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Abstract

We consider an optimal control on networks in the spirit of the works of Achdou et al. (2013)
and Imbert et al. (2013). The main new feature is that there are entry (or exit) costs at the
edges of the network leading to a possible discontinuous value function. We characterize the value
function as the unique viscosity solution of a new Hamilton-Jacobi system. The uniqueness is a
consequence of a comparison principle for which we give two different proofs, one with arguments
from the theory of optimal control inspired by Achdou et al. (2014) and one based on partial
differential equations techniques inspired by a recent work of Lions and Souganidis (2016).

Key words: Optimal control, networks, Hamilton-Jacobi equation, viscosity solutions, uniqueness,
switching cost

AMS subject classification: 34H05, 35F21, 491,25, 49J15, 491.20, 93C30

1 Introduction

A network (or a graph) is a set of items, referred to as vertices or nodes, which are connected by
edges (see Figure 1 for example). Recently, several research projects have been devoted to dynamical
systems and differential equations on networks, in general or more particularly in connection with
problems of data transmission or traffic management (see for example Garavello and Piccoli [13| and
Engel et al [11]).

An optimal control problem is an optimization problem where an agent tries to minimize a cost
which depends on the solution of a controlled ordinary differential equation (ODE). The ODE is
controlled in the sense that it depends on a function called the control. The goal is to find the best
control in order to minimize the given cost. In many situations, the optimal value of the problem as a
function of the initial state (and possibly of the initial time when the horizon of the problem is finite)
is a viscosity solution of a Hamilton-Jacobi-Bellman partial differential equation (HJB equation).
Under appropriate conditions, the HJB equation has a unique viscosity solution characterizing by
this way the value function. Moreover, the optimal control may be recovered from the solution of the
HJB equation, at least if the latter is smooth enough.

The first articles about optimal control problems in which the set of admissible states is a network
(therefore the state variable is a continuous one) appeared in 2012: in [1|, Achdou et al. derived the
HJB equation associated to an infinite horizon optimal control on a network and proposed a suitable
notion of viscosity solution. Obviously, the main difficulties arise at the vertices where the network
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does not have a regular differential structure. As a result, the new admissible test-functions whose
restriction to each edge is C! are applied. Independently and at the same time, Imbert et al. [16]
proposed an equivalent notion of viscosity solution for studying a Hamilton-Jacobi approach to junc-
tion problems and traffic flows. Both [1] and [16] contain first results on comparison principles which
were improved later. It is also worth mentioning the work by Schieborn and Camilli [21], in which the
authors focus on eikonal equations on networks and on a less general notion of viscosity solution. In
the particular case of eikonal equations, Camilli and Marchi established in [9] the equivalence between
the definitions given in [1, 16, 21].

Since 2012, several proofs of comparison principles for HJB equations on networks, giving unique-
ness of the solution, have been proposed.

1. In [2], Achdou et al. give a proof of a comparison principle for a stationary HJB equation
arising from an optimal control with infinite horizon, (therefore the Hamiltonian is convex) by
mixing arguments from the theory of optimal control and PDE techniques. Such a proof was
much inspired by works of Barles et al. [6, 5|, on regional optimal control problems in R?, (with
discontinuous dynamics and costs).

2. A different and more general proof, using only arguments from the theory of PDEs was obtained
by Imbert and Monneau in [15]. The proof works for quasi-convex Hamiltonians, and for
stationary and time-dependent HJB equations. It relies on the construction of suitable vertex
test functions.

3. A very simple and elegant proof, working for non convex Hamiltonians, has been very recently
given by Lions and Souganidis [18, 19].

The goal of this paper is to consider an optimal control problem on a network in which there are
entry (or exit) costs at each edge of the network and to study the related HJB equations. The effect
of the entry/exit costs is to make the value function of the problem discontinuous. Discontinuous
solutions of Hamilton-Jacobi equation have been studied by various authors, see for example Barles 3],
Frankowska and Mazzola [12], and in particular Graber et al. [14] for different HJB equations on
networks with discontinuous solutions.

To simplify the problem, we will first study the case of junction, i.e., a network of the form G =
UN T, with N edges I'; (T; is the closed half line RTe;) and only one vertex O, where {O} = N, T;.
Later, we will generalize our analysis to networks with an arbitrary number of vertices. In the case of
the junction described above, our assumptions about the dynamics and the running costs are similar
to those made in [2], except that additional costs ¢; for entering the edge I'; at O or d; for exiting T';
at O are added in the cost functional. Accordingly, the value function is continuous on G, but is in
general discontinuous at the vertex O. Hence, instead of considering the value function v, we split it
into the collection (v;)1<i<n, where v; is continuous function defined on the edge I';. More precisely,

U(x) ifx e PZ’\ {O},

vi () =
lims o+ v (de;) if x = 0.
Our approach is therefore reminiscent of optimal switching problems (impulsional control): in the
present case the switches can only occur at the vertex O. Note that our assumptions will ensure that
v|r,\{oy is Lipschitz continuous near O and that lims_,o+ v (de;) does exist. In the case of entry costs
for example, our first main result will be to find the relation between v (O), v; (O) and v; (O) +¢; for
i,j=1,N.




This will show that the functions (v;)1<;<n are (suitably defined) viscosity solutions of the fol-
lowing system

s () + Hj <:c % (3:)> —0 if 2 € T\ {01,
' duz

(1.1)
Au; (O) + max {—)\m;lién {u; (0) + ¢}, H <O, T (O)) ,Hg} =0 if z = 0.
J# i

Here H; is the Hamiltonian corresponding to edge I';. At vertex O, the definition of the Hamiltonian
has to be particular, in order to consider all the possibilities when x is close to O. More specifically,
if x is close to O and belongs to I'; then:

e The term minjx; {u; (O) + ¢;} accounts for situations in which the trajectory enters I';; where
Ui (O) + Ciy = minj# {u]' (O) + Cj}.

dui
’ d.Z'Z

e The term HZ+ <O

(O)) accounts for situations in which the trajectory does not leave T';.

e The term H g accounts for situations in which the trajectory stays at O.

The most important part of the paper will be devoted to two different proofs of a comparison
principle leading to the well-poseness of (1.1): the first one uses arguments from optimal control
theory coming from Barles et al. [5, 6] and Achdou et al. [2]; the second one is inspired by Lions and
Souganidis [18] and uses arguments from the theory of PDEs.

The paper is organized as follows: Section 2 deals with the optimal control problems with entry
and exit costs: we give a simple example in which the value function is discontinuous at the vertex
O, and also prove results on the structure of the value function near O. In Section 3, the new
system of (1.1) is defined and a suitable notion of viscosity solutions is proposed. In Section 4, we
prove our value functions are viscosity solutions of the above mentioned system. In Section 5, some
properties of viscosity sub and super-solution are given and used to obtain the comparison principle.
Finally, optimal control problems with entry costs which may be zero and related HJB equations are
considered in Section 6.

2 Optimal control problem on junction with entry/exit costs

2.1 The geometry

We consider the model case of the junction in R? with N semi-infinite straight edges, N > 1. The
edges are denoted by (I';) ,—77v Where I'; is the closed half-line RTe;. The vectors e; are two by two

distinct unit vectors in R?. The half-lines I'; are glued at the vertex O to form the junction G

The geodetic distance d (x,y) between two points x,y of G is

d(x,y) = |l —y| if x,y belong to the same egde T';,
|z| + |y| if ,y belong to different edges I'; and T';.



Figure 1: The network G (N = 5)

2.2 The optimal control problem

We consider infinite horizon optimal control problems which have different dynamic and running costs
for each and every edge. For i =1, N,

e the set of control on I'; is denoted by A;
e the system is driven by a dynamics f;
e there is a running cost ¢;.
Our main assumptions, referred to as [H| hereafter, are as follows:

[HO] (Control sets) Let A be a metric space (one can take A = R%. For i = 1, N, A; is a nonempty
compact subset of A and the sets A; are disjoint.

[H1] (Dynamics) For i = 1, N, the function f; : T'; x A; — R is continuous and bounded by M.
Moreover, there exists L > 0 such that

[fi(z,a) = fi(y,a)| < L|w—y| forallz,y el ac A
Hereafter, we will use the notation F; () for the set {fi (x,a)e; : a € A;}.

[H2] (Running costs) For i = 1, N, the function ¢; : T'; x A; — R is a continuous function bounded
by M > 0. There exists a modulus of continuity w such that

|0; (x,a) —4; (y,a)| <w (Jx —y|) forall z,y € Ty,a € A;.



[H3] (Convexity of dynamic and costs) For = € T';, the following set
FL; (x) = {(fi (z,a) e, 4; (x,a)) :a € A;}
is non-empty, closed and convex.
[H4] (Strong controllability) There exists a real number § > 0 such that
[—de;, 0e;] C F; (O) ={fi(O,a)e;:a € A;}.

Remark. The assumption that the sets A; are disjoint is not restrictive. Indeed, if A; are not disjoint,
then we define A; = A; x {i} and f; (z,a) = f; (z,a),4; (z,a) = £; (z,a) with @ = (a,i) with a € A;.
The assumption [H3] is made to avoid the use of relaxed control. With assumption [H4], one gets
that the Hamiltonian which will appear later is coercive for z close to the O. Moreover, [H4] is an
important assumption to prove Lemma 2.4 and Lemma 5.3.

Let
M= {(z,a):z€G,ac 4ifz T\ {0}, and a € UY | A; if v =0}.

Then M is closed. We also define the function on M by

fi(z,a)e; if z € T;\{O} and a € A;,
i (O,a)e; if £ =0 and a € A;.

for all (z,a) e M, f(z,a)=

The function f is continuous on M since the sets A; are disjoint.

Definition 2.1 (The speed set and the admissible control set). The set F (x) which contains all the
“possible speeds” at x is defined by

F; (x) if x € I\ (O),

Flay={ ! |
Uil, Fi (O) if x =0.

For x € G, the set of admissible trajectories starting from z is

Y, =<y € Lip (R+; g) . Ya (t) €EF (y:c (t)) for a.e. t >0
Yz (0) ==

According to |2, Theorem 1.2|, a solution y, can be associated with several control laws. We
introduce the set of admissible controlled trajectories starting from x

T = {(yx,oz) €Ly, (RJF;M) 1y, € Lip (R*’;g) and y, (t) =z —1—/ I (yz () ,a(s))ds}.
0

Notice that, if (y,, ) € T, then y, € Y,. Hereafter, we will denote y, by vz o if (yz, ) € T,. For any
Y., we can define the closed set Tp = {t € R" : y, o (t) = O} and the open set T; in RT = [0, +00)
by T; = {t € RT : y, o (t) € T;\ {O}}. The set T; is a countable union of disjoint open intervals

T= | Tu= 0,7i0) U Urer,cn+ ik, mir) — if 2 € T\ {0},
keK;CN Uker,cne (Fik k) if x ¢ T;\ {O},

where K; = 1,n if the trajectory Yz,o enters I'; n times and K; = N if the trajectory v, o enters I';
infinite times.



Remark. From the above definition, one can see that t;; is an entry time in I';\ {O} and 7 is an exit
time from I';\ {O} . Hence
Yz, (tzk) = Yz,a (nzk) = 0.

Let C = {c1,¢2,...,cn} be aset of entry costs and D = {dy,ds,...,dy} be aset of exit costs.
We underline that, except in Section 6, all the costs are positive.

In the sequel, we define two different cost functionals (the first one corresponds to the case when
there is a cost for entering the edges and the second one corresponds to the case when there is a cost
for exiting the edges):

Definition 2.2 (The cost functionals and value functions with entry/exit costs). The costs
associated to trajectory (Y a,«) € T, are defined by

400 N
J(2; (Yz,ar @) = / (Yoo (1), (2) e Mt + Z Z cie ik (cost functional with entry cost),
0 i=1 keK;

and

J (@5 (Yoo, @) = / (Yoo (1), (2) e Mt + Z Z die ik (cost functional with exit cost),
0 i=1 keK;

where the running cost £ : M — R is

li(x,a) if x € I;\{O} and a € A;,

l(z,a) =
4 (0,a) if =0 and a € A;.

Hereafter, to simplify the notation, we will use J (x,«) and j(m,a) instead of J (z; (Y30, ) and
J (25 (Ya,a, @), respectively.
The value functions of the infinite horizon optimal control problem are defined by:

v(z) = ( inf) . J(2; (Yz,a-@))  (value function with entry cost),
Yz, 0,x)E Tz
and R
v(x) = ( inf) . J (23 (Yz,a, @)  (value function with exit cost).
Yz,0,) €z

Remark. By the definition of the value function, we are mainly interested in a control law « such that
J (xz,a) < +oo. In such a case, if |K;| = 400, then we can order {t;x,n;x : k € N} such that

Lip <mip <tig <mig < .o <Tip <M <.+

and
lim ¢, = lim n; = +00.
k—o0 k—o0

Indeed, assuming if limy,_, o tir, = t < 400, then

M X M X
J(z,a) > Y + ];e_)‘tikci Y + ci];e_)‘tik = 00,

in contradiction with J (z, ) < +00. This means that the state cannot switch edges infinitely many
times in finite time, otherwise the cost functional is obviously infinite. y, o (s) € I';\ {O} for all

s € (tik, Nik)-



The following example shows that the value function with entry costs is possibly discontinuous
(The same holds for the value function with exit costs).

Example 2.3. Consider the network G = I'; UT9 where I'y = RTe; = (—00,0] and T'y = Rtey =
[0, +00). The control sets are A; = [—1,1] x {i} with ¢ € {1,2}. Set

o fi(z,(a;,1)) = a; € [-1,1]. when z belongs to I';\ {O}.
e /1 =1and ¥y (x,(a2,2)) =1— |ag|.
For x € T'9\ {O}, then v(x) = vy (x) = 0 with optimal strategy consists in choosing « (t) = (1,2).

1 1—e Al
For x € T'y, we can check that v (x) = min % + + cze_Mc}. More precisely, for all x € I'y,
we have
1 : 1. .
X if co > N with the optimal control « (t) = (—1,1),
v(r) =11 _ Nl 1 1,1) ift<
‘ + coe Nl if ¢y < =, with the optimal control « (t) = (L1) it < e,
A A (1,2) ift> |z|.

Summarizing, we have the two following cases

1
1. If ¢g > T then
0 if x € Do\ {O},
v(z) =141

h\ if v € I'y.

1
The graph of the value function with entry costs co > 3= 1 is plotted in Figure 2a.

2. If g < %, then

0 if 2 € To\ {0},
v(T) =4 1_ Mol

\ + coe Ml if v € I'y.

1 1
3 <1= X is plotted in Figure 2b.

Lemma 2.4. Under assumptions [H1] and [H4], there exist two positive numbers ro and C' such that
for all x1,z9 € B(O,r9) NG, there exists (ywl,%IM,aml,m) € Tz, and 74y 2, < Cd (21, x2) such that
Yar (Tor,s) = T2

Proof of Lemma 2.4. This proof is classical. It is sufficient to consider the case when x; and x5 belong
to same edge I';, since in the other cases, we will use O as a connecting point between z; and xs.
According to Assumption [H4], there exists a € A; such that f; (O,a) = 6. Additionally, by the
Lipschitz continuity of f;,

The graph of the value function with entry costs ¢y =

|fl (O,(I) - fl ($7a)| < L|l‘|,

hence, if we choose 7y := % > 0, then f;(z,a) > g for all z € B(O,rg) NT;. Let x1,z9 be
in B(O,r9) NT'; with |z1]| < |z2|: there exist a control law « and 7, 5, > 0 such that a (t) = a if
0 <t < Ty 2, and Yz, o (Tzy,2,) = T2. Moreover, since the velocity f; (Yz,,a (), (1)) is always greater
than — when t < 7, 4,, then 7, 4, < %d(azl,xg). If |z1] > |x2|, the proof is achieved by replacing
a € A; by a € A; such that f; (O,a) = —0 and applying the same argument as above. O
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(a) The value function with entry cost ca > 3= =1. (b) The value function with entry cost co = 3 <l= 3
Figure 2: An example of value function with entry cost
2.3 Some properties of value function at the vertex O
Lemma 2.5. Under assumption [H], v |r,\ o} and U |p,\ oy are continuous for any i =1, N. More-

over, there exists € > 0 such that v |p,\foy and U |0y are Lipschitz continuous in (I';\ {O}) N
B (0,¢). Hence, it is possible to extend v [r\ (01 and ¥ |p\ oy at O. Hereafter, v; and v; denote these
extensions.

Proof of Lemma 2.5. The proof of continuity inside the edge is classical by using [H4]. The proof of
Lipschitz continuity is a consequence of Lemma 2.4. O

Let us define the tangential Hamiltonian H, g at vertex O by

H} = max max {=¢;(0,a;)} = — min min {¢; (0, a;)}, (2.1)
leaZEA leaEA

where AY = {a; € A; : fi (0, a;) = 0} . The relationship between the values v(0), v; (O) and H} will
be given in the next theorem. Hereafter, the proofs of the results will be supplied only for the value
function with entry costs v, the proofs concerning the value function with exit costs v are totally
similar.

Theorem 2.6. Under assumption [H|, the value functions v and v satisfy
HT
2(0) = min{ min (4:(0) + e =72},
i=1,N A
and
HT
v (0) = min { min {v; (0) ,——O} .
i=T,N A

The proof of Theorem 2.6, makes use of Lemmas 2.7 and Lemmas 2.8 below.



Lemma 2.7 (Value functions v and v at O). Under assumption [H]|, then
max {v; (O)} <v(0) < min {v; (0) + ¢},
i=1,N i=1,N

and

max {v; (0) —d;} <0 (0) < min {; (0)}.
i=1,N i=1,N

Proof of Lemma 2.7. We divide the proof into two parts.

Prove that max, 1 {v; (O)} < v (0). First, we fix i € {1,..., N} and any control law @ such that
(Yo.,a,@) € To. Let x € T';\ {O} such that |z| is small. From Lemma 2.4, there exists a control law
a0 connecting x and O and we consider

o(s) = az.0 () if s <10,

@(S—Txp) if s > Tz,0-

It means that the trajectory goes from x to O with the control law c, o and then proceeds with the
control law a. Therefore

v(z) =vi(x) <J(z,0) = /OH»O li (Ys,a (5)) e ¥ds + e 70T (0,@) .

Since @ is chosen arbitrarily and ¢; is bounded by M, we get
v; (2) < M7p,0 4+ e 200 (0).

Let = tend to O then 7, o tend to 0 from Lemma 2.4. Therefore, v; (O) < v (O). Since the above
inequality holds for ¢ = 1, N, we obtain that

max {v; (0)} < (0).
i=1,N

Prove that v (O) < min,_7 {vi (O) + ¢;}. For i =1, N; we claim that v (O) < v; (O) + ¢;. Consider
x € I';\ {O} with |z| small enough and any control law &, such that (v, a,, @) € T;. From Lemma 2.4,
there exists a control law ap , connecting O and x and we consider

o (s) = a0,z (s) if s <704,

Oy (S—TO@) if s > TO,z-

It means that the trajectory goes from O to z using the control law oo, then proceeds with the
control law a,. Therefore

TO,z
v(0) < J(0,0) =¢ +/ Ui (Yo.0 (8)) e ods + e 0w J (2, ) .
0

Since @, is chosen arbitrarily and ¢; is bounded by M, we get
v (0) < ¢; + M1, + e 0w, ()

Let z tend to O then 70, tends to 0 from Lemma 2.4, then v (O) < ¢; + v; (O). Since the above
inequality holds for ¢ = 1, N, we obtain that

v (0) < min {v; (O) + ¢} .

=1,



Lemma 2.8. The value functions v and U satisfy

HT
v(0),7(0) < _TO (2.2)
where HY is defined in (2.1).

Proof of Lemma 2.8. Frome (2.1), there exists j € {1,...,N} and q; € A]-O such that

HE = — min min_ {4; (0,a;)} = —¢; (0, a;)
i=1,N a; €AY

Let the control law a be defined by « (s) = a; for all s, then

oo . . HT
v(O)gJ(O,a):/ Ej(O,aj)e—Ast:M:__o'
0

A A
O
We are ready to prove Theorem 2.6.
Proof of Theorem 2.6. According to Lemma 2.7 and Lemma 2.8,
HT
v(0) < min{ min {v; (O) + ¢}, ——O} .
i=1,N A
Assuming that
0(0) < min {v; (0) + i}, (2.3)
i=1,N
HT
it is sufficient to prove that v (0O) = —TO. By (2.3), there exists a sequence {e,},cy such that

en, — 0 and
v(0)+e, < min {v; (0)+¢;} forallneN.
i=T,N
On the other hand, there exists an e,-optimal control a,, v (O) + &, > J (O, ;). Let us define the
first time that the trajectory yo.q, leaves O

t, = inf T/,
i=1,N
where T is the set of times ¢ for which yo a,, (t) belongs to I';\ {O}. Notice that t,, is possibly 400, in
which case yo,q, (s) = O for all s € [0,+00). Extracting a subsequence if necessary, we may assume
that ¢,, tends to t € [0, +oc] when &, tends to 0.
If there exists a subsequence of {t,} (which is still noted {¢}, cx) such that ¢, = +oo for all
n € N, then for a.e. s € [0,+00)

neN

f (yO,an (8) y Qi (S)) = f (0,0én (S)) =0,
14 (yO,an (S) y O, (5)) =/ (O, Qi (S)) .

In this case, ay, (5) € UN, A9 for a.e. s € [0,+00). Therefore, for a.e. s € [0, +00)

((yo,an (5) s (5)) = £(0, an (5)) = —Hb,

10



and

400 +o00 HT
v(0)+en,>J(0,00) = / 00, ap (s)) e ds > / (-H}) e Mds = —TO.
0 0
HE HY
By letting n tend to oo, we get v (O) > —TO. On the other hand, since v (0) < _TO by Lemma 2.8,

o HY
this implies that v (0) = ——*=

Let us now assume that 0 < t,, < +oo for all n large enough. Then, for a fixed n and for any
positive § < d,, where ¢, small enough, Yo a, () still belongs to some T';(,,)\ {O} for all s € (t,,,t,, + 0].
We have

v(0)+e, > J(O,a)
tn tn+d
= /0 ¢ (yO,an (3) ) O (S)) e Mds + ci(n)e_)\tn + /t gz(n) (yO,an (3) ) O (S)) e Mds
+e M) T (yo 0 (tn +6) i (- 4ty +6))

tn tn+d
C(Y0,0n (8) s an (5)) € Nds + cipye " + / litn) (YO, (5) s an (5)) € ds
tn

v

0
+e M0y (Yo 0, (tn + 0))

tn tn+0
= / 4 (yO,an (3) ) O (S)) e ds + ci(n)e_Mn + / gz(n) (yO,om (3) ) On (S)) e Nds
0 tn

e My, (Yo, (tn +0))

By letting ¢ tend to 0,

tn
v(0)+e, > (Y0, (8) s an (5)) e Mds + Ci(n)e_M” + e_M”vZ-(n) (0).
0

Note that yo,a, (s) = O for all s € [0,1,], i.e., f(O,a,(s)) =0a.e. s€0,t,). Hence
tn
0 (0) 420 > / 0(0, (5)) e ds + cxgmen + e My, (0)
0

tn
> / (—Hg) e Mds + ci(n)e_)‘t” + G_At"’Ui(n) (0)
0

1—eAn T “Mn | =Mt
= N (—Ho) + Ci(n)€ +e Vi(n) (0).
Choose a subsequence {ep, }; oy Of {€n}, oy such that for some ig € {1,..., N}, ¢;n,) = ¢, for all k.
By letting % tend to oo, recall that limy_,o t,, = t, we have three possible cases

. H} HY
1. If £ = 400, then v (O) > —TO. By Lemma 2.8, we obtain v (O) = _TO'
2. If t =0, then v (O) > ¢;, + vi, (O). By (2.3), we obtain a contradiction.
1—e
A

3. If t € (0,400), then v (0) >
v (0),

(_Hg) + [cio + Vig (0] e By (2.3), i, + vi (0) >

SO

1—e M T Y
v(0) > 3 (—Hp) +v(0)e ™.
HT
This yields v (O) > _TO’ and finally obtain a contradiction by Lemma 2.8.
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3 The Hamilton-Jacobi systems. Viscosity solutions

3.1 Test-functions

Definition 3.1. A function ¢ : 'y x ... x 'y — RV is an admissible test-function if there exists
(i) @i € C1 (Ty), such that ¢ (x1,...,2x5) = (@1 (21),...,0n (xx)). The set of admissible
test-function is denoted by R (G).

3.2 Definition of viscosity solution

Definition 3.2 (Hamiltonian). We define the Hamiltonian H; : I'; x R — R by
Hi (.Z',p) = max {_pfl (.Z',CL) - gl (‘Ta a)}
a€A;

and the Hamiltonian H; (O, ) : R — R by

HzJr (O,p) = max {—pf; (O,a) — ¢; (0,a)},

aeAj

where AF = {a; € A; : fi (O, a;) > 0}. Recall that the tangential Hamiltonian at O, HJ, has been
defined in (2.1).

We now introduce the Hamilton-Jacobi system for the case with entry costs

A (z) + H; <ac % (x)) =0 if 2 € T;\ {0},
‘ , (3.1)
Au; (O) + max {—)\ m;n {u; (O) +¢;},H <O, Zzl (O)> ,Hg} =0 if =0,
J#i i
for all # = 1, N and the Hamilton-Jacobi system with exit costs
. du; .
Au; () + H; <w, T (x)) =0 if x € T;\ {0},
i (3.2)

Jj#i

(0)> ,Hg—Adi} =0 ifz=0,

€T
for all # = 1, N and their viscosity solutions.

Definition 3.3 (Viscosity solution with entry costs).

e A function u := (u,...,uyn) where u; € USC (I';;R) for all i = 1, N, is called a viscosity
sub-solution of (3.1) if for any (¢1,...,¢n) € R(G), any i = 1, N and any x; € I'; such that u; — ¢;
has a local mazximum point on I'; at x;, then

s (0) + max { -\ {u; (0) + ) 117 (0.52(0)) HE} <0 it =00,
J7F i
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e A function u := (uy,...,uy) where u; € LSC(I';;R) for all i = 1, N, is called a wviscosity
super-solution of (3.1) if for any (¢1,...,¢on) € R(G), any i = 1, N and any z; € I'; such that u; — ¢;
has a local minimum point on I'; at z;, then

dpi
Au; (z;) + H; <$i, % ($1)> >0 if x; € T\ {O}v
s (0) + max { <A {u; (0) + 5} A (0.52(0)) HE} =0 it =o0.
j#i i
e A functions u := (uq,...,uy) where u; € C' (I';;R) for all : = 1, N, is called a viscosity solution

of (3.1) if it is both a viscosity sub-solution and a viscosity super-solution of (3.1).

Definition 3.4 (Viscosity solution with exit costs).

e A function 4 := (Uy,...,uy) where 4; € USC (I';;R) for all i = 1, N, is called a wviscosity
sub-solution of (3.2) if for any (¢1,...,%N) € R(G), any i = 1, N and any y; € I'; such that u; —
has a local mazimum point on I'; at y;, then

. di; )
Au; (yi) + H,; (yzw % (Zh')) <0 if y; € I\ {O},

dp;
dx :

Au; (O) + max {—)\ m;n {w; (0)} — Md;, H (O, (O)> JHE — /\di} <0 if y; = O.
JFi
e A function u := (uy,...,uy) where u; € LSC(I';;R) for all i = 1, N, is called a wviscosity
super-solution of (3.2) if for any (¢1,...,¥n) € R(G), any i = 1, N and any y; € I'; such that u; —;
has a local minimum point on I'; at y;, then

Au; (ys) + H; (yia di (%’)) >0 if y; € T\ {0},

d.Z'i
)@Z (O) + max {—)\ min {ﬁ] (O)} - )\d“ H2+ <O, dwz
j#i dx;

(O)) ,Hg—Ad,-} >0 ify; =0.

e A functions u := (uy,...,un) where u; € C (I';;R) for all : = 1, N, is called a viscosity solution
of (3.2) if it is both a viscosity sub-solution and a viscosity super-solution of (3.2).

Remark. This notion of viscosity solution is consitent with the one of [2]|. It can be seen in Section 6
when all the switching costs are zero, our definition and the one of [2| coincide.

4 Connections between the value functions and the Hamilton-Jacobi
systems.

Let v be the value function of the optimal control problem with entry costs and ¥ be a value function
of the optimal control problem with exit costs. Recall that v;,v; : I'; — R are defined in Lemma 2.5
by

vi(z) =v(z) ifxel;\{0O}, and Vi(z)=v(z) ifxel;\{0O},

<

~

v; (0) = limr\(0}5250 v (7) , i (0) = limr,\(0}5250 0 () -

We wish to prove that v := (v1,v9,...,v5) and U := (v1,...,Un) are respectively viscosity
solutions of (3.1) and (3.2). In fact, since G\ {O} is a finite union of open intervals in which the
classical theory can be applied, we obtain that v; and ©v; are viscosity solutions of

v (x) + H; (z,Dv(z)) =0 inI;\{O}.

<

Therefore, we can restrict ourselves to prove the following theorem.
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Theorem 4.1. Fori=1,N, the function v; satisfies

03 (0) -+ max {Amin {13 (0) + 5} 117 (0,52(0)) 11 | =0
J7 7

in the viscosity sense. The function v; satisfies

dv;

26, (0) -+ wax {~Aumin (5 (0) + i}, 17 (0. 52 (0)) 5~ ads p =0
JFL X

i the viscosity sense.

The proof of Theorem 4.1 follows from Lemmas 4.2 and 4.4 below. We focus on v; since the proof
for v; is similar.

Lemma 4.2. Fori =1, N, the function v; is a viscosity sub-solution of (3.1) at O.

Proof of Lemma 4.2. From Theorem 2.6,
Av; (O) + max {—)\ m;n {v; (O) + ¢;} ,Hg} <0.
VED
It is thus sufficient to prove that

M (0) + HF <07 Zm

7

©)) <0

in the viscosity sense. Let a; € A; be such that f; (O, a;) > 0. Setting a (t) = a; then (yz.q, ) € T
for all z € T';. Moreover, for all z € I';\ {O}, yaz.q (t) € I';\ {O} (the trajectory cannot approach O
since the speed pushes it away from O for y, o € I';N B (O, r)). Note that it is not sufficient to choose

a; € A; such that f(O,a;) = 0 since it can lead to f (z,a;) < 0 for all z € T';\ {O}. Next, for 7 > 0
fixed and any z € I';, if we choose

ag () = U=l (4.1)

then yy o, (t) € T;\ {O} for all t € [0,7]. It yields
v (2) < J(x,0,) = /OT Ui (Yz,a (), ai) e Mds+e T (Ya,a (T) Q) .
Since this holds for any & (o is arbitrary for ¢t > 7), we deduce that
v; (x) < /OT li (Yz,0, (5),a4) e Mds + e Mo, (Y0 (7)) - (4.2)
Since f; (-, a) is Lipschitz continuous by [H1], we also have for all ¢ € [0, 7],

t t
o () = Yoo (O] = |2+ /0 Fi (4o (5) s i) esds — /0 £ (900 (5) s i) exds

t
< Jel+L /0 o () — Y0.0 (5)] ds,
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where g satisfies (4.1) with z = O. According to Gronwall’s inequality,

Yz,00 (1) = Y0,00 (V)] < |7 e,
for t € [0, 7], yielding that y, o, (t) tends to yo,a, (t) when x tends to O. Hence, from (4.2), by

letting * — O, we obtain

vi (0) < / li (Yo, (5) ,ai) € *ds + e 0; (y0,a0 (7)) -
0

Let ¢ be a function in C* (T;) such that 0 = v; (O) — ¢ (O) = maxr, (v; — ). This yields

2 () = ¢ (Yo.a0 (7)) < ! /OT 0 (Y000 (8) , ai) e ds + ("

1) 0 (4000 (7))

T T T

By letting 7 tend to 0, we obtain that
dep
—fi (O, CLZ') 7 (O) < 62 (O, CLi) — )\Ui (O) .
Hence,

dUi
dl‘i

v; (O) + sup {—fz‘ (0,a)

©)- 600} <0
a€A;:fi(0,a)>0

in the viscosity sense. Finally, from Corollary A.2 in Appendix, we have

sup {—fi((),a)@(())—ei(o,a)}: max {—fi(O,a)d(’Di(O)—Ei(O,a)}.

a€A;:fi(0,a)>0 dx; a€A;:fi(0,a)>0 dw;
The proof is complete. O
Lemma 4.3. If
HT
04(0) < min {min (1, (0) + 5}, - 52} (43)
VED

then there exist T > 0,7 > 0 and 9 > 0 such that for any x € (I';\ {O}) N B (O,r), any € < g9 and
any €—optimal control law ae 4 for x,

Yrac, (5) € TN\{O}, foralls €[0,7].

dUi
dl‘i

Remark. Roughly speaking, this lemma takes care of the case Av; + H:r <a:, > (0) <0, ie., the

situation when the trajectory does not leave I';, see introduction.

Proof of Lemma 4.5. Suppose by contradiction that there exist sequences {e,},{7,} C R and
{z,} C T;\ {0} such that ¢, \, 0, x,, = O, 7, \(0 and a control law «,, such that «, is e,-optimal
control law and vy, «, (7,) = O. This implies that

vi (xn) +en > J (Tn, ) = /Om C(Yz.an (S) s an (5)) e Mds + e N (O, (- + 7)) - (4.4)

Since £ is bounded by M by [H1], then v; (x,,) + &, > —7,M + e~ (O) . By letting n tend to oo,
we obtain
v; (0) >v(0). (4.5)
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From (4.3), it follows that

min {%ﬂ{w (0) + ¢}, —HTS} >0 (0).

HT

However, v (O) = min {mln {v; (O) + ¢}, _TO} by Theorem 2.6. Therefore, v (O) = v; (O) + ¢; >
J
v; (O), which is a contradiction with (4.5). O
Lemma 4.4. The function v; is a viscosity super-solution of (3.1) at O.
Proof of Lemma 4.4. We adapt the proof of Oudet [20] and start by assuming that
HT
v; (O) < min {min {v; (O) + ¢}, ——O}.

J#i A

We need to prove that

\v; (O) + H <0, Z“? (0)> >0
in the viscosity sense. Let ¢ € C*(I';) be such that
0=v;(0)—¢(0) <v;(z)—p(x) forallxecly (4.6)

and {z:} C I;\ {O} be any sequence such that z. tends to O when ¢ tends to 0. From the dynamic
programming principle and Lemma 4.3, there exists 7 such that for any € > 0, there exists (y., a.) :=
(Yae e s @) € Ty, such that y. (1) € I';\ {O} for any 7 € [0, 7] and

v (xe) € > / G (ye (5), e (5)) e ¥ds 4+ e (ye (1)) .
0
Then, according to (4.6)

vi(ze) —vi (0) +¢ = /OT li(y= (5), az (s) e s + €77 [0 (ye (7)) — 0 (O)]

—v; (0) (1 - e_)‘T> . (4.7)
Next,
/ li (ye (s), e (9)) e Mds = / li (ye (8) e (s))ds 4+ o(T),
0 0
[0 (e (7)) = (O)] e = 0 (e (7)) — 9 (O) + 70 (1) + 0 (7),
and

v; (ze) —v; (O) =o:(1),
v; (0) (1 - e_)‘T> =o(7)+ 1A (0),

where the notation o. (1) is used for a quantity which is independent on 7 and tends to 0 as ¢ tends
to 0. For k € N* the notation o(7¥) is used for a quantity that is independent on € and such that

O(Tk) . k S O(Tk) .
— — 0as 7 — 0. Finally, O(7") stands for a quantity independent on € such that — remains
T T
bounded as 7 — 0. From (4.7), we obtain that
TAv; (0) > / li (ye (8),a: () ds+ ¢ (ye (1)) — 0 (O) + 10 (1) + 0 (T) + 0 (1) . (4.8)
0
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Since y. (1) € I'; for all €, one has

Pl () =9 (o) = [ 52 e ()i ) ds = [ 58 (0 (D) £ o 9) 0 (5D s

Hence, from (4.8)

o205 (0) = [ 600 (9,02 (60 + 5 (0 () il 5) (o) ds = 7o (1) 0 () + 02 (1),
(4.9)

Moreover, ¢ (ze) — ¢ (O) = o (1) and that ;j;p (e (s)) = j;ﬁ (O) 4+ o0:(1) 4+ O(s). Thus

(-1 [ [mye(s),ae(s))ﬂ@( ) F (e (5) <s>>] ds > o.(1)+

T

Let ¢, = 0 as n = oo and 7,,, — 0 as m — oo such that

(@mmns bn) = (L " fi (e, (8), e, (8)) e;ds, —/ li (ye, (8), e, (s ))ds> — (a,b) € Re; xR

Tm 0

as n,m — oco. By [H1] and [H2]

fi(Yen (8)50e, (8)) ei = fi(O,ac, (s) + Llye, (8)| = fi (O, e, (s)) €i + on (1) + 0 (1),
i (Ye, (8), e, (s) & =i (0, ae, () +w(|ye, (s)]) = 4 (0, e, (s)) €i + on (1) + 0om (1)

It follows that

(s o) = <% /OT’” £(0, o, (5)) esds, %/Om 4 (0, a.. (s))ds> +on (1) + om (1)
€ FL; (O) + 0, (1) + 0, (1),

since FL; (O) is closed and convex. Sending n,m — oo, we obtain (a,b) € FL; (O) so there exists
a € A; such that

. r[m™ o [m _ _
lim <_ / fi (yé‘n (S) )y Qe (8)) e;ds, — / ¢ (yEn (S) )y Qe (S)) d8> = (fl (07 CL) e, l; (07 CL)) :
m,n—00 \ Ty, Jo Tm Jo

(4.11)
On the other hand, from Lemma 4.3, y., (s) € I';\ {O} for all s € [0, 7,,]. This yields

e () = | [ 500, (9 00, 6D 5] -4

Since |ye,, (Tm)| > 0, then
L 22,
— i (ysn (3) , Oy, (8)) ds > ——
Tm 0 Tm
Let e, tend to 0, then let 7, tend to 0, one gets f; (O,a) > 0, so @ € Af. Hence, from (4.10)

and (4.11), replacing ¢ by &, and 7 by 7,,,, let €, tend to 0, then let 7, tend to 0, we finally obtain

Av; (0) + feli};% {—f,- (0,a) jfl (0)—¢; (O,a)} > \v; (0) + [—fi (0,a) j;i (0) —¢;(0,q)
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5 Comparison Principle and Uniqueness

Inspired by [6, 5], we begin by proving some properties of sub and super viscosity solutions of (3.1).
The following three lemmas are reminiscent of Lemma 3.4, Theorem 3.1 and Lemma 3.5 in [2].

Lemma 5.1. Let w = (wy,...,wy) be a viscosity super-solution of (3.1). Let x € I';\ {O} and
assume that

T
w; (O) < min {151;121 {w; (O)—i—cj},—%}. (5.1)

Then for all t > 0,

tAO; ) '
w; (z) 2 i(n)f@ </ 0 (e (s) i () e Mds +w; (v (EA6))) e‘A(“\ei)> ,
ai(),8: \Jo

where a; € L™ (0,003 A;), Y& is the solution of y. (t) = x + {fg fi (YL (s), i (5)) ds] e; and 0; satisfies

vl (0;) = 0 and 0; lies in [1;,7;], where 7; is the exit time of y. from T;\ {O} and 7; is the exit time
of y&. from T;.

Proof of Lemma 5.1. According to (5.1), the function wj is a viscosity super-solution of the following

problem in I';
dw,-

d—a:,(x)> =0 ifxel;\{0O},
dwi
dl’,’

\w; (z) + H; | ,
( o

\w; (0) + H <O, (O)) =0 ifzx=0.
Hence, we can apply the result in [2, Lemma 3.4]. We refer to [5] for a detailed proof. The main
point of that proof uses the results of Blanc |7, 8] on minimal super-solutions of exit time control
problems. O

Lemma 5.2 (Super-optimality). Under assumption [H], let w = (w1,...,wy) be a viscosity super-
solution of (3.1) that satisfies (5.1); then there exvists a sequence {ny},cy of strictly positive real
numbers such that limg_,oonr = n > 0 and a sequence xp € T;\{O} such that limg_, zr =
O, limy_, o w; (xg) = w; (O) and for each k, there exists a control law af such that the corresponding
trajectory ys, (s) € I'; for all s € [0,n;] and

w2 [ (9,08 (9) € oy () €

HT
Proof of Lemma 5.2. According to (5.1) w; (O) < —TO. Hence, this proof is complete by applying
the proof of in |2, Theorem 3.1]. O
Lemma 5.3. Under assumption [H], let w = (u1,...,un) be a viscosity sub-solution of (3.1). Then

u; is Lipschitz continuous in B (O,r) NTy. Therefore, there exists a test function p; € C* (T;) which
touches u; from above at O.

Proof of Lemma 5.3. Since u is a viscosity sub-solution of (3.1), u; is a viscosity sub-solution of (5.2).
Recal that H; (x,-) is coercive for any z € I'; N B (O, r), we can apply the proof in |2, Lemma 3.2],
which is based on arguments due to Ishii and contained in [17]. O
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Lemma 5.4 (Sub-optimality). Under assumption [H], let u = (uq,...,un) be a viscosity sub-solution
of (3.1). Consider i = 1,N,z € I';\{O} and a; € L*> (0,00; A;). Let T > 0 be such that y; (t) =

x + [f(f fi(yz (5), 04 (8))ds] e; belongs to T'; for any t € [0,T], then

T
ui (x) < /0 0 (4 (5) 0 (8)) € ds + s (e (T)) €7,

Proof of Lemma 5.4. Since u is a viscosity sub-solution of (3.1), u; is a viscosity sub-solution of (5.2).
T

H
and satisfies u; (O) < —TO. Hence, we can apply the proof in [2, Lemma 3.5 |. O

Remark 5.5. Under assumption [H], Lemmas 5.1, 5.2, 5.3 and 5.4 hold for vicosity sub- and super-

solution @ and w repestively, of the exit cost control problem if (5.1) replaced by
HT
(0) < min {min (; (0)) + &, -2 + & }.
VE=

Theorem 5.6 (Comparison Principle). Under assumption [H], let u be a bounded viscosity sub-
solution of (3.1) and w be a bounded viscosity super-solution of (3.1); then u < w in G, component-
wise. This theorem also holds for viscosity sub- and super-solution u and w, respectively, of the ewit
cost control problem (3.2).

We give two proofs of Theorem 5.6. The first one is inspired by [2] and uses the previously stated
lemmas. The second one uses the elegant arguments proposed in [18].

Proof of Theorem 5.6 inspired by [2] . We focus on u and w, the arguments used for the compari-
son of w and w are totally similar. Suppose by contradiction that there exists 2 € T'; such that
u; () — w; () > 0. By classical comparison arguments for the boundary value problem, see [4],
supgp, {u; — v} > supp, {u; — v;}", so we have

u; (0) —w; (0) = max {u; () —w; (x)} > 0.
By definition of viscosity sub-solution
Mu; (0) + HE < 0. (5.3)
This implies Aw; (O) + HE < 0. We now consider the two following cases.

Case 1: If w; (O) < minj»; {w; (O) + ¢;}, from Lemma 5.2 (using the same notations),

w0 > [ (s (9,08 (9) € G () €

Moreover, according to Lemma 5.4, we also have

ui (k) < /0 " (e (5) 0 (5)) € 1 3 () e
This yields
wi (zk) — wi (2k) < [ (Yo () — Wi (Yo, (70))] € < [ (O) — w; (O)] e Mk
By letting k£ tend to oo, one gets
u; (0) — w; (0) < [u; (0) — w; (O)] e,

This implies that u; (O) — w; (O) < 0 and leads to a contradiction.
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Case 2: If w; (O) > minj»; {w; (O) + ¢;}, then there exists jo # 4 such that

wj, (O) + ¢j, = min {w; (O) +¢;} = m;n {w; (0) +¢j} <w; (0),
j=1,N i

because ¢; > 0. Since c¢j, is positive

wj, (0) <min{w; (O) +¢;}. (5.4)

J#Jo

Next, by Lemma 5.3, there exists a test function ; in C! (J;) that touches u; from above at O,
it yields

i

Au; (O)—A I;a;]la {u; (0) + ¢;} < Au; (O)+max {—)\ 1;11;121 {u; (O) +¢;}, HY <O, Z% (O)> ,Hg} <0.
Therefore

wj, (0) + ¢j, < w; (0) <u; (0) < I;n;]la {u; (O) + ¢;} < uj, (0) + ¢y
Thus

wjy (0) < uj, (O). (5.5)
Replacing index i by jp in (5.3), we get

Awj, (0) + HE < 0. (5.6)

By (5.4) and (5.6), (5.1) holds true. Repeating the proof of Case 1 with jj, we reach a
contradiction with (5.5). It ends the proof.

O

The comparison principle can also be obtained alternatively, using the arguments which were
very recently proposed by Lions and Souganidis in [18]. This new proof is self-combined and the
arguments do not rely at all on optimal control theory, but are deeply connected to the ideas used
by Soner |22, 23| and Capuzzo-Dolcetta and Lions [10] for proving comparison principles for state-
constrained Hamilton-Jacobi equations

Proof of Theorem 5.6 inspired by [18]. We start as in first proof. We argue by contradiction without
loss of generality, assuming that there exists ¢ such that

u; (0) —w; (0) = max {u; () —w; (x)} > 0.

HT
Therefore w; (0) < ——2. We now consider the two following cases.

A

Case 1: If w; (O) < minjx; {w; (O) + ¢;}, then w; is a viscosity super-solution of (5.2). Recall
that by Lemma 5.3, there exists a positive number L such that for ¢ = 1, N, u; is Lipschitz
continuous with Lipschitz constant L in I'; N B(0,7). We consider the function

\I!Z-,szI‘ixI‘i—>R

(0,) — wi () = wi(y) = oz [ ol + byl + 8 @F = (Ja] + ).

20



1
where d(¢) = (L+1)e and v € (0, §> It is clear that W;. attains its maximum M.,

at (e, Yey) € Iy x Ty By classical techniques, we check that x.,,y., — O and that

(5175,7 - ye,'y)z
€

— 0 as ¢ — 0. Indeed, one has

= |33€,~/| + |y€,~/| +0 (5)]2

U (xsnf) - w; (y&“/) - -7 (|x€7«,| + |y€,’y|)

2e
2
> mo {us (2) — wi () — 2y el — 50 (5.7)
2
> u; (0) — w; (0) @e. (5.8)

Since u; (O) — v; (O) > 0, the term in (5.8) is positive when ¢ is small enough. We also
deduce from the above inequality and from the boundedness of u; and w; that, maybe after the
extraction of a subsequence, . ., y. y — x, as € — 0, for some x,, € I';. From (5.7),

2
(el = 1yey)” (= l2en] + 1yen]) 6 (€)
2e €

Ui (Tepy) = wi (Yey) = = max {u; (z) — wi () — 2 [z}

Taking the limsup on both sides of this inequality when € — 0,

2
x —
wi (2+) — w; (x4) — 27|24 > max {u; (x) — w; (x) — 2y |z|} + limsup (el = 19en)
L e—0 2e

2
> u; (O) — w; (O) + limsup (e = [Yenl)
e—0 2e

_ 2
> u; (0) — w; (O) + lim inf (el = [Yenl)
e—0 2¢

Recalling that u; (O) — w; (O) = maxr, (u; — w;), we obtain from the inequalities above that
z, = O and that

lim (|x€,“{| - |y€,’y|)

2
lim o = 0. (5.9)

We claim that if € > 0, then z. , # O. Indeed, assume by contradiction that z. , = O:

1. if y, > 0, then

1 6% (e)
My = ui (0)—w; (yew)_% |Yeq| + 0 (5)]2_7 Ve | = Ui (Ye ) —wi (Ye,y)— % =27 |y |-
Since wu; is Lipschitz continuous in B (O,r) NT';, we see that for € small enough
Yerl”  19enld () |Yey| 0 (€)
L|ye.'y| > u; (0) — u; (ye,'y) 2 ;; + = _7|ye,’y| = % _7|ye,'y|-

1
Therefore, if y.  # O, then L > L + 1 — v which gives a contradiction since y € <O, 5)
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2. Otherwise, if y. 4 = O, then

52 (6) > U (662') — W; (0) — i [—5 +9 (5)]2 — e

Mgﬁ = Uj (O) — W; (O) — 2% - 2%

Since wu; is Lipschitz continuous in B (O,r) NT';, we see that for & small enough,

|Yey10 ()
9

2
Le > u; (O) — u; (ge;) > Iy;,;| + LZEILIO)

— 2y |y€.’y| > — 2y |y€.~/| .

1 1
This implies that L > 3 + L + 1 — 7, which gives a contradiction since v € <0, 5)

Therefore the claim is proved. It follows that we can apply the viscosity inequality for u; at
¥ ~. Moreover, notice that the viscosity super-solution inequality (5.2) holds also for y. , = 0
since H; (O,p) < H;" (O, p) for any p. Therefore

— T~ + +6 (e

i ) 4 Hi (e, o020 4 ) <
— T+ +6 (e

w; (yaﬁ) +H, <yam £ y;v (e) _ ’Y> > 0.

Subtracting the two inequalities,

—Teny + Yoy t+ d (6) + 7) _H (l‘ —Tery + Yoy + ) (6)
? €,77
€ €

Uj (3367“/) —w; (ys,v) < H; (ye,'y,
(5.10)
Using [H1] and [H2], it is easy to see that there exists M; > 0 such that for any z,y € I';,p,q¢ € R

|H; (z,p) — H; (y,q)| < |H; (x,p) — H; (y,p)| + |Hi (y,p) — Hi (y,9)|
< M|z —y|(1+|p|) + M; |p—ql.

It yields

€
5(6)) [en = Yenl”
_I_ ) )
€ €

— —Teny + Yy +0 (€
Uj (xs,v) —w; (ye,'y) < M; [L’Ee,w _ye,'y| <1 +‘ - - ©) _'VD +2|7|]

M; [|$5,~/ - ye,'y| (’7 +1+

IA

+ 27|

Applying (5.9), let € tend to 0 and 7 tend to 0, we obtain that u; (O) — w; (O) < 0, the desired
contradiction.

Case 2: w; (O) > minj»; {w; (O) + ¢;} = wj, (O) + ¢j,. Using the same arguments as in Case 2 of

the first proof, we get

HT
wj, < min {min {w; (0) + ¢}, ——O}
J#Jjo A

and wj, (O) < uj, (O). Repeating Case 1, replacing the index i by jo, implies that wj, (O) >
uj, (O), the desired contradiction.

O
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Corollary 5.7 (Uniqueness). If v is the value function (with entry costs) and (vy,...,vN) is defined
by

0i () = v (z) if x € T;\ {O},
limg_, o+ v; (0e;) if x = O,
then (v1,...,vN) is the unique bounded viscosity solution of (3.1).
Similarly, if v is the value function (with exit costs) and (v1,...,Un) is defined by
5 (@) 0 (x) if x € T;\ {O},
Z limg_or 0 (6¢;)  if &= O,
then (v1,...,0n) is the unique bounded viscosity solution of (3.2).

6 A more general optimal control problem

In what follows, we generalize the control problem studied in the previous sections by allowing some
of the entry (or exit) costs to be zero. The situation can be viewed as intermediary between the one
studied in [2] when all the entry (or exit) costs were zero, and that studied above when all the entry
or exit costs were positive. Accordingly, every result presented below will mainly be obtained by
combining the arguments proposed above with those used in [2|. Hence, we will present the results
and omit the proofs.

To be more specific, we consider the optimal control problems with non-negative entry cost C' =
{¢1,.-.Cm,Cmt1,.-.¢n} where ¢; = 0 if i« < m and ¢ > 0 if i > m, keeping all the assumptions
and definitions of Section 2 unchanged. The value function associated to C' will be denoted by V.
Similarly to Lemma 2.5, V' |p,\j0} is continuous and Lipschitz continuous near O: therefore, it is
possible to extend V' \pi\{o} at O. This extension will be noted V;. Moreover, one can check that
Vi (0) = V;(O) for all i,j < m, which means that V' [ym r, is a continuous function which will be
noted V. hereafter.

Combining the arguments in [2| and in Section 2 leads us to the following theorem.

Theorem 6.1. The value function V' satisfies

HEY
max {V;(0)} <V (0)=V.(0) < min{ min _ {V; (0) +7¢}, jaini 04 } .
i=m+ 1N i=m+ 1N A

Remark 6.2. In the case when ¢; = 0 for ¢ = 1, N, V is continuous on G and it is exactly the value
function of the problem studied in [2].

We now define a set of admissible test-function and the Hamilton-Jacobi equation that will char-
acterize V.

Definition 6.3. A function ¢ : (U T;)XDppy1 x. .. X[y — RY=™F L of the form ¢ (zc, Tims1, - - - TN) =
(pe(e) s ©m+1 (Tms1) s -y on (zn)) is an admissible test-function if

e (. is continuous and for i < m, . |r, belongs to C* (T;),
e for i > m, ; belongs to C* (I';),

e the space of admissible test-function is noted R (G).
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Definition 6.4. A function U = (Ug, U1, - - ., Un) where U, € USC (U;”Zlfj; R) ,U; e USC (I';;R)
is called a wviscosity sub-solution of the Hamilton-Jacobi system if for any (., ¢m+1,---,9n) € R(G):

1. if U, — . has a local maximum at x. € U;”Zlfj and if
e z. €I';\{O} for some j < m, then

dx;

U (20) + H, (x de (mc)> <0,
J

e 2. = O, then

. _ dipe
AU, (O) + max {—)\jrrélng {U; (O) +7¢;} , Tax {H;r <O, d:z:;' (0)) } ,Hg} < 0;

2. if U; — @; has a local maximum point at x; € I'; for i > m, and if

o z; € I\ {O}, then

dpi
i(zi) + Hi { , 5— (x;) | <0,
AU; () + <x d:EZ(:E)) 0
e z; = O, then

AU; (O) + max {

X min (05(0) + 53}, ~30(0)11F (0,52 0)) 115 | <o
j>mj#i d:EZ

A function U = (Us,Ups1, ..., Uy) where U, € LSC (uy;lrj;R) ,U; € LSC(I;R) is called a
viscosity super-solution of the Hamilton-Jacobi system if

U.(0) > U; (0), fori=m+1,N, (6.1)
and for any (¢, ©m+1,---,9N) € R(G):
1. if U. — ¢, has a local maximum at x. € U;”ZIFj and if
e z. €I';\{O} for some j < m, then
AU () + H, <x dee (xc)> >0,

dl‘j

e z.= O, then

. _ dpe
AU (O) + max {—)\jrrélng {U; (O) +7¢;} , Iax {H;r <O, d:nj’) (0)} ,Hg} > 0;

2. if U; — @; has a local minimum point at x; € I'; for i > m, and if

e z; € I';\ {O}, then

dp;
AU; (z;) + H; (m, ar, (a:,)) >0,
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e 1; = O for i > m then

j>m i dz;

A function U = (U, Uy, ...,Uy) where U, € C (Uj<;,I'j;R) and u; € C (I'; R) for all ¢ > m is called
a wviscosity solution of the Hamilton-Jacobi system if it is both a viscosity sub-solution and a viscosity
super-solution of the Hamilton-Jacobi system.

AU; (0) + max {—A min {U; (0) +¢,},—\U, (0) , H;t <0, dpi (0)> ,Hg} > 0.

Remark 6.5. The term —AH¢ (O) in the above definition accounts for the situation in which the

d
trajectory enters UJL,T'j. The term max;<,, H]+ <O, d(pj’ (O))} accounts for the situation in
< =
J

dpe dee
which the trajectory enters I';, where H; [ O, ('DJF (0) | = maxj<m  Hi | O, ('DJF O)] ¢-
0 dz] - J dz]

Remark 6.6. In the case when ¢; = 0 for ¢ = 1, N, we recover the notion of viscosity solution proposed
in [2].
We now study the relationship between the value function V' and the Hamilton-Jacobi system.

Theorem 6.7. Let V be the value function corresponding to the entry costs C, then V is a viscosity
solution of the Hamilton-Jacobi system.

Let us state the comparison principle for the Hamilton-Jacobi system.

Theorem 6.8. Let U = (U.,Upt1,...,Un) and W = (W, Wii1,..., W) be a bounded viscosity
sub-solution and a viscosity super-solution, respectively, of the Hamilton-Jacobi system. The following
holds: U < W in G, i.e., U. < W, on U;”Zlfj, and U; < W; in Ty for all i > m.

Proof of Theorem 6.8. Suppose by contradiction that there exists i € {1,..., N} and = € T'; such
that

Ue(z) = We(z) >0 ifi<m,
Ui(x) = W;(z) >0 ifi>m,
then
Ue (0) = We (0) = maxym v, {Uc = We} >0 if i <m,
Ui (O) = W; (0O) = maxr, {U; — W;} >0 it i >m,

since the case where the positive maximum is achieved outside the junction leads to a contradition
by classical comparison results.

HT
Sub-case 1-a: W, (0O) < minjs,, {W; (0)+¢;}. Since W, (0) < U.(0) < _TO’ the func-

tion W, is a viscosity super-solution of

AW, (x) + H; <a:, % (x) =0 ifi<m,zeT;\{O},
aw, aw, .
W, (0)+ H. (e 0),.... 2 0)) =0 ifz=o0.
0)+ 1 (T 0) TEO) =0 it

where H. (p1,...,pm) = max;<m H; (O, p;). Applying Lemma A.3 in the Appendix, we
obtain that U. (O) < W, (O) in contradiction with the assumption.
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Sub-case 1-b: W, (0) > minjs., {W; (0) +¢;} = W;, (O) +¢,. Since ¢;, > 0, we first see
T
that W;, (O) < min {minj>m {W; (0)+7¢},W.(0), —%}. Hence, W, is a viscosity

~—

super-solution of (5.2) replacing ¢ by ig. Moreover, since

U, (0) + ¢y > r_r;in (Uj (0) —|—Ej) > U, (0) > W, (0) > Wio (O) + ¢y,
ji>m
then U, (O) > W, (O). Applying the same argument as Case 1 in the second proof of
Theorem 5.6 replacing ¢ by ip, we obtain that U;, (O) < W, (O), which is contradictory.
Case 2: U; (O)—W,;(0) = max (Ui — W;) > 0 for some ¢ > m. Using the definition of viscosity
sub-solutions and Case l,lwe see that W; (0) < U; (0) < U, (O) < W, (0).

HT
Sub-case 2-a: W;(0) < minjs,y, {W;(0)+7¢;}. Since U; (O) < _TO’ we first see that
HT
W; (O) < min {minj>m {W; (0)+7¢},W.(0), —TO}. Hence, W; is a viscosity super-

solution of (5.2). Applying the same argument as in Case 1 in the second proof of
Theorem 5.6, we see that U; (O) < W; (O), which is contradictory.

Sub-case 2-b: W; (O) > minjs., {W; (0) +7¢;} = W;, (O) + ¢;,. Since ¢;, > 0, we can check
HT
that W;, (O) < min {minj>m {W; (0) +¢;},W.(0), ——O}. Hence, W;, is a viscosity

A
super-solution of (5.2) replacing i by iyp. Moreover, since
U; (O) + Gy 2 n;in (U] (O) + Ej) > U, (O) > W; (O) > Wio (O) + Ciy,
j>m
then U, (O) > W, (O). Applying the same argument as Case 1 in the second proof of
Theorem 5.6 replacing ¢ by ig, we obtain that U;, (O) < W, (O) which is contradictory.

O

A Appendix

Lemma A.1. For any a € Aj, there exists a sequence {ay} such that a,, € A; and

4

fi(O,an) > E>07

2M

|fl(07an)_fl(07a)| é 77
10 (0, an) — £ (0,0)] < %

Proof of Lemma A.1. From assumption [H4|, there exists as € A; such that f; (O,as) = 6. Since
FL; (O) is convex (by assumption [H3]), for any n € N,a € A

% (£ (0. a3) €1, 6: (O, ag)) + (1 _ %) (£(0,a) ,£;(0,a) ;) € FL; (O).

Then, there exists a sequence {a,} such that a,, € A; and

% (fi (O, as),4; (0, as)) + <1 — %) (fi (0,a),4;(0,a)) = (fi (O,a,) ,4; (O,a,)) € FL; (O). (A.1)
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Notice that f; (O,a) > 0 since a € A}, this yields

fi(0yap) z 1198 0
n n

From (A.1), we also have

1 2M

|fi (O,an) — fi (O,a)| = o |fi (O,a5) — fi (0,a)] < 0

and ) Y

14 (O,an) — £ (0,a)| = - 14 (O,a5) — £ (0,a)| < gt

O

We can state the following corollary of Lemma A.1:

Corollary A.2. Fori=1,N and p; € R,
{=fi(0,a) pi = £; (O, a)}.

max {=fi(0,a)pi — £;(0,a)} = sup
acA; s.1. fi(ova)zo a€A; s.t. fi(O,a)>0
Lemma A.3. If U. and W, are respectively viscosity sub and super-solution of
dU. ,
AU. () + H; | =, Tr, ()| <0ifxel;\{O},

dU. dU, .
— .. < =
.0+ (2 0). . FEO) <0 -0,

and

AW, (z) + H; <x, CZ‘ZC (a:)) >0 ifzel;\ {0},

dW, dW, .
.. > =
W (0)+ 1, (2 (0). o 2 (0)) 20 42 =0

then U, (x) < W, (z) for all z € | J* | T;.
Proof of Lemma A.3. Assume that there exists € I'; where 1 < i <m and U, (z) — W, (Z) > 0. By

classical comparison principle for the boundary problem on I';, one gets

Uc.(0) =W, (0) = max {Ue () = We(x)} > 0.

Applying again classical comparison principle for the boundary problem for each edge I';

Ue (0) =W (0) = max {Uc(x) — We(z)} > 0.
i=1"11
For j =1, N, we consider the function
\Ifjﬁ,fy : Fj X Fj — R

(r,) — U (@) = We (9) = 5 1= bl 1]+ 6 €0 = (2l + Iy
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1
where 0 (¢) = (L+1)e, v € <0, 5)
The function ¥;. attains its maximum at (z;.,9j~) € I'; x I';. Applying the same argument as

(Tjer = Yjen)”
= = — 0ase — 0.

in the second proof of Theorem 5.6, we have x;. ~,¥y;., — O and

_ €
Moreover, for any j = 1,m, z;., # O. We claim that y; ., must be O for € small enough . Indeed,
if there exists a sequence e, such that y; ., ~ € I';\ {O}, then applying viscosity inequalities, we have

_xj,an,'y + ija’rlyﬂy + 6 (En) + ’Y> < O
En -

uj (Tje, ) + Hj (fcj@mw

_':Uj,€n,“{ + ijenfy + 5 (gn) — ’7) > 0

w.] (ijenvﬁf) + Hj <yj7€n777
€n
Subtracting the two inequalities and using (5.10) with H;, we obtain

_xj,t?n,“{ + yjﬁn,’}/ + 5 (en)
€n

U (Tjen ) — Wi (Yjenny) < MJ Zjenny = Yjennl (1 + ' - 7‘) + Mﬂy.

2
(‘ijanﬁ B yjyanv'Y)
En
we obtain w; (O) — u; (O) > 0. It leads us to a contradiction. So this claim is proved.

Define the function ¥ : [JiL; T'; — R by

1 1
Wi, 1) = 52 2 {1 Wienl + 3 =7 lricnl} + 52 [ laical 1yl + 8 ©F +7 (= [2ic0] + lyl)
J#

Recall that we already have — 0 asn — oo. Let n tend to oo and v tend to 0 then

We can see that W is continuous on be:l I'; and belongs to C1 (I';) for j = 1,m. Moreover, for
J = 1,m and for € small enough, y;.,=0 then the function ¥ + W, has a minimum point at O. It

yields
AW, (O) + H, <—_x1’a’”: °6) . —_xm’a’”;r 0 (€)> > 0.

By definition of H., there exists jo € {1,...,m} such that

AW, (O) + H;g <()7 _—%,e,:r 9 (5)_> > 0.

This implies

AW, (0) + Hj, <O, M) >0

On the other hand, since z;, ., € I';,\ {O}, we have

AUc (Tjo,e.) + Hjy <xjo,€m -

Subtracting the two inequalities and using properties of Hamiltonian Hj, let € tend to O then « tend
to 0, we obtain that W, (O) — U. (O) > 0, which is contradictory. O

_fjo,&—y +4 (E)> <0
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