N
N

N

HAL

open science

Minimal surfaces near short geodesics in hyperbolic

3-manifolds

Harold Rosenberg, Laurent Mazet

» To cite this version:

Harold Rosenberg, Laurent Mazet. Minimal surfaces near short geodesics in hyperbolic 3-manifolds.
Advances in Mathematics, 2020, 372, 10.1016/j.aim.2020.107285 . hal-01546786

HAL Id: hal-01546786
https://hal.science/hal-01546786

Submitted on 22 Aug 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial 4.0 International License


https://hal.science/hal-01546786
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr

Version of Record: https://www.sciencedirect.com/science/article/pii/S000187082030311X
Manuscript_5149b224eb264bd2b06f98de0cb82062

MINIMAL SURFACES NEAR SHORT GEODESICS IN
HYPERBOLIC 3-MANIFOLDS

LAURENT MAZET AND HAROLD ROSENBERG

ABSTRACT. If M is a finite volume complete hyperbolic 3-manifold, the
quantity A1 (M) is defined as the infimum of the areas of closed mini-
mal surfaces in M. In this paper we study the continuity property of
the functional A; with respect to the geometric convergence of hyper-
bolic manifolds. We prove that it is lower semi-continuous and even
continuous if A; (M) is realized by a minimal surface satisfying some
hypotheses. Understanding the interaction between minimal surfaces
and short geodesics in M is the main theme of this paper

1. INTRODUCTION

The area of a closed minimal surface ¥ in a complete hyperbolic 3-
manifold is bounded above by —2my(X); this follows from the Gauss equa-
tion. Finding an optimal lower bound for the area is a more subtle question.
Notice that in dimension 2, there is no lower bound for the length of a
closed geodesic in a hyperbolic surface. However the Margulis lemma and
the monotonicity formula does give a lower bound of 27 (cosh(€) — 1), for
the area of a properly immersed minimal surface in a complete hyperbolic
3-manifold; £ is the Margulis constant. According to explicit estimates of &,
this number is at least 0.104 [12].

In a previous paper [I1], the authors proved the area is at least 2 when X
is a closed embedded minimal surface in a complete finite volume hyperbolic
3-manifold of Heegaard genus at least 6. If ¥ is non-orientable the lower
area bound is . Perhaps the main goal of the present paper it to introduce
techniques to resolve the remaining cases: 2 < Heegaard genus < 5.

In our paper [I1], we introduce the quantity A; (M), where M is a compact
orientable 3-manifold. If O denotes the collection of all smooth orientable
embedded closed minimal surfaces in M and U the collection of all smooth
non-orientable ones, A; (M) is defined by

A1 (M) = inf({|S], X € OYU{22],S € U})

so A1 (M) gives a lower bound for the area of any minimal surface in M.
The main result in [I1] says that A;(M) is the area (or twice the area)
of some minimal surface in M. Moreover it gives some characterization of
this minimal surface in terms of its index and its genus.
Let (g;); be a sequence of smooth Riemannian metrics on M which smoothly
converge to g. Because of the characterization of the minimal surface that
1
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realizes Aj(M, g;) and thanks to a compactness result by Sharp [16], it
can be proved that liminf A; (M, ¢;) > A1(M,g). Moreover, if Ay (M, g) is
realized by a non degenerate minimal surface, lim Ay (M, g;) = A1(M,g).
However one can produce examples where 4; is not upper semi-continuous
(F. Morgan suggested examples of a 2-sphere looking like a pear).

Concerning hyperbolic manifolds, our study proves that, if M is hyper-
bolic and its Heegaard genus is at least 6, then A;(M) > 27 which gives
a universal lower bound for the area of a minimal surface in M. This rea-
soning can be adapted to the case M is a finite volume hyperbolic manifold
(not necessarily compact).

In order to remove the hypothesis about the Heegaard genus, we ask the
question of the continuity of A; when the space of hyperbolic manifolds
is endowed with the geometric convergence topology. Here the situation is
not as above where we have a sequence of Riemannian metrics on a fixed
manifold, here we have a sequence of manifolds M; with changing topolo-
gies. Moreover, if (M;); is a non trivial converging sequence of hyperbolic
manifolds then M; contains a geodesic v; whose length goes to 0. As a conse-
quence, an important question for our study is to understand the behaviour
of a minimal surface intersecting a neighborhood of a short geodesic.

This question has been already studied by several authors. For example,
Hass [§] and Huang and Wang [9] study the geometry of minimal surfaces
near a short geodesic in order to construct hyperbolic manifolds that fiber
over the circle but such that the fibers can not be made minimal.

Our study of minimal surfaces near short geodesics starts with a result of
Meyerhoff [12]. Basically it says that a short geodesic in M of length ¢ has
a embedded tubular neighborhood Npg, of radius R, and limy_,g Ry = +oo0.

We obtain two results concerning minimal surfaces in Ng,. The first
one deals with stable minimal surfaces in tubular neighborhood of short
geodesics (Corollary . Basically it says that such a stable minimal surface
either stays far from the short geodesic or it intersects transversely the short
geodesic. Moreover in the second case, the surface must have a very large
area in the R, tubular neighborhood of the geodesic.

Our second result deals with general minimal surfaces (not assumed to be
stable) (Proposition E[) It says that a minimal surface in the neighborhood
of a short geodesic either stays very far from the core geodesic or comes very
close to it (the estimate depending on the index of the minimal surface). As
above in the second case, we obtain a lower bound for the area of a minimal
surface coming close to the short geodesic.

Actually these two results are very similar to results we obtained with
Collin and Hauswirth in [4] concerning the geometry of minimal surfaces
in hyperbolic cusps. In both cases, the argument is based on the fact that
the tubular neighborhoods are foliated by equidistant tori whose diameter
are small. As a consequence, an embedded minimal surface with bounded
curvature can not be tangent to these equidistant surfaces.
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Once the behaviour of minimal surfaces close to short geodesics is un-
derstood, we study the continuity of A;. A version of our result can be
stated as follows. It is similar to the result that can be obtained for a fixed
manifold with a converging sequence of metrics.

Theorem. Let M; — M be a converging sequence of hyperbolic cusp mani-
folds. Then

A (M) < liminf A (MZ)

If A1 (M) is not realized by the area of a stable-unstable separating minimal
surface, then

Ay (M) = lim A; (M;).

Let us recall that ”stable-unstable” means that the first eigenvalue of
the stability operator is 0. Of course one can expect that the surface that
realizes A; (M) is never stable-unstable but we do not know how to prove
this. Actually it is possible to expect that no minimal surface in a hyperbolic
manifold is stable-unstable. In fact the above result is a combination of two
propositions: Propositions 22] and

The main difficulty in the proof of Proposition [25]is to be able to control
where is located a minimal surface ¥; that realizes A;(M;). Actually, our
study of minimal surfaces near short geodesics implies that 3; can not enter
into a tubular neighborhood of a short geodesic. So it stays in a part of M;
where the convergence M; — M is just the smooth convergence of the metric
tensor. Thus a compactness result by Sharp [16] gives the lower semiconti-
nuity of A;. Concerning Proposition we first prove that lim sup A; (M;)
is bounded. Thus if A;(M) is not realized by a stable-unstable separating
minimal surface X then X can be deformed into a minimal surface in M;.
This implies the second inequality.

Of course one can also think about hyperbolic manifolds with infinite
volume and ask the following question. For which class of complete hyper-
bolic 3-manifolds of infinite volume can one hope for an area lower bound
27?7 There may not exist a closed minimal surface in M, but if A;(M) is
realized, can one expect it to be at least 277

The paper is organized as follows. In Section|2.1] we recall some basic facts
about the description of cusp and tubular ends of complete finite volume
hyperbolic 3-manifolds. Section (3| studies the geometry of minimal surfaces
with bounded curvature in tubular ends. In Section [d] we study the general
behaviour of minimal surfaces in tubular ends. In Section [5] we recall some
facts about the min-max theory for minimal surfaces that we will use in the
next sections. Section |§| is devoted to recall the work we made in [11] and
how it should be adapted to work with non compact hyperbolic manifolds.
Sections [7] and [§] are devoted to the study of the lower and upper semi-
continuity of the 4; functional. Finally in Appendix [A] we prove some
technical results and formulas.
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Preliminary remarks. Let S be a smooth Riemannian surface, we will
denote by |S| its area.

Let (T,do?) be a flat torus. Its universal cover is a flat R? so we have
coordinates (r1,z2) such that the flat metric can be written dz? + da3.
Then T is the quotient of R? by some lattice I'. We say that (x1, ) is an
orthonormal coordinate system on 7.

Moreover, we can choose (x1,x2) such that I" is generated by vy, vy where
vy = (a1,0) and v = (ag,by). We then say that (x1,x2) is a well oriented
orthonormal coordinate system.

We notice that if (7', do?) has diameter § then the lattice can be generated
by vectors of length less than 26.

2. HYPERBOLIC MANIFOLDS

In this first section we recall some facts concerning the geometry of hy-
perbolic 3-manifolds with finite volume also called cusp manifolds. We refer
to [2] for part of this description.

2.1. The cusp and tubular ends. Let M be a complete hyperbolic 3-
manifold of finite volume. For any e less than the Margulis constant, the
manifold M can be split into two parts: the e-thick part M| ) which is
connected, not empty (recall that p € M o) if any non null homotopic
closed loop at p has length at least ¢) and the e-thin part which may have a
finite number of connected components. The connected components of the
thin part are of two types: cusp ends and tubular neighborhoods of closed
geodesics also called tubular ends.

Cusp ends are isometric to Fg =T x Ry endowed with a metric

g = e 2tdo? + dt?

where do? is a flat metric on the 2-torus 7. We define By = T x [t, +00). We
notice that if Fy is a component of the e-thin part then F; is a component
of the the de-thin part with e=2t < § < e~%/2,

For tubular ends, let v be a short geodesic in M and consider ¢ a lift of
v to H3. If R is small the R-tubular neighborhood Ng of v in M is the
quotient of the R tubular neighborhood Vz of ¢ in H? by some loxodromic
transformation 7 of axis ¢ (see Figure [1)).

In order to introduce some coordinate system, let z denote arclength along
c and let 7(z),7(z) be parallel orthogonal unit normal vectorfields along ~,
we introduce cylindrical coordinates in Vi by

F(2,0,1) = expq ;) (r(cos 07(z) + sin 07(2)))
In these coordinates, the hyperbolic metric is
(1) g = (cosh?r)dz? + (sinh?r)d6? 4 dr?.

Ng can be viewed as the quotient of M = {(2,0,7) € R? x [0, R]} by the
relations (z,6,0) ~ (z,6',0), (z,0,r) ~ (2,0+27,r) and (z,0,7) ~ (z+¢,0+
a, 1) for some parameters ¢ > 0 and «. ¢ is the length of the geodesic loop
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~ and « is called the twist parameter of 7 (it is the angle of the loxodromic
transformation). As above, if Ny is a component of the e-thin part, then
N, is a component of the de-thin part some some § € [e2"~1) (r=R)/2] if R
and 7 are larger than some universal constant. In the following, we denote
by Sy = ON; the torus {r = r}.

¢

2w sinh r

FiGURE 1. The r-tubular neighborhood V, of a lift ¢ of the
geodesic v of length ¢

The above coordinates are called tubular coordinates. In order to be
coherent with the coordinates we use on cusp ends, we will also use the
coordinate system (z1,z2,t) = (0,2, R — r) such that the metric can be
written

g = sinh?(R — t)dx? + cosh?(R — t)dx3 + dt* = do? + dt*
on T x [0, R] where T is the quotient of R? by the translations by (27, 0)
and (a, ¢) (notice that g is singular on T x {R}).

The interest of these coordinates is that any part of a cusp or tubular end
can be described as T x [a, b] with some metric do? + dt? where do? is a flat
metric on the torus 7. We denote by T; = T x {t}. So the family (T}); gives
a foliation of the ends by tori.

If C is the torus in such an end that corresponds to T' x {t}, the graph of
a function u : Q C C' — R is just the surface parametrized by {(p,t) € T x
R|t =t +u(p)} (notice that we will often identify C C M with Ty € T x R).

One question is to know what is the maximal radius R that can be consid-
ered in the above discussion (N being embedded). This has been estimated
by Meyerhoff in [12] where the following result is proved.

Theorem 1. Let v be a geodesic loop in a complete hyperbolic 3-manifold.

If the length € of 7y is less than g In?(v/2+1), then there exists an embedded
tubular neighborhood around ~ whose radius R satisfies

1 1-—2k
inh?R=-(2X—""_1
sinh® R 2< ? >

where k = cosh , /4= — 1.

V3
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In the sequel we denote by Ry the solution of sinh? R = % (7@;% - 1).

When ¢ is small this implies that sinh? Ry ~ cosh? Ry ~ 4—‘7/3. For example,

the area of Sg, goes to § as { — 0.
Let us notice that the mean curvature of the torus S,, with respect to
—0r is (tanhrg 4 cothrg)/2.

2.2. The geometric convergence. The space of cusp manifolds with vol-
ume less than Vj is compact for geometric convergence. This convergence
is defined as follows (see Sections E.1 and E.2 in [2]). Let II; : H® — M;
and II : H®> — M be the universal covers and o a point in H?. We say that
the pointed manifolds (M;,I1;(0)) converge for the geometric convergence
topology to (M, II(0)) if, for any r, there are f; : B(o,r) C H?® — H? which
are equivariant (I1(z) = II(2") < IL;(fi(2)) = IL;(fi(z"))) such that (f;); con-
verges to the identity in the C* topology (here B(o,r) denotes the geodesic
ball in H?). Actually defining ¢; by ¢;(T1(2)) = IL;(f;(2)), we will often use

the following consequence (see Lemma E.2.2 in [2]).

Lemma 2. Let (M;); be a sequence of finite volume hyperbolic manifolds
converging to M in the geometric topology. Let ¢ > 0 be fized, after elimi-
nating some initial terms, there exists:
e (0;); with o; > 0 and o; — 0,
o (k;); with k; > 1 and k; — 1,
o for all v a k;-quasi-isometric embedding @; from a neighborhood of
M[e,oo) into .2\4Z

with the following properties

® 0i(M ) is contained in the interior of Mi._,, o) and
o 0i(OM. ) does not meet an open neighborhood of Mij. s, )

Here k;-quasi isometry must be understood as smooth maps ¢; such that

1

ki

When we will use these properties, we will not forget that ¢; come from
maps f; that are C* close to id.

Actually, € is always chosen small enough such that the e-thin part of
M contains only cusp ends. Moreover if € is small enough each connected
component of M; [e—0i,e+07] contains exactly one component of @i(aﬁ[w@))
(see Theorem E.2.4 in [2]). The description of this component of ¢; (M . )
is given by the following result.

(p,q) < d(pi(p), vi(q)) < kid(p, q)

Lemma 3. Let (M;);, M, € > 0 and @; as above. Let C be a connected
component of BM[E,OO). Then for i large, v;(C) is a graph of a function u;
over the corresponding component C; of OM[e o). Moreover u; — 0 and C
and C; are k;-quasi-isometric with rk; — 1.



MINIMAL SURFACES NEAR SHORT GEODESICS IN HYPERBOLIC 3-MANIFOLDS 7

Proof. C' is a surface with principal curvatures 1. Thus ¢;(C) has principal
curvatures close to 1 and between 1/2 and 3/2.

Since ¢;(C) C A; where A; is a component of M;._s, .15, ©i(C) is
contained either in a cusp end of M; or a neighborhood of a short geodesic
of 7;. In the second case, there is a smallest §; < o; such that p;(C) C
Mijc—g, e+, 50 @i(C) is tangent to a boundary torus of OM;j, s, ). The
comparison of the mean curvature at this tangency point gives the mean
curvature of OM;., 5, ) is close to 1. Thus the distance from ; to ¢;(C)
is very large and goes to 4o0.

In both cases, A; is described as T; x [—ay, ;] with a metric dait + dt?
with a;, 8; — 0 and C; = T; x {0} is the boundary of Mife o0) in A;.

Let v be a geodesic in ¢;(C). Since ¢;(C) has curvature uniformly
bounded, there is ko such that |0s(7'(s), 9¢)| < ko so |(7'(s), )| > [(7(0),0%)|/2
for 0 < s < so=[(7(0),0:)]/(2ko). Looking at the ¢ coordinate along ~y, we
then have ; +a; > [t(v(s0)) — t(7(0))| > W. Since a; + 3; — 0, this
implies that the angle between ¢;(C) and 9; goes to /2 uniformly. Since
©i(C) is embedded this implies that ¢;(C) is a graph over C;: there is a
function u; : C; — R such that ¢;(C) = {(p,t) € T x R|t = u;(p)}. Since
the angle between ¢;(C) and 9; goes to 7/2, the gradient of u; goes to 0.
Besides ¢;(C) C A; so |u;| is close to 0.

This implies that (p,u;(p)) € vi(C) — (p,0) € C; is a k;-quasi-isometry
(ki — 1) which can be composed with ¢; : C' — ¢;(C) to obtain a k;k;-
quasi-isometry. [l

As consequence, we have the following result.

Corollary 4. Let V{y be positive then there are £y, dg, So such the following
is true. Let M be a cusp manifold with volume less than Vi and v be a
geodesic loop of length £ < {y. Then Sr, = ONR, has diameter less than dg
and systole larger than .

The set of flat tori with diameter less than dy and systole larger than s
is a compact subset of the set of flat tori.

Proof. 1If it not true there is a sequence of cusp manifolds M; that converge
to M and in M; there is a geodesic loop ; of length ¢; — 0 such that either
the diameter of SRz,. goes to oo or its systole goes to 0.

After taking a subsequence, we can assume that the tubular ends around
7; converges to one cusp end in M. Let ¢ > 0 be small and consider C' the
component of 8M[E,Oo) inside this cusp end. Let C; be the component of
OM;[. o) inside the tubular end around ;. By the above lemma, C' and C;
are 2 quasi-isometric. So the area C; is close to that of C. Since the area of
Sr, in M; is close to \/§/ 2 this implies that the distance between C; and
S Re: is uniformly bounded. Since the diameter and the systole of Sg,differ
from those of C; by at most a uniform factor. This contradicts that either
the diameter goes to co or the systole goes to 0. (|
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Remark 1. Let us consider a particular one sided neighborhood of ¢;(C) in
M;. Actually, let A be the part of the 2-tubular neighborhood of C' inside
M. o). Thus ¢;(A) is a one sided neighborhood of ¢;(C).

A can be parametrized by T x [—2, 0] with the metric g = e~?!da? + dt?.
Let X : Tx[—2,0] — M be this parametrization and (z1, x2) be orthonormal
coordinates such that g = e~2%3(da? + dx3) + dx3. Let us now estimate the
metric ¢ g;. We notice that X lifts to an equivariant map X :R?2x [—2,0] —
H3 je. X =1X. If 9i = gi mdxrdr; we have

Giki = (dpiXa,, doiXe,) M,
= (dp;dT1X,, , dip;dTIX ) ug,
= (dIL;df; X, , dTLidf; Xy ),
= (dfi Xy, dfi X o, Vs

since II; is a local isometry. Since f; converges to the identity map in the
C™ topology this implies that g; — g in the C'*° topology.

Remark 2. By Mostow rigidity theorem, the topology of a complete finite
volume hyperbolic 3-manifold determines its hyperbolic structure. Thus if
a converging sequence M; — M is not constant, there is a subsequence
whose topologies are distinct from that of M : there are short geodesics 7;
in M; whose lengths converge to zero and whose maximal embedded tubular
neighborhoods are converging to cusp ends of M (see Figure .

A cusp end of M

FIGURE 2. A schematic converging sequence M; — M
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3. TRANSVERSALLITY IN TUBULAR ENDS

The aim of this section is to understand the behaviour of a minimal surface
in a tubular end when we know a priori an upper bound on its curvature.
A similar study was made for cusp ends in [4].

In this section, we use the tubular coordinates (z, 0, 7).

3.1. An intersection property. We recall that, if ¢ is a geodesic in H?3,
V- denotes its tubular neighborhood of radius r. Moreover, for r > 0, we
denote B, = 9V,.

Lemma 5. Let kg and g be positive, then there are ro and ng such that
the following is true. Let c be a geodesic in H>. Let r € [0,70] and p; =
(2i,0;,7) (i =1,2) be two points in Vy, such that 05 € [0 + Z,01 + 2] and
z9 € [z21 — Mo, 21 + Mo]. Let X; (i = 1,2) be surfaces in V,, whose curvatures
are bounded by ko, p; € ¥; and ds,(pi, 0¥;) > €o. If both 3; are tangent to
B, at p; (if r = 0 we assume moreover that a unit normal vector to ¥; at p;
is Or(2i,0;,0)) then X1 and Yo has non empty transversal intersection.

Proof. We look for 7o < 2. In Va the hyperbolic metric is cosh?rdz? +
sinh? rdf? + dr?. Let us change the metric in Vi to the Euclidean metric
ge = dz? +12dA? + dr?. So there are constants ko and & depending only on
ko and eg such that, with g., ¥; and Y5 have curvature bounded by ko and
dzi (pi, 82Z) > £g.

Thus there is 71 > 0 such that ¥; can be described as a graph over
the Euclidean disk of radius 7; tangent to 3; at p; (see Proposition 2.3 in
[14]). Moreover if n; is chosen small enough, the gradient of the function
parametrizing ¥; is less than 1/10.

Let ro = no = n1/10. With these choices, the tangent disks of radius n;
tangent to X; at p; must intersect at an angle between 7/3 and 27/3 (see the
schematic figure [3). Moreover since each ¥; is at a distance less than 7;/10
from its tangent disk, »; and Yo must intersect and, as the gradient is less
than 1/10 and the angle between the disks is in [7/3, 27/3], the intersection
is transverse. ([

3.2. The transversality result. The main result of the section is then the
following. We recall that S, = JN.,.

Proposition 6. Let &y, ko and €q be positive, then there is o > 0 and R
such that the following is true. Let £ < {y and Ng, be the hyperbolic tubular
neighborhood of a geodesic loop v of length ¢ and such that the diameter of
Sr, 15 less than dg. Let X be an embedded minimal surface in Ng, whose
curvature is bounded by ko. Let ¥ < Ry — R and p be a point in ¥.N Sy such
that ds(p, 0%) > eo. Then ¥ is not tangent to Sy at p.

We notice that for 7 = 0, S; is just the central geodesic v so the proposi-
tion states that > can not be tangent to ~.
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FiGURE 3.

Proof. We start with some ¢y such that Ry > 10. Let rg < 1 and 79 be
given by Lemma [5| for ky and gy (we assume g9 < 1). We first prove that
the result is true if 7 < ry.

Let X be a minimal surface as in the statement of the proposition and
assume that 3 is tangent at p to S7 for some 7. We consider the lift ¥ of
to H3. ¥ is then contained in a solid cylinder Vg, .

The surface 3 is then an embedded minimal surface (may be non con-
nected) which is invariant by the action of the loxodromic transformation
T:(2,0,r) = (2 +£,0 + ,r). Let p; be a lift of p. We can assume that
p1 = (0,0,7); if 7 = 0, we assume that 0,(0,0,0) is the unit normal vector
to 3.

Sr, has a diameter less than dp. So, for any ¢ in Bpg,, the intrinsic disk
of radius dy in Bp, and center ¢ must contain an image of (0,0, R,) by some
",

Let us consider the domain A, = {(z,0,r) € B,|z € [— COS(i’(l)Rg’ coshRg] RS

) ) . .
(5 — submo 2 + smim) ) AR, is a square in Bg, whose edges have length

200. So Ap, contains an image of (0, Ry, 0) by some 7". This implies that

" is the composition of a vertical translation by some 2’ € [— OS‘;O 7k Os‘i? Re]

s

and a rotation by some ¢’ € [§ — Smh 73 T b Re]
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The point po = 7""(p1) = (22,62, 7) is another lift of p in Az. 3 is then
also tangent to By at pa. We have |02 — 7/2| < dp/sinh Ry and |z2| <
dp/ cosh Ry. So we can choose ¢y such that, for ¢ < ¢y, dyp/sinh Ry < 7/6
and dp/ cosh Ry < ng. Then we can apply Lemma 5 I to the geodesic disks ¥;
of radius ¢ in 3. around p;. Lemma |5 I applies since, when 7 = 0, the unit
normal vector to Xg at pa is 0r(z2,02,0) with |2 — 77/2] < §p/sinh Ry (32
is the image of ¥; by 7). This gives that S has transverse self-intersection
which is impossible. So the result is proved for 7 < rg.

Let us now prove that we can extend this result to the region rg < 7 <
R; — R for some R > 0.

If the result is not true, for any n > 0, we can find a neighborhood
Npg, of a closed geodesic v, of length ¢, < % and a minimal surface ¥, in
Ng,,
Ry, — % Inn > 0). Actually because of the first part we can assume r,, > rg.
In the following we denote Ry, by R,,.

Let m1 = min(ro/10,79) and replace the sequence ¥, by the sequence of
n1-geodesic disks in X, centered at p,. So we can be sure that X, never
touches the central geodesic v, and stays outside of N,,_y,.

We lift ¥, to Mg, endowed with the metric ((1)). This gives us a minimal
surface 3, which is doubly periodic and may be non connected. 3, is doubly
periodic by translation in the (z, 6) parameters by two vectors v}, vy. Since
Tk, has diameter less than dy we can choose v7, vy of Euclidean length less
than smhR

The pomt pp, lifts to some point p, whose coordinates can be assumed
to be (0,0,7,) where r, € (19, Ry, — %ln n). We can assume that either r,
converges to some 7 or to co. In the first case the ambient space around
(0,0,7) is Mo = R? x (0,+00) with the metric (). If r, — oo, we make
the following change of coordinates a = €™z, b = ™6 and p =7 — r,. SO
the ambient space is now R? x (rg — 0y — rp, Ry — 1) with the metric

n
which is tangent to S,, at p, for some r, < R, — %lnn (notice that

cosh?(p 4 rp)e 2™ da® + sinh?(p 4 ryp)e 2™ db* + dp*

As n goes to +00, these metrics converge smoothly to £~ (da +db?)+dp? on
R3. In this model, the vectors v}, v} become e™ v} and e vy whose lengths
are less that éoﬁg = O(e™~Bn) = O(e~21mm) - 0.

Actually, the cases r, — 7 and 1, — 400 are very similar. Let us look
first at the case r, — 7. We notice that the metric satisfies the hypotheses
of Lemma [26| (Appendix for some parameter A and for r € [F —n1, Ry]:
we have 1 = z, 9 = 6, 3 = r and h = sinh. So there is a C' and a function
u,, defined on the Euclidean disk {(z,0) € R?|22 + 6% < 2C?/sinh?r,,} such
that (z,0) — (z,un(z,0),0) is a parametrization of a neighborhood of p,, in
Sn. Moreover we have ,(0,0) = r,,, Vi, (0,0) = 0 and the estimates

1
ltn, — rn|| < Aeg IVuy,| < sinhr, || Hess uy, || < 6sinh2 Tn.
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Here V denote the Euclidean gradient operator.

So the sequence u, is uniformly controlled in the C? topology and more-
over u, solves the minimal surface equation . Thus, after considering a
subsequence, u, converges to some u defined on Dy = {(t,0) € R?t?2 + 0% <
Ssﬁj F} which solves the minimal surface equation.

If r, = 400, we apply the change of variables a = e™t, b = ™60 and
p =r—ry. Sowe get a new function wy(a,b) = u,(e”"™a,e”"™b)—ry, defined

on {(a,b) € R?|a® +v? < %} As above w,, satisfies the estimates

1
lwn| < Agg ||[Vwy,|| < e ™sinhr, | Hessw,| < 56727”" sinh?r,

and solves a minimal surface equation . So we can assume it converges
to some function w defined on A = {(a,b) € R?|a® + b? < 4C?}.

Let us denote the surface {r = R} by Pgr. The surface %, is doubly
periodic so it is tangent to P, at any point of the form (0,0, r,,) + kv] +lv§
for (k,1) € Z2. Moreover, around these points, it is parametrized locally on
D, + kvl + vy by (2,0) = (2, upn k,(t,0),0) where up 1 1(2,0) = un((2,60) —
kvl — lv}). The surface f]n is embedded, this implies that u, < w,x; or
Up > Uy o0 Dy N (D, + kvf + lvy) if it is non empty (notice that we can
have u,, = uy, k; on the intersection).

If rp, = 7, let vg be a vector in Dy. Since v]* — 0, there are sequences (ky)n
and (), such that kpv} + 1,08 — vo. As n — oo, the sequence of functions
Un, k.1, then converges to u,, on Dy 4+ vg where uy,(-) = u(- — vg). Because
of wy < Uy g OF Up > Up 1, We get u < uy, or u > uy, on D N (Dy + vg).

If r, — oo, we can do the same with the change of coordinates since
e — 0. So for any vg € A, we have w < wy, or w > w,, on AN (A+vy)
where w,, (+) = w(- + vo).

We now consider the case 7, — 7 (the second one is similar). Let G
be the totally geodesic surface in My, tangent to Py at (0,7,0). As 3, G
can be described as the graph of a function h over Dy. We have h(0) = 7
and there is some o > 0 such that, over Dy, h(z,0) > 7 + a(z? + 62). This
second property comes from the fact that the principal curvatures of Pr with
respect to 0, are —tanh7 < 0 and — coth7 < 0. The functions u and h are
two solutions of the minimal surface equation with the same value and
the same gradient at the origin. So by Bers theorem, the function v — h
looks like a harmonic polynomial of degree at least 2.

If the degree of the polynomial is 2, on can find vy € D7 \ {(0,0)} such
that (u — h)(vg) > 0 and (u — h)(—vg) > 0. Then we have

u(vg) > h(vg) > h(0,0) = u(0,0) = uy,(vo)
Uy, (0,0)) = u(—vo) > h(—vo) > h(0,0) = u(0,0)
So this contradicts u < wu,, or u > u,, on the whole Dz N (D5 + vg)

If the degree is at least 3, the growth at the origin of h implies that v > 7
on a smaller disk D' C Dy and u > 7 on D"\ {(0,0)}. So if vg € D'\ {(0,0)}
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we have
u(v) > T = Uy, (vo) and uy, (0,0) = u(—vg) > 7 = f(0,0)

Once again, this contradicts u < wu,, or u > u,, on the whole Dy N (D5 + vg)
If r,, — o0, the same argument can be done with a totally geodesic surface
tangent to the horosphere. O

3.3. A first area estimate. The preceding result allows us to estimate the
area of a minimal surface with bounded curvature in a tubular end.

Corollary 7. Let 5y and kg be positive, then there is {y and R such that the
following is true. Let £ < ¢y and Npg, be the hyperbolic tubular neighborhood
of a geodesic loop v of length ¢ and such that the diameter of Sg, is less
than 6y. Let 0 < R < Ry— R and ¥ be a compact embedded minimal surface
in Nr+1 whose curvature is bounded by kg and 0% C Sgy1. Then one of
the following possibilities occurs

(1) XN Ng = 0

(2) XN Ng is a finite union of minimal disks. Each of these disks has

boundary curve homotopic to a parallel of Sg = ONg and |[ENNg| >
27(cosh R — 1).

A parallel of Sk is a curve {z = const.} in the tubular coordinates.

Proof. Let £y and R be given by Proposition |§| for oy, ko and ¢y = 1. Let
Y be as in the statement of the corollary and assume X N Ni # 0. By
Proposition @, ¥ is transverse to the foliation (.S;), of Nr. So any connected
component of ¥ N Ng intersects the geodesic loop  transversely. This
implies that in IN; for € small each connected component of XN IV, is a disk
whose boundary is homotopic to a parallel. Thus this description extends
by transversality to >N Ng. Let II be the geodesic projection from Ny to a
geodesic parallel disk A (i.e. the map (z,0,7) — (z0,0,r) for some zp). This
map is a contraction mapping and it is surjective on any disk component
of 3N Npg since the boundary of such a disk is homotopic to a parallel. As
a consequence the area of such a disk component is at least that of A, i.e.
27 (cosh(R) — 1). O

4. A MAXIMUM PRINCIPLE

One aim of this section is to study some aspect of the behavior of minimal
surfaces in a tubular end. Actually we need to study this in a more general
setting. So we consider the ambient space C = T X [a, b] endowed with some
reference metric g = h?(x3)do? + dzi where do? is a flat metric on the torus
T. We consider orthonormal coordinates (1, x2) on T associated to d&?; so
g = h%(z3)(dz? + da3) + dx3.

On C, we also consider a second metric g = ag(x1,x2, x3)dzrdr;. For
s € [a,b], we denote Cs = T x [s,b] and Ts = T x {s}. We are going to make
several hypotheses on the metrics g and g. In order to formulate them, we



14 LAURENT MAZET AND HAROLD ROSENBERG

need the following notation: for ki, ko, ks, ks, ks € {1,2,3} and p < 5, we
define
np(ki, ..., kp) =#{i € {1,...,p}k; € {1,2}}.
The hypotheses on § and ¢ are: there is A > 1 such that
H1 5g<g< A
H2 M < 4, < A ang 270 < A,
H3 |aj| < AR (23), 010k < AR L) (23), 00501 < AR ELED) (24)
and [0;0;0mag| < AR ELLIM) (4).,
H4 B’ <0 and the mean curvature vector of Ts with respect to g points
in the 0y, direction (this is also true for the metric g since h’ < 0)

One consequence of H1 and H2 is that the sectional curvatures of g are
uniformly bounded. Actually by H1 and H3 the sectional curvatures of g
are also uniformly bounded. We also notice that these hypotheses does not
depend on the choice of the orthonormal coordinates on (T, d&?).

4.1. The maximum principle. We have the following maximum principle
for embedded minimal surfaces in C' endowed with the metric g.

Proposition 8. Let ig € N, then there is hg such the following is true.
Assume that h(a) < hg and let ¥ be an embedded minimal surface in (C, g)
whose non empty boundary is inside T, and its index is less than ig. Then

E N Ca+1/2 == @

We notice that hg will depend on ig, A and the metric dg2. We also notice
that this control on h is actually a control on the size of the torus Tj.

Proof. If the proposition is not true there is a sequence of functions h,, with
hn(a) = 0 and minimal surfaces S,, C (C, gn) (gn = an (21, T2, x3)dxKdr))
such that 95, C Ty, its index is less than ig and ¥ N Cypq/9 # 0.

Let s, be the maximum of the x3 coordinate on S,, xs > a + 1/2. Let
us define A, = (hn(s,))~'. Then we change the coordinates by y; = 1,
y2 = x2 and y3 = A\, (23 — s,) and blow up the metric by a factor A,. This
gives us a minimal surface ¥,, in T' X [A,(a— s;,), 0] that touches Ty and with
boundary in T, (4—s,) (We notice that A,(a — s,) — —o0). The ambient
metric is then g, = by (Y1, Y2, y3)dyrdy, where

bkt (Y1, Y2, Y3) = @t (Y1, Y2, Y3/ A + sn) Ap2(FD)

The reference metric becomes
h%z(yii/)‘n + Sn)
h2 (sn)
Because of the hypothesis H2, considering a subsequence, this metric con-
verges to the flat metric do? + dy3 in C?“ topology. Because of H3, con-

sidering a new subsequence, the metrics g, converges to a flat metric h =
bidyrdy; in C*® topology. For example we have

(dyi + dy3) + dy3

i_l
Oibnki = Oin k1 (Y1, Y2, Y3/ An + $n) An™"
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So
ng(k‘,l,i)

|3'b kl|<A n (93//\n+3n)

hZS(kzl»l) (Sn)
Once this is known, the arguments in order to conclude use the fact that
Y., converges to a minimal lamination in T? x R_ endowed with the flat

metric h : the precise argument can be found in the proof of Proposition 1
in [5]. O

hin(sn) — 0

Remark 3. We notice that hg can be chosen uniformly if d&? lies in a compact
subset of flat metrics on T

4.2. Some applications. In this section, we will see some consequences of
the above result.

The case of cusp ends E =T x R endowed with g = e 2%3d5? + dx3 is
the simplest one. Indeed in this case the metric g is the reference metric g
and h(z3) = e~®3. Then hypotheses H1 to H4 are satisfied. So Proposition
yields: if OF has small diameter, then no compact embedded minimal surface
with boundary inside OF and index less than 1 can enter in Ey/,. As a
consequence, in a cusp manifold M, there is € > 0 such that any compact
embedded minimal surface in M with index less than 1 is contained in
M o0)-

The second case of interest concerns the tubular ends.

Proposition 9. Let K be a compact set of flat tori T'. Then there are £
and R such the following is true. Let £ < £y and Ng, be a hyperbolic tubular
neighborhood of a geodesic loop of length ¢ such that Sg, belongs in K. Let
0< R < R;—R and X be a compact embedded minimal surface in Npy1 with
0% C Sp41 with index less than 1. Then one of the following possibilities
occurs

(1) YN Ngr= 0

(2) NNy # 0
Moreover there is a universal constant x such that, in the second case and
for any 3 < R < Ry — R, |2 N Ng| > rsoelR where so < 1 is a lower
bound on the systole of Tg,.

Proof. We first prove that X N Ng = ) or ¥ N Ny # (). We have seen in
Sectionthat we can consider, on Ng,, a coordinate system C' = T x[0, Ry)
endowed with the metric g = sinh?(R; — z3)dx? + cosh?(Ry — x3)dx3 + da?
((z1,x2) are orthonormal coordinates on T').

In order to fit with the notations of the preceding section we should
introduce the coordinates y; = sinh(Ry)x; i = 1,2 and y3 = x3. The first
two are orthonormal coordinates on (T, do?) = sinh(R;)?(dx? + dx2). So we
define g = h?(z3)(dy? + dy3) + dy3 with h(z) = sinh(Ry — )/ sinh(Ry) and
in these coordinates the metric g can be written

m(SinhQ(Ré — y3)dyi + cosh® (R, — ys)dy3) + dy3
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There is A > 0 (that does not depend on f) such that g and g satisfy
hypotheses H1, H2, H3 and H4 on T x [0, R — 3). Moreover we notice that,
since Sg, belongs to K, (T,d5?) belongs to a compact set of flat tori.

Let hg be given by Proposition |§ I and let R be such that sinh(R; — R) <
ho sinh(Ry). Consider 0 < R < Ry — R and let X be an embedded minimal
surface in Ngyq \N% with 0¥ C Sgy1 and index less than 1. If X N Ny = (),
¥ can be seen as a minimal surface in (C,g) with boundary in 75 where
s =Ry — (R+1). Since h(s) < ho, Proposition [§ gives ¥ N Cy; /9 = 0. So
in the tubular coordinates, we have ¥ N N = 0.

In the second case we now prove the area estimate. For this we use
the tubular coordinates. We notice that X must meet all the tori S, for
1<r<R+1.

Since g < cosh? r(dz% + d6?) + dr? and the systole of T, is at least s,

the dlSk {(Z+Z0, 9+00, Rf)’ z +92 S m
to, 0. For any p € [3/2, Ry], let us define a = sinh p o S . The cylinder

cosh Ry 4
Y, = {(2+ 20,0 + 6o, 7)|r € [p— 2a, p] and 2%+ 6* < T h2 } is embedded
in N,. Y, contains the geodesic ball of center (zg, 6y, p — a) and radius a

which is then embedded in N,. Indeed, in the cylinder, we have

} is embedded in Sy, for any

—_

g > sinh?(p — 2a)(dz* + d6?) + dr® > — sinh? p(dz* + d6?) + dr*

W

So the geodesic ball is contained in {(z + 2o, 0 + 0y, 7 + p — a)| % sinh? p(z% +
02) + r? < a®} which is a subset of Y.

Since 3 meets any S, for » > 1, for any p we can select zg, 0y such that
(20,00, p —a) C X. So by the monotonicity formula in H?, S NY,| > 7a?.
We are going to sum over all these contributions to estimate the area of X.

Let ¢(s) = (2(s),60(s), R¢) be a parametrization of a systole of Sp, and
consider the surface S in Ng, parametrized by X : (s,7) € S! x [1, R/]
(2(s),0(s),r). So, for p; < pa, we can estimate

P2

S0 (N \ Nyl s/

/(cosh2( )2"%(s) + sinh?(r)0"2(s)) "/ %drds
p1

P2 h
/ / . S?z; 1; (cosh?(Ry)2"%(s) + sinh?(R,)0'(s))/2drds

< smh R (sinh pg — sinh py)

2
<_ 50 osh p1+ inh P2 — P1
sinh Rg 2 2
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So in Np\Np,QUL

‘Sﬂ (NP\Np—Za)‘ < S

<

<

8K/ 8K/
< 8r'a® < ﬁIE Ny, < i‘z N (Np \ Np—24)]
0 0
for some universal constant k£ and «'.
So considering a disjoint union of N, \ N,_2, in Ngr \ N; that covers
Ng \ N3/o, we obtain
T
XN Ng| > @|S N (Ngr\ N3p2)l
R
> ﬂ/ / (cosh?(r)y%(s) + sinh(r)02(s)) "/ 2drds
8K/ 3/2 Jst

> ™ 50
— 8k cosh Ry

(cosh R — cosh 3/2) > k" sgelt 1

for any R > 3 and some universal constant x’. O

5. THE MIN-MAX THEORY

In this section we recall some definitions and results of the min-max theory
for minimal surfaces. There are basically two settings for this theory: the
discrete and the continuous one. We recall the main points that we will use
in the sequel.

5.1. The discrete setting. The discrete setting for the min-max theory
was developed by Almgren and Pitts (see [I], [13]).

Let M be a compact orientable 3-manifold with no boundary. The Almgren-
Pitts min-max theory deals with discrete families of elements in Z5(M) i.e.
integral rectifiable 2-currents in M with no boundary.

If I = [0, 1], we define some cell complex structure on I and I2.

Definition 10. Let j be an integer. 1(1,7) is the cell complex on I whose

0-cells are points [3%] and 1-cells are intervals [, T,

370 37
The cell complex 1(2,j) on I? is I(2,5) = I(1,5) ® I(1, 7).
For these cell complexes we can associate some notations

e I(m,j)o denotes the set of O-cells of I(m, 7).
e Iy(1,7) denotes the set of O-cells [0], [1].
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e The distance between two elements of I(m, j)o is

d:I(m,j)o x I(m,j)o = N; (z,y) 3> |z — uil
=1

e The projection map n(i, j) : I(m,i)g — I(m, j)o is defined by n(i, j)(x)
is the unique element in I(m, j)o such that
d(z,n(i, j)(x)) = nf{d(z,y),y € I(1,5)o}-

Let ¢ : I(m,j)o — Z2(M) be a map. The fineness of ¢ is defined by
M(e(z) = ¢(y))
d(z,y)

where M is the mass of a current.

We write ¢ : I(1,7)0 — (22(M),{0}) to mean ¢(I(1,7)o) C Z2(M) and
¢(Io(1,7)) = {0}
Definition 11. Let § be positive and ; : I(1,ki)o — (Z2(M),{0}) for
i=1,2. ¢1 and @3 are 1-homotopic in (Z2(M),{0}) with fineness 0 if there
is ks € N, max(k1, k2) < ks and a map

¢ : 1(2, ]{3)0 — ZQ(M)

f(go):sup{ yx,y € I(m,j)o and:c;éy}

such that
o f(¥) <4
o Y([i — 1], z) = pi(n(ks, k;i)(x)) for x € I(1, k3)o;
o p(I(1, k3)o x {[0], [1]}) = 0.
The main objects in the discrete min-max theory are the (1, M)-homotopy
sequences.

Definition 12. A (1, M)-homotopy sequence of maps into (Z2(M),{0}) is
a sequence of maps {p;}ien,
@i+ I(1, ki)o — (Z22(M), {0}),
such that ; is 1-homotopic to pit1 in (Z2(M),{0}) with fineness 6; and
[ ] limZ_M)o 51 == O;

o sup,{M(ypi(z)),z € I(1,ki)o} < +o0.

Moreover we have a notion of discrete homotopy between (1, M)-homotopy
sequences

Definition 13. Let §; = {(Pg}ieN (j = 1,2) be two (1, M)-homotopy se-
quences of maps into (Z2(M),{0}). Si is homotopic to Sy if there is a
sequence {d; }ien such that

e lim¢; = 0;

e ! is 1-homotopic to ? in (Z22(M),0) with fineness &;.
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This notion defines an equivalence relation between (1, M)-homotopy se-
quences. The set of equivalence classes is denoted by Wf& (Z2(M), M, {0}).
The Almgren-Pitts theory says that ﬂf(Zg(M ), M, {0}) is naturally iso-
morphic to the homology group H3(M,Z) (see Theorem 4.6 in [I3] and [I]).
We denote by Il the element of Wf(ZQ(M), M, {0}) that corresponds to
the fundamental class in H3(M). If S € Il we say that S is a discrete
sweep-out of M.

For S = {¢;}; a (1, M)-homotopy sequence we define

L(S) = limsup max{M(p;(z)),z € I(1,k;)o}

1—00
IfII € ﬂfE (Z2(M), M, {0}) is an equivalence class, we define the width as-
sociated to II by

W(II) = inf{L(S), S € IT}
For IT = I, the number Wy, = W (IIy) is call the width of the manifold M.
The Almgren-Pitts theory says that this number is positive and is L(.S) for
some particular S € Iy If S = {p;}; we say that ¢;; (:cj)j (w5 € I(1,k;;))
is a min-max sequence if M(;;(z;)) — Way.
Theorem 14 (Pitts [13]). Let M be a closed 3-manifold, then there is S =
{wi}i € My with L(S) = Wi and a min-maz sequence {¢;,(z;j)}; that
converges (in the varifold sense) to an integral varifold whose support is a
finite collection of embedded connected disjoint minimal surfaces {S;}i of M.
So there are positive numbers {n;}; such that

p
WM = Z n1’Sz|
=1

A consequence of this result is that there is always a minimal surface S
in M such that |S| < Wy, Actually, Zhou [19] proved that, if S; is a non
orientable minimal surface produced by the above theorem, then n; is even.

5.2. The continuous setting. The continuous setting was developed by
Colding and De Lellis [3]. Here we present it with the modifications made
by Song in [I§].

Let M be Riemannian 3-manifold and consider N C M a bounded open
subset whose boundary JN, when non empty, is a rectifiable surface of
finite H2-measure. Moreover when ON # (), we assume that each connected
component C of ON separates M.

If a < b € R, we then have the following definitions.

Definition 15. A family of H?-measurable closed subsets {Ci}iclap i NU
ON with finite H?-measure is called a generalized smooth family if
e for each t there is a finite set P, € N such that I'y N N is a smooth
surface in N \ P, or the empty set;
e H2(T';) depends continuously in t and t — Ty is continuous in the
Hausdorff sense;
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e onanyU CC N\ P, I't 12t Iy, smoothly in U.

We notice the smoothness hypothesis is only made on I'yN N so this allows
ON to be non smooth. We now define the notion of continuous sweep-out
in this setting.

Definition 16. IfON =0, a generalized smooth family {Tt}ic(qp) is called a
continuous sweep-out of N if there exists a family of open subsets {Qt}te[a,b]
of N such that

(swl) (I'y \ 0%) C P; for any t;

(sw2) H3(UAQ) — 0 ast — s (where /\ denotes the symmetric difference
of subsets).

(sw3) Q=0 and 4 = N;

If ON # 0, for a open subset Q@ C N we denote 9,2 = OQNN. A
continuous sweep-out of N is then required to satisfy (swl) and (sw2) above
except that O is replaced by Oy andt > a in (swl). Moreover (sw3) is replaced
by
(sw3) Q, =0, % =N, X, =0N and ¥y C N fort > a.

For a continous sweep-out as above {Ft}te[a,b}7 we define the quantity
L({T't}) = maxye(qy H?(I'y). When 0N is a smooth surface, constructing a
continuous sweep-out can be done in the following way. Let f : N — [0, 1]
be a Morse function such that {f~(0)} = ON. Then if ', = f~1(t) for
t €10,1], {T'¢ }¢[0,1) 1s a sweep-out of N.

Two continuous sweep-outs {I'} };c(qp) and {I'7};c[q,p) are said to be ho-
motopic if, informally, they can be continuously deformed one to the other
(the precise definition is Definition 8 in [18]). Then a family A of sweep-outs
is called homotopically closed if it contains the homotopy class of each of its
elements. For such a family A, we can define the width associated to A as

As in the discrete setting this number can be realized as the mass of some
varifold supported by smooth disjoint minimal surfaces (see Theorem 12
in [18]).

5.3. From continous to discrete. In order to construct discrete sweep-
outs of a closed orientable 3-manifold M, we will use a result obtained by
Zhou (see Theorem 5.1 in [20]). We denote by C(M) the space of subsets in
M with finite perimeter. Let F denote the flat metric on Z5(M).

Theorem 17. Let ® : [0,1] — (Z2(M), F) be a continuous map such that
®(0)=0=o(1);

O(x) = 0[[Q]], Qz € C(M) for all x € ]0,1];

QQ = @ and Ql =M

sup, M(®(z)) < +oo.
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Then there exists a discrete sweep-out S such that

L(S) < sup M(®(x))

z€]0,1]

Here [[?]] denotes the element of Z3(M) corresponding to €.

Let us notice that if {I't};c[0,1) is a continuous sweep-out of a compact
orientable Riemannian 3-manifold then ® : ¢t — [[[}]] € Z2(M) satisfies
the hypotheses of the above theorem (as above [[I';]] denotes the element of
Z5(M) corresponding to I').

6. THE QUANTITY A, (M)

In this section we recall some results the authors obtained in [I1] (see also

[51)-

6.1. The quantity A;(M) for compact M. If M is a closed orientable
Riemannian 3-manifold, we denote by O the collection of all smooth ori-
entable embedded closed minimal surfaces in M and U the collection of all
smooth non-orientable ones. We then define

A(M) = inf({[5]. £ € 0} U {25].5 € 1))
One result of [I1] is the following theorem (Theorem B in [11])

Theorem 18. Let M be an oriented closed Riemannian 3-manifold. Then
A1 (M) is equal to one of the following possibilities.

(1) |X| where ¥ € O is a min-mazx surface of M associated to the funda-
mental class of Hs(M), ¥ has index 1, is separating and A1 (M) =
W

(2) |X| where ¥ € O is stable.

(3) 2|X| where ¥ € U is stable and its orientable 2-sheeted cover has
indez 0.

Moreover, if ¥ € O satisfies |X| = A1(M), then ¥ is of type 1 or 2 and
if ¥ € U satisfies 2|X| = A1 (M), then X is of type 3.

Actually in [I1], the case (3) mentions the possibility for the orientable
2-sheeted cover to have index 0 or 1. In fact, the index 1 case can be ruled
out thanks to the work of Ketover, Marques and Neves [10].

If S denotes the collection of all smooth embedded stable minimal sur-
faces, we define Ag(M) = inf({|X], X € ONS}U{2|X|,X € UNS}). Actually
we proved in [I1] that A;(M) = min(Wys, As(M)). In order to simplify
some notations, we will denote a(X) = |X] if ¥ € O and a(X) = 2|X]| is
Yel.

When M is not compact, one can still define O and U for M by considering
only compact embedded minimal surfaces in M. Of course these collections
could be empty but if it is not .43 (M) is well defined. If M is a cusp manifold
this can be done as we show in section
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6.2. The filler. We want to study A; (M) when M is a cusp manifold. In
order to do that the idea is to change M into a compact manifold D(M)
that contains all the compact minimal surfaces of M. To do this the main
tool are the fillers.

Definition 19. Let (T, do?) be a flat torus and L > 10 be a real number. A
filler F associated to T' and L is a solid torus endowed with a Riemannian
metric g with the following properties.

(i) Let T; be the set of points at distance t from OF. Fort € [0,L + 1),

T} is a smooth flat torus and Tp 1 is a closed geodesic.

(ii) The diameter of Ty is a decreasing function and the mean curvature
vector points in the O¢ direction.

(iii) Fort € [0,1], Ty has the metric e~ *!do?.

(iv) Any minimal surface ¥ that meets all the Ty for 0 <t < L —1 has
area at least kL where k is a constant depending on the systole of
(T, do?).

Proposition 20. Let (T,do?) be a flat torus and L > 10. There exists a
filler associated to T and L. Moreover, let § and s be the diameter and the
systole of (T,do?) and K < s/5. Then there is 5o > 0 that depends only on
K such that

(v) if § is less than &y, then any minimal surface ¥ with 0% C OF and
index at most 1 satisfies either X NT, = 0 or XNT; # O for any
t<L-—1.

Proof. We construct F' as T' x [L + 1] with a Riemannian metric which is
singular on 7741 =T x {L 4 1} in order for 77,41 to be a geodesic. We use
the notation F; =T X [t, L + 1].

Let f:]0,L + 1] — R be a function satisfying the following properties

e f(t)=ton [0,1],

o f/>00n[0,L+2/3)and ' =0on [L+2/3,L+1].

o f<3.

e f and f” are bounded independently of L.
On F \ Fy, we define the metric g = e=2/®dg? + dt?. Since f(t) =t on
[0, 1], (i42) is satisfied.

In order to define the metric on Fj, we consider a well oriented orthonor-
mal coordinate system on (T, do?) such that T is the quotient of R? by the
translations by («,0) and (3, ¢).

Let n : [0,1] — [0, 1] be a non increasing function such that 7 is decreasing
on [1/2,1], n = 1 near 0, and n(z) = (1 — x)%’ref(L“) near 1. On F, we
extend the definition of the metric g by

g=e 2O02(t — L)da? + dad) + dit?

Since n(1) = 0, the metric is singular at ¢ = L + 1. Let D be the unit
disk and consider the solid torus T constructed as the quotient of D x [0, /]
by the relation (p,0) ~ (Rg(p),¢) where Rg is the rotation of angle 3. If
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(p,0) are the polar coordinates on D and h : T — Fp, is the map (p, 6, z) —
(5=0,v,L 4+ 1 — p) the metric h*g is given by

2
h*g = e—2f(L+1—p)(772(1 —p)%@Q +d22) +dp?
T

so, near p = 0 (i.e. t = L+1), it is equal to h*g = p2df*+e2F LD dz2 4 dp?
which is a smooth metric on T near the core circle {p = 0}. So F is a smooth
solid torus with a smooth metric and (7) is satisfied.

Because of the monotonicity of f and 7, (ii) is satisfied. Moreover the
curvature of g is uniformly controlled on F'\ Fp,. If py is the minimum of 1
and half the systole of (T, do?), then for any p € Fy \ Fr,_1 the geodesic ball
of center p and radius e 3pg is embedded in F \ F.

Let ¥ be a minimal surface that meets all the T; for t € [0, L]. Consider
tn = 1+2e 3pgn and, for any n € {0,...,n9} where t,,, < L+2 < t,,41, let
pp, be in T3 with p, € T3, N3. Then by the monotonicity formula, the area
of ¥ in the ball of radius e 3py and center p,, is at least ce %p2 for some
universal constant c. Since these balls are disjoint, the area of ¥ in F'\ Fp,
is at least

(no + 1)ce %p2 > L 5 5
if L > 10 and where  only depends on the systole of (T, do?).

For item (v), we notice that (7, dZQ) belongs to a compact subset of
flat tori fixed by K. So Proposition [§| applies to (F'\ Ff, 526_2f(t)% + dt?)
to prove that if ¥ has index at most 1 and ¥ C T x [0,,L — 1] then ¥ C
T x [0,1]. O

ce 3py > kL

6.3. The quantity A;(M) for cusp manifolds. In this section we recall
the study of compact minimal surfaces inside orientable cusp manifolds we
made in [4] 11].

Let M be a cusp manifold. First we prove that M contains a compact
embedded minimal surface. Let € be such that the e-thin part is only made
of cusp ends. Since IM|. . is smooth there is a homotopically closed family
A of sweep-outs associated to a Morse function on M|, ) (we recall that the
tori components of M|, ) are leaves of the sweep-outs). If e <e, Mo o
is foliated by tori that can be used to extend any continuous sweep-out in
A into a sweep-out of M .y that belongs to a homotopically closed family
A’. Since W(M[s,oo)7 8M[€,Oo),A) > |8M[s,oo)| we obtain

W(M[e,oo)7 8M[€,OO)? A) 2 W(M[s’,oo)7 aM[s’,oo) ) A/)

So there is Wy > 0 such that Wo > W (M|, ), OM|. o), A) for any €. Besides
a continuous sweep-out of M| ) must sweep out also a fixed geodesic ball
in M. So there is wo such that W (M|, ), 0M[. o), A) > wp for any e.
Thus we can choose ¢ small such that any flat tori C' in OM| ) has
small diameter and wy > [OM|. o)|. For each C, we consider a filler I’ ¢
associated to the flat torus C' and L that will be chosen later. ¢ is chosen
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small enough such that item (v) of Proposition [20| is satisfied. Since there
are a finite number of C, item (iv) of Definition (19| gives some constant
k > 0 independent of C'. Then L is chosen such that xL > Wy + 1.

We can glue each filler F¢ along C' to obtain a compact manifold without
boundary denoted D(M) with some metric. The construction of D(M)
depends on two parameters € and L, so sometimes we will write D, (M)
(actually it also depends on the choice of some coordinates on F'). We will
use this construction in the following sections. D(M) contains isometrically
a 1-tubular neighborhood of M| . Let {Ft}te[o,l] be a continuous sweep-
out of M ) with L(I'y) < W(M| ), 0M[c o0y, A) + 1/2. We can extend
{T'}iepo,1) to a continuous sweep-out {ft}te[—L—Ll] of D(M) by considering
Ty = UgdFC, for t € [-L —1,0]. Since, for t < 0, || < |OM. )| We
have L(I'y) < L(I). By Theorem [17] the width Wp(y) is then less than
Wy +1/2. Thus by Theorem (18] there is a minimal surface ¥ in D(M) with
index at most 1 such that a(X) < Wy +1/2.

Because of our choice of € and items (iv) and (v), if ¥ enters in some F
then a(X) > | N FC| > kL > Wy + 1; this is impossible. So ¥ stays outside
of F¥ for any C so ¥ is embedded in the part isometric to the 1-tubular
neighborhood of M, o) C M: X is a compact minimal surface in M.

Now we know that M contains compact embedded minimal surfaces and
we can define the number 4; (M). In order to prove that A; (M) is realized as
in Theorem[I8] we have the following argument. Let S be a compact minimal
surface in M. We construct D(M) as above with an extra hypothesis on ¢
which is M, ) contains S and all compact embedded minimal surfaces in
M with index at most 1. The above construction gives A; (M) < Wy +1/2.

Let ¥ is a minimal surface that realizes A;(D(M)) (it has index at most
1), we have a(X) < a(S). If ¥ enters in into FC for some C, we have

a(R) > |SNFC > kL >Wo+1> A (M)+1/2

So ¥ does not enter into such a filler: ¥ belongs to M. Thus A;(D(M)) =
A (M) and Ay (D(M)) is realized by a minimal surface as in Theorem

The remainder of this paper is devoted to the study of the continuity of
the A; functional over the collection of orientable cusp manifolds. We are
going to study the lower and the upper semi-continuity of A;.

7. THE UPPER SEMI-CONTINUITY STUDY

In this section, we consider (M;); a sequence of cusp manifolds that con-
verges to M for the geometric convergence. The first step and the main step
of the upper semi-continuity study is to prove that the sequence (A1 (M;));
is bounded. The following proposition answers this question.

Proposition 21. Let M; — M be a converging sequence of cusp manifolds.
Then for small e and large L, limsup Ay (M;) < W 7).
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Proof. The idea of the proof consist in constructing a Riemannian manifold
(N;, Gi) which is k;-quasi isometric to D(M) with x; — 1 and such that a
large part N} of N; is isometric to a large part of M;. Moreover N; is such
that any minimal surface with index at most 1 that gets out of Ni1 has area

at least WD(M) +1/2. As a consequence, a minimal surface S; in N; realizing
Aj(N;) satisfies a(S;) < R%WD(M) < Wpap)+1/2 for large i and is contained
in N!. Thus limsup.A; (M;) < limsupa(S;) < limsup H?WD(M) =Wpan-
We choose ¢ small such that the e-thin part of M is made only of cusp
ends. The convergence M; — M gives us ¢; : M| ) — M; as in Subsec-

tion From Section we know that there is Wy > 0 independent of ¢
and L such that Wy, g7 < Wo+1/2.

Let C' be one boundary component of M[Em) and A the part of the 2-
tubular neighborhood of C' inside M[Em) (the rest of the proof is written as
if there is only one C' in 8M[E,oo)7 actually we need to repeat the argument

for each C'). A can be parametrized by T x [~2,0] with the metric g =
e 2% (dz} + da3) + daz} where (z1,72) € T are orthonormal coordinates on
C.

By Subsection ©;(A) is a one sided neighborhood of ¢;(C) in ;(M) C
M;. On ¢;(A) we have the coordinates T x [—2,0] with the metric g; =
a; pidxpdx; that C° converges to g.

Let N} be ¢; (M[I&OO)) with the metric g; where M[lwo) is the set of points
in M[em) at distance at least 1 from 3M[6’OO). We notice that N} contains
the part of (;(A) parametrized by T x [-2,—1]. We are going to modify
the metric g; on T'x [—1,0] in order to define a new metric g; on ;i (M. «))
which will be the Riemannian manifold N?.

Let x : [-1,0] = R be C* such that 0 < x <1, x = 1 near —1 and x =0
near 0. We then define g; = x(x3)g; + (1 — x(x3))g. Since g; and g are C*
close. g; is also C*° close to g. As explained above, g; turns ; (M[Em)) into
a new Riemannian manifold (N7, g;). The map ¢; : M. o) — N7 is still
well defined and since the metrics §; converge in the C'*° topology to g. ¢;
is a k; quasi-isometry where k; — 1. Moreover ¢; is an isometry close to
aM[E,OO) .

Let L be large and consider a filler F associated to T'and L. Since N? and
M[a,m) are isometric close to their boundary we can glue to all of them the

filler F' to produce (Dg, (M), g) and (N, g;) and extend the definition of ¢;
to a map D(M) — N; which is the identity on the filler. As a consequence
@i : D(M) — N; is a £} quasi-isometry.

Let us estimate the area of a minimal surface S C NV; with index at most
1 that is not contained in N}. Thus S must enter in some part of N; which
is isometric to T' x [—2, L] endowed with the metric §; = @; j;dxrdx; which is
O™ close to § = g on T'x [—2,0] and is equal to § = e~2/(#3) (da? +daxd) +da3
on T x [0, L] (f is introduced in Section [6.2)). Because of our choice of f
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function, the metrics g; and g satisfy the hypotheses H1 to H4 of Section [4]
for a uniform constant A.

If S does not meet all the tori Ts for s € [—2, L] then, by Proposition
S must stay outside of T x [-3/2,L + 1], so S C N}. Since we assume
S; ¢ N}, it must meet all the tori T for s € [0, L]. Then by Proposition
|S| > kL for some x that only depends on the injectivity radius of Ty. Now,
we choose L large enough such that kL > Wy + 1. We obtain |S| > kL >
Wo+1 > WD(M) + 1/2. This finishes the construction of N; and then

limsup A; (M;) < WD(M)‘ O

We know that for e small and L large we have A;(M) = A (D(M)) =
min(Ags(M >7WD(M))' So the above result gives us a first upper semi-
continuity property.

Proposition 22. Let M; — M be a converging sequence of cusp manifolds.
If one of the following hypotheses is satisfied then limsup A; (M;) < A1 (M).
o Ay(M) = Wpap
o Ay (E) is realized by a stable non separating minimal surface ¥
o Ay (M) is realized by a stable non degenerate minimal surface ¥

Proof. The first case comes directly from the above proposition.

Let ¥ be a non separating minimal surface that realizes A;(M). Let ¢ be
small such that ¥ is contained in the e-thick part of M. Let ¢; : M[&OO) —
M; be the k; quasi-isometry associated to the convergence M; — M. Then
©i(X) is a surface in M; with a(p;(X)) < k?a(X). Because of the topology of
the e-thin part (cusps or solid tori), ¢;(X) is non separating in M;. So taking
a small ¢; and a large L; we can see p;(3) as a non separating surface in
D, 1,(M;). So minimizing the area in the non vanishing homology class of ¥
(see [0, 17T]) there is a minimal surface S; in D(M;) with a(S;) < a(pi(X)) <
ka(¥) = k2 A1 (M). Thus

Ai(M;) = Ay(D(M;)) < a(Si) < w7 AL(M)
and this gives the result.

Concerning the last case, as above, let € be small such that ¥ is contained
in the e-thick part of M and ¢; : M[sm) — M;. Let h; = ¢;g;. Since
M; — M, the metrics h; converge in the C* topology to g. Since ¥ is a
non degenerate surface, for large 7, > can be deformed to a minimal surface
S; in (M[syoo), h;). So ¢i(.S;) is a minimal surface in M; and

limsup A; (M;) < limsup a(S;) = a(3) = Ay (M)
O

Remark 4. We notice that the hypothesis A;(M) = Wpar is satisfied if

A1(M) is realized by an index 1 minimal surface.
The second case is realized if A; (M) is realized by a non orientable min-
imal surface.
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8. THE LOWER SEMI-CONTINUITY STUDY

In this section we are going to prove that the A; functional is lower semi-
continuous.

8.1. An exclusion property. Let S be a two-sided embedded surface. Let
v be a choice of a unit normal vectorfield along S and f : S — R be a smooth
function. Then we can define

expsyf . S — M,p — expp(f(p)V(p))

If f is sufficiently small, expg ((S) is an embedded surface which inherits
from S a natural unit normal vector still denoted by v. The lemma below
is inspired by Lemma 16 in [I§]

Lemma 23. Let S be a two-sided embedded surface and U be a subset of S
such that the mean curvature of S vanishes on U. If S\ U has non empty
interior, there is a positive function f and T > 0 such that exps’sf(S) has
positive mean curvature on expg s¢(U) with respect to the naturally induced
unit normal vector for 0 < s < T.

Proof. Let S and U be as in the statement. Let ¢ be a function on S such
that ¢ = Ric(v,v)+||A||? on U and £ = —A — g has negative first eigenvalue
on S. It is enough to assume q is large enough somewhere in ¥\ U to ensure
that the first eigenvalue A1 is negative. Let f > 0 be the first eigenfunction
of L. Consider S; = expg,¢(S) and Hy(p) be the mean curvature of S;
at expg,;(p). It is known that 20,Hy—o = Af + (Ric(v,v) + [|A|?)f =
~Mf + (Ric(v,v) + ||A|? — ¢)f > 0 on U. Thus, there is 7 > 0 such that
Hy(p) >0 for any t € (0,7] and p € U. O

Using the above lemma we can prove the following result.

Proposition 24. Let Ay, 5o and so < 1 be positive. Then there is {y and R
such the following is true. Let £ < £y and M be a cusp manifold such that
A1 (M) < Ay and M contains a tubular end Ng, of a geodesic loop of length
¢ and such that Sgr, has diameter less than 69 and systole larger than so. Let
Y be an embedded minimal surface that realizes Ay (M) then 3N Ng, g is
empty.

Proof. We first assume that ¥ is stable. By Schoen curvature estimate [15],
this implies that there is ko such that ¥ has curvature bounded by ko. So
by Corollary |7 there is £y and R such that, if £ < /g, either X N N R-R is

empty or ¥ N Np 7 has area at least 2m(cosh(Ry — R) — 1). Actually, if £
is chosen such that 27 (cosh(Ry, — R) — 1) > Ay, the second case can not
occur and >N N R,—R is empty.

So we can assume that ¥ is separating and has index 1. By Proposition [9]
there is R, ¢y and & such that EHNRﬁE =P or |[SNNg| > rsgef~F for any

R e [3,Ry— E]. Moreover ¢y and R can be chosen such that the preceding
paragraph is still true.
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Let us assume that ¥ N Np 5 is not empty. Let us notice that [Sg| =

mlsinh(2R) < < /35mhCR) \fe (B=R¢)  So choosing R, > R such that

sinh(2Ry)
—R+ « KSo
e < 45 we obtain

| N Ng| = 4|Sg|.
for any 3 < R < Ry — R..

Let € be small such that the e-thin part of M contains only cusp ends. For
L large we consider D, (M) = D(M) such that A;(M) = A;(D(M)). So
Y is a separating index 1 minimal surface in D(M) that realizes A;(D(M)).
The idea is now to construct a discrete sweep-out S of D(M) such that
L(S) < || which contradicts ¥ realizes A;(M). We notice that Ng, is still
isometrically included in D(M).

Y. separates M into two connected components 7 and 5. Let R €
[R¢— R.—1, Ry— R,] such that Sg is transverse to X. We define I' = ¥NSg.
The subset 2; N Nr has mean convex boundary made of pieces of S and
.. We can find a least area minimal surface ¥; C €; N Np with 0%; = I
and homologous to SN, [6, [17]. Since SN, is a surface with boundary
T, |2 < |SrN ;| < |Sg|. Besides ¥; U (Sg N ;) bounds a subset D; of
NrN ;. By boundary regularity of solutions to the Plateau problem [7], ¥;
is a smooth surface up to its boundary I' and, by the maximum principle,
>.; is transverse to X along I'. We notice that since ¥; is smooth up to its
boundary we can slightly extend ¥; across I' to Xf. X! is not assumed to be
minimal outside of ¥; and 0% is assumed to be outside €.

Let us fix ¢ € {1,2} and consider v the unit normal along ¥ pointing into
;. Since X has index 1, there is 7 > 0 and f; > 0 on ¥ such that expy; 1. (¥)
is an embedded surface with positive mean curvature for any s € (0,7].
Moreover, we assume f; > 1. If ; denote the unit normal along X! pointing
into D; along ¥;, by Lemmaﬁ there is g; > 0 on X such that expyy .. (¥)
is an embedded surface with positive mean curvature on expyy 4 (i) for
any s € (0,7]. Moreover, we assume g; < 1 and expyy ., (0%}) ¢ €Q; for any
s €[0,7].

Let us define U; o = D; U (€; \ NR). For s < 7 we define

ZS = ( U €XPx S/fz U eXpE/ Sg )) N UZ ,05

0<s'<s 0<s’'<s
Uis =Uip \ Vi

We postpone the precise description of 9U; s to the end of the proof.
Actually we are going to prove that there is a smaller 7 such that, for
s € [0,7], Ui is expy op,(Ais) U expsy o, (Bi,s) where A; is a smooth
subdomain in ¥ and B;, is a smooth subdomain of Y. Moreover both
components of 9U; s are transverse. We also have B; s C 3; and A;, C
Y\ Nr—i. s — 0U;, is then a continuous map with values in Z5(M).
Moreover M(0U; s) < M(0U; ). We then have

M(9U; s) < M(9U;) = |5+ |2\ Ng| < [Sr|+[2] = [ENNg| < [E] - 3[Sg|
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Besides we notice that, since A; s C X\Ng_; and B; s C X, OU; ; is piecewise
smooth mean convex in the sense of Definition 10 in [I§].

Using the work of Song in [I8], we can adapt the work of the authors in
[11] to the case OUj; , is not smooth and prove the following statement.

Claim 1. There is a continuous sweep-out {aUZ-,S}SE[T,” of U; + such that
L({0Uis}sepr)) < 12 — 2|SR|-

Proof. Because of the Appendix in [I8], we know that there exists a ho-
motopically closed family A of sweepouts in U;,. Let us assume that
W (Ui, 0U; -, A) > |E| — 5/2|Sg| > |0U; +|.

Thus by Theorem 12 in [1§], there is a closed minimal surface S in Uj ;.
As in the proof of Lemma 20 in [I8], N = U, ; \ S is then a mean convex
subset such that OU; » has non vanishing homology class in N. Thus we can
minimize the area in this homology class [6], [17] in order to get S’ a stable
minimal surface such that |S’| < |0U;,|. But this implies As(D(M)) <
|0U; +| <|X| = 3|Tr| < A1(D(M)) < As(D(M)) which is contradictory. So
W(UZ"T,(?UZ"T,A) S ’Z‘ — 5/2’SR| and there is {8Ui,s}se[771] with

L({0Uis}sefr)) < 13| = 2|8k

O

Using these two sweep-outs, we can define a family G5 (see Figure {4)) of
open subsets of M by

Uii—s if0<s<1

. Ul,oUNS_l Hfl1<s<R+1

* ) (QUNR)\ (D2\ Nogi1-s) ifR+1<s<2R+1
M\ Uss—2r—1 if2R+1<s<2R~+2

The family G satisfies H3(GsAGy) — 0 as s — t. Moreover, 9Gy is
rectifiable so ® : s — JGs is a continuous path in Zy(M) for the flat
topology. Moreover Gy = () and Gapio = M. Let us now study M(®(s)).
For s € [0,1] we have M(®(s)) = M(9U11-5) < |X| — 2|Sg|. For s €
[1, R+1], G is contained in U7 ¢USs—1 so M(P(s)) < M(OU; 0)+|Ss—1] <
|X| — 2|Sg|. If s € [R+ 1,2R + 1], 9Us is contained in OUs o U Sapy1—s SO
M(‘I’(S)) < M(&Ug,o) + ‘SQR+1_S| < |Z‘ — Q‘SR’. Finally for s € [2R +
1,2R + 2], M(CI)(S)) = M(@UQVS_QR_l) < ‘Z| - 2|SR|

After a reparametrization, we have then constructed a continuous map
O :[0,1] —» Z((D(M)),F) satistying all the hypotheses of Theorem
with sup M(®) < || — 2|Tg| < |Z|. So by Theorem [17] we have A;(M) =
A (D(M)) < Wpag < supM(®) < |8 — 2[Tg]| < [ = Ay(M). This gives
a contradiction with XN Ny 5 # () and finishes the proof.

Let us come back to the study of OU; s for small s and check the properties
we announced. Clearly this boundary is contained in X}, = expyy .. (%)

and X5 = expy, 4, (). We need to understand the intersection of these two
surfaces when s is small.
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b
Q P
b
Tr l 0<s<1
/
1<s<R+1 1<s<R+1
R+1<s<2R+1 2R+1<s<2R+2

FIGURE 4. A schematic view of G5 (the bottom and top line
are identified)

We define F; : (p,s) € ¥ X (—7,7) — expy; 7, (p) € M and G; : (p,s) €
XX (=1, 7) XDy s, (p) € M for small 7. The map F; defines a smooth
coordinate system in a neighborhood N of ¥. Let us write Fi_1 = (P,T):
N — ¥ x (—7,7). Let us remark that at a point p € X, DFZ-_1|p : X €
Ty,M — (mp(X), (X,v)/ fi(p)) € TpX x R where 7, is the normal projection
T,M = T,3.

Let V be a neighborhood of I' inside ¥} contained in N. There is 7’ such
that G;(V x (=7',7")) C N. Let 1; be the conormal to I' in ¥} pointing
to ¥;. So neighboring points to I' in ¥ can be parametrized by (p,t) €
I'x (—¢g,e) — exp;)(tm(p)) where exp’ is the exponential map in ¥. Thus
such a point has image by G;(-,s) in the intersection F;(X, s) N G;(XL, s) (s
small) if

Li(p, s,t) := T(Gi(expy,(tmi(p)), 5)) — s =0

Solving ¢ as a function of (p,s) € I' x R can be done near I" x {0} us-
ing the implicit function theorem since L;(p,0,0) = 0. Indeed we have
atL’L(p7O7O) = (V(p)unz(p))/fz(p) > 0 since both v and U POint to Q’L So
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ti(p, s) can be defined near I' x {0}. At (p,0) we also have

0= Ou(L(p, s, ti(p, 5)) = LM g 4, 1 9110
fi fi

Thus Ost; = (V{;i)(l — %) > 0 since g;/fi < 1. The curve v;4(p) =
expl,(ti(p, s)n(p)) is sent by Gi(-,s) on the intersection F;(X, s) N Gi (X, s):
Bi(+,8) = Gi(7is(+), s) is a parametrization of the intersection. Moreover ;
bounds a subdomain B; s in ¥} whose image by G;(-, s) is the piece of OU;
contained in G;(X}, s). Since dst; > 0, we have B; s C ¥;. At (p,0), we also
have

-1

Ji 9i(v, Vi)
(Va 77) <1 fl )771

The curve vs(-) = P(Bi(-,s)) on X is such that F;(vs(-),s) is also a
parametrization of the intersection. 5 bounds a subdomain A;; in ¥ such
that OU; s is Fj(Ais, s) UGi(Bis,s). We notice that, at s = 0,

fl (1 . gz(V’ Vz) )771)
(V7 77) fz
We notice that since B; s C ¥;, the mean curvature of G;(B; s, s) is positive
(s > 0). The same is true for the mean curvature of Fj(4;s,s). More-
over both surfaces intersect at an angle less than w. Finally using the first
variation formula and ¥ and ¥; are minimal, we have at s =0

O (|Fi(Ais; 8)| + [Gi(Bis, 5)| = —/(8575(11),77) + (95715 (), i)

8351‘ = giV; +

85'75(27) = ﬂ'p(asﬁi) = Wp(giVi +

r
gy i gy
= /F(gz i + o, m)<1 7 )i, 1)

fi o gilvn)
I O (RS /i 2L .
= /F(gz i + (v,m)<1 7 )Ni> 0+ 1)

= —/F(asﬁz‘ﬂ?Jr??i)

where 7 is the unit conormal to I' in ¥ that points outside N(R). We notice
that for s > 0, B, is inside U; o so 9535 points to U; o and is orthogonal to the
tangent space to I'. 1+ n; is a vector that bisects the wedge corresponding
to Ujp and contained in the orthogonal to the tangent space to I'. So
(0sBi,n+mn;) > 0 along I" and O, (| Fi(Ais, s)|+|Gi(Bis, s)| < 0. This implies
that [0U; 5| < |0U;p| for s > 0 small. So all the stated properties are
satisfied. O

8.2. The lower semi-continuity. We have the following result.

Proposition 25. Let M; —LM be a converging sequence of cusp manifolds.
Then liminf A; (M;) > A1 (M).
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Proof. Let us consider a minimal surface ¥; in M; such that a(%;) = A(M;).
By Proposition 21} we know that there is Ag such that |3;| < Ag. Moreover,
by Corollary [4] there is £o, dp and so such that if M; contains a geodesic loop
of length ¢ < /; then its tubular neighborhood Ng, satisfies Sg, = ONg,
has diameter less than § and systole larger than so. Thus there is R such
that 2; N N R,—R is empty by Proposition

This implies that there is € > 0 such that X; C M; ) for any 7. Since
M; — M there is ¢; : M[a /2,00) M; which is a k; quasi-isometry where
k; — 1. Moreover we have M o) C Qpi(ﬁ[e/zm)). Let g; = ¢;g; and
Y = gp;l(zi) C M[s/Qm) which is a minimal surface for the metric g;.
Since M; — M we have §; — g in the C™ topology. Moreover agi(ii) < Ag
and the index of ¥; is 0 or 1.

Thus we can apply the compactness result of Sharp (Theorem A.6 in [16]).
It implies that there is a closed connected embedded minimal surface ¥
in (M, g) such that (3;) converges in the varifold sense to & with some
multiplicity. Moreover, the convergence is smooth outside a finite number
of points. If ¥ is orientable, then

AL(M) < ag(T) = [Z]5 < lim |45 < liminf A; (M;)

If ¥ is non-orientable, then either ¥, is non orientable or ¥; is orientable
and the convergence must be with multiplicity at least 2. In both cases, we
have

A1 (M) < ag(2) = 2[Z|; < limag, (;) = liminf A; (M;)
So the proposition is proved. O

APPENDIX A.

A.1. A uniform graph lemma. Let us consider R® endowed with the
metric § = h?(x3)(dx? + dx3) + dzd. For ky, ko, k3, ks € {1,2,3} and p < 4,
we recall that

np(ki,.... kp) =#{i € {1,...,p}ki € {1,2}}.
We consider a second metric g = ag(x1, x2, x3)drrdr;. We assume that
there is some A such that the following hypotheses occurs
H1 49 < g < A%
H2 %SAand‘%'SA.
H3 \akl\ < Ath(k’l) (IL’3), |8¢akl| < Ahn3(k’l’i) (.733) and |8i8jakl] < Ahn‘l(k’l’i’j) (IL’3)
We notice that the metric g satisfies also the hypotheses of the last item.

Lemma 26. Let g and g as above and consider g, ko, then there is C' > 0
such that the following is true. Let ¥ be a surface in R? x [a,b] endowed
with the metric g which is tangent to R? x {t} at p = (0,0,%) such that
dg(p, 82) > eo and |AE’ < ky.
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Then there is a function u defined on the disk {(x1,z2) € R%|z? + 23 <
202 /W2 (1)} such that (z1,m2) + (21, 79,t + u(z1,72)) is a parametrization
of a neighborhood of p in %. Moreover u satisfies

lu < Aso, ||Vul| < h(E) and || Hessul| géfﬂ(t‘)

Proof. First we replace ¥ by the geodesic disk of center p and £y. Since
as3 > 4, the distance between {w3 = T} and {3 = T + t} is at least
t/A. So ¥ is contained in R? x [t — Aeg,f + Agg]. Let us also remark
that since |h—h/| < A we have e~ A#s~Un#) < h(x3) < eA*s~Up(f). Then
e On(F) < h(zs) < eX0n(f) on [t — Aeg, T + Asg].

Let us consider ¥ : R? x [t — Agg,t + Ago] — R? x [t — Aeo,t + Aeg) :
(y1,y2,y3) — (ﬁyl, ﬁyg,yg). Then the metric ¢* = ¥*g can be written

bkl(yl, Y2, yg)dykdyl where bk:l = h(f)_nQ(k’l)akl oW. Thus

hr2(B:D) (y5) < Aem DA% < g 24%0
hTLQ(k,l)(ﬂ

So there is a constant B such that |bg;| < B. A similar computation proves
that |Vbg| < B and |Hessby| < B. Using Hypothesis H1, we also have

ﬁ\l/*g < g* < A20*§ where ¥*g = h;(z%) (dy? + dy3) + dy3. This implies
that det ¢* is far from 0 and co. So the coefficients b of the inverse of g*
satisfy |bkl\ < B and, for any k € {1,2,3}, % < bp, < B and % < bkk < B.

Let us define ¥* = U~1(X), ©* C (R3, g*) is a geodesic disk of radius &g
and curvature bounded by kg. Let us consider g. = dy? + dy3 + dy3 the
Fuclidean metric. Because of the the control we have on g*, there is £; that
depends only on ¢y, A and B and k; that depends only on kg, A and B
such that (X*, g.) has curvature bounded by k; and dx= g, (P, 05*) > €1 (the
proof of this result can be found in the Appendix of [I4] more precisely see
the proof of Propositions 4.1 and 4.3).

So we have a surface in the Euclidean space R? with curvature bounded by
k1, ds+ 4. (P, 0X*) > 1 and that is tangent to R x {t} at p. Then a classical
uniform graph lemma (see Proposition 2.3 in [14]) implies that there is C
that depends only on k1 and €1 such the following is true. There is a function
u defined on the Euclidean disk of radius v/2C centered at the origin such
that (y1,y2) — (y1,y2,t + u(y1,y2)) is a parametrization of a neighborhood
of p in ¥*. Moreover

lba| = h() 28D ]ag| 0 T < A

1
lu| <2C, |Vu| <1 and | Hessul < ol
In order to come back to the original coordinate system we define the
function v(z1, x2) = u(h(f)x1, h(f)xs) which is defined on {(z1,z2) € R?|x2+
r3 < 26%/h%(t)} and satisfies

1
lv] <2C, |Vu| <h(t) and |Hessv| < 5h2(f)
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We notice that, since ¥ C R? x [t — A, t + Aeg], we have |v| < Aeg. O

A.2. The minimal surface equation. Several times we consider graphs
that are minimal surfaces; let us write the equation solved by these graphs.
On R? we consider the metric g = a?(z3)dz? + a3(ws)dz3 + dz3 which is a
model for the metric in cusp or tubular ends. Let u be a function in a domain
of R? and consider the graph parametrized by X (z1,z2) = (21, 22, u(x1, 22)).
The induced metric is
(a2 (u) + uil)dﬁ + g, Ug,dz1dzs + (a3(u) + uiz)dx%
So the area element is Wdz1dze = (a3 (u)a3(u)+a3(u)u2, +af(u)ul,)dzdzs.
So if v is an other function with zero boundary values and A(t) is the area
of the graph of u + tv, the derivative of A at t =0 is

A0 = [ 5 (i a3 + awaswa (o + ax(wad(uyi,o

()t v, + 01 () (), 0 + a3 (W), )

_ / ay (UIZ?(U)

(@ was(e) + an(w)aa) + 22002+ B2 ),
(@), @} (1))
w

Thus the graph is minimal if v satisfies

—vdiv

(a3 ()t , aF () tar,)
w

_ a’l(ul)/[c/m(u) (a'l(u)ag(u) + al(u)aé(u) + G“IZ(U) 2 CLI(’LL) 2 )

(2) 0=div
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