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Abstract We consider a mechanical system with a
finite number of degrees of freedom and non-trivial
inertia matrix, submitted to a single perfect unilat-
eral constraint. We assume that the local impact law
consists in the transmission of the tangential com-
ponent of the velocity and the reflexion of the nor-
mal component which is multiplied by the restitu-
tion coefficient e € [0, 1]. Then, starting from the
measure-differential formulation of the problem given
by J.J. Moreau, we propose a velocity-based time-
stepping method, reminiscent of the catching-up algo-
rithm for sweeping processes and we prove that the
numerical solutions converge to a solution of the prob-
lem.

Keywords Vibro-impact dynamics - Measure
differential inclusion - Restitution coefficient -
Sweeping process

1 Formulation of the problem

We consider a mechanical system with a finite number
d of degrees of freedom. The configurations of the sys-
tem are represented by ¢ = (¢1,...,qq) € E := R,
where g € E :=R? denotes the representative point of
the system in generalized coordinates. A motion is de-
noted by ¢ : I — E :=R?¢, where I =[0, 7], t > 01is
a time interval. We assume that the system is subjected
to an unilateral constraint: the trajectory must stay in a
domain L geometrically expressed by

gityeL={qeE; g(qg)<0} Vtel,

. . 1,1
where g is a function of class C10c2 (E,R) such that

v g does not vanish in a neighbourhood of

g € E; g(q)=0}.

The system satisfied by the problem when impact is
added, is

M(g@)§=R+ f(.q,p), p=M(q)q. )]

Here R describes the reaction of the constraint. For
each g, M(q) denotes the inertia operator which is a
symmetric and positive definite (s.d.p) d x d matrix.



Let us denote by (., .); and (., .)Z the inner products
given by

(u,v)g = "uM(q)v

and

(u,v); = "uM=(q)v.

The corresponding norms are

luly =+/"'uM(q)u (kinetic local norm)

and

lul; = \/'uM~1(q)u (momentum local norm)

for all (u,v,q) € E>. Since discontinuous velocities
may occur when g(g(¢t)) = 0, an appropriate func-
tional framework is to look for a motion g such that
g has right and left limits ¢ (¢ 4+ 0) and ¢ (¢t — 0). Then
it is clear that

Vg(q()) -4 +0) <0,
Vg(q(®) -4 —0)=0.

For all g € E, we define the set of right admissible
velocities V (g):

{ueE;Vg(g)-u<0} ifg(g)=0,

E otherwise,

Vig) = {

where v - w denotes the Euclidian inner product of the
vectors v and w in E. We define the exterior normal
cone to L at point g by

{AVg(g); A =0} ifg(q) >0,
{0g} otherwise.

NL(CI)={

We assume that the unilateral constraint is friction-
less, hence the reaction belongs to the opposite of the
normal cone to L at g; see [9]. We can introduce the
Stieltjes measure ¢ = dq and we obtain the following
measure differential inclusion (MDI):

f(t,q, p)dt —M(q)G =—dr € Np(q), 2

where dt is the Lebesgue’s measure and dr is the mea-
sure which describes the reaction of the constraints.

When the velocity is discontinuous, i.e., if g(t +
0) # ¢(t — 0), then by integrating (2) in a neighbour-
hood of {t}, we obtain

M(g) (¢t +0) — 4t —0)) = —dr({t}) € NL(q(1)).

It follows that

Gt +0) e V(g()),
Gt +0)—q(t—0) e Nj(q(0)
=M~ (g@D)NL(q().

These relations do not define uniquely ¢ (¢ +0) and we
have to complement the description of the dynamics
with a constitutive impact law. We suppose that the lo-
cal impact law consists in the transmission of the tan-
gential component of the velocity and the reflexion of
the normal component which is multiplied by a resti-
tution coefficient e € [0, 1], i.e.,

q(t +0) = proj, (4t = 0), V(q(1)))
— eproj,y (4t = 0). N} (¢(1)))
=41t —0)—(1+e)
X proj, ) (4t = 0), Ni (¢(1))). 3)

where proj, (u, Ny (q)) (resp. proj, (u, V(q))) denotes
the projection operator on N; (g) (resp. on V(q)) rela-
tively to the kinetic metric at ¢g. We should observe that
this impact law leads to non-increasing kinetic energy
at impacts.

In [9] J.J. Moreau introduced a synthetic velocity-
based formulation of the problem, given by the follow-
ing measure differential inclusion:

; Gt +eq
f@,q,p)—M(q)G € Ny (ﬁ) 4
with

{yeE: (y.x—4)<0 VxeV(g}
Nyg)(q) = ifg e Vig),

() otherwise.

More precisely

Definitio 1 A function q : I — E is a solution of
(2)—(3) with initial conditions (qo, uo) € L x V(qo) iff:

e gqgt)yeL Vtel
e gebvem(l;E)i.eqe BV(I; E)and
_qt+0)+eq(t—0)

() 1+e

vt e Int(7)

e (g, q) satisfy the initial data in the following sense:

4(0) = qo, &)
4(O0+0)=uo (6)



e (q,q) satisfy (4) in the following sense: for any
positive measure d over I with respect to which
the Lebesgue measure dt and the Stieltjes mea-

sure dq possess densities, respectively t,/; = g—; €

LY, du: R) andq'l’L = Z—Z e LY(1,dw; E) we have

f@,q, P, 1) — M(q)g,, (1) € Ny (1))
duaeonl. 7

Notice that (7) does not depend on the ‘base’ mea-
sure du and that, at an instant of contact ¢ such that
gt +0)#q(—0), (7) is equivalent to (3) (see [9]).

Let us give the assumptions under which we shall
investigate the existence of a solution.

H-1: f:[0,T] x E x E — E is a continuous func-
tion, which is locally Lipschitz continuous with
respect to its second and third arguments.

We will denote by

Crw= sup{|f(t,q, M(q)v) , (t,q,v) € W}

and L 7w the associated Lipschitz constant on
any compactset W C [0, T] x E x E.
H-2: g: E—>Risa Cllo’c1 /2 function, with nonzero
gradient in the neighbourhood of its zero level

set

S:={q e E;g(g)=0}.

H-3: M is a mapping of class C! from E to the set of
symmetric positive definite (s.d.p) d * d matri-
ces F.
It follows that mappings g — (M(gq))'/~ and
g+ (M(q))~" are locally Lipschitz continuous
from E to the set of s.d.p d * d matrices F C
My (see [11] for instance). Therefore, for any
compact V of E, there exist oy > 0 and By > 0
such that

1/2

aylul® < |ul; <Bviul> Vu€eE,¥geV, (8)

an inequality which will be useful in the sequel.

First we show that there exists an interval [0, T*] C
[0, T], ™ > 0 on which the Cauchy problem admits a
solution (local existence). Moreover, energy estimates
allow us to prove the existence of a ‘global’ solution,
i.e., a solution defined on a time interval depending
only on the data. Let us outline the main steps of the

paper.

In Sect. 2 we introduce the numerical scheme (im-
plicit and explicit versions) and we prove some local
uniform estimates for the discrete velocities by using
a fixed point argument. Next in Sect. 3, we establish
that the total variation of the approximate velocities is
uniformly bounded and by using Helly and Ascoli the-
orems, we extract converging subsequences. Finally,
we study the properties of the limit, more precisely we
check that the differential inclusion and the impact law
are satisfied, which concludes the proof of the local ex-
istence result.

Then, in Sect. 4, we reason as in [13] to show that
the convergence result can be extended to a fixed in-
terval [0, t] depending only on the data, which leads
to the existence of a ‘global’ solution.

Our results follow in the same spirit and they di-
rectly extend [5], where a constant and trivial mass
matrix is considered, and [2] which tackle only the
purely inelastic case e = 0, while in [6] and [7]
both simplifying assumptions were made. Other ap-
proaches may be found in [14], in [1], in [10], in [12]
and in [13]. The present results were announced and
outlined in [3].

2 Numerical scheme

We shall define the numerical scheme on [0, T] with
T € (0, T'] satisfying some requirements (see (10) be-
low at the end of the proof of Lemma 1). More
precisely, let n be any positive integer, h = % and
thi =1h, 0 <i <n. We define two finite sequences
(gn,i)o<i<n and (up,;)o<i<n of E by

qn,0 =40

un,0 = —euo + (14 e)proj,, (uo, V(qo)) =uy
andforall0<i<n-—1

Gn.i+1 = qn,i + hun

h
1+e

Ui+l = —eup; + (1 + e)projqn.iH (un,i +

X M7 (Gnit1) frit1, Vn,i+1)s )

where f, ;+1 is an approximate value of f(z,q, p),
Van.i+1 = V(qn.,i+1) and the projection onto Vj, ;41 is
taken with respect to the kinetic metric at g, ;1.



The approximate value of the force can be updated
explicitly i.e.,

fit1 = f(tnit1: gnit1, M(Gnis)tni),
0<i<n-—1.
But, in order to avoid instabilities that could appear

with an explicit algorithm, we may choose to define
an implicit updating given by

Sit1 = f(tnit1: gnit1, M(Gniv)ttn,it1),
O0<i<n-—1.

When no constraint is active at ¢, ;1 then V(g i+1) =
E and (9) becomes

—1
Up,itl =Uni +hM™(qn,iv1) fn,it1

which is an Euler’s discretization of the ordinary dif-
ferential equation

M(q)g=f(t.q,p).

We should notice that (9) can be rewritten as

il — i
Sriv1 — M(qn,it1) <%)

Up,i+1 +elp i
€ NVn,i+1 < l+e

which is a quite natural discretization of the measure
differential inclusion (4).

In the implicit approach, the construction of the se-
quence (i, ;)o<i<n requires at each time step the com-
putation of a fixed point which existence will be jus-
tified below. Since this fixed point argument will give
some uniform estimates for the discrete velocities, we
apply it also to the explicit approach although it is not
necessary to define (u,_;)o<i<n in this case.

Let 7 € (0, T] and n be the integer part of %; we
consider first the mapping G defined by

(E x E)yitl — E7
N Gy dn,i) Yo<i<i —> {fuihi<i<i
with

Fitt = f (tnit1s Gnivts M(Gn,i+)iin, j))
foralli €{0,...,n —1}

and j (i) =i if we consider an explicit version of the
scheme, j(i) =i + 1 if we use an implicit version.
Let

dn,1 = qo + hug
and denote by (Vio)of,- <ii the sets defined by
Vy=V(g) i=0,

1

VP =V(gn1) i=
vO=vp if 2<i <.

We consider the mapping F° given by
0. E" — (E x E)™!
{fuiti<i<i = {(@n,i> Un,i)}o<i<i
with
dn,0 = qo,
Un,0 = Uo,
and foralli € {0,...,n — 1}

Gn,i+1 =qn,i +hitn;,
h
1+e

Upiv1 =—ely; + (1 + e)prquM.Jrl <ﬁn,,’ +
X M_l(én,i+l)fn,i+], VB‘,—])

Then F* e CO(E", (E x E)™1) and G € CO((E x
E)™1 E™). 1t follows that the mapping F° o G €
CO((E x E)"™ (E x E)™1) and it leaves globally
invariant the compact convex set defined in the follow-
ing lemma:

Lemma 1 Let R > |ugly,, and _let oo, Bo be the real
numbers defined by (8) on V = B(qo, R). If we denote

_ _ R n+1
- 50 5)

then F® o G(C) C C, if T is small enough.

Proof Let us define

- - R
W =1[0,T] x B(qo, R) X B(O, \/—@),

and recall that

Cyrw =sup{|f(r.q. M(q)v)

; (1,q,v) € W}.



Let {(Gn,i» @n,i)}o<i<i € C. Then we have (ty,i+1,
qn’,‘_;_l, ﬁn,j(i)) e W, foralli €{0,...,n — 1}, and it
follows that

|fnit1l <Cprw VO<i<n-—1.
It remains to prove that FO({fn,i}lgigﬁ) = ({(Gn.i
un,i)lo<i<i) € C thatis

Gni € B(qo,R) and |iin;| < YO<i<i.

We establish this result by inductionon i € {0, ..., n}.
If i =0 we have

_ _ R
Gn.0, U = (qo, B(go, R) x B[ 0, —— |.
(gn.0, Un,0) = (g0, o) € B(qo, R) X ( «/“_0>
Assume that (gn.i, iln,i) € B(qo, R) x B(0, J%) for
all i €{0,...,j} with j € {0,...,n — 1}. Then we
have

j ~
- - TR
|Qn,j+l —qol=h ;Mn,i = \/—05_0

Let us assume from now on that

TR
—=<R.

NCT

In order to simplify the notation, let

Xn,i = Un,i + LM—1(67n,i+1)fn,i+1 O<i<n-—1
1+e

and denote by Ly 1 (resp. Ly 2) the Lipschitz constant
associated to the mapping M (resp. M'/?) on the com-
pactset V.

Let us also denote P, ; (resp. Ny ;) the projection op-
erator with respect to the kinetic metric at g, ; onto
Vl.0 (resp. onto the conjugate convex cone to Vi0 with
respect to the kinetic metric at g, ;). We first prove that

|Pn,i+1 ()zn,i) - eNn,i—i—l ()zn,i) |6§n 4l =< |in,i |(]n.,~+1 .

Indeed, using e € [0, 1]:

~ ~ 2
|Pn,i+1 (xn,i) - eNn,i—i—l (xn,i) |t? .
n,i+1
2
én,iJrl

- 2€<Pn,i+l(in,i)’ Nn,i+1 (in,i»z},,v,-_,_l

= ‘Pn,i+1(x~n,i)

2
Gn.i+1

+ 6’2|Nn,i+1 (in,1)|

_ ) ~ N2 2 ) = N2

= |Pn,t+l()Cn,t)|qn’[_'_1 +e |Nn,l+1 (xn’l)|(§n,i+l

< |PuittGui) + Nui1 G| = Fuil>
- mt i i i qn,i+1 mt dn,i+1

Moreover
ﬁn,i+l = _e’zn,i + 1+ e)Pn,i+1(x~n,i)
= Py iv1(Xn,i) — eNy i1 (Gn,i)
eh .
+ 1——|—eM l(qn,i+1)fn,i+1

and we deduce that
o411, 01 = Vi il 0+ 1M @) fin |-
Thus
- ~ ~ 1/2
lin i1, 1 < liin.ilg,; + | (M @Gn.i+1))
— (MGn)"? | lfin.s]
+ 1| (M@Gnis0) ™21 frisl.

By definition of g and Ly > we obtain

. . - Crw
|un*i+1 |‘]n.i+l S |Mn,i |qn,i + hLV,zlun,i |2 + h%
0

VO<i<j.
Let {v,,i }o<i<n be defined by

Vn,0 = |10l

Upitl —Uni L C

n,i+1 ni _ V,2vrzli+ Lw VOSiSn—l,
h 7 J o

and
1
V(1) =vp,i + ﬁ(t —tn,i) (Un i1 — Un,i)
ifre [tn,iatn,iJrl]’ 0<i<n-1L

Then {v,,;}o<i<n is given by an Euler scheme associ-
ated to the following Cauchy problem:

do
— =k10% + ko,
s 107+ ko

. Ly Crw
6(0) = withk)j = —=, k= ——.
(0) = |uolgy 1=,k N

Consequently, by comparison,

litn,ilg,; <vni=v@h) <0@Gh) VO<i=<j+]1,



with

0(t) = \/l]iztan(\/kzlqt + C),
1

ki
C = Arctan| [ —|uolg, |-
ko

It follows that

ini] < ——lin il < 2 yo<i<jt1.
f V&

So, if we choose T € (0, T'] such that

T<.,ap and 6(T) <R (10)

we obtain F*o G(C) C C. [l

Using Brouwer’s fixed point theorem, we infer that
there exists {c}io, ﬂ?}oiisfl € C such that

’Z?}oggn)

By definition of F° and G we have

PGl .

q;, }oggﬁ‘

~0
qn’() = q0 = qi’l,()s

~0
un’o =uop= un,07
and
~0 ~0 ~0
9n1 =490 + hun,o =dqn,o+ hun,O ={n,1,

h
1+e

”2,1 = —eﬁg’o + (1+ e)projqo1 (122’0 +

x M GO DfL. v{)),

£ = Ftna.ay . M(@) )i 2](0))
‘We deduce that

ﬁg,l =—eupo0+(1+e)

. h i/~
X prO]ql(l)’] (un,o + mM 1(q,?,l)

~0 ~0 ~0
(800 M@ 0) V@)
So ((}3’1 , 122’1) satisfies (9) for i = 0 and we get

~0 ~0
dn,1 =4n,1, Up1=Un1

with (¢,.1, un.1) € B(qo, R) x B(0, Jia_o). (As seen be-
low, although we are applying Brouwer’s fixed point
theorem, the updated velocity is still uniquely de-
fined.)

Now we consider the position ¢, 2, indeed:
é;(q),z = qr(,),l + hﬁl(q)’l =qn1+ hun,l =dqn,2-
We define the sets

V!=Vig.i) 0<i<2,

V1 V) 3<i<n.
As in the case k = 0 we define the mapping F' by

1_{15“’7—>(E><E)ﬁ+1

{frihi<i<i = {(Gni» in,i)Yo<i<i

with
dn,0 = 90-
Mn,O = u()’
and

Qn,i-i-l = qn,i + h’;n,ia

. . . - h
Up,i+1 = —elp; + (1 + e)pVO‘](inJH (un,i +

1+e

x M~ (CInz+l)fnt+1a ,I_H)

With the same arguments as previously, we show that
F¥ o G(C) C C for k = 1, with the same value of T as
in the previous case k = 0, and thus F! o G admits a
fixed point on C which we denote {(}il, zill Jo<i<i- We
have

~1 ~1
Qn)() =4q0= CIn,O» uny() =ug= un,o:
and

Gp1=q0+hiog=gqn,.

~1 = R . .
Moreover i, | € B(0, \/_070) and it satisfies

12}1’1 = —eun,0 + (1 +e)proj,, | <un,0 + T

x M~ g ) f) v<qn,1>).
So
5‘111,1 _”n,1|

gy S 0T (01 @01 M(Gn, D )

= f(t1.qn,1, M(C]n,l)un,j(O))|qn 1



In the explicit case, ﬁ}w.(OZ = L?}LO =1 SO ﬁ}lyl =Up]1.
Otherwise, since u, 1 € B(0, Jia?) we apply the Lip-
schitz property of f on W and we get

|ﬁrll,1 —Un,1 |q,,_1 = th,W\/%”M(Qn,l)H‘ﬁylhl —Un,1|

Po , |-
< th’W\/aiOﬂOP/t}!L,] —Un1 |qn.1'

Let us assume from now on that

0<h<h*<_—Y*

Lgw(Bo)* (b

Then i} | = u, | and thus
n,1 (N

~1 ~1 ~1
dn,2 = 49n,1 + hun,l =dqn,1 + hun,l ={qn,2,

iy, = —eiiy | + (1 +e)
—1(~1 1 1
M~ (G 2) fu2s V2>’

fnl,2 = f(tn2, éi,z’ M(@i,z)ﬁi,/’a))-

‘We deduce that

; -]
X prOJQIb(u”’l + Txe

12,1,,2 =—euy1+(1+e)

% Droi h M-1(!
projgy, 1+ 7M™ @)

~1 ~1 \~1 ~1
(02 ML) )V @)
Hence (c}ii, ﬁ;,i) satisfies (9) for i = 1, 2 and we get

~1 ~1 .
qn,i =dn,i, un,i =Un,i, = 1’ 2

with (., ;) € B(qo, R) x B(0, Jia?) fori =1,2.

So we define all the approximate positions and ve-
locities {gy,;, un,i}o<i<i by iterating this fixed point
procedure. More precisely, for k € {2,...,n — 1} we
define recursively the sets

VE=V(g) 0<i<k+1,
k+2<i<n

k k
Vi = Vk+1
and the mapping F* by
. {Eﬁ — (E x E)+1,

' {fn,i}lgisﬁ > {(én,i» ﬂn,i)}oggﬁ

with
Gn,0 = 90,
lin,0 = Uo,
and

Gn,i+1 =qn,i + hitp;,

in 1 = —eiin i+ (1+ projg, . (i + 7

X M7 i) fnir, Vs )-

By using finite induction, we see that, for all & €
(0, 1*], the system (9) possesses a solution which is
a fixed point of F"~! 0 G in C.

In order to obtain an estimate of the discrete ac-
celerations, we will apply the following lemma due to
J.J. Moreau [8]:

Lemma 2 (J.J. Moreau) Let C be a closed convex set
of a Hilbert space H, C containing a ball B(a,r).
Then

Ver:|x—pr0j(x,C)|
1
< ;(|x —al? - |pr0j(x, C) —a|2).

We choose C = V(g,,;) and we also use the fol-
lowing result.

Lemma 3 For all R > 0, there exist p>0,6>0
and o > 0 such that, for all g € B(qo, R), there exists
aq € E such that

lagl <a,  Blag,p) CV(G) Y§eB(q,9).

Proof The lower semi-continuity of the mapping g —
V(gq) implies that for all ¢ € E there exist a; € E,
rq > 0 and 8, > 0 such that

B(ag,ry) CV(G) Y§eB(q,s,)

and the result follows by a standard compactness ar-
gument (the bound on the g, is easy to obtain, as the
sets V (g) are cones). [l

We take 7* € (0, T'] satisfying (10) and such that

Jia_or* <o, ie.,
<. Jog, O(t*) <R and ir* <&, (12)
NET



where §p is a constant obtained from the previous
lemma for R = R.

We define the sequence of approximate solutions
on [0, T*] by considering piecewise constant velocities
and then integrating over the time-interval:

un(t) =upn; ift €ty tniv1[N[0, T*]

and
t
an () = g0 + / un(s)ds Vi e[0, 7]
0

foralln >n*=|T/h*| 4+ 1 (i.e. for all & € (0, h*]).

3 Local convergence result
3.1 Convergence result

We already know that the sequences (u;),>,+ and
(gn)n>n* are uniformly bounded on [0, t*]. More-
over the sequence (gn)n>n+ iS equicontinuous on
[0, T*], more precisely the functions (g,),>n* are
\/Ii_o—Lipschitz continuous on [0, 7*]. From Ascoli-
Arzela’s theorem, it follows that, possibly by extract-
ing a subsequence still denoted (gy,),>n*, there exists

g € C°([0, t*]; E) such that

gn — q strongly in C°([0, T*]; E).

Moreover g is Jia_o-Lipschitz continuous on [0, T*].

Next we prove that the limit function ¢ satisfies the
constraints i.e., g(g(¢)) < 0 for all ¢ € [0, t*]. Indeed,
it is a direct consequence of the following lemma.

Lemmad4 Letn>n*=|T/h*| + 1. We have

R eh’ Crw
1)) <hK + j —=
g(gn () < AR

o (h R ) R
Je\ =) 7=
J (67)) (61))
vt € 0,1, ;1N 1[0, T*],

where K = sup{|Vg(q)l; q € B(qQ, R)} and ¢ is the
continuity modulus of Vg on V. = B(qo, R).

Proof We will prove this result by induction on j. For
j=0wehavet, ; =0and g(g,()) = g(qo) < 0. As-
sume now that (13) holds for some j € {0, ..., n}. For

all t €[ty j, tn,j+11 N[0, T*] we have

t

2(an () = 8qn.) + f Ve (gn(s)) - un(s) ds
In,j
t

§g(qn,j)+/ Vg(qn,j) - un,jds

In,j

t
+ / |Vg(gn(s)) — Vg(gn,j)|lun,jlds.
tl‘l

Ni
We consider two cases.

o If g(gs, ;) > O, then the constraint is active at ¢, ;
and j > 1. We rewrite the last inequality as

g(QH (t))
t

Sg(Qn,j)+/ Vg((*In,j)‘

In,j

Up,j +eUn j—1
1+e

ds

e t
+ R

\% i) (Un,j — Un, j—
l+e b g(Qn,j) (n,] n,j 1)

t
+/ |Vg(qn(s)) = Vg(gn,j)|lun,jlds.
th. i

5]
By definition of the scheme we have

1
m(”n,j + eun,j—l)

. h
=Projy, ; (Mn,j—l + mMn);fn,j, V(CIn,j)>,
where M, ; = M(qy, ;). It follows that

g(gn ()
e t

< .
- g(qnd) + 1 +e I,

Vg(Qn,j) : (un,j - un,j—l)

J

t
+ / V2 (an(9)) = V&(gn,)|lun ;1 ds
Iy

1.J

<8(qn,j)
ho
Vean,j) -\ unj-1+——M, ;fn;

t
—e
/,M 1+e
. h
—prOJqM, Un,j—1 + 1—+6Mn,jf”sj

! h
+ \% N —MTLf
e/tnv g(Qn,J) I+e ,,)]fn,J

5]

t
n / Ve (gn(s)) = V& (qn. )| ltn | ds
17
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eh ! t -1
<8+ | Ve@ M, jlds

tn,j

'
+/ ’Vg(q,,(s)) — Vg(qn,j)““n,ﬂds
tni

2]

since —M,Z}Vg(CIn,j) € Vign,j)-

Then, recalling that (gn,j,un,j) € B(qo, R) x
- R
B(O, ﬁ), we get

eh? 1
g(‘In(t)) = g(‘Zn,j) + 1—_}_6K‘Mn’jfn,j|
+io(h—)
olh— ) —
N WAL
and the induction hypothesis yields

R eh? Cpw
N)<hK——+(+1)— LK
glgn(0) =< «/070+(]+ i

o

o (h—R )_R
19 .
s Joo ) Jag

o If g(gyn, ;) <0 then

t
g(gn () S/ Ve(qn,j) - un,jds
th i

2]

t

+ f (V4(gn(s) = V(@) litn, ;1 ds

In,j

<hK—R +h (h R ) R

< plh—— ) —
Q0 V&0 ) /X0
R mG+1)C

<hK L e (G+1 LW g
/g 1+e o

+z (hR)R
el h—=)—=.
n,j+19¢ «/OZ_O\/OTO

O

Now we observe that, since Vg does not vanish in
a neighbourhood of S :={gq € E; g(gq) = 0}, there ex-
ists r > 0 such that, if g € B(qo, R) with |g(g)| <,
then Vg(q) #0.

From the previous lemma we infer that there exists
no > n* such that, for all n > ng, we have g(g,(t)) <r
for all ¢ € [0, T*]. We define

$:={q € Blao, R); |g(@] =r},

and let

0 <mg = inf|Vg(q)| <mo=sup||Ve@|. (14
qes qes

Next we focus on the total variation of the approx-
imate velocities (i),>n,. We start with the follow-
ing remark: for all ¢ € E, for all x € Nz (g), we have
—x € V(q). Indeed, we have

Nj(q) =M (@)NL(g).

Hence, if g(g) > 0, for x € N} (g) there exists 1 > 0
such that x = AM~!(q)Vg(g) and —x € V(g) since

—x-Vg(g) =-A'Vg(@)M () Vg(q)
= —)\(\Vg(q)@)2 <0.

If g(g) < 0, the previous result remains true since
V(g) = E et Nj (¢) = {0g).

For the sake of simplicity, we will omit from now
on the index n and we denote by P; (resp. N;) the
projection onto V(g;) (resp. onto N (g;)) with re-
spect to the kinetic metric at g, for all j € {0, ..., i}
and for all n > ng. Similarly, let M; = M(q;) and
|-1j=1"lg; forall j €{0,...,n} and for all n > no.
Next we prove:

Lemma S There exists a constant Co 1 > 0 such that

2
lujrr —ujliy <hCoa

Vje{0,...,n—1}, Yn > ny. (15)

Proof Let n > ng. By the definition of the scheme, we
have

ujr1=—euj+ (L+e)Pj1(x))

with

h _ . -
xl:uJ+1—_}_eM]+llf/+l V]G{O,,I’l—l}
So

ujrr —uj=—(+ex;+A+e)Pjr1(x))
-1
+hMj+1fj+1

=—(+e)Njt1(xj) +hMj_J:1fj+1~



If g(gj+1) <Othen Nj(qj+1) ={0g}and N1 (x;) =
0. Thus,

h
~1
jr = ujlier =ML fral < —=Crw.
Otherwise, if g(g;j+1) > 0, we have gj41 € S and
Njp1(x) = (x,Vg(gjr1)TH(gj+1) with
S‘ — F
: 1
91— GonTge C @)

where G(q) = Vg(q) forallg € E.
Moreover, since we assume that n > ng, we have
8(gj) <rand

N

Without loss of generality, we may assume that

R
|g(gj+1) — g(g))| < sup| Vg | —=n.
yev 20]

R
Vv ——h<r Vn=>nyg.
;lellv)ll s =h ST Ynzno

Thus g; € S. Let us introduce the following notation:
Njx)=(x-Ve(g)) H(gj) VxeE.

We rewrite u 11 — u;j as
wjrr —uj=—(+e)(Nj10x;) = Njp1(u;)))

— (1L+e)(Njp1(uj) — Nj(uj)) + A,

with
Aj=—(+e)N;juj) +hMj_J:1fj+1-
Hence
lujr1 —ujlji+1 <Ajr1+ Bjt1+Cjti
with
Ajr1 =1 +0)|Njs1(x)) = Njr )| ;.
Bjt1=(1+e)|Njsi(uj)— Nj(uj)|j+1
Cir1 = +|N;j @],y +h|MEL fival -

The contraction property of the projection operator
yields

h
<—Csw.

Ajr1=(+e) =
! j+1 Q0

h -1
T e i

Next, in order to estimate B, we prove the fol-
lowing lemma.

Lemma 6 There exists C1 > 0, independent of n and
J, such that

INjs1(uj) = Nj(ujp)| < Cia'2, (16)

1,1/2
loc

Proof Since g € C
such that

(E,R), there exists L; > 0

IVe(q') - Ve@| < Lyld' —q|"* V(g.4") €5

Moreover, since M ~1/? is locally Lipschitz continuous
and S is compact, we deduce that H € C0’1/2(S; R),
i.e., there exists Lg > ( such that

|H(q") — H@| <Li|lg' —q|'"* Y(q.q') €32

We denote by Ly 3 the Lipschitz constant associated
to g —> M~'(g) on the compact set V = B(qo, R)
and let G :=Vg(g+«) and

P G vk
1 - .
GJ+ij+kGl+k

with k = 0, 1. We have
Njp1(uj) — Nj(uj)
= ;- Gjy) ™M \aj 1 — (-Gt M a,
= (W Gjs)" = ;- GHT)M; }ajh
+ (- G (M7 = M5 aj
+ M (@41 —ap).
It follows that
INj1Guj) = Nju;)]
<|@j- Gy = ;- GHT||M;} ajp]
[ GpI(IME = M5 a1
+ M5 1aj 1 = ay1)
<|ujl1Gjr1 =Gl M)\ lajt1l

+1uil1G (| M7

1T Mfl H|aj+1|

+ M5 Naj1 —ajl).



5 R
Then we recall that u; € B(0, J_a_o) and

> o luf? _
—— =luly"<—— Vqe€B(qo,R), VuekE.
Bo ao
Thus
|G j+1 Bo
lajril= = <ho <—,
1G5 IGjv1l — my

and we conclude the proof by taking

R R Rm,
C = <L6 Po +LV,3\/? 0fo
NLT) /@0 como Joomo
n Lg_ R )
Ot [ ——
o0 V0
O
We infer that

Bjt1 < (1+e)y/BoCi1h'2.

Finally, we obtain the following estimate for the
terms C;y1 above:

I VBo
Cjy1 <hC —+—. 17
jH = -f’W<¢oTo+ ao) a7
- c v .
Indeed, |Mj_:1fj+1|j+1 = % and Nj(u;) =0 if

j = 0. Moreover, if j > 1, then, by the definition of
the scheme, we have

uj=—euj1+{U+e)Pj(xj-1)
= Pj(xj_1)

h
—eNj (i) + oM @ s

Thus
. M 1Y) F;
Uj l+e (‘Z])f]
=Pj(xj—1) —eNj(xj—1) € V(q;)

and we have

eh
Sytupl = = s
eh
+FM 1(%)fj)‘

11

eh
1+e

(-

eh
+ M-
l+e

Mgt

+
1(61j)fj> : Vg(qj'))

M~ (q;)Vg(g))l
'Veg(gi )M~ (qj)Vg(g))

eh +
< (((u] e —(M; f1>'Vg(qj))
eh +
+<1+ Vg(t],)) )

M~ (q,)Vg(q))l;
Va0 V(g )M Ve(g))

-1

eh
1+e

eh _
((I/lj— M
1+e

Hence

Since u; — 1(q/)f/eV(qJ) we get

+
l(qj)fj> ~Vg(qj)> =0.

eh
l1+e

[N )l

IA

(M;'f; - Velgp)”
y 1
JoolM~1(g)HVelg)l;

= 1e_f€|(1‘4,-‘1f,~,M,-*Vg,,~)j|
1
" /@M (g) Vel
eh |M~(qj)fjli _ eh Crw
T l+4e Jao T l4e ag

which immediately yields (17).

From the previous estimates, we have in both cases
(g(gj+1) <Oorg(gj+1) = 0):
T'2C W

NGT

2
rredboe Y
oy

|1 — Mj|/+1<h(2 + (1+e)y/BoCi

O

With these preliminary results, we can now prove:



Proposition 1 There exists A > 0 such that

Lt*/h]—1

Z lujr1—ujl <A Vn=no.
Jj=0

Proof First we observe that

[z*/h]-1 lt*/h]—1
D lujpn— |<— D lujpr—ujlin
j=0 Ve o
Yn > nyg. (18)

By construction, we have

e
Ujrl — Pjp1(x)) = ] +e(”j+1 —uj)
with
_ h Mm7!
xj—uj+1—+e i fin
and
Ujpl — Pj+l(xj)’j+1 =e|Pjy1(x)) — “j’j+1

<el|x; — j+1(xj)|j+1
eh
T 1+e | ]+1f1+1‘,+1

forall j €{0,...,n — 1}, for all »n > 1. By Lemma 3,
we know that there exist p > 0 and a = a4, € E such
that

B(a,p) C V() VYq € B(qo, )
thus
By(a,p') CV(g) VYq € B(qo,d)

with p’ = p /@5, V = B(qo, R + o). Recalling (12),
we can apply Moreau’s lemma at each time step and
we obtain

|xj = Pi1(ep|

1

< 5 (1 = ali =[P —ali, ).

We develop the squares in the right-hand side of the
inequality; we have

2
lxj —aljy

12

2

=|u; +

-1
—M.  fit1—a
jH1Jit
l+e j+1

h
2 -1
_|”j_a|j 1+2<”j_a’ﬁMj 1fj 1>

h2
(1+e)2| ]+1fJ+1|/+l

In order to estimate | Pjy1(x;) —
as follows:

aly,.

2
la — ’/‘j+1|j+1

=la— Pjp1(xj) — (ujs1 —
2e
1+e

Pjpi(xj),uji1—u

=[Pj1(x)) - |J+1

X (a - />j+l
2 2
lujrr —ujlipy
(1 )2 J

Hence
|Pj1(xj) — |/+1
= |ujt1 _a|j+l
2e
+—1+e<a Pj+1(xj),uj+1—uj>j+1
2 2
(1+ )2|u.]+] uj|j+l'

From the previous results we deduce that

[jr1 —ujli

< +olx; = Py,
—1
+h|Mj+1fj+1|j+1
1+e
<
=2y
h
+—Crw

Jo

[Ajr1+Bjr1+Cjr1+Djl]

with

2 2
|uj _a|j+1 —lujt+1 —a|j+1,

£2

1+

Ajp1 =

Bjy1 = 102 [wjr1 —u; |]+1,

2
Pjii(x))) |j+1

Jj+1

we rewrite it

19)



2e
Cjt1= 1+e(a—Pj+1(xj),uj — Uit}

h
Dj = 2<uj —a, I—HMj+1fj+1>

j+l
2
"‘(1_}:_76)2’ /+1f1+1|,+1
But
le*/h)—1
Y A
j=0
2
<|uo —al}, + Ll,VT*\/ia—o (\/ia_o + |a|> (20)
Indeed, forall j € {0,...,<n— 1}
Ajy1=luj —a|§+1 —lujt —a|§+1
=luj —al} = lujp1 —alfy
+'(wj—a)(Mji — Mj)(uj—a)
< luj —Cll? — lujt1 —a|§+1
—l—hLv1i (i—i-|a|>2
ERVETRNVET)
By Lemma 5, we have
2 2
Bji1= i+ )2|M1+1 j|]+] S )2C01h,
Vjie{o,...,n—1},
thus
Lt*/h]-1 &2
Z Bjy1 =< i+ )2C01 2D

j=0

Next we obtain an estimate of C;;; for all j €
{0,...,n — 1}: we have

2€<
= la-
1+e

Since a € V(gj+1) and

Cjt1= (Mj+1+euj),uj—uj+1>

1+€ j+1

ujy1+euj
1+e

we have

= Pj11(x;),

‘_uH_l—l—euj _ . .
< ! l+e l-l-e(M]Jrl +eu1)>j+1

13

and since
x'_qu—i—euj_uj—ujH h Fi
J 1+e 1+e l+e /+1 J+
we obtain

1 1
<m(“j —Ujy1),a— I +e(”j+1 +e”j)>

Jj+1
h

= <mMj+1fj+l,
1

1—+e(uj+1 —a+e(u;j —a))>

Jj+1

It follows that

1
—(uj i+1), @ — (u '+1+€u")>
<1+€ “ I+e’ "l
it (7 )
B (1+e)
and thus
Lr*%_lc <2”*Cf’W< R |) (22)
i —— | —=+lal ).
o =" 0xe S
Finally, for all j € {0,...,n — 1}:
Djwr =5 i uj—a)
no\2
+<m) J+1f]+1|1+]s
thus
h R hZC}W
D; <—C [ - hH"
Pl =1 f’W<¢a—o+'a'> (I+e)%ag
and
Le*/h]—1
Y 1Dl
j=0
< _ "
“l+e f'W<¢oTo+|“|)+(1+e)2ao 3)

By combining (18)—(19) and (20)—(23) we may con-
clude. U

We infer that the sequence (u,);>n, is uniformly
bounded and bounded in variation on [0, 7*]. By



Helly’s theorem, possibly by extracting a subse-
quence still denoted (gy, Un)n>n,, there exists v €
BV (0, t*; E) such that

up(t) — v(t) Ve I* =[0,7*].

Since we want to obtain bvem velocities (see Defini-
tion 1), we define

u(t) = (vt +ev™ (@), Vrel0, .

l1+e

Of course we make the usual conventions for the val-
ues of vat t* and 0, i.e., v (0) := v(0) and v (z¥) :=
v(t*). Let us observe that v(0) = lim,— 100 u, (0) =
up and that u* () = v=() for all £ € (0, t*). So u €
bvem(I*; E). Moreover, since (¢, )n>n, strongly con-
verges to ¢ in CO([O, T*]; E) and

t
qn () = qo +/(; uy(s)ds

VteI*=[0,1t*], Vn>ng

we obtain in the limit
t
q(t) =qo +/ u(s)ds vrel*
0

and so g admits a derivative (in the classical sense) al-
most everywhere in [0, *] and ¢ (¢) = u(¢) for almost
every t € [0, T*].

3.2 Variational inequality

In the line of [2], we now prove the following propo-
sition:

Proposition 2 (Variational inequality) Let 0 < s <
t < t* and assume that z € V (y) for all y in a neigh-
bourhood w of q([s, t]). Then

! M 1
f [f(é,q,p) A <d—v>v - (Z - —v>:|d§
K q 2

< (M(g@®)v(t) — M(q(s))v(s)) -z

1 2 2
- §(|v(t)|q(t) —[v(®) |q(s))' (24
Proof From the uniform convergence of the sequence
(qn)n=n* to g we infer that there exists an integer n
such that g, ([s, ¢]) C w for all n > n;. For all n > n

we denote by (tn,i)f: j the discretization nodes that

belong to (s,t] ie. fpj—1 < <ty <<ty <
! <ty k+1. Since g ([s,1]) C o, we deduce that z €
V(qn,i+1) forall j —1 <i <k — 1. We recall that

1
m(un,iﬂ +eup ;)

= Py it <un,i + %M,:ilﬂfn,iﬂ)-
By definition of the projection operator we have
<th_’il+1fn,i+1 — Up,i+1 + Uni, (1+e)z
— (Up,ig1 + eu"’i)>n,i+1 <0.
Thus
(M, foiers (14 02),
- (hM;,ilﬂfnJH’ Uni+1+ eu”’i>n,i+l
< (L) unitt = nis2), ;4
— (Un,itl — Uni> Unit+] + €Up idnit]-
We develop each member of the right-hand side:
(U ip1 — Unyis 2)n,itl
= (Mn,i+lun,i+l - Mn,i+lun,i) *Z
= (Mn,i+lun,i+l - Mn,iun,i) +Z
- (Mn,i+l - Mn,i)un,i *Z
- (“n,i+l —Uni, un,i+l>n,i+l
= —(Un,i+1s Un,i+1)n,i+1 T Unit1s Un,idn,it1

1
2 2
= —|’/ln,i+l|n,,’+1 - §[|un,i+] - un,i|n,,~+1

2 2
- |14n,i|n,i+1 - |un,i+1|n,,‘+1]

1 2 1 2
_§|un,i+1 |n,i+1 - §|un,i+1 - “n,i|n,i+1
2
+ §|”n,i|n,i+1
1
2 2
= _§|un,i+l|n,i+1 - §|Mn,i+l - Mn,i|n’i+]

1 1
2
+ §|un,i|n,,’ + E(Mn,i+l - Mn,i)un,i *Unpi.
Similarly
_<un,i+1 —Un,i, eun,i)n,i+1

2
= _e<un,i+la un,i)n,i+1 + elun,i |n,i+1



= %[lun,i—i-l - ”n,i|,2z’,'+1 - |un,i+1|37i+1
- |“n,i|;21,i+1] + e|“n,i|i,i+1

= %[lun,H»l - un,i|i’i+1 - |un,i+1|ﬁ,i+1

+ ltnil51]

e
2 2 2
= §[|un,i+l —Un,ilyipr — nit1ly i1 + Uil

+ (Mpig1 — My )i - un i -

It follows that

—(Unir1 — Un,is Unit1 + €Uy )nitl

—(1+e) 2 2
= —2 [|”n,i+1|n,i+1 - |”n,i|n,i] + A;
with
1+e
A = ) (Mn,i+1 - Mn,l')un,i cUn,i
B 2
+ |“n,i+1 - un,iln,i.l,_]-

2

As e € [0, 1] we have

(I 4+e){un,iv1 — Un,is Wi+l

— (Uil — Un,is Un it1 + €U Initl

<1+ e)|:(Mn,i+lun,i+l — M, iupi) -z

1
2 2
- §(|un,i+l|n,i+] - |un,i|n,i)j|

Un,i
—(+e)(My,it1 — My )un,; - <Z 7 )

Next we obtain

Up,it] + eun,i)

ht iy lz—
fn,l+1 (Z l+e

U
+ (Mn,iJrl - Mn,i)“n,i . (Z - ;l>
=< (Mn,i+lun,i+l - Mn,iun,i) +Z
1

- E(|“n,i+l |ﬁ,i+l - |”n,i|i,i)
which yields
k—1
Z Y Uni+1 + el i

n,i+ 1+e

i=j—1

15

k—1
+ Z (Mn,i+] - Mn,i)un,i . (Z —

i=j—1

Un,i
2

=< (Mn,kun,k - Mn,j—lun,j—l) +Z

1
(ltn il g = ltn j—117 - 1)- (25)

2

Then we prove that

Lemma 7 We have the following convergence:

k—1 1
Z hfn,i+1 : (Z - m(”n,i-ﬁ-l +€Mn,i))

i=j—1
t

f(E.q@), p®) - (z—v(®)dE.

%
h—0 Jg

Proof For all n > ng let us define the function f; by

{[O,r*]—)E:Rd
fn:

= fn,i+l ifre [tll,ivtn,i+]) N[0, 7]
and let
T
A= i=ihy h=—,i .
U {t ih; h n,lEN}
neN*

The set A is countable hence it is a negligible set for
Lebesgue’s measure and the function f}, is a measur-
able step function. We will prove that

fir = FEqE), Mg®)v(®) V&0, 7T\ A.

Let £ €[0,7*]\ A and i = L with n > ng. There

exists i € N such that & € (¢,;,t,,i+1) and

@) = fuiv1 = f(tni+1. Gnit1, M@nis 1)t ji))-

First we consider the explicit case, we recall that

Un,jG) = Un,i = Un(&).

We have

| &) = f(E.q&). M(q&))un(®)]
= |f(tnit1: Gniit1, M(Gn,i+1)un(€))
— f(5.9). M(q(®)un(®)]
<|f(tnit1s ani+1, M(gn,is)un(&))
— F(& qnit1, M(Gni+D)un(®))]



+[f (& qni1s M@nie)un(®))
— f(&.a®). M(q©)un(®)]
<wy(h) + Ly2|qniv1 —q&)]
+ Ly3||M(q(€) — M(qn,i+1) | |un(®)],
where wy denotes the continuity modulus of f on
W =[0, T]1x B(qo, R) x B(0, Jia_o) and Ly and L3

are the Lipschitz constants of f with respect to its sec-
ond and third arguments on W. But

g (&)
= ‘q(é) - Qn(tn,iJrl)’
< g = @u®| + |gn (&) = gultn,i+1)|

- Qn,i+1|

=< Ig = gnllcogo,r+);rdy +

R
—h.
A &0
Since (g, tn)n>n, converges uniformly x pointwise to
(g,v) on [0, T*] and M is continuous, we obtain

[ = f(€.9(), M(q©)v(E)) VE€[0,T"]\A.
In the implicit case

Up,ji) = Un,i+1 =Un(§ +h).

We infer from Lemma 5 that

|un (¢ +h) —v(2)|
< |un (& +h) — un (O] + |ua (@) —v(2)|

C 172
< <£h> + |un () = v(0))|
o

forall ¢ € [0, t* — k] and for all n > ng. It follows that
un (¢ +h) — v(¢) for all ¢ € [0, t™) and with similar
computations as in the explicit case, we prove that

[ @) = f(6,96), M(g(®)v(&)) VY& €[0,T9)\A.

Since v(§) = u (&) for all &€ € [0,t*]\ F where F
is a negligible set with respect to Lebesgue’s measure
(F is included in the set of discontinuity points of v,
which is countable) we get finally in both cases

&) = f(E.q&), M(gE)u(®))
VE e[0,7%)\ (AUF).
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Then, observing that

k=1 !
Z Rfuit1 - (Z — ——(Un,it1 +€Mn,i))
oyl I+e

th k

= fh(é)'(z—

In,j—1

1+e(un(’§+h)

+ eun (§ ))) dg
we may conclude by means of Lebesgue’s theorem. [
Next, recalling that the function u,, is constant on

the subintervals [t,;,#,.i+1), i € {0,...,71 — 1}, we
have

/ln,i+1 d
In,i dt

= (Mn,i+1 - Mn,i)un,i . (Z -

|:M(‘Zn (t))un(t).<z - %un(t)):| dt

and

k-1 {
D (M1 = My iy - (Z - Eun,i>

i=j—1

/‘trz.k
t

n,j—1

-(z— %un@)) dt.

Using Lebesgue’s theorem once more, we obtain

ik (dM \
/ (d—(qn(é))un(s>)un(s) : ( - (5))ds
tn.j q

Jj—1

»f( (4(®) v(é))v(é) ( @))ds

Finally it remains to study the convergence of the
right-hand side of (25). We have

am
(Z(Qn (&))un (E))un(é)

My xutn e — My, j—1tn, j—1) - 2

1
2 2
— —(|Mn,k|n,k - |un,j—1|n,j71)

2

= (M (gn)un(t) — M(qn,j—)utn(s)) - 2

1
— =\ Un qn.k)Un
2( (OM(Gn 1 )un(t)

—"Un ()M (qn, j—1)un(s)).



But
lank —a@®)| = |gntas) —q @)

R h
Joo

< llg = gnllcoqo.-+):re) +
and similarly
Gn.j—1 —q46)| = |gn(ta j—1) — g (s)|
(o40]

R
< g = gnllcogo,r*1:re) + \/—h'

Since the mapping M is continuous and (u,,),>p, con-
verges pointwise to v on [0, T*] we get

(M (G j)un (1) = M (G, j—Ditn(s)) - 2
= (Mg0)ut) = M(g())u(s)) -z,

and

1, ‘
E( un(t)M(Qn,k)un(t) - un(s)M(Qn,j—l)un(s))

(’v(t)‘q(t) ‘v(s)‘q(s‘))

n—)oo 2
which concludes the proof. (]
3.3 Absolutely continuous motion
Let u be the measure defined by diu = |du| + dt and

u;L(resp. tl/l.) be the density of the measure du (resp. dt)
with respect to the non-negative measure du. By Jef-
fery’s theorem [4] we know that there exists a du-
negligible set N such that, for all # € [0, T*] \ N:

dr([t,t +¢€])
6—>0+ du([z, f+£])
e

= lim —,
e—>0t du([t,t +¢€])
du([t,t +¢€])

£—>0+ du([t, t+ 8])

t =1

w, (t) =1

Let N'={tecI*; v +0)=v( —0)#v()};itisa
negligible set with respect to the measure d .. Now we
can prove that

Proposition 3 Let t € [0,7*) \ N U N’ and assume
that u is continuous at t. Then

£(t.q@), pO)t, (1) = M(q(0))u, (1)
€ Ny gy (u(®)).
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Proof Let z be in the interior of V(q(¢)). The lower
semicontinuity of the map ¢ — V (¢) and the continu-
ity of the map ¢ — ¢(z) on L U S imply that z € V(y)
for any y in a neighbourhood of g ([¢, t + €]) for suf-
ficiently small e. Thanks to the variational inequality
on the interval J, = [z, 1 + €] we get

t+e
/ [f(E»QvP)(Z_U)
1

() (a0

<(M(q@+&)vt+e) —M(g®)v®)) -z

_ <—|v(t +£)|q<t+8) |v(r)|§m>.

Since u is continuous at t we have u(t + 0) = u(t —
0) = u(t), thus u(t +0) =v(t +0) = u(t — 0) =
v(t—0) =u(t) = v(t) sincet & N'. We choose (&;);eN
such that &; | 07 and u(t + &) = v(t + &) = u(t +
&; +0) for all i € N and we multiply (26) by W =

(26)

du?ls 3 & . When ¢; tends to zero the left-hand side

converges to

1, () [f(t, q(0), p(0) - (z —u(®)

dM 1
+ (@(q(f))u(t)>u(t) . (z — Eu(t)>:|.

Next we consider the right-hand side, where the first
term becomes

[M(q(t +e))ult +&) —M(q@0))u@)] -z

du(Jg;)
_ Mg (#))du(Jg;) -z
s

1 t+é&; aM
ol
dM(JS,) t dq

Xu(lt+ei)-z

=0 M(q(0)u), (1) - 2

(q (s))u(s) ds:|

M
+1 (t)( i (q(t))u(t))u(t) z.

Now we rewrite the second term of the right-hand side
as

|u(z+e,)| |u(t)|q(t)

= M(q(t +e&))ult +&)- u(t+e)

q(t+e;)



— M(q(t))u(t).u(t)
= M(q(t + Ei))u(t + &) - du(Jg;)
+ M(q(@®))du(Je,).u(t)

t+e; aM
+ </ —(q(s))u(s)ds)u(t—i—ei)-u(t).
t dq
(27)

We divide by 2d1(J;) and, in the limit, we obtain

M (q(0))uy, (1) - u(t)
u(t)

M
+1,(1) < (q(t))u(t))u(t)
It follows that

[f(t.q@), p(O)t;, ()
—M(g@0)u, ()] (z—u@) <0
Vz e Int(V(q(1)))

and we may conclude by density of the interior in the
cone V(q(t). O

3.4 Impacts characterization

We are now interested in discontinuities of the veloc-
ity. First, we observe that, as in the inelastic case (see
[2]), this can only happen when the left velocity is not
admissible, since:

Lemma 8 If ty € (0,t*) is such that v~ (ty) €
V(q(19)), then v~ (19) = v (to).

Proof Let z € Int(V(q(tp))); then z also belongs to
V(y), for all y in a neighbourhood of ¢ ([ty — &, ty +
e]), if ¢ is small enough. We apply the variational in-
equality on [79 — ¢, fp + €], and when ¢ tends to zero
we get

M(q(10))(vF (10) — v~ (1)) - z

1
=5 (@, -

2 |v (t0)|61(f0))

By density, the same inequality holds for all z €
V(g (to)). By choosing z = v~ (tp) we obtain

o2
vt (o) —v (to)|q(,0) <0

which leads to vT (t9) = v~ (f). O
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When t = 0 we have

v () =v0)= lim u,(0)=uo€ V(q(0)

= V(qo)-

Thus, with the same arguments we obtain v*(0) =
v~ (0) = up and thus the initial conditions are satis-
fied.

Let us consider now ty € (0, T*) such that v (7p) &
V(q (to)). We infer immediately that g (#p) € dL. For
the sake of simplicity, let us denote from now on
v =0T (1), v = v (f) and My = M(q(tp)). Since
u®(to) = vE(1g), we have to prove that

V(q(10)))-

In the next lemma we establish that, if n is large
enough, the approximate positions saturate the con-
straint at least once in a given neighbourhood of #.

+

vt =—ev” + (14 e)projy i (v (28)

Lemma 9 There exists no > 0 such that, for all n €
(0, nol, there exists ny > ng such that, for all n > n,
there exists iy € {i,...,k} such that V(q,,,) # E,
where t, ;, ...tk are the discretization nodes that
belong to (to — n, to + nl.

Proof Let ¢ = W% > 0. By definition of v* and
v~ there exists ng > 0 such that [ty — ng, fo + no] C
[0, T*] and
|v(to +1n) —v(t +0)| <e,
lu(to =) —v(tg — 0)| <,

Vn € (0, nol.
Without loss of generality, we may assume that

(67013
3Crw ’

No <

Let n € (0, nol. Since (#,)n>n, converges pointwise
to v on [0, T*], there exists n, > ng such that for all
n=ny

|un(to+ 1) — v(to + )| <&,
|un(to — ) — v(to — )| <.

Without loss of generality, we may assume that & =
% < for all n > n,. It follows that

vt — v
2e =
3

Vn >ny, Vi e (0, nol.

< |u,,(to +1n) —u,(to — 77)|



If we assume that V(g;) = E for all j € {i, ..., k},
then

|tn(to + 1) — un(to — )|

= upk — tn,i—1|

k k
-1

=< Z |Mn,j - un,j—1| = Z|th’jfn,j|

j=i j=i

3nCrw
< MErw <é&

(o 74]
and we reach a contradiction. O

From now on, let us consider n € (0, 9] and
n >ny. In view of the previous result, we may de-
fine ig as the first “discrete impact” on (o — n, fo + 1]
ie.,

tiy=min{t; € (to — n. to +nl; V(gn,j) # E}.

First we estimate the distance between v~ and the
last discrete velocity before the “discrete impact” at
time #,:

Lemma 10 We have

o B
Un,ig—1 + 1—-+-€Mn'i0fn’i0 — v

4
sa—oan,wHun(to—n)—v_!- (29)

Proof Indeed

h 71 _
Un,ig—1 + I—HMﬂyiofn’iO -V

h
< —Cf,W + |un,i0—l —up(to — 77)|
Qo
+ |un(t0 -n)— U_}'
But

|un(to = 1) — tn,ig—1]
io—1
= lun,i—1 — Un,ig—1| < Z [tn,j — tn, j—1l
J=t
io—1

_ 3n

1

=Zh|M,,,,-fn,,-| = Crw
Jj=t

since V(gu,j) = E forall j e {i,...,iop — 1}. ([l

Then, the continuity properties of the projection op-
erator, the uniform Lipschitz continuity of (¢,),>1 and
the uniform convergence of (gn)n>n, to ¢ on [0, T*]
yield

Lemma 11 Let ¢ > 0. Then, there exists n. € (0, no]
such that, for all n € (0, n.], there exists n,, > ny
such that

it — gl <& Vn=>ny,,
where it = —ev™ + (1 + €)proj, (v, V(q(1))-

Proof We just need to observe that the projection op-
erator is defined by

proj, (x. V()
max(O, X - Vg(y)) _1
=x— M \Y
YT VoM ven T VEY

for all (x,y) € E? if g(y) > 0 and Vg(y) # 0. So,
there exists § > 0 such that

VxeB(™,8), VyeB(qt),9)

gy =0 =

. . _ &
’pr()]y(x’ V(}’)) _pr()]q(to)(v ) V(q(tO))’ = m

Then we consider 1, € (0, n9] such that

R <8 4 c - €
\/a—on«?_zs aoné‘ f,W_2(1+e)

and, for all n € (0, n.], we define n; . > n, such that

)
lg — qn”CO([O,‘[*];E) = 5 Vn>ny,,

_ &
|Mn(lO_’7)_U |Sm-

We conclude by applying the previous lemma. (]

Next we estimate the variation of the discrete ve-
locities after the first discrete impact.

Lemma 12 Let ¢ € (0, 1]. There exists a positive con-
stant C such that

k

>t —unjilg,; < Ce (30)
Jj=io+1



for all n large enough.

Proof Let ¢ € (0, 1]. Let a € E be defined by

1
Vg (qt0) M (q(10)V (g (10))

x M~ (q(10))V (g 10)).

that & = —eproj,,(v™, Nj(q(t)))
V(q(t0))) € V(q(1)), we get

Observing
+Projgay (W

B; (a, %) cCintV(G), li—alz=e.
Then, for all u € Bq(,)(a, £/2) we have
Ve(g®) - u
&
—elVg< 10)) [y + 51 V& (@) |5,

——|Vg(q(0) — Vg(q(10))]

24/
and the continuity of the mappings t — Vg(g(¢)) and
t—> M _1(q (t)) implies that there exists § > 0 such
that

B, (a, %) CV(g) VqeB@,s).

We apply the previous lemma to define . and n,, . for
all n € (0, n.].

Let n € (0, min(e, n.)] and n > n,, .. We recall that
tn,ig+1s - - -» In k. are the discretization nodes after f;,
which belong to (o — 7, to + 7n].

Then for all j € {ip + 1,...,k} we have |g, ; —
q(tp)| < 8. By using the definition of the numerical
scheme

|un,j _un,j71|q,,1j
=(+e)|—upj-1
h -1
+ Py j\ tnj—1+ 1—+eM,,,jfn,j

dn,j

< (14 @) =xnjo1 + Poj Gy,

+h|M,;}.f,,,j|qM 31
with
h
Xn,j—1 =Un, j—1 + — I+e n jfn j-

20

We apply Moreau’s lemma to obtain

|xn,j71 —

1
_(|xn j-1—-

Pn,j(xn,jfl)bn ;

= | P, j(xn, j—1) — |qu/)

|qn J

™

and with the same computations as in Proposition 1 we
get

—_

|x”sj*1 Py j (X, j— 1)| [A +B; +C;+ Dj]

with

2 2
Aj=lunj-1 _alqn,j = lunj = al‘in.j’

62

- . C12
B] = (1+6)2|un‘j un,]71|qn,j,

2e
C] = 1 + e<a - Pn7j(xnvj_1)’ un’j—l o un’j>q’1-j’
-1
Dj= 2<u”’j_l YTy eM”’ff"’j>
dn,j
h2
+ m| fn i qn, j
Hence
k
Z Aj < uniy _“@n,;o
Jj=io+1
hk— i) Ly — (—R + |>2
—ip)Ly,1—— ay -
Voo \ /X0
But
2
|Mn,i0 _a|qn,i0

< lnig = alg o) + Lv.1|Gn.io — q0)|lun.iy — al?

«/R >>

—n
T

ltn, i — algio) = lun,ig — lgae) + 1t — alg)

58(\/%_04-1).

=< Iun,lo Iq(to)

Ly
x (1455 (g = anllergo.ce +

and



Hence
k
Aj
J=io+1
2 1 g
<&\ —++ 1)
(&

1 it lg —qull =
X + w1+
o 4 — 4qnllco0,7%];E) 077

+ Ly, (R + |>2
Vi—F— | —(— a n.
oo \ /X0

Moreover

k ) )

; Bj = g Conhtk —io) < =5 Coan,
Jj=ipo+1

ijc<2e R lal) hik —io)
i — +1a —i
- T=14+e " Jao 0

By combining these estimates with (31) we obtain the
announced result. O

Finally, for all ¢ > 0 and for all n € (0, min(e, n,)]
such that [v — v(tg + n)| < &, we have

[vt —un(to + )|
+ |luy(to + 1)

v -l <
- un,i()l + |un,i0 —u

< vt —uato +n)|
k

1
+ \/% Z [un, _un,j—l|qnyj
Jj=io+1
+ |un,io - ﬁ|

C
< vt —u,(# — +1
<v Mn(0+77)|+<\/a_0+ )8
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< (\/%_0 +2>8+ [v(to + 1) — un(to + )|

for all n > n,; .. Passing to the limit as » tends to +o00,
then as ¢ tends to zero, we may conclude that

ut =0t =4

=—eu +(1+ e)projq(to)(v_, V(q(to))).

4 Global convergence result

In the previous sections we have already established
a local convergence result for the proposed scheme.
Now we will prove that the convergence holds on a
time interval which depends only on the data. First we
recall the following property of the solutions of the
Cauchy problem.

Proposition 4 (Energy estimate) If R > |ugly,, there
exists T(R) > 0 such that, for any solution (q, u) of the
Cauchy problem defined on [0, 71,7 € (0, T] we have

u®],,) <R la(t) —qo| <R

vVt e [0, min(f, r(R))].
Proof See Lemma 7.1 in [13]. O

As a consequence, if we denote by (g, u,), a
subsequence of the approximate solutions converging
to a solution (g, u) of the Cauchy problem on [0, T*],
we have

|, <R

vVt e [0 mm(

lg(t) —qo| <R

)]

for all R > |ugly,. Next we infer a more precise esti-
mate on the discrete velocities.

Lemma 13 Let R > |uglyy, and let (qy, un)y be a
subsequence of the approximate solutions converging
to a solution (q, u) of the Cauchy problem on [0, T*].
Then,

lim sup sup{ |un i |
h—0

;0<t,; < mln( r(R))}

qn,i

;0 <7 <min(7*, T(R))}.

<ess sup{]u(t)’q(t),



Proof We prove this result by contradiction. So, let us
assume that there exists € > 0 such that

lim sup A, > A+ 2¢
h—0

with
A = sup{lunilg, s 0 <ty <min(7*, 7(R))},
Vl’l/ = —/
n
and

A =ess sup{|u(t)|q(t); 0<t< min(f*, r(R))}.

So, there exists a subsequence, still denoted Aj/, and
there exists an integer i’ not larger than n(h') =
|min(T*, T(R))/h’| such that

Vh/:Z.

)\'h, = |”n’,i’|qn/ il Z )" + € /
: n

We denote 7y = i’h’ € [0, T*]. Possibly extracting

another subsequence, we may assume without loss

of generality that (#;7);/~¢ converges to a limit t* €

[0, T*]. With the estimates obtained in lemma 1, we

have

|un’,i’|qn/_[/ = |un/,j|q,,/vj + (G ir — tn/,j)Ra,
Vjelo,...,i"} (32)
Ly, R*  C.y ~ = ~
: — . S W : — —
with R, = ‘;ZV +_ﬁ \:lth V =B(gqo,R), W =
[Ov T] X B(QOa R) X B(Oa \/77)

Thus

Ate= |un’,i’|qn/,,-/ = |un’,0|qn/,0 + 1w i Ra
Vi > 0. 33)
But

|t 0lg, o = ltolgy = tg%l+|u<r)|q(,) <

and passing to the limit as 4’ tends to zero in (33), we
infer that * > 0.
Now (32) implies that

P &
A + 5 < |un/,j|qn’,j th/,j (S} |:tn/,i/ - ma tn’,i/:| .

Since (¢,/.i) =0 converges to * > 0, there exists 71’ €
* * I3 * I3 L& .
N* such that [¢* — sr ! — m] C[tn.ir IR tn.i']

22

for all n’ > 7’ and thus g, ; = 2+ Sifty e

[t* — g 1" — 1ex - Since |uy (1), ) converges to
a a

|u(t)|4(+) for almost every ¢ in [0, T*] we infer that

¢ t
<

8R,
&
% >)\' _
7:>}_ +2

and we get a contradiction with the definition of A. [J

ess sup{ |u(t)|q(t); max(O, 7

<min| t* — ¢ ,
16R,

Then we obtain:
Proposition 5 Let R > |ugly, and T(R) > 0 be such
that, for any solution (g, u) of the Cauchy problem de-
fined on [0, 7], T € (0, T] we have

lg() —qo| < R
vt € [0, min(7, T (R))].

u®|,, = R.

Then, there exists a subsequence of the approximate
solutions (qu, un)n>1 which converges to a solution
(g, u) of the Cauchy problem on [0, min(T, T(R))].

Proof We already know that there exists t* € (0, T']
and a subsequence of the approximate solutions, still
denoted (gn, Un)n=ny, Which converges on [0, 7¥] to a
solution (g, u) of the Cauchy problem.

Let R > |uglg,. Of course, if min(7, 7(R)) < t*
the result is immediate. So let us assume now that
min(7, T(R)) > t*. By proposition 4 we have

[9() —qo < R
Vi € [0, min(t*, T(R))] = [0, T*].

u®], ) = R.

Applying Lemma 13, we get

lim sup sup{lun,ilg, ;0 <tn; < 7%}

h—0

0<t<t"} <R,

< ess sup{ |u(t)|q(t); <t<

so there exists & > 0 such that

1
tn,ifr*}§R+5,

sup{|un.ilg,: 0 <
Vh e (0, 7].

Since (gn)n=n, converges uniformly to ¢ on [0, T*],
possibly by decreasing i, we also have |g, () — go| <



R+%f0rallte[0,t*].Letnow Ri=R+1,V=
B(qo, R1) and let 1, B1 and 81 be as in (8) and in
Lemma 3, with respect to Vj. Let h € (0, l;] and let
tniy € (T* —2¢, 7% —¢) with % > ¢ > 0. We have

1 1
|gn.ip — qol = R+ 5 |un,i0|qn‘i0 <R+ E,
and we reproduce the construction proposed in Lem-
ma 1 with V; instead of V and go = gy, o = Un,iy

instead of go and ug. We obtain

i—1

|Gn,i — Gol = |qn,ig+i — qn,igl <h Z [t ig+ ;]
j=0

and

lttn io+i+11gnigivr = |nio+ilgnigsi

h

Crw
A/ U1

,2|ﬁ . .|2
- 10T gn, i +i
with

— _ R
Wi =10, T] x B(qo. R)) x B(o, —1)

Jr

We can compare |u, i, to the solution 6 of the

|‘bt.ig+i

following Cauchy problem:

‘;—? =k16% +ka,

¢ C
4(0) S W

v

LV,z
aj

1
:R+§ with k1 = , ky =

which is given by
- ki

6(1) = k—tan(\/lqkzt +C)
2

with C = Arctan

Then we have
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0(zh)
o

|un zo+z = \/—|Mn Jo+i |lo+l =
o

ifih < YL
2Ry

So we choose T* > 0 such that

- Joq R T*
= 2R1 i ,— =

6(*) < R;.

0<t* <48, and

(34)

Then there exists 2* > 0, depending only on R; and
the data (see (11)), such that the fixed point technique

of Lemma 1 allows us to construct (qn,io-H', Un,ig+i)
forall ih € [0, T*] and for all & € (0, h*], and

lttn ig+ilgn s < R1s |gn.ig+i — qol < Ry,

(1
|Qn,io+i - Qn,i0| =< min (Ea 51) .

Moreover, reproducing the same computations as in
Proposition 1, with Ry, Wi and §; instead of R, W
and 8, we obtain a uniform estimate for the discrete
accelerations of the extended approximate solutions. It
follows that we can extend the convergence property to
[0, min(t* —2¢ 4+ T*, T)]. By choosing ¢ € (0, T*/4),
we obtain t* — 2¢ + T > t* 4+ 7%/2 and, by means
of a finite number of extensions, we finally obtain the
convergence on [0, min(t (R), T)]. [l
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