of interacting 1-forms (resembling the
case under study here) it is possible to write Galileon in-
teractions while retaining a non-abelian gauge symmetry.
However, the first dimension where they are non-trivial
is D = 5 and, since our analysis will be performed in
D = 4, this result will prevent us from finding interac-
tions respecting the gauge symmetry. For that reason,
we will only consider terms with up to one derivative per
field. Furthermore, we will impose a global rotational
symmetry by appropriately contracting the internal in-
dices with δab and ǫabc. It will be convenient to use F a

µν

as defined above and Sa
µν ≡ ∂µA

a
ν + ∂νA

a
µ to construct

the healthy derivative interactions. This will allow us
to clearly distinguish between the more traditional in-
teractions where the derivatives of the vector fields only
enter through F a

µν and the novel multi-Galileon inspired
interactions that will explicitly contain Sa

µν . In analogy
with the case of one single vector field, all the former
interactions will be included in the term

L2 = f2(A
a
µ, F

a
µν) (5)

and our study will focus on the possible terms that ex-
plicitly contain Sa

µν .

We will now proceed similarly to the systematic con-
struction in [12] order by order in derivatives of Aa

µ con-
tracted with antisymmetric Levi-Civita tensors and vec-
tor fields, i.e., we will look for terms with the schematic
form

L = fǫµναβǫρσγδ∂µA
a
ρ · · ·Ab

νA
c
σ · · · (6)

where f is a scalar function of the vector fields. The free
Lorentz indices will be appropriately contracted with the
spacetime metric and the internal indices will be con-
tracted either with the group metric δab or with ǫabc.
Notice that because of the structure of the interactions,
no parity violating terms will be generated.

A. Order ∂A

At first order in derivatives we have the object ∂µA
a
ν

so that in order to have a Lorentz scalar and respect the
global SO(3) symmetry we need to add an even number
of vector fields in the schematic form2 L2nA

3 ∼ [ǫǫ∂AA2n].
At this order it is not possible to construct a term with

n = 0 due to the floating internal index, hence L(0A)
3 = 0.

This means that this case is different from the single
vector field case where a term with no A’s is possible
(corresponding to the generalization of the cubic vector
Galileon interaction f3(A

2)[S]). This is simply a conse-
quence of imposing the global symmetry and, thus, at
this order it is not possible to write terms that preserve
the symmetry. The first non-trivial terms require n = 1
and can be written as

L(2A)
3 = f3,1ǫ

µναβǫρσαβ∂µA
a
ρA

b
νA

c
σǫabc

+ f3,2ǫ
µναβǫρσαβ∂µA

a
νA

b
ρA

c
σǫabc (7)

where f3,i are scalar functions of the vector fields. Let
us mention here that, at this order, we could also have
a parity violating term as ǫγµαρ∂µA

a
αA

c
γA

b
ρǫabc. How-

ever, as mentioned earlier, our procedure preserves par-
ity and, thus, those terms cannot be directly generated.
Since we restrict our analysis to parity preserving inter-
actions, we will not consider these type of terms from
now on, although they could be constructed in an analo-
gous systematic way in terms of only one spacetime Levi-
Civita tensor. Another possibility would be the term
ǫbca∂µA

a
αA

µ
bA

α
c , but this gives the same contribution as

those already included in the above expression. We could
also consider terms where three of the spacetime ǫ’s in-
dices are contracted as ǫµναβǫρναβ∂µA

a
ρA

bσAc
σǫabc but

this is identically zero due to the antisymmetry of the
ǫabc tensor. In fact, a closer inspection of the two terms
in (7) reveals that only the antisymmetric part of ∂µA

a
ν

contributes to L(2A)
3 so that both terms can be written

as F aµνAb
µA

c
νǫabc and, therefore, they are included in

L2. This is due to the fact that the group indices are
contracted with the antisymmetric ǫabc tensor. After all
these considerations, we conclude that all the interactions
at this order can be summarized as

L(2A)
3 = f3F

a
µνA

µ
bA

ν
c ǫa

bc ⊂ L2. (8)

At this stage, we find that it is not possible to construct
terms of the type [SAA] that respect the required global
symmetry, since the antisymmetric index structure of the
group indices does not allow it. This is again an impor-
tant difference with respect to the single vector field case,
where this type of interactions are possible. We will com-
ment more on this below. In order to have non-trivial

2 We introduce the notation [· · · ] to denote a scalar quantity with
respect to Lorentz and internal indices of the object inside the
brackets.
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interactions with one derivative that are not included in
L2 we need to go to the next order with n = 2, i.e, we
need to contract with four vector fields in the schematic
form [ǫǫ∂AA4]. The corresponding standard contractions
of the indices

L(4A)
3 ⊃ g3,1ǫ

µναβǫρσδβ∂µA
a
ρA

b
νA

c
σA

d
αA

e
δǫabcδde

+ g3,2ǫ
µναβǫρσδβ∂µA

a
νA

b
αA

c
ρA

d
σA

e
δǫabcδde (9)

are again such that they correspond to terms of the form
[FA4] belonging to L2. This is also the case if the inter-
nal indices were contracted differently, for instance with
ǫbdeδac. Irrespectively of the contraction of the internal
indices, if all of the Lorentz indices are contracted with
the two Levi-Civita tensors, then at this order we can
only construct terms of the type [FA4]. Additional types
of new interactions will arise only if the contractions of
the indices do not select the antisymmetric part of ∂A as
in the previous terms, but they allow for the symmetric
part of ∂A generating terms of the form [SA4]. In order
for this to be the case we have to contract the Lorentz
indices of two vector fields between themselves

L(4A)
3 ⊃ g3,3ǫ

µναβǫρσαβ∂µA
a
ρA

b
νA

c
σA

d
δA

eδǫabeδcd. (10)

Leaving aside terms of the form [FA4] that are already
included in L2, the above interaction gives rise to the
following new term

L(4A)
3 ⊃ g3,3S

aµνAb
µA

d
νA

c
αA

eαδdeǫabc. (11)

Moreover, by symmetry this is in fact the only non-trivial
term at this order that is not included in L2 so that we

have that L(4A)
3 leads to

L(4A)
3 → L2 + g3S

aµνAb
µA

d
νA

c
αA

eαδdeǫabc, (12)

with g3 again a scalar function of the vector fields.
Finally, the next order with n = 3 includes contrac-

tions with six vector fields [ǫǫ∂AA6] and this saturates
the indices of the spacetime Levi-Civita tensor and, thus,
our series will stop at this order. If we contract the in-
dices of all the vector fields with the Levi-Civita tensors
ǫµναβǫρσδγ∂µA

a
ρA

b
νA

c
σA

d
αA

e
δA

fβAg
γ , then this order will

produce either vanishing interactions or again interac-
tions of the form [FA6] that are included in L2. In or-
der to construct interactions of the form [SA6] we again
need to contract the Lorentz indices of the vectors with
no derivatives among themselves, yielding the following
three possibilities

L(6A)
3 = ǫµναβǫρσαβ∂µA

a
ρA

b
νA

c
σA

d
λA

eλAfδAg
δ

×
(

h3,1ǫabdδcfδeg + h3,2ǫbdfδaeδcg + h3,3ǫabeδcdδfg

)

(13)

with h3,i being again scalar functions of the vector fields
Aa

µ. We could also contract the additional four vector

fields in the form ǫµναβǫρσαβ∂µA
a
ρA

b
νA

c
σA

d
λA

e
δA

fλAgδ but

this is already included in the above interactions. Apart
from the terms [FA6], these interactions will result in the
new terms

L(6A)
3 = SaµνAb

µA
c
νA

d
αA

eαAfβAg
β

×
(

h3,1ǫabdδcfδeg + h3,2ǫbdfδaeδcg + h3,3ǫabeδcdδfg

)

.

(14)

It is also worth mentioning that some of the non-trivial
contractions like e.g. SaµνAb

µA
c
νA

d
αA

eαAfβAg
βǫabdδceδfg

are already contained in L(4A)
3 .

Since at this order there are no more free indices
of the Levi-Civita tensors to be contracted with addi-
tional vector fields the series ends here and we need to
go to the next order in derivatives to construct new
interactions. One might wonder, if one could sim-
ply add additional pairs of vector fields whose Lorentz
indices are contracted together but not their internal
indices, such that one could generate terms of the
form ǫµναβǫρσαβ∂µA

a
ρA

b
νA

c
σA

d
λA

eλAfδAg
δA

hκAi
κ result-

ing in interactions of the form [SA8]. The answer is obvi-
ously affirmative and, in fact, we can extend the obtained
interactions by simply replacing δab → δab + AaαA

α
b or

ηµν → ηµν+Aa
µAaν , possibly with some additional scalar

functions in front of each term. This procedure to gen-
erate higher order interactions will be valid for all the
interactions obtained below and, in fact, we will see that
some interactions at a given order can be obtained from
previous orders by applying this procedure.
This order was not too delicate as it contained only

one derivative and, thus, it is not possible to excite an
additional polarization in any case that could jeopardize
the stability of the theory. However, it already presented
some interesting features like the impossibility of building
certain interactions while preserving the global symme-
try and, in addition, it allowed to present in a detailed
way the general reasoning that will be used in the more
interesting higher order interactions treated in the rest
of this section.

B. Order (∂A)2

Now we will consider interactions with two derivatives
of the schematic form [ǫǫ∂A∂AA2n]. Unlike the previous
subsection with only one derivative, now we can have
interactions for n = 0 respecting the global symmetry.
These terms resemble those of the single field case and
can be written as

L(0A)
4 = f4,1ǫ

µναβǫρσαβ∂µA
a
ρ∂νA

b
σδab

+ f4,2ǫ
µναβǫρσαβ∂µA

a
ν∂ρA

b
σδab. (15)

The second term corresponds to the contraction of two
field strength tensors Fµν

a F a
µν so that it can be again sim-

ply included in L2. The first term is the direct extension
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of the interaction that we are familiar with from the gen-
eralized Proca field [S2]−[S]2 to the case of several vector
fields. Thus, this order gives rise to

L(0A)
4 → L2 + f4

(

Sa
µνS

bµν − Saµ
µ Sbν

ν

)

δab. (16)

We see that at this order with two derivatives it is pos-
sible to directly extend the generalized Proca interaction
to the present case and preserving the global symmetry,
unlike the previous order with only one derivative where
this was not possible.
Now we can proceed to the next order with two vector

fields corresponding to n = 1. The relevant terms at this
order are

L(2A)
4 ⊃ǫµνγαǫρσδα∂µA

a
ρ∂νA

b
σA

c
γA

d
δ

(

g4,1δabδcd + g4,2δacδbd
)

g4,3ǫ
µνγαǫρσδα∂µA

a
ν∂γA

b
ρA

c
σA

d
δδacδbd, (17)

with g4,i scalar functions of Aa
µ. We have left out other

possible contractions like ǫµνγαǫρσδα∂µA
a
ν∂ρA

b
σA

c
γA

d
δ

since they give rise to interactions of the form [FFAA] or
interactions already included in the previous orders. The
terms in the first line result in contributions of the form
[SSAA]. More explicitly, up to terms [FFAA] already
included in L2, we find the following contributions from
the first line in (17):

L(2A)
4 ⊃g4,1

[(

Sa
µνS

bµν − Saµ
µ Sbν

ν

)

δabA
2

+ 2
(

Saλ
λ Saµν − Saµ

λS
aλν

)

Ab
µA

b
ν

]

+g4,2

[(

Sa
µνS

bµν − Saµ
µ Sbν

ν

)

AaλAb
λ

+ 2
(

Saλ
λ Sbµν − 1

2
Sa(µ

λS
bν)λ

)

Aa
µA

b
ν

]

. (18)

The first line of this expression can be absorbed into

L(0A)
4 in (16) via a redefinition of f4, while the remaining

new interactions genuinely belong to L(2A)
4 . We should

notice that the term proportional to g4,2 actually gives
two different terms with a fixed relative coefficient (a fac-
tor of 2). This is accidental and, in fact, both terms can
come in with different functions. The degeneracy can be
broken in a very simple way by using the discussion at
the end of III A. We can simply replace δab → gAaλA

λ
b

with g a scalar function in (16) and, thus, the degeneracy
will be broken. Following the systematic procedure, the
breaking of the degeneracy can be seen to occur with the
term

L(2A)
4 ⊃ 2g4,4ǫ

µναβǫρσαβ∂µA
a
ρ∂νA

b
σA

c
γA

dγδacδbd

=g4,4

(

Sa
µνS

bµν − Saµ
µ Sbν

ν

)

AaλAb
λ . (19)

Thus, the presence of this interaction will detune the
relative coefficients of the terms proportional to g4,2 in
equation (18). Furthermore, the other similar contrac-
tion ǫµναβǫρσαβ∂µA

a
ρ∂νA

b
σA

c
γA

dγδabδcd will again give a

contribution to L(0A)
4 in equation (16).

On the other hand, the interaction proportional to
g4,3 in (17) gives rise to an additional term of the form
[FSAA] that can be written as

L(2A)
4 ⊃ g4,3ǫ

αβγδF̃ a
αλS

bλ
βA

a
γA

b
δ. (20)

Notice that this term cannot exist for the single vector
field case and, therefore, it is genuine of the multi-Proca
theory. The interactions at this order can be summarized
as

L(2A)
4 →L2 + L(0A)

4 + g4,1

(

Saλ
λ Saµν − Saµ

λS
aλν

)

Ab
µA

b
ν

+ g4,2

(

Saλ
λ Sbµν − 1

2
Sa(µ

λS
bν)λ

)

Aa
µA

b
ν

+ g4,3ǫ
αβγδF̃ a

αλS
bλ

βA
a
γA

b
δ

+ g4,4

(

Sa
µνS

bµν − Saµ
µ Sbν

ν

)

AaλAb
λ. (21)

The next order corresponds to n = 2 so that we will
have interactions of the form [ǫǫ(∂A)2A4]. Including the
additional vector fields gives the possible contractions

L(4A)
4 ⊃ h4,1ǫ

µνγαǫρσδβ∂µA
a
ρ∂νA

c
σA

b
γA

d
δA

e
αA

f
βǫabeǫcdf

+ h4,2ǫ
µνγαǫρσδβ∂µA

a
ν∂γA

c
ρA

b
αA

d
σA

e
δA

f
βǫabeǫcdf .

(22)

The first line of this expression gives rise to interac-
tions of the form [SSA4] and [FFA4]. Omitting as
usual the terms [FFA4] that will contribute to L2,
the new interactions from the first line yield couplings
of two S’s and four A’s contracted in the appropriate
ways to avoid extra propagating polarizations. We omit
here their long expression in terms of S, but we will
give a compact expression for it in IV. In any case,
the exact coefficients can be easily computed from the
above contraction with the Levi-Civita tensors. From
the second line, on the other hand, we obtain inter-
actions of the mixed form [FSA4]. We have not con-

sidered the interaction ǫµνγαǫρσδβ∂µA
a
ν∂ρA

c
σA

b
γA

d
δA

e
αA

f
β

since this corresponds to a term of the form [FFA4] as
well, which is already part of L2. We could also con-

struct ∂µA
a
α∂νA

b
βA

µ
cA

α
d ǫ

cd
aA

ν
eA

β
f ǫ

ef
b, but this is already

included in the above interactions. Furthermore, instead
of contracting the internal indices with ǫabeǫcdf , we could
have contracted them with δabδcdδef and permutations
of them. However they correspond to the previous order
with again the replacement δab → AaλA

λ
b . In a similar

way as in the previous order, we could also contract the
indices of the vector fields among themselves

L(4A)
4 ⊃ h4,3ǫ

µνγαǫρσδα∂µA
a
ρ∂νA

c
σA

b
γA

d
δA

eβAf
βǫabeǫcdf

+ h4,4ǫ
µνγαǫρσδα∂µA

a
ν∂γA

c
ρA

b
σA

d
δA

eβAf
βǫabeǫcdf

(23)

They also give contributions in form of [SSA4] and
[FSA4] respectively, apart from the [FFA4] terms. With
four additional vector fields at this order we already used
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all the Lorentz indices of the two Levi-Civita tensors, and
hence our construction stops here. Let us mention how-
ever that we could generate higher order terms by the
procedure of replacing δab → AaλA

λ
b , resulting in terms

like ∂µA
a
ν∂αA

b
βA

c
ρǫabcA

µ
eA

ν
fA

α
g ǫ

efgAβ
mAρ

nδ
mn. This term

goes beyond the orders comprised within our systemati-
cal construction using the Levi-Civita tensors.

C. Order (∂A)3

The interactions at this order in derivatives will have
the schematic form [ǫǫ∂A∂A∂AA2n]. Starting with the
n = 0 terms, we can construct

L(0A)
5 = f5,1ǫ

µναβǫρσδβ∂µA
a
ρ∂νA

b
σ∂αA

c
δǫabc

+ f5,2ǫ
µναβǫρσδβ∂µA

a
ν∂ρA

b
σ∂αA

c
δǫabc. (24)

At this order, because of the contraction with ǫabc the
interactions of the first line vanish identically. This
means that the terms cubic in S vanish. Thus, the
direct extension of the single vector field interactions
[S]3 − 3[S][S2] + 2[S3] at that order to the case of sev-
eral vector fields with the global symmetry is again not
possible. Similarly, the extension of the interaction F̃ F̃S
for the generalized Proca field that should arise from the
second line is not allowed by the global symmetry. The
only surviving term from the second line is of the form
FFFǫ, which is already part of L2. Hence, we do not
have any new interactions at this order

L(0A)
5 ⊂ L2. (25)

We can then go to the next order with n = 1 to construct
the terms of the form [(∂A)3A2]. The possible contrac-
tions are

L5 = g5,1ǫ
µναβǫρσδγ∂µA

a
ρ∂νA

b
σ∂αA

c
δA

d
βA

e
γǫdeaδbc

+ ǫµναβǫρσδγ∂µA
a
ν∂ρA

b
σ∂αA

c
δA

d
βA

e
γ

× (g5,2ǫdeaδbc + g5,3ǫacdδbe + g5,4ǫabdδce). (26)

From the first line of the above expression we obtain
interactions of the schematic form [FSSAA] with the
specific contraction of the Lorentz and internal indices
dictated by the Levi-Civita tensors. Their exact expres-
sion is cumbersome and should be taken from the above
contraction. On the other hand, from the second line
we obtain terms of the form [FFSAA]. We have omitted
the contribution ǫµναβǫρσδγ∂µA

a
ν∂ρA

b
σ∂αA

c
βA

d
δA

e
γ since it

only contributes terms [F 3A2] ⊂ L2. In a similar way as
in the previous order, we could also try to contract two
of the Lorentz indices of the vectors without derivatives
between themselves, i.e. considering terms of the form
ǫµναβǫρσδβ∂µA

a
ρ∂νA

b
σ∂αA

c
δA

dγAe
γ . However, it turns out

that this contraction vanishes identically, hence we can
not construct terms of the form [SSSAA].

D. Order (∂A)4

Finally, we will consider interactions with 4 deriva-
tives and the contractions with the Levi-Civita tensors
are then already saturated with the terms with deriva-
tives, i.e., there are no free indices to be contracted with
additional vector fields without derivatives. The new in-
teractions that we obtain at this order are

L(0A)
6 = ǫµναβǫρσδγ∂µA

a
ρ∂νA

b
σ∂αA

c
δ∂βA

d
γ

×(f6,1δabδcd + f6,2δacδbd)

+ ǫµναβǫρσδγ∂µA
a
ν∂ρA

b
σ∂αA

c
δ∂βA

d
γ

×(f6,3δabδcd + f6,4δacδbd) (27)

The first line of this equation gives three types of in-
teractions of the schematic form [F 4], [S4] and [F 2S2]
respectively, whereas the second line gives contribu-
tions in form of [F 4] and [F 2S2]. We can again ab-
sorb the purely F terms into L2 and neglect them
here. This is also the reason why we omitted the term
ǫµναβǫρσδγ∂µA

a
ν∂ρA

b
σ∂αA

c
β∂δA

d
γ . The interactions quar-

tic in S are just total derivatives and the [F 2S2] interac-
tions have the two possible contractions of the internal in-
dices F̃ aµνF̃αβ

a Sb
µαSbνβ and F̃ aµνF̃ bαβSaµαSbνβ , i.e. the

terms that we are familiar with from the single massive
vector field.

IV. GENERAL FORM OF THE LAGRANGIAN

AND COVARIANTIZATION

In the previous section, we have systematically con-
structed the possible interactions for a set of vector fields
order by order using the Levi-Civita tensors. One can
easily check that, in fact, all the different terms can be
compactly written as

L2 =G2(A
a
µ, F

a
µν) ,

L3 =Kµν
a Sa

µν ,

L4 =Kµ1µ2ν1ν2
ab Sa

µ1ν1
Sb
µ2ν2

+Mµ1µ2ν1ν2
ab F a

µ1ν1
Sb
µ2ν2

,

L5 =Mµ1µ2µ3ν1ν2ν3
abc F a

µ1ν1
Sb
µ2ν2

Sc
µ3ν3

+Nµ1µ2µ3ν1ν2ν3
abc F a

µ1ν1
F b
µ2ν2

Sc
µ3ν3

+ N̂µ1µ2µ3ν1ν2ν3
abc F a

µ1µ2
F b
ν1ν2

Sc
µ3ν3

,

L6 =Nµ1µ2µ3µ4ν1ν2ν3ν4
abcd F a

µ1µ2
F b
ν1ν2

Sc
µ3ν3

Sd
µ4ν4

+ N̂µ1µ2µ3µ4ν1ν2ν3ν4
abcd F a

µ1ν1
F b
µ2ν2

Sc
µ3ν3

Sd
µ4ν5

, (28)

where Kµ1...ν1...
a... , Mµ1...ν1...

a... , Nµ1...ν1...
a... and N̂µ1...ν1...

a... are
objects built out of Aa

µ (in addition to the spacetime and
group metrics and their corresponding Levi-Civita ten-
sors) such that they are completely antisymmetric in the
indices µi and νi separately. Notice that the antisym-
metry of these objects will also guarantee the absence of
higher order equations for the transverse modes thanks
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to the Bianchi identities ∇[αF
a
µν] = 0. To better illus-

trate the general form of the interactions expressed in
(28) we will give the explicit expressions at lowest order
in Aa

µ for a few non-trivial examples:

Kµν
a = ǫabcδdeA

bµAdνAc
λA

eλ + · · · (29)

Kµ1µ2ν1ν2
ab = ǫµ1µ2µ3λǫν1ν2ν3λ

(

c1δabδcd + c2δacδbd

)

×
(

d1A
c
µ3
Ad

ν3
+ d2A

c
λA

dληµ3ν3

)

+ · · · (30)

Mµ1µ2ν1ν2
ab = ǫµ1µ2µ3λǫν1ν2ν3λAaµ3Abν3 + · · · (31)

where ci and di are some constants. The remaining ones
can be straightforwardly found from our previous sys-
tematic construction in terms of the Levi-Civita tensors.
Since we are considering four dimensions, the objects in
L6 must factorize into the product of two spacetime Levi-
Civita tensors

Nµ1µ2µ3µ4ν1ν2ν3ν4
abcd = Nabcdǫ

µ1µ2µ3µ4ǫν1ν2ν3ν4 (32)

N̂µ1µ2µ3µ4ν1ν2ν3ν4
abcd = N̂abcdǫ

µ1µ2µ3µ4ǫν1ν2ν3ν4 (33)

with Nabcd and N̂abcd Lorentz scalar functions with four
internal indices built out of Aa

µ. Moreover, the fact that
there are no forms of rank higher than the dimension
of the spacetime prevents the construction of higher or-
der terms and, therefore, the series ends in L6. This is
another way of expressing that at 4th order in ∂A, the
indices of the spacetime Levi-Civita tensors are saturated
and, hence, the systematic construction ends at that or-
der.
Written in the compact form given in (28), it is simple

to show that the interactions can be extended to curved
spacetime by adding appropriate non-minimal couplings.
The terms linear in Sa

µν can be directly extended to
curved spacetime without adding any non-minimal cou-
plings. The reason is that those interactions are linear
in the connection so the corresponding generalization to
curved spacetime can only generate additional terms with
first derivatives of the vector fields to the equations com-
ing from the coupling of Aa

µ to the connection in Sa
µν .

On the other hand, the terms that are quadratic in S
do require the introduction of non-minimal couplings to
maintain the desired propagating degrees of freedom in
arbitrary spacetimes. To compute the necessary counter-
terms we will write all the terms quadratic in Sa

µν in the
compact form:

LP = Pµ1µ2ν1ν2
ab Sa

µ1ν1
Sb
µ2ν2

(34)

where Pµ1µ2ν1ν2
ab receives contributions from all the terms

in (28) that are quadratic in Sa
µν . Notice that P depends

on Aa
µ and F a

µν . This term will contribute dangerous
terms to the energy-momentum tensor coming from the
variation of the connection given by

δLP ⊃ Pµ1µ2ν1ν2
ab Sa

µ1ν1
δΓλ

µ2ν2
Ab

λ (35)

which, after integration by parts, will make A0 dynami-
cal. Thus, to avoid exciting additional undesired polar-
izations in non-trivial spacetime background, we need to
add a counter term that we will write as

LQ = Rµ1µ2ν1ν2Qµ1µ2ν1ν2 . (36)

where Qµ1µ2ν1ν2 is an object with the same symmetries
as the Riemann tensor and which can be tuned to cancel
the contributions from (35). When summing both terms
L = LP + LQ we will have

δL =
[

∂βQβ(µν)
α +Aa

αPβ(µν)γ
(ab) Sb

βγ

]

δΓα
µν + · · · (37)

where · · · denotes additional non-dangerous terms. We
will avoid these dangerous terms if the bracket vanishes
identically. We can further simplify this expression if we
expand

∂βQβ(µν)
α =

∂Qβ(µν)
α

∂Ab
γ

∂βA
b
γ +

∂Qβ(µν)
α

∂F b
γδ

∂βF
b
γδ. (38)

Thus, in order to avoid additional propagating polariza-
tions for the vector field we need to impose

[

1

2

∂Qβ(µν)
α

∂Ab
γ

+Aa
αPβ(µν)γ

(ab)

]

Sb
βγ +

∂Qβ(µν)
α

∂F b
γδ

∂βF
b
γδ = 0.

(39)

This condition is identically fulfilled if we impose the re-
lation

1

2

∂Qβ(µν)
α

∂Ab
γ

+Aa
αPβ(µν)γ

(ab) + (β ↔ γ) = 0 (40)

and ∂Qβ(µν)
α

∂F b
γδ

is completely antisymmetric in the indices

[βγδ]. The first condition will guarantee that there is
no fourth propagating polarization (i.e., that A0 remains
non-dynamical), while the second condition is required
for the three propagating polarizations to satisfy second
order equations of motion. These conditions general-
ize to the multi-Proca interactions the existing results
for the cases of scalar Horndeski and single generalized
Proca. The fact that the structure of the interactions for
the multi-Proca fields is more complex (involving both
Lorentz and internal group indices) results in a more
cumbersome relation for the required non-minimal cou-
plings.

V. RELATION TO GENERALIZED PROCA

In this section we will compare the obtained interac-
tions for the set of vector fields with an internal rotational
symmetry with those of one single vector field. Let us re-
mind here the corresponding interactions for the case of



8

generalized Proca3

LGP
2 = G2(Aµ, Fµν) (41)

LGP
3 = G3[S]

LGP
4 = G4R+G′

4

[S]2 − [S2]

4

LGP
5 = G5G

µνSµν − G′
5

3

[S]3 − 3[S][S2] + 2[S3]

8

+ G̃5F̃
µαF̃ ν

αSµν

LGP
6 = G6L

µναβFµνFαβ +
G′

6

2
F̃αβF̃µνSαµSβν

with Lµναβ ≡ 1
4ǫ

µνρσǫαβγδRρσγδ the double dual Rie-

mann tensor, G3,4,5,6 and G̃5 arbitrary functions of Y ≡
− 1

2A
2 and a prime denotes derivative with respect to

Y . Now, we can easily extend the above interactions to
the case of several vector fields. We will not impose any
global symmetry a priori for the sake of generality. The
first term LGP

2 is trivially promoted to L2 for multi-Proca
and we will not discuss it further since it does not con-
tain the novel derivative interactions we are interested in.
The direct extension of the second term leads to

LGP
3 → Ga

3S
aµ
µ (42)

where Ga
3 is a set of Lorentz scalar functions of Aa

µ. If
Ga

3 is an SO(3) vector whose components are Lorentz
scalar functions of Aa

µ (not necessary of Aa
µA

bµδab since
now more general terms are possible) then this term re-
spects the global symmetry. The fact that we cannot
construct such an SO(3) vector with the fundamental
objects at hand is another way of understanding our pre-
vious finding that we cannot construct the analogous of
this term maintaining the global rotational symmetry,
hence LGP

3 → 0.
In order to obtain non-trivial interactions at this order

we need to use that the indices of S in LGP
3 can also be

contracted by using the vector fields and the correspond-
ing extension to the case of several vector fields will be

G3,2SµνA
µAν → Gabc

3,2S
a
µνA

bµAcν (43)

with Gabc
3,2 an SO(3) tensor with Lorentz scalar functions

of the vector fields. Now we could choose Gabc
3,2 ∝ ǫabc

to impose the rotational symmetry, but then we see that
this would result in a vanishing interaction for symmetry
reasons and we re-obtain our result that we need more
than 2 vectors at this order to have non-trivial interac-
tions which respect the global symmetry. Building Gabc

3,2

as an SO(3) tensor in terms of Aa
µ (and possibly δab and

ǫabc) we recover the rotationally invariant interactions
obtained from our systematic construction. However, no-
tice that Gabc

3,2 can be in general arbitrary (for instance,

3 Here [· · · ] denotes the trace of the object inside the brackets.

their components could simply be real parameters) so the
global SO(3) symmetry can be explicitly broken.
For LGP

4 , the direct extension to the case of a set of
vector fields yields

LGP
4 → G4R+G′

4δab
Sa
µνS

bµν − Saµ
µ Sbν

ν

4
(44)

where now G4 is promoted to an arbitrary function of
Z ≡ − 1

2A
a
µA

aµ. We could replace δab for a more general
object explicitly breaking the global symmetry. However,
in that case the tuning with the non-minimal coupling to
guarantee the absence of additional polarizations will be
different.
For LGP

5 we find the same difficulty as with LGP
3 for

a direct extension to the case of several vector fields.
The extension of the terms corresponding to the vector
Galileons G5 and terms with pure intrinsic vector modes
G̃5 vanishes G̃5F̃

µαF̃ ν
αSµν → G̃5F̃

aµαF̃ bν
αS

c
µνǫabc = 0.

Again, this is due to the antisymmetry of ǫabc introduced
to maintain the global symmetry. There is no direct ex-
tension of LGP

5 to the multi-Proca case that respects the
global symmetry, hence LGP

5 → 0.
At next order in derivatives, we can again straightfor-

wardly perform the direct extension of the single vector
case yielding the non-trivial interactions for the multi-
Proca case:

LGP
6 → G6L

µναβF a
µνFaαβ +

G′
6

2
F̃ aαβF̃µν

a Sb
αµSbβν . (45)

Notice that the contractions of the internal indices must
be the one chosen in the above expression for the tun-
ing with the non-minimal coupling to be the appro-
priate one. One could also promote the interaction
with the alternative contraction of the internal indices
F̃ aαβF̃ bµνSaαµSbβν , but this would require a different
non-minimal coupling of the form LFFAA and, thus, it
would not correspond to a direct extension of the single
vector field case, as we will show below.
We can then summarize the possible direct extensions

of generalized Proca to the multi-Proca case with the
global SO(3) symmetry as

LMGP
2 = G2(A

a
µ, F

a
µν) (46)

LMGP
4 = G4R+G′

4δab
Sa
µνS

bµν − Saµ
µ Sbν

ν

4

LMGP
6 = G6L

µναβF a
µνFaαβ +

G′
6

2
F̃ aαβF̃µν

a Sb
αµSbβν .

Remarkably, the above family of Lagrangians is more re-
stricted than the single vector field case, i.e., imposing
the global symmetry substantially reduces the allowed
interactions. This shows an expected resemblance with
the multi-Galileon case where only two terms and one
coupling constant are present [14]. In our case, if we as-
sume G2 to be the simple Proca Lagrangian, the above
family of interactions involve the coupling function G4

(that would describe a multi-Galileon interaction in the
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decoupling limit) and G6 that would describe the leading
order interaction between the longitudinal and the trans-
verse modes in the decoupling limit. Thus, going to the
multi-Proca case only introduces one additional coupling
with respect to the multi-Galileon case.
It is important to notice that our systematical con-

struction presented in Section III also generated terms
that cannot be achieved by extending any of the single
Proca interactions. A class of such terms correspond to
the interactions involvingMµ1...ν1...

a... in (28) among which
we have for instance

LMGP
4 = ǫαβγδF̃ a

αλS
bλ

βA
a
γA

b
δ. (47)

There is another class of interactions that cannot be di-
rectly obtained from single Proca which involve some
contractions of the internal indices of the vector fields.
Examples of those interactions are

LMGP
3 = SaµνAb

µA
d
νA

c
αA

eαδdeǫabc

LMGP
5 = ǫabcA

a
µA

µdF̃αν
d F̃ bβ

ν Sc
αβ (48)

These terms will not require the introduction of non-
minimal couplings because they are linear in Sa

µν . We
also saw in Section III, that we can contract the internal
indices in [SSAA] in two different ways and both give
terms that are not direct extensions of the single Proca
case. However, we can use their resemblance to compute
the required non-minimal couplings. Let us for instance

consider the interactions in L(2A)
4 with the different con-

tractions of the internal indices. In order to guarantee
three propagating polarizations we would need to add
different types of non-minimal couplings according to the
contraction of the internal indices. In the following we
show three different examples:

LMGP
4 ⊃ Aa

µA
µ
aA

b
νA

ν
bR−Aa

µA
µ
a

(

Sν
bνS

bα
α − SbανS

bαν
)

+Aa
µA

µ
bA

b
νA

ν
aR−Aa

µA
bµ
(

Sν
aνS

α
bα − SaανS

αν
b

)

+AaµAbνAα
aA

β
bRµναβ − 2Aa

αA
b
β

(

Sν
aνS

bαβ − 1

2
S(α
aνS

β)ν
b

)

(49)

where each line gives an independent contribution. The
same is true for the interactions in L6. If we contract the
internal indices in a different way, the adjustment has to
be done accordingly in the non-minimal coupling as, for
instance, in

LMGP
6 ⊃ Aa

ρA
bρLµναβF a

µνFbαβ − 4F̃ aαβF̃ bµνSaαµSbβν

+Aa
ρA

ρ
aA

b
σA

σ
bL

µναβF c
µνFcαβ − 8Aa

ρA
ρ
aF̃

bαβF̃µν
b Sc

αµScβν

+Aa
ρA

bρAaσA
σ
bL

µναβF c
µνFcαβ − 8Aa

ρA
bρF̃ cαβF̃µν

c SaαµSbβν

(50)

where again each line gives an independent contribution.
Depending on what scalar functions have been consid-
ered in the general functions, the non-minimal couplings
follow the corresponding structure of the internal indices.

Their exact form can be extracted from the relations for
Q and P in section IV. As we mentioned in the introduc-
tion, in the case of Horndeski and generalized Proca in-
teractions it was possible to construct terms with higher
order equations of motion without altering the number
of propagating degrees of freedom. Some of these be-
yond Horndeski and beyond generalized Proca interac-
tions arise if one simply promotes the flat space-time
interactions to curved space-time without the relative
tuning with the non-minimal couplings. Based on these
known results, it is expected that beyond generalized
multi-Proca interactions can be constructed by simply
replacing the partial derivatives by covariant derivatives
in the interactions obtained in section III. We leave the
exploration of this direction for future works.

VI. COSMOLOGICAL APPLICATIONS

In this section we will discuss the novel possibilities
for cosmological applications offered by the interactions
obtained in the previous sections. The distinction be-
tween terms with a global rotational symmetry and those
without it is crucial for the possible cosmological solu-
tions. Ultimately, the reason to impose such a symmetry
is that it will allow configurations for the vector fields
that break both spacetime and internal rotations (in ad-
dition to time translations and boosts) leaving a certain
combination of the two unbroken, therefore offering the
possibility of having isotropic solutions. However, even
for interactions realizing an internal SO(3) symmetry,
the specific form of the interactions will lead to differ-
ent cosmological scenarios, as we discuss in more detail
below.
If the Lagrangian does not have an internal SO(3) in-

variance, then the interactions are essentially equivalent
to having a set of generalized Proca fields. These the-
ories will allow isotropic solutions for configurations of
the form Aa

µ = φa(t)δ0µ. If the interactions respect the
internal SO(3) symmetry, this configurations will break
it along with boosts, but, in any case, spacetime rota-
tions are preserved so the symmetry breaking pattern
will be SO(3, 1) → SO(3) or SO(3, 1)× SO(3)internal →
SO(3)spatial if there is the internal invariance (which does
not play any fundamental role for these configurations).
This is analogous to the case of multi-scalar cosmologi-
cal scenarios. Thus, we expect to have a phenomenology
similar to the one that has already been explored in the
literature where it has been shown the existence of de
Sitter solutions as critical points [17]. These solutions
rely on the structure of the interactions that allow to
have isotropic and homogeneous solutions supported by
the temporal component of the vector, which is an aux-
iliary field. Although the temporal component does not
propagate, it has a non-trivial effect on the cosmological
evolution giving rise to a modified Friedman equation. In
the case of several fields, we expect a similar phenomenol-
ogy with the temporal components of the fields playing
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the role of several auxiliary fields.
Perhaps, more interesting at this stage are the interac-

tions exhibiting a global SO(3) symmetry because then
we can have an additional isotropic source in the uni-
verse based on a configuration for the vector field of
the form Aa

i = A(t)δai . This type of configuration has
also been considered in the literature for models of infla-
tion, as in gauge-flation [18] or chromo-natural inflation
[19], and also as candidates for dark energy [20]. In this
case, the fields configuration breaks both the spacetime
and the internal rotations, but leaves an invariance un-
der a linear combination of the two rotational groups,
i.e., the symmetry breaking pattern in this case will be
SO(3, 1)× SO(3)internal → SO(3)diagonal.
The existing models in the literature using the con-

figuration discussed in the previous paragrapah do not
consider the temporal components of the fields, either
due to a non-abelian gauge invariance or because they
were imposed to vanish by the field equations. However,
with the general interactions discussed in the previous
sections, we can actually construct scenarios with a com-
bination of the two field configurations aforementioned,
i.e., we can have isotropic solutions where both the tem-
poral components and the spatial parts are present and
contribute to the cosmological evolution. For those solu-
tions, the vector fields will acquire the form

Aa
µ = φa(t)δ0µ +A(t)δaµ. (51)

In this configuration, we have up to 4 scalar degrees of
freedom, but the structure of the interactions will make
the 3 components φa be auxiliary fields, so that only one
dynamical dof is actually present. Since all the com-
ponents will be tightly related by the structure of the
interactions, their interplay will lead to novel and in-
teresting scenarios for cosmological applications. How-
ever, the above configuration now breaks the two rota-
tions and it is not clear that a linear combination sur-
vives. In fact, in general it is not the case and we need
to add further restrictions to the interactions. This is
not difficult to understand, as this configuration allows
terms like Tij ⊃ A2φaφbδaiδbj in the energy-momentum
tensor that give a non-vanishing anisotropic stress that
can support the shear and, therefore, leads to a violation
of isotropy4. Alternatively, we can see that the above
configuration does not contain any SO(3) invariance in-
herited from the original symmetries. If we denote by
ωµ

ν and Ja
b the Lorentz and internal generators respec-

tively, then the total variation of the configuration in(51)
is given by

δAa
0 = Ja

bφ
b (52)

δAa
i = A

(

ωi
a + Ja

i

)

(53)

4 Although this new class of anisotropic cosmological solutions can
be interesting in certain scenarios like novel setups for anistropic
inflation, here we will focus on showing the possibility of having
isotropic solutions.

where ωi
a = ωi

µδaµ and Ja
i = Ja

bδ
b
i . From these vari-

ations we can clearly see the possibilities for the config-
uration to be isotropic. If A = 0, then the rotations
generated by ωi

j are not broken. If φa = 0, the combina-
tion of internal and spatial rotations with ωi

a + Ja
i = 0

remains as a symmetry (the aforementioned diagonal
SO(3)). However, if both φa and A are not vanish-
ing, the field configuration does not possess any SO(3)
symmetry. Thus, the existence of isotropic solutions for
the general configuration will further restrict the possi-
ble interactions. A straightforward way to achieve the
desired features is to impose that the vector fields (with-
out derivatives) only appear through the combination
A2 ≡ Aa

µA
µ
a . Effectively, this introduces one indepen-

dent SO(3) invariance for each Lorentz component that
we could write as Ja

(µ)b so that the general configura-

tion now can preserve a combination of the spatial rota-
tions and the SO(3) invariance of the spatial components,
while the SO(3) symmetry of the temporal components
will be broken. Notice however that this symmetry does
not commute with Lorentz boosts so that it would loose
its internal character, but they do commute with spatial
rotations. We should also mention that we do not need to
impose this symmetry for interactions involving deriva-
tives of the vector field. In fact, the only non-vanishing
components of the strength fields for the general config-
uration in (51) read F a

0i = Ȧδai which is invariant under
the diagonal SO(3) and, therefore, we do not need to im-
pose additional restrictions in the interactions where the
F ’s are only contracted among themselves, i.e., there is
no mixing of both Lorentz and group indices of F a

µν and
Aa

µ. From this discussion, we conclude that Lagrangians
in which the vector fields without derivatives only ap-
pear through A2 and the derivative interactions are such
that F ’s and S’s do not mix their internal group indices,
will allow isotropic solutions for the general configuration
given in (51).

In the following we will illustrate the different scenarios
discussed above with a simple example. We will consider
the usual spatially flat Friedman-Lemâıtre-Robertson-
Walker metric

ds2 = −dt2 + a2(t)d~x2, (54)

together with the most general Ansatz for the vector
fields compatible with the symmetries of this spacetime
which, according to our previous discussion, is given by
the following configuration:

Aa
µ =







φ1(t) φ2(t) φ3(t)
a(t)A(t) 0 0

0 a(t)A(t) 0
0 0 a(t)A(t)






, (55)

where we have introduced a normalising scale factor with
respect to (51) for later convenience. Let us now consider
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the Lagrangian

L =− 1

4

(

α1δab +
α2

M2
AaρAb

ρ
)

F a
µνF

bµν

− 1

2
M2A2 +

1

4

(

λ1δabδcd + λ2δacδbd

)

Aa
µA

bµAc
νA

dν

(56)

where M is some mass scale and α1,2 and λ1,2 are dimen-
sionless parameters. This Lagrangian is simple enough to
straightforwardly show the aforementioned features. We
can see that the terms α1 and λ1 satisfy the required con-
ditions to have isotropic solutions, while the terms α2 and
λ2 do not. Thus, it is expected that the full configuration
of the vector fields will allow for isotropic solutions only
if α2 = λ2 = 0 (or it reduces to one of the other simpler
configurations with either A = 0 or φa = 0). This can be
explicitly checked by computing the anisotropic stress,
which is given by

T ij =
1

a2

( α2

M2
E2 + λ2A

2
)

φaφbδiaδ
j
b for i 6= j

(57)
for the off-diagonal components, while the difference of
the diagonal components is

T ii − T jj =
( α2

M2
E2 + λ2A

2
) [

(φi)2 − (φj)2
]

(58)

where we have defined the electric field E ≡ Ȧ+HA, with
H = ȧ/a the Hubble expansion rate. We then clearly
see that the anisotropic stresses are automatically zero
if α2 = λ2 = 0 i.e., if we turn off the terms that do
not respect the additional invariance and, therefore, in
that case we can have the full configuration of the vector
fields while being compatible with isotropy. The other
possibility is of course to switch off either φa or A so
that we have one of the more traditional configurations.
If we look at the off-diagonal equations for the spatial
components corresponding to Aa

i, we find

α2

a2M2

d

dt

(

a2Eφaφi

)

− λ2Aφ
aφi = 0. (59)

Again, this equation trivializes for α2 = λ2 = 0 and, thus,
we are left only with the equations for φa and the diag-
onal part of Aa

i . In addition to the anisotropic stresses
there could be another source of isotropy violation pro-
vided by T 0i, which is given by

T 0i = −A

a

[

M2 + (λ1 + λ2)Φ
2 − (3λ1 + λ2)A

2 +
α2E

2

M2

]

φi.

(60)
This expression persists even in the case of α2 = λ2 = 0.
However, if we look at the equation for φa, we find

[

M2 + (λ1 + λ2)Φ
2 − (3λ1 + λ2)A

2 +
α2

M2
E2

]

φa = 0

(61)
and, therefore, T 0i vanishes on-shell. Notice that this
result does not rely on the absence of the terms α2 and

λ2 violating the additional invariance and it is due to the
relation T 0i = −AaiδL/δφa that holds for a large class of
theories. In practice, this means that, quite generally, we
only need to guarantee the absence of anisotropic stresses
from the interactions. This quite general result was also
noticed in [21] for more traditional vector-tensor theories.
For the theory with α2 = λ2 = 0, the non-trivial field

equations read

φa
[

λ1(Φ
2 − 3A2) +M2

]

= 0, (62)

Ė + 2HE +
[

M2 + λ1(Φ
2 − 3A2)

]

A = 0, (63)

where we have additionally set α1 = 1 to match the nor-
malization of a Maxwell field. Thus, we see that the ef-
fect of φa is to cancel the impact of the potential on A so
that it evolves as a standard Maxwell field with E ∝ a−2.
This is general if we replace the quartic potential by an
arbitrary potential of the form V (A2). The value of Φ2

will be such that the field remains at the minimum of the
potential (more precisely, it will make V ′ = 0) while A
will evolve as a usual gauge field. This means that we
will effectively have three identical Maxwell fields giving
a radiation-like contribution plus a cosmological constant
given by the value of the potential at the minimum. For
our simple case, the energy density after inserting the
solution for Φ2 reads

ρ =
M4

4λ1
+

3

2
E2 (64)

where we clearly see the effective cosmological constant
plus the radiation component. This is not a general re-
sult, but a consequence of the simple Lagrangian consid-
ered, even if an arbitrary potential is introduced. For
more general interactions including non-minimal cou-
plings and genuine novel derivative self-interactions in-
volving Sa

µν , integrating out the fields φa will impact the
evolution of A and the energy-density in a much richer
way.
So far, we have been interested in interactions prevent-

ing the appearance of anisotropic stresses for our general
vector fields configuration. However, we can alternatively
cancel (57) by looking for solutions to the field equations
with α2E

2 + λ2A
2 = 0, but this is not, in general, com-

patible with the vector fields equations. In this potential
branch of solutions, we end up with an overdetermined
system of equations and, thus, the existence of non-trivial
solutions is not guaranteed. It might happen that for
some special interactions, the eventual overdetermined
system of equations admit non-trivial solutions. In any
case, these will represent very particular cases and we
find more natural to consider interactions with the addi-
tional invariance permitting isotropic solutions with the
general configuration given in (55).
From the interactions considered throughout this pa-

per, we can easily identify a subset of terms allowing for
the general configuration of the vector fields given in (51)
while respecting isotropy. Such terms can be expressed
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as L =
∑

i

√−gLi with

L2 =G2(A
2, F a

µν) ,

L4 =G4R+G′
4δab

Sa
µνS

bµν − Saµ
µ Sbν

ν

4
,

L6 =G6L
µναβF a

µνF
a
αβ +

G′
6

2
F̃ aαβF̃ aµνSb

αµS
b
βν . (65)

This is the direct generalization of the single field case to
the case of multi-Proca with the global SO(3) symmetry
discussed in the previous section with the only difference
that Aa

µ can only enter all the Gi functions through A2,
while the dependence on F a

µν of G2 remains arbitrary.
Notice that because of the restriction of its dependence
on Aa

µ, there cannot be mixing of both Lorentz and in-
ternal group indices between Aa

µ and F a
µν . The resulting

theory is remarkably simple with only three terms so that
it gives an appealing framework for novel cosmological
scenarios.
To conclude this section, we will comment on another

potential branch of isotropic solutions. It was shown
in [22] that general vector fields (both abelian and non-
abelian) with a potential can also provide isotropic solu-
tions supported by oscillating fields with vanishing tem-
poral components and arbitrary configuration for the
spatial components. This is achieved by averaging over
several oscillations when the fields oscillate with a fre-
quency much higher than the Hubble expansion rate.
This result was also extended to fields of arbitrary spin
[23]. It would be interesting to explore this class of solu-
tions for our more general interactions which would pro-
vide a cosmological scenario different from the one we
consider here.

VII. DISCUSSION

In this work we have constructed derivative self-
interactions for a set of vector fields following a system-
atic approach based on the totally antisymmetric Levi-
Civita tensor. We have considered interactions with the
schematic form [ǫǫ(∂A)mA2n] and then we have pro-
ceeded in increasing number of derivatives m and fields
without derivatives n. In order to limit the number
of possible interactions and motivated by the potential
cosmological applications, we have focused on interac-
tions with a global SO(3) symmetry. After constructing
the interactions we have discussed the relation with the
derivative self-interactions for one single vector field of
the generalized Proca theories. The obtained terms can

be broadly classified into those which represent a direct
extension of the generalized Proca interactions and those
which are genuinely novel and do not exist for the case
of one single vector field.
In addition to building the interaction terms we have

discussed the potential cosmological applications. In or-
der to do that, we have considered the different configura-
tions for the vector fields that could be compatible with
an isotropic universe. There are two simple configura-
tions that are compatible with isotropy and which corre-
spond to those already considered in the literature. This
first class corresponds to the vector fields having only
temporal components. For this configuration the global
SO(3) invariance is not required to have isotropic solu-
tions since spatial rotations are not broken. The second
class of solutions corresponds to a configuration where
the temporal components vanish while the spatial com-
ponents are given by Aa

i = Aδai . In this case the global
SO(3) invariance is crucial because even if spatial ro-
tations are broken, a combination of internal and spa-
tial rotations remains unbroken and allows for isotropic
solutions. Finally, we have discussed the existence of
more general isotropic solutions where the fields config-
uration is a combination of the previous ones, namely
Aa

µ = φaδ0µ + Aδaµ. However, having isotropic solutions
for this configuration is not as obvious and, in fact, we
need additional restrictions in the interactions. We have
argued how to restrict the interactions in order to allow
for isotropic solutions with the general configuration and
we have shown these features for a simple Lagrangian.
Thus, these interactions open new possibilities for cosmo-
logical scenarios not considered so far in the literature.
Here we have contented ourselves with the discussion and
illustration of the general structure of the solutions and
we will leave a more thorough analysis of cosmological
solutions for a subsequent work.
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