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In a rooted tree, protected nodes are neither leaves nor parents of any leaves. They have some practical motivations,
e.g., in organizational schemes, security models and social-network models. In this paper, we introduce a new type
of profile, namely, the protected node profile which counts the number of protected nodes with the same distance
from the root in rooted trees. Here, we present the asymptotic expectations, variances, covariance and limiting
bivariate distribution of protected node profile and non-protected internal node profile in random tries, an important
data structure on words in computer science. Also we investigate the fraction of these expectations asymptotically.
These results are derived by the methods of analytic combinatorics such as generating functions, Mellin transform,
Poissonization and depoissonization, saddle point method and singularity analysis.

Keywords: tries, protected nodes, tree profiles, Poissonization, Mellin transform, recurrences, generating functions,
singularity analysis, saddle point method

1 Introduction and Main Results

Tries (invented by de la Briandais) are fundamental tree data structures for retrieval of information. The
information stored in a trie is a set of strings (see Knuth|(1998) for more details). For simplicity, we only
consider strings over a binary alphabet. The strings are stored in the leaves. More precisely, a trie is built
on n infinite 0-1 strings as follows: if n = 1 then the only string is stored in the root as an external node;
if n > 1, then the root is an internal node (empty node) and the strings with the first bit “0” (“1”) are
directed to the left (right) subtree; finally, the subtrees are constructed recursively by the same rules, but
by removing the first bit of all strings (cf. Figure|I]).

A random trie with n external nodes is a trie built over n infinite O-1 strings (a trie of size n) generated by
memoryless a source, that is, we assume each string is a Bernoulli i.i.d. sequence with success probability
0 < p < 1 (the probability of occurring a “1”); we also use ¢ := 1 — p < p. Random tries have been
extensively studied; for more background, see Mahmoud| (1992) or [Park et al.| (2009)), and the references
therein, for a thorough analysis of the profile (number of nodes at a given level) of tries.

By protected nodes, we mean the nodes with a distance of at least two to all the leaves. E.g., Figure
[T] shows the protected nodes in black color. Protected nodes were introduced by [Cheon and Shapiro
(2008) as a guide in various organizational schemes. For instance, if leaves represent customers it may
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Fig. 1: A trie built on eight strings s1,...,ss (i.e.,, s1 = 001110..., s = 10110..., s3 = 000..., etc.) with
internal (circles), leaf (squares), protected (black circles), and non-protected (white circles) nodes, and its profiles.

be worthwhile for many of the points in the tree to be non-protected. However if the leaves represent
lobbyists or computer hackers it may be a very good thing to have many points protected. In a security
model with trie structure, a protected node may be taken to represent an entity that has at least two buffers
between itself and a vulnerable point. Protected nodes have been investigated for many different random
trees by many authors; see for instance, Du and Prodinger (2012)), Devroye and Janson| (2014), [Fuchs
et al.| (2016) and the papers cited there.

For random tries, the mean and variance of the number of protected nodes have been obtained by
Gaither et al.| (2012) and |Gaither and Ward| (2013)) where the above applications of this parameter such
as security models with trie structures and social networks have been discussed. Moreover, |Gaither and
Ward| (2013) announced a central limit theorem, which was conjectured in their paper. This conjecture
has been confirmed by [Fuchs et al.| (2016) who proved (univariate and bivariate) central limit theorems
for the number of protected nodes. Also, Fuchs et al.|(2016) have shown that all previous results for tries
can be derived by approaches of Hwang et al.|(2012), Fuchs et al.|(2014) and [Fuchs and Lee|(2014).

In the present paper, we are concerned with the protected node profile defined as the number of protected
nodes with the same distance from the root in random tries. Throughout the paper, we write I, 1, X,,
and Y, j, for, respectively, the number of internal nodes, the number of protected nodes and the number of
non-protected internal nodes at level k in a trie of size n. Namely, I, , = X,  + Y, 1 (¢f. Figure . We
also define ~,, , := Cov(X,, i, Yy x) for the covariance of X,, ; and Y, x; and

X Y X
W= E(Xg), 1l = EYag), o = V(Xaw), ol) = V(¥

for the expectations and variances, respectively.

In order to state our findings and the results about I, ;, in [Park et al|(2009), we need the following
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notations. For a real number o with (log 7)™ < o < (log 1) ™", let

B 1 o 1 — alog(1/p)
@)= Toalp/) '8 alog(t/q) - 1

Equivalently, o and p satisfy the equation

p= )

o p—l’ + q—ﬂ
p~rlog(1/p) +qrlog(1/q)

Furthermore, we set

1 2
7 og(1/q) “ log(1/p) + log(1/q)’
P’ + ¢ Bipy = 2" log(p/q)*

Q9 = s
27 plog(1/p) + ¢?log(1/q) (p=P 4+ qr)?

The generic symbol € represents a suitably small and positive constant whose value may vary from one
occurence to another. The symbol f(n) = ©(g(n)) means that there are positive constants C' and C’ such
that Clg(n)| < [f(n)] < C’|g(n)]-

We briefly recall the results for E(1}, ), V(I ) and limiting distribution of I, ;, obtained by Park et al.
(2009). For p # ¢, & > 0, £ = o((logn)©) and the normal distribution function ®(z),

o If1 <k < (aj —¢)logn then level k is almost full of internal nodes and V(I,, ;) — 0.
o If (a1 +¢)logn <k < (apg — €) logn then py, ;, := p(k/logn) > 0 and

(p*Pn‘k + q*Pn,k )kn*Pn,k

E(L, ) = 2" — GU! (pn,k, logp/qpkn> (1 4 O(k’l/Q)) 7

273 (Pn,k)k
where G (p,z) = YienLp +ity)(p + ity + 1)e=27i% 5 a positive 1-periodic function and
t; := 2mj/(logp/q). The oscillating function G/l(p, x) is consequence of an infinite number of

saddle points appearing in the integrand of the associated Mellin transform of Poisson generating
function of E(I,, k). This was first observed by [Nicodeme| (2005). There is also an oscillating
function in the formula of variance which is unbounded. The limiting distribution of I,, ; is normal.

o If k= ap(logn + £1/aeB(0) log n) then E(I,, 1) ~ 2F®(—¢).
o If (g +¢)logn < k < (ag —€)logn then —2 < py == p(k/logn) < 0 and it is again the
infinite number of saddle points that yield the dominant asymptotic approximation. Namely,
(pfpn,k 4 q*Pn,k)kn*ﬂn,k
27 B(pn k) k
(G (p,z) >0, forp>0; and GW(p,z) <0, for—2 < p < 0).

)

EIng) ~ =G (pnx10g,/,9'n)

Here, we recall there is a small mistake in the formula of E(7,, ) in|Park et al.| (2009): G3(p, x)(=
GH (p,x)) should be multiplied by —1. The asymptotic variance has the same formula as the
variance in the range (a1 +¢) logn < k < (ap —¢€) logn, and I,, i, is again asymptotically normal.
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o If k = as(logn + &/aoB(—2)log n) then E(I,, ;) ~ $®(£)n?(p? + ¢*)*.

o If k > (a2 + €) log n then the oscillations appearing in the formula of E(1,, ;) disappear since the
behaviour of E(,,,;) is dominated by a polar singularity. We thus have E(1,, ) ~ 3n?(p*+¢*)F !
and V(I,, ) ~ E(I,, 1 ). Moreover, the limiting distribution of I,, j, is normal, when V(I,, ;) — oo,
whereas the limiting distribution of I,, j is Poisson, when V (I, ) = ©(1).

In this paper, we consider the behavior of protected and non-protected internal node profiles in the range
(a1 +e)logn < k < (ag — €)logn. If p = ¢, then we have a; = g = 2 and this range (the saddle
point range) between «; and ae does not exist. Thus, we focus on the protected node and non-protected
node profiles of asymmetric tries (p # q).

In Section 2} we first give a recurrence with respect to the joint probability generating function of X, »
and Y/, 1, and then the recurrences with respect to the Poissonized first two moments. The expected values,
variances and covariance of our profiles are discussed in Section[2] We also show that the variances are of
the same order as the expected values and therefore, are positive by the assertion of the following theorem.

Theorem 1.1 Consider py, 1, := p(k/logn) and t; := 27j/(log p/q). For some € > 0 and the functions

Xl(s) =14 s(p™ +q7*) — s(s + )pg := —gX)(s),

X S
Yi(s) =p=* +¢7* =1~ (s + 1)pg,

g
g

I Ifag +¢< k < ag — € then p, 1, > 0 and

logn —
(pfpn,k + q*Pn,k)kn*Pn,k
QWB(Pn,k)k

where GX(p,z) = >jezl(p+ it;) g (p + it;)e=2m9% is a positive 1-periodic function.

g =2 — G

)

(,Dn,k, log,/, pkn> (1 + O(kfl/z)) )

2. Ifag+e < logn < ag —ethen =2 < pp 1 < 0and

(pfpn,k + qun,k )knfpn,k
QWﬁ(pn’k)k‘

where G (p, ) = ez l(p+ it;) g (p +it;)e=2m4% is a positive I-periodic function.

HLXIl — X (pn,k,logp/qpkn) (1 + (’)(k”“)) ;

3. Ifozl—&—sgﬁSag—athenpn7k>—2and

(p*Pn,,k + qun,k )knﬂon,k
27Tﬂ(pn’k)k

where GY1(p, z) = >jen(p+it; + )glY(p + it;)e=2™9% is a positive 1-periodic function.

ik = G (pu,log, p'n)

(1 + O(k*1/2)> ,

When p decreases and goes to 0.5% such that ag + ¢ < k/logn < az — ¢, then the amplitude of
oscillations in periodic functions G1XI(p, 2) and GI¥)(p, x) decreases and vanishes. For instance, as we
illustrate in Figure the amplitude of oscillations in G (X] (—0.1, x) (right plot) and GlY] (—0.1, ) (left
plot) is a decreasing sequence with respect to p = 0.85, p = 0.75, p = 0.65 and p = 0.55. For p = 0.65
and p = 0.55, we can see that their amplitudes are almost zero, therefore the functions G[*)(—0.1, z) and
G1(—=0.1, z) are constants. In Table , several examples are also given to confirm the following claim.
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Theorem 1.2 Let p,, i, := p(k/logn) and ag + ¢ < % < ay —e¢. Then
X
ML,li n—co GIx] (Pn.k>1og,, /, pP0) por0.5* P14 pni) — 8pup20mh — 4
Mo G (pn k. log, /g pn) 8pn k20m* = dpnk — pn k(1 + pnk)

Tab. 1: Comparisons of magnitudes for z € (0, 1) and —2 < p(«) < 0.

Functions of x P pla)

-0.1 -1 -1.9
055 068 044 250
GY(p(a),z) | 075 | 072 037 181

095 | 073 0.15 049
0.55| 893 056 2.50

GX¥l(p(a),xz) | 0.75 | 8.89 0.63 3.10
095 | 885 085 450
055 | 13.09 127 1.00
@) | 075 | 1235 1.66 1.62
1095|1212 500  9.10

In Theorem[I.3] we derive the asymptotic variances and covariance of the profiles. The methods used to
derive these results are the same as the ones used for the expectations. We give examples in Table [2] that
the magnitudes of the periodic functions Ggq (p(), x), Gef] (p(), x) and Ge(p(a), x) increase when
p(a) grows; and also their amplitudes decrease as p — 0.57.

Theorem 1.3 For somee > 0, if a; + ¢ < logLn < oy —eandt; = 27j/(logp/q) then
A 0 ) LT o),
oL = sty i) O LT o o)
S

where p,, 1, = p(k/logn) > —2 and

Gyl (p.w) = Y T(p+ity)gy (p + ity)e ™7,

JEZL
&Y, 2) = Y Tlp+it; + 1)g)  (p + it )e 2792,
JEZ

Golp.r) = Y T +it))ac(p +ity)e ™",
JEZ
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8.93+
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8.92
=0.85
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Fig. 2: The fluctuating part of the periodic functions G (—0.1, x) (left) and GIX (—0.1, x) (right) for p = 0.85,
p = 0.75, p = 0.65, p = 0.55 and for = € [0, 1]; their amplitudes tends to zero when p — 0.5

are non-zero 1-periodic functions with

g () =1=2""+s(p " +q "= 2p(p+1) """ —2q(g+ 1))

—s(s+1) (27°72(p™* + ¢ %) + 3pg — pg2 ™)
+2pgs(s +1)(s +2) (p(p+ 1) "3 +q(g+ 1)7°7%)
—s(s+1)(s+2)(s + 3)p>¢?27574,

gg] (s)=p *+q =1+ (s+1)(2p(p+1)"*> +2¢(q+1)"°7?)
—(s+1) (2_8_2(]9_8 +q¢°+1)+ 3pq) —(s+1)(s+2)(s +3)p>g?2~*
+2pq(s +1)(s +2) (p(p+1) 72 + g +1)757% —27°7%),,

go(s) =s(pp+1)7"" 1+q(q+1)_3‘1) +5(s+1)(s + 2)(s + 3)p2g22 4

—s(s+1) (plp+ 1) 2 4qlg+ 1) 2 =3pg =275 2(p* + ¢ %))
—pgs(s+1)(s+2) (2p(p+1) "2 +2¢(g+ 1)7*73 —27°7%)
+5(1=27""1—p™* —¢ %) —s(s+ 1)pg2 2.

We then prove in Section E], that both X, ,, and Y,, ;, after proper normalization, are asymptotically
bivariate normally distributed for the range (a1 + ) logn < k < (a2 — €) logn.
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Theorem 1.4 For (a; +¢)logn <k < (o —¢)logn,

Xk =t Yok — bt
St < I <y ) = (i pa) + 0(1), 2)
X oY
n,k n,k
where pp k== Ynk/ Ulﬁaml and ®(z,y; p) denotes the cumulative distribution function of bivariate

standard normal distribution with correlation parameter p.

Tab. 2: Comparisons of magnitudes for z € (0, 1) and p(a) > —2.

Functions of x P pla)
-1.5 3.5 8.5

0.55 | 0.53 225 1.22x108

G pla),z) | 075 | 042 1350  1.58x10'°
095 | 0.13 5x10° 2.50x10'¢
055 | 051 230  1.23x10°
G p(e),z) | 075 | 068 1350  1.58x10°
095 | 085 5x10° 2.50x10'¢
055 | 005 220  -1.24x10°
Gelpla),z) | 075 | -0.13  -1330  -1.50% 100
095 | -0.74 -5x10° -3.50x106

2 Asymptotic Expectations, Variances and Covariance

In this section, except for the proof of positivity of the periodic functions in the asymptotic expansions of
the expectations; for the proof of other results, we follow from known methods which were introduced by
Park et al.|(2009). Namely, we first show that the joint probability generating function of X, , and Y}, 1,
satisfies a recurrence of the form

n
n S
Zn (U, w) = Z ( .>qu" T2jk—1(u,w)2n_jr—1(u,w), (n>0,k>1).

j=o ™

From the above recurrence, the expectations, the variances and covariance of X,, j, and Y, , are seen to
satisfy a recurrence of the form

n
n S
tak = (j>qun T(tjk-1+tn—jr-1), (n>0,k>1),
=0

with suitable initial conditions. A standard approach is to consider the Poisson transform of ¢, ;, the
Poisson generating function fi(z) :=e~* Y t, 2" /n!, which in turn satisfies the functional equation

Jr(@) = fe—1(pz) + fr_1(qz). (3)
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The equation (3]) can be solved by a simple iteration argument and has the explicit solution,

fr(z) = zk: (f) fo'¢" ).

Jj=0

The asymptotic solution of (3) can be obtained by using the Mellin transform (see Flajolet et al.|(1995)).
The final step is to invert from the asymptotics of f () to recover the asymptotics of ¢,, 5. This last step
is guided by the Poisson heuristic, which roughly states that

if a sequence {ay }n, is “smooth enough”, then a,, ~ e~ ™ Ejzo anpn? /!,

where a,, ~ by, if lim,_,o a, /b, = 1. This Poisson heuristic is known as analytic depoissonization,
when justified by complex analysis and the saddle point method.

2.1 Recurrences for the Poissonized Means and Second Moments

In a random trie of size n, the number of protected nodes X, j atlevel £ > 1, can be computed recursively

by computing the number for the two subtrees at level k£ — 1. For k£ = 0, the root is protected, if and only

if neither the left nor the right subtree contains only one string. This leads to the following distributional
recurrence for X, ;:

d XB k—1+X*_B k—1> kE>1;

Xn a4 " n nk > 92 ,

ok { 1- I[{l,n—l}(Bn)v k= 0, (n - )

where 14 (-) is the indicator function of A, X, j 4 X s Bn 4 Binomial(n, p) and X, j, X ks Bn are

independent. Also, for k > 0, Xo = X1, = 0.
Similarly, we have Yy, = Y7, = 0 for k£ > 0, and

Y, 1 i{ YBn,k—l +Y?“T*Bn,k71’ k>1;
" I1m—13(Bn), k=0,

d
where Y, , =Y, and Y, ;, Y*

n,k>

Let F), ;(u, w) := E[uX»#wY~*] be the joint probability generating function of X,, 1 and Y;, 5. Then

B,, are independent.

n n . .
Fpp(u,w) =Y ( .>p3q”_3Fj,k1(u7w)Fnj,k1(U,w), (n>0,k>1), 4)

i=o M

with the initial and boundary conditions

u+n(pg" "t +p" ) (w—u), n>3;
Fn,O(uv ’LU) = U+ 2}?(]('10 - ’U,), n=2,
1, n=0,1.

By taking first and second partial derivatives with respect to u, w on both sides of (4)); and then substituting

u =1, w = 1, we see that u[nXg p[ny}g V7[LXk] = IE(X?HC) VLY,l = E(Yfk) and C}fg] = E(XntYnkr)
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satisfy the following recurrences for n > 0,k > 1:

u=3" ()qu“ T+ ),

X & n—j( [X X
V7[’L,k]22<j>p]q ](g ]—14‘”[ ]jk 1)

(Y]

Z( >p ¢ “EY]—l +:“n7j¢k—1)v

+
1\3
:
/\
S 3

i n—j X X
)p’q Jﬂgk] 1M£z ]jk 1

n n
Vﬁ: ( >p]qn i JY]71_|_V[Y]jk ) +22( >p - ]MEYI;] m;y]yk .
0

n
XY n n— XY XY
XY _ Z()l’j J(CY) g By

Jj=0

with ) = v, phd =

1—n(pg"~' +p"1q),

J=

jk—1Hn j,kfl)’

n
+Z< )p]q” Il Y]
7=0

[Y] and C LXY] _ =0, forn > 0; and

N n>3; . n(pg" ' +p"tq), n>3;
/AH =9 1-—2pgq, n =2, NH =19 2pg, n =2,
0, n=0,1, 0, n=0,1
It follows that the transforms
X X Y v)z" g
M) = ST M) = 3l e
n>0 n>0 .
Z z/[X] = N Z " Y] z" 3
n>0 n>0
XY XY —x XY X Y
2 @) =Y G e Cule) = 27 (@) - M ) M ),
n>0
X X X Y Y Y
V¥ (@) = N (@) - M (@)?, v @) = N @) - M (@)?,

and the transform M([)X] () :=1-

k
k o
M,LX](x) — Z ( _)M(gX](paqk iz) = ok _
k

M(EX] (z) satisfy

&)

(6)

(7
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for k£ > 1 with

x

M([)X] (x)=1—€e""% —pre ¥ — qxe*'” + pgxle™®,

M([)Y] (z) = pre P® 4 qre 1" — ze™ " — pgrie 7,
X X X X X
Vi (@) = N (@) = ME ()2 = M{) (@) = P (@)
=e ¥ —e % 4 pre P 4 qre I — 2pme‘x(1+p) — 2qx6_”(1+q) + 2pgzle 2

2z
)

—3pqxze’”” B p21,2672pa: - qzxzefqu + 2p2qm36791(1+p) + 2pq2x36""”(1+q) _ p2q2m4e’
Y Y Y Y Y
Vo @) = N ) = Mg @) = Mg ) — g )

= pre P* + qre 1 4 2prle *1HP) 4 qu2€—w(1+q) + 2p2qale*14P) 4 2pg? B~ 2149

_p2m26—2px _ q2$2e—2qw _ 2pqx3e—2x p2q2x4e _ 3p(]51/' e~ _ pe~% _ (E26_2$,
X Y
Col) = =My (@) My (@)
— re 7 _'_pxe—(l-‘rp)z + qxe—(l-‘rq)ft +p2x26—2px + q2x2e—2qz + 3pqw26_m +pqx36—2r
—pe 2 _pxe—pw _ qxe—ql pl’ e —(1+p)z _ qm2€—(1+q)w _ pqx26—2x

2pq (L’ e —(1+q)z 2p2q$ e —(1+p)z +p2q21’46 29:'

Consider fn,k =2k _ n,k- By Section 6.2 in [Park et al.|(2009), for k£ > 1,

k
Z() (Pd" ), and Vi'l(2) = (@ + 1)e (1= (2 + 1)e™),

7=0
where
_ 72 ﬂ —x T ﬁ —x 2
)= ;;()E(In’k) e (;E(Imk) )
From this definition, for £ > 0, we obtain
I X Y
20k (2) = Vi(2) = v (@) - v (@). ®)

2.2 Depoissonization

In this section, we first derive the asymptotic approximations to :“5.( ,1 and uﬂ We are mainly interested

in the behaviour of M}gx] (x), M,EY] (x), for x = n, since by analytic depoissonization we expect that
(X1 . a1 RO Vite

Py o ~ M, (n), Ho g ~ M (n).
Let M; ™ (s) and M; " () denote the Mellin transforms

M) / M @) e and M (s / MM (@)a* da,

so that M,:[X} (s) exists for s € C with R(s) > 0; and M;[Y] (s) exists for s € C with R(s) > —2. Then
() and (6) can be rewritten to

M,:[X] (8) _ (pis + qfs)kMg[X](S)v M:[Y](S) _ (pfs + q*s)kMg[Y](s),
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with
k[ X —s —s
NP (s) = T(s) (14 s(p™ + ) = s(s + 1)pa),

Mgm (s) =T(s+ 1)(p7S +q°—-1—(s+ l)pq).

Hence, by the inverse Mellin transform (Flajolet et al.| (1995)) and definition p := R(s),

p+ico
& 1

M) =2t~ — [ D))+ g e s, >0, ©)
p—100
1 ptioco , ,
M) = o [ P g g e s p 2 (0)
T J p—ioo

For a complex number s we define the function
T(s):=p~°+q°.

Here, we evaluate the integrals (9) and (I0) via the saddle point method. Thus, it is natural to choose
P = pn,k as the saddle point of the function

T(S)kn—s — €k log T'(s)—slogn

)

that is the solution of the equation %(kz log T(s) — slogn) = 0. Equivalently we must find p from

ko _ prq” 11
logn  p=rlog(1/p) +q"log(1/q)’

that is, the only real-valued saddle point p = p,, 1, = p(-=—) (see ).

logn

The integrands in (@) and (I0), also has infinitely many complex-valued saddle points of the form
sj = p+2mij/(logp/q) (j = £1,+£2,...). This is due to the fact

T(p+it)=p " (1 + (q)_"_”> —pP . itloep (1 n (Q)—p _ emogg> .
p p

Now by putting ¢ = 275 /(log p/q), we have

T(p + 2mij/(log p/q)) = p* - e~ 2ml05P) (o8 P/0) (1 (4. e2m‘j>
p

_ 6727rij(logp)/(lOgP/Q)T(p)- (12)

Consequently the behaviour of T'(s)*z~* around s = s; is almost the same as that of 7°(s)*z~* around

s = p. This phenomenon gives a periodic leading factor in the asymptotics of M ,EX] (n), M ,EY] (n); and

also of MKA» umc

Proof of Theorem [I.T} By evaluating the integrals (9) and (I0) via the saddle point method, the proof
is quite identical to that of Theorem 2 in |Park et al.|(2009) (Lemma 7.5 in|Drmotal (2009)) with the new
functions §l¥1(s), g!¥1(s) and g[¥1(s). It remains to show that GI¥1(p, 2) and GIX)(p, x) are positive.



12 Mehri Javanian
Forz € [0,1] and p > —2,

GM(p,x) =Y T(p+it; + 1)(p" 7™ +¢777" = 1= (p+ it; + L)pg)e ™"

JEZ
_ q_p Zr(p + th + 1)6_27rij(x+101;%) +p—p Zr(p + ltj + 1)6—2ﬂij($+l:;i34)
JEZL JEZ
=Y T(p+itj+1)e ™" —pg > T(p+it; + 2)e”>™I7. (13)
JEZ JEZ

Since I'(p+it ; )e~2mii2/ (196 P/9) js the Fourier transform of f(j) = (log p/q)e=¢"""*"'"*" (eilloap/a)+)P,
for p > 0, then by Poisson summation formula,

Z F(p + itj)e—27rijx/(logp/q) _ log(p/q) Z e_ej(logp/qHz (ej(logp/q)-l-w)p. (14)
JEL JEL

Therefore, from and (14), for p > —1 and z € [0, 1], we get

GM(p,x) = log(p/a) > (pe’p(p/ D (p) q) DD — pge= @/ (/) +z)(p+2)>

jez

+log(p/q) Z (qE*‘I(P/Q)j+‘T (p/q)iT®) 1) _ e~ (/0 *" (p/q)(j+z)(p+1))
JEZ

= IOg(p/q) Z (hll(] + l’) — h12(j —+ x) + h21(j + x) _ hgg(j +$)), (15)
JEZ

where
hiy(x) = pe PP/D" (p/ )" H 1) | by (z) i= ge= 1P/ (p/q)" (P H ),
hia(z) := pge~®/D" (p/q)=P+D) | hoy(x) = e~ P/D7 (p/q)m (P D),
Define h(z) := pe~ /9" (p/q)*(PT1). By using the inequality e?®/9" > ¢(p/q)® + 1, it follows that
hi1(x) > hio(z) + h(z), forz eR. (16)

Furthermore, since p(p/q)® > 0 it follows that e??/9" > 1 and consequently ge? /9" +p > g+p =1
which is equivalent to

ho1(z) + h(x) > haa(z). (17)
Summing up the inequalities (T6) and (T7), we get
hi11(z) — haa(z) + ho1(z) — hoo(z) >0, forz € R.
Then the positivity of the function G¥1(p, z) follows by , for p > —1. Also, we have

inf  G¥(p,2) >0.1> 0.
—2<p<—1
0<z<1
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Now, we prove the positivity of the function GIX (p,x). Forz € [0,1] and p > 0,
G (p,x) =Y Tp+ity) (1 + (p+ity) (p" 7" 4+ q~77") = (p+ it;) (p + ity + 1)pg)e ™"
JEL
= Z F(P + Z.tj)€727rijm —pq Z F(p + Z‘tj + 2)6727”']'1
ez jEL
I i —2mij (a+ 57 ) - ; —2mij (o osz)
+q7" Y Tlp+it; +1)e eer/a) +p Py T(p+it;+ e ST
JEZ ez
— jtz it _ ita i
= log(p/q)z (e (p/q) (p/q)(]+ )P — pge (p/a) <p/q)(3+ )(p+2))
jEZ
+1log(p/q) Z (pe—p(p/q)”“ (p/q)t)(P+D) | ge—ale/a)™™ <p/q)(j+x)(p+1)>
JEZ
> GY(p,z) > 0.
Let G*(p,x) := 32, T(p +ity) (1 + (p+ity) (p~P~ " +q~+"3))e >, Then
sup  G*(p,2) < —0.1 <0,
—2<p<0

0<z<1

for -2 < p < 0and

G (p,x) = G*(p,x) — pglog(p/q) > _ e~ P/ (p/q) U+ e+2)
JEZ
_ itz itx
< —0.1—pqlog(p/q) Y e P/ (p/q) I+ <.
JEZ
Hence, GX](p, ) = —GX](p, ) > 0 for =2 < p < 0. 0

Proof of Theorem When p — 0.5%, then ¢; := 2mj/(logp/q) — oo and I‘(pn,k + itj) — 0 for
j # 0. Hence, from Theorem[I.1] we have

X
i oo G (P k108,49 1) 505t T(pni)g™ (i) g™ (pus)
url G (pn,k, log,,q PFn) C(pni +1)g¥ (pn) — prsg® (on,r)
Substituting /X! (p,, ) and g"!(p,, 1), we obtain the result. O

Lemma 2.1 For ¢ > 0 and p, the solution of the equation ([[1)), define

[ p, ifp>landk > a1(1+¢)logn;
PO L ifp<t

Then forl =0,1,2,..., we have

l
@ ()

dl
— X Y
iV =0(phn M), M @)

z=ne?
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Proof: By the same proof of Lemma 4 in Park et al.| (2009)), the estimates can be proved. a
From (6) and (7)); and similar to (9) and (I0), for p > —2, we have

1 ptioco

V(@) = — / (s + gy () (™ + %) Fa~"ds, (19)
211 p—ico

1 p+ioco B . .

W =om [ TR0 +a ) e, 0)
p—1i00

Cr(z) = 1 Woor B O | 21

r@) =g [ T(s)ge(s)p™ +¢7°) e ds. 21
p—1i00

Lemma 2.2 Since M,LY] (z), ,C[X] (z), V,C[Y] (z) and Cy(x) are functions with the same following estimate,

O(x?), asx — 0;
O(|z|e=R@) asx — oo, |arg(x)| <
then uniformly for all k = k(n) > 1 and x = ne, 0] <e,
X Y Y Y Y
Vi@ =em@),  v@ =em @), @ =emi@). @
Therefore
2 2
o =0, ol =ewlh), k=0l (23)

Proof: The assertion in (22)) follows from Lemma 8 in [Park et al| (2009). By analytic depoissonization
2 2
we expect uLYIL ~ M,EY] (n), ap’(k] ~ Vk[X] (n), 05’/,1 ~ Vkm (n) and 7, , ~ Ck(n). This proves . O

n

Proof of Theorem [I.3} By evaluating the integrals (I9), (20) and (2T)) via the saddle point method, the

proof is similar to that of Theorem |1.1|with the new functions gg ) (s), g‘[}/ ] (s) and go(s). The positivity

of G)(p, z) in the asymptotic expansions of MLY;]C has been proved in the proof of Theorem Thus,

2 2
by , we have 052 > 0 and alﬁ > 0. 0

3 Limiting Joint Distribution

In this section, we prove the limiting joint distribution of X, ; and Y, ;, is bivariate normal, for our
interesting range, i.e. (ay + €)logn < k < (az — ) logn.

Our method of the proof of Theorem [I.4]that is the same method which was used by [Park et al.| (2009)
to prove their univariate limit theorem, is roughly as follows. We start from deriving a closed-form
expression for the trivariate generating Fy,(z,u, w) := > <o Fnr(u, w)z™/n! by using the recurrence
(@). We then will apply the Cauchy integral representation to prove (2)), for which we need (for the
analytic depoissonization), a crude estimate for | Fy(ne®, e'?, e'¥)| for |§| away from zero, as well as a
more precise local expansion when || is very close to zero.
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By (@), we have the functional equation
Fy(z,u,w) = Fr_1(pr,u, w)Fr_1(qz,u,w), (k>1),
with the initial condition
Fo(z,u,w) = e® + (1 —u)(1 + 2 — e¥) + (w — u)(pre? + qre’® — x — pga?).

By iterating this functional equation, we obtain

Fy(z,u,w) H Fo(p? jx,u,w)(,;), (k>1). 24)
0<j<k

In the proof of Theorem [I.3] we need the following upper bound for the depoissonization procedure.
Proposition 3.1 Uniformly fork > 1,r >0, |8| <, |u| =1 and |w| =1
| By (re® u,w)| < 6T7€T62, (25)

for some constant ¢ > 0 independent of k, r and 0.

Proof: In order to prove the above upper bound, we need the following inequality which holds for » >
ro ~ 2.9183, 1 := 2/(37?):

2
(2+ 7 + pgr?) (e /2 41) < (2 e T4> (e +1)<e. (26)

For r < 7y, we consider the expansion

2 .’L'J
Fo(xuw)—l—&—x—i—?(u—?pqu— —|—Z (u—j(pg " + 7 q) (u — w)).
_7>3

Define &5 := 2pq and §; := j(pg’ ' + p?~1q), for j > 3. It is easy to see that §; < 0.75, for j > 2 and
0.5 < p < 1. Thus

|F0(rei9, e, e“")| < |14 re®| + Z T—J"(l —3;)e + 5jei¢|

j=>2
i r!
<Lfref|+> =
j=>2
< er—e2r®” (By (76) in[Park et al] (2009)), Q7

uniformly for 1 < r < rg, |#| < 7and ¢y := 2/(72(1 + ro)%e™).
Now suppose 1 > 1o ~ 2.9183. We can rewrite Fy(x, u, w) as follows:

Fo(z,u,w) = uay(pr)ai(qz) + 1 = u+ 2 + w (2qax(pr) + zpax(qz)) + wpga?,
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where a1 (z) := €® — x and ay(z) := e” — 1 — 2. By and applying Lemma 6 in |Park et al.| (2009),
|Fo(rew7 e, ew)} < al(pr)al(qr)efcmﬂ/2 + qras (pr)(fqu2 + pras (qr)(fclq’"e2 + 2+ 1+ pgr?

< (e"+ 2)6761(17"02 + (247 + pgr?) (1 — e*‘:lqr02>

< e w2 (By (@6)). (28)
Collecting the two inequalities and (28], we obtain

|F0(rei0, e, €i¢)| < er_cr(ﬂ, (c:=min{c1q4/2, c2}),

0| < m. This implies by (24). O

uniformly for r > 0,

Now, define
Q(z,u,w) :=log (e *Fy(x,u,w)) = log (1 —(1—=u)(1-as(z) —as(x)) — (1 - w)a4(x)), (29)

where a3(x) := e"*(1 + x) and ay(x) := pre P? 4 qre 9% — re~* — pgrle . Let

k
Qr(z,u,w) == Z (k)Q(quk_jx,u,w) =log (e " Fi(z,u,w)).

=0 M

In the following lemma, we prove that Fy(re?, e'?, i) is away from zero for > 0 and |0| < &,
implying that Q(z, u,w) is well-defined when | arg(x)| < e. This result is needed for the proof of

Proposition 3.2}

Lemma 3.1 The function Qy(re? , u, w) is well-defined for r > 0,

0] <e,

u| =1and |w| = 1.

Proof: We first show that
A= ‘1 —(1- ew)(l —as(r) — a4(r)) —(1- eiw)a4(r)| >0,
forr >0, |0| <e, |u| =1 and |w| = 1. By direct calculation, we have

A% =14 va3(r)? + zas(r)? + (v + 2z — t)as(r)as(r) — vas(r) — zas(r)
> 14 vaz(r)? + zas(r)? — taz(r)as(r) —vas(r) — zas(r),

where v := 2(1 — cos p), t := 2(1 — cos®) and z := 2(1 — cos(p — )). Since

ag(r) < sup aq(r) <sup (pre_pr +qre 1" — re_T’ 71)
r>0 r>0 pP=3
0.5<p<1

=supre " (e"/? — 1) ~ 0.52069,
r>0
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we have

A? > ir>1% A? > ir>1% (1 +vaz(r)? + zag(r)? — taz(r)aq(r) — vas(r) — zay(r)
O.5T§_p§1 0.5T§_p§1
0<v,t,2<2

v:z:Q)

t=0

= 11;% (1+ 2a3(r)* + 2a4(r)* — 2a3(r) — 2a4(r))
0.5r§p§1

=1+ 2a3(r)? + 2a4(r)? — 2(as(r) + a4(r))’ iyt~ 0.50085 > 0.
a4(r)=0.52069

This proves the lemma when x = r; the assertion of the lemma follows from analyticity. O

—2/3 —2/3
Proposition 3.2 For 0] < 6y :=n~=2/5, ¢ = O(O’T[B’/]l / ) and p = 0(07[3’/,1 / )

Fi(ne®, e™ e¥) = exp (n — 302 + M,EX] (n)ip + M,gY] (n)i) — nMIEX]'(n)&p - nMILY] /(n)ﬁq/J
1 1
5Vt - G - Culmen +0() ) 30)

where

2 2
= n|0]® + pio’") “lolo? + poam 02| + ooyl 1019% + pooty 01w

+00Yn,k|00Y| + U[Y] [® + p® + oy?| + G[X] loo] .

Proof: We start from the expansion of the function Q(x, u, w) defined in ,

Q. u,w) = { ((3 = pa)(1 —w) +pq(l = w))a® + O(]2 = u—wlz*), aszw—0;
o (1= u) (1 + O(|z|e~1R())), 2 oo, | arg(a)| <o

By the above expansion, we have

1 p+ioc0
Quleuw) =5 [ @@ (s + ) s
P

™ —100

where —2 < p < 0and Q*(s,u, w) == [;° 2°'Q(z, u, w)dx is defined for —2 < R(s) < 0. Note that

Q(z,u,w) = (1 — u)(l —az(x) — a4(x)) + (1 —w)ay(x) — %((1 —u)?*(1 —as(z) — a4(x))2
+2(1 — u) w) (1 — az(z) — as(z))as(z) + (1 — w)2a4(x)2)

(z,u,w)(1 — )3+Q(wuw)(1—u)2(1—w)
(2, u,w) (1 —u) (1 —w)® + Q(z,u, w)(1 — w)?, 31)
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where the exact forms of Q, Q, Q and () can be obtained by Taylor’s reminder formula and are of less
important here. We need instead the estimates (the assumptions in Lemma 8 in |Park et al.[(2009))

O(Q(xvu’w)) = O(Q(m,u,w)) = O(Q(x,u,w)) = O(Q(CL’,U,’U})) = O(|x|6) = O(|.7;|2),

asx — Oand

Q(a, u,w) = O(|z|e”"R®),

Qa, u,w) = O(|zPe 2R = O(|z|e” ™)),

Q(z,u,w) = O(|ze™ 7)) = O(|z|e” ™)),

Q(z,u,w) = 14 O(|z]e” @), (32)
as x — oo in the sector {z : |arg(z)| < £}. By (5), (€). (7) and (8), the expansion (31} gives

1
Qula,u,w) = (1= w)M (@) + (1 —w)M @) + 51— )’ (V@) — M,LX] (x))
1
51— (V@) = M7 (@) + (1= w)(1 — w)Ck(a)
+(1 —u)?Qpla, u,w) + (1 — w)?(1 — w)Qp(x, u, w)
+(1 —u)(1 — w)?Qr(z, u,w) + (1 — w)>Qu(z, u, w),
where Qy, Qk and Qy, satisfy in (EI); and Qk satisfy in .
Applying Lemma 8 in|Park et al. (2009) and expansions in , we have Q. (, u, w) = @(M,LY] (x)),
Qn (2, u,w) = O(MY () and Q (, u, w) = O(M[¥)(z)); and similarly Qy (x, u, w) = O(M)(2)).
These estimates yield, with z = ne?,

Qi w) = (L= M) + (1= w) M) + 50— P (V) - M)

1
5 (1= w? (V@) = M7 (@) + (1= w)(1 = w)Ci(a)
3 i Yl i
+0(\1 —uf* MM (e 9)|) + 0(\(2 —u—w)? — (1 —w?|| MY (ne 9)|),
where the O-term holds uniformly for || < € and |[1—u| = o(1) and | (2—u— w)3—(1—u)3| = o(1). Since
HLXA — o0 and !’ ,]C — 00, this leads to by expansions of M X (net®), M (nei®), V¥ (neif),

Vkm (ne'?) and Cy(ne') at @ = 0, using the estimates in . O
Proof of Theorem Recall that 6, := n~2/5. By Cauchy’s integral formula, and , we have

, . nl o o
E (eX"’kz(‘D"_Y"'“w) = e / z " 1Fk($7 e'?, e“ﬁ)dx
T J x|

1 —" o
_ / " R (ne e eiY)dh 4+ O (n_l/loe_ml/s))
2m - Jjo1<0,

lnh—n
N MM )i+ ML ()i =3V () = LV (n)y? —Cr(n) ey
2

P ag —nMXV () 0p—n b (n)oy —1/10 —cnl/®
x [ e % o= (1+0(B))do + 0 (n~/10c7"),
0,
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. . . . Xx]—4/5 y]—4/5 .
since £ — 0 in the range of integration and when ¢ = 0(07[17]3 ) and ¢ = 0(07[17 ,1 ). Applying

Stirling’s formula, extending the integration limits to 400, making the change of variables 6 — n~1/2
!/ !/
and the refined estimates (by Proposition 1 in[Park et al.|(2009)) vy, ~ Ci(n) — nM [X] (n)2M,; ¥] (n)?,
2 / 2 Y3
07[52 ~ V,C[X] (n) — nM,[CX} (n)?, 07[37/,1 ~ Vkm( ) — M[Y] (n)2, uniformly for ¢ = O(O'[X] / ) and
—2/3
Y = o(an}j,l / ), we obtain

E (eXnris+Vouiv) = L oot M myip— g2 (VI ) —n XY (0)?) = 5 (V) () —n MY (m)?)

V2T
oot (Onm =X ()M () /Oo 67(0+\/EJW][CX]'(n)<p+\/ﬁl\4][cyl'(n)¢)2/2

1+1[0] 6205 [Y] 10lpo [ (x12 2 | )2 o
(14 0L+ B (o0t 4 o) + L (a2 4 o017

+mlow]) + ol 15 + 0 + 2] + ol |<P|3>)d9,

2 2 2 2
s exp (4l L — S0 L )

x(1+ O(o%fl@lﬁ + 2 + oy + o) ),

which implies the result by Lévy’s continuity theorem. O
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