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Protected node profile of Tries

Mehri Javanian'f

Y Department of Statistics, University of Zanjan, Iran

In a rooted tree, protected nodes are neither leaves nor parents of any leaves. They have some practical motivations,
e.g., in organizational schemes, security models and social-network models. Protected node profile measures the
number of protected nodes with the same distance from the root in rooted trees. For no rooted tree, protected node
profile has been investigated so far. Here, we present the asymptotic expectations, variances, covariance and limiting
bivariate distribution of protected node profile and non-protected internal node profile in random tries, an important
data structure on words in computer science. Also we investigate the fraction of these expectations asymptotically.
These results are derived by the methods of analytic combinatorics such as generating functions, Mellin transform,
Poissonization and depoissonization, saddle point method and singularity analysis.

Keywords: Tries, Protected nodes, Tree profiles, Poissonization, Mellin transform, Recurrences, Generating func-
tions, Singularity analysis, Saddle point method

1 Introduction

Tries (invented by de la Briandais) are fundamental tree data structures for retrieval of information. The
information stored in a trie is a set of strings (see Knuth| (1998) for more details). For simplicity, we
consider 0-1 strings to store in a trie. In a trie, the subject of this paper, strings are stored in leaves. More
precisely, a trie is built on n infinite 0-1 strings as follows: if n = 1 then the only string is stored in the
root as an external node; if n > 1, then the root is an internal node (empty node) and the strings with the
first bit “0” (“17) are directed to the left (right) subtree; finally, the subtrees are constructed recursively by
the same rules, but by removing the first bit of all strings (cf. Figure|[I]).

A random trie with n external nodes is a trie built over n infinite 0-1 strings (a trie of size n) generated by
memoryless source, that is, we assume each string is a Bernoulli i.i.d. sequence with success probability
0 < p < 1 (the probability of occurring a “1”’); we also use ¢ := 1 — p < p. Random tries have been
extensively studied; for more background, see Mahmoud| (1992) or the survey Park et al.| (2009), and the
references therein, for a thorough analysis of the profile (number of nodes at a given level) of tries.

By protected nodes, we mean the nodes with a distance of at least two to all the leaves. E.g., Figure/[l]
shows the protected nodes in blue color. Protected nodes were introduced by |(Cheon and Shapiro| (2008)
as a guide in various organizational schemes. For instance, if leaves represent customers it may be worth-
while for many of the points in the tree to be non-protected. However if the leaves represent lobbyists or
computer hackers it may be a very good thing to have many points protected. In a security model with trie
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2 Mehri Javanian

Fig. 1: A trie built on eight strings s1, ..., ss (i.e., s1 = 001110..., so = 10110...,s3 =000.. ., s4 = 10111.. .,
etc.) with internal (circles), leaf (squares), protected (blue circles), and non-protected (white circles) nodes, and its
profiles.

structure, a protected node may be taken to represent an entity that has at least two buffers between itself
and a vulnerable point. Protected nodes have been investigated for many different random trees by many
authors; see for instance, |Du and Prodinger (2012)), Devroye and Janson| (2014]), Fuchs et al.| (2016) and
the papers cited there.

For random tries, the mean and variance of the number of protected nodes have been obtained by
Gaither et al.| (2012)) and |Gaither and Ward| (2013) where the applications of this parameter such as se-
curity models with trie structures and social networks have been discussed. Moreover, (Gaither and Ward
(2013)) announced a central limit theorem, which was conjectured in their paper. This conjecture has been
confirmed by [Fuchs et al.| (2016); with proving (univariate and bivariate) central limit theorems for the
number of protected nodes. Also, [Fuchs et al.| (2016) have shown the all previous results can be derived
by approaches of Hwang et al.|(2012), Fuchs et al.|(2014)) and [Fuchs and Lee|(2014).

In the present paper, we are concerned with the protected node profile defined as the number of protected
nodes with the same distance from the root in random tries. Throughout the paper, we write I, 1, X,, i
and Y, j, for, respectively, the number of internal nodes, the number of protected nodes and the number of
non-protected internal nodes at level k in a trie of size n. Namely, I,, , = X, 1 + Yy 1 (cf Figure |I[)

The paper is organized as follows. In the next section, we show that the probability generating functions
of X, ; and Y,, 1, satisfy a recurrence of the form

n n -
i) = 3 ()0 i s (), (020,82 1),

=0

Therefore the expectations, the variances and covariance of X, ;, and Y, j, satisfy a recurrence of the
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form
n n B
thk = Z (l>plq" l(tl,kfl + tn7l7k71)7 (n>0,k>1). (1)
1=0

In Sections [3] and ] in order to derive the asymptotic approximations to the average profiles, variances
and covariance, we use a standard approach: first we consider the Poisson generating function f;(z) :=
e *Y , tn 2™ /n!, which, by (1) satisfies the functional equation

fe(2) = fe—1(p2) + fr-1(g2).

This equation can be solved explicitly by a simple iteration argument and asymptotically by using the
Mellin transform (see [Flajolet et al.| (1995)) and [Szpankowski| (2001))). The final step is to invert from the
asymptotics of the Poisson generating function fj(z) to recover the asymptotics of ¢,, ;.. This last step is
guided by the Poisson heuristic, which roughly states that

. CSY) » —-n N
if a sequence {an }n, is "smooth enough”, then a, ~ e~" 3.~ ann’ /]!,

where a,, ~ by, if lim,,_, oo a,, /b, = 1. This Poisson heuristic is known as analytic de-Poissonization,
when justified by complex analysis and the saddle-point method. Our results show that for (¢ > 0)
2 P>+ ¢
+e<k<
(1/p) + log(1/q) p?log(1/p) + ¢*log(1/q)

+e< - & (2)
log

1
log(1/q)
and

1 P’ +4q°

e/ ° =" F P loa(i/p) + P los(1/a)
respectively, oscillating factors emerge in E(X,, ;) and E(Y,, ;). Such a behavior is a consequence of an
infinite number of saddle-points appearing in the integrand of the associated Mellin integral transform.
This was first observed by [Nicodeéme| (2005). Then we investigate the ratio E(X,, ;)/E(Y,, k) for the
range of k in (2). We do not consider other ranges of k, because for k < 1/log(1/q), each level is almost
full of internal nodes, and for k > (p* + ¢*)/(p?log(1/p) + ¢*log(1/q)), E(X,, x) and E(Y,, ) tend
to zero (see |Park et al.|(2009)). Also we prove that the variances of both profiles are asymptotically of
the same order as their expected values. We then show, in Section E], that X,, , and Y, j, after a proper
normalization, have a bivariate normal limiting joint distribution for the range of & in (2), if and only if
the variances tend to infinity.

Here, we focus mostly on the protected node and non-protected node profiles of asymmetric tries (when
p # ¢q) since the symmetric tries (when p = ¢ = 1/2) are comparatively easier. In the last section, we
briefly summarize our main results for symmetric tries.

2 Preliminaries

In a random trie of size n, the number of protected nodes at level £ > 1, X, ;. can be computed recursively
by computing the number for the two subtrees at level k£ — 1. For k = 0, the root is protected, if and only
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if neither the left nor the right subtree contains only one string. This leads to the following distributional
recurrence for X, j:

)

{ Xp,k1+Xs g 1 E21
1- I[{l,n—l}(Bn)a k= 0,

where I 4(-) is the indicator function of A, X, 4 X k> Bn 4 Binomial(n, p) and X, . X g» Bn are
independent. Also, for k > 0, Xo 1 = X1 = 0.
Similarly, we have Yy ,, = Y7, = 0 for £ > 0, and

d [ Y, b1 +Y) 5 1, k21;
Yn a4 ny n ny n>2 ,
- { Iy n—13(Bn), k=0, (n=2)
where V;, £ ¥, and Y;, 1., Y7, By, are independent.

Let Pfﬁj (u) := E[u®~*] and PT[LY,C] (u) := E[uY*]. Then ng (u) and leyk] (u) are both solutions to
the following recurrence relation with respect to zy, x (u):

i) = 3 ()P st s tia (), (02 0,82 1) )

l
1=0
with the initial and boundary conditions

u—n(pg" ' +p" ) (u—1), n>3;

PO (w) = { w—2pg(u—1), n=2,
17 n :0,1,

; L+n(pg"™ +p" lg)(u—1), n>3;

Py ={ 1+ 2pg(u—1), n=2,
1, n=0,1.

Throughout the paper, we use the following notations. For a complex number s we define the function
T(s)=p~* +q°°.
For a real number «, the equation
o prtqg”
p~rlog(1/p) + ¢~ log(1/q)’

that (log 7)~" < a < (log )", has the solution

1 1 —alog(1/p)
= = 1 i 4
p=rle) log(p/q) ° alog(1/q) — 1 @
We also define the functions
1 2
- log(1/q)’ * " log(1/p) +log(1/q)’
—Pg—P1 2
B(p) = L9 " loew/0)”

B P’ + ¢
p*log(1/p) + ¢ log(1/q)’ (p=P+qr)?

Q2
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3 Expectations of X, 4, Y, and Their Ratio

Asymptotic approximations to the expectations of X, j, Y}, ;, are derived in this section. Also, we give
some result about the value of E(X,, 1) /E(Yy, x).
Let MLXA = E(X,,%) and ch := E(Y,,,x). Then from , MLX;l and ,ugly,]C are both solutions to the

following recurrence with respect to fi, i

Pk = Z (@)qunj (,Uj,k—l + ,un—j,k—l)a (n>0,k>1),

=0

with the initial and boundary conditions

X 1—n(pg"~ ' +p"1q), n>3; . n(pg"t+p""lq), n>3;
Mo =19 1-—2pq, n=2, Hno =94 2P4, n=2,
0, n=0,1, 0, n=0,1

It follows that the poisson transforms

T xz —X
MM (@) =3 e and MM (@) =37 e
n>0 n>0 ’
satisfy
"k e
X X1 g k—j X1 G k—j X
M) =3 (a2 = 3 (D)) = 2 - 00,
j=0 3=0
Y ) = (R 3
GOEDSY )M W ) ©6)
7=0

for £ > 1 with initial conditions

M(gX] (x) =1—e " —pre " — qre % + pgze " =1 — Méx] (z),

M(gy] (x) = pre P 4 qre™ 1 — xe™ " — pgzie ",

Let M; ™ (s) and M; () denote the Mellin transforms
M;[X](s) = / M,LX] (z)2z*"'dz and M;[Y] (s) = / M,LY] (z)z* " 'dz,
0 0

that M; X (s) exists for s € C with —2 < R(s) < 0; and M, " () exists for s € C with R(s) > —2.
Then (3) and (6) rewrite to

M (s) = (0 + RN ), MY sy = (00 4 g,
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with initial conditions
Mg (s) = T(s) (14 s(p~° +47*) — s(s + 1)pa),
MPH0) =T(s+ 1) (p~* +¢7° — 1 — (s + 1)pg).

Hence, by the inverse Mellin transform (Flajolet et al.| (1995))

1 p+ioco
M@y =2~ = [ T@gM e ) e s —2<p <0, (D)
p—100
v 1 p+ico
M (@) = — / T(s+1)g™(s)(p + ¢ ) Fa—ods, p> -2, (8)
21 p—ico

where p := R(s) and

g (s) =1+ s(p ™ +q7%) — s(s + Dpg := —g*(s),
g () =p + ¢ =1 (s+1)pqg.

We are mainly interested in the behaviour of M ILX] (z) and M ,LY] (z) for z = n, since by analytic depois-

sonization we expect that E(X,, 1) ~ M,EX] (n) and E(Y,, 1) ~ M,LY] (n).
Here, we evaluate the integrals (m) and @) via the saddle point method (see [Szpankowski| (2001)).
Hence, it is natural to choose p = py, 1 as the saddle point of the function

T(S)knfs — ek log T'(s)—slogn

)

that is the solution of the equation £-(klog T'(s) — slogn) = 0. Equivalently we must find p from

k _ pP4+q* ©)
logn  p=rlog(1/p) +q=*log(1/q)’

that is, the only real-valued saddle point p = p,, i, = p(logn) (see ).
The integrands in (E) and (@), also has infinitely many complex-valued saddle points of the form s; :=

p+2mij/(logp/q) (j = £1,£2,...). This is due to the fact
N —p—it d\—p—it\ _  _, _itlogp d\—p tlogZ
T(p+it)=p 1+(]§) =p e 1—&—(5) ettloeg )

Now by putting ¢t = 275 /(log p/q), we have

T(p+2mij/(logp/q)) =p~ " - e—2mij(logp)/(logp/q) <1 + (%)—P . ezmj)

= ¢~ 2mii(logp)/(logp/A) ().

Consequently the behaviour of T'(s)*2~* around s = s; is almost the same as that of 7'(s)*z~* around
s = p. This phenomenon gives a periodic leading factor in the asymptotics of M ,E,X] (n) and M ,LY] (n);

and also of u[i{] = E(X, k) and ugfll =E(Ynx)-

m
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Theorem 3.1 Consider p, , = p(k/logn) and t; = 2mj/(logp/q). For some ¢ > 0,

1. Ifal—&—sgﬁgao—athen

(p*/)n,k + q*Pn,k )kn*Pn,k
271-6(pn,k:)k7

HELXIi — 9k _ GIX] (pn,kvlogp/q pkn>

)

(1 + O(k*l/z)) ,

where G (p, z) = >jezl(p+ it;) g™ (p + it;)e 2™ is a non-zero I-periodic function.

2. Ifao—&—agﬁgag—athen

(p*Pn,k + g Pk )knfpn,k
2776(pn,k:)k

uglle _ GIX] (pn,k,logp/qpkn) (1 + O(k*”)) :

where GX)(p, z) = ez L(p+ it;) g™ (p + it;)e=279% is a non-zero 1-periodic function.
3. Ifar+e< % < a9 — € then

(p_Pn,k + q_Pn,k )kn—Pn,k
27Tﬂ<pn,k)k

/’LLLY]]C =Gl (pn,k» 1ng/q pkn>

s

(1 + O(k‘1/2)) ,
where GIY1(p,z) = > jenT(p+it; + 1)g¥(p + it;)e™29% is a non-zero 1-periodic function.

Proof: By evaluating the integrals (7) and (8) via the saddle point method, the proof is quite identical to
that of Theorem 2 in [Park et al.[| (2009) (Lemma 7.5 in |Drmotal (2009)) with the new functions Q[X ] (s),
g¥1(s) and g1 (s). ]

Remark 1 For the sake of the following global picture of a random trie, we only consider the three ranges
of k in Theorem 3.1}

e When 1 < @ < a1 — ¢, each level is almost full of internal nodes, (I} =~ 2k Xngp ~ 2k,
Y.k = 0); in particular, the variances of profiles, V(I .), V(X 1) and V(Yy, i) tend to zero.

o When ag +¢ < 10gn < ag—¢ pnr = p(k/logn) > 0; and when o + ¢ < logn < g — ¢

—2 < pp i = p(k/logn) < 0. For the second case, V(X,, ;) — o0, V(Y,, ;) — oo, and we prove
the asymptotic bivariate normality of X,, j, and Yy, .

o When % > ag +¢, then E(I,, 1) and E(X,, ) tend to zero.
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Tab. 1: Comparisons of magnitudes for x € (0, 1) (Since ap < a < ap then —2 < p(a) < 0).

Functions of x p pla) Oscillation
-0.1 -1 -1.9
0.55 | 068 044 250 | Almost flat
G™(p(a),z) | 075 | 0.72 037 191 Non-flat
095 | 073 0.15 049 Non-flat
0.55 | 890 056 250 | Almost flat
GXl(p(a),z) | 0.75 | 889 0.63 3.10 Non-flat
095 | 885 0.85 450 Non-flat
0.55 | 13.09 1.27 1.00 | Almost flat
Gorcleln | 075 | 1235 166 162 | Non-flat
095 | 12.12 5.00 9.10 Non-flat
0.3751 1 6690
0-37s 062520 1. 6684 ;’ \
0.374 (O 62518 =!I: l':l}
1.6680 ¥ | |
o374 062516 ’
1.8675 | :'
loe2514
0.374 | |
06862512 1.667 0 {
0.374 -}\.
062510 16669
ooZo40608 1

0020406081

x

x

Fig. 2: The fluctuating part of the functions GP'(—1,z) (red curve), GXI(—1,z) (blue curve) and
G[X](—l,x)/G[Y](—l,ac) (green curve), for z € (0,1) and p = 0.75.

— _k 1+ 1 _ Qn K
Theorem 3.2 Let Qn k= Togn" When P — 5 then po(an,k) = hmp‘)%Jr p(OénJg) = W and
(] 00, if app — o
/‘mk p(](an,k,)(1+p0(an,k))78p0(05n,k)2p0(a”'k)74 if ap < < Qor
a 0 n,k 25
[Yl]c Spo(an,k)2p0( n’k>74po(an,k)7p0(an,k)(1+p0(an,k))7
n,

1

7

Proof: By @), it is easy to see that pg(«) =

[X]

iu’n,k G[X] (pn,kalogp/qpkn)

o
l1—alog?2*

T (po(an,k)) 9% (po (0 k)

if app = ™.

Then from Theorem asp — %Jr,

Q[X] (Po(an,k))

vy

Wt G (pnr,log, , pFn)

T(po(onk) + 1) g™ (po(cm,r)) - po(em,k) g™ (po(am k)

Substituting g1 (po (cun,i)) and g (po(aun k), we obtain the result. O

Table[T] and Figure[2) give several examples that confirm the claims in Theorem [3.2]
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4 Variances and Covariance

2
Asymptotic approximations to the variances of X, , Y,, ;. and their covariance, O’,ELXk] = V(Xn i)

2
07[37/,1 = V(Y,, &) and v, 1, := Cov(X,, k, Y, ) respectively, are derived in this section.
Let N,EX] () == >,50 ]E(Xﬁ’k)mn—?e‘m and N,LY] () == 3,50 E(Y;2;)21e. Now define the Pois-
- 2 - P 2
son variances, Vk[X] (x) = N,EX] (x) — M,LX] (x) and Vk[Y] () := NILY] (x) — MILY] (z). Then from
and similar to (3) and (6], for & > 1, it yields

k

k
Vk““(x)=Z(’?)Véx]<x><pqu-fx>, vkm(x)=Z(’;)Véy]<x><pqu-fx>, (10)

Jj=0

with initial conditions

X X X2 X X2
Vi¥l(@) = N (@) = M (@) = MEY (@) - M (@),
= —e % 4 pre P 4 qre” 1 — 2pre TP — 2gpe™ (1D 4 9pgale2®
—3pqxze’w I p2$2€72pa: . q2x2e’2q‘” + 2p2qx367z(1+p) + 2pq2x3€7x(1+q) _ p2q2x4672m’
Y Y v]2 Y v)2
Vi @) = N @) = ME (@) = Mg () - 0 (@),
= pre P* + qre 9" + 2px2€*w(1+p) + 2qx26*w(1+q) + 2p2qx36*r(1+p) + 2pq2x36*z(1+q)

_p2x26—2pm _ q2x2€—2q1 _ 2pqx3e—21 _ p2q2$4€—2$ _ 3pqx2€—m —xe T — $2€_2$.
Consider I,, j, := 2F — I, .. By Section 6.2 in Park et al.[(2009), for k > 1,
Eoo o
V) = 3 ()@ 0. V) = o+ 01— ok De)
=0

n n

)are " = (X0 E(fn,k)%ew)? Hence, by and for k > 1,
k
k . . o
204(@) = ( ) (W@ e e) — Vi ) - i e ),
( ')COW ), (Cola) = —M§ @) M (@), ()

with Cy(x) := (Vkm () — V,C[X] (x) — Vkm (2))/2, i.e. the Poisson covariance with initial condition

Co(z) = 7(pxe*p”” + qre ¥ — e — pqm26*$) (1 —e ¥ —pre P — qre” 1 + pqxze*w).
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Thus, for p > —2, we have

where

gy (s) =1~

27+ s(p g —2p(p+1)7!

Mehri Javanian

Lo ¥

—/ T(s+1)gy (s )(p_s—i—q_s)k:r_sds, (12)

2 p—ico

1 p+zoo b

%/ (5)(p~" + 47" 2" ds, (13)
p—1i00

L p+m kr=sd 4

- -5 —5 1

2m/p ico U > (19

—2q(q+1)"°7")

—s(s+1) (27 2(p™* +¢ %) +3pg —pg2~*7")

+2pgs(s+ 1)(s + 2) (p(p +1)”
—s(s+1)(s + 2)(s + 3)p’q

s—3 +q(q+ 1)7573)
227574

gg]( )=p  +q¢ -1+ (s+1) (Zp(p + 1)_5—2 +2q(q + 1)—5—2)

—(s+1) (27 (v +q *+1)+3pq)
+2pq(s +1)(s + 2) P+ 1) +qlg+1)""

=s(pp+1)7°
—S(S +1) (plp+1)~°
—pgs(s+1)(s +2) (2p(p+ 1)~ +2q(q + 1)~
+s(1—27°""

Theorem 4.1 For somee > 0, if a; + ¢ <

—(s+1)(s+2)(s+3)p"¢"27*"

3 _ 2—5—3) ,

D)+ s(s +1)(s +2)(s + 3)p°g*2
— 2—5—2(p—s +q—s))
3 _ 2—8—3)

'+ q(q +1)7°
+q(g+1)7°7% = 3pq

—p°—q %) —s(s+1)pg2~° 2.

10gn < ay—candt; =2mj/(logp/q) then

[X]2 [X] k (p_pn,k + q_pn,k)kn_pn,k _1/2
o =G .k, 10 n 1+ 0(k ,
k= G (pnlony i) F— g (1 06)
—Pn,k —Pn,k ko —Pnk
SV12 _ Gy o A o B N _1/2
- n,K» +Ok 5
ok =G (pnstonyartn) T (1 067)
—Pn,k _|_ qun,k)knfpn,k B
— Go (pupstog, . pin) & 14+ 0k"Y?2)),
Y,k c (pn,k 8p/q P ) T ( ( ))

where p,, . = p(k/logn) > —2 satisfies the saddle point equation @) and

Gyl (pyw) = Y T(ptity)gy (p+ it )e >,
JEZ

GV (p.w) =Y T(p+it; + 1)gi) (p+it;)e 792,
JEZ

GC(P:

z) =Y T(p+ity)go(p+ity)e ™",
JEZL
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Tab. 2: Comparisons of magnitudes for € (0, 1) (Since oy < a < ap then p(a) > —2).

Functions of x P p(a) Oscillation
-1.5 3.5 8.5

0.55 | 0.53 225 1.22x10% | Almost flat

GYlpla),z) | 075 | 042 1350  1.58x10' | Non-flat
095 | 0.13 5x105 250x10'6 | Non-flat
055 | 051 230  1.23x10° | Almost flat
G (p(a),z) | 075 | 079 1350  1.58x10'° | Non-flat
095 | 085 5x105 250x10'6 | Non-flat
055 | 0.05 220  -1.24x10° | Almost flat
Ge(p(e),z) | 075 | -0.15 -1330  -1.50x10%° | Non-flat
095 | 074 -5x10° -3.50x10'6 | Non-flat

s
0. 78983 ooz2o0406081

0 4224 0 78982

0. Fs981 01522 |

lo 78080
0.4221
lo 78079

0.1523
078978
0.422d
0.78977 i
078976 01524 | f
0.421d

0.78975

00.20.40.60.8 1 01525
*

Fig. 3: The fluctuating part of the functions Gg] (—1.5,z) (red curve), Ggfq (—1.5,z) (blue curve) and G¢(—1.5, z)
(green curve), for z € (0,1) and p = 0.75.

Proof: By evaluating the integrals (12), (I3) and (I4) via the saddle point method, the proof is similar to

that of Theorem with the new functions gg ) (s), g‘[}/ ] (s) and go(s). O

We give examples in Table that the magnitudes of the periodic functions G S ) (p(a),x), G g ) (p(),x)

and G¢(p(a), x) increase when p(«r) grows; and also their amplitudes decrease as p — 0.5, and have
oscillation, otherwise. Figure[3|illustrates the oscillation of these functions for p(a) = —1.5and p = 0.75.

5 Limiting Joint Distribution

In this section, for the second range in Theorem , ie.ag+e< logn Sag —e(=2< ppi <0), we
prove the limiting joint distribution of X, ;, and Y, j, is bivariate normal if V(X,, ;) — oo, V(Y,, 1) — oc.

Let F), i (u,w) = E[uXn*wYn*] denote the joint probability generating function of X, ; and Yo i
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Then
5 (77>qu"—ij,;€1<u,w)Fnj,k1(u,w>, (n>0k>1),
=0 J
with
u+n(pg" '+ p"lg)(w —u), n>3;
Fn,O(ua U}) = U+ QPQ(w - u)a n= 2’
L, n=0,1.

Thus Fi(z,u,w) == 3, 5o Fok(u, w)% satisfies the functional equation
Fy(z,u,w) = Fy—1(pz,u,w)Fr—1(qr,u,w), (k>1),
with the initial condition
Fo(z,u,w) = e® + (1 —u)(1 + 2 — e*) + (w — u)(pre? + qre’® — x — pgz?).
By iterating this functional equation, we obtain

Fuauww) = [[ Fo@d 7 zuw)l), (k>1), (15)
0<j<k
In the proof of Theorem[5.1] we need the following upper bound for the depoissonization procedure.
=land|w| =1

|Fi(re, u,w)| < e, (16)
for some constant ¢ > 0 independent of k, r and 0.

Proof: In order to prove the above upper bound, we need the following second inequality which is hold
forr > ro &~ 2.9183, ¢ := 2/(37?):

2
(247 4 pgr?) (e /2 £ 1) < (2 +r+ 2) (e"®+1) <e" (17)
For r < rgy, we consider the expansion
a? wj 1 1
Fo(xuw)—l—&—x—i—?(u—?pqu— +Z ¢+ ) (u— w)).
_7>3

Define 0y := 2pq and §; := j(pg’~' + p’~1q), for j > 3. Itis easy to see that §; < 0.75, for j > 2 and
0.5 <p < 1. Thus

‘Fo(rew, e, eiw)‘ < |14 re'| + Z ﬁ‘(l — ;)€ + (26“”’
i>2

) J
<Lt + 35
j>2

< 6“62”92, (By (76) in|Park et al|(2009)), (18)
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uniformly for 1 <7 < 7g, |§| < mand co := 2/(7%(1 + ro)%e™).
Now suppose r > rg = 2.9183. We can rewrite Fy(x, u,w) as follows:

Fo(z,u,w) = uai (pz)ai(qx) + 1 — u + = + w (zqas (pr) + xpas(qx)) + wpgz?,
where a1 (z) := e* — x and az(x) := ¢ — 1 — x. By and applying Lemma 6 in |Park et al.| (2009),
|F0(rew7 e, ew)} < al(pr)al(qr)efcmﬂ/2 + qras (g)r)(fclpre2 + prag(q?")(fclq’"e2 + 2+ 1+ pgr?
< (e"+ 2)6761(”92 + (247 + pgr?) (1 — efclqr02>
< er—clqr«92/27 (By @) (19)
Collecting the two inequalities (I8) and (19), we obtain
|F0(rei9, et eiw)‘ < er_"ez, (c:=min{c14/2,ca}),

uniformly for > 0, |#| < 7. This implies by (15). O
Now, we prove the following lemma that is needed for the proof of Proposition[5.2]
Lemma 5.1 The function Q,(re® u,w) is well-defined for r > 0, |0] < ¢, |u| = 1 and |w| = 1.

Proof: We first show that
A=]1—(1-¢e%)(1—as(r) —as(r)) — (1 — e™)as(r)| > 0,
forr >0, 0| <e,|u| = 1and |w| = 1. By direct calculation, we have

A% =14 vaz(r)? + zas(r)* + (v + 2z — t)as(r)as(r) — vaz(r) — zaqs(r)
> 14 vas(r)? + zag(r)? — taz(r)as(r) — vas(r) — zay(r),

where v := 2(1 — cos @), t := 2(1 — cos®)) and z := 2(1 — cos(¢ — )). Since

as(r) < sup aq(r) <sup (pre_pr +qre 1" — re_T’ 71)
r>0 r>0 p=3
0.5<p<1
=supre " (e"/? — 1) ~ 0.52069,
r>0
we have

A?> inf A?> inf (1 +vaz(r)? + zag(r)? — taz(r)aq(r) — vas(r) — zay(r)

v:z:Q)

r>0 r>0 =0
0.5<p<1 0.5<p<1 -
0<v,t,2<2

= 11;% (1+ 2a3(r)* + 2a4(r)* — 2a3(r) — 2a4(r))
0.5r§p§1
=1+ 2a3(r)2 + 2a4(r)? — 2(as(r) + a4(r))’ iyt~ 0.50085 > 0.
a4 (r)=0.52069
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This proves the lemma when x = r; the assertion of the lemma follows from analyticity.

O
By the same arguments in proofs of Lemma 4 and Theorem 7 in |Park et al.| (2009), if —2 < p < 0 or
ap < % < ag, then forl = 0,1,2, ..., we have the following estimates:
pavale =0 w). Ly e o),
V) L mo(vm). ) ol m).
L) L =oltam), i =e(l),  ehd =6,
B = O+l L),

X X X1, 2
ol ~ v () = n T ()

(20)
Proposition 5.2 Assume that MLXA — oo and ,u[;j ]]C — 0. Then uniformly for |0] < 6y = n=2/5,
(v]—2/3 (v]—2/3
¢ =o0(0, ) and i = o(o,, . )

Fi(ne®, e’ e) = exp (n - 292 + M,EX] (n)ie + M,EY] (n)i — nM,EX]’(n)e‘P -

Lo x]
Vi

nM,LY] /(n)H@/J
) = v e - Culmen + O(E) ),

21
where

2 2 2 2
E :=n|0] + O'L)fk] |67 + OK,]C 02| + 05(,6] 10| + o]

n,k |9|f¢2
y]2 X2
Fngel0pw] + o) 1P + ? + 0P|+ ol ol

Proof: Define

Q(z,u,w) :=log (e *Fy(x,u,w)) = log (1 —(1=u)(1—as(z) —as(x)) — (1 — w)a4(x)),

where a3(x) := e"*(1 + ) and a4(x) := pre P* 4+ qre 1% — xe~* — pgr?e 7. Let

k

Qr(z,u,w) = Z (?)Q(quk_jx,u,w) =log (e " Fi(z,u,w)).
=0

First, we prove in Lemma of Appendix that Fy(re'?, €%, e'¥) is away from zero for » > 0 and || < ¢,
implying that Q(z, u, w) is well-defined when | arg(z)| < e.
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We start from the expansion

Qar,u,w) = { ((3 =P)(1 = w) +pa(l —w))a? + O(|2 = u—wl[zf), asz = 0;
) Uy (1- U)(l + O('-f‘@_qm(x)))a as x — oo, |arg(z)| < e.

By the above expansion, we have

1 ptico
Qk($7u7’w) = T/ ) x_sQ*(S,u7w)(p_s +q_s)kdsa
p—1i00

where —2 < p < 0 and Q* (s, u, w) := fooc 2°71Q(x, u, w)dw is defined for —2 < R(s) < 0. Note that

Q(z,u,w) = (1 - u)(l —asz(x) — a4(m)) + (1 —w)ayg(z) — %((1 —u)*(1 —as(z) — a4($))2
+2(1 — w) w)(1 = az(x) — as(z))aq(z) + (1 — w)2a4(x)2)
—|—C§)(w,u,w)( )3—|—Q(x u, w) (1 —u)?*(1 —w)
+Q($,u,w)( )( ) +Q(x,u,w)(1 _w)37

where the exact forms of Q, Q, Q and () can be obtained by Taylor’s reminder formula and are of less
important here. We need instead the estimates (the assumptions in Lemma 8§ in|Park et al.|(2009))

(’)(Q(x,u,w)) = O(Q(x,u,w)) = O(Q(x’uvw)) = O(Q(ZE,U,U))) = O(|x|6) = O(|1‘|2),

asx — Oand

Q(x,u,w) = O(|z[e~ "),

Q(x,u,w) = O(|z[>e21R®)) = O(|z|e ")),

Q(z, u,w) = O(|z*e 217 = O(|a|e~ M),

Qz,u,w) = 14 O(|z|e”R@)), (22)

as x — oo in the sector {z : |arg(z)| < e}. By (5), (6). (10) and (T1), this expansion gives

Quww,w) = (1= )M a) + (1= ) MP @)+ 5 (1= (V) — MY w)

(
5= w? (@)~ MY @) + (1~ u)(1 - w)Ci(a)
+(1 — u)?Qp(x, u, w) + (1 — u)?(1 — w)Qu(x, u, w)

3

(
+(1_u)( ) Qk(mvuvw)'i_( ) Q (‘T7u>w)7

where Q, Q and () satisfy in @); and Q satisfy in .
Applying Lemma 8 in |Park et al.|(2009) and expansions in , we have Q(z, u, w) = G(MILY] (x)),
Qn(x,u,w) = G(MILY] (7)) and Q (v, u, w) = @(M,gy] (z)); and similarly Q (z, u, w) = G)(M,LX} (x)).
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These estimates yield, with z = ne®,
Qi w) = (L= M) + (1= w) M) + 50— P () - ()
5= wP (@) = P @) + (1 - )1 - w)Cue)
+O([1=uf' MM ne®)]) + 0(]2 = u = w)? = (1 = w?|| M (ne?)] ),

where the O-term holds uniformly for |¢| < ¢ and |1—u| = o(1) and | (2—u— w)3 (1—u)3| = o(1). Since

um — o0 and u[ ,l — 00, this leads to 1) by expansions of M[ ]( ), M[Y] (net?), V[X] (net?),

Vkm (nei?) and Cy(ne') at @ = 0, using the estimates in 1) a
2
Theorem 5.1 For ag +¢ < logn <ap—¢ lfO' ,3 — ooanda,[ﬁ — 00 then
Xn,k - /LL ] Yn,k - p’[n ]
ek <z, S Tk <y = <I>(x,y;pn,k) +o(1),
X (Y]
n,k n,k
where py . = Yn.k /JLXIJULQ and ®(z,y; p) denotes the cumulative distribution function of bivariate

standard normal distribution with correlation parameter p.

Proof: Recall that 8, := n—2/5. By Cauchy’s integral formula, and , we have

) . nl o
E (eXmrterinsit) = — o " Fy(w, €' ) da
™ |z|=n

—-n

| . . .
_nn / x_”_le(ne’Q, e'?, ew)dH + 0O (n_l/loe_cnl/S)
21 Jig|<o,

T g M (it M (m)ing— 2V (m)p? LV () O (m)p

27

P e M) —nm T (n)e 1/10 /5
X/ e 20— (n)0p—n ()1/’(1+O( ))d0+(9(n*/ e~ cn )7

—0,

. . . . [x]—4/5 [v]—4/5 .
since £ — 0 in the range of integration and when ¢ = o(o,, , ) and ¢ = o(o,, . ). Applying
Stirling’s formula, extending the integration limits to +oco and making the change of variables 6 +—
On~'/2 uniformly in ¢ and 1), we obtain

E (Xnbiet¥nniv) = L v myigr M myiv— g5 (V) () =n MV ()" ) = 55 (VT ()= (n)?)
V2T
et (Cem—nM VM) / R (Y PV VA T W

1+[6P 0 6] [x1 [Y]22
x<1+0<ﬁ+n(nkm+ Fwl) + 7 (bl e ol

+nalevl) + ol 4 0+ 0P+ oL ) o
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2 2 wQ 2
X] . Y] . X Y
— exp (u[n,;lw + M[n,z]f“/) - %UL,Q - 7"% - WV"»’C)
v)2 X2
) (1 0(al T 10® + ve® + ov? + o I6l?)), by @D)),
which implies the result by Lévy’s continuity theorem. O

6 Main Results for Symmetric Tries

When p = ¢ = 1/2, the major difference is reflected by the fact that oy = «, so that the saddle point
range between a and ais does not exist, and most analysis we give above becomes much simpler. For
simplicity of presentation, we omit all error terms in our asymptotic estimates

Asymptotics of the expectations. From (3), we have
M}LX] (z) = ok _ okg—u/2" _ . —x/2"H! + 2—1@—21,26—:0/2’“’ (k > 0).
By this and de-Poissonization procedures (Proposition 1 and Lemma 4 in [Park et al.| (2009)), we deduce

2F (1 =27kl if 27Fpn 5 oo;

E(X, ~ .
(Xn.k) { M,EX](n), if 4=%n — 0.

In particular,

k(1 4+ 2722t —et —te t/2), if27%n —t e (0,00);
B(Xnk) ~ { 2*(Hn2 ) if 2-Fn — 0. o)

In a similar manner, we have, by (6),
M,[CY] (x) = ze~ /2 _ gemw/2t _ 27k72a:2671/2k, (k> 0).

Therefore, we have

n(1 —27F=1)n=1 1 if 27kn — oo;
E(Y, k) ~
(Yok) { MM ), if 47Fn — 0.
This implies that
nle 2 —e t —272te7t), if 27Fn =t € (0,00);
]E(Yn,k)N{ QEkfznz ) if 27Fn — 0. )

Asymptotics of the variances. Similarly, by (I0), we have
Vk[X] (z) = ok _ zke—z/Qk . xe—z/QkJrl + 2—k—2x26—x/2k
o Qk(l . e—x/2k . Q—kxe—x/2k+1 + 2—216—2%26—;1@/2’6)2’
Vk[Y] (z) = xe—ag/Q’c+1 . me—z/z’“ . 2—k—2x2e—m/2k

—k(, —z/2kT? —z/2F —k—2_2 —x/2F\2
—2 (ace/ —ze /% —9 xe/),
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and, if n/2% — oo, then
V(Xp k) ~ V(Vi) ~ E(Yn ) ~n(l —27F 1=t
and if n/4k — 0, then
V(X)) ~ Vi (@), and V(Y,.) ~ VY (@),
uniformly in k. These approximations imply that

k(1 —et —te /2 2722 ) (et + te t/2 — 27227t if 27Fn — t € (0,00);
V(X k) ~ 9—k—2,2 if 27Fn — 0.

V(}/’n k) ~

)

n(e /2 —e7t —27%e ) (1 —t(e /2 —e7t —27%e™?)), if27Fn—te (0,00);
2 k—2pn2 if 27%n — 0.

Limiting joint distribution Theorem holds when p = ¢ = 1/2 by the same method of proof. Note
that the trivariate generating function becomes simpler (see (I5))

k
o/ T ok T ok T g9k X 2 2
Fk(m,u,w):<e /2 +(1_u)(1+27k—e/2)+(w—u)(2—ke /2 _’_27]66 /2 _2k_4k+1>) .
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