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Abstract

We provide the existence and asymptotic description of solitary wave solutions to a class of
modified Green-Naghdi systems, modeling the propagation of long surface or internal waves.
This class was recently proposed by Duchéne, Israwi and Talhouk [23] in order to improve the
frequency dispersion of the original Green-Naghdi system while maintaining the same precision.
The solitary waves are constructed from the solutions of a constrained minimization problem.
The main difficulties stem from the fact that the functional at stake involves low order non-local
operators, intertwining multiplications and convolutions through Fourier multipliers.

1 Introduction

1.1 Motivation

In this work, we study solitary traveling waves for a class of long-wave models for the propagation of
surface and internal waves. Starting with the serendipitous discovery and experimental investigation
by John Scott Russell, the study of solitary waves at the surface of a thin layer of water in a canal
has a rich history [20]. In particular, it is well-known that the most widely used nonlinear and
dispersive models for the propagation of surface gravity waves, such as the Korteweg-de Vries
equation or the Boussinesq and Green-Naghdi systems, admit explicit families of solitary waves [8]
40, [29], [4T], [T4]. These equations can be derived as asymptotic models for the so-called water waves
system, describing the motion of a two-dimensional layer of ideal, incompressible, homogeneous,
irrotational fluid with a free surface and a flat impermeable bottom; we let the reader refer to [30)]
and references therein for a detailed account of the rigorous justification of these models. Among
them, the Green-Naghdi model is the most precise, in the sense that it does not assume that the
surface deformation is small. However, the validity of all these models relies on the hypothesis
that the depth of the layer is thin compared with the horizontal wavelength of the flow and, as
expected, the models do not describe the system accurately (for instance the dispersion relation
of infinitesimally small waves) in a deep water situation. In order to tackle this issue, one of the
authors has recently proposed in [23] a new family of models:

0¢ + O,w = 0,
, (1.1)
0y (™ w + QF[R)(h'w)) + gd.C + §8x<(h_1w)2> = 8, (RF[h, h~'w)),

where

OF [hju & —%

RF[h, 7] & %ﬂh_laIF{h?’ﬁzF{ﬂ}} + %(hawF{a})Q.

h o, F{h*0,F{u}},
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Here, ( is the surface deformation, h = d 4 ¢ the total depth (where d is the depth of the layer

at rest), w the layer-averaged horizontal velocity, w = hu the horizontal momentum and g the

gravitational acceleration; see Figure |1} Finally, F def F(D) is a Fourier multiplier, i.e.

F{o} (k) = F(k)@(k).

The original Green-Naghdi model is recovered when setting F(k) = 1. Any other choice satisfying
F(k) = 1+ O(k?) enjoys the same precision (in the sense of consistency) in the shallow-water

regime and the specific choice of F(k) = \/d|k|ta§h(d|k\) - 42\3k\2 allows to obtain a model whose

linearization around constant states fits exactly with the one of the water waves system. Compared
with other strategies such as the Benjamin-Bona-Mahony trick [4, B3] or using different choices of
velocity unknowns [0, 38|, an additional advantage of (|1.1) is that it preserves the Hamiltonian
structure of the model, which turns out to play a key role since the existence of solitary waves will
be deduced from a variational principle.

:’ﬂl(t’ ‘E) hl(tvx)

— Tyt )= ha(t, @)

Figure 1: Sketch of the domain and notations in the one-layer and bilayer situations.

The study of [23] is not restricted to surface propagation, but is rather dedicated to the propa-
gation of internal waves at the interface between two immiscible fluids, confined above and below by
rigid, impermeable and flat boundaries. Such a configuration appears naturally as a model for the
ocean, as salinity and temperature may induce sharp density stratification, so that internal solitary
waves are observed in many places [39, 28, 27]. Due to the weak density contrast, the observed soli-
tary waves typically have much larger amplitude than their surface counterpart, hence the bilayer
extension of the Green-Naghdi system introduced by [37) 34 [I7], often called Miyata-Choi-Camassa
model, is a very natural choice. It however suffers from strong Kelvin-Helmholtz instabilities — in
fact stronger than the ones of the water waves system for large frequencies — and the work in [23]
was motivated by taming these instabilities. The modified bilayer system reads

8,5( + 8$U) = 0,

1.2)
hy +~h 1. /h%—yh3 (

o <1hlh22w+Q§,a[C]w) £ 000+ 50 (o TRe?) = 0u(RE 516 w)

where we denote by = 1 — ¢, hy = 61 + ¢, O s[Clw & QF[ha)(hy 'w) + vQf[h1)(hy 'w) and

RE 5[¢,w]  RE [, hy 'w] — yRE[hy, Ay w], with

OF huf; ™ — 3 10 {0LF i}
RE[hi,w) & %mh;larﬁ{h?amﬁ{m}} + %(hié)zFi{m})Q.

Here, ¢ represents the deformation of the interface, hy (resp. hg) is the depth of the upper
(resp. lower) layer, Wy (resp. Tz) is the layer-averaged horizontal velocity of the upper (resp. lower)
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layer and w = hiho(us — vu1)/(h1 + vhsa) is the shear momentum. In this formulation we have
used dimensionless variables, so that the depth at rest of the upper layer is scaled to 1, whereas the
one of the lower layer is 67!, in which ¢ is the ratio of the depth at rest of the upper layer to the
depth at rest of the lower layer (see Figure . Similarly, v is the ratio of the upper layer over the
lower layer densities. As a consequence of our scaling, the celerity of infinitesimally small and long
waves is co = 1. Once again, F; (i = 1,2) are Fourier multipliers. The choice Fid(k) = 1 yields the
Miyata-Choi-Camassa model while

mp \/ 3 3
% (k) = —1 —1 ) )
O; [kl tanh(0; " [K[) 67 7 [K[?

with convention d; = 1,92 = 4, fits the behavior of the full bilayer Euler system around constant
states, and thus gives hope for an improved precision when weak nonlinearities are involved. Note
that compared to equations (7)—(9) in [23] we have scaled the variables so that the shallowness
parameter p and amplitude parameter € do not appear in the equations. This is for notational
convenience since the parameters do not play a direct role in our results. On the other hand, we
only expect the above model to be relevant for describing water waves in the regime p < 1 and the
solutions that we construct in the end are found in the long-wave regime €, u < 1.

In the following, we study solitary waves for the bilayer system , noting that setting v =0
immediately yields the corresponding result for the one-layer situation, namely system . Our
results are valid for a large class of parameters «y, § and Fourier multipliers Fy, Fo, described hereafter.
Our results are twofold:

i. We prove the existence of a family of solitary wave solutions for system (|1.2));
ii. We provide an asymptotic description for this family in the long-wave regime.

These solitary waves are constructed from the Euler-Lagrange equation associated with a con-
strained minimization problem, as made possible by the Hamiltonian structure of system .
There are however several difficulties compared with standard works in the literature following a
similar strategy (see e.g. [I] and references therein). Our functional cannot be written as the sum of
the linear dispersive contribution and the nonlinear pointwise contribution: Fourier multipliers and
nonlinearities are entangled. What is more, the operators involved are typically of low order (F is a
smoothing operator). In order to deal with this situation, we follow a strategy based on penalization
and concentration-compactness used in a number of recent papers on the water waves problem (see
e.g. [9, 10, 25] and references therein) and in particular, in a recent work by one of the authors
on nonlocal model equations with weak dispersion, [24]. Thus we show that the strategy therein
may be favorably applied to bidirectional systems of equations in addition to unidirectional scalar
equations such as the Whitham equation. Roughly speaking, the strategy is the following. The
minimization problem is first solved in periodic domains using a penalization argument do deal with
the fact that the energy functional is not coercive. This allows to construct a special minimizing
sequence for the real line problem by letting the period tend to infinity, which is essential to rule-out
the dichotomy scenario in Lions’ concentration-compactness principle. The long-wave description
follows from precise asymptotic estimates and standard properties of the limiting (Korteweg-de
Vries) model. When the Fourier multipliers F; have sufficiently high order, we can in fact avoid the
penalization argument and consider the minimization problem on the real line directly, since any
minimizing sequence is then also a special minimizing sequence. In particular, this is the case for
the original Miyata-Choi-Camassa model (and of course also the Green-Naghdi system).

Our existence proof unfortunately gives no information about stability, since our variational
formulation does not involve conserved functionals; see the discussion in Section If sufficiently
strong surface tension is included in the model, we expect that a different variational formulation
could be used which also yields a conditional stability result (see [9, [0} 25]). A similar situation
appears e.g. in the study of Boussinesq systems [I5], [16].
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1.2 The minimization problem

We now set up the minimization problem which allows to obtain solitary waves of system (1.2f). We
seek traveling waves of (1.2]), namely solutions of the form (abusing notation) ((¢,z) = ((z — ct),
w(t,z) = w(z — ct); from which we deduce

h% - ’th 2

1

where we denote

AP 51w < Ao (hy 'w) + AT (] (hitw),  Af[h]a; < w; + OF [yt

Integrating these equations and using the assumption (since we restrict ourselves to solitary waves)
lim) |00 ¢(2) = lim|g| 00 w(x) = 0 yields the system of equations

—c( + w = 0,
1h2 —~h2 (1.3)

- Rs,ﬁ[ga w] = 0.
We now observe that system (1.2]) enjoys a Hamiltonian structure. Indeed, define the functional

HCw S [ 49+l wds,

— o0

Under reasonable assumptions on Fy, Fa, and for sufficiently regular ¢, .A; 5[¢] defines a well-defined,
symmetric, positive definite operator [23]. We may thus introduce the variable

def

v % AF [T, (14)
and write o
HCD S S [ 9 oAl o,
It is now straightforward to check that can be written in terms of functional derivatives of H:
(=0, (duH) ) v = —0; (dcH). (1.5)

It is therefore tempting to seek traveling waves through the time-independent quantities

H(C,v) = %/_00 (7+5)C2+UA5’5[§]_1vdx and Z(¢,v) o /_Oo Cv du.

Indeed any solution to ([L.3)) is a critical point of the functional H — ¢Z:
dH(¢,v) —edZ(¢,v) =0 = dyH—c¢=0 and d¢H —cv=0,

which, by (1.5)), is the desired system of equations. However, notice that from Weyl’s essential
spectrum theorem, one has

SPeCess (A°H((,v) — cd®Z((,v)) = SpecCegs (A Hoo (¢, v) — d*Too (¢, v))

where H, Lo are the asymptotic operators as |z| — oo, i.e.

A H oo (C,0) — ed®Too (¢, v) = AH(0,0) - edZ(0,0) = <7_+C‘5 (6= %(aIFJQC_ 315(81F2)2)1> .
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Since the spectrum of the above operator has both negative and positive components, the desired
critical point is neither a minimizer nor a maximizer, as noticed (for the Green-Naghdi system)
in [31].

We will obtain solutions to from a constrained minimization problem depending solely on
the variable (. Notice that for each fixed ¢ and ¢, the functional v — H({,v) —¢Z({,v) has a unique
critical point, v ¢ = cAfM;[(]C . Substituting v. ¢ into H(¢,v) — ¢Z(¢, v), we obtain

H(Cv UC,C) - CI(C& vC,C) - % \/7 (fy + 6)C2 - CQCA.'—;’(;[GCCIIL'

= 02, — S, A slclc).

Observe now that ({,v) is a critical point of H(¢,v) — ¢Z(¢,v) if and only if ¢ is a critical point of
H(C,vec) — ¢Z({,ve,c) and v = v. . We thus define

£(0) € I(¢, AR 51¢10) = /_ N CAL 5[C1¢ dz

o hl +’yh2 : C 2 1 1 : C 2 (16)
ol N — =+ ( C)s(amFl{l_C}) +§(5 Jr()j(ar':z{m}) dx
=7E(¢) +£(¢),

where

go0=/ +§<1—<)3(ama{lf )z,

—eo 1€ ¢
0o 2
§0= [ st 30 OOl

and look for critical points of H({,ve,c) — ¢Z((,ve,c) by considering the minimization problem

argmin {£(C), (7+9)||¢]}. = a} (L.7)

with ¢=2 acting as a Lagrange multiplier.
Another way of thinking of this reduction is to solve the first equation in (1.3) for w and
substitute the solution w = ¢( into the second equation, yielding

2 h2 'YhQ

AC = O+ 0+ G T = R IG (1)

Computing
h1 +~h h? — yh2 2 4 _ 2y _
dg(C) =2 - i QC_ ! 22 2<2_76 1h’2 261F2{hgaw|:2{h2 14}}_77}"1 28xF1{h:1))8xF1{h1 1C}}
hiho hihs 3 3

+ (h20:Fa{hy'C})* — 7 (md:Fi{hT'C})?, (1.9)

we find that
1 1 h? — yh3
UEQ) = ALldC = 57 ¢ REIGC,

which allows us to recognize (|1.8) as the Euler-Lagrange equation for (|1.7).
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1.3 Statement of the results

For the sake of readability, we postpone to Section [2] the definition and (standard) notations of the
functional spaces used herein. The class of Fourier multipliers for which our main result is valid is
the following.

Definition 1.1 (Admissible class of Fourier multipliers).
i. F(k) =F(lk|]) and 0 < F < 1;
ii. F € C*(R), F(0) =1 and F'(0) = 0;
1i. There exists an integer j > 2 such that
OL(KF (k) € L*(R);
iv. There exists 0 € [0,1) and CT. > 0 such that

CE(+k)™" <F(k) <CLA+ k).

We also introduce a second class of strongly admissible Fourier multipliers which is used in our
second result.

Definition 1.2 (Strongly admissible class of Fourier multipliers). An admissible Fourier multipler
F in the sense of Deﬁnition is strongly admissible if F € C*°(R) and for each j € N there exists
a constant C; such that

|BFF (k)| < G5 (1 + [k~
Notice the following.

Proposition 1.3. The two aforementioned examples, namely Fi¢ and Fimp are strongly admissible,
and satisfy Definition with (respectively) 0 = 0,1/2.

Assumption 1.4 (Admissible parameters). In the following, we fiz v > 0, 6 € (0,00) such that
62 — v # 0. We also fix a positive number v such that v > 1—60 and v > 1/2 (the second condition
is automatically satisfied if 0 < 1/2). Finally, fit R an arbitrary positive constant.

Remark 1.5. Our results hold for any values of the parameters (v, d) € [0,00) x (0,00) such that
62 # v, although admissible values for qo depend on the choice of the parameters. However, not
all parameters are physically relevant in the oceanographic context. When v > 1, the upper fluid is
heavier than the lower fluid, and the system suffers from strong Rayleigh-Taylor instabilities [12].
In the bilayer setting, the use of the rigid-lid assumption is well-grounded only when the density
contrast, 1 — vy, is small. In this situation, one may use the Boussinesq approrimation, that is set
v = 1; see [22] in the dispersionless setting. Notice however that system exhibits unstable
modes that are reminiscent of Kelvin-Helmholtz instabilities when the Fourier multipliers F; satisfy
Definition [I_1[id with 6 € [0,1); see [23]. It is therefore noteworthy that internal solitary waves in
the ocean and in laboratory experiments are remarkably stable and fit very well with the Miyata-
Choi-Camassa predictions [27]. The sign of the parameter §% — v is known to determine whether
long solitary waves are of elevation or depression type, as corroborated by Theorem [1.7. At the
critical value 6% = v, the first-order model would be the modified (cubic) KAV equation, predicting
that no solitary wave exists [Z1)].

We study the constrained minimization problem

arg min £(¢), (1.10)
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Vor ={C € H"(R) : ||CHHV(]R) <R, (7+5)HCHL2(R) =ah

and g € (0,qo), with go sufficiently small. Notice in particular that as soon as ¢ is sufficiently
small HCHLN < min(1,571) (by Lemma thereafter and since v > 1/2) and £(¢) is well-defined
(by Lemmata and and since v > 1 — 0) for any ( € V, r. Any solution will satisfy the
Euler-Lagrange equation

dE(¢) + 2a(y + 8)C =0, (1.11)

where « is a Lagrange multiplier. Equation (I.11)) is exactly (1.8) with (—a)~! = ¢2, and therefore
provides a traveling-wave solution to ((1.2)).
Our goal is to prove the following theorems.

Theorem 1.6. Let 7,9, v, R satisfying Assumption and F;, i = 1,2 be admissible in the sense
of Definition . Let Dy r be the set of minimizers of € over V, g. Then there exists gy > 0 such
that for all g € (0,qo), the following statements hold:

o The set Dy r is nonempty and each element in Dy r solves the traveling wave equation (1.8]),
with ¢ = (—a)~* > 1. Thus for any { € Dy g, (C(z+ct),ws = £c(z£ct)) is a supercritical
solitary wave solution to (|1.2)).

e For any minimizing sequence {Cptnen for € in Vg g such that SupneNHCnHHu(R) < R, there

exists a sequence {x, }nen of real numbers such that a subsequence of {(,,(-+xy,) tnen converges
(strongly in H”(R) if v =1—0 > 1/2; weakly in H"(R) and strongly in H*(R) for s € [0,v)
otherwise) to an element in Dy g.

e There exist two constants m, M > 0 such that
2 92 2
HCHHV(R)qu and ¢ “=—-a<1-—mg3,

uniformly over q € (0,q0) and ¢ € Dy k.
Theorem 1.7. In addition to the hypotheses of Theorem[I.6, assume that F;, i = 1,2, are strongly

admissible in the sense of Definition . Then there exists go > 0 such that for any q € (0,qo),
each ( € Dy r belongs to H*(R) for any s > 0 and

f o2 (=13 — grerr(e — — Ol
CGSBE),RJUlonefRHq g7 = &kav (- = 20) || g gy = Ol®)

_ap(y +9) 2 (1 [3ao(y+9)
dev(Z‘) - 52 — sech 2 ,y_’_é‘,l €T

is the unique (up to translation) solution of the KAV equation (5.2)) and

7; (5277)4 é
T <(7+5)4(7+5‘1)) '

In addition, the number o, defined in Theorem[I1.6, satisfies

where

a+1l= q%ao + O(q%),

uniformly over q € (0,qo) and { € Dy g.



8 Vincent Duchéne, Dag Nilsson and Erik Wahlén June 27, 2017

2 Technical results

In the following, we denote C'(A1, Az2,...) a positive constant depending non-decreasingly on the
parameters A1, Az, .... We write A < B when A < CB with C a nonnegative constant whose value
is of no importance. We do not display the dependence with respect to the parameters +, d, C’ii
and regularity indexes.

Functional setting on the real line Here and thereafter, we denote L?(R) the standard
Lebesgue space of square-integrable functions, endowed with the norm HfHL2 = (foc |f(2))? dz)V/2.
The real inner product of fi, fo € L*(R) is denoted by (f1, f2) = [; fi(z)f2(z)dz. We use the
same notation for duality pairings which are clear from the context. The space L>®(R) consists
of all essentially bounded, Lebesgue-measurable functions f, endowed with the norm || f|| L =
esssup,cp|f(z)|. For any real constant s € R, H*(R) denotes the Sobolev space of all tempered
distributions f with finite norm H f H He = ’ < 00, where A is the pseudo-differential operator

A= (1-02)z. For n € N, C"*(R) is the space of functions having continuous derivatives up to order
n, and C*(R) = N, oy C"( ). The Schwartz space is denoted S(R) and the tempered distributions
S’(R). We use the following convention for the Fourier transform:

F)®) = 1) —= [ jwye aa.
We start with standard estimates in Sobolev spaces. The following interpolation estimates are
standard and used without reference in our proofs.
Lemma 2.1 (Interpolation estimates). Let f € H*(R), with pu > 1/2.
i. One has f € L*°(R) and
11 5 105 1
i. For any 6 € (0, ), one has f € H*%(R) and

1_,

(13 P F A g o

The following Lemma is given for instance in [5, Theorem C.12].

Lemma 2.2 (Composition estimate). Let G be a smooth function vanishing at 0, and f € H*(R)
with > 1/2. Then G o f € H*(R) and we have

16 © £l g < CUSMN o 1 1]
Lemma 2.3 (Product estimates).

i. For any f,g € L>®(R) N H*(R) with s > 0, one has fg € H*(R) and
179l = 1511 Iy

9l + ll9l] 7

ii. For any f € H*(R),g € HYR) with s +t > 0, and let r such that min(s,t) > r and
r<s+t—1/2. Then one has fg € H"(R) and

179l e S 1141

QHHt'

iti. For any ¢ € L (R) such that HCHLoo < 1—hg with hg > 0 and any f € L>=(R), one has

||1+<||Loc < Clhg [|f] -
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iv. For any ¢ € H*(R) with p > 1/2 such that HCHLQC < 1—hg with hg >0 and any f € H*(R)
with s € [—p, p], one has

||1+C||Hs < Ol IS 111 -

Proof. The first two items are standard (see for instance [B, Prop. C.11 and Th. C.10]. The third
item is obvious. For the last item, we use the second item and deduce that for any f € H*(R),
€ [~p,p], and g € H*(R),

gl e < Noll g [ £1] -
Hence
HHCHHS < ||f||H<+H1+<||He < £l +||1+<||HM||fIIH<
We conclude by
5 e S € el
where we have used Lemma and the estimate is proved. O]

The following Lemma justifies the assumptions of admissible Fourier multipliers in Definition [I.1]

Lemma 2.4 (Properties of admissible Fourier multipliers). Any admissible Fourier multipler (in
the sense of Definition , F;, satisfies the following.

i. The linear operator 0,F;(D) is bounded from H*(R) to H*“1*%(R), for any s € R, and

192F sl 7. S Y

A)Hs—lﬁ»s ~

Moreover, for any ¢ € H¥7'=9 one has
1<l + (€520 F{ I S € ame SIS + (CE) 2 0:FACH .
ii. Let o € C*°(R) with compact support and [0.F;, ¢|¢ = 0:F;{¢oC} — pI.F:{C}. Then

||[675F27 @}CHL’Z ,S ||<'/0\/||L1 ||§||H1_8'

iti. There exists j > 2 and C; such that for any ¢ € L2(R) with compact support

G
— dist(x, supp(())?

|0:Fi{C}(z) < 1€l 20 for a.a. z € R\ supp(C).

Proof. The first result is obvious from Definition [1.Iffif and the definition of Sobolev spaces. For the
second, we shall first prove that the function G; : k: — kF;(k) satisfies

|G (k)| < (k)7 (2.1)

To this aim, let us first consider G € S(R) and x a smooth cut-off function, such that y (k) =1 for
|k| <1/2 and x(k) =0 for |k| > 1. We decompose

|G'](k) < [x(D)G'|(k) +[(1 — x(D))G'|(k).
For the first contribution, one has

1

IX(D)G'|(k) = R()%)’(&) (k+8)dE] <

ek (k+ &)1

RGEC +5>d§] -

| (k’+f)|< kYO ()10

Ly
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and the second contribution satisfies for any j > 2,
(1= x(D)G|(k) < [|(1 = x@)IEIGE| 2 S [ EPGE] 0 S 6D
by the Cauchy-Schwarz inequality and Parseval’s theorem. Thus we find, for any j > 2,
(G10) S ([ 6] ()7 + (|6 o

The same estimate applies to G(k) = kF;(k) by smooth approximation, and (2.1 follows from
Definition Now, we note that the Fourier transform of [9,F;, ¢]C is given by

\/% /R(ikFi(k) — isFi(s))@(k — 5)((s)ds

By (2.1) and the mean value theorem, we find that |kF;(k) — sF;(s)| < (1 + |s])!=?|k — s|. Due to
Young’s inequality and Parseval’s theorem, we find

110:Fi, @) 2 S 19N [T+ 1 D1

L2~ ||<P HL1||<HH1 0

For the third result, let us assume at first that the kernel K; % F~1(ikF,(k)) € L2(R). Then one
has

_ 1 (z —y) Ki(z — y)¢(y)
(|Km«| @)

= V2 dist(z, supp(¢))J ~ dist(z,supp(¢))7’

where we denote K; j(z) = 27 K;(z), remark that K; ; € L?(R) by Definition [1.1}fiii and Plancherel’s
theorem, and apply the Cauchy-Schwarz inequality to the convolution. If K; ¢ L?(R), we obtain
the result by regularizing K; (i.e. smoothly truncating F;) and passing to the limit. O

Lemma 2.5. Let v >0, d > 0, p > 1/2 and F; be admissible Fourier multipliers. Assume that
¢ € H*(R) ¢ > hy, 671 — HCHLOO > hg, with hg > 0. Then there exist a
constant Coy = C'(hg |<||H#) such that

Co_1||<||§{1—e < S(C) < COHCHip—e'
Proof. We first deal with the contribution of £(¢) defined in (L.6). By Lemma we get that

20 < el Tl and Sl < CEO),

By Lemma one has
¢ -
5=l < O Il ) €l

and the triangle inequality together with Lemma yields
¢

ﬁ“Hl—"'

¢ ¢ ¢
Ilarno S N3z llineo + 5= llino S U= llm-o + ¢l
Collecting the above information, we find that
Cal||g|‘§{179 S E(C) S COHCHipfsv
with Co = C(hg*, ||C||HM). Similar estimates hold for £(¢), and thus for £(¢) =€) + £(¢). O



Solitary wave solutions to a class of modified Green-Naghdi systems 11

Lemma 2.6. Lety>0,0 >0, u > 1/2 and F; be admissible Fourier multipliers. Assume that, for
j€{1,2}, ¢ € HMR) is such that 1 — |||, = ho and 6= — |||, = ho, with hg > 0. Then
one has

HL‘X> HLoo

E(C1) = €(G2) < Clha (1G] g [ Goll ) 161 = Col

Proof. As previously, we detail the result for £(¢), as the similar estimate for £(¢) is obtained in
the same way. One has

¢ G 1

2

SN B — _ _ 3 G
E(C) —&(¢) = -G 1- Cz [(1 ()= (1-¢) ](azFl{ e 1)
1 G G2 2
30 0P [(@F ) — (@R ) d
By Lemma [2.3] [iii] and the Cauchy-Schwarz inequality, we immediately have

¢t 5
rRI1-CG 1-¢

Similarly, we find by Lemma, [2.4][i

de < Clhg " || s NGzl o NG 2 + NGzl 2 160 = 2l -

G

106 - a- Pl @rir Sy ae < ol e el - oll 2 e
and by Lemma
¢ _
Hl : HHl 0 fc(h()l?HClHHu)'
Finally,
3 G CHENY
[ o= @r{@fi o) - @27 i
R -G — G2
C G C
el &l +
and we conclude by Lemma [2.3] [iv]
IS~ e < 00" el s = el
and C
=2 < Clhg s (|6l s 121 -
The result is proved. O

Lemma 2.7. Let v > 0, 6 > 0, and F; be admissible Fourier multipliers. Let I € {1,2,3} and
¢ € HY(R) such that 1 — HCHLOO > ho and 61 — HCHLOQ > hg, with hg > 0. Then one can decompose

80 = [(r+06 + (- + ”*f (0.0 o+ Erem(©),

and

(AE(0),C) = /R (74 8¢ +3(y — 8¢ + 2270 (5,0)? do 4 (dEuem(0), O,

where

[Erem! 1 (AEem (), O < Ol el o) Nl Nz + 1l e 192 22+ 952 0 2)-
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Proof. We consider £((); the corresponding expansion for £(¢) is obtained similarly. We write

—_ 1 —_
BQ) = [ @+ 4 5007 Ao+ Erm(0)
where

4
Ban@) = [ Tz dot g (1= OO — 0P da
¢

+ /R(l -¢)° [(axFl{l — C})Q - (ax{i})2 da.

Note that by the Cauchy-Schwarz inequality

and
3 ¢ 1Y’ 2 ¢(9:¢)? ¢l lloslf
[0 (211 ] <[ 07 o < Wl
Moreover

fo-or|(om {e5c) - ({rEe) ]

g/R(1+|<|)3 (0.F1 — 0,) (fc)‘ ’(azamw) (14)‘ ds.

Applying the Cauchy-Schwarz inequality, Plancherel’s theorem and the estimates

Fu(k) =1 S [E[ [Fu(k) + 1] S 1,

(by Definition and [ii), we deduce

fo-o[on b d) - )] -

< el 2l (5 sl (15 1o
< (Il 10sc]

where the last inequality follows from Leibniz’s rule and standard bilinear estimates [5, Prop. C.12].
Combining the above estimates together with similar calculations for £ yields the desired estimate
for |Erem|. The estimate for |(d€rem (€), ¢)| follows in the same way when decomposing

hi +~h h% — ~vh3 2 __ _ _
(d£(¢).¢) = /R 2L lh%hé 20+ 3075 (0P {0y ' C3) (9:Fa (R CY)

+ Zghi (0,F1 {7 CY) (0uF1{h2C}) + C(haduFalhy '¢})? = v (mdsFr{hT'¢(})  dz, (2:2)

and we do not detail for the sake of conciseness. O
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Lemma 2.8. Lety > 0,0 >0, u > 1/2 and F; be admissible Fourier multipliers such that pn > 1—6.
Let ¢ € H*(R) such that 1 — H<HL°° > ho and 671 — HCHLW > hg, with hg > 0. Then one can
decompose

E(0) = E(¢) + E3(C) + ELn(C)
and

(dE(C), ) = 2E2(¢) + 33(¢) + E21(0),

where
£a6) = [ (1401 4150 () + 07 (OGP
E(0) = [ (= )¢ = 0O + COFC +95OFHDOFUED = SOFHD O do
Moreover, one has £5(¢) > (v + 8)||¢|[5. and
E(0)1 < O lell ) e o

vie {2}, €GO < g <l lICI < NI€] o,

Proof. The estimate on &3 is straightforward by the Cauchy-Schwarz inequality and applying

Lemma and Lemma We detail the estimate for \5&%(0\ As above, we focus on the
terms involving &, the terms involving £ being obtained identically. One has

N ¢ ¢\’
0= [ @-9 (an{t)) w

2
1
w3 [a-s0 (am { ) - @102 - 20RO R () + 3001 )

& _
We estimate each bracket separately. First note that, by the Cauchy-Schwarz inequality, Lemma
and Lemma one has

C4
L=

fle-lenfiEd)
1 ¢

5 [a-30 (ara {1—<}> (0, {0)) — 20,1 (O ) 4 3C(0,F1 (O da

~3 [a-s0 (o {fc})Q RCLCICEEE _‘2}) - 6c(@.F1 () (0:Fs {1‘5_2(}) .

}. It follows from the Cauchy-

<113 1<
ho

’d;vg

dz < COg <l )l e 1o

Next consider

where we used the identity 9,F; {ﬁ} = 0,.F{¢} + 0.F1 {14;2
Schwarz inequality, Lemma and Lemma that

¢

é/R (azFl{lfC})Q(8zF1{C})226.%':1{4}6.1':1{(2}(19”

/PP 19 e 1

¢ ¢ _
S Hi@‘ﬁ{l*e + HCHHlf@HfCHHlfe < C(hg 1,
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and

fel(om () r0m (o)) o

2 2
S el gl el Nl ol g e < €Ol €1 € o

This concludes the estimate for \E(l) (¢)|. The estimate for |£(1) (¢)] is obtained identically, and the

rem rem
one for |5r(3,11(g )| are obtained using similar estimates when decomposing (d€((), () given in (2.2).
We do not detail for the sake of conciseness. O

Periodic functional setting Given P > 0, we denote L% the space of P-periodic, locally square-
integrable functions, endowed with the norm

P/2 3
Il = Vil [ o )

P/2
The Fourier coefficients of v € L% are defined by

~ def 2irkx

1 P/2 ey 1 .
p = ﬁ/ u(zx)e x, u(zx) = ﬁZuke

—P/2 keZ

We define, for s > 0,

21.2\ $
my {u e Ly, lully, =Y <1 + L;f ) k] < oo} :
kEZ

The Fourier multiplier operator A: S'(R) — S'(R) is defined as usual by A = (1 — 92)2. It maps
periodic distributions to periodic distributions and we have

1
o 47T2k2 2 R
Auk = (1 + P2> Up -

Thus
) P/2
||u||Hs :/ ul®u dx
P —P/2
and A™ is an isomorphism from H} to Hp ™ for any s,m € R. Similarly, the operators 9,F;
extend to operators from S'(R) to itself, and maps smoothly H§ into H}S;He, acting on the
Fourier coefficients by pointwise multiplication:

— 2mik

For any s > 1/2, the continuous embedding

1
1 A 1 1 ’
Il < 301 < Bl x5 (32 () = Dol

keZ kEZ P2

holds uniformly with respect to P > 1. More generally, one checks by a partition of unity argument,
or repeating the proofs in the periodic setting, that Lemmata 2.1]2.2] 2:3] and as a consequence
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Lemmata [2.5H2.8] have immediate analogues in the periodic setting, with uniform estimates with
respect to P > 1, when defining

Ep(C) =1EP(Q) + Ep(Q)

where

P/2 2
Erc)= [ et U- @R

—pp2l—=C 3 1-¢
B P/2 <-2 1 . 3 C 9
Ep(Q) = /P/2 s 11¢ + 5(5 +¢) (396F2{m}) da.

3 The periodic problem

Our first task is to construct periodic traveling-wave solutions with large periods by considering
the periodic minimization problem corresponding to . We will use this in the next section to
construct a special minimizing sequence for , which is useful when v > 1 — 6. When 6 < 1/2
and v = 1—6, any minimizing sequence has the special property and therefore it is strictly speaking
unnecessary to first consider the periodic minimization problem. Nevertheless, we consider here all
possible parameters in order to highlight some interesting differences between the cases v =1 — 6
and v > 1—6.
We ensure that the hypotheses of Section [2| namely

(€ Hp and HCHLW < min(1,61)

will be satisfied through a penalization argument. To this aim, we fix R > 0 and restrict ourselves

to values ¢ € (0, qp) sufficiently small so that ||CHHV ®) < 2R and (v + (S)HCHi2 = ¢ ensures (by
P P

Lemma in the periodic setting) that HCHLOC < min(1,571) — hg with some hy > 0, uniformly
with respect to P > P, sufficiently large (and likewise in the real line setting). We then define
0:[0,(2R)?) — [0,00) a smooth, non-decreasing penalization function, satisfying

i. o(t)=0for 0 <t < R?%
ii. o(t) —> 0 ast 7 (2R)%
iii. For any ay € (0, 1), there exists M, My > 0 and as > 1 such that

o'(t) < Myo(t)™ + Mao(t)"*; (3.1)

for instance o: (R?, (2R)?) 3 t = ((2R)* — t) ™! exp(7—)-
Now consider the functional

Er.o(€) = o(][¢]l7, ) + Er(©)

and the constraint set

def

Vpg2r = {C € Hp, (7+5)H<HQL§, =gq and ||C||H1‘; < QR}.

In the following we solve for ¢ sufficiently small and P sufficiently large

argmin Ep ,(C). (3.2)
CEVPq,2R
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Lemma 3.1. There exists go > 0 such that for any q € (0,qo), the functional Ep, : Vpgor — R is
weakly lower semi-continuous, bounded from below and Ep ,(¢) — oo as HCHHV ' 2R. In particular,
P

it has a minimizer (p € Vp q.2r, which satisfies the Euler-Lagrange equation
2 v
20'([[Cp [y )A*Cp + dEp(Cp) + 2ap(y + 6)Cp =0 (3.3)

for some Lagrange multiplier ap(Cp) € R.

Proof. As explained above, we restrict ourselves to ¢ € (0,qo) so that €p, is well-defined, and

in particular supcy,, 2RHCHLOC < min(1,6~%). The argument is standard; see e.g. [42, §1.1,1.2].

Since Ep,(¢) — oo as HC H v /" 2R, any minimizing sequence is bounded, and therefore weakly
P

convergent (up to a subsequence) in the (reflexive) Hilbert space HY. We only need to show that

for any (,, € Vpg4,2r such that ¢, = ¢ weakly in H7, one has

0<Ep,(C) < lirginfgp,g(g“n).

Notice first that by the weak lower semi-continuity of HH Y and since g is non-decreasing, one has

o(¢ll7y) < timint o([[¢[7,)

n—oo

Now, by the Rellich-Kondrachov theorem, ¢(,, — ¢ in H% implies that Cn — ¢ in Hp, for s €

(1/2,v); and in particular, ¢, — ¢ in L*°. Moreover one has supn”Cn min(1,571) since
Cn € Vpg,2r, and therefore EC — CC in L°°, and > C € HY by Lemmam 1 Since f is
uniformly bounded in H} and converges in L, it follows that 15’2 == in Hp, and therefore
9,F1 {1 f”cn} — 9,F, {ﬁ} in L2 by Lemma and finally

(1= G)?0:F {1 E"Cn} — (1-¢)20,F {12} in L.

In the same way, we find
-1 2 Cn (51 3 C . 2

and . ) ) )
(1=Gu) 2 — (1= ()7 2¢, (571+Cn)7§<.n4)(571+€)7§€ in LZP.

The result follows from the weak lower semi-continuity of ||H 12 O
P

Now we wish to prove that (p € Vp, g, and in particular satisfies the Euler-Lagrange equation
d€p(Cp) + 2ap(y+6)Cp = 0.
From this point on, we heavily make use of the property (see Assumption
v—6%#£0.
without explicit references in the statements.

Lemma 3.2. There exists m > 0 and qo > 0 such that for any q € (0, qo),

I, € nf{€(Q), ¢ € Vor} < (1 —mg?)

and there exists Py > 0 such that

ef . 2
Ipoq = nf{Ep,(C), ¢ € Viganr} < q(1 —mg?)
for any P > P,.
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Proof. Let us first consider the case of the real line. Consider ¢ € C*°(R) with compact support,
such that (v + 6)||¢[|7. = 1; and denote ¢y : = A2¢)(Az). One has

/Rﬂji dx:,\%/Rz/;?’dx and  [|0:0x|| o = M|02| -

It follows that, for the case when v — §% < 0, one can choose ¥ > 0 and A small enough so that

—1
/(’Y — 0%)Y5 + rre +35 (0x02)? da ef _om <o,
R

If v — 62 > 0, we instead let 1) < 0 and again choose A small enough so that the above holds.
Now, consider ¢, : z q%w,\(q%aﬁ). One has

lalw < @ rll e [ Ghde=af [0far ana oo, =gt *Forunl (mem.

In particular, for ¢ sufficiently small, qqu v < R; and by Lemma with [ = 3,
v+t

5 (0:0,)° dz + O(7)

swq):(wa)/Rqsg dx+/R<v—52>¢§+
=q-— qu% + O(q%).

The result follows in the real-line setting.
We now deduce the result in the periodic setting. By taking P > P, sufficiently large, we may
ensure

supp ¢4 C (—P/2,P/2),
and define
dpq = Zﬁbq(m —jP)e Hp (n€eN).
jez
One has
(r+0)llopallzy = (v + D) ell; =4

and”(bp’qHH;; < R for g sufficiently small, so that as well as

2 2 P2 24 .3 v+t 2 z
Eralona) =Erorg) = (140) [ h dok [ =86, + T @0m)° do+ Ol))
—P/2 —P/2
=g —2mg’ + O(q")
The result is proved. O

Lemma 3.3. There exists gy > 0 such that for any q € (0,qo), one has

1
VP2 P, lap+l<s,
where ap is defined in Lemma 3.1 and P, in Lemma 3.3,

Proof. We use the Euler-Lagrange equation satisfied by (p, namely

20'([[¢p |3, )N Co + dER(CP) + 2ap(y + 8)p = 0.
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This equation is well-defined in (H%)" and testing against (p € H% yields

o (le ) crlmy, +20p(r+0)l[Cp ], + (AR (Cr), r) = 0.

Using the decompositions in Lemma (changing the domain of integration to [—P/2, P/2]) yields

(AEP(CP), Cp) = 2E2,p(Cp) + 3E3,p(CP) + EC) p(Cp)
— 26p(Cp) + E3,p(Cp) + EP, p(Cp) — 260 L(Cp),

so that one obtains the identity
1
—ap g = Ep(Ce) + 3Esp(Cr) + 562 p(CP) — EL p(Cr) + O Co i oIy (3)
Let us now use Lemma [3.2] which asserts
2 2
o(][¢p[[py,) + EP(CP) < a1 —ma?) < q. (3.5)

Remark that, since 1 — ¢, + ¢ > hg > 0, one has

Pz (2
E > + d
plor) 2 /p/ﬂl e

Fr2 e ¢
= 1 d dx — ¢ d
th )/_p CP “7/5 - ¢ /Pé T
=q+0(¢""%),

2v—1

where € = v—1/2 > 0 and we use in the last estimate that HCPHioo S HCPHL27HCPHH” =0(g ),

by the interpolation estimate Lemma in the periodic-setting.
Combining with (3.5]) yields
Ep(Cp) =g+ 0O(q'"%)

and

3

oll[¢r]l7,) = O™+ ).

Hence, by (3.1))

d(l¢ell3,) = O ).
Now, by Lemma [2.5] and using once again (3.5), one has
HCPHZ}I;S < Ep(Cp) = O(q).
Thus by Lemma 2.8} one has
€,p(CP)| S [ICp | e Gy 0 = O™+ 5)

and
€0 £ + 1E p(CP) S ICrll5 < lICr a0 = O(a*5).

Plugging the above estimates into (3.4)) yields
—ap q=q+O(¢"#),

and the proof is complete. O
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Lemma 3.4. Let qo, ¢ € (0,q0) and P, be as in Lemma , There exists M > 0 such that one has
2
<
<], < Ma

uniformly over q € (0,q0), P > P, and ¢ in the set of minimizers of Ep, over Vp g or.

Proof. Recall the Euler-Lagrange equation:
2 14
20 ([P [y, )A* Cp + dEP(CP) + 2apCp = 0. (3.6)
It follows from the proof of Lemma [3.3] that for g sufficiently small
2
<
<Pl S g

with 0 < 0 < 1. Thus the result is proved if v = 1 —6, and we focus below on the situation v > 1—6.
In this case we obtain the desired estimate in a similar fashion after finite induction. Indeed, define

rp, =min(v — (1 — 0),n(1 — 6)), n € N, and assume that ||§p||2m < ¢. Note that this is satisfied
P
for n = 0 by assumption. We will show below that
2 2
HCPHH};(’“‘" N HCPHH};L S ¢ (3.7)

Since 1 — 8 > 0, the desired result follows by finite induction.
Let us now prove (3.7). We test (3.6) against A>™=(p, and obtain

20'(([Cp |3, ) (A*Cos A2 Cp) + (AE€p(Cp), A2 Cp) + 200 (G, A* C) = 0. (3.8)

Here, the notation {, ) represents the H;,_2(1_0) — H;V+2(1_9) duality bracket. We will use the same

notation for Hj, — Hp*®, where the value of s € (—v, ] is clear from the context. Note that all the
terms are well-defined, since (p € Hp, and therefore by and Lemma dép(Cp) € H;fz(l*e).
Moreover, by (3.6), if QI(HCPHiI}‘;) > 0 then A?(p € HIZ*Q(I*G) as well. Finally, A>"»(p € Hp >,
and r, +1—60 < v so that v — 2r, > —v +2(1 —0).

Now, using that g’(HCpHZ;) >0, we get from and Lemmathat

YAEpP(Cp), A*™Cp) + (AEp(Cp), AP (p) < 2(—01P)HAT”CPHZL% < 3HCPH§{;M (3.9)

where we define d€p and d€p from (1.9) as in (1.6). In particular,

(dE(¢p), A Cp) < s A2T”CP>+<<12:’ AQTnCP>+ (1—¢p)? (a F{ cr })2 AP (p
7 1_CP’ (I—CP)27 T 1_CP )

We estimate each term of (3.10), using that (’y+5)HCpH2L2 =q, ||§P||H,, < 2R and ||§p||Loo < 1—hy,
P P

recalling that Lemmata 2.1]2.2)2.3] and are valid in the periodic setting.
The first term in (3.10)) is estimated by the Cauchy-Schwarz inequality and Lemma

2CP 27, _ T QCP T
(FEma)|=[( () o)<

¢p
1—

e 6Pl S NPl 311
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It is clear that the second term can be estimated in the same way. Next we see that

|<(1 ~or (o {45 }) ’AQHCP>

2
<=2 (P { b ) lgevoe ol geone

C 2
SI(0F {75 ) g v

and Lemma [2.3lfii} Lemma [2.4}lij and Lemma [2.1]iii yield for any 0 < € < min(v+60—1,1—-6,v—1/2),

2
H (a'”Fl { % }) sl { o }HH? [0:Fs { e }|

S ||CPHH113—9+T71,

Hl/+97176
P

CPHH;:E

S el yovnn.

We therefore have that

’<(1 (o ) ’Amcp>

We next consider the remaining term in (3.10) and note that

<(1 —(p)’0.F1 {1EP<P} »OzF1 {(1\2:232}>
= (0,F1{Cp}, F1 {A?(p})

27
+<(—3cp+3<1%—<§s>axﬂ{ S },awFl{ AT ep }>

Sa¥

Cp Hi{};em . (3.12)

1-¢p (1—¢p)?

I

2ry
- <83”F1 {1 Epcp _CP} O {é\— 52}>

11

+ <a Fi{¢p}, 0 F1{ A% Cp AQTHCP}>. (3.13)
xr b xr (1 _ CP)2

111

First we see that, by Lemma [2.4Jf]

<]

e (0GP} 0P A CpY) 2 [[C o (3.14)

We estimate [ in (3.13)) proceeding as previously:

Cp A*(p Cp A (p
ornri{ 725 Joom { e | ) € 10 125 Hlag 0P { =5

< A2T"CP

SICell amoera |Co || | 0Fy RESE [
S N¢pll g lcrly-osr (3.15)
[ (3.16)
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where we choose 0 < € < min{v — 1/2,1 — §}. The remaining terms in I are of higher order and
can be estimated in the same way. Next we estimate I1:

2 AQT,,,
‘<6$F1 {1 EPCP } 76wF1 { (1 — ijgz }>‘ 5 HC%|‘H}379+7‘7L

< ll¢pll e Pl lrgosen (3.17)

v—1/2

< ¢ HCPHZ;H""’ (3.18)

where we used Lemma and Lemma Finally consider I1I: proceeding as above,

2r
A " CP H H}D*G*Tn

Areg . 20p = (b
R (e Y =
2Cp — (7
< ||CP||§{;,—9+M H(lliTﬁHH}”jﬁ (3.19)
,Sqi CPHZ;;HM, (3.20)

with 0 < e <min(v —1/2,v — (1 —6),1 —0).
Collecting (3.11))—(3.20) in (3.10) yields

HCHZ}?“T" S (dE(Cp), AP Cp) + HCPH;;” +q%

with € > 0 sufficiently small. It is clear that the same estimate holds for (d€(¢p), A*™"(p), and if
we use these in (3.9)), we obtain

o[y

ol oeen < NGl + l1CPIl3osena®.

Thus one may choose ¢ sufficiently small, so that (3.7) holds. This concludes the proof. O

We now collect the preceding results and deduce solutions of the non-penalized periodic problem.

Theorem 3.5 (Existence of periodic minimizers). There exists qo > 0 such that for any q € (0, qo),
one can define Py > 0 and the following holds. For each P > P,, there exists (p € Vp 4 r such that

Ep(Cp) = inf Ep(C) X Ip,.

€Vpg,Rr
and the Euler-Lagrange equation holds with ap € (—3/2,—1/2):
d€p(Cp) + 2ap(y+6)¢p = 0. (3.21)
Furthermore, there exists M > 0, independent of q, such that

¢p |15, < Ma
uniformly with respect to P > P,.

Proof. From Lemma any minimizer of £p, over Vp,or satisfies, for gy sufficiently small and
P > P, sufficiently large,
2
ol < b < R
Y,

Thus the Euler-Lagrange equation (3.3 becomes (3.21]), and the control on ap is stated in Lemmal[3.3]
Moreover, since £p, = Ep over Vp 4 r, (p minimizes Ep over Vp, g. The theorem is proved. O

Remark 3.6. If 0 € [0,1/2) and v = 1 — 0, then the functional Ep is coercive on Vpg r by
Lemma and it isn’t necessary to consider the penalized functional Ep, to construct periodic
minimizers. Indeed, one can minimize Ep over Vp 4 g directly, noting that any minimizing sequence

satisfies (up to subsequences) suanCp,nHiIV < Mq < R? if qo is sufficiently small.
P
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4 The real line problem

The construction of a minimizer for the real line problem, (1.10]), will follow from Lions’ concentra-
tion compactness principle. The main difficulty consists in excluding the “dichotomy” scenario. To

this aim, we shall use a special minimizing sequence (satisfying the additional estimate H(n Hi{v <9q)
to show that the function ¢ — I, is strictly subhomogeneous (see Proposition , which implies
that it is also strictly subadditive (Corollary . This special subsequence is constructed from the
solutions of the periodic problem, obtained in Theorem [3.5] with period P, — ooc.

4.1 A special minimizing sequence
Theorem 4.1 (Special minimizing sequence for £). There exists go > 0 such that for any q € (0, qo),
one can define constants m, M > 0 and a sequence {(,}nen satisfying

2 2

and . ,
lim £(C,) =1, inf £(C) < q(1 —mg?).

n— oo CGVq,R

Proof. The estimate on I, was proved in Lemma @; thus we only need to construct a minimizing
sequence satisfying HCn H;U < Mgq. If v = 1—86, then any minimizing sequence satisfies this property
as a consequence of Lemma[2.5] so we assume in the following that v > 1 — 6. Let gy be sufficiently
small so that Theorem holds. By the construction of [24, p. 2918 and proof of Theorem 3.§],
one obtains, for any P, sufficiently large, x,, € R, an € Hp and ¢, € H"(R) such that

||5Pn - CPn(' - xn)HL?D — 0 (Pn — OO) (41)
where (p, is defined by Theorem [3.5

supp G C (=P /2+ Py/%, Py /2= Py/%)  and  (p, =) Gal-+1P,). (4.2)
leZ

Moreover, one has

HC"HB = HEPn 2 = HCPn L2 (4.3)

and B

uniformly with respect to P, sufficiently large.

By (4.4) and Theorem one has HC”HZV < Mgq < R? provided that P, is sufficiently large
and g is sufficiently small; and ¢, € V, g by (4.3). Thus there only remains to prove that ¢, is a
minimizing sequence.

Notice that by and and Lemma
Han —Cp, (- — xn)HH;/ —0 (4.5)

for any v’ € [0,v).
One has

B _ B P, /2 =
e in) ~BG) =g [ 0= 6 [(0F ) - @) e

1

3 /R\<P,L/2,Pn/2>

(]- - Cn)g (amFl{
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Using Lemma (4.4) and the Cauchy-Schwarz inequality, we deduce

|/P e {(@Fl{lgprz})z (OFi }ﬂdx

P,/2 —Cpn —(n

C

CllGall s l0aFr{—= } uFr{="

}||L2( Pn/2,Pn/2)"

Notice now that, by uniqueness of the Fourier decomposition in L%,", one has the identity

O:F1{ ff} Ha) =) (aIFl{1 E”C })(:rJran),

P, leZ n

and therefore, by Lemma and (4.2, one has

Jo.Ff ﬁ e A 2}]@& SHwrip)l |

[1]>1
2

P/2 1
S/ > — - | dy
“Pu/2 \ 1 (P 4 (L= 1)Py)d

-0 (P, = 00).

since j > 2. Similarly, Lemma iiland (4.2) yield

/ (1 _Cn)3(aw|:1{l
R\(=Pn/2,Pn/2)

5 i 0o 1
dz| < C e
&) x_<wqumw_ﬂm+wwl

-0 (P, — ).
The component £ satisfies the same bounds, thus we proved
Ep, (Cp,) — E(Cr) = 0 (P, — 0).

Now by Lemma (which holds in the periodic setting and uniformly with respect to P > 0) with
v replaced by some v’ € (1/2,v) and (4.5)), one has

Ep.(Cp) = Ip,.q = Ep,(Cp.) — Ep.(Cp, (- —2n)) = 0 (P, = o0).

Thus we found that
I <&€(Cn) =1Ip,q+o(1) (Pn—00).

There remains to prove the converse inequality. For any € > 0, there exists ¢ € V, r such that

EQ) < I+ %

By the same argument as above, we construct by smoothly truncating and rescaling, ¢ € Vg, r such
that supp ¢ € (— Py, Py), and

y €
E(C) <&(Q) + 3
Then for P, > 2P,, one has (p, = Z]EZCVC +jP,) € Vp 4 r and, as above,

Epn(épn) *5({) —0 (Pn — OO)
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Combining the above yields, for P, sufficiently large,
Ipnaqggpn(épn) (€)+ <I +€

Thus we proved that
E(Cn) — Iq (P — 00).

This concludes the proof. O

The following proposition is essential to rule out the “dichotomy” scenario in Lions’ concentration-
compactness principle (see below).

Proposition 4.2. There exists go > 0 such that the map q — 1, is strictly subhomogeneous for
qc (07 CIO)-'
Iog <al; whenever 0<q<ag<q.

Proof. Let us consider (,, the special minimizing sequence defined in Theorem We first fix
ap > 1, and restrict go > 0 if necessary, so that for any a € (1, a¢] and ¢ € (0, g9) such that aq < qo,

< Mag < Mgy < R%. Thus we have, by definition of I,, and Lemma

one has ||a%Cn||i{V

Tag < E(a*Ga) = a€a(Gu) +a*E5(Ga) + Eh (a2 )
= a€(Ga) + (% — a)&s(Gn) + EQN (a2 Ga) — aELL (Ca).
Moreover, by Theorem one has

lim £((n) =1, <q(1—mq ),

n—oo

and Lemma [2.8] yields

~&(¢) < —q  and  EX(G) S |[¢allry S e

It follows that one has for g € (0, ¢p) with go sufficiently small and n sufficiently large,

1 5
E3(Cn) = E(Gn) — E2(Cn) — rem((n) < _imq?’
Thus we find for n sufficiently large,
Iog < aly— (a? = a)(m/2)q’ + limsup (E1), (a2 Gn) — €, (Gn))- (4.6)
n— oo
We now estimate the last contrlbutlon treating separately Erem and Egm in the same spirit as in

R ¢
the proof of Lemma [2.8] Consider Srem for instance. We develop each contribution in 5£63[1(a%§n)
using Neumann series in powers of a2 (,:

gl(‘im a2<n Z azgn

Rp>a

/R Ck1,k2,k3 (Q%Cn)kl (amFl{(a%Cn)kz})(azFl{(aégn)kB}) dz.

ki+kot+ks>4

The series are absolutely Convergent provided ¢q is sufficiently small, and start at index k = 4, as

pointed out in the proof of Lemma We now subtract the contributions of a& g (¢n) and by the

rem
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triangle and Cauchy-Schwarz inequalities,

€0 (@2 ¢) — aBlh (el < 3 (0% = a)|6al 2162
k>4

+ Z |Cl€1,k2,k3 |(a

ki+ko+kz>4

ki+ko+ks
2

- a)HCnH]zloo ||8mF1{C1’§2}||L2 ||8mF1{<’1§3}||L2

Using that |a? —a| < (a? —a)(k— 2)(1¥7 Lemma that H" is a Banach algebra as well as the
continuous embedding H” C L°°, we find that one can restrict gg > 0 such that the above series is
convergent and yields

—=(1 1 —(1 3
€0 (a2 G) — aBlh (Ga)] < Clag)(a? — a)d?,

uniformly over ¢ € (0,qo) and a € (1, ag] such that ag < qo. Plugging this estimate in (4.6) and
restricting qo if necessary, we deduce

Iq < aly for 0 < g <ag<qo, ac(1,a0).
Consider now the case when a € (1,af] for an integer p > 2. Then av € (1,a0] and so

2
p—2 < arl p—2 <...<an.

1 1
log=1 .1 p1 <arl p-1 =arl

1 1

aPa P q a P q aPa P q a P q

The result is proved. O
By a standard argument, Proposition [£.2]induces the subadditivity of the map ¢ — I,.

Corollary 4.3. There exists go > 0 such that the map q — I, is strictly subadditive for q € (0, qo):

Ig4q, < 1oy + 14, whenever 0<q <q1+ ¢ < qo.

4.2 Concentration-compactness; proof of Theorem (1.6

We now prove Theorem Let us first recall Lions’ concentration compactness principle [32].

Theorem 4.4 (Concentration-compactness). Any sequence {e, }nen C L*(R) of non-negative func-
tions such that

lim e,de=1>0

n—oo R

admits a subsequence, denoted again {e, }nen, for which one of the following phenomena occurs.

o (Vanishing) For each r > 0, one has

T+r
lim (sup/ én dx) =0.
n—=00 \zeR Jg—r

e (Dichotomy) There are real sequences {xn }nen, { Mn tnen, {Nn}neny C R and I* € (0,1) such
that M,,, N, — oo, M,,/N,, — 0, and

T+ Mp, Tn+Np
/ e, dz — I*  and / e, do — I*
Tp—My, Tp—Np

as n — o0.
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e (Concentration) There exists a sequence {Tptnen C R with the property that for each € > 0,
there exists r > 0 with
Tp+T
/ e, dr>1—c¢
x

n—T

for all n € N.
We shall apply Theorem [£.4] to

; 1 n - 1 n
o= (T + 5GP ORI ECD) e 07 P Rt )

where (,, is a minimizing sequence of £ over V, r with suanCnHZU < R?. Such a sequence is
known to exist provided that ¢ € (0, qo) is sufficiently small, by Theorem [4.1] (and any minimizing
sequence is valid when v = 1 — 6, by Lemma see Remark . The choice of density is inspired
by the recent paper [2], and allows (contrarily to the more evident choice e,, = ¢2) to show, when

v = 1—0, that the constructed limit satisfies £(n) = I, and is therefore a solution to the constrained
minimization problem (1.10)). Notice that

/en de =&(¢n) = I; (n— o)
R

and that there exists a constant C' such that

HC”Hi?(J) = /J|Cn|2 dr < C/Jen dz (4.7)

for any interval J C R.

We exclude the two first scenarii in Lemmata[f.5]and [£.6] below. Thus the concentration scenario
holds and, using (4.7), we find that there exists {x, }nen C R such that for any € > 0, there exists
r > 0 with

H77nHL2(|z|>r) <6

where {1, }nen def {¢n(- 4+ ) Inen. Since SuPnENHnnHHV(R) < R, there exists n € H”(R) satisfying

||?7||HV(R) < R and n,, — n weakly in H”(R) (up to the extraction of a subsequence). Increasing r
if necessary, we have

H”HL2(|z\>r) <€
Now, consider x a smooth cut-off function, such that x(z) = 1 for |z| < r and x(z) = 0 for

|z| > 2r. One has xn, — xn weakly in H”(R), and by compact embedding [3 Corollary 2.96],
we find that one can extract a subsequence, still denoted 7, such that H XM — 77)H L2(R) <e
for n sufficiently large. Combining the above estimates, we find that the subsequence satisfies
||77n — n||L2(R) < 3e for n sufficiently large. By Cantor’s diagonal extraction process, we construct a

subsequence satisfying Hnn — 77||L2 — 0; and by interpolation, ||77n — n||HS — 0 for any s € [0,v). In

particular (y + (5)H17H2L2 = ¢, and recall Hn‘ b < suanCnHHV < R,thusneVyp Ifvr>1-0, we
deduce £(n,) — £(n) as n — oo by Lemma If on the other hand v = 1—6 we use the weak lower
semi-continuity argument in the proof of Lemmato deduce that I, < E(n) < limy,—y00 (M) = 1.
In either case we have that £(n) = I,.

The constructed function n € HY(R) is therefore a solution to the constrained minimization
problem . In particular, it solves the Euler-Lagrange equation with a < 0 provided
that ¢ € (0, o) is sufficiently small (proceeding as in Lemma , and therefore satisfies with
A= (-a)"t>0.

This proves the first item of Theorem [I.6] as well as the second item — except for the strong
convergence in H(R) when v = 1—6 > 1/2. This result follows from the fact that weak convergence
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together with convergence of the norm implies strong convergence in a Hilbert space (applied to

(12 (1= )2 (01 {32 1), (671 + )2 (0:Fa{5=t3, 1)) € (LP(R))?).

There remains to prove \ the estimates of the third item. Proceeding as in Lemma [3.4] we find

I€]17. < Ma,

uniformly over the minimizers of £ over V, g. Moreover, by Lemma one has

—ag=—a ~y+6)!|<|\L2= (de(0), <>=62(<)+§£3<<>+28£3&<<>

_3en L 3e() (2)
- 25(C) 252(C> 2grem(<) 2grem<<)

where £5(¢) > ¢ and
ER O]+ [EGL Q] = O(d?).
Altogether, using that £(¢) < ¢(1 — mqg) by Lernrna we find

3 2 1 3 2
—aq < 5g(l=mg*) = 5q+O*) = q (1 - 2mq3) +0(¢%),
and the result follows. Theorem [I.6]is proved.

Lemma 4.5 (Excluding “vanishing”). No subsequence of {ey }nen has the “vanishing” property.

Proof. By Lemmata [2.8) and [3.2] one has for n sufficiently large

q(1 - mq%> > E(Cn) = E2(Cn) + E3(Ca) + EGL(Cn) > a4 E3(Cn) + ELL (Ga)

and hence .
mg? < 1E3(Ga)| + €GN (Ga)l S [16all 1o
On the other hand, one has

6l e oy 3y < 100Gall ey < Iaall o losGall sy < UGl 160 oy

where ¢, = ¢(- — ) with ¢ a smooth function such that ¢ =1 for |x| < 1/2, ¢ =0 for |z| > 1, and
0 < ¢ <1 otherwise; and using Lemma and Lemma 2.3/l Since C' is independent of x € R,
this shows that

L 1- 5=
1nll oo < CRZ sul[Ca 12 (-1 040y
Hence one has for n sufficiently large
i Ssuplc|

~ 2€R mHL2((z—1,2+1))°
from which, using (4.7)), it follows that “vanishing” cannot occur. O
Lemma 4.6 (Excluding “dichotomy”). No subsequence of {ey }nen has the “dichotomy” property.
Proof. We denote by x € C*°(R™") a non-increasing function with

x(r)=1if0<r<1 and x(r)=0ifr>2, (4.8)

and such that

x=xi, l-x=x3
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where 1 and Y2 are smooth. For instance, set x(r) = 1 — (1 — x%(r))? with ¥ € C*°(R") non-
increasing and satisfying (4.8)). Define 0, = ¢, (- + 25 ), and

1D (@) = na(@)x(al /Ma) - and (@) = n(@) (1= x(@lel/N0)),
noting that

supp(nMY) € [-2M,,,2M,] and  supp(n'®) c R\ [-N,/2,N,./2].
After possibly extracting a subsequence, we can assume that

q*
a5~ =L (19)

with ¢* € [0, ¢]. For n sufficiently large, one has N,, > N,,/2 > 2M,, > M,, and therefore
In 2117 = H%HLQQM S UL PRV,

7_,_5 - ||77 HL2 Hn"||L2(1V[,L<\w\<Nn)

2
+ [|n! ||L2(M <Jal<Nn) T [ HL2(M <Je|<Nn)

q—q
N 4.10
y+4 (4.10)
since [ L ¥ < 2flm|l; and
m L2(M, <|z|<N,) T Il L2, <jz)< N,y = Il L2 (0, <|z)< N,
2
Tn <C epdr — 0
H HLz(Mn<\z|<Nn) My <|t—n | <Ny
by (4.7) and the assumption of the dichotomy scenario.
We claim that 5(77%1)) — I*. To show this, note that
(1)y2 (1)
vl n 1 n
EmM) = / (o ) 21) + (1 =) (8:F1{- L 5 })de’
rR1— Nn 3 1-—- Tn

where

/ () 7/ U
r1—nd lz|<M, 1 = n

We next find that

< / n2dz — 0.
M, <|z—z,|<N,

15 e
[a-np ey ) - 0P O )

n

1) (1) (1) ¢,,(1)
_ T T (= mm) g
= /R( ()3 (a F1{ (1)}+8 Fiiy nn}> @cFl{(l <1>)(1_nn)}d '

Noting that
1 =) = =x3 (@] /M) X3 (|l /M)
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we can estimate
(1) (1) (1), (1)
/ﬂ—nﬂf(aﬂ{7hlﬂ+aFd - })@ﬁ{ %(% 77")}dgc
R 1- — (1_7771 )(1_77n)
S (- /M) xa (- /M) nn]| o | (- 1/M)x2 (] - /M)t || o |70 |7

S Il 1M X 1/Ma)mal| 52 2 (- /M) xa () - 1M oo |

< H77n||;(?4n§|x\gzvn)
—0

by Lemma and Lemma il and using Hn(l) HHV < Hn"HHV < R. On the other hand,

(1) (1) 2 (1)\3.,2 In 2
L= @R ) = (0= M) 0 ) e

n

s
L= (P ) + (- M) (2:Frl

B ) )0 M) (2o

n 1_77n

5 M7L71||"7n||§_1u

by Lemma [24][il Finally

L= o e = [ @

7 }) dz + o(1)

n

as the remainder term is bounded by a constant times f My <|z—zn | <N enpdx. An analogous argument
for £ reveals that B a

EnY) = / endz +0(1) = I*
|z—x, | <M,
and by similar reasoning one finds that

5(177(12)):/ epdzr +o(1) = I, — I".
|z—2, |>N,

We next claim that ¢* > 0. Indeed, if ¢* = 0, we set

~ def def q
77;2) = Cnng)» n = 1
(y+0)2

By (4.10) and since ¢* = 0, one has ¢, — 1. Thus we note

E@P) — EGP) S |72 — 12|y — 0

f— N|=

P

by Lemma and
hmsupHn(Q)HHV < R,

resulting in the contradiction I, < E(ﬁn ) = I, —I* < I, asn — oco. We obtain a similar

contradiction involving 777(3) and (4.9) if we assume that ¢* = ¢. Hence, 0 < ¢* < q.

In view of the above, we can rescale

e O g e
(v +6) 2 | . (v + )2 |0
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so that (y + 5)”17%””?2 =gqand (y+ 6)”57(12)”21;2 = q — ¢« for any n € N. One easily checks that
1imsup||ﬁ£1)|’HV <R, limsupHﬁg)HHV <R
n— o0 n—00

and that
lim (£(7,") — EmM)) = lim E@P) - EMmP)) = 0.

n— oo

Thus we arrive at the following contradiction to Corollary {3}
Iy < + 1g—gr
< lim (£@Y) +EGL))

T n—ooo
Ty Sy
=1,

This concludes the proof of Lemma (4.6 O

5 Long-wave asymptotics

In this section we prove that the solutions of (|1.8) obtained in Theorem are approximated by
solutions of the corresponding KdV equation in the long-wave regime, i.e. letting ¢ — 0 in the
constrained minimization problem (1.10]). Indeed, if we introduce the scaling

def 2

((x) = Skav(©)(@) = ¢¥¢(g3a) (5.1)

in (1.11) and denote v + 1 = a0q§, then we find that the leading order part of the equation as
qg—0is

2\ ¢2 -1
aoly + )¢ + 20 25 ) —(H; Joze — 0. (5.2)

Recall (see e.g. [I]) that & € L?(R) satisfying (5.2) uniquely defines (up to spatial translation) a
solitary-wave solution of the KdV equation, with explicit formula

ap(y +9) 1 [3ao(y +9)
Ekav(z) = pE— sech? (21/ =t

Equation (5.2)) can also be obtained as the Euler-Lagrange equation associated with the minimizer
of the scalar functional Ekqv (consistently with Lemma [2.7))

(v+o7
3

Exav(€) = / (7 — 62)€% + (0,6)% da,

over the set ot )
Ur = {£€ H'R) : (v+0)[¢]|;- =1}

Indeed, any minimizer satisfies the Euler-Lagrange equation

dékav (§) +2(7 + d)aeé = 0, (5.3)

which is (5.2) with «p the Lagrange multiplier. Testing the constraint (y + 5)”5”12 = 1 with the
above explicit formula, we find that

B 3 (62 _ 7)4 %
(v +d)ao = 1 (MM) . (5.4)
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Additional computations show that

Ixav = inf{€kav(¢) = £ €U} = Exav(éxav) = —gao.

We aim at proving that the variational characterization of (5.2)), and therefore its explicit
solutions, approximate (after suitable rescaling) the corresponding one of (1.8]), namely (1.10),
in the limit ¢ — 0.

5.1 Refined estimates

We start by establishing estimates on ¢ € Dy gr the set of minimizers of £ over V; g, as provided by
Theorem [I.6] Here and below, we rely on extra assumptions on the Fourier multipliers, which are
assumed to be strongly admissible, in the sense of Definition

Lemma 5.1. There exists qo > 0 such that { € H® for any s > 0, and there exists My > 0 such
that

<. < M q
uniformly for q € (0,q0) and ¢ € Dy g.

Proof. Once the regularity property ¢ € H® has been established, the corresponding estimate is
obtained as in the proof of Lemma[3.4] thus we focus only on the regularity issue. This follows from
the Euler-Lagrange equation @ and elliptic estimates. However, the ellipticity property is not
straightforward to ascertain when 7 # 0, and we will make use of paradifferential calculus. These
tools are recalled in Appendix [A]

By assumption, one has ( € H” with v > 1/2 and v > 1—-60 > 0. We fix e € (0, — 1/2) and
r=min(1—60,v—1/2—¢) > 0. We show below that ( € H” satisfying yields ¢ € HY*", and
the argument can be bootstrapped to obtain arbitrarily high regularity, ( € H®, s > 0.

First we write as the equality, valid in H™Y,

b0 (130.Fa (kg )} + D R0 (10, F () )
hy +7h2<, h? — vh3
hyhs h2h3
R(() (5:5)
denoting h; =1 i 2 =61+ (, and recalling a € (—3/2,—1/2).
2

Using Lemma I and Lemma |2 one easily checks that R(¢) € H?>(v—(1-0)=1/2=¢ ip the
case 1/2 < v <1/2+ (1 —0), and R(¢) € H*=(=9 if v > 1/2 + (1 — 0). In other words, we find

R(¢) € HY—20=0)+, (5.6)

Above, we used that ||CHLoo < min(1,671) and therefore hq(z)"—1 € H” and ha(z)" —(§71)" €
HY for any n € Z. This holds as well in the Holder space W™ since r € (0, —1/2). In particular,
we have

— 2a(y + 6)¢ +2 €12 + (h20uFa{hy (1) = 7 (M0 Fi{h'¢})?

def

VYn€Z, h(z)" €l? and 0, F; eT170,
recalling Definition [A71]
By Lemma we find Chl_l — Th;zg € H"*", and Lemma and Lemma yield
hy 20, F1{h30,F1{Chy ! = T),2(}} € HY2U-0+, (5.7)

By Lemma one has amFlThl_zc = TikFl(k)Thl_zC e H"=(1-9) We deduce by Lemma that
ikFi(k)hy? € TL~% and
0oF1 T2 = Tipp, pn2¢ € H 7070,
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from which we deduce as above

By 20.F (B (0:F T, 2C) — Tyg, on-2€) } € HY 207047,
Using that T}, ¢ (k)h ZC e H*=1-9 and Lemma one obtains

(P = Th3) Tige, pn2C € HY™ (1=0)+r
As above, it follows by Lemma 2.4 and Lemma [2.3] that
hi?0,F 1 {(h} — Thﬁ)TikFl(k)h;’zC} c gr-20-0)+r.
We use again Lemma and Lemma to deduce that —(kFy(k))?h; € F%(k
i (aﬂ”FlTh‘;’TikFl(k)hl’2< - Tf(kFl(k))2h1C) e Hv—20=0)+r
Finally, Lemma [A75] yields
(hi? - Ty, 2)T_ (kFy (k)20 € € Hr—20-0)+r
and Lemma [A.4] yields
(T2 T i 2 = T, rypent)S € HY 20701

Collecting (5.7)—(5.12), we proved

h 28 Fl{h3(3 Fl{h lc}} _(kFl(k))Zh 1C c HV—2(1—9)+7‘_

(5.8)

(5.9)

9 and

(5.10)

(5.11)

(5.12)

(5.13)

By (5.6)), (5.13) and the corresponding estimate for the second contribution in the left-hand side

of (5.5)), one finds

v—2(1-0
T%hgl(isz(k))2+2%hf1(ikFl(k))2< e qr2=0r,

Moreover, since ¢ € H", one has 2h; " (z) + 2%hl_l(fzr) € T'Y and therefore

v v—2(1-0)+r
T%hgl(x)—&-%’hfl(x)CEH CH ( ) .

Adding the two terms yields
Ta(mJg)C c HV—2(1—9)+T‘

with
e, B) 2 203 @) (L4 (BF2(0))?) + 20 () (14 (BFa ().

Notice that
a(z, k) € 0209 and  a(z, k)~! e 172079,

In particular, Lemma and ((5.14) yield
Ta(m,k)_lTa(m,k)C € H"t".

Additionally, by Lemma [A4] we have

(5.14)

C Ta(m k)y-1La(x,k) C Ta (z,k) " La( m,k)C - Ta(:v,k)*lTa(w,k:)C € HYFT

Adding the two terms shows that ( € H”*", which concludes the proof.
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Remark 5.2. In the one-layer situation, namely v = 0, the use of paradifferential calculus is
not necessary, and Lemma 5.1 can be obtained through a direct use of Lemmata and 2.3 In
particular, Lemma and subsequent results hold for (non-necessarily strongly) admissible Fourier
multipliers, in the sense of Definition [1.1].

The following lemma shows that the minimizers of £ over V, g, as provided by Theorem @
scale as (|b.1)).

Lemma 5.3. There exists qg > 0 and C > 0 such that the estimates

<]l < Ca, (5.15)
10:¢][3= < Ca, (5.16)
927 < Cqf (5.17)

hold uniformly for q € (0,q0) and { € Dy g, the set of minimizers of £ over Vg g.
Proof. Let ¢ be minimizer over V, g. Since 2(y + §)a¢ + d€(¢) = 0, we get from Lemma [2.8| that

2a(y + 8)¢ + d&2(¢) = 2a(y + 6)¢ + dE(C) — dEs(C) — dEQL(C) = —dE&s(C) — dEGL(C),  (5.18)

where B
d&3(¢) = vd&3(C) +dE;(Q),

and
0E5(Q) =38~ (0.F1{Q)) + 2R [P CH) — 2. FH{OF ) — SC0FH{OF O,
4E4(0) = —38%C + (2uF2{C))° = 20,2 {COFa{CH} + S0uF2{0Fa (G} + 50FalOuFa{CH,
We also have that
162(0) = 10E2(0) +AE4(C) = 23 +0)C — 2 (YOFHAFACH} + 67 F2 (0,F2{CH).

In frequency space equation ([5.18)) becomes

~

2((y + oty +6+ é(v(kFl(k))z + 67 (K (k))2)Ck) = —F (dE5(C) + dEWL(O)) ().
By using the estimate for o in Theorem [I.6] we deduce

1 |F(ags0) + aglh©) )|
2mgd + L(y(kF1 (k)2 + 61 (kF(k))2)

~

ISR <

(5.19)

The estimates follow from (5.19) and a suitable decomposition into high- and low-frequency com-

ponents. In order to estimate the right-hand-side, we heavily make use of Lemma ||C ||21 <q
for all n € N. This will be used again throughout the proof without reference.
We first deduce from Lemma 2.3 that

|7 (&), S Nd& )|, S a
and ) )
[F (A& | SICl e + 1072 + ¢ 2 105¢] 12 S @

and, similarly,

[F(AELLO) [ + | F (AU S 4.
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By the definition of admissible Fourier multipliers in , there exists cg, kg > 0 such that
Vk € R\ [—ko, ko], |K|F(k) > co.
We also assume that F(k) > 0, and therefore there exists ¢{ > 0 such that
Vk € [—ko, ko], F(k) > .

As a consequence, we have

1
sup R <1
kER\[—ko,ko] Mq5 + 5(7(kF1(k))% + 61 (kF2(k))?)

and

ko 1
| == ! dk S g+,
—ko mq5 + 5 (y(kF1(k))? + 61 (kF2(k))?)

Now, we decompose

1o 1 1
Il = Ml < 5 /R mg3 + L(y(kFy (k)2 + 06— (KFa(k))2)

7 (d€3(0) + dELL(O)) () k.

(5.20)
into high- and low-frequency components and estimate each part. For the low frequency part we
have

ko 1

. (1)

/—ko mq% + %(’Y(kFl(k))2 + 5*1(kF2(k))2) ‘]—‘(d&;(() + dgrem(C)) (k)‘ dk
ko 1

IO e O) 0l || mr e

Wl

For the high-frequency part

1
/R\[ko,ko] mq% + %(’Y(k‘Fl(k’))Q + 5_1(/€F2(k))2) ‘7:<d53(0 + dgrem(g))(k)‘ dk
1
< H]:(d(%(o + dgrem(c)) (k)HLl kGR\S[Egoyko] mq% + %(y(lgFl(k))Q + 01 (kFa(k))?) Sq

Combining the above estimates in ((5.20)) gives us the inequality (5.15)).
Let us now turn to (5.16]). By (5.19) we have

1/ F2|F(A€5(C) + dEGR(O)
4 Jr (mg5 + L(y(kF1(K))? + 6~ (kF2(k))2))?

lox¢][7. < dk (5.21)

We estimate the low-frequency part as above:

/’“0 FF(E(Q) + dESMOIB
—ky (mgF + 3(y(kFy ())? + 6~ (kF2(K))?))?
ko 2
(1) 2 k %
< 7o + s * [ | e TR S5

As for the high frequency part, we notice that
IFF e - S ¢
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and
[EF (&N 2 S NSl oo [[02€ ] 2+ [|102C [ 2 102C] a + M€ e [102C ] o
< gt +q%|0:¢]| o

where we used (5.15). It follows that

/ R2|F(des(Q) +dem@Q)BI®
koo (e + (Y (KF1 ()2 + 671 (KF(K))?))?
1

(1) 2 < g3 2
= IHARO G, 3% oy G T Gty ~ 10l

Combining the high and low frequency estimates into ([5.21)) gives us

2 5 2
19:¢I7 < a% + al| 9o
hence, for ¢y sufficiently small we get ([5.16]).
We conclude with the proof of (5.17). By (5.19) we have

o2 _ 1 k4 F(AE3(C) + dEem(Q))]
12615 < § [ ot T s 65:2)

Now we remark that by the Cauchy-Schwarz inequality and integration by parts, one has
viz2o [ < 0uC] a0 e S 0
Since HCHLOQ and HGICHLQ satisfy similar estimates by and , we have

162 F (€Dl 2 S €I oo [102¢]] 2+ 10C i (102 2 + (1€ Lo 192 o+ ([0 ] [ 02¢ 2
+[102¢| 2 1071 2
<4qs,
and

EF@EO)| e S ¢ 22105 o+ 10:€ ] al102¢] o + 1€ s llE2¢] o
<t +q% 03¢,

< gb +qb]|02¢]|2 0%

+qf %)z,

S
< ¢t + 47|02 L

8
6
8
6

in addition to ,
[EF(ER O e + [ FERR O 12 S a2

Thus, proceeding as above, we find

/’“O R F(E(Q) + dESMOIBIE
—o (ma® + 5 (v(RF1(R))2 + 07 (KFa (k))2))?
ko k2

< [RF@EQHER O x || o S o2l
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and

/ FIFAE(Q) +dEeh QB
B\ (ko ko) (g3 + §((KF1(R)? + 071 (kFa(k))2))?
1

2 (1) 2 <
< Hk F(d&3(¢) +d5rem(C))HL2 X keR\S[ligo,ko] (mq% T %(’y(kﬁ(k))z + 61 (kFy(K))2))2 ™ q3.

wloo

Plugging these estimates into (5.22)) and restricting ¢ € (0, qo) if necessary yields (5.17), and the
proof is complete. O

5.2 Convergence results; proof of Theorem

We are now in position to relate the minimizers of £ in D, r with the corresponding solution of the
KdV equation. We first compare

Ixav = inf{€kav (&) : €€ U'Y and I,=inf{€() : ¢ €V, r}.
Lemma 5.4. There exists qo > 0 such that the quantities I, and Ixqv satisfy
I, = q+ Eav(C) + O(q?), uniformly over minimizers of € in Vy g, (5.23)
Iy =q+ ¢ Ixav + O(¢*) = q — gozoqg +0(¢%). (5.24)
uniformly over q € (0,qo).

Proof. Recall that, from Lemma one has for any ¢ € H?,

E(C) = (7 + 5)||C|’i2 + ngV(C) + 5rem(<)’ (525)

with
[Erem ()1 < Clhg [ ) S SN2 + Sl oo lO€Iz2 + 1031 2 ll0xcl 2)-

Let ¢ be a minimizer of £ in V; p and note that ¢ € H? by Lemma Using Lemmaand (15.25)),
we obtain

I, = £(¢) = q + Exav(¢) + O().
Introducing & = Si gy (¢), we find that £ € Uy and
Exav(€) = ¢5 Exav (€) > 48 Ixav-

Thus we found .
I, > q+ g3 Ixav + O(¢%).

Similarly, notice that Z: Skav (€kav) satisfies Z € V, r (for ¢ sufficiently small) and, by
I, < £(C) = g+ Ekav(C) + O(g?).
Since Exav (C) = ¢5 Exav (Exav) = ¢5 Ikav, we deduce
I, <q+ g% Ixav + O(q?).

We have thus proved ([5.24)). O

This next result is the first part of Theorem [I.7, which relates the minimizers of £ in V, r with
the minimizers of Exqv in Uj.
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Theorem 5.5. Let gg > 0 be such that Theorem and Lemma hold. Then for any q € (0, qp)
and ¢ € Dy g, there exists v € R such that

_2,, 1 1
llg™3¢(q73 ) — Exav (- — x| Sa®
uniformly with respect to q € (0,q0) and ¢ € Dy g.

Proof. Assume that there exists e > 0 and a sequence ¢, € Dy, r with ¢, 0 such that

1

¥n e N, inefRHq;%Cn(q;3 ) = Exav (- = 20)|| ;. > € (5.26)
zo

Denote for simplicity &, (z) = q;%Cn(q;%x). From (5.23) in Lemma we have
é
Iy, = E(Cn) = @n + Exav(Gn) + O(45) = an + @i Exav (én) + O(gr).
By (5.24)) in Lemma we deduce that
1
Exav(§n) — Ikav = O(qs).

In particular {&, }nen is a minimizing sequence for Exqy satisfying the constraint (y+4) an Hiz =1.
It follows [I] that there exists a sequence {z,}nen such that

Hgn( - :En) - ngVHHl — Oa

which contradicts (5.26]).

The quantitative estimate follows from the argument in [7]. From the above, we may apply
Lemma 4.1 therein and define uniquely z¢ such that (£, {kav (- — z¢)) = 0, where we denote ¢ =
¢~ 3((q™3-). Following the above estimates and |7, Lemma 5.2], we find

col=

2
1€ = €xav (- — 2¢)|| 1 S Exav(€) — Exav(Ekav) S 5.
This concludes the proof. O]

Next we prove the second part of Theorem [1.7] which relates the Lagrange multipliers a with
the one of the KdV equation, ag.

Theorem 5.6. The number «, defined in Theorem[1.6, satisfies
a+1l= q%ao + (’)(q%)7
uniformly over Dy g.

Proof. By Lemma [2.7, we have

(AE(C), ¢) = 2(+ + 6) /R ¢ do + (A€kav (), €) + (AErem(C), C)

where, using Lemma [5.3] one has
7
(d&rem(€);C) < a7,

uniformly for minimizers of £ in V, g, and so

|~

(dE(Q), €) = 24 + ¢* (d€kav (Sicav (Q)), Sxcav () + O(g).
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By Theorem there exists ¢ such that ||S§év(§) — &kav (- — xC)HHl = O(g®) as ¢ \, 0. This
implies that

(d€kav (Sidy (€)), Srchy€) — (dEkav (€xav); Exav) = O(g5) as ¢ \, 0

and therefore . L
(d€(€), ¢) = 2q + ¢ (d€kav (€kav), Ekav) + O(g ).

Now recall the Euler-Lagrange equations (|1.11]) and (5.3)), which yield immediately

2a(¢) g = —(d&(¢), ),
200 = —(d€kav (§kav), {kav),

and the result follows. O

6 Numerical study

In this section, we provide numerical illustrations of our results as well as some numerical experi-
ments for situations which are not covered by our results. We first describe our numerical scheme,
before discussing the outcome of these simulations.

Description of the numerical scheme Our numerical scheme computes solutions for for
given value of ¢ (and hence does not not follow the minimization strategy developed in this work).
Because we seek smooth localized solutions and our operators involve Fourier multipliers, it is very
natural to discretize the problem through spectral methods [43]. We are thus left with the problem
of finding a root for a nonlinear function defined in a finite (but large) dimensional space. To
this aim, we employ the Matlab script £solve which implements the so-called trust-region dogleg
algorithm [I9] based on Newton’s method. For an efficient and successful outcome of the method,
it is important to have a fairly precise initial guess. To this aim, we use the exact solution of
the Green-Naghdi model, which is either explicit (in the one-layer situation [41]) or obtained as
the solution of an ordinary differential equation (in the bi-layer situation [37, [I7]) that we solve
numerically. Our solutions are compared with the corresponding ones of the full Euler system.
To compute the latter, we use the Matlab script developed by Per-Olav Rusés and documented
in [26] in the bilayer configuration while in the one-layer case, the Matlab script of Clamond and
Dutykh [18] offer faster and more accurate results (although limited to relatively small velocities).

Two-layer setting The solitary-wave solutions of the Miyata-Choi-Camassa system have been
studied in the original papers of [37, [I7]. In particular we know that for a given amplitude, or a
given velocity, there exists at most one solitary wave (up to spatial translations). The solitary waves
are of elevation if 62 — v > 0, of depression if 52 — v < 0, and do not exist if 62 = . Contrarily
to the one-layer situation, the bilayer Green-Naghdi model admits solitary waves only for a finite
range of velocities (resp. amplitudes), ¢ € (1, cmax(7,0)) (resp. |a| € (0, amax(7,9))). With our
choice of parameters (namely v =1, = 1/2), one has

Cmax = 1+ 1/8 ~ 1.06066 and |amax| = 1/2

As the velocity approaches cpax, the solitary waves broadens and its mass keeps increasing. These
type of profiles or often refered to as “table-top” profiles, and lead to bore profiles in the limit
€ — Cmax-

When the velocity is small the numerically computed solitary wave solutions of the bilayer
original (F; = 1) and full dispersion (F; = F;"") Green-Naghdi systems and the one of the water
waves systems (and to a lesser extent the KdV model) agree, so that the curves corresponding to the
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Figure 2: Comparison of the bilayer Green-Naghdi models and the water waves system (y =1, =

1/2).

three former models are indistinguishable in see Figure For larger velocities, as in Figure
the numerically computed solitary wave solutions of the Green-Naghdi and water waves systems is
very different from the sech? profile of the solitary wave solution to the Korteweg-de Vries equation.
It is interesting to see that both the original and full dispersion Green-Naghdi models offer good
approximations, even in this “large velocity” limit (the normalized [? difference of the computed
solutions is ~ 2.1073 in both cases). This means that the internal solitary wave keeps a long-wave
feature even for large velocities. These observations were already documented and corroborated by
laboratory experiments in [36] 26, [11].

One-layer setting In the one-layer setting, the script by Clamond and Dutykh [I8] allows to
have a very precise numerical computation of the water waves solitary solution, from which the

0.8 081

07 0.79 F——

0.78 S
0.6

water waves 0.77} AN water waves
05 — — improved GN N — —improved GN
: — — —original GN 0.76 N — — —original GN
Kdv Kdv
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0.3

0.2

0.1

0 0.‘5 1‘ 1.‘5 é 2‘.5 é 3.‘5 4 45 5 ) .‘ ‘ .‘ ‘ .‘ ‘ . 0.4 0.215 0‘.5
(a) Rescaled solitary waves for ¢ = 1.025, 1.01, 1.002. (b) Close-up.

Figure 3: Comparison of the solutions of the KdV and Green-Naghdi models and the water waves
system in the one-layer setting (y = 0,6 = 1).
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10°}F - — - — improved GN | 4
- 2 — — —original GN
Kdv

Figure 4: Convergence rate. Log-log plot of the normalized /2 norm of the error as a function of
c—1.

numerical solutions of the Green-Naghdi models can be compared. In this setting, namely v = 0
and § = 1, we have an explicit solution for the Green-Naghdi model [41]:

2 _
Can(z) = (2 =1) sechz(% 3¢ = 1x) = *(kav ().

In Figure [3] we compute the solitary waves for our models with different (small) values of the
velocity, rescaled by Sgclw. One clearly sees, as predicted by Theorem and the above formula,
that the solitary waves converge towards {xqv after rescaling, as ¢ \, 1. One also sees that the water
waves solution is closer to the one predicted by the model with full dispersion than the original
Green-Naghdi model. Figure [4] shows that the convergence rate is indeed quadratic for the full
dispersion model whereas it is only linear for the original Green-Naghdi model (and therefore only
qualitatively better than the KdV model).

A Paradifferential calculus

The definitions and properties below are collected from [35]; see also [13, [5] for relevant references.

Definition A.1 (Symbols). Given m € R and r > 0, we denote T the space of distributions
a(x,&) on R? such that for almost any © € R, & — a(z,£) € C*(R), and

Va € N,AC, >0  such that V& € R, H@?a(gf)Hwnm < Co(l+ €)™,

where W denote the Hélder space (Lipschitz for integer values).

Below, we use an admissible cut-off function ¢ in the sense of [35, Definition 5.1.4] and define
paradifferential operators as follows (the constant factor depends on the choice of convention for
the Fourier transform).

Definition A.2 (Paradifferential operators). For a € T'§* and u € S(R), we define

def 1 ~ iz-
Taul@) = = (00), 79D, )al@ Dis ey smy)
where (D, €) is the Fourier multiplier associated with 1¥(n, &) (here, € is a parameter). The operator

is defined for u € H*(R) by density and continuous linear extension.



Solitary wave solutions to a class of modified Green-Naghdi systems 41

The following lemma is a direct application of the above definitions [35, Theorem 5.1.15].

Lemma A.3. For anyr > 0 and a € I')" C I'y?, and for all s € R, the operator T, extends in a
unique way to a bounded operator from HT™ to H®.
If a(§) is a symbol independent of x, then T, = a(D), the corresponding Fourier multiplier.

The main tool we use is the following composition property [35, Theorem 6.1.1]

Lemma A.4. Leta € I')" and b € I’ﬁ”l where 0 < r < 1. Then ab € F:”'*‘ml and T, Ty — Thp 1S a
bounded operator from HST™T™ =" to H®, for any s € R.

Of particular interest is the case when the symbol a(z) € L* is independent of £. The admis-
sible cut-off function can be constructed so that the paraproduct T,u corresponds to a standard
Littlewood-Paley decomposition of the product au. This allows to show that au—T,u is a smoothing
operator provided that a is sufficiently regular.

Lemma A.5. Letv € H® andu € HY, andr > 0. Then uv—T,u € H" provided that s+t >0, s > r
and s+t >r+1/2.

The definitions of the paraproduct in [I3] and [35] differ slightly but it is not hard to show
that [I3, Theorem 2.4.1] still holds for the paraproduct as it is defined in [35], and Lemma
follows directly from this theorem.

We conclude with the following lemma, displayed in [35, Theorem 5.2.4]

Lemma A.6. Let G € C*(R) be such that G(0) = 0. Ifu € H® with s > 1/2, then G(u)—Tgryu €
H28_1/2.
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