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Optimal Partial Mass Transportation and Obstacle
Monge—Kantorovich Equation

Noureddine Igbida! and Van Thanh Nguyen!

INSTITUT DE RECHERCHE XLIM-DMI, UMR-CNRS 6172
FACULTE DES SCIENCES ET TECHNIQUES
UNIVERSITE DE LIMOGES, FRANCE

ABSTRACT. Optimal partial mass transport, which is a variant of the optimal transport prob-
lem, consists in transporting effectively a prescribed amount of mass from a source to a target.
The problem was first studied by Caffarelli and McCann [12, Ann. of Math., 2010] and Fi-
galli [21, Arch. Ration. Mech. Anal., 2010| with a particular attention to the quadratic cost.
Our aim here is to study the optimal partial mass transport problem with Finsler distance
costs including the Monge cost given by the Euclidian distance. Our approach is different and
our results do not follow from previous works. Among our results, we introduce a PDE of
Monge-Kantorovich type with a double obstacle to characterize optimal active submeasures,
Kantorovich potential and optimal flow for the optimal partial transport problem. This new
PDE enables us to study the uniqueness and monotonicity results for the optimal active sub-
measures. Another interesting issue of our approach is its convenience for numerical analysis
and computations that we develop in a separate paper [23, IMA J. Numer. Anal., 2017].

1. Introduction

The Monge-Kantorovich (MK) problem (or optimal transport) aims to find the best way to
move all mass from a given source into a prescribed target. The source and target are modelled
by two finite Radon measures 1, v € M, (RY) with u(RY) = v(R") and the problem can be
written as

min K(7) := / c(x,y)dy : meH#y = p,my#FyY = v o,
YEM;H (RN xRN) NN
X
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where m,#7v and m,#7v are marginals of v (see Section 2) and c¢(z,y) is a given ground cost,
i.e., c¢(x,y) is the cost one pays to move one unit of the material from z to y. This problem
and related topics are central in the optimal transport theory which has become popular in the
last few decades with applications in PDEs, differential geometry, image processing and many
other areas. For a further discussion on the MK problem, its history and applications, we refer
to pedagogical books [1], [31], [34] and [35].

The partial Monge—Kantorovich (PMK) problem (or optimal partial transport) is a very
natural extension of the original optimal transport problem. The problem aims to study the
case where only a part of the commodity (respectively, consumer demand) of total mass m needs
to be transported (respectively, fulfilled). Given pu,v € M;(RN ) and a prescribed total mass

0 <m < min { w(RY), v(RY )}, the PMK problem reads as follows

min K(vy) = / c(z,y)dy . mety < p, m#Fy <v, yRY xRY) =m
'yEM;(RN xRN)
RN xRN

This generalized problem brings out new unknown quantities pg := m,#v and py := m,#~ called
active submeasures. Here pg and p; are the sites where the commodity is taken and the consumer
demand is fulfilled, respectively. Existence, uniqueness and regularity issues were initially studied
by Caffarelli and McCann [12] with a special focus on the quadratic cost, i.e., ¢(x,y) = |z — y|?.
Thereafter, in an original paper [21], Figalli significantly improves the results. In particular, he
removes the disjointness assumption on the supports of the corresponding initial measures. The
regularity issues are also discussed in [15,24] for ¢(z,y) = |= — y|? and in [14] for general costs
under assumptions on "smoothness" of ¢ and regularity of p,v. In [6], Barrett and Prigozhin
study the problem from the numerical point of view for the case where c¢(x,y) = |z — y|.

In this paper, our aim is to give a complete and rigorous study of the PMK problem with the
cost given by a Finsler distance ¢(z,y) = dp(z,y) (including the case of Euclidean distance cost).
We introduce first the Kantorovich-type duality for the PMK problem with general costs. Then,
using the triangle inequality satisfied by dp, we introduce the notion of Kantorovich potential
for the PMK problem with Finsler distance costs. Recall that in the case c(z,y) = |z — y|?,
the obstacle Monge-Ampeére equation (cf. [12] and [21]) plays an important role to gather many
informations on the PMK problem. In our case, we introduce the obstacle Monge-Kantorovich
(OMK) equation and show how it is information-rich PDE for the PMK problem and how it
can operate effectively. In particular, the uniqueness of the so called optimal active submeasures
is one of the main issues of our approach connected to the OMK equation. Notice that an
interesting resulting numerical study of the PMK problem can be found in |[23].

Before giving the plan of the paper, let us take a while to comment our approach and main
ideas. It is not difficult to see that the PMK problem is a bilevel optimization problem that
aims to find the optimal active submeasures with the constraint on the total mass as well as the
optimal plan. The authors in [12] introduce a Lagrange multiplier A for the mass constraint,
add a point at infinity which acts as a tariff-free reservoir for transporting the extra mass, and
study the relations given by classical duality results. In their duality, A\ is a parameter to be
straightened to study the original PMK problem. In this way, they could deduce existence and
uniqueness of minimizers when the supports of p and v are disjoint. As to the strategy of [21]
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is to study directly the minimization problem by studying the convexity of the function that
associates to each m the total Monge-Kantorovich work. In particular, this allows the author to
prove the uniqueness without the disjoint support condition on p and v. Note that the methods
used in [12] and [21] do not work for the uniqueness of optimal active submeasures of the PMK
problem with the Euclidean cost (a particular case of Finsler costs). Our point of view is to
obtain the uniqueness via the study of the OMK equation. Our approach is different and our
results do not follow readily from previous works. We begin by handling directly the problem
for general costs by adding two arbitrary sites in R to process the problem into a balanced
optimal mass transportation. Taking the cost for free to the new sites, we show that the new
total work coincides with the total work of the PMK problem. Moreover, combining this with
classical duality results, we introduce a bilevel maximization problem to provide a natural dual
partial Monge-Kantorovich (DPMK) problem for the optimal partial transportation. In the
case of Finsler distance, the variable of the DPMK problem can be expressed as a couple (A, u)
where u can be interpreted as the Kantorovich potential associated with the PMK problem and
A would be used to give informations on active submeasures. Recall that in the case where
the cost is given by the square of the Euclidean distance (cf. [12]), the connection between the
obstacle Monge-Ampére PDE and the PMK problem is given by a map that associates to each
value parameter \ a solution of the Monge-Ampére PDE. In our case, we introduce a map
that associates to each value A a solution of the OMK equation. Then, we show how a right
value Ay enters in connection with the Kantorovich potential to bring out the solution of the
PMK problem. Among the main issues of our approach, the uniqueness of the optimal active
submeasures as well as their monotonicity hold true in the case where y and v are absolutely
continuous without disjointness condition of the supports.

The paper is organized as follows: In Section 2, we start in the first part by recalling the
Kantorovich duality for a general lower semicontinuous cost function c¢. In the second part of
Section 2, we summarize our main results on the PMK problem for a general cost ¢ as well as
for the case where c satisfies the triangle inequality. The third part deserves the results for the
case of Finsler distance and the OMK equation. The remaining sections aim to prove the main
results. The proof of the duality is given in Section 3. We study the existence and uniqueness
issues for the OMK equation in Section 4. In Section 5, we show the connection between the
OMK equation and the optimal active submeasures for the PMK problem by using the DPMK
problem and the partial minimum flow problem. Thanks to this connection and the results
on the OMK equation, we deduce the uniqueness of optimal active submeasures. To finish the
proof of the main results, we study some strong L' continuous dependence and monotonicity of
the solution of the OMK equation with respect to the obstacle in Section 6. We terminate the
paper by an appendix in which we give a chain rule for the tangential gradient with respect to
a measure.

2. Preliminaries and main results

In this section, we recall the Kantorovich duality for the optimal transport problem with a
general cost ¢ : RY x RY — [0, +-00]. After that, we summarize our main results. The details of
the proofs are given in the remaining sections.
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Given metric spaces X1, X2, a measure n € M;(Xl) and Borel map T : X7 — Xy, we
denote by T%n the pushforward measure of n by T,

Tyn(B) :=n(T~(B)) for every Borel subset B C X».

2.1. Preliminaries on Monge—Kantorovich problem. To begin with, we assume that
w(RY) = v(RY). The Monge Kantorovich problem (MK) reads as

min ¢ K(y) = / c(z,y)dy v € T(w,v) ¢,
RN xRN
where
T, v) = {y € MF(RY xRY) s mp#ty = p, my#ty =v}.
Here 7y, 7y : RY x RY — RY denote the standard projections and are given by m,(z,y) =
x,my(x,y) = y for any x,y € RY. The measure v € T(u,v) is called transport plan. One of

basic concepts in the optimal transport theory is the Kantorovich duality that can be restated
as follows:

Theorem 2.1. (cf. [35], Chapter 5) Let ¢ be a lower semicontinuous cost function (l.s.c.)
and p,v € M (RY) be such that u(RY) = v(RY). Then
(i) The MK problem has an optimal plan and the Kantorovich duality holds true, i.e.

min {K(y) : v € T (u, V)}zsup{/RN ude—/R vdv s (u,0) esc(ﬂ,y)}, (2.1)

N

where
Se(p,v) = {(u,v) € LL(RN) X L,lj(]RN) su(z) +o(y) < clz,y) Yo,y € RN} .

(ii) It does not change the value of the supremum in the right-hand side of (2.1) if one restricts
the definition of Sc(p,v) to those functions (u,v) which are bounded and continuous.

(11r) If c(xz,y) < Cu(x) + Cu(y) for some (Cyu,C,) € L}L x LY. then the dual problem on the
right-hand side (called Kantorovich dual problem) has an optimal solution.

(i) If the cost function satisfies the triangle inequality and c(x,z) = 0 for any x € RN, then the
Kantorovich dual problem can be rewritten as

sup{/ ud(v —p) @ u € Lipc} ,
RN

where Lip, := {u : RY 5 R:ue LL NLL, u(y) —u(x) < c(z,y) Yo,y € RN}, A solution of the
Kantorovich dual problem is called Kantorovich potential.

An interesting situation where the triangle inequality is fulfilled corresponds to the case
where the cost is proportional to a distance. Monge’s original optimal mass transport problem
corresponds to the Euclidean distance. The case where the cost c is given by a continuous Finsler
distance has been studied recently in [22] (see also [30] for the symmetric case).
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Let us begin with a reminder concerning Finsler metric. A continuous function F : RY x
RY — [0, +00) is called Finsler metric on R if
e F(x,.)is positively 1-homogeneous Yz € RY | i.e.

F(z,tv) = tF(z,v) for every z € RV, v € RN and t > 0;

e F(z,.)is convex for every z € RY.
In addition, in this paper, we assume that F' is nondegenerate in the sense that there exist
B,a > 0 such that
alv] < F(z,v) < Blv| for all (z,v) € RN x RV,
The Finsler distance dp on RY is defined by
1
dp(z,y) = inf /F(f(t),é(t))dt: £el,,RY)}, (2.2)
0

where Fx,y(]RN) is the set of Lipschitz curves on [0, 1] taking values in RY joining x to 3. Under
the above assumptions, it is known that the inf problem (2.2) is actually the minimum and that
dp is not necessary symmetric distance, i.e. dp satisfies
o dr(z,y) > 0;dp(z,y) =0 if and only if z = y.
d dF(fL',y) SdF(va)+dF(Z’y) for any xvyazE]RN-
The polar function F* of F is defined by

F*(x,p) :=sup {(v,p) : F(z,v) <1} for z, pec RY.
It is easy to see that F'* is also a continuous, non-degenerate Finsler metric and

(€,p) < F*(x,p) F(a,v) Va,v, peR".

Now, we consider the optimal transport problem of moving p into v with the cost ¢ = dp. Since
the cost dp satisfies the triangle inequality and dp(x,z) = 0 for any z € RY, we have

min{/C(a) : UEW(M,V)}:sup{/RNud(V—u):uéLide}.

In the case where F(z,v) = |v| for any (z,v) € RY x RY, it is clear that dp is the Euclidean
distance. For regular densities p and v, Evans and Gangbo proved that the characterization
of the Kantorovich potential may be given by a nonlinear PDE of the p—Laplacian type with
p = oo. Since [11], this PDE is called Monge—Kantorovich equation and formally reads

—V-®d=v—pu inDRY)
(2.3)
u € Lip|, ®-Vu = |®|.

Roughly speaking, the flux ® in (2.3) is called the transportation flow and its total variation |®|
gives the density of the transportation. Formally, the second line of (2.3) conceives the equation

where B(0,1) is the Euclidean closed unit ball.
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As we will see, among our results, we give a generalization of the PDE (2.3) for general
Finsler metrics. Actually, for a Finsler metric F', (2.3) reads formally

V- ®=v—pu in DRY)

u € Lipg,, ®-Vu=F(.,®).
In general, since @ is a finite Radon vector measure, the second equation of (2.4) needs to be
understood in the sense of tangential gradient with respect to a measure. More precisely, a
couple (u, @) is said to satisfy the PDE (2.4) if (u, ®) € Lipg, x My(RY;RY), -V - & =v —
in D'(RY) and

(2.4)

@ ¢ :
@-V‘@u:F <,@’()>, |®| — a.e. in RY.

P
Here, we denote by @ the density of ® with respect to |®| and by V|g|u the tangential gradient of

u with respect to |®| (cf. [10,11,25]) which is well-defined for any Lipschitz continuous function.
Following 25, Lemma 4.9], given ® € M,(RY;RY) and € My(RY) such that —V - ® = 5 in
D' (RY), we have

P P

/ @ Vg éd|®| = / @ Ved|@| = /{dn for all £ € C°(RY). (2.5)
RN RN RN

Moreover, one can prove that (using approximation and (2.5))

[0)) .
/@\'v'q’gd'@ _ /gdn for all €€ Lip(RY) N Cy(RY).
RN RN

2.2. Main result for the PMK with general costs. Assume that u,v € M, (RY) are

compactly supported and
My = min{ g (RY), v(RV)}.
Given a total mass m € [0, my,,x|, the PMK problem aims to transport effectively a total mass
m from a supply submeasure of p into a submeasure of v. The set of submeasures of mass m is
given by
Subm (1, v) = {(po, p1) € M (RY) x MF(RY): po < i, pr < v, po(RY) = p1(RY) =m}.

Then the PMK reads as

min { K(v) := / clz,y)dy: v € Tm(p,v) o, (2.6)
RN xRN
where
Tm(p,v) == {’y € T(po,p1): (po,p1) € Subm(u,l/)}.

The couple (po, p1) € Subm(p,v) is called a couple of active submeasures. It is a couple of
optimal active submeasures if it solves the PMK (2.6). That is, there exists an optimal plan 7 of
the PMK (2.6) such that v € 7 (po, p1).

Our main result concerning duality for the PMK problem with general costs is the following.
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Theorem 2.2. Let p,v € M;(RN) be measures with compact supports X and Y, m €
[0, Mpax]. Assume that c is lower semi continuous and bounded on X xY. The PMK problem
has a solution o € Tm(p,v) and the Kantorovich duality turns into

K(c*) = min / cd
(@) YET m (1) 7
RN XRN (2 i 7)

—max [ odut [wdv+ami AeRY, (6.0) € SXu) .
RN RN

where
SMNuv) = {(¢,9) € Ly x L, : ¢ <0, ¢ <0 and ¢(x) +¢(y) + A < e(,y) Va,y € RV},
Moreover, o € Tm(p,v) and (X, ¢,1p) € RT x SMu,v) are solutions, respectively, if and only if

o(x) =0 for (u—mp#o)-a.e. € RN, h(y) =0 for (v— Ty#0o)-a.e. Yy € RN

and ¢(z) +Y(y) + A= c(z,y) for o-a.e. (z,y) € RY xRV, 28)

The maximization problem on the right hand side of (2.7) is called dual partial Monge—
Kantorovich (DPMK) problem.

Remark 2.3. See that the duality formulations (2.7) is different from Caffarelli-McCann’s
duality (see |12, Corollary 2.7]). In (2.7), A is a variable and the duality is direct to the PMK
problem. This formulation can be seen also as a minimax formulation of the problem. For
numerical computation concerning the PMK problem, the formulation (2.7) with A as a variable
is very useful. This issue is discussed in [23].

We have a further structure of the duality (2.7) for the costs satisfying the triangle inequality.

Theorem 2.4. Under the assumptions and notations of Theorem 2.2, assume moreover that
the cost function c satisfies the triangle inequality and c(x,z) = 0 for any x € RN, Then the
DPMK problem can be rewritten as

K(c*) = max {D()\,u) = /ud(y — )+ Am—vRY) : A>0andu e Li‘} , (2.9)
where
L) = {uELipc 0 <u(z) <A foranyxERN}.

In addition, ¢ € Tm(pu,v) and (\,u) € RY x L are solutions of the PMK and of the DPMK
(2.9), respectively, if and only if

u(x) =0 for (u—mp#o)-ae xRN u(x)=\ for (v—my#0)-ae. x€RY (2.10)
and u(y) —u(z) = c(x,y) for o-a.e. (x,y) € RY xRV, .

The proofs of Theorem 2.2 and Theorem 2.4 are given in Section 3.
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2.3. Main results for Finsler distance costs. Coming back to the Finsler distance cost
dr, we introduce a new nonlinear PDE that we call the obstacle Monge-Kantorovich (OMK)
equation. Then, we use this PDE to show the uniqueness of optimal active submeasures whenever
the data p and v are absolutely continuous with respect to Lebesgue measure.

To introduce our PDE, we see that the dual formulation (2.9) may be written as

max (muax {D()\,u) RTINS LQF}> .

Moreover, formally, for any fixed A > 0, the Euler-Lagrange equation associated with the problem

max {D(/\,u) tu € LQF} (2.11)

u

is given by the following PDE
-V -®=v—pu in DRY)

(P) ®-Vu=F(,o)

(S Lfl\F, AS 8.”[07)\](’&)

This is a double obstacle problem associated with the PMK problem (2.6) with ¢ = dp. And,
formally we conclude that the study of the PMK is closely connected to the study of the depen-
dence of a solution of (Py) with respect to A. Our aim now is to study this connection to get a
characterization of optimal active submeasures of the PMK problem. Before going further, let
us give the notion of solution to the OMK equation (Py).

Definition 2.5. For a fixed A > 0, a triplet (6, ®,u) € My(RY) x My(RY;RY) x Lipg,, is
said to be a solution to the OMK equation (Py) if u € Lil\F and we have

f—V-®=v—pu in D(RY)

P o N
@(IL‘) Vipu(z) = F (m, M>|(1:)) , |Pl-ae. z€R
u=0, 0 -ae. in RY  and w=\ 6T-ae. in RV,

where 07 is the positive and negative part of the measure 6 given by the Jordan decomposition.

Without abusing, we also say that a Radon measure € My(RY) is a solution of (Py) if
there exists (®,u) € My(RY;RY) x Lipg,. such that (6, ®,u) satisfies the OMK equation (Py).

To set the connection between the OMK equation and the optimal active submeasures, let
us denote by p A v the measure of common mass of 4 and v. Recall that if u,v € Ll(RN ) then
pAve LNRY) and

(A v)(z) = min{u(z),v(x)} for ae zeRN,
In general, the measure p A v is defined by (see [2])
pAv(A) =inf{u(A1) + v(Az) : disjoint Borel sets Aj, As, such that A; U As = A}.
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Theorem 2.6 (Existence of a solution to the OMK equation). Given u,v € M;(RN) and
A >0, the OMK equation (Py) admits at least one solution (6, ®,u). Moreover,

O~ <p—pAv<p and 0T <v—puAv<v
for any solutions (6, ®,u).

Because of the degeneracy of the OMK equation, the question of the uniqueness of a solution
for (Py) is delicate. In fact, one cannot in general expect the uniqueness of the components ®
and u of solutions for the OMK equation (Py). However, we can prove the uniqueness of the
component 6 whenever i and v are absolutely continuous with respect to the Lebesgue measure.

Theorem 2.7 (Uniqueness of #). Assume that p,v € L*(R™)T. Let 6; and 0y be two
solutions to the same OMK equation (Py). Then 61,09 € Ll(RN) and 01 = 0s.

Now, we come to the connection between the OMK equation and the PMK problem.

Theorem 2.8 (Optimal active submeasures and OMK equation). Let u,v € M;(RN ) be
compactly supported.
(i) For any A > 0 and 0y a solution of the OMK equation (Py), the couple

(po,p1) = (u—05,v—06))

is a couple of optimal active submeasures corresponding to my = (u — 9;)(RN).
(ii) Conversely, if (po,p1) € Subm(i,v) is a given couple of optimal active submeasures and
m € [( A v)(RY), Myay] then for any Am > 0 such that

Am € arg max {max {D(A,u) tu € LéF}} ,
A>0 u

the measure 0, defined by
0\ :=m—po and 0:\:1 =v-—p
is a solution of the OMK equation (P, ).
Following Theorems 2.8 and 2.7, we have the following result for the PMK problem.

Corollary 2.9 (Uniqueness of couple of optimal active submeasures). Let u,v € Ll(RN )t
be compactly supported and m € [||u A v| g1, Mmax]. There exists a unique couple of optimal
active submeasures.

To end up this section of main results, we propose to study the maps that associate to
each A > 0 the corresponding optimal active submeasures and their total mass in the case
W, v € Ll(RN). Thanks to Theorems 2.6, 2.8 and 2.7, for any A > 0 there exist a unique mass
m, := (u—0; )(RY) and a unique couple of optimal active submeasures (pd, p7) == (u—0y,v—07)
corresponding to my. Let us define the maps

m : [0,00) — [(N/\V)(RN)7mmaX]

A — m(\) := my
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and

R : [0,00) — LYRM)x LYRY)

Ao RO = (o).
To simplify the presentation, let us denote

Stubopt (11, ) := {(po, p1) : po and py are optimal active submeasures for some m € [||pAv| L1, Mpax]}.

Theorem 2.10. Let v € LY(R™)" be compactly supported. We have that
(i) the map m is continuous, non-decreasing and surjective;
(1) the map R is continuous, non-decreasing and surjective from [0,00) to Subgp:(p, V).

Remark 2.11. (i) There is in general no uniqueness of optimal active submeasures when
m < (A V)(RN ). Indeed, in this case, all active submeasures pg = p; < p A v are optimal. This
is not a contradiction with our PDE approach. Because there is no such an OMK equation with
A > 0 characterizing the PMK problem in this case.

(ii) In general, the uniqueness of optimal active submeasures does not hold true if both p and v
are not in L'. For example, on R, taking u = &; 4 03, v = da, where §j, is the Direct mass at k
in R. Then all active submeasures are optimal for any m.

(iii) We show that the uniqueness holds true whenever p, v € L'(RY) by using PDE techniques.
We do not know if this remains to be true when one of y, v belongs to L'(RY).

3. Kantorovich-type duality
The aim of this section is to prove Theorems 2.2 and 2.4.

Proof of Theorem 2.2. The existence of an optimal plan ¢* € Ty, (i, v) is standard which can
be shown by Direct Method. Next, for any o € (i, v) and (X, ¢, ) € R x Sg‘(,u, v), we have

/ o(z) du(z) + / (y) dv(y) + Am < / o) dmy o + / (y) dmyfo + Am
RN RN RN RN

_ / (6(x) + ¥(y) + A) do (3.1)

RN xRN

< / c(z,y)do.
RN xRN

Hence,

sup /gbd,u—l— /wdu—i—)\m A eRT, (¢,0) € SMNu,v) p < min K(o).
O'Eﬂ-m (M?V)
RN RN
In order to prove the converse inequality, we add two points & € RY \X and g € RN \Y as extra
production and consumption positions, respectively. Let us consider X := X U{z}, Y := Y U{y}
as metric spaces (induced by the Euclidean distance) and the measures on X and Y defined,
respectively, by
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=pu+ w(Y)—-m))d; and U=v+ (uX)—m)d;
Obviously, i(X) = (Y). Then, let us consider the extra cost on X x Y’
. c(x, if (x,y)e X xY
tla,y) = 0V 1 By) € XY
0 if r=2ory=y.

From the assumptions on ¢, we have that ¢ is l.s.c. and bounded on the compact metric space
X xY. Using Theorem 2.1,

min é(x,y)dy =  max /ﬂd/l—i—/f)dl?.
%eﬂ(ﬂvﬁ)/\//\ ( ) (717”3)686([’“71;) A J
XxY X

Fixed any 4 € T(f, ), set 1 := 4L xxy the restricted measure of ¥ on X x Y. It is easy to see

that m#v1 < p, my#yn <vand v (X xY) > m. Let us define v := L'yl € Tm(p,v)
Nn(X xY)

[ cewirs [ copan= [ s

XY XY XxY

and

This implies that

min z,y)dy < min / ¢(x,y)dAy max /a A+/17d19
YET m (1) / e(z-9) FETT(j2,0) (= 9)d3 = (4,0)€Se(f1,) : J
Y

XxY Kxv
To finish the proof, for any (i, ) € Sa(fi, V), we can moreover assume that @, 0 have finite values.
Set uy :=u + 0(g), v1 := v+ u(&) and )\ a(z) —0(y) > 0. Since 4(z) + 0(y) < é(x,y), we

see that w3 < 0in X, vy; <0in Y and u;(z )+v1(y) < ¢(z,y) — A for any (z,y) € X x Y. So,
extending arbitrarily u; and v; up to RY such that (u1,v;) € Sg‘(u, v), we get

/ i) dji + / o(y) do = / () dps + / 0(y) v + (W(Y) — m)a(2) + (u(X) — m)o(9)
X v X Y
= [ (@) +00) du+ [ (6(0) + (@) dv — (2(2) + ()
X Y
= [uwi(z)dp+ [ vi(y)dv+ Am
[ ]
Thus
767%'?(1“7”))(1/ c(z,y)dy < @ vrg§§u7u)/udu + /vdy

< sup /¢du+/wdl/+>\m tA>0, (6, 9) € S, v)
R RN
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From the above arguments, the supremum is actually the maximum.

At last, by the duality (2.7), 0 € Tm(p,v) and (X, ¢,9) € RT x S} (u,v) are solutions of the
PMK and of the DPMK, respectively, if and only if the two inequalities in (3.1) are equalities.
This is equivalent to the optimality condition (2.8). O

Now, we prove the duality for the case where the cost satisfies the triangle inequality.
Proof of Theorem 2.4. We see that

min / c(x,y)dy > sup {D()\, u) : A>0and u € L?} )
YET m(p,v)
RN xRN

Indeed, for any v € Tm(p, v) and u € L7, we have

/ wd(v — p) + A(m — v(RY)) = / —u(x)dp + /(u(y) — A)dv + Am
RN RN RN
< [ —udmtyt [ - Ny am g
RN RN

< / c(x,y) dy(z,y).

RxRN
Conversely, for a given A > 0 and (¢,1) € S (u, v), we consider

ui(x) = su}y/) W(y) + A —clz,y)) <A and wu(z) := max{ui(z),0} VoeRY.
ye

We see that u is 1-Lipschitz with respect to ¢ and —u > ¢ and u(y) — A > ¥(y) Vy € Y (where
we use the condition ¢(y,y) = 0). So

/ud(y — p) + A(m — y(RY)) > /qbd,u—i— /wdy—i-)\m.
RN RN RN
By Theorem 2.2, the duality and the existence of a solution (\*, u*) are proven. For the optimality

condition (2.10), we use again the duality and (3.2) similarly to the case of general costs ¢. O

Remark 3.12. If ¢ satisfies the triangle inequality and c(x, z) = 0 for any = € R then the
DPMK problem can be also written as

max /ud(y—u)—k)\(m—u(RN)):/\ER+,ueLipc, “A<u<0
RN

Indeed, in the construction of u from (¢, ), we can take

ui(y) :== (c(z,y) — p(x) — A) and wu(y) := min{u;(y),0} Vy € RN,

inf
rzeX
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4. OMK equation

The aim of this section is to study the existence and uniqueness of solutions for the OMK
equation (Py). Besides this, we also show some estimates for solutions € of the OMK equation
which are useful for later use. We will make use of variational techniques for the existence while
the uniqueness and the estimates of # are shown by using PDE techniques. In this section, we
do not really need the compactness of the supports of p and v.

4.1. Existence of solution to the OMK equation. The existence of solution to the OMK
equation is based on the dual approach. More precisely, by applying the Fenchel-Rockafellar dual
theory to the problem (2.11), we introduce a minimum flow-type problem (for the minimum flow
problem and some its variants, one can see [31, Chapter 4]). And then we show that the OMK
equation is given by the optimality condition for the two problems.

Proposition 4.13. Let u, v € M (RY) and X\ > 0 be fized. We have
)
max / ud(v — p) = min{ /F(x, @(x))d\@ + A / dot . (®,6°,0%) ¢ S}, (4.1)
uGLdFRN e EN
where
S = {(@,90,91) € My(RY;RY) x M (RY) x MF(RN) : -V - & =v — 0" — (1 — 90)}.
We need some elementary lemmas concerning the set Lipg,, of 1-Lipschitz functions w.r.t dp.

Lemma 4.1. Let F' be a continuous, nondegenerate Finsler metric and u € Lipg,,. Setting
Ue := pe * u, where p. is the standard mollifier on RY . Then

limsup F*(x, Duc(x)) <1 for all x € RV, (4.2)

e—0
Proof. Let z € RV be fixed. There exists some ||£.|| = 1 such that

(Du(x) - &) — lim ue(z + h&:) — ue(x)
F(z,&) h—0+ F(z,h&)

J pe(t) (ul + hée — 1) — u(w — ) dt

. RN
= lim

h—0+ F(z, hé:)

F*(z,Duc(z)) =

This implies that
f pe(t)dr(z —t,x —t+ h&.)dt

F*(z, Duc(x < limsu RY
( (2)) m sup Fa he)
1
[ pe(t) [ F(x —t+ Thé., hé) dr dt
< lim RY 0 (4.3)
T oo+ F(z, hE:)

hzf\r Pe(t>F(x - t,fg) dt

F(x,&)
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On the other hand, there is a sequence €, — 0 such that

limsup F*(z, Dus(z)) = lim F*(z, Du.,(x)). (4.4)
e—0 en—0
Since &, || = 1, up to a subsequence of {&, }, we can assume moreover that
&, = & as g, = 0. (4.5)

Thanks to (4.3), we get

f Pen, (t)F(SC - tafen) de
RN

F*(x, Dug, (z)) < o) . (4.6)

Let e, — 0, using (4.4), (4.6) and (4.5), we obtain

{v e, () F(x —t,&,)dt

lilglj(l)lp F*(z, Du.(x)) = Elnigo F*(z, Du,, (z)) < Elnigo]R F ) =1. O

Remark 4.14. The lower semicontinuity of F' is not enough to hold (4.2). Indeed, taking
the lower semicontinuous, non-degenerate Finsler metric /' on R defined by

€] if <0
F(x,€) = f ,EeR
(z,¢) {2|§| ifrso O nS

and wu is 1-Lipschitz w.r.t. dg given by
if o<
u(z) = xl.x_o for x e R.
2¢ if >0
Then,
Ip| if <0
F*(z,p)=<1 . . and u/.(7) = /pg(s)u'(ac — s)ds.
—Ip| if x>0
2 R
/ 3 00y ot 3
Therefore, u'z(0) = pe(s)ds + 2 pe(s)ds = 3 and F*(0,u'2(0)) = 3> L.
[s>0] [s<0]
It is known that if u € C*(R") then
u(y) —u(x) < dp(z,y) Y,y € RN (i.e.,u € Lipg,) if and only if F*(z, Vu(z)) <1 Vo € RV,

The latter is equivalent to
q-Vu(z) < F(z,q) Yoz e RY, Vg e RY.
In the case where u is non-smooth, we have the characterization via the tangential gradient.

Lemma 4.2. For any u € Lipg, and ® € M (RY:RY) such that V- ® € My(RY), we have

® P
@(a:) Vipu(r) < F(z, @(x)), |®|-a.e. x€RY,
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Proof. Taking u. as in Lemma 4.1, for any Borel subset B, we have

e—0

) . ¢ .
/m-v@wd]@\ _ ;%/m(m)-Vue(x)d@] < hmsup/F 2, Vo (2) F(x, y<1>|( 2))d|P|(2).
B B
Letting € — 0, using again Fatou’s Lemma and Lemma 4.1, we get

/@' - Vjgu( d|c1>y</F |( )]

The proof ends up by the arbitrariness of Borel set B. O

Proof of Proposition 4.13. The case A = 0 is obvious. Let us now assume that A > 0.
1. We show that

P
max [ ud(v — p) <inf F(z, —(z))d|®|+ X [ d§': (®,6°,0') e S},
[ vt {R[ @] R[ }

uELQ
FRN

Fix any u € LQF and (®,6°,0') € S. Taking u as a test function in the equation —V - ® =
v—60' — (u—0Y), using Lemma 4.2, we have

/ud(l/—,u,) / |®|V‘¢|ud|fb|+ /ud01 - /udeo

RN RN RN
F(x d|<I>|+>\/d91.
/ o
RN

So
sup /ud(l/—,u) §inf{/F(a:,é(m))d|@|+A/d91: (®,6°, 6" ES}.

A
ueLdFRN RN RN

It is not difficult to see that the supremum is actually a maximum by the direct method.
2. Obviously, we have

max{ /ud(u—u):ue LC)Z‘F} Zsup{ /ud(y—,u):ue L[}F, u € Cl’l(RN)}.

RN RN
It remains to show that
Sup{ / ud(v — p) - u € CHHRY) ﬂLQF}
]RN

:min{/F(:c,E;’(x))d]@—i—)\/dﬁlz (@.0.0" € 5.

RN RN
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On the other hand,

sup{ /ud(y —p)u € CI’I(RN)HLQF}

RN

= sup{ /ud(y —p) ru e CHYRY), F*(z,Vu(z)) <1, 0 <u(z) <\ Ve RN}
RN

s e vouna).

where
Flu) = — / ud(v — p) Yu eV := CHYRY) ﬂC’b(RN),
RN
Au) = (Vu, —u,u) € Z := Cy(RY;RY) x Cy(RY) x Cy(RY)
and, for all (¢, z,w) € Z,

0 if z(x) <0,w(z) <A and F*(z,q(z)) <1 Vz e RY
+o0o otherwise.

G(q,z,w) := {

We use the W1H*-norm and L*-norm for the spaces V and Z, respectively, i.e.,

[ully == [lullzee + [IVullLe and [[(q, 2, w)|lz := llqllz~ + 2]z + lwllzoe.

Now, applying the Fenchel-Rockafellar dual theory (see e.g. [17], Chapter I1I, Theorem 4.1 with
the choice ug = 5 there. Note that the assumption A > 0 is used in this step), we have

inf F(u) + G(Aw)

(~F (—A"(®,6°,0Y)) — G*(®,6°,6")).

max
(2,00,61) €M (RN RN ) x My (RN ) X My, (RY)

The proof of (4.7) is completed by computing explicitly the quantities in this maximization
problem. For completeness, let us give the results of this computation.
e Since F is linear, F*(—A*(®,6°,0')) is finite (and is always equal to 0) if and only if

(=A*(®,6°,0Y),u) = F(u) = — / ud(v — p) for any u €V,
RN
or equivalently
(®,Vu) — (0% u) + (0',u) = (v — p,u) for any u € V.
This means that
V- ®=v—0"—(u—6° in D'(RY).
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e For G*(®,6°,0'), we have

G*(®,6°,0") = sup (@,¢)+ sup  (0°z)+  sup (0, w)
q€CL(RN;RN): F*(z,q(z))<1,VzeRN 2€C,(RN):2<0 weCLRN):w<A

)
/F(x,m(x))d@\ +/\/d01 if 0°>0 and ' >0
RN RN

+o00 otherwise.
O

Proposition 4.15. Given u, v € M (RY) and A > 0. We have that
(i) if u and (®,60°,0Y) are solutions for the duality (4.1) then (6,®,u) = (01 — 6°, ®,u) is a
solution to the OMK equation (Py). Moreover 67 = 0, 6= = 6" if X > 0.
(ii) Conversely, if (0, ®,u) is a solution to the OMK equation (Py) then u and (®,6° 6') =
(®,07,0™) are solutions for the duality (4.1).

Proof. (i) Let u € L}, and (®,0%6") € S be solutions for the duality (4.1). Then (0, ®,u) :=
(61 — 0%, ®, u) is a solution to the OMK equation (Py). Indeed, we have

0—V-®=v—p in DRY)

and
= [ 2 1 0
ud(v — p) = ‘®’V|¢|ud]¢>\ + [ udb udf
)
< /F(x,@'(x))d\q)y +)\/d61 (by Lemma 4.2).

From the optimality of u and (P, 6°, 01), using Proposition 4.13, we have that

) )

@(J:)V@‘u(x) = F(x, @(x)), |D-a.e. z,

uw=0, 0®-ae and u=)\, 0'-ae.
By the Jordan decomposition, we get 67 < ', 8~ < 0" and thus
u=0, 0 -a.e. and u =)\, 6T-a.e..

So (A, ®,u) is a solution to the OMK equation (Py). It remains to verify that 6~ = 6° and
0" = 0" in the case A > 0. Since A > 0, we deduce that §° and ' are concentrated on two
disjoint sets. Thus 7 = 0 and 6~ = 6° by the Jordan decomposition.

(ii) Conversely, assume that (6, ®,u) is a solution to the OMK equation (Py). We see that

LiiJ
/ud(y—u):/mv|¢ud|®\+/ud9
RN

RN RN

_ /F(x,é(x))d@w/meﬁ

RN RN
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The optimality of v and (®,6~,07) follows immediately from the duality (4.1). O
We have the following estimates for solutions 6 of the OMK equation.

Proposition 4.16 (Estimate of solutions ). Given i, v € M (RY) and A > 0. Let (6, ®,u)
be a solution to the OMK equation (Py). Then

0~ <p—puAv<p and 07 <v—puAv<u.
Proof. Case 1: If A =0, then u =0, ® =0 and
O=v—pu=v—pAv—(pu—puAv).

By the Jordan decomposition, 07 <v — pAvand 6~ < p—pAv.
Case 2: Let us now assume that A > 0. For 0 < € < ), let us consider the Lipschitz continuous
functions of one variable

0 ifr<i—e¢
1. Jr—ON—¢) .
T:(r) == ——— fA-e<r<a Wrek
1 ifr> A\

For £ € C°(RY) such that £ > 0, we take T2 (u)¢ as a test function in the equation § — V - & =
v — u. We get

[Tt ean+ [ Ve (e aje) = [ T - ). (48)

Thanks to Lemma 7.5 (see Appendix), we get

) / P P
[ Vo () el = [ @ el + [ e ver el
(4.9)
> g‘ VET! (w)d|®).
Using (4.8) and (4.9), we see that
[ riwgas s [ o veriuael < [ 1Xwedo -
; 3 Ve ;

~ [Tlgdw —prv—(u-pnv)  10)

< /Tgl(u)fd(y —pAD).

Since u < A, for any x € RY, we have

T} (u)(z) — X[u=(z) as & — 0.

Now, using Lemma 7.5 (ii), the non-degeneracy of F' and the definition of solution for (Py), we
have |®| ([u = A]) =0 (i.e. ® gives no mass on the set [u = A]). This implies that

d
/@‘ - VETX (u)d|®| — 0 as e — 0.
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Letting € — 0 in (4.10), we get
/ £do < / ¢d(v —pAv) forany € € CX(RY), € >0.
[u=A] [u=A]
Using the definition of solution for (Py), we have u = 0 for 6~ -a.e.. Since A > 0, we deduce that
/ £dot = / &do < / Ed(v —pAv) forany €€ CP(RY), €>0.
[u=A] [u=A] [u=A]

This implies that 67 < v — u A v on [u = A] and that 7 < v — u A v (since " is concentrated
on [u = \]). At last, using T2(u)¢ as a test function in the equation § — V- ® = v — u, where

-1 if r<0
r
T2(r) == —l+- if0<r<e VreRr,
0 if r>e
we can prove in the same way that 0~ < pu—pAwv. (]

Proof of Theorem 2.6. The proof follows directly from Propositions 4.13, 4.15 and 4.16. [J
As a consequence of Proposition 4.13, we have the following result that will be useful later.
Corollary 4.17. Let p,v € Mj (RY) be such that v(RY) < u(RY). We have

sup{ /ud(l/—,u) tu € Lipg,,u > 0}
RN

o
- min {/F(x,(x))d|<1>:—V~<I>:u—(,u—90)}.
(@00)ery BV RNt ) L) D

Proof. Using the assumption v(RY) < u(RY), there exists (®,0°) € M(RY;RY) x M (RY)
such that —V - ® = v — (i — 6°). This implies that

(0]
inf F(z, —(z)d|®|: -V - ® =v — (u—0°) } := C < +c.
(2,00) M, (RY ;RN ) x M (RN {Rz ( D (z))d|®| (1 )}

Now, taking u as a test function in the equation -V - ® = v — (u — 00), we get

/ud(u—,u) :R{ E;’Vmud]qﬂ — /ud90 < /F(a;,’;(a:))d@\.

RN RN RN
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Hence,

sup{/ud(l/—,u):uELide,uZO}
RN

< inf {/F(:p,CD(x))d|¢]:—V-<I’:V—(u—90)}=C<+oo.
(200)€Mp (RN BV)x M (RY) £ S @]

(4.11)
Conversely, let us consider a sequence A\, — 400 as n — +o00. Thanks to Proposition 4.13, there
exist u, € Lfl‘; and (®,,,09,60.) € S such that

nyYnirYn

/F(x,;g(x))dy@nijn/da}z = /und(l/—u)

RN RN RN

§Sup{/ud(1/—u):uGLide,uZO} < C.
RN

(4.12)

It is not difficult to see that {(®,,60%,0})} is bounded in My(RY;RY) x M,(RY) x My(RY).

nyYnirvYn

Thus, up to a subsequence, (®,,,60°,01) converges to some (®,6°, ') weakly* in /\/lb(]RN; RN) X

nyYnirYn

My(RY) x My(RN). Tt is clear that 81 =0, 6° > 0 and —V - ® = v — (u — 0°). Now, using

the lower semicontinuity of the functional /F( (x))d|®| w.r.t. the weak™® convergence in

P
x, —
||
variable ® (see e.g. |2, Theorem 2.38]) and passing to the limit in (4.12), we obtain

P ®
/ F(z, @(a:))d]qﬂ < ngl}rloo F(z, |(I)—Z|(x))d|<1)n| < sup{ / ud(v —p) : w € Lipg,,u > 0}.
RN RN RN
The proof is completed by combining this with (4.11). O

4.2. Uniqueness of solution 6 to the OMK equation. We usually identify a measure
with its density function with respect to Lebesgue measure £V when the measure is absolutely
continuous w.r.t. £V. In this subsection, we focus on the proof of the uniqueness for the
solution 6 of the OMK equation (Py) which is then used to show the uniqueness of optimal
active submeasures for the PMK problem. The result of uniqueness is somehow optimal in view
of Theorem 2.8 and Remark 2.11 (ii). Our proof will be based on the doubling and de-doubling
variable technique (the technique was known in PDEs, due to [26], see also [13] and the references
therein). It uses mainly the following result.

Lemma 4.3. Let A >0 and p,v € LI(RN)JF. Suppose that (6;, ®;,u;), i = 1,2, are solutions
to the same OMK equation (Py). Then 01,05 € LY(RY) and, for any ¢ € C(RY x RY) such
that € > 0, we have
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/ / (61(2) — 02(y)) "€, y)dxdy < / / (Vo + V,6) [d]1|(2)dy

RN RN s
- / / | (Vo€ + V,€) |d| B2 (y)da w1
RN RN
" / / (v = p)(x) = (v = p) () |§ (2, y) dzdy.
RN RN

Before giving the proof of this lemma, let us show how it enables us to prove the main result
of uniqueness in Subsection 2.3.

Proof of Theorem 2.7. Fixed any a € C°(RY), a > 0, let us choose
§(2,y) = pe(z — y)a(z + y)
as test functions in (4.13). Note that V& + V& = 2p.(z — y)Va(z + y). We have

/ / Ve + Vyeld|®y|(x)dy = / / Vate + Vyeldyd|®y|(2)

RN RN RN RN
—2 / / pe(w — )| Valz + y)| dyd|@:|(x)
RNRN
2 [ [ o)ivatzs - )] atds)(z)
RN RN
—>2/|Va(2w)|d]<1>1|(x).
RN
Similarl / / / i =y — 1
NG |Vl + Vy&e|d|P2|(y)de — 2 [ |[Va(2y)|d|P2|(y). Next, since f:=v—pe L,
RN RN RN
we have
| [ 1@ - sl sty = [ [ 150~ f@)lo-le - ate -+ y) dudy
RN RN RN RN
<lalo [ [ 1) = f@lole —y) dyds
RN RN
IIalloo//lf F(x —t)|p(t) dtdz
]RN RN

— e / Fu(z)dz — 0,

RN
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by the fact that Fy( / |f(z) — f(z —t)|pe(t) dt, and F. — 0 in L'. Thus (4.13) leads to

/(91(37)—92( 1) a(22) dm<2/Va 20)|d| 1| (& +2/Wa 2))[d[Bs] (). (4.14)

RN RN

Taking a sequence a,, € C>°(R") such that XB(0,n) < @ < XB(0nt1) and [Vay| < C. Substitut-
ing av, into (4.14) and letting n — +o00, using the finiteness of ®;, we get /(01 () —0z(z)) " da <

RN
0. Hence 61 < 65. Since 61 and 6 have the same role, we obtain 67 = 6,. O

Now, we give the proof of Lemma 4.3. Let us consider the Lipschitz continuous function
H.(r) := min(r*/e,1) for any r € R.

Proof of Lemma 4.3. Thanks to Proposition 4.16, we have 01,6, € Ll(RN). Let us consider
the test functions & (z,y) := He(u1(z) — ua(y) + ep(z,y))é(z,y) where £ € CX(RY x RY), ¢ >
0, pe C°RY x RY) and 0 < p < 1. For each y, considering &(.,y) as a test function, we have

/H ui(x) — u2(y) + ep(z, y))§(x, y)01(z) da
/@| Vo (H (01 (2) — u2(y) + £p(2, 1)), v) 1] (2)

- RN Ha(ul(x) - UZ(y) + 8[)(56’ y))€($a y) (V - ,u)(x)dx

Integrating with respect to y, we get

//Hmm@—w@+w@Mmewmmw

RN RN
[ ) Vo (e @) = wa(o) + eple o)) A @y (415
RN RN

= [ [ Hetw@)  ualy) + (o6 0) (v = ) ) o
RN RN

Similarly, applying for (62, P2, usz), we get
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/ / H.(ur () — us(y) + £p(, ))&, y)0a(y) dyda

RN RN
[ [ 0 Fiaaty (el () = waly) + epl )€l ) el () (4.16)
RN RN

- / / H(u1(2) — un(y) + ep(er, ))& (@, ) (v — p)(y)dyda
RN RN

From (4.15) and (4.16), we have

Il(f—:)—l—IQ(E)—i-Ig(&‘) :0, (4.17)
where
16 i= [ [ Helur(o) — waly) + 2p(e, )€, 4) 01 () — Ga(y) ddy
RN RN
- / / He (w1 (2) — ua(y) + epla, ))&z, y) (v — ) (x)dady
RN RN
" / / H. (ur(z) — ua(y) + epla, 9))E(z,y) (v — p)(y)dardy;
RN RN
/ / )V oy (11 (2) = a(0) + (e, ). ) (o)
RN RN
and Iy(e / / o )Tty (He(0a(2) = ua(y) + 2p(.1))€(z) il )da
RN RN
Recall that
/ Vg(x)dz =0 for any g € Lip(RY) N C.(RY). (4.18)
RN

For short, in the following computation, we denote by H. := H.(ui(x) — ua(y) + ep(z,y)) and
H. := H_(ui(x) — ua(y) + p(z,y)). Using the chain rule in Lemma 7.5, we have
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/ / ] @) (TEHe + 0y p HLE + 2VpHLE) dln (o)l
RN RN
@ / /
‘/1/mﬁ@»Ov¢+V¢ﬂﬂ+«W®UI—Vw@»H£+f“%P+VW”ﬂQd@”@”y
EVEN
D, P, /
> / / @y @) (Val £ Vi) Hed|®a|(@)dy + 5/ / 1@, P (Vap + Vyp) He£d[ @] (z)dy,
RN RN ' RN RN 1
(4.19)
where, in the second equality, we used (4.18) and the fact that £ € C°(RY x RY) as follows:
[ [ @) (Ve = Vus(w) e + 0, i)y
RN RN
[ Tl / v, ~ ua(y) + 2p(a, ), 9)) dyd 1] (@) = 0.

On the other hand,

/ / o () (Vap & V) H (i (2) = w2(y) + <plr )l (a)cy

RN RN (4.20)
/ / | Vap + vyp)X[ ep<ui(z)—u2(y) Ss(l—p)]£d|q)1’(x)dy — 0.
RN RN

Indeed, since ®; gives no mass on the set [u; = ua(y)], for each y (using again Lemma 7.5 (ii),
the non-degeneracy of F' and the definition of solution for (Py)),

P
F(y) = ﬁ(x)(vxﬁvyp)mw@l( )—us(y)<e(1-p)§ 4| D1 ()
RN !
1
- @(fﬁ)(vxp + Vyp)X[us (2)=us ()€ 1] (2) = 0;
RN

and moreover,
FWI < [ [(Vap+ Vol (o) € L' RY).
RN
Using the Lebesgue Dominated Convergence Theorem gives (4.20). Next, by (4.19) and (4.20),

limainf I, > — / / | (V€ + V&) |d|®1](z)dy. (4.21)

RN RN
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In the same way, we have

liminf I; > - / / (Vo€ + V) [d|Bs] (y)da (4.22)

RN RN

Concerning I; (), we have the convergence in pointwise (z,y),

H&(ul(x) - UZ(y) + 8/)(337 y)) - Signar(ul ({L‘) - u2(y)) + p(x, y)X[ul(x):UQ(y)]a
where

1if r>0

Signg (r) = {o if <0

Since v — p € L', then

Li(e) — / / (01(x) — O2(y)) (Signg (ur(z) — u2(y)) + P(T: Y) X [u () =us())) € ddy
RN RN

) / /((V — (@) = (v = ©)(y) (Signg (ur(2) — u2(y)) + p(2, Y)Xfus (1) =uz(w))) § A2y
RN RN

> / /(61(a:) —0a(y)) (Signg (u1(x) — ua(y)) + (T, Y) X{ur (2)=us () § d2dy
RN RN

[ [ 1= 0@ - @ - 0l ot
RN RN

where we used the assumption 0 < p(x,y) < 1 and therefore

Signg (ui(z) — u2(y)) + (T, Y) X[ur (2)=ua ()] < 1-

Now, by density, we can choose p(z,y) := Signg (61(z) — 62(y)), so that

liminf 1y () > / / (61 () — Ba(y)) € — / / v - p)(@) — (v — 1) () €z, ) dardy.

RN RN RN RN

Combining this with (4.17), (4.21) and (4.22), we obtain Lemma 4.3. O

5. OMK equation vs optimal active submeasures

5.1. Partial minimum flow problem. Recall that in the connection between balanced
MK problem and the Monge—Kantorovich equation the so called minimum flow problem is a key
ingredient. For the PMK problem, the definition of minimum flow problem, that we call here
the partial minimum flow problem, as well as its connection with the PMK problem are given in
the following proposition.
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Proposition 5.18 (Partial minimum flow problem). Let p, v € MZF(RN) be compactly
supported. For any m € [0, my,x|, we have

min{(o): 0 € Tm(u,v)} = max{D()\,u) c(\u) € RT x LQF}

= min R{F <x,|;(:c)> d|®|(z) : (®,60°60") € Upn(p,v) ¢,
(5.1)

where
U (1, v) = {<<1>, 6°,0") € Mp(RY;RY) x M (RY) x M (RY) : 0°RY) = p(RY) — m,
PLRY) =v®Y) —m and —V - d=v— 0" — (u—0° in D’(RN)}.

The last minimization problem in (5.1) is called the partial minimum flow (PMF). We have
an immediate consequence.

Corollary 5.19. If (®,6°,0') € W (i, v) is an optimal solution to the PMF problem and
0° < p, 0F < v then py := p — 0° and p1 = v — 0" are optimal active submeasures of the PMK
problem. Conversely, if po and p1 are optimal active submeasures to the PMK problem then there
is a vector measure ® such that (®,0°,0) := (&, u—po, v —p1) is a solution to the PMF problem.

Note that we do not have any constraints of type 8% < p or ' < v in the definition of the
PMF problem. However, following Theorem 5.20 and Proposition 4.16, these constraints are
automatically satisfied for any optimal solutions (®,0°,6') whenever m € [(1 A v)(RY), myay].
The case m < (A v)(RY) is not interesting for the optimal partial transport problem because
of the obviousness of solutions.

Proof of Proposition 5.18. The first equality has been shown in Theorem 2.4. Let us prove
the second equality. First, for any (A, u) € Rt x LQF and a triplet (®,6°,0%) € U, (u, v), using
Lemma 4.2, we have

/ud(u —p) + Am — v(RY)) = /ud(u — ) =\ / do?

RN RN RN
< /ud(u—u)—i—/udﬁo—/udﬁl
RN RN RN
(6} (6}
_ / Vioju(a) (@)l < / Fa. r()de].
RN RN

This shows that

max {D(/\,u) L (\u) € RY x LQF} < inf /F (x é(x)) d®|(z) : (®,0°,0") € Upm(p,v)
RN
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Now, let (pg, p1) be a couple of optimal active submeasures for the PMK problem w.r.t. m.
Thanks to Corollary 4.17, there exists ® € Mb(RN; ]RN) such that =V - ® = p; — pp and

/F(a?, E;’(x))d]@ = sup{ / ud(p1 — po) : u € Lipg,,u > 0}
RN RN
=min{K(c): 0 € Tm(po,p1)}-
Let us set
0° :=p—po and 0! :=v — p,.

Then (®,60°,6") € Uy, (1, v) and

/F(x, é(@)a@ = min {K(0) : 0 € Tem(po,p1)} = max {D(/\,u) (A u) € RY x LQF} . O
RN

5.2. Link between the OMK equation and the PMK problem. The connection be-

tween the OMK equation and the PMK problem appears when we deal with the extremal condi-

tion between the PMF problem and DPMK problem. Roughly speaking, the optimality condition
in the duality of the DPMK and PMF problems corresponds to (Py) for some A.

Theorem 5.20. Let p,v € MBL(RN) be compactly supported.
(i) Given m € [0, My and a solution (®,6°,60) to the PMF problem and (\,u) is a solution to
the DPMK problem. Setting 6 := 0* — 6°, the triplet (0, ®,u) is a solution to the OMK equation
(Py). Moreover, 67 = 6" and 6= = 6° if m > (u A v)(RY).
(ii) Given A > 0 and (0, ®,u) a solution to the OMK equation (Py). Then (A, u) is a solution
to the DPMK problem corresponding to m = (u — 07)(RY) and (®,0°,0) := (®,07,6") is a
solution to the associated PMF problem.

Proof. (i) From the optimality of (®,6°,6') and of (), u), using Proposition 5.18, we have

[ =+ A - v@) = [ P, g@)del,

e e D]
or
/ud(u—,u) _ /F(x,é(m))d]@|+)\/d91.
RN RN RN

Thanks to Proposition 4.13, we have that u and (®,°,8') are solutions for the duality (4.1).
Using Proposition 4.15, we have that (6, ®,u) is a solution to the OMK equation (Py). Now, let
us show that #7 = #! and 6= = 6° for the case m > (u A v)(RY). We divide into two cases:
If m = (A v)(RY), then the total cost of the associated optimal partial transport problem is
zero. This implies that ® = 0and §:=0'—0° =v —p=v—puAv— (u— pAv). By the Jordan
decomposition, we have
0" =v—puAv <6 and - =p—pnv <6
Using the constraints on the total mass of 6° and of 8!, we obtain

0 =v—pAv=0" and 6~ =p—pAv =20
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If m > (uAv)(RY) then A > 0 and the conclusion follows from Proposition 4.15.
(ii) The proof is similar as the one of Proposition 4.15 (ii) with the use of the duality (5.1). O

We are now ready to give the proof of the connection between optimal active submeasures
and solutions 6 of the OMK equation.

Proof of Theorem 2.8. First, let 0, be a solution of the OMK equation (Py). Thanks to
Proposition 4.16, 0 < g — 6, < g and 0 < v — 0} < v. Then, using Theorem 5.20 (ii) and
Corollary 5.19, we deduce that pg := u — 6y and p; :==v — 9? are optimal active submeasures.

Conversely, let m € [( A v)(RY), myax] and (po, p1) be a couple of optimal active submeasures.
Let (Am,um) be a solution of the DPMK problem. Thanks to Corollary 5.19, there exists a flow
® such that (®, u — po, v — p1) is a solution of the corresponding PMF problem. And, thanks to
Theorem 5.20 (i), 0y, := v — p1 — i+ po is a solution of the OMK equation (P, ) and

05 =v—p1, 05 =p—po O

Thanks to the above connection, let us give the proof of the uniqueness of optimal active
submeasures by using the result of the OMK equation.

Proof of Corollary 2.9. Assume that (po, p1) and (1o, m1) € Subm(u,v) are two pairs of op-
timal active submeasures. We will show that pg = 19 and p; = n;. Let Ay > 0 be fixed such
that

Am € argmax {max {D(A,u) tu € LQF}} :
A>0 u

Let 601,02 be Lebesgue functions with negative and positive parts defined by
01’_ =V—=p1 91_ = K = po,
and 05 =v—mn1, 05 = pu—no.
Thanks to Theorem 2.8, 6; and 2 are solutions to the same OMK equation (Pj_,). So, using the

uniqueness in Theorem 2.7, we deduce that 6; = 0> and that 0, = 05, Hfr = 0;. This implies
that pg = ng and p; = n1. O

6. Monotonicity

In order to study the maps m and R defined in Section 2, we study the monotone and
continuous dependence of the solution ) of the OMK equation (P)) on the parameter \.

Proposition 6.21 (Monotonicity and continuity of 8)). Let p,v € MIT(RN) be compactly
supported and absolutely continuous. Let (0, Py, uy) be a solution to the OMK equation (P ).
(i) Let 0 < X1 < Xy and 8y, ,0,, be solutions to the OMK equations (Py,) and (Py,), respectively.
Then

0, >0, and 05 >0 .

(ii) If a nonnegative sequence A, — X then 0y, — 0y strongly in L*(R™).



OPTIMAL PARTIAL MASS TRANSPORTATION AND OMK EQUATION 29

Lemma 6.4 (Monotonicity of total mass). For any A > 0, let 0 be the solution of the OMK
equation (Py) and my := (u — 6’;)(RN) =(v— 9;{)(RN). If 0 < A\ < Ao then
(L AV)RY) <my, <my, < Mpygax.
Proof. Thanks to Proposition 4.16, we see that yAv < p— 6, and therefore (uAv)(RY) < m,.
Since p — 6, < pand v — 01 < v, we have m) < my,.y. For the monotonicity, due to Theorem

5.20, (A1,uy,) and (A2, u),) are solutions to the DPMK problem w.r.t. my, and m),. By
optimality, we have

[ ndt =+ um, v ®) 2 [ unad(v = ) + Ao, — (&)
and

[t =+ dalim, = v(®Y) 2 [, d = ) + Moy, — v(BY))
Adding both sides, we obtain

Aimy, + Agmy, > Aomy, + Ajmy,,
or
(A2 = A1) (my, —my,) > 0. O
To prove Proposition 6.21, we use the following result whose proof is given in [12].

Theorem 6.22. ([12, Theorem 8.4]) Let Tl be the set of optimal transport plans of the

mass m > 0. There is a curve m € [0, min{||pu| 71, [|v]|1}] — ™ € Tony along which the left
L L opt

and right marginals Y™ ¢ dominate those of Y™ whenever € > 0.

Proof of Proposition 6.21. (i) Set m; := my, > (u A v)(RY),i = 1,2. Since A; < Ay and
Lemma 6.4, we have m; < mg. Thanks to Theorem 6.22, there exist pairs of optimal active
submeasures (pg‘i, ,0’1\’) corresponding to the mass m;,¢ = 1,2, such that

ot < pp? and pyt < )2, (6.1)
By Theorem 5.20 (i), (A1, uy, ) is a solution to the DPMK with mass m;. Setting 6 := v — p}! —
A+ pél. By Theorem 5.20 (i), there is ® such that (6, @, uy,) is a solution to the OMK equation

(Py,). Due to the uniqueness in Theorem 2.7, we get
— A A
O =0=v—pi" —p+py'.
Following the proof of Theorem 2.8, we obtain
- A A
0y, =n—py' and 0; =v—ph
In the same way, we have
— A A
0y, = 1 —py* and 0)1 =v—p°.
Combining these with (6.1), we get 6, >0, and Gj\rl > 93\;.
(ii) Since 8y < p, 03\: < v as in Proposition 4.16, we have that |0, | < p+v € L' and therefore

{6, } is equi-integrable. By Dunford—Pettis theorem, up to a subsequence, 6, converges weakly
to some 6 € LY(RY). Now, let us show that 6 is a solution of the OMK equation (Py). Once this
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is done, by the uniqueness in Theorem 2.7, we deduce that § = 0, and thus the whole sequence
0y, — 0x weakly in LY(RY). By the non-degeneracy of F and the definition of solution for the
OMK equation (Py, ), it is clear that {uy,} is bounded and equi-Lipschitz; and that {®) } is
bounded in Mb(RN RN ). So, up to subsequence,

uy,, — w uniformly on each compact subset of RV,

and
®y, — & weakly* in My(RY;RY).
Let us show that (0, ®,u) is a solution to the OMK equation (Py). First, it is clear that u € LQF,

/ud@ = lim [ uy,df, =0,

An—A
and
—\)dot = i — M) dof =0.
/ (=2 Ao (wx, )doy, =0
Moreover,
P . <I>)\ oo (mN
Edo+ | —VEd|P| = lim [ £€d46y, + LVEA|Py, | = [ &d(v —pu) VE € CP(RY),
|D| An—A " [P, | "

which implies that
00—V -d=v—p in D/(RN).

¢ d
It remains to check that @(x)vmu(x) = F(x, @(:r)), |®|-a.e.  in RY. Thanks to Lemma
4.2, this is equivalent to
d P
F(, @(ﬂf))d\q’l < @(fﬁ)V@W(w)d@l- (6.2)
RN RN
Since @y, — ® weakly* in M,(RY;RY), we have (see e.g. [2 Theorem 2.38])
d
/F(:L', (e <hm1nf/F @, | (6.3)
RN
On the other hand,
. (I))\ . ‘I))\
1 F " d|®, | =1 — d|®
Jim [ P @i, = fim, [T, de|
RN
= lim [ uy, dlv—p)+ /ukndﬁ,\n (6.4)
An—A

/ud v—p /ud@-/’(b‘ )V oju(z)d|®|.

From (6.3) and (6.4), we deduce (6.2). We have just proved that 6y — 6y weakly in L'(RY).
At last, by the monotonicity of the first part, we deduce the strong convergence in Ll(RN ). O
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Proof of Theorem 2.10. The fact that my € [(u A v/)(RY), mpay] and the monotonicity of
my are given in Lemma 6.4 while the continuity of my follows from the continuity of 6. Let
us show the surjectivity of my. Fix any m € [(u A v)(RY), mpay]. Let (po,p1) be a couple of
optimal active submeasures w.r.t. m. Taking X\ := Ay, as in Theorem 2.8 (ii), then my = m.

Now, for the properties of R, the proof follows again from Theorem 2.8 and Proposition 6.21. [J

7. Appendix
In this section, we prove a chain rule for the tangential gradient which was used in the paper.

Lemma 7.5 (Chain rule for the tangential gradient). Let n € M, (RY) and u be a Lipschitz

continuous function defined on RY. Let G be a Lipschitz continuous function on R such that the
set of non-differentiable points of G is finite. Then

V,G(u)(x) = G/(u(az))vnu(az), for nm-a.e. x, (7.1)
where G (u(x)) is the usual derivative with convention G/(u(x))vnu(x) =0 if Vyu(z) =0 even
G is not differentiable at u(x). In particular, we have
(i) Vyut = Xjus0) Vot and Vyu~ = —X[u<q VU, n-a.e. in RY;

(ii) Vyu =0, n-a.e. on the set [u = c] = {x € RN :u(z) = ¢} for any constant ¢ € R.
Proof. 1. Let us first assume that G is continuously differentiable. To prove (7.1), it is enough
to show that

/VnG(u) -ddn = /G,(U)Vnu - ®dn,
RN RN

for every @ € L%](]RN; RY) such that ®(x) € T, (z),n-a.e. * € RY, where T))(z) is the tangential

space w.r.t. 7 (see [10,11,25]). Let u. € C°°(RY) be the regularization of u by convolution.
Since u and G are Lipschitz, we have that u. and G o u. converge uniformly to v and G o u on
R, respectively. Thus (see e.g. |25, Proposition 4.5]) V,u. and V,G(u.) converge to V,u and
V,G(u) in L;;O(RN;RN)—W*, respectively. Since ®(x) € Tp(x),n-a.e. z € RY, we have

/ V,G(u) - ®dn = liII(l] / V,G(ue) - @dn
E—
RN RN
=lim [ VG(u.) - ®dn
e—0
RN

=lim [ G (u:)Vu. - ®dny
e—0
RN
= lin% G (u)Vyue - ®dn = / G (u)Vyu - ®dn.
e—
RN RN
This gives the result (7.1) whenever G is continuously differentiable by taking

& =V,G(u) — G (u)V,u.
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Vrz4e2—¢ ifr>0

For (i), consider the function G(r) := . . Then G. is continuously
0 if r<0

differentiable and Lipschitz on R. Thus we have
’ u
/ V,Ge(u) - ®dn = / G (u)Vyu - ®dn = / \/ﬁvnu - O dn
RN RN {[u>0]}

for every @ € L}](RN; RY) such that ®(z) € T;,(z) for n-a.e. x. Letting ¢ — 0, we obtain

/ V,]u+.<1> dn = / Vyu.®dn = / X[u>0] Vou.® dn.
RN {[u>0]} RN

The proof of the positive part ends up by choosing ® := V,ut — X[u>0) Vnu. A similar proof is
done for the negative part. For (ii), we can assume that ¢ = 0. The proof follows from

Vyu=Vyut —V,u".

2. Now, let us deal with a general Lipschitz function G satisfying our assumptions. Let us call
{r1,72, ..., 7} the set of non-differentiable points of G' and set open subsets Q; := v~ (R \ {r;})
n

and () := ﬂ ;. In this case, since u is a constant on the set RY \ Q;,i=1,...,n, we have
i=1

V,Gu)(x) = Gl(u(x))Vnu(a:) =0 for n-ae. € RV\Q;i=1,...,n.
It remains to verify that
V,G(u)(x) = G (u(x))Vyu(z) for n-ae. z e Q. (7.2)

Let us assume that Q # () (if not, there is nothing to prove). Let G be a smooth approximation
of G by convolution. Let ® € L%(RN; RY) be such that ®(z) =0 for n-a.e. zin RV \ Q. Then

/ ¥, Glu) by = lim / V, G- (u)ddn
E—>
RN RN
= ;1_{1% G (u)Vyuddn
RN
= lim G;(u)vnz@dn (since ®(z) = 0,7-a.e. zin RV \ Q)

e—0

Q
= /G/ (u) Vyuddn,
Q

where we used the Lebesgue Dominated Convergence Theorem. Next, choosing
® =V,G(u) — G (u)V,yu

as a test function, we obtain (7.2). O
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