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Sensitivity analysis via Karhunen-Loéve expansion of a random
field model: estimation of Sobol’ indices and experimental design

Luc PRONZATO*

January 11, 2018

Abstract

We use the Karhunen-Loéve expansion of a random-field model to construct a tensorised
Bayesian linear model from which Sobol’ sensitivity indices can be estimated straightforwardly.
The method combines the advantages of models built from families of orthonormal functions,
which facilitate computations, and Gaussian-process models, which offer a lot of flexibility.
The posterior distribution of the indices can be derived, and its normal approximation can
be used to design experiments especially adapted to their estimation. Implementation details
are provided, and values of tuning parameters are indicated that yield precise estimation from
a small number of function evaluations. Several illustrative examples are included that show
the good performance of the method, in particular in comparison with estimation based on
polynomial chaos expansion.

Keywords: sensitivity analysis, Sobol” indices, random-field model, Karhunen-Loéve expansion,
Bayesian linear model, polynomial chaos, optimal design of experiments.

1 Introduction and problem statement

We consider global sensitivity analysis for a function f(-) depending on d real input variables x =
(z1,...,24). Uncertainty on the inputs is accounted for by treating them as random variables.
We shall denote X = (X1, ..., Xy) the corresponding random vector, the probability measure p of
which is supposed to have the tensor-product form

dpa(x) = dpar (1) x -+ x dug(ea) (L1)

with p; a probability measure over 2; C R, i = 1,...,d. Global sensitivity analysis aims at
identifying important variables, and possibly important interactions between groups of variables, in
the sense that they are the most influential on the global behaviour of f(-) with respect to p. The
calculation of Sobol’” indices, which quantify the portion of the variance of f(X) explained by each
input, or combination of different inputs, see Section 2.1, has become a standard tool in sensitivity
analysis for measuring the importance of (groups of) variables; see in particular the recent overview
[26].

Commonly used estimation methods of Sobol’ indices include the Fourier Amplitude Sensitivity
Test (FAST) |6, 32, 7], see also |31]; the model-free pick-and-freeze methods |33, 30| based on QMC
sampling designs, Latin hypercubes (Lh) or orthogonal arrays, see in particular [22, 36, 15, 16].
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In case of functions f(-) of computationally expensive evaluation, the use of metamodels, possibly
combined with Monte-Carlo sampling, allows estimation of indices from a reduced number of data
points; see e.g., [25, 23, 20]. The calculation of Sobol’ indices is then considerably facilitated when
the metamodel used has a particular form, which is especially adapted to the underlying Sobol’-
Hoeffding decomposition.

(1) Polynomial Chaos Expansions (PCE) correspond to tensor products of univariate polynomial
models P;(z;), each P;(-) belonging to a family of orthogonal polynomials with respect to pu;, and
provide an easy evaluation of Sobol’ indices. Indeed, the indices are given by ratios of quadratic
forms in estimated parameters for the linear regression model defined by the PCE; see 35, 3, 1]. The
precision of the estimated indices can be related to the information matrix for the linear regression
model, which allows the construction of efficient designs adapted to the estimation of Sobol” indices;
see [5]. Families of orthogonal polynomials are known for particular distributions (e.g., Hermite for
the standard normal, Legendre for the uniform distribution, etc.), but transformations or calculation
via moment matrices can be used in more general situations, see Section 4.1.

(73) To a given Random-Field (RF) model with tensor-product covariance (see [34, p. 54|) and a
tensorised probability measure p, one can associate a particular ANOVA kernel that yields a simple
expression for the Sobol” indices, see [9]. The construction of the ANOVA kernel is explicit for some
particular RF covariances and measures p only, but numerical integration can be used otherwise.
See also [17] for the ANOVA decomposition of a kernel, with some insights into the consequence of
enforcing sparsity through the choice of a sparse kernel.

On the other hand, both approaches suffer from some limitations. The number of monomials
to be considered in a PCE model grows very fast with the number d of variables, so that many
observations (function evaluations) are required to get an estimate of the indices, even for moderate
values of d. Moreover, the polynomial model seems to offer less flexibility than a RF model with
covariance chosen in a suitable family (for instance the Matérn class, see [34, Chap. 2|) that specifies
the regularity of the RF realisations (i.e., of the function to be approximated). In the approach
based on ANOVA kernels, no simple characterisation of the precision of the estimation, which could
be used for experimental design, is available (see [17, Remark 5]). Moreover, no simple recursive
calculation of the indices seems possible in the case where data are collected successively.

The objective of the paper is to present a method that combines the positive aspects of (i) and
(7i): starting with an arbitrary Gaussian RF model with covariance in the tensor-product form,
following the approach in [14], we construct a Bayesian Linear Model (BLM) through a particular
Karhunen-Loéve expansion of the field associated with the tensor-product measure p; see also [12].
Like in a PCE model, the regression functions of variable i are orthogonal for p;, i = 1,...,d (they
may possibly also include a few polynomial terms), but in addition to a PCE model the parameters
have here a particular joint prior normal distribution, with diagonal covariance governed by the
covariance function of the RF. The Sobol’ indices (of any order) are obtained straightforwardly
from the estimated parameters in the BLM, and the presence of a prior allows estimation from a
few observations only. Like in [5], the linearity of the model facilitates the recursive estimation of the
indices in case of sequential data collection. The sequential selection of observation points (sequential
design) ensuring a precise estimation of the indices can easily be implemented, and various selection
rules can be considered depending on which characterisation of precision is preferred. Approximate
design theory can also be used to construct an optimal design measure for the estimation of Sobol’
indices through the solution of a convex problem, from which an exact design (without repetitions
of observations) can be extracted.

The computation of Sobol” indices via the Karhunen-Loéve expansion of a covariance operator
is also considered in [13], but in a different framework. The authors consider an additive model with
functional inputs and, using properties of U-statistics, they investigate the asymptotic properties of



an estimator of first-order indices when the truncation level IV of the expansion grows at suitable rate
as a function of the number n of observations. The situation is much different in the present paper:
we consider a general nonlinear function f(-) of scalar inputs and our Karhunen-Loéve expansion
concerns a random-field model of f(-). The number N of regression functions in the obtained BLM
and the regression functions themselves are fixed, with N of the same order of magnitude as the
number n of observations. We shall not investigate the asymptotic properties of our estimator of
Sobol’ indices as N and n tend to infinity. For fixed IV, i.e., for a fixed BLM, the estimated indices
tend to the true indices of that BLM as n tends to infinity and satisfy a central limit theorem (under
standard assumptions concerning Bayesian estimation in a linear regression model). However, since
N is fixed, the estimated indices do not converge to the true indices of f(-) as n tends to infinity.
Note that we are mainly interested in the case where n is small, a prerequisite when f(-) is expensive
to evaluate, and we are more concerned with the choice of the n design points ensuring a precise
estimation of the indices than with asymptotic properties for large n, when N = N(n) grows with
n at suitable rate.

Section 2 gives a brief overview of the Sobol-Hoeffding decomposition and the estimation of
Sobol’ indices in models given by tensor products of orthonormal functions. The tensorised BLM
is introduced in Section 3 for a product measure p. Its practical implementation relies on finitely
supported measures, typically quadrature approximations, and is detailed in Section 4 with some
numerical illustrations. Section & considers the estimation of Sobol” indices in the BLM, together
with the construction of posterior distributions and credible intervals. In Section 6, the normal
approximation of the posterior distribution is used to design experiments adapted to the estimation
of Sobol’ indices. The examples in Section 7 illustrate the performance of the method, in particular
in comparison with PCE. The construction of optimal (non-adaptive) designs is considered in an
Appendix.

2 Sobol’ sensitivity indices

2.1 The Sobol’-Hoeffding decomposition and Sobol’ indices

Let f(-) be a function depending on d input variables x = (z1,...,24) € 2 C R? and u denote a
probability measure on 2°. We assume that p has the tensor-product form (1.1) and that f(-) is
square integrable for 1, which we shall abusively denote by f € L?(2", u), with L?(.2", i) the Hilbert
space of real-valued functions on 2~ square integrable for u. (Note that elements of L?(.2", u) are
in fact equivalence classes of functions that coincide p-almost everywhere.) We denote by E,{-} and
var,{-} the expectation and variance for p, respectively. Then, f(-) admits the following Sobol’-
Hoeffding decomposition of f(-) in 2% terms, see [10, 33|,

d
FR) =fo+ > film)+ D> fis@inz)+ D figelwszg, o)+ + fial@n, .. zg) . (2.1)
i=1 1<j<d 1<j<k<d

For % an index set, % C {1,...,d}, denote by x4 the vector with components z; for i € % and by
far (x9,) the corresponding term in the decomposition above (without further indication, we shall
only consider ordered index sets). For a fixed fy, when we impose that

View, / fo// (Xrg/) d/LZ(;L’z) =0, (2.2)
Z
then the decomposition (2.1) is unique. Moreover, we have the orthogonality property

V%#%> 9/,7C{1,...7d}, Eﬂ{f“//(x%)f’f/(x’i/)}:())



together with fo = E,{f(X)}. This orthogonality property implies that we can decompose the
variance of f(X) as

V =var, {f(X)} = Z:varu{fz Z var, { fi i (Xi, X5)}+ - +vary{fi,. a(X1,..., Xa)}
i<j<d
= > Va,
v c{1,...,d}

where we have denoted Vi = var,{fs (X%)}. For any # C {1,...,d}, (2.2) implies that

E{fX)Xa)=fot+ > fr(Xy),

vCu

so that Vi = var, {E {f(X)|X%)} = > 44 Vy, where the inclusion is strict on the right-hand
side. The Sobol’ sensitivity index associated with the index set % is defined by

v
Notice that >, 1 g S# = 1. The d first-order indices S; (the d(d — 1)/2 second-order indices

S;.j, respectively) correspond to % = {i}, i = 1,...,d (% = {i,j}, (i,j) € {1,...,d}? i < j,
respectively). The closed index associated with % is defined by

S, = varu{Eu{];(v ) X%)} Z S, . (2.3)

VCU

Sy =

Also of interest are the so-called total-effect indices,

Su= Y S5=1-Y 5= 1_Varu{Eu{f(X)\X{l,...,d}\%}} _ Eudvan df (X)X, ap# 3} 7

V |4
VNUFAD VNU=0

among which in particular the d first-order total-effect indices S; = ?{i}, i1=1,...,d. A group of
variables 24 such that S5 =~ 0 can be considered are having negligible effect on the global behaviour
of f(+), which thus allows dimension reduction.

2.2 Sobol’ indices for tensor products of linear combinations of y;-orthonormal
functions

Foralli=1,...,d, let {¢;e(-), £ =0,...,p;} denote a collection of p; + 1 orthornormal functions
for p;; that is, such that

/(b x) dp( )—lforallﬁand/ Gio(x)pj o (x) dpi(x) = 0 for all £ # L. (2.4)

We suppose moreover that ¢;o(z) = 1 for all i. Consider the tensor-product function defined by

d Di
1] [z al-,mi,e(x)] | .3
=0



It can be rewritten in the form of a linear regression model having H?Zl(pi + 1) parameters [y,

Fx) = Brb(x),
L

where £ = {{1,...,44} denotes a multi index, with ¢; € {0,...,p;} for all i = 1,...,d, and where

Be =TTy e, and Yu(x) =TTy 0 (22):
For any index set % C {1,...,d}, since E,, {¢; ¢(X;)} = 0 for all 7 and all £ # 0, we have

E{fX) X))} =6+ Y Bebe(X),

LeL(%)

where 0 = {0,...,0 and L(%Z) = {£ #0: ¢; =0 for all i ¢ % }. Next, the orthonormality property
(2.4) gives var,{1¢(X)} =1 for £ # 0 and

Ly — T~ 59
Y0 B
from which we can easily compute Sy and Sy for any index set 7, see Section 2.1. In particular,
_ .20 37
Sz‘ :ﬁ{l} and SZ = &617#0; for all 1 = 1...,d, Si,j :ﬁ{i,j} —Si—Sj for all Z,]: l,d
20

When the ¢; ¢(-) in (2.5) are univariate polynomials P; ¢(-) of degree £ in a family of orthonormal
polynomials for p;, the construction of Section 2.2 corresponds to the PCE approach in [35, 3, 1, 5].

3 A tensorised Bayesian linear model: theoretical construction

We shall construct a linear approximation model for f(-), with orthonormal regression functions
that satisfy the properties of Section 2.2, together with a prior on the parameters that will allow
estimation from less observations than parameters. The construction relies on Gaussian RF models
with a parametric trend given by orthonormal polynomials.

3.1 Construction of univariate models

We use the univariate orthonormal polynomials of the PCE model as trend functions for a univariate

RF model; that is, for each i = 1,...,d we consider
pi
Yia = Z @i o Pio(%) + Zig (3.1)
=0

where (Z; 2)ze2; denotes a Gaussian RF indexed by 27, with zero mean (E{Z; ;} = 0 for all z) and
covariance E{Z; . Z; .} = K;(z,2) for z, 2" € Z;. We suppose that K (-, -) is y1; X p1;-measurable and
that E,, {K;(X, X)} < 4oc for all i, and denote by T} ,,, the following linear operator on L?(.Z;, f1;):

VPN, VEE X Tyl = [ 1@Kilte) due) = B ()KL X))

For f a vector of functions f; in L2(2, ), j = 1,...,p, with f(2) = (fi(2),..., fo(z))T for all
x € 2, T; 1, [f] will denote the vectorized function with components T5 ,,, [ f;]-



Lemma 3.1. The model (3.1) can be rewritten in the form of a linear regression model, as

pi
Yie = Z &0 Pig(x) + Z O‘;,k‘/);,k(m) tEi0a, (3.2)
=0 k>1
where the &y, £ =0,...,p;, form a set of p; + 1 trend parameters, the o, k > 1, are independent

centred normal random variables, and where €;0 . is a centred RF that satisfies E{oz; k€i0x) =0

for all x € Zi. The regression functions ¢ () are orthonormal in L?(%;, ;) and satisfy the
orthogonality property B, {¢; 1 (X)P;o(X)} =0 for all £ =1,...,p; and all k > 1.

Proof. Following |14, Sect. 5.4], for each i = 1,...,d, we consider the orthogonal projection p; of
L%(Z;, ;) onto the linear subspace T; spanned by the P;¢(+), £ =0,...,p; and denote q; = id;2 —p;.

In matrix notation, we write g;(z) = (P, 0(2), ..., Pip; (%))’ and a; = (aip,...,aip;)T. From the
orthonormality of the P 4(-), we can write, for x € 25,
PiZio =gl (¢)Eu{8i(X)Zix}, (3:3)

with E{piZ;»} = 0 and, for y € 23, B{(niZi+)(0iZiy)} = & (2)Ep {Ti [ (X)g] (X)}gi(y) and
E{(piZi+)Ziy} = gl (x)T; 1.[8i](y). The model (3.1) can thus be written as

Yie =gl (¥)o; +piZix+ 0iZix = g (2)& + 9 Zi 2, (3.4)

with &; = o + E;,{g:(X)Z; x }. The covariance kernel of (q;Z; »)zc2; in (3.4) is equal to

Ki(z,y) = B{(0:Zi2) (0 Z1y)} = Ki(z,y) + &l (@)Eu{Tipi 8] (X)a! (X)}ei(y)
~T,l87 )(2)8i(y) — &f ()Tl (v) - (3.5)

Note that in (3.4) we have orthogonality in L?(.27, u1;) between the realisations of (q;Z; )zc2; and
the trend subspace 7;, with p;Z; , € T;.
Consider now the integral operator associated with K;(-,):

Ve L Ziw), Ve 2, Toulfl(t) = By {f(X)K(t, X)}.

By construction, Twz satisfies iuz [P;¢] = 0 for all £ € {0,---,p;}. It can be diagonalised, and
we denote by {vi1,7i2,...} the set (at most countable) of its strictly positive eigenvalues, assumed
to be ordered by decreasing values, and by ¢; j, € L?(Z;, pi) the associated eigenfunctions. They
satisfy ﬁﬂz [0ik] = vikpir for all k> 0 and can be chosen orthonormal in L?(Z;, pi). Denote by
‘sz,k their canonical extensions,

Toloirl (@), k1. (3.6)

Vo € %a (p;,k(x) =
ik
The ¢, (-) are defined over the whole 2;, with ¢}, = ¢, pi-almost everywhere, and satisfy the
orthogonality property Eu{e) (X)Pe(X)} =0 forall =1,...,p; and all k > 1.
The Karhunen-Loéve expa[nsion of ;Z; in (3.4) gives Vo € Zi, QiZiz =2 o1 O 1 s p(T) +
€i,0,2 , where the o, , k > 1, are mutually orthogonal normal random variables .4~ (O,ty,-,kfand where
€;,0,¢ 15 a centred RF satisfying E{a;ksi,g’w} = 0 for all x € Z;. This concludes the proof of the

lemma. (Note that e;0,, has covariance K;(z,z’) — Y kst Yk 1 (2)@h  (2), and cannot be ignored
when p; is replaced by a finitely supported measure zi; and Y; , is used out of the support of ji;, see
Section 4.) ]



3.2 Construction of a tensorised BLM

We set a prior on the d; in (3.2), and suppose that &; = (s, ...,qip) is normally distributed
A(0,D;), with D; = diag{v;¢, ¢ =0,...,p;}, foralli =1,...,d. The choice of the ¥; ¢ is discussed
in Section 4.3. Consider the separable kernel defined by K'(x,y) = H?Zl K/(xi,v;), where

Pi
Kj(z,y) = Ki(z,y) + > _0isPio(x)Pisly), (3.7)
/=0

with I?z(x, y) given by (3.5). The eigenvalues and eigenfunctions of the operator T),[f], defined by
T,[f1(t) = E,{f(X)K'(t,X)}, f € L*(Z ", n), t € 2, are products of eigenvalues and eigenfunctions
of the operators associated with the K/(-,-). The Karhunen-Loéve expansion of the centred Gaussian
RF with covariance K'(-,-) yields the following tensorised version of model (3.2):

Yi= > Bevbe(x) + 2o, (3.8)

£€Nd

where £ = {{1,...,¢q} with ¢; € IN for all ¢, the ; are independent random variables .4#(0, A;), and

where o x is a centred RF with covariance E{egxeoy} = ngl Ki(xi,y:) — > penve Metbe(x)0e(y),
with B

A =TI Mg s (%) =TT, big, () for any x € 27,
dio() = P;(v) for £ =0,...,pi, Aol) = Vg for £=0,...,p;, (3.9)
ot B @;,[—pi(') for £ > pi + 1 ) Wt - Vi l—p; for ¢ > pi + 1 R

and ;1 > 75,2 > ... the eigenvalues defined in the proof of Lemma 3.1. When truncating the sum in
(3.8) to £ in a given finite subset L of IN%, we obtain the model Yy = > ver, Bebe(x) + ex, where now

E{exey} = Hle Ki(2i,yi) = e, Aetbe(x)1e(y). The choice of I will be discussed in Section 4.4.
Finally, the BLM we shall use for sensitivity analysis is given by

Yy = Z 5&@@(7{) + 5;( ) (310)

LeL
where we have replaced the errors ex by uncorrelated ones ¢, such that E{e}ey} = 0 for x # y and

d

Vx € 2, $2(x) =B{()’} = B{(ex)*} = [[ Ki(wi, i) = > Aphf(x). (3.11)

i=1 LeLL

Following the results in Section 2.1, the estimation of the parameters f; in (3.10) from evaluations
of f(-) at a given set of design points will provide estimates of Sobol’ indices; see Section 5.

Remark 3.1. We may also consider the estimation of £, in the model with correlated errors
€x. Estimation from a m-point design then requires the calculation and manipulation of a n X n
correlation matrix, whereas only its n diagonal terms need to be used for the model (3.10). Numerical
experiments indicate that the gain in precision is negligible when considering correlations. Moreover,
the approximate model with uncorrelated errors allows the selection of observation points adapted
to the estimation of Sobol’ indices by classical approaches for optimal design, see Section 6. 4



4 Practical implementation via quadrature approximation

The ¢, (-) and associated eigenvalues ; ;, in (3.2) are usually unknown, and we need to resort to
numerical approximations. A convenient practical implementation consists in replacing the measures

w; by quadrature approximations
gi
fii =Y wijla,,
j=1

For all i = 1,...,d, denote W; = diag{w;;, j = 1,...,¢} and Q; (respectively, Q) the matrix
with j, k term {Qi};jx = Ki(zij, zix) (respectively, {Qi};r = Ki(wij, zix)) for j,k=1,...,¢;. We
agsume that H?Zl gi > n, the projected number of evaluations of f(-).

Remark 4.1. The substitution of fi; for y; has the consequence that the basis functions ¢; o used in
(3.9) are orthonormal for j1;; Sobol’ indices will therefore be estimated for the measure i = ®?:1 ;.
However, since @ has H‘le q; support points, the ¢; do not need to be very large to be able to neglect
this quadrature effect, and ¢; ~ 100 seems to be enough in most cases, see Sections 4.6 and 7. On
the other hand, the fi; may also correspond to empirical measures obtained from historical data, a
situation where ¢; may naturally take large values. N

4.1 Construction of QZ

For each i = 1,...,d we must construct polynomials P;(-), of degrees | = 0,...,p; < ¢; — 1,
orthonormal for the measure fi;. Direct calculation shows that orthonormality implies (up to an
arbitrary sign change)

1 mi1 v Mgy
mi1 My2 0 M4
det
mie—1 Myye - MMi20—1
1 T c. 2t

Pio(z) =1 and Piy(z) = for 0 > 1,

det'/2(M; ) det'/2(M; p_1)

where, for any ¢ € IN, M, ¢ is the (¢4 1) x ({+1) moment matrix with j, k term {M; ¢}; x = m; j4r—2
and m; j, = E5, {X*} for all k. Denote by G; the ¢; x (p; + 1) matrix with j, ¢ term P; o(2;;). It
satisfies G W;G; = I,,11 and we have, from the definition (3.5) of K;(-,-),

Q; = Qi + GG/ W,Q;W,GG] - G,G/ WQ; - QW;G,G] , (4.1)
from which we can readily check that Q;W,;G; = Oy..(pi+1), the g x (p; + 1) null matrix.

4.2 Calculation of 1,(x) and s*(x)

To calculate ty(x) in (3.10) we need to compute the ¢, (z;) and the v in (3.9). Also, the
calculation of the variance s?(x) of €, requires the computation of the K/(z;,z;), see (3.11). As
shown below, the use of quadrature approximations ji; reduces these computations to a few matrices
and vectors manipulations.



Diagonalisation of ¢; X ¢; matrices The diagonalisation of VVl/QQZ 1/2 yields a matrix &n—
of eigenvectors and a diagonal matrlx T; of assomated eigenvalues (sorted by decreasing values)
that satisfy W/2Q;WY/? = &,I;®, , with &, ®; = I, the ¢; x ¢; identity matrix. Denote ®; =
W 1”@,; it satisfies <I> W, =1, Q = &;I®) and Q;W;®; = &;T;, so that GTW,;®; =

(2
O(p,+1),g;- The columns of ®,; correspond to the elgenfunctlons @ik in the proof of Lemma 3.1.

Quadrature designs Following [14]|, we call quadrature design of size n a collection %, =
{x1,...,%n} of n points of 2" such that {x,}; is included in the support of fi; for all £ =1,...,n
and ¢ =1,...,d. When x belongs to a quadrature design, its ¢th component x; is therefore the jth
support point of p;, for some j € {1,...,¢;}; ¢} . (z;) and 7, in (3.9) are then respectively given
by {®;}; and by the kth diagonal element of T;. Also, from (3.7), Kj(x;,x;) in (3.11) is given by

K{(wz,x) - {QI}J,J + 27916 i0 xz Z% é{q)z}jz + Zﬂzf il xL .

General designs When x is an arbitrary point in 2", x; is generally not in the support of ;. To
calculate 1;(x), see (3.9), we therefore need to compute the canonical extensions ¢, ,(z;) defined by
(3.6). Denote

kl(l‘) = [KZ(.%, .1,‘@'71), ey Kl(l‘, wi,qi)]T and EZ(.Z') = [I?l(l', .1,‘7;71), ey KZ(.Z', .fi’qi)]T
From (3.6), ¢; ,(zi) corresponds to the fth component of Pi(x;) = I‘;l'I’iTWiEi(xi), where
ki(z) = ki(z) + G;G] W, Q;W,Gigi(z) — QW,G;gi(z) — G;G] Wik;(z),

for all i = 1,...,d and all 2 € 2;; see (3.5). Since ®IW,;G; = Oy,.(pi+1), the expression of @ (x;)
simplifies into
¢i(z:i) = T; ' ®] Wiki(z;) — T; ' @] W,Q:W,Gigi(w:) . (4.2)

From (3.7), we also get

Ki(wi, 1) = Ki(i, 23) + gF (2) GTW,Q;W,Gigi(z;) — 2gF () GTW ik () +Zmp€ (24) .
£=0
(4.3)

Remark 4.2. When pl > 1, if orthogonal polynomials Pl’ o(+) for p; are known, it is tempting to
directly use {G;};¢ = P, z(mm) to avoid the construction in Section 4.1. The orthogonal projection

(3.3) must then be modified into p;Z; , = g (z)M gilEuZ{gZ( )Zi x}, with Mg, the p; x p; Gram
matrix E,, {g;(X)g! (X)}. (We suppose that u; is such that Mg, is invertible.) The expression of
K;(z,y) must be modified accordingly, into
Ki(x,y) = Ki(x,y) + gl (@)Mg'Ey {Ti g (X)el (X) 1M gi(y)
—T (8] 1(2)Mg gi(y) — &f ()M T, ., [l (v) ,

and (4.1) becomes

Qi = Qi + GM,'G/ W,Q;W,G; M, ' G} — G;M,'G] W,Q; — QWG M, G/ .



Also, when x is not a quadrature point, (4.2) and (4.3) must be respectively modified into

A 191'7([]3;75(-1'1')]2. Note, however, that the P/ ,(-) being not orthonormal for fi;, contrarily to the
eigenfunctions ¢} ,(x;), this may perturb the estimation of Sobol’ indices and this approach is not
recommended. 4

4.3 Choice of ¥,,, (=0,...,p;

The selection of eigenfunctions ¢y(+) in (3.10) will rely on the energy of each component, measured by
the associated eigenvalues, see Section 4.4. It is therefore important to choose values of ¥; ; in (3.9)
large enough to ensure that important polynomial trend functions will be kept in the model, but
not too large to allow the preference of other eigenfunctions if necessary. There is some arbitrariness
in this construction, but we think the suggestion below is suitable in most situations.

Using stationary kernels K (-, ), we can assume (without any loss of generality) that K;(z,z) =1
forallz € Z; and eachi =1,...,d. Indeed, in (3.10), we can write the variance of 5, as 02A£ and the

variance of £/ as s%(x) = o? ngl Ki(wi, i) = D ger, Ang(x) for some positive scalar o2, and then

estimate o from the data; see Section 5.2. Since D ok>1 Yik = Em{f(i(X,X)} < E, {Ki(X,X)},
see [14], we have » ;~; vix < 1, and we can take ;0 = 1 for all i. When p; > 1, in order to favour

the selection of low degree polynomials, we suggest to take v;, = /if with k; = vi{(lﬂoi), so that

Vi > vip forall £ =0,...,p; and all & > 1.

4.4 Choice of the truncation set L

In PCE, when considering the tensor product of polynomials up to degree p; in variable z;, the
model can have up to Hle(l + p;) terms. A rather usual approach consists in favouring simple
models by setting a constraint on the total degree D of the polynomial in d variables; the resulting
model has then (dtlD) parameters (the cardinality of the set {£ = {¢1,..., 04} € N?: Z’Z:l < D}).

Here we suggest to base the selection of terms in (3.10) on the ranking of the eigenvalues A,.
We first choose a number N < N = H?Zl(pi + g; + 1) that specifies the size of the model; that is,
the number of functions we want to consider — a value of N of the same order of magnitude as the
projected number of evaluations of f(-) seems reasonable. Let Ay = >Ny > A£k+1 > ... denote
the ordered sequence of the Ay = H;‘i:1 i, with €= {l1,...,4q} € IN?, where we set Agoy,oy =0
when £; > p; + q; + 1 for some i. Note that £; =0 = {0,...,0} and Ay, = 1; see Section 4.3. The
truncation set is then

Ly = {{,...,£y; € N with M the smaller integer > N such that Ag,, <Agy b (4.5)

Remark 4.3. We do not need to compute all the N values Ay, , and the construction of Ly can be
sequential since the \; , are ordered (by decreasing values) for each i. Also, due to the truncation
operated in the construction of Ly, in theory we do not need to compute all g; eigenpairs in the
spectral decomposition of Section 4.2. The resulting computational gain may be marginal when
each approximation ji; has a small numbers ¢; of components, but may be significant when the j;
correspond to empirical data; see Remark 4.1. N

Remark 4.4. In the special case where all [i; are identical and are supported on ¢ points, and
p; = p for all 4, all matrices Q; are identical, and the same is true for Q;, ®;, I';, etc. (a single
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diagonalisation is thus required, see Section 4.2). The model (3.10) has m? terms at most, with
m =p+q+ 1. Each A; can be written as

Apg =250 x - x At (4.6)
with ag =| {i : 4; = k} | and 37" aj, = d. The Ay can thus take (d:ﬁf) different values at most;
there are at least d!/(aop! X - - - am—1!) different v, (-) associated with the same A, given by (4.6). <

4.5 The special case p;, =0

In absence of reliable prior information on the behaviour of f(-), we recommend to only use a constant
term for the trend; that is, to take p; = 0 for all 7. Then, g;(z) = 1 for all 7 and z, and the reduced
kernel K;(z,y) is given by Ki(z,y) = Ki(z,y) + B, {Ki(X,Y)} — By {Ki(2, X)} — Ep {Ki(y, X)} ;
(4.1) becomes Q; = Q; + 14, (1L W;Q;W;1,)1L — 1, 1TW;Q; — QW,1,,1] | with 1, the ¢;-
dimensional vector of ones, and (4.2) and (4.3) respectively become @¢}(z) = I';'®I Wk;(z) —
I eI W,QiWil, and K/(z,2) = K;(z,z) + 1T W,QiW;1,, — 2k;(2)"W;1,, + 307 0;,0 P2y () .
We only need to choose ¥;¢ in (3.9), and we can take 9; o = 1 for all i; see Section 4.3.

4.6 Numerical illustrations

Consider the Matérn 3/2 covariance function, given by Ks/s(z,y;0) = (14+/30|z—y|) exp(—+/30|x—
y|); see [34, Chap. 2|]. A zero-mean Gaussian process with this covariance is once mean-square
differentiable and has differentiable sample paths almost surely. Suppose that p; is the uniform
measure on [0, 1], and consider the discrete approximation fi1(q;) that puts weight 1/¢; on each of
the ¢1 points z1; = (j —1)/(q1 — 1), 7 = 1,...,q1. We take py = 2, and the polynomials P ;(-),
orthonormal for iy, are Pyo(z) = 1, Py 1(z) = v3(2z — 1) and Py 2(z) = V5(62% — 62 + 1).

Figure 1-left shows the values of the components of the first three eigenvectors ¢ (1) =
{®1}0, 7 =1,...,q1 = 20, of the reduced kernel for ¢ = 1 (triangles), £ = 2 (circles) and £ = 3
(crosses), when § = 2 (top) and 6 = 20 (bottom). Their canonical extensions ¢ ,(z), z € [0, 1],
obtained from (4.4), are plotted in blue dashed line. They are orthonormal for ZZ;(ZO), and close
to being orthonormal and orthogonal to the P, ¢(x) (plotted in red solid line) for p;; see Table 1.
The components of the first three eigenvectors obtained when ¢; = 100 are indicated by dots. One
may notice the good agreement with the canonical extensions ¢} ,(z) based on 20 points only. We
shall use ¢; = 100 in the examples of Section 7 to ensure quasi—or‘éhonormality of the 1y(-) for py in
(3.10), see Table 1.

Figure 1-right shows the values of the A ¢ in (3.9), £ =0,...,10, for ¢; = 20. The eigenvalues

71,¢ associated with the go/l’g are indicated by stars; the values of ¥, = 7f/l(ler) — %{13 in (3.9)

(see Section 4.3) for £ = 0,1,2 are indicated by triangles. We can see that 6 (the inverse of the
correlation length) has a moderate influence on the first eigenfunctions of the decomposition, but
the decrease of eigenvalues is significantly slower for § = 20 (bottom) than for § = 2 (top), which
has a noticeable impact on the prior distribution of Sobol” indices; see Section 7. The choice of 8
should preferably agree with prior information on the fluctuations of f(-). In absence of such prior
knowledge, a possible guideline is to select a value of 8 compatible with the projected number n
of function evaluations: a model with about n components should be able to capture the global
behaviour of f(-) over 2". Suppose that a unique kernel is used for all dimensions, and define

p(e) _ ZZ:l Aﬁk — 2713321 Aﬁk (4 7)
Lahe L (SRA )
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g = 20 | g = 100

80/1,1 S0/1,2 <»0,1,3 ‘ 90,1,1 <»0,1,2 <Pl1,3
P ~0 0.0803 ~0 ~0 -0.0180 ~0
P -0.1468 ~0 0.1447 | 0.0304 ~0 0.0322
Pio ~0 0.1879 ~0 ~0 -0.0408 ~ 0
<,0’171 0.9208 ~0 0.1295 | 0.9799 ~0 -0.0320
cp’m 0.9314 ~0 0.9779 ~0
g0'1’3 0.9247 0.9762

Table 1: Inner products (¢1.¢, ¢1,e/)12(2 ), computed by numerical integration, between regression func-
tions used in (3.2). The canonical extensions ¢} ;(-) are based on a g;-point quadrature approximation of x
uniform on [0, 1] and the covariance K3/5(2,;2); ~ 0 means an absolute value less than 10712,

Figure 1: First eigenfunctions (left) and eigenvalues (right) for the univariate model with uniform measure
on [0, 1] and Matérn covariance Ks/s(-,;0), for 6 = 2 (top) and 6§ = 20 (bottom).

see (3.9). A value of 6 such that p(6) is close to one then seems reasonable. For instance, when
q1 = 100, n = 64 and p; = 2 for all i, we obtain here p(2) ~ 0.9993 and p(20) ~ 0.8290 for
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d = 2, and p(2) ~ 0.9845 and p(20) ~ 0.5083 for d = 3, suggesting that 64 evaluations of a
function of three variables may not be enough to reproduce its behaviour with a tensorised model
based on Matérn 3/2 covariance with § = 20 and second-degree polynomials in each variable. The
posterior distributions of the model parameters 3, and Sobol” indices depend on 6 and rely on
strong assumptions on the underlying model; they should thus be taken with caution. As Section 7
will illustrate, they can, however, be used as guidelines for designing experiments adapted to the
estimation of Sobol’ indices.

Remark 4.5. Although a rule based on the value of p(0) could also be applied when different
covariance functions K;(-,-;6;) are used for different input variables, the choice of 8 = (61,...,04)
may quickly become cumbersome. On the other hand, when no prior information on f(+) is available,
it makes sense to take the same covariance and correlation length for all dimensions; see the examples
in Section 7. Another option, which we shall not develop in this paper due to space-limitation, is to
estimate @ from the data, by maximum likelihood or cross validation, in another (simpler) tensor-
product model, prior to the eigendecomposition. For instance, when p; = 0 for all ¢ and all K;(-,)
coincide, we can estimate covariance parameters # in a RF model with unknown mean and covariance

d d
K (x,y;0) = [ [ Ki(wi,vi:0), or KO(x,y;0) = [[[1 + Ki(ws, vi50)], (4.8)
i=1 i=1
see [9]. An example is presented in Section 7.1. N

The Matérn 5/2 covariance function, Ko (, y; 0) = (14+/50|x—y|+502|x—y|?/3) exp(—v/50|z—
y|), with the same values of 6 as above, yields plots hardly distinguishable from those presented
in Figure 1. Similar experiments with other covariance functions confirm the intuition that the
choice of the kernel among a class of smooth enough stationary kernels has little influence when
considering only a few terms of the eigendecomposition. Note that once evaluations of f(-) have
been obtained, one can easily repeat estimations of Sobol’ indices for different covariance kernels
(using various smoothness assumptions and/or correlation lengths), different values of ¢; and N,
etc., thereby assessing the impact of these choices on the estimation.

Suppose now that d = 2, with p; = po uniform on [0, 1], and consider the tensorised model
(3.10). We take p1 = p2 = 2 and use the covariance Kjz/»(7,y;2) in each dimension, with the
100-point quadrature approximation 71(100). For N = 25, the truncation set Ly defined by (4.5)

is equal to
L _{ 0011021203042130514230615}
25 =

0101202130402315041326051

The corresponding values of (log of) A, are shown in Figure 2, see (4.6). The construction of the

95,0, in Section 4.3 implies that A1 gy = ’ygfrel)/g for ¢,¢' € {0,...,3}, which explains the presence

of two triples and a quadruple of identical Ay; pairs of identical values are simply due to an exchange
between dimension indices, i.e., A\{ pAg ¢ = Ao e A1 o1

Besides the 9 polynomial components P ¢(z1)Pa ¢ (x2), ¢,¢ € {0,1,2}, the model (3.10) with
L = L5 also contains 16 components that involve (canonical extensions of) eigenfunctions ¢j ;(-),
fori=1,2and j € {1,...,6}. Increasing N in Ly allows modelling thinner details in the behaviour
of §(-), but this more precise modelling calls for a larger number of observations. This is why we
suggest to choose N of the same order of magnitude as the projected number of evaluations of f(-).
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Figure 2: Eigenvalues A, (log scale) in the tensorised model.

5 Estimation of Sobol’ indices and credible intervals

Suppose that n evaluations of §(-) at 7, = {x1,...,xp} C Z™ have been performed, and denote

Yo = [f(x1), ..., f(xn)]"

Also, in the BLM (3.10) with I = Ly given by (4.5), denote A = diag{A, , k=1,..., M}, ¥, the
n x M matrix with j, k term vy, (x;), for j =1,...,n, k=1,...,M, and X, = diag{s?(x;), j =
1,...,n} with s?(x) given by (3.11). The parameters 3 = (Bes - - - ’BEM)T have the normal prior
A (0,02A) and the errors €/, = [¢/(x1),...,&'(x,)] are normally distributed .4/ (0, 0%X,,), see Sec-
tion 4.3. However, the introduction of a prior on the trend parameters in Section 3.2 was only
motivated by the construction of the tensorised model, and when estimating 3 we shall put an im-
proper prior on the By, that correspond to pure trend components in (3.10); that is, we set A, L—p
for all k such that £ ; < p; for alli =1,...,d. We denote by Ag the corresponding diagonal matrlx
(it will only appear through its inverse, Wthh is always finite). We also denote by K the set of
such k, with [K| = K, and A" = diag{A,, : k € {1,..., M} \ K}; R,, is the matrix formed by the
columns of ¥,, with indices in K and ¥/ is formed by the remaining columns to ¥,; « is formed
by the K components of 3 with indices in K and 8’ by the other components of 3, having the prior
distribution .4(0,02A’).

5.1 Estimation of indices

We estimate 3 by its posterior mean

g" =M, wls ly,
with M,, the Bayesian information matrix
M, =¥ 1w, + AL (5.1)

Note that when the data {xy,f(xx)} arrive sequentially, classical recursive least squares formulae
can be used to avoid repetitions of matrix inversion. Following the developments in Section 2.2, for
any index set % C {1,...,d} we estimate S,,, defined in (2.3), by

ZZG]LN 4

3 = )
v (57

3)?
v 5.2
E (5.2)
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where LY, = {{, € Ly : {;, # 0} = {{y, ..., ly} and Ln(% ) = {4, € L : 4 =0 for all i ¢ %},
with Ly given by (4.5). This allows us to estimate all Sobol” indices Sy and Sy for any index set
¥, see Section 2. Any such estimate has the form

-~ _ ZﬁkEEN (BZC)Q

mn
M A
LBy )

)

for some subset Ly of L% , and is thus given by the ratio of two (simple) quadratic forms in Bn
Note that S™ does not depend on the value of o2.

5.2 Estimation of ¢

The marginal distribution of Y,, given o and o2 is normal A (Rpa, 0%(, + ¥, AT’ ")), With
an improper prior on o2 (with density proportional to 1/02), its posterior distribution is inverse
chi-square with n — K degrees of freedom and such that E{1/02|Y,} = 1/62, with

1
n—K

62 = (Y, — R,@™) (2, + O A®,")7 (Y, — R,&")
(the restricted maximum likelihood estimator; see [34, p. 170]), where &" corresponds to the K
components of ,@n with indices in K.

Given o2, the posterior distribution 7(8|Y,, c?) of 3 is normal JV(,@n, o2 M 1), with M, given
by (5.1). When the number of degrees of freedom, n — K, of the posterior distribution of o2 is large
enough (note that K = 1 when all p; equal zero, see Section 4.5), we may consider that the posterior
m(B|Y ) is normal N (B, 62 M, 1), and we shall make this approximation in the following.

5.3 Distribution of Sobol’ indices

Take any index given by
A2
5, () = Zheln
L - M 2
k=2 /ng

for some Ly C Ly (which is well defined when 3y, # 0 for at least one k > 1). We consider two
different approximations of its posterior distribution.

(5.3)

Remark 5.1. The value of SEN (B) is invariant by a scale transformation of the S, , with the
consequence that when 3 has the normal prior .4 (0,02A), the prior distribution of SJEN (B) does
not depend on the value of 2. N

5.3.1 Normal approximation

Consider the ratio (5.3). Since B has the normal posterior JV(B7L, 62 M 1), we approximate the
A7l
posterior distribution (S (8)[Yr) by the normal distribution with mean Sz (8") and variance

050, B)| (1950, B)
og" g " 9B g

Direct calculation gives

= A B, (5.4)



with Ay the diagonal matrix
N

AEN = U]EN — SHiNJ’ (5.5)

where UEN = diag{ug,, k = 1,..., M}, up, = 1if £} € Ly and is zero otherwise, and J is the
M x M diagonal matrix diag{0,1,...,1}. We thus obtain

. 462 n.p . n

Ve = (B) A M, Ap 8.

b [(BYTIBT? o0

Critical values for the normal distribution A"(Sg (8", VZ ), truncated to [0, 1], provide approxi-
N
mate credible intervals for Sg (B). Notice that the estimation of Sz (8) and the construction of

these credible intervals can be data-recursive; see also [15, 16] for another data-recursive approach
for first and second-order indices.

5.3.2 Exact posterior distribution of Sobol’ indices for normal parameters

We use the results in [19] and [4] to derive the exact distribution of Sy (8) defined by (5.3) when
B is normal 4 (8",62 M, 1). Denoting A = 52 M;l/QUHjNMEI/Q and B = A%MEI/QJMEI/Q, we
get

Fi . (r) = Prob{SﬂjN (B) < r} = Prob{tT (A — rB)t <0},

where t ~ .4#7(0,I57). Next, we construct the spectral decomposition A — rB = PDP”, with
D = diag{d1,...,6x}, and compute w = (wy,...,wp)! = 6;1PT1\/I71/QBH. Then,

1 1 [*sinf(u)
Fr =57 d 5.7
ix (") 2 /0 uy(u) “ (5.7)
where
M 2 M 959 9
1 Wi Opu 1 w262 1 5 5 '
s =52 [a“ta“(‘”f“) e ] and () = exp {2 2 [Ha,guz + 5 log(1+ 3 | o s

see [19]. The density of Sg (B8) is given by

1 [ p(u)cos B(u) — ud(u) sin B(u)
/O du, (5.8)

fe =2 27(u)

where S(u) and y(u) are defined above and
p(u) = trace[HF 1] + w!F1(H — «’DHD)F'w, §(u) = trace HDF 1] + 2w F 'HDF 'w,

with H=PTBP and F = I); + u?D?; see [4].

Using the expressions (5.7) and (5.8) of Fi, (r) and fEN(r), we can easily construct credible
intervals of minimum length for Sg (B), e.g. via dichotomy search. For a given o € (0,1), e.g.,
a = 0.05, we find b € [0,1] such that Fy (b) — Fg [a(b)] = 1 — a, where a(b) < b is such that
[z, 1a(b)] = fz (b) and is also determined by dichotomy search. An illustration is given in Figure 4-
left. Of course, the required integral computations make this construction significantly heavier than
the derivation of approximate intervals based on the normal approximation of Section 5.3.1.
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6 Experimental design

We consider the usual situation where we want to simultaneously estimate J different indices
SEM1 """" L(B) = (5, ,(B),---.5 (B8))T corresponding to different sets Ly ; = Ly (%) in (5.3).

Ly EN,J B
For instance, to estimate the d first-order total indices S;, ¢ = 1,...,d, we should consider the d
sets Lv; = {4, € Ly : £i; # 0}; see Section 2.2. Denote by V(3) the M x J matrix formed from
the derivatives (5.4) of the J indices of interest,

2
\% = —
(8) 3738
Following developments similar to those in Section 5.3.1, we can approximate the posterior joint dis-

tribution of Sy ..., Sz by the normal distribution N (Sg (Bn), 62 Q,(8")), with Q,(8)
the J x J matrix 7

Az Bl 1A

HNAN,J

,8] . (6.1)

Na1,..,J

Q.(8) = VI (B)M, ' V(8),
and construct experimental designs &, that minimise a scalar function of €2,,. We suppose that
Dn C Zg = {xM ... x(@} a given finite set of candidate points; for instance, 2o may be
given by the first @ points of a low discrepancy sequence in 2. Notice that it is computationally
advantageous to compute all @}({x)};) given by (4.2) and all K/({x7)};, {xU)};) given by (4.3) in
advance, for j = 1,...,Q and i = 1,...,d. We only present the construction of adaptive designs;
optimal (non-adaptive) designs are briefly considered in the Appendix.

The choice of suitable design criteria depends on which aspect of precision we consider more
appealing. Assuming that the indices of interest are approximately normally distributed, the D-
optimality criterion det(€2,) is related to the (squared) volume of joint confidence ellipsoids; the
A-optimality criterion trace(2,,) is related to the sum of squared lengths of the principal axes
of these ellipsoids; the MV-optimality criterion max[diag(£2,)] is related to the maximum of the
variances of individual indices, see [21].

D-optimality for the estimation of first-order Sobol’ indices in PCE models is considered in [5],
and we follow the same line in the more general framework considered here. We suppose that ng
evaluations of §(-) have been performed, such that M, is nonsingular. Then, for each n > ny, after
estimation of 3" from n evaluations of f(-), we choose the next design point x,4+1 that yields the
largest decrease of C[S,41(8")], with C(-) one of the criteria above.

Straightforward calculations indicate that

PT ()M, V(3" [VT(B" )M, V(8" VT ()M, 'y (x)

e € AT, 260+ ¥T (I, ¥(x) .
when minimising det[Q2,41(8" )],
¥ ()M, 'V (8") VT (B")M,, 9 (x)
A T 5200 + 97 M () o)
when minimising trace[Q,41(8")], and
o { WTEOMIVEBYe ) o g M,
Xn4+1 € Arg}fg%% jnll,l..r.l,J{sQ(x) —i—’(ﬂT(X)M;l’lp](X) - ej v (/6 )Mn V(B )ej (64)

when minimising max{diag[§2,,1(8")]}, with ¥ (x) = [the, (x), ..., ¢, (x)]" and e; the jth canon-
ical basis vector of R’ (any of the maximisers can be chosen for x,, 11 in case there are several).
Weighed versions of trace(€2) and max|diag(£2)] might also be considered, for instance in order to
consider individual relative precision of the J indices, by introducing weights along diag(€2).
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Remark 6.1. The presence of independent errors in the model (3.10) has the consequence that
the sequential construction above may yield repetitions of observations at the same design point.
When this happens, it may be interpreted as an indication that the approximations involved are
too rough for the number of observations considered and should be refined by (i) considering a finer
set Z¢ and/or (i7) enlarging the number of components in (3.10), that is, the value of N in (4.5);
see Figure 11 for an illustration. Note that repetitions can always be avoided by considering that
52(x) is infinite for any x already selected. N

7 Numerical examples

7.1 Ishigami function

This function depends on three variables and is frequently used as a test-case in sensitivity analysis.
It is given by f(x) = sin(x1)+asin?(z2)+bz sin(z;), x being uniformly distributed in 2" = [—, 71]3.

We shall use the values a = 7 and b = 0.1. The first-order indices are equal to
S = (br*/5 4+ b*7 /50 +1/2) /A, Sy = a?/(8A), S3=0

where A = a?/8 + br?/5 + b?7%/18 + 1/2, the second-order indices are all zero excepted Sy 3 =
8b278 /(225A). We have, by definition, see Section 2.1,

S1=051+513, S2 =252, S3="513, S15="51+ 52, S;3="513+51and Sy3=15>.

We approximate each marginal of p by the discrete uniform measure that puts weight 1/100 at
each of the points (j—1)/99, j = 1,...,¢ = 100, and use the covariance K3 (,y;0), see Section 4.6.
We set p; = 0 for i = 1,2,3 (we have observed that the performances are significantly deteriorated
when setting the polynomial degrees p; to positive values). We estimate the indices by evaluating
f(-) at the first n points of Sobol’ low-discrepancy sequence in [0,1]3, and take N = n in (4.5).

Figure 3-left shows the density (5.8) of the prior distribution of first-order indices S; (the same
for i = 1,2,3) for = 2 (solid line) and § = 20 (dashed line). Figure 3-right shows the two posterior
distributions obtained for S; when n = 64, § = 2 (solid line) and 6 = 20 (dashed line), B having the
normal distribution .4 (3", 62 M;1); see Section 5.3.2. The true value of Sy is indicated by a star.
The model with § = 2 seems able to adequately capture the global behaviour of §(-), whereas prior
weights on components with fast variations are exaggeratedly large when 6 = 20, see the discussion
in Section 4.6, which renders the estimation less precise.

Figure 4-left shows the posterior density (5.8) for S (solid line, same as in Figure 3-right),
the minimum-length 95% credible interval, and the normal approximation of the posterior (dashed
line), all for # = 2. The estimator (5.2) gives S% ~ 0.3337, reasonably close to the true value
S1 =~ 0.3139. Figure 4-right shows the posterior density (5.8) of Sj2 (solid line) and its normal
approximation (dashed line). Figure 5 presents the same information for S 3, when n = 64 (left)
and n = 256 (right). The estimation of second-order indices is clearly more difficult: when n = 64,
S12 tends to be over-estimated (Figure 4-right) and S; 3 underestimated (Figure 5-left). However,
the situation improves when increasing n, with §%526 ~ 7.107* and 5?%6 ~ (0.2408, see Figure 5-right.
We obtain slightly better results when we first estimate 6 in the RF model with unknown mean and
covariance K@ (-, -;0) in (4.8) from the same data, and then plug the estimated 6" into K;(-,+;0).
Estimation of 6 by leave-one-out cross validation, see [8], gives HA%‘%/O ~ 1.32 and S ~ 0.3188;
é%5\90 ~ 1.25 and §%?26 ~ 9.1074, §%%6 ~ 0.2448. Estimating each 6; separately in the covariance

H?Zl K;(zi, yi; 0;) does not improve performance; the results are slightly worse when estimating 6 in
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Figure 3: Ishigami function. Left: density (5.8) for S; (first-order indices) when B has the prior distribution
A (0,02A) (see Remark 5.1). Right: density of S; when 3 has the posterior distribution .4 (3", 62 M 1),

n n

n = 64. The covariance for univariate models is K3/5(x,y;2) (red solid line) or K3/5(x,y;20) (blue dashed
line); S1 ~ 0.3139 is indicated by a star.

14 T T T T 45

05

Figure 4: Ishigami function: posterior distributions for n = 64 with covariance K3 /5(x,y;2). Left: posterior
density (5.8) for S; (red solid line) and minimum-length 95% credible interval; normal approximation (blue
dashed line); S7 =~ 0.3139 (star). Right: posterior density (5.8) for Si 2 (red solid line) and its normal
approximation (blue dashed line); the true value is zero.

K®(.,.;0) compared with those for § = 2. Although this confirms the intuition that estimation of
¢ may improve performance, we shall always use K;(z,y) = K3/5(z,y;2) in the rest of the section.

Figure 6-left presents the evolution of the first order-index §{‘, see (5.2), with Bn estimated from
evaluations at successive points of Sobol” sequence. After a batch of ng = 10 evaluations, we use a
recursive construction for Bn, and thus for §{L, forn =11,...,256 (dashed line). The 95% credible
intervals for the normal approximation (Section 5.3.1) are shown in dotted line; the true value of Sy
corresponds to the horizontal solid line. Figure 6-right presents the same information for Sy (top)
and S (bottom). We have taken N = 256 in (4.5) and p; =0 for i = 1,2, 3.

The function f(+) is fixed, but we may consider the variability of estimated indices when using
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Figure 5: Ishigami function: posterior density (5.8) for Sy 3 (red solid line) and its normal approximation
(blue dashed line) with covariance Kj3/o(x,y;2). Left: n = 64; Right: n = 256; S1 3 ~ 0.2437 is indicated by
a star.
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Figure 6: Ishigami function: estimated first-order indices (dashed line) and normal approximation of 95%
credible intervals (dotted lines) with a tensorised BLM using Kj/o(x,9;2) and N = 256; the solid line
indicates the true value. Left: Sp; right: S2 (top) and Ss (bottom).

different designs. We take N = n in (4.5), p; = 0 for all ¢ and evaluate f(-) at 100 different n-point

Lh designs @,(lk) coustructed as follows. We first generate 10,000 random Lh designs in 2", and then
select the 100 designs having the smallest value of J,(-) defined by

n
Ty(@a) = 3 min x; —xil|?, 4 <0,
i=1

with 2, = {x1,...,x,}. Jql/q(@n) tends to Jam(Zn) = mingy; [|x; — x;|| as ¢ tends to —oo,
but its value depends on the respective positions of all points, contrary to the maximin criterion
Jurm(-). A design optimal for J,(-) is n'/9-efficient for Jpz,(-) in the design family considered
[27]; we take ¢ = —20 to select designs having good space-filling properties. The left column
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of Figure 7 presents box-plots (median, 25th and 75th percentiles and minimum and maximum
values) of the errors S" — S, for n = 64 (top), 128 (middle) and 256 (bottom) respectively, for
first-order, total, second-order and closed-second-order indices. We can see that the estimation
is already reasonably accurate for small n (the results do not improve when we estimate 6 by
cross validation). Table 2 gives the empirical coverage probabilities (in %), for the 100 random
Lh designs, of approximate 20 credible intervals constructed with the variance VfN given by (5.6),

for first-order indices (Si,S2,53), total indices (Si,S2,S3), second-order indices (Si2,513,523)
and closed-second-order indices (S; 9,57 3,553). Although V2 accounts for uncertainty due to
bl b ) N

the possible variability of f(-) conditional on evaluations at a fixed design, by considering different
designs of the same type (they are all space-filling and have the same one-dimensional projections)
we try to mimic the behaviour of different f(-) for the same design. The coverage probabilities in
Table 2 are acceptable in most cases. The small coverage probabilities observed for S 3 can be
explained by the presence of a small estimation bias, see Figure 7, which may be related to the fact
that the 100 designs considered are not particularly adapted to the estimation of indices. For the
design used in Figure 6 (256 points of Sobol’ sequence), we obtain g%%fi — S1,3 ~ —0.0029; for the

.

design in Figure 9 (adaptive MV-optimal) we get Sf%6 — 51,3~ 0.0013.

Si Si Sij S
n=64 92 98 100 97
98 99 67 99
99 97 100 98
n=128 100 93 99 78
95 95 59 93
97 78 96 93
n=256 99 96 99 85
97 96 T3 96
89 8 65 96

Table 2: Empirical coverage probabilities (in %), for 100 random Lh designs, of approximate 20 credible
intervals for (Sl, SQ, Sg), (517 SQ, 53), (SLQ, 51_’3, 52_3) and (§172,§1’3,§273) (BLM with K3/2(l’, Y, 2))

We now consider estimation of indices via (Legendre) polynomial-chaos expansion. When the
total polynomial degree is D, the model contains M = (D :{d) parameters. Figure 8 presents the
same information as Figure 6, using the same design points. We take D = 5, which gives a model
with M = 56 parameters. We start with a batch of ng = 64 observations and then estimate Bn
by recursive least-squares, for n = 65,...,256. When the number of observations is small, we are
over-confident in the model, although it is not flexible enough to estimate the indices correctly;
when n increases, confidence in the model decreases due to a bad fitting with 56 tuning parameters
only. Next, using the same random Lh designs as in Figure 7-left, we select the total degree D that
gives the best estimation (which is possible here since we know the true value of indices). When
n = 64 (128 and 256, respectively), this gives a model of degree 4 (6 and 8, respectively), with 35
(84 and 165, respectively) parameters. The results (box-plots) are presented in the right column
of Figure 7. Although we have adapted the total degree of the model to the sample size (which
is not an easy task in practice), comparison with the left column indicates that performance are
significantly worse than with the tensorised BLM.

Finally; we consider the adaptive designs of Section 6. Figure 9 shows the evolution of estimated
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Figure 7: Ishigami function: box-plots of estimation errors of first-order, total, second-order and closed-
second-order indices for 100 random Lh designs with n = 64 (top), n = 128 (middle), n = 256 (bottom).
Left column: tensorised BLM; right-column: polynomial-chaos model with D = 5 (top), D = 6, (middle)
and D = 8 (bottom).

first-order indices §{L for the tensorised BLM, like in Figure 6, but when the design points x,, for
n =11,...,256 are obtained from (6.4) with Z¢ formed by the first 1,024 points of Sobol’ sequence.
We observe that convergence to the true values (solid lines) is faster than with the first 256 points
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Figure 8: Ishigami function: estimated first-order indices (dashed line) and normal approximation of 95%
confidence intervals (dotted lines) with a polynomial-chaos model of total degree D = 5; the solid line
indicates the true value. Left: Sp; right: Sy (top) and S5 (bottom).

of Sobol’ sequence used in Figure 6. Figure 10-left shows the evolution of variances (5.6) (used to
build the 95% credible intervals in Figure 9); on Figure 10-right the design points xj1, ..., X256 are
obtained from (6.2).
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Figure 9: Ishigami function: estimated first-order indices (dashed line) and normal approximation of 95%
credible intervals (dotted lines) with a tensorised BLM using K3/5(x,;2), N = 256, and design points given
by (6.4); the solid line indicates the true value. Left: Sy; right: Sz (top) and S (bottom).

7.2 Sobol’ g-function

The function is given by f(x) = []%, fi(z;) with fi(z) = (J4z — 2| + a;)/(a; + 1) for all i and x
uniformly distributed in the unit cube 2 = [0,1]%; the number d of input variables is arbitrary.
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Figure 10: Ishigami function: estimated variances (5.6) of first-order indices S; (red solid line), So (black
dashed line) and S3 (blue dotted line) as functions of n, for the design sequences (6.4) (left) and (6.2) (right).

The index corresponding to any index set % = {iy,i2,...,is} C {1,...,d} is equal to

S 1 .
Hg(%ﬂ) 2

J=1

1
S_o = —
=D

where D = Hle [1+2(a;+1)7%] — 1. We use a; = i in the example. Note that f(-) is not
differentiable. We take p; = 0 for all i and K3 /5(,y;2) for the construction of the BLM.

Consider first the case d = 2. The design space 2 is formed by the first 1,024 points of Sobol’
sequence. Figure 11-left (respectively, right) shows the adaptive design x11,...,X198 produced by
(6.3) for the estimation of first-order indices S; and Sy (respectively, of Si2), when xi,...,x10
correspond to the first 10 points of Sobol’ sequence and N = 20 in (4.5). Here, we set s(x) = 400
after the evaluation of f(x) to avoid repetitions, see Remark 6.1. The formation of clusters is an
indication that N is too small (N = 20 whereas n = 128). When we do not enforce avoidance of
repetitions, we only get 78 (respectively, 53) different design points in Figure 11-left (respectively,
right).

Next, using the approach presented in the Appendix, we construct an initial optimal design for
the minimisation of the criterion (A.5) with @w = N = 20. Note that the construction is independent
of the function f(-) considered. The e-optimal measure £* (¢ = 10~°) is supported on 44 points, and
Algorithm 1 with 7 = 1.1 suggests to remove 26 points from £*, see Figure 12-right. The design
18 extracted is shown on Figure 12-left, where the disk areas are proportional to the weights w;
of £15. Similar behaviours are observed in other situations (with different covariance functions for
the BLM, different choices for N and w, estimation of different indices, etc.): the designs obtained
are typically well spread over 27, suggesting that the improvement in terms of the precision of the
estimation of indices with respect to a more standard space-filling design is doubtful.

Consider finally the case d = 10. Figure 13 shows box-plots of the estimation errors S™ — S of
first-order and total indices obtained for 100 random Lh designs with n = 512 points generated as in
Section 7.1. The estimation is much more precise with the BLM model (left) than with polynomial-
chaos expansion with total degree D = 3 (right) — the model has 286 parameters, the model for
D = 4 would have 1001 parameters. The true value of the indices are given in Table 3, inspection
of Figure 13-left indicates that the estimation of first-order and total indices is already reasonably
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Figure 11: Adaptive designs (dots) constructed with (6.3) (without repetitions, see Remark 6.1) for the
estimation of S and Sy (left) and Sy 2 (right) in Example 7.2 with d = 2; n = 128, the first 10 points (stars)

correspond to Sobol’ sequence.
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Figure 12: Exact design (18 points) produced by the method in the Appendix for the estimation of first-
order indices in Example 7.2 with d = 2 and @w = N = 20. Left: design extracted from the e-optimal design
measure £* (e = 107°); £* has s* = 44 support points (not shown), the disk areas are proportional to the
weights w; of {15. Right: evolution of gs«_ as a function of k (see line 5 of Algorithm 1).

accurate for n = 512 when using the BLM model (although we only have p(#) ~ 0.6130 for 6 = 2,
see (4.7), and although f(-) is not differentiable). The empirical coverage probabilities, computed
as in Section 7.1, are at least 99% for all first-order and total indices.

8 Conclusions and further developments

A metamodelling approach has been proposed for the estimation of Sobol” indices. It relies on
Karhunen-Loéve expansions and combines the flexibility provided by Gaussian-process models with
the easy calculations offered by models based on families of orthonormal functions. The computa-
tional cost is moderate (it mainly corresponds to the diagonalisation of a few matrices of limited
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Figure 13: Sobol’ g-function for d = 10 and n = 512: box-plots of estimation errors of first-order and total
indices for 100 random Lh designs. Left: tensorised BLM with K3/5(x,y;2), p; = 0 for all i and N = n in
(4.5); right: polynomial-chaos model with total degree D = 3.

i 1 2 3 4 5 6 7 8 9 10
S; 04183 0.1859 0.1046 0.0669 0.0465 0.0342 0.0261 0.0207 0.0167 0.0138
S; 04631 0.2150 0.1229 0.0792 0.0552 0.0407 0.0312 0.0247 0.0200 0.0165

Table 3: First-order and total indices for Sobol’ g-function with d = 10 and a; = 7 for all 4.

dimension), and a normal approximation of the posterior distribution of indices is readily available.
It can be used to construct experiments adapted to the estimation of Sobol’ indices, and various
approaches can be considered: sequential, batch sequential, construction of an initial design.
Several points deserve further investigations. The examples shown indicate that the method is
efficient for estimating the indices accurately from a moderate number n of function evaluations,
but we have not investigated its convergence properties. Consistent estimation can be obtained
by letting N (the number of regression functions in the model) and the ¢; (number of points in
the one-dimensional quadrature approximations) grow fast enough with n, but we do not know the
optimal growth rate. The suboptimal choice made in the paper (g; constant and N = n) could
surely be improved, and being able to control the quadrature and truncation errors, under suitable
assumptions, would be of major interest. We observed that the inclusion of orthonormal polynomial
terms in the model (i.e., taking p; > 1) deteriorates the performance of the method. A general con-
firmation of this phenomenon would be useful, especially as computations are significantly simpler
when all p; equal zero. We have used a unique covariance function with a fixed value of the range
parameter 6, with a suggestion for choosing # in agreement with the projected value of n, see (4.7).
The estimation of 8 based on function evaluations seems a reasonable alternative; see Remark 4.5
and the example in Section 7.1. It would also be interesting to consider Bayesian Model Averaging,

(®)

see |18, 29|, using a (small) set of T different covariance models K;
polynomial degrees pgt), t =1,...,T, in each dimension. Finally, the construction of optimal ex-
periments adjusted to the estimation of Sobol’” indices has been considered in Section 6. Adaptive
constructions seem promising, in the sense that they provide (slightly) faster convergence of the

estimated indices than more usual low-discrepancy sequences. The choice of indices (first or second

(+,+), and possibly different
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order, total, closed. ..) on which adaptive designs should focus remains an open issue. On the other
hand, (initial, off-line) optimal designs exhibit a rather classical space-filling property, and therefore
do not seem superior to standard uniform designs.
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A Appendix: optimal design

We only consider A-optimal design and minimise trace[€2,(8,)] for some B,. Direct calculation
shows that trace[§2,(8)] is proportional to trace [C(8y)M; 1] /(85 IB,)?, where

J
CB) =) A: (BBB"A: (B), (A1)

¥

and where the Ay =~ (8) are given by (5.5) (they depend on 3 through the indices Sz (8) =
N,j N

(8"Ug, B)/ (8733), see (5.3)). Note that (C(B) = 0.

Consider first batch sequential design, when ng evaluations of f(-) are available and the next
n design points &, have to be chosen, with B" the current estimated value of 8. We then set
By, = B"°, substitute M, for Ayt in (5.1), and choose %, that minimises trace {C(BHO)M;I}.
(Note that one may also re-estimate the covariance parameters 6 and construct a new BLM based
on "))

For the construction of an initial design (that is, prior to any evaluation of f(-), when no nominal
value 3 is available), we suggest to replace each quadratic form in 3 that appears in trace[Q,,(8)]
by its expectatlon with @ normally distributed .47(0, o2A). The criterion to be minimised is then
trace[CM 1], with C the diagonal matrix

J
C=A Z A2 (B), (A.2)

Ln,;

where 8 = (A 11/2, e ,Aiﬂ) Note that {C}1 1 =0 and {C}kk > 0 for k > 2 (since Sty (B) >0
for all 7, so that {Ag (B ) ek # 0 for all & > 2, see (5.5)).

An exchange algorithm for exact design We consider the minimisation of trace[CM,; 1 with
respect to &, where C = C(B"°) given by (A.1) in batch sequential design, or C = C given by (A.2)
in the construction of an initial design, using an exchange-type algorithm, similar to the DETMAX
algorithm of [24]. Let 2, = 2 denote the current design at iteration k of the algorithm and M,,
denote the corresponding Bayesian information matrix. We suppose that &, is such that M,, is
nonsingular. Each iteration comprises two steps. We only consider excursions through (n+ 1)-point
desigus, but excursions through designs of size larger than n + 1 could be considered as well.
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First, we consider an optimal design augmentation, obtained by adding a point

T —1 -1
oo € Arg e T CIM CM ()

<€ $2(x) + 7 ()M 9 (x) 49

to 9, where we set SQ(Xi) = 400 for all x; € &, to avoid repetitions of observations at the same
point. Second, we return to an n-point design by removing a point from Z;% = 2,,U{x,+1}. Denote
by M, the Bayesian information matrix corresponding to Z,7. It satisfies

Mﬁl"p(xn—&-l)"/’T(Xn—&-l)M;l
$2(Xn+1) + Y7 (Xng1) My P (Xn41)

and elementary calculation shows that the optimal choice for a point x_ to be removed is given by

(M)~ =Mt -

T )M COM) ()
X_ € Arg min .
8 o () — T )M (x)

The design 2D for next iteration is then 2, U {xn+1} \ {x_}. The algorithm is stopped when
the criterion value does not decrease between two successive iterations, which generally means that
X_ = Xp41. Fedorov’s exchange algorithm [11, Chap. 3| could be considered as well, at the expense
of heavier computations at each iteration. See also [2, Chap. 12].

Construction of an optimal design measure Let = denote the set of probability measures on
20, a finite subset of 2". Consider the construction of an optimal initial design. For any & in =
and any w € R*, define

1 Ayt

Mole) = | i be0wT (o delx) + S (A4
Q

so that n My, () = M, given by (5.1) when p,, = (1/n) Y p_; dx, is the empirical measure associ-
ated with the design Z,. An optimal design measure £* is obtained by minimising the L-optimality
criterion (L for linear)

Cw (&) = trace [CM;I(@] , (A.5)

with C = C given by (A.2), with respect to & € Z. In batch sequential design, we would take
C = C(3™) given by (A.1) for the current estimated value 3" and substitute M,,, for Ag' in
(A.4). Since Zq is finite, the minimisation of C () forms a finite-dimensional convex optimisation
problem, for which many efficient algorithms are available; see, e.g., |28, Chap. 9]|. Iteration k of a
vertex-direction algorithm transfers some mass to x* € Z¢ that minimises the current directional
derivative F,(£%,x), here given by

Co[(1 = 7)€ +90x] — C (")

Fo(e%,x) = lim S
y—0F
P ()M (€F)CMZ! (€M) (x) Ag'

= — race —Lek ky —
- e +trace { MZH (€)M (6

)Y S (S (e
LML e
This gives x* € Argmaxye 2, [T (x)M_ZL(EF)CM L (€F)ap(x)] /s%(x), compare with (A.3). Note
that we have assumed that M (£F) is nonsingular. This can always be achieved trough regulari-
sation, by re-introducing a weakly informative prior .4#(0, 42 Ix) on the K parameters a, with a
large v, so that all diagonal terms of Aal become strictly positive in (A.4), see Section 5.
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Extraction of an exact design Let {* denote an e-optimal design measure, satisfying minye 2,
F(§*,x) > —e¢, with € a small positive number. The measure £* has a finite number s* of support
points, and can be written as

o
5* =& = Z7~Ul<::5*5x;C s
k=1

where we assume that the weights are ordered by decreasing values: wi.gx > wWo.gx > -+ > Wgx.gx.
Our extraction procedure consists in sequentially reducing the support by transferring the smallest
current weight to another support point, suitably chosen (see also Algorithm 1 of [14] for an alter-
native approach). The size n of the design extracted is not set a priori, but is in some sense adapted
to the truncation level used to construct the set Ly, see (4.5). The value of w used to construct
&* should be of the same order of magnitude as N, but this choice is not critical. For &; a discrete
measure of the form & = Y, _, wydx,, we denote by &, the uniform measure having the same
support; that is, £, = (1/s) Y 71 0x,. The matrix sM(&s,) thus corresponds to the Bayesian
information matrix M for the design s formed by the support of &, see (5.1). The construction
is described in Algorithm 1.

Algorithm 1 Greedy algorithm for merging support points

Require: &+, an e-optimal design measure for C(-), a threshold 7 > 1;
set s = s*;
while s > 1 do

compute k* € Arg Inaxk:l’.__’s_l[wT()(k,)M;l(gs)CM;,1 (€)Y (x1)] /52 (x1);

Compute &_1 = Zz;ll Wi, s0x, Where wy, s = wy:s for k # k* and wix s = Wp.s +ws.s; reorder
the weights of &_1 by decreasing values, i.e., write £s_1 = Zz;ll Wh:s—10x,,, With wi.e—1 >
W1 =+ - > Ws_1:5—15 S & 8§ — 1;

if o5 = trace{C[sM; (&) 71}/ trace{C[(s + 1)Ms41([s/(s + 1)]&s+1.u)] L} > 7, stop;

6: end while

7: return n = s+ 1 and %, given by the support of £11.

We rescale €11, into [s/(s+1)]€s41,, in the test at line 5 of the algorithm, since &1, has one
more point than &, so that trace{C[sM;s(&s)] 71} > trace{C[(s + 1)Ms11(€s41.)] 71} for all s,
whereas g, usually fluctuates around 1 in the first steps when s is close to s*; see Figure 12-right
in Section 7 for an illustration. We can also base the selection of an optimal £* at line 3 on the
comparison between the values of C(+), or Cs(-), achieved for all the s — 1 possible mass transfers,
at the expense of a significantly larger computational cost when s* is large.
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