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Learning latent structure of large random graphs

Roland Diel* Sylvain Le Corff! Matthieu Lerasle’

Abstract

In this paper, we estimate the distribution of hidden nodes weights in large random graphs
from the observation of very few edges weights. In this very sparse setting, the first non-
asymptotic risk bounds for maximum likelihood estimators (MLE) are established. The proof
relies on the construction of a graphical model encoding conditional dependencies that is ex-
tremely efficient to study m-regular graphs obtained using a round-robin scheduling. This
graphical model allows to prove geometric loss of memory properties and deduce the asymp-
totic behavior of the likelihood function. Following a classical construction in learning theory,
the asymptotic likelihood is used to define a measure of performance for the MLE. Risk bounds
for the MLE are finally obtained by subgaussian deviation results derived from concentration
inequalities for Markov chains applied to our graphical model.

1 Introduction

Inference in large random graphs is an important topic of interest due to its applications to many
fields such as data science, sociology or neurobiology for instance. This paper focuses on large
random graphs whose heterogeneity is described by latent data models. The nodes are associated
with latent random weights, independent and with unknown distribution. The only available infor-
mation is given by random weights associated with few edges in the graph which are independent
conditionally on the nodes weights. The objective is to estimate the unknown distribution of the
nodes weights from these observations. This latent data structure is appealing as it may be used to
describe graphs in a wide range of applications. In sports tournaments, nodes represent contestants
in a championship and each node weight is the “intrinsic value” of the corresponding player. An
edge is drawn between players when they face each others, the result of a contest is the observed
edge weight. The problem is to recover from a few games the distribution of the intrinsic values
of the players to make early prediction on the issue of the championship for example. In social
networks, nodes are members and their weights represent the “popularity” of each member. An
edge is drawn between members if a “suggestion of friendship” has been made to one of them. The
observed edge weight is 0 if these people are not connected and 1 otherwise. The problem here is
to estimate the popularity density in a large population where only a few suggestions of friendship
can be made compared to the global size of the network. In neurobiology, random graphs may be
used to model neural functional connectivity inside the brain. In this case, nodes are neurons and
their weights represent their efficiency to diffuse neural information. An edge between neurons is
drawn if the activity of these neurons is observed simultaneously. The weight of this edge is a score
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representing the influence that these neurons exercise on each other. The problem is therefore to
estimate the functional connectivity density inside the brain from these scores.

The problem studied in this paper has a long history, going back at least to [31] who considered
the problem of paired comparison to evaluate performances of medicines. In [31] and later in [2], the
problem was to recover the weights of a finite number of nodes when the number of measurements on
every pair grows to infinity. Further extensions of the so-called Bradley-Terry model have then been
studied, see for example [7] for a review. More recently, [22] considered the problem of estimating
nodes weights in Bradley-Terry models based on one measurement per pair of nodes when the
number N of nodes grows to infinity. This framework led to several developments in computational
statistics for the Bradley-Terry model, see [14] and [4] for various extensions of this original model.
A related problem was considered in [5] where an edge is inserted between each pair of nodes with
a probability depending on the nodes weights. Each node has therefore a random degree and the
observed degrees are used to infer nodes weights. When the graph is fully observed, [5] proved that
with a probability of order 1 — 1/N?2, there exists a unique maximum likelihood estimator of the
nodes weights which is such that the supremum norm of the estimation error is upper bounded by
\/log N/N.

This paper strongly departs from these settings where the all graph is observed, even from [30]
where some edges are missing. We consider a very sparse alternative where only very few edges
per nodes are observed. A reason why such a sparse setting has never been considered is probably
due to [31] who proved that the estimation of the weights is actually impossible in the Bradley-
Terry model in this situation. To overcome this issue, we consider the problem of estimating the
distribution of the weights and not the weights themselves. There are several motivations to adopt
this new approach. The Bradley-Terry model in “random environment” was applied with success to
predict the issue of a championship by estimating the probability distribution of the teams weights
(strengths) which were assumed to be uniformly distributed, see for example [23] and references
therein. Moreover, [6] recently showed that the node with maximal weight can be recovered if the tail
of the nodes weights distribution is sufficiently convex. More generally, the idea to use a Bayesian
estimator when a frequentist approach is not available is rather standard. The performances of this
estimator highly depend on the prior distribution of the parameters and providing a reasonable
prior may have a great impact. The study of bayesian estimators with an estimated prior is known
as empirical bayes theory [21] and is currently a subject of intense research, see for example [13] for
a recent overview. The problem presented in this paper can be understood as finding a statistically
efficient estimator of the prior to design an empirical bayes estimator for the nodes weights. The
use of latent variables is also at the heart of mixed effect models widely spread in biostatistics, see
[15].

This paper shows the first non-asymptotic risk bounds for non-parametric maximum likelihood
estimators (MLE) of the distribution of nodes weights. Asymptotic properties of MLE rely heavily
on a loss of memory property of the observed random graph. This can be analyzed using a graphical
model describing the conditional dependencies between nodes and edges. This graphical model
provides a natural parallel with hidden Markov models [3] which is used to study the asymptotic
behavior of the likelihood, following [I1] in particular. The limit likelihood defines a natural notion
of risk to measure performances of MLE. These performances are obtained for finite values of the
number N of nodes using concentration inequalities for Markov Chains [10]. The excess risk scales
as the entropy of the underlying statistical model (in the sense of Dudley) normalized by a term of
order VN when n is fixed and N — co. From a learning perspective, Dudley’s entropy bound is
known to be sub-optimal in general, it can be replaced by a majorizing measure bound [24] if needed
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since the bound proposed in this paper is derived from a subgaussian concentration inequality for
the underlying process, see Eq. ([27)).

More generally, we believe that the methodology introduced to prove our results leads the way
to exciting research perspectives in various fields. For example, identifiability of non-parametric
hidden Markov models with finite state spaces was established very recently along with the first
convergence properties of estimators of the unknown distributions, see [§] for a penalized least-
squares estimator of the emission densities, [9, 28] [29] for consistent estimation of the posterior
distributions of the states and posterior concentration rates for the parameters or [16] for order
estimation. However, very few theoretical results are available for the non-parametric estimation of
general state spaces hidden Markov models. The arguments leading to our risk bound may probably
be extended to this framework. In computational statistics, bayesian estimators of nodes weights
have been studied in Bradley-Terry models and other extensions [4]. Designing new algorithms to
compute MLE of the prior would therefore be of great interest to derive empirical bayes estimators
of these weights.

The paper is organized as follows. Section 2] details the model and the maximum likelihood
estimator of the unknown weights distribution. Section [B] presents preliminary results underlying
our analysis. A graphical model encoding conditional dependencies in the original graph is built.
The round-robin algorithm, a widely spread method in sports tournaments that builds sparse graphs
for which our graphical model is stationary, is also presented. Our main results are finally given in
Section @l Convergence of the likelihood is established when the number N of nodes grows to +o0o
and risk bounds for the MLE are provided. Section [l to[7] are devoted to the proofs of these results.
Section [B] proves the fundamental properties of the graphical model associated with round-robin
graphs. Section [0 proves the probabilistic tools required to establish the main results. These tools
might be of independent interest, they are presented as independent results and hold for stationary
processes with conditional dependencies encoded in the graphical model. Proofs of the main results
are finally gathered in Section [

2 Setting

2.1 Random graphs with latent variables

Let n, N denote two positive integers and let ({1,..., N}, E™") be a connected n-regular graph.
Let Vi,...,Vy denote independent and identically distributed (i.i.d.) random variables taking
values in a measurable set V with common (unknown) distribution m,. For all {i,j} € E™" the
observation X; ; takes values in a discrete set X and conditionally on V' = (V4, ..., Vy), the random
variables (X j)(; jye g~ are independent and such that the conditional distribution of X ; is given
by k: X xVxV—[0,1]:

This framework encompasses the following models.

Example 1 (Bradley-Terry model [2]). In this ezample, V =R, X = {0,1} and for all x € X,

V x V 11—z
K, Vi V) = [ —2 J .
(@ Vi V3) (m+vj) (%+Vj>

Example 2 (Extensions of Bradley-Terry model). In [J|], the authors proposed several algorithms
to perform Bayesian inference for generalized Bradley-Terry models which fit our framework.
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- The Bradley-Terry model with home advantage introduces an additional parameter 6 > 0 to
measure the home-field advantage. In this case, V =R, X = {0,1} and, if the player i is home,

forallx € X,
oV \° v 1w
K, Vi, V) = : / .
(e, V2o V3) (9Vz‘+V}') (Wiw)

- The Bradley-Terry model with ties [20] introduces an additional parameter § > 1, V = R%,
X ={-1,0,1} and

Vi
k(laVian):m and  k(0,V;,V;) =
i j

(62 - VY,
0V, + V;) (Vi +0V;)

Example 3 (Random graphs with a given degree sequence). [3] considers random graphs such that,
forall1 <i<j <N, an edge is inserted between players i and j with probability V;V; /(1 + V;V;)
where (V1,...,VN) are parameters to be estimated using the degrees of the vertices in the observed
graph. Such random graphs fit our framework with V = R* , X ={0,1} (X;; = 0 in our framework
representing {i,7} ¢ E in theirs) and for all1 <i< j< N,z € X,

ViVs x 1 11—z
k(x, Vi, Vi) = Afi .
(. Vi, V3) (1+%Vj) (1+%Vj)

2.2 Maximum likelihood estimator

The weights X™ = (Xi)j)(i)j)eEn,N are observed and the objective is to infer the distribution m,
of the hidden variables V' = (V4,...,Vy) from these observations. Let II be a set of probability
measures on V. For all 7 € ILU {m,}, the joint distribution of (X" V) is given by

PN (gm N A) = /]lA(U) H k(:vaN, v, v;)TEN (dv) . (1)
(i,5)€eE™N
Using the convention log 0 = —oo, the log-likelihood is given, for all = € ITU {m,}, by
N (r) =log PPN(X™N), where  PRN(X™N) =P N(Xx™N ).

In this paper, 7, is estimated by the standard maximum likelihood estimator 7% defined as any
maximizer of the log-likelihood:

7N € argmax{¢™N (1)} .
mell

3 Round-robin graphical model

Section [B1] details a graphical model encoding the conditional dependences between the random
variables (X™" V). This graphical model is studied in the particular case of round-robin graphs
in Section
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3.1 Graphical model
Let dj"" denote the graph distance in ({1,..., N}, E™N), that is dj"™ (4, j) is the minimal length
of a path between nodes ¢ and j. Write {V1,...,Vy} = UéV:OVq”’N, where VO"’N = {V1} and, for

any q > 1, Vq"*N is the set of V; such that dg’N(l, i) = ¢. Let g% + 1 denote the maximal distance
between 1 and ¢ € {1,...,N}:

ay +1= max dy(Li).

- Foralll <g<qR +1,let

Xy =A{Xi; :{i,jy e EYN, i e VPN, je VN

qq

The set X2V gathers all X, ; such that i and j satisfy di’™ (Vi,V;) = die™ (Vi, V) = q.

qq
- For all 0 < g <q¥;, let

Xoo ={Xi; :{i.j} e BN, ie VN, je VT

Likewise, the set X;’_)A;H gathers all X, ; such that dp*™ (V1,V;) = ¢ and d'™ (Vi,V;) = ¢ + 1.

Finally, for any 0 < ¢ < g}, let

n,N __ n,N n,N
Xq - Xq<—>q+1 U Xq+l<—>q+1 :

By (@) the joint distribution of (V" )o<q<qn 11 and (X"N)o<q<qn may be factorized using the
conditional independence between some subsets of these variables. For all 0 < ¢ < g%, and all
m e I,

N N N\ _ N Ny n,N N\
P (vt ) = ey (g ey ) = T kv
{i.gy: X exq
These conditional dependences are represented in the graphical model of Figure I where graph
separations represent conditional independences. For all 0 < ¢ < g% any path between X;“N
and other vertices except V" and Vqrflv goes through V"N or tizlv which means that XV is

independent of all other nodes given V;I"’N and tijlv

n,N
N )
Xn,N )qz, qur

Figure 1: Graphical model of a paired comparisons based contest.
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3.2 Round-Robin Scheduling

There is a large variety of n-regular graphs (even up to permutations of the indices), the results of
this paper are obtained for the graph built using the round-robin scheduling. At time ¢ = 1, this
algorithm pairs nodes according to Figure 2al, that is 2i — 1 is paired with 2, for all ¢ € [N/2]. At
time ¢ = 2, a node is fixed and all others are rotated clockwise as described in Figure 2hl Node 1
does not move, 2 takes the place of 3, each odd integer 2i — 1 < N — 1 takes the place of 2i + 1,
N — 1 takes the place of N and each even integer 2i > 2 takes the place of 2(i — 1). Then, each
node is paired with the new node it faces as in Figure[2cd At each time ¢ > 2, each node moves once
according to the round-robin step detailed in Figure 2H and is paired with the new node it faces.
The round-robin graph denoted by Eg’év studied in detail in this paper contains all pairs collected
in the first n rotations of the round-robin algorithm.

566668

) Round-robin, ¢ = 1.

da@ ® @«g

) Round-robin moves.

566608

) Round-robin, ¢ = 2.

Figure 2: First two days using the round-robin algorithm.

Lemma [ gathers results on the graphical model of Figure [l when E™V = E;{’FJ{V that are central
in our analysis.

Lemma 1. Letn, N > 1 and ({1,.. .,N},Eg’}év) be the round-robin graph. Assume that 2 < n <
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N/4. Then, Q¥ is the quotient of the Euclidean division of N/2 —1 by n — 1, that is N/2 -1 =
ay(n—1) +r} where 0 < r¥ < n—1. Moreover, (%"’N,X;"N)ggng%_l is a stationary Markov
chain such that for all 2 < g < qR, — 1,

’V;Z"’N’ =2(n—-1), ‘X;"N’ =n(n-1).

Lemma [l is proved in Section

4 Main results

Section [£.1] computes the limit likelihood function and define a natural risk function to evaluate
the performances of the MLE. Risk bounds for the MLE are obtained in Section using non-
asymptotic concentration inequalities for Markov chains.

4.1 Convergence of the likelihood

The problem being reduced to the analysis of the graphical model of Figure [, convergence results
follow from the geometrically decaying mixing rates of the conditional law of (Vk"’N)OS k<qy-+1 glven

X ;%71 for any 0 < ¢ < q%;. These rates derive from the following assumption.
H1 There exists € > 0 such that for all x € X, 7 € TIU{m,} and v1,v2 € supp(rw), k(z,v1,v2) > €.

When E™N = Eﬁ’év, by Lemmalll the joint sequence (X;“N, V(I"’N)nggq%,l is a stationary Markov
chain which may be extended to a stationary process indexed by Z with the same transition kernel.
This extension is denoted by (X™, V™).

Define also the shift operator ¥ on (X™(*~)% by (dx), = a1y for all k € Z and all = €
(Xn(nfl) )Z.

Theorem 2. Assume HIl holds and ({1,...,N},Elys’) is the round-robin graph. There exists a
function 07 such that for all ¢ > 2,

SUPren 10gPZ’N(X;l’N|X:J}]¥:qg—1)—gﬁ(ﬁqxn) Note 0, Pr, -a.s. (2)

Moreover, for all m € 11, Py, -a.s. and in L' (Py,),

1 n, N n,N n _ n n
G 08PN (X)L () = B [10X7)] 3)

Theorem [2] establishes convergence to the limit likelihood L7 (7) when the number of nodes N
goes to oo while n remains fixed. The rate of almost sure convergence qf; is proportional to N by
Lemmalll Eq (@) is the key to understand the definition of the risk function used in the next section.
We proceed as in Vapnick’s learning theory [27] [26] described now to establish a parallel with our
framework. Let Y,Y7,..., Yy denote i.i.d. observations in ), let F' denote a set of parameters, and
let £: F'x )Y — R denote a loss function. The empirical risk minimizer is defined in this context by

N
FERM :
= argmin E 01 Y:).
" Jer oy
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I E[(f,Y1)] < oo for all f € F, the risk of any f € F is measured by the excess risk [19]

R(f) =E[(f,Y)] -E[(f V)],

where Y is a copy of Y7, independent of Y7,..., Yy and f* is the minimizer of E[¢(f,Y)] over F.
Note that when E[¢(f,Y7)] < oo, for all f € F the normalized empirical criterion satisfies almost
surely,

N
S DoY) — Bl ).

Therefore the excess risk R(f) is the difference between normalized asymptotic empirical criteria
in f and its minimizer. In this paper, the MLE minimizes — logP™" (X"’N), which, properly
normalized converges to —L7 (7). This suggests to define the risk function

R} (m) =L} (7)) — Ly (m), Vo ell. (4)

T

By Proposition [[3] =, is actually a minimizer of —L? () over Il U {n,}. Therefore, R} 1is the
excess risk associated with the likelihood function.

4.2 Risk bounds for the MLE

The following theorem provides non-asymptotic deviation bounds for the excess risk of the MLE.
This is the main result of this paper.

Theorem 3. Assume HIl holds and ({1,..., N}, Eg’g) is the round-robin graph. For any probability
measures ™ and 7', let

/ 1 . ' 1
d(m, ) = {||7T — ||t log (W) if |7 — 7|l < et 5

17— 7'l iflm— 'l > €7t

Assume that I1 is a compact set for the topology induced by d and let N(TIU{7, },d, €) be the minimal
number of balls of d-radius € necessary to cover LU {m.}. Then, there exists ¢ > 0 such that, for
any t >0,

2
cne=6n

VN

Theorem [l is proved in Section It provides the first non-asymptotic risk bounds for any
estimator in a very sparse setting where the number of edges n observed for each node can be very
small compared to the number of nodes N. It proves that the problem studied in this paper is
fundamentally different from the problem of nodes weights estimation that is usually considered, at
least in Bradley-Terry models. While estimating nodes weights is only possible when n is as large
as N [31] 22, B0], some information on their distribution may be recovered when n < N. This
difference is extremely relevant in sports tournaments for example, it means that one can start to
make prediction on the final issue of a championship only after a few weeks, while predictions on
the issue of each game can only be made when half the year has passed.

The distance d defined in (B)) used to measure the entropy of II is not intuitive. However, it is
easy to check that d(m,7") < C, |7 — 7T’||:;°‘ for any a > 0. It follows that, for any class II with

+oo
prN [ Rr (7N > logN(ITU {7, 1. d, e)de + | | <e .
T x T x g

0
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polynomial entropy for the total variation distance, that is such that N(ILU {m, }, |||, ,€) < € for
small €, Dudley’s entropy integral for distance d satisfies

—+oo
V1ogNITU {7, },d, e)de <, VD.

Therefore, “slow rates” of convergence are obtained for the MLE. The polynomial growth N(IT U
{mh Il y€) < € is extremely standard, see [25, p271-274] for various examples where this
assumption is satisfied and our result applies. On the other hand, “fast” rates of convergence
remain an open question. In particular, the margin condition [I8] required to prove such rates
would hold if the total variation distance between distributions of the nodes weights was bounded
from above by the excess risk derived from the asymptotic of the likelihood.

The remaining of the paper is devoted to the proof of the main results. Section [ proves
Lemma[Il describing precisely the structure of the graphical model given in Figure [lin the case of
a round-robin scheduling. Then, Section[Glestablishes central tools in the analysis of the likelihood of
stationary processes whose conditional dependences are encoded in the graphical model of Figure [T
These results, that might be of independent interest, are therefore stated as independent lemmas.
These tools are finally used in Section [7] to prove the main theorems.

5 Round-robin scheduling

This section details the sets V;I"’N and X;“N for 0 < ¢ < g% +1 when EmN = E;{’év (cf. Figures2at
2d). In the following, notations for nodes and their weights are identified, i.e. 4 is identified with
V; for all 1 <4 < N. Lemma [l follows directly from Lemma [] and Lemma [l below. To prove these
lemmas, consider the following notations.

E={4z - 1,4z :x € [|[N/4]]} and O =[N]\E&.

The notation &£ (resp Q) comes from the fact that £ (resp Q) contains all ¢ paired with 1 after an
even (resp odd) number n < N/4 of rotations of the round-robin scheduling. For all 1 < ¢ < g,
let
n,N __ y/n,N n,N __ y/n,N
Vel =V nE and VT =V NO.

Lemma 4. Let n,N > 1 and ({1,...,N}, Eg’év) be the round-robin graph. Assume that 2 <n <
N/4 and let N/2 —1=q%(n—1)+r% where 0 <}y <n —1. Then,

VN = (Vo :x=1,...,n}, (6)
and, for any 2 < q < qy;,
Vi = (Vagsr iw € [(g=2)(n = 1) + L, (¢ - 1)(n - 1)}
U{Var iz €24 (g=Dn—1), 1+ g —DJ}. (7)
Furthermore,
Vel = (Vagpr sz € [(af — D)(n— 1) + Lak(n — 1) + ]}
U{Var iz €2+ ak(n— 1)1+ +ak(n—D}. ()

Therefore, |V0""N| =1, V"N =n and for all 2 < q < ar, |an.,N| =2(n—1).
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Figure 3: Elements of V3V, case r}; = 0.
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3,N 3,N VBB,N V3,N
2

Figure 4: Elements of V3V case r}; = 1.

Proof. To ease the reading of this proof, one can check its arguments on Figures [3] and @l
We proceed by induction on ¢. The definition of V¥ given by (@) is straightforward. Then, V;*"
contains:

- all V; paired with some V; € Vln’N on the first rotation of the algorithm besides V; that does not
belong to V3. These are all {Vayqq :z=1,...,n—1};

- All V; paired with V5 and V, that are not in VOn’N U Vln’N. After n rotations of the round-
robin algorithms, all V; paired with V5 are {V1,Vig4o: = 1,...,n — 1} and those with Vj are
WV, V3, Vg :x=2,...,n—2}.

Therefore,
VN o (Vagyr i =1,...,n =1} U{Vap iz =n+1,...,2n—1}.

On the other hand, by induction, for all i ¢ {N—2z+1,2=1,...,2(n—-1)}U{2z: 2 =1,...,2n—1},

if ¢ is odd, it is paired with {Vij4z41:2=0,...n — 1},
if ¢ is even, it is paired with {Vi_4p—1:2=0,...,n—1}. 9)

10
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This implies that there is no even number ¢ > 4n nor odd number ¢ > 2n — 1 such that V; € VQ"’N,
which yields:

VQ"’Nz{ngH::vzl,...,n—l}U{ng:x=n+1,...,2n—1}.

(@ is obtained by induction using the same arguments and (8) is a direct consequence of the
round-robin algorithm. The last claim follows by noting that for all ¢ € [2,q%],

n,N| __ n,N| _
|‘/q,e _|‘/q,o |—TL—1
Indeed, one of the following cases holds.

- n—1=2p for some p € N. In this case,

Vi e Vi je2z) = {i: Vie Vi€ 22 + 1) = p.

-n—1=2p+1 for some p € N. In this case, either

{j:V;evruN,je2z=p, and |[{i:VieVNie2Z+1} =p+1,

ae
or
{j:V;evruN,je2z}=p+1, and [{i:VieVN,ie2Z+1} =p.
O
Lemma 5. Let n,N > 1 and ({1,.. .,N},Eg’g) be the round-robin graph. Then, for all 2 < q <
q7]<[_ 17
|X;L’N| =n(n—-1).

Proof. The proof essentially consists in building the graphical model of Figure [ from the one
displayed in Figure [I}
Edges involving the first node are decomposed as:

XN e =X e=1,...,[n/2]} = {X1;: Vi e V") and X300, = {X1: Ve VBN)L

0c1,e
Edges involving nodes in Vln’N that are both different from 1 are described as follows.
- Edges between two nodes in Vln’N denoted by:
X{e = {Xupay : (x,y) € [[n/2)) 2 <y} = {X;: Vi, V; € VN, < g},
XN, =Xy Vi, Vi e VLY i< )

1<1,0

Note that there is no edge between any V; € Vl’?éN and a node V; € V:;}(;N for any ¢ > 1. In
particular, there is no edge between any V; € Vf}éN and V; € fo(’)N. Therefore, X7’ (’j\ie U X7, éj\io

describes all edges between nodes in Vln’N.

11
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n,N n,N n,N
X1 Xoloe Xt crage
N
n,N Xnyi n
X0<—>1,e b . ‘\ QR 137 +1
n,N n,N
X1<—>2,e Xq%@q%-&-l,e
n,N n,N
Xl(—>2,o Xq?tﬁ—)q%—&—l,o
n,N .
XOHI,O ? (
n,N n,N n,N
X181,0 X252.0 Xqu‘qu}"vvo

Figure 5: Graphical model of the round-robin algorithm.

- Edges between V; € V;*™ and V; € V3" are described as follows:
Xi2p.e = {Xay-1-anay 2y € [[0/2]],k <y} U{Xuway : @ € [[n/4]],y € [In/2] + 1,0 — a]}
= {Xiy: Vi e VNV e VN e 22 41,5 > i}
U{Xi;: Ve VWY,V e Vi j e 220 [dn — i}
Xiono={Xig: Vi e VI, V; e Vi j €22 +1,5 > i}
U{Xi;: Vi e VN,V e VN j €220 [4n — i)}

By @), for any ¢ € [2,q%], edges between V; and V; both in V"V are:

X5N  ={Xi;:VieVuN ie2Z+1,V; e VN, j e 2z},

g<>q,e
Xil o ={Xi; : Vie VN, ie22+1,V; e VN, j € 27}

Note that (@) shows also that there is no edge between V; € V:Z’féN and V; € V:Z’f(;N . Forall2 < g <q%

12
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n, . n,N
and all V; € V NandV;EV:Z_H,

Xy e =X Vie VN ie (22+1),V; € VY., j € 220 [i + 4n — 3]}
U{Xi;:Vie VN ie2z,V; e VY., j € 22+ 1n1il},
XoN o ={Xij : Vie VLN i€ 22 +1),V; € VLY, 5 € 22N i+ 4n — 3]}
U{Xs;:Vie VN ie2z,V; e VLY, i€ 22+ 1)nil}.

Therefore, for all 2 < ¢ < q¥;,

(Xgloel =i Vie VN ie2Z+1}|{j: V; e VUV, j € 22}
B p? ifn—1=2p,
T lplp+1) ifn—1=2p+1.

The same holds for |X%N | so that |[X%N| = 2p? if n — 1 = 2p and | X%N| = 2p(p + 1) if

g<>q,0 a<rq qq

n—1=2p+ 1. On the other hand,

| Xotrqriel = > 1V e VN j e 2z i+ 4n — 3]}

gergtle
VeV ie(2241)

+ Y WiVvievitaie2Z+1nlil}

VeV icoz
2yt li=pp+1) ifn—1=2p,
P+ li=(p+1)? ifn—-1=2p+1.
As the same holds for |X;’<’_)]\g+1)o|, |X;’<’_)]\g+1| =2p(p+1)ifn—1=2pand |X;j_>]\g+l| =2(p+1)%if
n—1=2p+ 1. The proof is completed by writing | X7V | = |X;j_>]\g+1| + |X;_;J¥<_>q+l|. O

6 Probabilistic study of the graphical model

This section analyses stochastic processes whose conditional dependences are encoded in the graph-
ical model of Figure[ll To ease applications of these general results to our problem, we focus on a
restricted class of such stochastic processes.

Let n € N\ {0}, my be a distribution on a measurable space V and X be a discrete space.
Let K; denote non-negative functions defined on X x V2 such that all K;(.,v,w) are probability
distributions on X. Let P, be the distribution on V"1 x X" defined by:

n+1 n+1 n
Pry (Vi1 € Aving1, Xiin = 21n) = / T 1A o) TT wv(dvo) ] KiCwi,visviga) . (10)
i=1 i=1

i=1

The random variables (V;)ie(1,... a1} are i.i.d. taking values in V with common distribution 7y
and (X;)ieq1,..n} is a stochastic process taking values in a discrete set X such that (X;)eq1,...,n} are
independent conditionally on V' and

]P)TI'V(Xi = x|‘/1in+1) = Pﬂ'v (Xl = I|‘/i7‘/i+1) = Kl(xa ‘/ia ‘/iJrl)v Vi € {15 n},Va: e X.

13
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Therefore, P, is a generic probability distribution with conditional dependences encoded by the
graphical model of Figure[Il In this section, the following assumption is always granted.

H2 There exist v; > 0 such that
v; < Ki(z,v,w) <1, Ve e X,Vi € Z,Yv,w € V. (11)
For some results, the following assumption is required.
Vie{l,...,n}, K, =K. (12)
Whenever Assumption ([2]) holds, we shall denote by v a real number such that
v < K(z,v,w) <1, Ve e X,Vo,w e V.

Note that by (0], the sequence (Vit1, Xi)k>0 is a Markov chain with transition kernel on V x X
such that:

Pry (Vip1 € A, Xi| Vi, Xie—1) = /]1A(Uk+1)7fv(dvk+1)Kk(Xk,Vk,vkﬂ) > vy (A).

This uniform minorization condition ensures that the joint Markov chain (Vi11, Xk)r>0 is geomet-
rically ergodic and admits the whole space V x X as petite set. Note also that, as defined by (L0,
P, is the law of this Markov chain started from stationarity, the stationary distribution on V x X
being (A, zo) — [ La(v1)my (dvr)my (dvo)k(xo, vo, v1).

Lemma [0 first shows that, conditionally on the observations, Vi,...,V, is a backward Markov
chain admitting the all state space as petite set.

Lemma 6. For any ¢ > 1, conditionally on Xgn, (Va,..., V1) is a Markov chain. Its transition
kernels (Kj:vpi q)qSk<n are such that, for all ¢ < k < n, there exists a measure i, 4 satisfying for

all measurable set A:

KX (Viy1, A) =Pry (Vi € AlVip1ms Xgin) = Py (Vie € AVii1, Xgin) > Vieliq(A) -

mv,k,q

On the other hand, for all 1 < k < ¢,
KV (Virr, A) = Py (Vi € AlVis1in, Xgin) = 1y (A).

mv,k,q

Proof. The Markov property is immediate. The case 1 < k < ¢ follows from the independence of
Vi and (Vig1:n, Xgin). Then, for any ¢ < k < n and all measurable set A,

Pry (Vi € AVig1in, Xgin) = Py (Vie € AVig1, Xgr)
B fllA(vk)wV(dvk)Kk(Xk,vk,vk+1)]P>7rV(Xq:k,1|vk)
v (dog) Kk (Xk, vk, Uk g1)Pry (Xgko1 k)
with the conventions Py, (X4.q—1|Vy) = 1. By Assumption H2]

f ﬂA(Uk)?TV (dvk)Pﬂ'v (Xq:kfl |Uk)
f TV (dvk)]P)Trv (Xq:kfl |vk)

]P)TFV (Vk € A|Vk+17Xq:n) > Vg

The proof is then completed by choosing:

_ f]lA(Uk)ﬂ-V(dvk)Pﬂ'v (Xq:k—1|vk)
uk7Q(A) B fﬂ-V(dvk)Pﬂ'v (Xq:k71|vk) .

14
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Lemma [7 shows the contraction properties of the Markov kernel of the chain V' conditionally on
the observations. It is a direct consequence of the minoration condition given in Lemma [6] see
for instance [I7, Sections ITI.9 to III.11] or [3, Corollary 4.3.9 and Lemma 4.3.13]. Let || - ||ty be
the total variation norm defined, for any measurable set (Z, Z) and any finite signed measure £ on
(Z,2), by

I€]lev = sup {/ f(2)&(dz) ; f measurable real function on Z such that || f|jec = 1} .

Lemma 7. For all probability measures 1, po and all 1 < g <k <n,

H/Ml dv) Ky (0, )_/“2(d”)va‘,k,q(”=')

In particular, by induction,

< (=) |lpa — pollew < (1 —wi) -

tv

|/ @) = oy 2L o) K2 (0. <H 1—w).  (13)

tv

Lemma [§ proves a key loss of memory property of the backward chain X, with geometric rate of
convergence. Whenever it is necessary, we adopt the convention [[;-, =1 for any ¢ > m.

Lemma 8. Forany1<q¢<n-1,

log Py (Xq|Xg41:n)| < log (VJI) : (14)
Foralll>1,1<qg<n-1,
n—1
llog Pry, (X Xgt1:n) —10gPry (X¢| Xgt1:nte)| < Vq_1 H (1 —wp). (15)
k=q+1

Proof. To prove ([T), for 1 < ¢ < n, note that by Lemma [6]

n—1

VIX
Pry, (Xq|Xg+1:n) = /]P’m, (dvn| Xg41:n) H Kml,k,qﬂ(vk-i-lvdvk) Ty (dvg) Ko(Xq, vg, vg41) -
k=q+1

(16)
Inequality (I4) follows from (I6]). Likewise,

]P)‘rrv (Xq|Xq+1:n+l)

:/]P)Trv (dvn| Xgt1n40) H 7'rV kq+1 (i1, dvg) | my (dvg) Ko(Xg, vg, vg11) - (17)
k=q+1

Then, by Lemma [7] combining ([I6) and () yields:

|P7TV (Xq|Xq+1:n+E) - ]P)ﬂ'v (Xq|Xq+1:n)|

n—1 n—1
< H (1 =) SUPyy 1€V /WV(qu)Kq(Xqvquvq-i-l) < H (1—w).
k=q+1 k=g+1

15
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(I3 is then a direct consequence of ([I€), (I7) and the fact that for all z,y > 0, |logz — logy| <
[z —yl/z Ay. O

Lemma [@ is the crucial result to bound the increments of the log-likelihood.

Lemma 9. For all distributions my,n(, € LU {n*} and any 1 < ¢ <n,

|1ogPﬂV (Xq|Xg41:n) —logPry, (Xq|Xq+1:n)‘

n+1—gq q+4—1
<2 > Wetgreaavgr) | [T A=) | Imv = 7 lle -
=0 k=q+1
Proof. When ¢ = n,
]P)TI'V (Xn) / {7T d’Un n+1 - 77\/ (dvn n+1 } K Xnu Un, 'Un-i—l)

Thus [Pry (Xn) = Pry (Xa)| < 2|7y — 7y lov. When 1 < g <n—1,

n+1l—q

Pr, (Xq|Xq+l:n) - Pﬂ/ (Xq|Xq+1:n) = Z {Pf(Xq|Xq+1:n) - P€+1(Xq|Xq+l:n)} )
=0
where Py is the joint distribution of (Xg:n, Vging1) when (V, ..., Vyqp—1) areiid. w(, and (Vgqe, ..., Vay1)

are i.i.d. my. The first term in the telescopic sum is given by:

]P)O(Xq|Xq+1:n)_Pl(Xq|Xq+1:n) = /]P)O (dvq+1|Xq+1:n)/WV(dvq)Kq(anvqa”qul)

—/]PO (dvq+1|Xq+1:n)/W(/(d”q)Kq(Xqvququrl)v

where Pg (Vy41|Xg+1:n) is the distribution of V41 conditionally on X,41.n when (V,,...,Vhq1) are
iid. my. As V, is independent of (Vgy1, Xgy1:n), this distribution is the same as the distribution
of Vg1 conditionally on Xg41.n when Vg ~ 7f, and (Vyq1,..., Vay1) are i.id. my.

|PO(Xq|Xq+1:n) - ]P)l(Xq|Xq+1:n)| <|mv — 71'{/Htv-

Then, forall 1 </<n+4+2-—g,

q+£—1
VX
Py (Xg| Xgt1:n) = /]P’e (dvgte| Xgs1:n) H Kﬁd,k,qul(karl’dvk) /W{/(dvq)Kq(Xq,vq,qu),
k=q+1
Therefore, by (3],
IPe (Xq| Xgt1:n) — Propr (Xg| Xgs1:n)]
q+e—1
< H (T =vk) | IPe (Varel Xgt1:n) — Pogr (Ve Xg1:n) Iy
k=q+1

16
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where Py (V40| Xg+1:n) is the distribution of V1, conditionally on Xyi1.n when (Vg ..., Voye—1)
are i.i.d. 7, and (Vgys, ..., Vhqr) are iid. 7y, It remains to show that

[P (V:z-i-leq-‘rl:n) — Py (V:z-i-leq-i-l:n)”t\, < 2(quq+f—1’/q+€)_1”7TV - 7T(/”tv

which amounts to showing that for all f such that ||f]| <1

‘/f(vqu) {Pe (dvgse| Xgv1:n) — Poga (dvq+e|Xq+1:n)}‘ < 2(Vgvgpo—1Vgre) My — 7 |l -

Write, forall 1 << n+4+2—g,

qt+e—1 n+1 n
H 7 (dvop,) H 7y (dvy,) H K (X, Uy Umt1) - (18)
m=q+1 m=q+{ m=q+1
We have I ido. X
[ FPe oy Xp1) = L)
Therefore,

[ F00e) (Pe el X1) = P (g Xy}

/f’U < Lg dv X) _ Lerl(dv,X) )
O\ T Lo(du, X))~ [ Lga(do, X))

Lg dv X) L[Jrl(dv X)
f q+€

fL[ dv X
/f g Lg+1(d’U,X) f[Lngl(d’U,X)—Lg(d’U,X)]
YT, (v, X) [ Le(dv, X)
Thus,
L, L, v
[ 50010 Bl Xpa) = P (g Ky} < 2828 f)Ll zenle Bl )
By ([I8), for any f such that || f[|,  <1,forany 1 </ <n+1—gq,
[ 50 Eeta0, ) = Losa(an, )|
q+4—1 n+1 n
= /f(v) [T = @on) {mv(dvgre) = i (dvgse)y [T #v(dvm) [] Eon(Xoms v, vmia)] -
m=q+1 m=q+~L+1 m=q+1

As Kqq¢—1 and K4, are upper bounded by 1,

q+¢—1 q+0—2
’/f Lé dv X) L€+1 dU X ’ (/ H 7TV dvm H K, muvmavm-l-l))

m=q+1 m=q+1

n+1 n
X H7TV —7TV||tv / H (d'Um) H Ko (X Vms Vmg1)

m=q+4{+1 m=q+4+1

17
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Similarly, since K4y¢—1 and K44, are respectively lower bounded by v44,—1 and vg¢,

q+£—1 q+L—2
/Lg (dv, X) (/ H 7 (dv,) H K,, m,vm,vm+1)>

m=q+1 m=q+1

n+1 n
X Vge—1Vg+e / H (dvm) H Km(Xmavmavm+1)

m=q+4+1 m=q+4+1

Plugging these bounds in ([I9) yields, for 1 </ <n+41—gq,

‘/f(vq-‘r@) {Pe (dvg+e Xg+1:n) — Pesa (dvq+€|Xq+1:n)}’ <2 (’/q-i-é—lyq-i-f)_l |y — ﬂ—{/”tv :
The proof is completed using the fact that for all z,y > 0, |logz — logy| < |z —y|/z N y. O

Lemma [I0is a key ingredient to prove bounded difference properties for log-likelihood based pro-
cesses.

Lemma 10. Forall1<qg<nandallq<q<n, let )N(g:n be such that )?g €X and X9 = Xy for
all g <k <n such that k #q. Foranyl1 <q<g<n
g1
108 Py (X, | Xg41) — log Py (XX, 10| < vyt T (1= ).
k=q+1

Proof. If ¢ = ¢ =n, then

PT"V (Xn) - ]PTFV(

)

‘/WV d’Un 7TV(d’Un—i-l) {Kn(XmUnaUn—i-l) - Kn()?:avnavn—i-l)}

<l—-y,<1.

Assume now that 1 < ¢ <n. When § =g,

]P)Trv (Xq|Xq+1:n) - ]P)Trv (X |Xq+1 n)
= /PWV (dvq+1})~f§+1;n) Ty (dvg) {Kq(Xqvquvq-l-l) - Kq()?gv”qvvq-i-l)} )

which ensures that [P, (Xq|X¢+1:n) — Pry (X |Xqul ) <1—v; <1. When § > ¢+ 1, as for all
g+ 1<k <g— 1 the Markov transition kernel K VIX T depends only on 7y, Kj, and X414,

P, ( ’Xq+1 n) = /]P’,,V (dvq )Zt;

G—1
VX
qul:n) H Kﬂ'\l,k,q-i-l(karl’dvk) Ty (dvg) Kq(Xg, vg, vg41) -

k=q+1
By Lemma 7 it follows that
Pry (Xq|Xq+1:n) —Pry ( }Xq-‘,-l n)
g1
< H (1 —wg) SUPy,4 eV /WV(dvq)Kq(an Vgs Vg+1)| -
k=q+1
The proof is completed using the fact that for all z,y > 0, |logx — logy| < |z — y|/x A y. O
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Let 7, denote a probability distribution on V and let

n

1
Zry (X1:n) = n Z I:]‘OgPT"V (Xq|Xgt1:n) — Ery [log Pr,, (Xq|Xq+1:n)]] .
qg=1

Lemma [TT] shows the concentration of Z,, (X1.,) around its expectation.

Lemma 11. Assume that K; = K for all i € Z, let P denote a class of probability distributions on
V. There exists ¢ > 0 such that for all t > 0,

ot 2
]P)Tr‘*/ <|Sup7rV€P{Zﬂ'v(X1:n)} _EW‘*/ [SUPﬂ-VGP{ZﬂV(chn)}” > cv 2%) < 2e .

Proof. The proof relies on the bounded difference inequality for Markov chains [I0, Theorem 0.2].
To apply this result, sup,, 6p{ZﬂV (X1:n)} has to be separately bounded. For all 1 < ¢ < n and all
g<gG<n, 1etX suchthatheXandX‘I_Xk for all 1 <k < n such that k # ¢. Then,

|Sup7rv673 {Zﬂ'v (Xl?n)} _Supﬂ'VEP{Zﬂ'V (jzi]n)H

n

S SupTrV eP

[10g]P)7rV (Xq|Xq+1:n) logPr,, (X |Xq+1 n)} |

1 q
a0 Z [IOngv(XﬂXqul:n) log]P)TrV(X |X q+1: n)}

By Lemma [I0] for any distribution 7y € P and any 1 < g < n,

n

1
H Z |:1Og]P)ﬂ-V (Xq|Xq+1:n) 1OgPﬂ'v (X |Xq+1 n):|

q=1

V71(1 - V)qqul .

=
-

<

q=1

Hence, there exists ¢ > 0 such that,

|Sup71'v€73 {Zﬂ'v (Xl?n)} Supﬂ'VEP{Zﬂ'V (Xl n)}l < n

The proof is concluded by [10, Theorem 0.2]. O
Lemma [[2] shows the subgaussian concentration inequality of the increments of Z,, (X1.q)-

Lemma 12. Assume that K; = K for alli € Z, let my, w1}, denote two probability distributions on
V. Let d denote the distance defined in (). Then, there exists ¢ > 0 such that for alln > 1, ¢ > 0,

t2
Pﬂ'* n Zﬂ'v Xl:n - Z7r/ Xl:n S ex e a—— I 20
v(‘\/_{ ( ) v( >}‘>t)< P[ (cv=3d(m, 7)) ‘| 20)

Proof. To prove that the increments Z,, — Zy, are separately bounded, consider, foralll < g<n,
)~(1q:n such that )N(g €Xand X7 = Xy, for all 1 < k < n such that k # ¢. On one hand, by Lemma [9]

|10gPrv (Xq|Xq+1:n) - log]Pﬂ/ (Xq|Xq+1:n)‘ < 2’/74”7"\/ - 71'{/Htv-
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On the other hand, by Lemma [0 for any 1 <¢<¢g<n

‘1og]P’7rV (Xq| Xgt1:n) — log Py, (XngffH;n) < V71(1 - V)qiqil .

Since log P, (X¢|Xgt+1:n) = logPr,, ()?g|)~(g+1:n) for ¢ > q,

|(Zny (X1) = 2oy, (K1) = (2o (RT0) = 2o, (K1)

w4 _ 2,5
< 2 S [l = mll A (L= 2)T7) < Z—d(m, ).
N n
Eq (20) follows by plugging these bounded differences properties in [10, Theorem 0.2]. O

7 Proofs of the main results

When HI] holds and E™N = Eﬁ’év, (V;.L(;g, Xg_*q]X_l) satisfies the assumptions of Section [6 with
N N

_ . ®n-1 n,N n,N n,Ny __ - an,N
TV =T " s Kl(Xz 7‘/1' a‘/iJrl )_ H k(Xiij‘/ia‘/j% Vi_a' ‘ ‘

X ext

Moreover, it is proved in Section [B] that |X;"N‘ =n(n—1) for 2 < ¢ < g% — 1, which implies that

2
v; > e

Throughout the proofs, the following conventions are used. For all 0 < k < q¥;,

vZ’N € V'V’:’Nt W(de"N) = H m(dv;) .
Ve

7.1 Proof of Theorem

Let £ denote an even number larger than 2 and let 2™V = XN U XN U X;}*VN. By Lemmal[8]

n,N n,N | yn,N n,N-+£ n,N+{ n,N+£
supzen [log Py (XN [ X7 g 1) — log P+ (xm Vo0 | xoe )|
2 2\ AN —9—2
ga”(l—g") . (21

This proves the first conclusion. The log-likelihood is decomposed as follows

log PN (X™N) = log PN (X;fg}iv_l) +log PN (ngN,X{“N,X;ﬁZ;VN‘X;;j}YV_l) ,
an—1

n n, n,N mn, n, n,N
-y log]P’W’N(Xq'N‘XqH:q%,l) +log P (2 rN’XQ:q;LV,l) L (22)
q=2
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Let us first bound from above the last term in ([22)).
n, n, n, n, n,N n,N
PN (Z N’qun_l) /]P’ N (Z N dugy, ,dug 2 qn +1’X2¢q}””v—1) ,

_ n, N n, N n,N n,N .oy .
_/Pﬂ’ (dUO:2 7dvq}§:q?{,+l’X2qN71> H k(X%J?U“U]) ’
X; ;€ZmN

By Assumption [I]
e’ < puN (Z" N’XQ o ) <1. (23)

In particular, the last term in ([22)) is o(q}) when N grows to infinity. Taking the limit as £ — oo
in (210 yields, for any n and N,

1 qn—1 3e—3n
SUDremrm Z {1og]P>" N (Xn N‘Xq-i-l - ) _ é;l(,lQQXn)} < - (24)
an | ;= an

By (@), [¢»(X™)| < n?log(e1), thus ¢ is integrable. Therefore, the ergodic theorem [, Theo-
rem 24.1] can be applied to Zgﬁ;l 2(99X™) /g7 and (@) follows.

7.2 R, is the excess risk function

The following result shows that R} is a non-negative function.
Proposition 13. For all 7 € Il and alln > 1, R} (7) > 0.

Proof. Let m € Il and n > 1. By (@),
L2 () = By, [ lim TogP2¥ (X2 VXN )]

Tk

By Lebesgue’s bounded convergence theorem

Lz, (m)

. n, N n,N n,N
Jm B [log PR (X3 X5 )

lim Ex, [Er, [logPr (X3 VX500 ‘qun_lﬂ .

N—o0

Therefore,
Rz () = Jim {Er. [Ex, [log P (X3 IX500 ) —log e (XN |xg o)|xad L]}

N—o0

and the latter is non negative since the term in the expectation is a Kullback-Leibler divergence. [
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7.3 Proof of Theorem [3]
As that for any 7 € U {7, }, £ (1) = log PN (X™N) | the excess loss satisfies:

1 1 1
R (FN) = L7 (m,) — En. [—RW m)} T En, [—RW m)} ~ Ly
qN adn an

4 ingn,N (71'*) _ ingn,N (%n,N) 4 ingn,N (%n,N) —Eﬂ—* [qingn,N (%n,N):|

an an an N
1
+Er, {—nzan (%”JV)} — Lz @"N).
an *
By definition ¢V (7,) — ¢ (%"N) < 0. Thus,
o . EW* f"’N (7T) . é”vN T
Rﬂ.* (7T ’N) S 2 Supﬂenu{ﬂ*} L *(Tr) — % + _nETr* [6 N (ﬂ')] — # .
0y an an
Let 2™ = Xg"M U X7V U XY, For all w €I,
Eﬂ- é”vN 1 aN —
L7 (7T) _ M S _nEW* Z gn(ﬁqxn) log]P’" N (Xn N‘Xvqul qn 71)‘
Iy Y s N
+ 5B, [[202X) —log P2 (27 |x5:8 )]
N

Then, by Lemma [}l and (24)), for the round-robin scheduling, there exists ¢ such that:

n,N —3n?
7 () - B <”ﬂ|§05 .

SupﬁEHU{w*} n
an

This yields:

2

n,N (~n,N CE_B” 2 n, N 1 n, N
Ry (@) < ——+ - Suprenuqaey En, [0 (1)] — 00N ()]
dn qN Ay
and therefore, by ([23)),
Caf?mz
Ry N(%n N) < + QSUpweHu{ﬂ-*} | Zav | (25)
ShY
where
1 ay—1
Z= o 3 [log]P)”N(X"N|X "N ) —En, [log]P’”N(X"N|X Wy n)” .
N q=2

Lemma [[] applies by assumption HI] since E™N = ERR , therefore, there exists ¢ > 0 such that,
for all t > 0,

t
P, (‘supﬁenu{ﬁ*}Z7T —E,, supﬂenu{ﬂ*}zﬂ} —2n? = ) < e_t27 . (26)
N
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Furthermore, by Lemma [[2] the increments of Z, have subgaussian tails. Since by Lemma [I]
V"N =2(n — 1), for all ¢ > 0,

2
]PTI’*(\/qu|Z7T_Z7r’|>t)Sexp<_ t ) '

(CE—5n2 d(r®2n=1), (W/)®2(n71)))2
Now it is easy to check that

Hﬂ_®2(n71) _ (ﬂ_/)®2(n71)

<2(n—1) [ ==l .
tv

Therefore, d(x®2("=1 (x")@IV3""1) < en2d(m, 7') < ce="d(r,x), thus for all £ > 0,

t2
P, (w/q’J(, | Zx — Zyr| > t) < exp (— 2) . (27)

(ce=6n*d(m, 7))
Then, by Dudley’s entropy bound, see [12] or [24, Proposition 2.1],
06_6n2
Van

Plugging (26]) and ([28) into 25) concludes the proof.

+oo
E,. {Supﬂenu{ﬂ*}ZF(X”’N)} < /0 VIogN(ILU {7, d, e)de. (28)
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