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Abstract

In this paper we study the convergence of an Inertial Forward-Backward algorithm, with a
particular choice of an over-relaxation term. In particular we show that for a sequence of over-
relaxation parameters, that do not satisfy Nesterov’s rule one can still expect some relatively fast
convergence properties for the objective function. In addition we complement this work by studying
the convergence of the algorithm in the case where the proximal operator is inexactly computed
with the presence of some errors and we give sufficient conditions over these errors in order to obtain
some convergence properties for the objective function .

Keywords : Convex optimization, proximal operator, inertial FB algorithm, Nesterov’s rule, rate
of convergence

1 Introduction

Let H be a separable Hilbert space (possibly infinite dimensional). We are interested in the following

minimization problem :
min{ F(z)} (M)

TEH
where F = f+g:H — R =RU {+o0}, with :
H.1 f a convex function in ¢'1'!(H) with L-Lipschitz gradient

H.2 g a convex, l.s.c. proper function (possibly non-smooth)

H.3 F is coercive



Under the conditions , it is clear that the minimization problem admits a solution. In what
follows we will consider the conditions as guaranteed and we will note z* € H a minimizer of F.

In order to solve the problem , several algorithms have been proposed based on the use of the
proximal operator due to the non differentiable part . One of the basics is the Forward-Backward
algorithm (FB), which consists in obtaining the new iterate by evaluating the proximal operator of g
on the previous point, i.e. : For zg € H and 0 < v < %, for all n > 1 we deﬁneﬂ

Zny1 = Proxyg(z, — vV f(zn)) (1.1)

The FB turns out to be a descent algorithm with a rate of convergence of the objective function
F(z,) — F(z*) < € ,¥n > 1 and C > 0 a positive constant. It was also proven that the generated
iterates weakly converge to a minimizer x*. In the seminal work of Nesterov in [12], it was shown that
considering -not to the previous but- a relaxed version of the two previous iterations, can lead to some
significant fast convergence properties for the trajectories generated. These ideas are further developed
in the semi-differential case (where g is not necessarily differentiable) in [I0] and notably in [7]. The
basic scheme of these algorithms is the following :

Given zp = yo € H, {annen a positive sequence, such that a,, /1 and 0 <y < %, for all n > 1,
define

Ty = PrOX’YQ (yn—l - VVf(yn—l))

(1.2)
Yn = Tp + ap(Tn — Tp_1)

There is a vast literature concerning the study of this type of inertial FB algorithms ( to name but
a few, we address the reader to [12], [I3], [1], [8], [1], [16]).

The basic idea behind the sequence {a,, }nen is that it can be written as a,, = %, where {t,, }nen,
is a sequence that verifies Nesterov’s rule, i.e. :

$2 4 8pp1— 82,4 >0 VneN (NR)

It has been shown ( see for example [12], [I3], [7], [8] ) that if the relation hold true, then one can
obtain a better convergence rate towards the minimum, i.e. F(z,)— F(z*) < n% , ¥n > 1 where C' >0
is a positive constant.

A choice of a particular interest for the sequence {a;, }nen, is when a, = HLH) for all n > 1 ( this

corresponds to s, = "1 ) where b > 1. With this choice, Nesterov’s rule is equivalent to
considering b > 3. Nevertheless, in [§] ( see also [I] ) the authors show that by assuming that b > 3, one
can additionally expect the weak convergence of the iterates {z, }nen generated by i-FB, to a minimizer
x* of F. In addition in [3] the authors show that by taking b > 3 can asymptotically increase the rate
of convergence of F(xz,) — F(z*) to a o(n™?).

In this paper we study the case of i-FB algorithm where a, = ;%7 for all n > 1, with b € (0, 3),
which means that the Nesterov’s rule is not satisﬁedﬂ In particular we deduce some relatively
fast convergence rate for the objective function F(z,) — F(z*), as also for the local variation of the
iterates ||, — 2p—1]|. The exact estimate bounds that we find for these quantities, for b € (0, 3), are
the following (see Corollary :

Flan)— Fa) < —%— and Jlon—zuaf < —C

T (n+b-1)F (n+b—1)% (1:3)

olor

for all n > 1, where C' > 0 is a positive constant.

In addition we deduce "almost" the same convergence properties, in the perturbed case, where every
iterate is inexactly calculated by some error parameters, under some control hypotheses over these errors
(see Corollary [4.1] and Remark []).

This work consists a discrete time counterpart of the continuous one made recently in [5] and it will
provide us a useful guide for our study.

The paper is organized as follows. In section 2, we give the basic definitions and tools necessary for
our analysis. In the third section we study the convergence rates for a special choice of over-relaxation
terms for the i-FB algorithm. Finally in section 4 we present the same type of analysis for the inexact
i-FB algorithm, where every new iterate of the algorithm is inexactly calculated with the presence of
solme errors.

IFor a definition of the Prox operator, see (2.1) in the next section
2 To this issue, we address the reader to Remark [A] at the end of this document



2 Definitions and basic notions

Given a function G : H — R, we define its subdifferential, as the multi-valued operator G : H — 2%,
such that for all z € H :

0G(x) ={zeH:Vye H,G(z) <G(y) + (z,x —y)}

We also recall the definition of the proximal operator which is the basic tool for i-FB algorithm. If
G is a lower semi-continuous, proper and convex function, the proximal operator of G is the operator
ProxgH — R, such that :

2
[z =y

Proxg(z) = argmin{G(y) + } VzeH (2.1)

yeH 2
Here we must point out that the proximal operator is well-defined, since by the hypothesis made on G,

2
for every x € H, the strongly convex function y — G(y) + @, admits a unique minimizer.
Equivalently the proximal operator can be also seen as the resolvent of the maximal monotone
operator 0G, i.e. for all x € H and v a positive parameter we have that :

Prox,q(r) = (Id +v0G) ™ (z) (2.2)

For a detailed study concerning the subdifferential and the proximal operator and their properties,
we address the reader to [6].

3 Convergence analysis for i-FB

In this section we present the results concerning the convergence analysis of the i-FB algorithm with a
special choice of the over-relaxation terms.
Firstly we recall the i-FB algorithm as the one considered in [§] :

Algorithm 1 i-FB

Let 0 < v < % and b € (0,3). We consider the sequences {a,}nen+, {Zn}nen, {Un}nen, such that

To = Yo € H, and for every n € IN* we set :

Tn =T(yn-1) (3.1)
Yn = Tp + an(Tn — Tp—1) with a, = - Z 5 (3.2)
where T(z) = Prox.q(z — vV f(z)) (3.3)

We also consider the following sequences : {t }nen+, {0n fnen+, {wWntnen and {E, }nen such that :

th,=n+b-—-1 (3.4)
571, = ”xn - ‘rn—lHQ (35)
wy, = F(x,) — F(z") (3.6)

In addition for A > 0 and £ > 0, we define the sequences {v, }nen and {Ej, }nen, such that for all
n>1:

1
Un = 5 IM (@01 = ) + t(@n = 20| (3.7)

1 2 5 2
En:t2 n — [ AM(@xp—1 — * tn(Tn — Tp— o |Tn—1 — * .
ntn + o [A(@n—1 —2") + tn(zn — 2n1)|| +27||~”C 1 — | (3.8)

=Un

The sequence {E,, }nen was used implicitly for the study of i-FB algorithm in numerous articles (see
for example [8], [16] and [I]). Although it was introduced explicitly in [I6] and [I], as an energy function
associated to the dynamical system corresponding to i-FB algorithm, which is the following :

ﬂﬂ+§ﬂﬂ+VFu@»:O (3.9)



In these works it has been shown that for higher values of parameter b which are greater than 3, the
sequence {E,}nen is non-increasing. This leads to some fast convergence properties of the sequence
{wn }nen as also to convergence of the generated sequence {z, }nen to a minimizer ( see for example [§],
[16] and [I]). As also pointed out, the value of b = 3 ( which corresponds to the Nesterov’s accelerated
algorithm ) seems critical for this non-increasing property of {E, },en. More precisely the following
Theorem holds :

Theorem 3.1 (Su and al. [16]). Let 0 <~y < +, b > 3 and {z,}nen the sequence generated by i-FB.
Then for A\=b—1 and £ =0 the sequence {Ep}nen i non-increasing.

Corollary 3.1. Let 0 < v < %, b > 3 and {x,}nen the sequence generated by i-FB.Then there exists
a constant C > 0 such that for allm > 1, it holds :

C
(n+b—1)2
Our study focus on the convergence rates of the objective sequence {wy, }nen for small values of b.
More precisely we show that for b € (0, 3), one can still obtain some relatively fast convergence rate for

{wn }nen despite the fact that the energy-sequence {E,, },cn is not necessarily non-increasing. We now
give the main result of this paper.

(3.10)

Wy <

Theorem 3.2. Let 0 <y < 1, b€ (0,3) and {x, }nen the sequence generated by i-FB. Then for A = %b
and £ = %, there exists a constant C > 0, such that for allm > 1, it holds :

2(3—b)
E,<Cn+b-—1)" 3 (3.11)
Corollary 3.2. Under the hypotheses of Theorem[3.3, there exists a constant C' > 0 such that for all
n > 1, we have :
C C

F(zp)—F(@") < ———  and  ||zp — x| < m

ST 10F (3.12)

The strategy of the proof is the following. Firstly we study the local variation of the sequence
{E,}nen ( ie. the difference E,+1 — E, ). Using some Lyapunov-type analysis, for some suitable
choices of parameters A > 0 and £ > 0, we are able to control the growth of {E,,},cn up to a suitable
order. Once this control-estimate is proven, an application of a discrete version of Gronwall’s lemma (
see Lemma in Appendix ) will provide the bound for the sequence {E, },en as given on Theorem
0.2

For the proof of Theorem [3.2| we also make use of the following lemma (see Lemma 1, in [§]) :

Lemma 3.1. Foranyy € H and 0 <y < % we have that for every x € H :

2y(F(z) = F(T(y))) = IT(y) — =[* = |ly — = (3.13)

In order to prove the assertion of Theorem we will use the next Lemma which shows the control-
order of the growth of {E, },en.

Lemma 3.2. Let 0 < v < %, b € (0,3) and {x,}nen the sequence generated by i-FB. Then for all

n > 1, the following recursive formula holds :

a C
E —-F, < E .14
i "‘((n+b1)2+(n+b1)> " (8:.14)

2(3—b)
3

(3—b)(3+b)
9

where a = and ¢ =

Due to the technical details of the proof of Lemma [3.2] we will first present a sketch of it in order
to give a better insight.

1. We start by investigating the local variation of the sequence {E,},>1. By using Lemma and
performing some algebraic computations we obtain a relation of the following form :

27(En+1 - En) < 2’}/0(”,)\751071 + Bn,/\,é(sn + ’Yn,)\@(xn —Tn—1,Tpn—-1 — $*> (315)

At this point, in order to prove Theorem it is sufficient to choose suitable values for A and
& in order to show that v, x¢ = 0 and o,z ¢, Bnae < 0 for all n > 1, under the supplementary
hypothesis that b > 3.



2. Here instead we are interested in the case where b € (0,3) and ap x ¢, On,a,¢ are not necessarily
non-positive for all n > 1. In that point we express F, in function of w, and d,, and we find a
relation of the form : c

2v(Epn+1 — En) < 2’yt—En + Ry (3.16)
n
3. Finally by some suitable values for A and § we show that : R, x¢ <275 E,

We now pass to a detailed presentation of this proof.

Proof. By applying Lemma (3.1)) toy = y, and x = (1— A >$"+15)\+1w* we obtain (‘here A € (0,14b)):

tn41

A A A
21 (F((1= 2 ot o )= Flani) ) 2 ot o )= ana000)+
tnt1 tnt1 tnt1

* 2
—(za-a”)]
n+1
(3.17)
By using the convexity of F' we obtain :

A A A
2”{<1 )P“In>+ fXx*)fwxn+lﬂ > st —Ent o (@0 =) 2= lan (En =1+~ (")
tnt1 In+1 tnt1

By adding F'(z*) on both sides ,by definition of w,,, we have :

(zn—2*)|* (3.19)

A A § A
27{<1— )wn—wn+1] > | Tng1 — T+ (@0 —2") > = |an(@n —Tn1) +
thrl tn+1 tn+1

By multiplying both sides by 7, ;, we obtain :

2 <(t721+1 = Apg1)Wn — t721+1wft+1> > tnt1(Tnt1 — zn) + AM@n — x*)||2 —|[n(zn — zn—1) + Man — x*)Hz

(3.20)
by adding t2w,, on both sides we obtain :

2y <k”+1wn + tiwn - ti+1w"+1) > tng1(Tng1 — 2n) + Map — 1'*)”2 —In(zp —2p_1) + Man — x*)H2

o
(3.21)
where
kg1 =121 — Mnp1 —t2 = (n+5)? = A(n+b) — (n+b— 1)
=n24+2m+b> - —-n?—2b—1)n—-b>+20—1 (3.22)
=@2-ANn+b)—1
So that :

2’7(ti+1wn+1 — thwn) < 29kn 1w + 120 — 1) + M@0 — x*)Hz — Un+1 (3.23)

Hence by using the last inequality and the identity

Ju = 2l = ffo = 2l® = flu = o]]* + 20w —v,0 — 2)  Va,v,2 € H (PD)



and the definition of E,, we have that :

2v(Eng1 — En) = 2y(tny1Wni1 — tnWn) + Vng1 — vp + f(”xn - x*”z - ”xnfl - x*”z)
13.23) < 2vkni1wn + ||In(xn — Tp-1) + A(zH — x*)\|2 —ltn (@ — Tpe1) + AM(@po1 — )]

+&(lzn = 2" = ey — 2"|%)

2

(z = )\m*) = 29k 1wy + A+ 1= 02|20 — Tno1]? 4+ 200+ 1 = b)(Zn — Tty b (T — Tn—1) + ATn_1 — %))
<Zx*) Jrg”xn7xn—1|‘2+25<$n*xn—1axn—l —z¥)

:%hﬁwm+<Q+1—w2+§+%A+1—mM)xn—%hN2
+ 2()\()\ +1-0)+ f) (X — Tp—1,Tp—1 — )
(3.24)
By definition of E,, we also have

WV By = 2982w + (A2 + O || Tn1 — 2| + 2|20 — Tp1||” + 2Mn(Tn — Tp_1, Tn_1 —z*)  (3.25)

so that

(N +9)
t

n

2 * *
tollzn — Tni|® = tlEn — Oyt — IZno1 — 2|2 — 2Man — Tno1,Tne1 — ) (3.26)
By injecting this last equality into (3.24)), we find :

2N +1—b)(\2 +¢)

2v(Eptr — En) < 27(kn+1 20 +1- b)tn)wn + (()‘ +1-0)" + 5)”$n - xn—1||2 - n -1 — x*HZ
20 +1-0
+2(E=AA+1=0))(@n — Tp—1,Tp—1 — ") + QVQEH
! (3.27)
By choosing £ = A(A+ 1 — b), we obtain :
2Y(Ent1 — Bn) < 29(knt1 — 20+ 1= b)tn)wn + (A + 1 =0)(2A + 1 = b) ||z, — Tn_1|?
AA+1-b)2A+1-b 20 +1-b (3.28)

tn n

By definition of ky4+1 (3.22), we obtain :

2y(Ept1 — En) <29((2 =N +0) =1 = 2N+ 1= b)tn)w, + (A +1—b)(2A +1 = b)||z,, — 21 ||
AMA+1-b)2 +1-10) 20+ 1-10)
tn [2%
=27(2b = 3\) (n + b)wy, + 29(2(A = b) + Dwy + A+ 1= 02X+ 1 = b)[|zn — 2|
AMA+1=b)2 A +1—D . 200 +1-0b

129 n

) |@n_1 — z*|* + 27 E,

-2 En

(3.29)
By choosing A = %b, we find :

2 E’n —En <2 n n — n— 2_2 n— _ *2
Y(En+1 ) <2y 3 Wnt+ 9 lZn — Zn_1l 57, [Zn—1 — 2"
23— b)
2y——-—-—-—F
* T3ntb—1) "

(3.30)
In this point, firstly we express the term ||z, — 9[:n71||2 with the aid of E,, and w,, and then we
regroup the different terms.
From the inequality

lall* < 2lla+ B +2)8* Ve, 8 €H



and the definition of E,,, we have ( for a = t,(zp, — z,—1) and 8 = A(zp—1 — 2*) ) we find :

t2
2YEy > 2thwn + 2 [on = 2na]” + (€ = M) on — 2|

(3.31)
t2
(E=AN+1-0)  =2tqwn+ 2 an = 2ol = Ab = Dln — 2"
Therefore, we obtain
2 2A(b—1
0 — 2 ||* < 2y En — dywn + %Ilzn—l —*||? (3.32)

By injecting the inequality (3.32)) into (3.27)), we obtain :

(Buons — B 27(3—21) N b)(3+b))wn L, 2B=b)E+Y) (b— 11 )||xn1 o

9 27 2 i,
2(3—-0)(3+10) 2(3 —b)
LT ML —
(3.33)
Therefore we have :
(2% — 6b—9) 2b(3 —b)(b+ 3)n 2
2 En _En §2 n - n—1 =
2(3—=0)(b+3) 2(3-0)
2y—— B, +2y————F, :
* 79(n+b—1)2 + 73(n+b—1) (3.34)
= 2vBiw, + —B onn_1—x*||2 2ya LE
— Sy Ptn ntb—12 T (n+b—12" T ngb—1"
where : 2 ;
20 —6b—9
31:79 <0 ,Vbe(0,3)
263 —b)(b+3
&:%MJ Vb € (0,3)
23—-b)(b+3
a:#>0 b € (0,3)
2(3—-10
c:%>0 Wb e (0,3)
Hence it follows that for all n > 1 :
Eppr—En<—2 B+ E (3.35)
T = -1 (et b—1) " '
which concludes the proof of Lemma ﬁ with a = w and ¢ = @.
O

We are now ready to give the proof of Theorem by using the estimation (3.14)) of Lemma
and a discretized version of Gronwall’s Lemma (see Lemma [A.1]).

Proof of Theorem[3.3
From Lemma 3.2 for all n > 1, we have :
a c

Epy—E,<—2 g +—° g, 3.36
+1 =12 " T mro=1) (3:36)

with @ = 26=00043) 4nd ¢ = 72(33_@.
By summing (3.36|) over n, we find that for all n > 1 it holds :

Epy1 < By + Z(j - c) = (3.37)

- 1
i=1



where for ease of notation we denote as ¢ the quantity ¢ + b — 1. By applying Lemma forallm >1
we find :

n Z?llog(wiw))
c a i
B <BI[(1+5+%)=F ( 3.38
+1 < 1}:[1<+Z.+Z.2> 1€ (3-38)

The function G(z) = log(1 + £ + %) is positive and non-increasing in [1,+00), therefore by
summation-integral comparison test for all n > 1, we have :

n

Z G(i) < G(1) + /n G(z)dr =log(l +c+a)+ /n <log(1 + 5 + ;2)>dx (3.39)

i=1
By standard integration techniques, for all n > 1 we find :

" c a c a " cx+2a
log(l+ —+—=)dx =nlog(l + — + — —d A
/2 og( +x+x2)x nog( +n+n2)+/2 24+cr+a T

¢ a c [ 2z+c A\ (" 1
—nlog(1+ S+ DY+ 8 _227C ey (20— S L x4+ A
nlog( +n+n2)+2/2 22+cr+a x—i—(a 2)/2 2+ cr+a T

c a c 1 [ dx
anog(l—kf—l-j)+710g(n2+cn+a)—|—f/ —_—
non 2 2 Jy ( 2I+C) 41

Via—c2?

2
= glog(n2 +en+a)+ nlog<1 + Sy a2> + (\/ da — 02) arctan(w) +A
non
(3.40

+A

Via — c2

where A > 0 is a renamed constant at each step. Here we stress out that every step is justified, since
4a > c®. As the function arctan is bounded for all n > 1, we obtain :

/2 <log(1 + g + ;))dx < glog(n2 +en+a)+ nlog<1 + % + ;;) +A (3.41)

where A > 0 is a (renamed) constant which can be chosen positive. By injecting this last inequality
into (3.39)), for all n > 1, we have

n

" G(i) <log(l+c+a)+ glog(n2+cn+a)+n10g(l+c+CLQ) +A
n n
=1

<log(l+c+a)+ glog((l +a+c)n?) + nlog(l + iy a2> +A (3.42)
n o n

+ 2\
:21og(1+a+c)+log(nc)4—log(1+C n”) +A

By injecting the last inequality into (3.38)), for all n > 1, we obtain :

E..1 <E; [2(1 +a+ c)A<1 + et ”) nc} < Cn® (3.43)
n

n

for a positive constant C' > 0, since (1 + ctﬁ) is bounded, as a convergent sequence ( such a bound

is for example e“T ). This concludes the proof of Theorem up to substituting n by n+b—1. [

4 The perturbed case

In many cases the calculation of the proximal operator is not exact In this section we present i-FB
algorithm in presence of some error parameters as the ones considered in [4] [14], [I7], [9]. In what
follows we keep the same notations as in the unperturbed case for the different sequences.



4.1 Inexact computations of the proximal point

In this section, we introduce the different notions used to approximate a proximal operator in this work.
As recalled in the first section, if F' is a proper, convex and Ls.c function and v > 0, we can define the
proximal map Prox,r by

Prox,e(y) = argmind Plo) + o~ 1*} (11)
z€H 2y
Let us denote by
G, (z) = Pla) + 5-llo = ol (42)
The first order optimality condition for a convex minimum problem yields
z = Prox,p(y) <= 0 € 0G,(z) <= y’y;z € OF(z) (4.3)
We now introduce the notion of e-subdifferential of F' at the point z € domF" as:
O.F(z)={yeH | F(z) > F(z)+{x—2z,y)—¢, Vo € H} (4.4)
It is worth noticing that it holds:
0€0.F(z) < F(2)<infF+¢ (4.5)

The e-subdifferential is a generalization of the subdifferential as given in section 2. Note that if
e >0, then df(z) C O f(x).

We start by giving some definitions on the different types of approximations of the proximal operator
that on can find in [4], following [14] and [I7].

Definition 4.1. We say that z € H is a type 1 approximation of Prox,r(y) with ¢ precision and we
write z ~1 Prox,p(y) if and only if
0 € 0-G4(z) (4.6)

Definition 4.2. We say that z € H is a type 2 approximation of Proxyz(y) with & precision and we
write z =9 Prox,r(y) if and only if

T 0.G) (47)

Notice that if z =9 Prox,r(y), then z ~1 Prox,r(y) (see Proposition 1 in [14]).
Finally we make call of a technical lemma taken from [I5] ( see Lemma 2 ), that enables to consider
approximations of types ¢ = 2 or ¢ = 3 in the same setting.

Lemma 4.1. Ifx € H is a type 2 approximation of Prox,r(y) with € precision, then there exists r such

that ||r]| < v/2ve and
YZT7T c 9. F() (4.8)

Notice that when r = 0, then we get the definition of a type 2 approximation.

4.2 Convergence rate for inexact i-FB algorithm

In this framework we consider the inexact i-FB algorithm as follows :

Algorithm 2 Inexact i-FB

Let 0 < v < 1 and b € (0,3). We consider the sequences {t;}nen+, {Zn}nen, {Un}nen, such that

xo = yo € H and for every n € IN* we set :

Tn = TE" (Yn-1) (4.9)
o

n+b

where  T:r(x) 5" Proxeg(z —y(Vf(x) + en)) where je{1,2}

Yn = Tp + ap(zy, — Tp—1) where a, (4.10)

We present here the main results concerning the inexact i-FB algorithm :



Theorem 4.1. Let 0 < v < L, b € (0,3) and {x, }nen the sequence generated by the inexact i-FB

L’
algorithm. Then for A = %b and £ = %, for every n > 0, there exists Cy, > 0, such that for alln > 1,
we have : )
(2An +1/2(Cy + Bn))
2(3-b)
B, < (n+b—1)" 5 " (4.11)
2y
n etn n e
where : A, = thl T (Vllesll + V/2vei))  and B, = VZt? (etn)g, (4.12)

i=1 i=1

Corollary 4.1. Let 0 < v < 7, b € (0,3) and {z,}nen the sequence generated by the inezact i-FB

algorithm. Then for every n > 0, there exists C;, > 0, such that for alln > 1, we have :

2 2
(2An +1/2(Cy + Bn)> <2An +1/2(Cy, + Bn)>
and ||@n — zu_q|® < (4.13)

Flen) = Fle") < 2y(n+b—1)F" T (n4b-1nF

where : A, = Zt R (Vlleill + v/2vei))  and B, = VZt?_(Hn)ei (4.14)

i=1

Remark 1. The last Corollary asserts that under the supplementary hypothesis over the perturbation
terms A, and B,, the convergence rates for the inexact i-FB algorithm remain "almost" the same
as in the unperturbed case(i-FB algorithm). Formally, let 0 < v < %, b € (0,3) and {z,}nen the
sequence generated by the inexact i-FB algorithm. If in addition, for every n > 0, we make the following
assumptions :

+oo oo
an_HTnHenH <A< +oo and an_c%n,/sn < B < 40 (4.15)
n=1

Then there there exists C, > 0, such that for all n > 1, we have :

Flen) ~ FE) € o and P o (416)
2y(n+b—-1)3 " (n+b—-1)3"
We begin by adapting the Lemma [3.3] of the previous section, for the perturbed version :
Lemma 4.2. Lety € H and v < % For all x € H , we have :
r 1
F(z) = F(T¢(y) +e+ (e + 5% T:(y) = 7(|\T€( y) —z)* = ly — =) (4.17)

where r € H sucht that ||r|| < /2ve

For a complete proof of Lemma we address the reader to Lemma A.1. in [4].
We are now ready to present the proof of Theorem :

Proof of Theorem[{.1} In the same way than the one in the unperturbed case, by applying Lemma

toy=yp,andx={1— f1>x" + ﬁx* we obtain (here A € (0,1 +b)):

+

27(ti+1wn+1 - t%wn) < 29knq1wn + H(tn - 1)(zn - zn—l) + )‘(zn - I*)HQ — Un+1
Tn %
- 2’7tn+1 <en+1 + /_;rl ) )\(an - ) + tn+1($n+1 - xn>)> + 27t721+15n+1 (418>

=Un+1

Therefore by using the last inequality, and performing the same computations as the ones made in
proof of Theorem [3:2] we find that for all n > 1, it holds:

(C+ n%) n
Bnpi = By € BB, — (04 b)(ewn + 2 )+ (Do (419)
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For ease of notation we will use the re-indexation n + b — 1 ~» n, which we will replace at the end of
the proof. Hence we rewrite the previous inequality as :

(C+ ) rn+1

By — (n+1)(ens + 2t

By — E, < Unt) + (4 1)%e, 0 (4.20)

Let n > 0. We define the sequence {H,, },en+, such that for alln > 1 :

En N~ p-esnye 4 i 2 (cn)
Hy =+ YR e =3
For all n > 1, we have :
H H — EnJrl En n (n + 1)<en+1 + n+1 Ui> (77, + 1)25n+1
n+1 n — (n n 1)C+77 nctn (n + 1)c+77 (n + 1)c+77
Ep1— (14 5)ME, + (n+ 1) {ent1 + 75, 05) — (n+1)%e41
- (n+ 1)
_ Enp1— By~ £E (n+1){epi1 + T““ i) — (n+1)%ep1 — LE, +O(n™2) B,
a (n +1)°
E
-1 n
f20) < <o(n ) — n) e

(4.21)

Since for any 1 > 0 there exists N, € IN, such that the right-hand side of the last inequality

is non-positive, we deduce that the tail sequence {H, },>y, is non-increasing. Therefore by setting

C,, = max{H, : n < N,}, using the definition of H,, the Cauchy-Schwartz inequality and Lemma
for all n > 1 we find :

Ly 1—(c+n) 2—(c+n)g,
anL77_0 ;z (e —&——vl +;z
<C, +Zz (ctm)| —|\||vl|| +Zz (e, (4.22)
2 87 ,7c+7 c
<, —i—Zz V(Jleall + Y228y =5 ,H+Zz e

Using the last inequality and the definition of {E, },>1, we find :

all)? <20, +2B, + 2305 ()il + /295)i

i=1

(n
By applying Lemma with :

. ap = 2n1_(C+T")(7Hen|| +1/2ve,) and S, =2C, +2B, (4.24)
we find that for all n > 1, it holds :

vi | (4.23)

e
Up =N 2

lon|| < <2An +4/2(Cy, + Bn)>ncﬁ" (4.25)

By injecting this last inequality into (4.22)) and multiplying both members by 2+, we find :

2vE,
o = 24n (2An +1/2(Cy + Bn)> +2(Cy + Bn)
5 (4.26)
= (2An +1/2(Cp + Bn))
It follows that : )
(2An +1/2(Cy + Bn))
E, < et 4.27
< - n (4.27)
which by replacing n by n+b—1 and c = @, concludes the proof of Theorem O
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A  Appendix

The next two Lemmas are the discretized versions of Gronwall’s Lemma and Gronwall’s-Bellman’s
Lemma ( see for example Theorem 4 in [I1] and Lemma 1 in [I5] ).

Lemma A.1. Let Cy a positive real number and {un tnen, {an}nen two non-negative sequences such
that u1 < Cy and for alln > 1 :

Upt1 < Co + Z a;U; (Al)
i=1
Then for all n > 1 it holds :
Unp1 < Co [J(1 + @) (A.2)
i=1

Lemma A.2. Let Cy a positive real number and {up }nen, {an}nen two non-negative sequences, such
that for all n € IN* it holds

n
ui <S,+ Z a;u;
i=1

where {Sy }nen is a non-decreasing sequence such that u% < S1. Then for allm > 1, it holds :
n
Up, S Z a; + V Sn
i=1

Remark. While submitting this paper we were informed that in a parallel but independent way Attouch
and al. worked in the same problem and had just submitted the preprint "Rate of convergence of the
Nesterov accelerated gradient method in the subcritical case ae < 3" ( see [2], https://arxiv.org/abs/
1706.05671|).

Nevertheless our method allow us to conclude with Corollary concerning the estimates (3.12)),
ie.

C C
Fz,)—Fa*) < ——— and |z, — 2| < ———
(n+b-1)3 (n+b—1)3

which is a better result as the one proven in [2] which corresponds to the following estimates (see
Theorem 4.1 and Remark 4.1 of [2]) :

(A.3)

Cp

F(mn) —F(x*) < m

and ||, — x| < ( Gy (A.4)

n+b—1)P

where 0 < p < g In addition we give a complete proof of Theorem concerning the results for the
inexact i-FB algorithm.
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