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SOME REMARKS ON THE NONLINEAR SCHRODINGER
EQUATION WITH FRACTIONAL DISSIPATION.

MOHAMAD DARWICH AND LUC MOLINET.

ABSTRACT. We consider the Cauchy problem for the LZ-critical fo-
cussing nonlinear Schrodinger equation with a fractional dissipation.
According to the order of the fractional dissipation, we prove the global
existence or the existence of finite time blowup dynamics with the log-log
blow-up speed for [|[Vu(t)] 2.

1. INTRODUCTION

In this paper, we study the blowup and the global existence of solutions
for the L2-critical nonlinear Schrodinger equation (NLS) with a fractional
dissipation term:

{ i + Au+ [uldu + ia(—A)u = 0, (¢, z) € [0, 00[xR?, d € N*.
u(0) = up € H"(R?)
where a > 0 is the coefficient of friction, s > 0 and r € R.

The NLS equation (a = 0) arises in various areas of nonlinear optics,
plasma physics and fluid mechanics to describe propagation phenomena in
dispersive media. To take into account weak dissipation effects, one usually

add a linear damping term as in the linear damped NLS equation (see for
instance Fibich [12] ):

iug + Au + iau + |u|/Pu = 0,a > 0.

(1.1)

However, in a wide range of situations a frequency-dependent attenuation
has been observed (cf [7]). This motivates to rather complete the NLS
equation with a laplacian term as in the following complex Ginzburg-Landau
equation studied in Passota-Sulem-Sulem [32]:

iug + Au — iaAu + |uPu = 0,a > 0,

Now, in many cases of practical importance the damping cannot be de-
scribed by a local term even in the long-wavelength limit. In media with
dispersion the weak dissipation is, in general, non local (see for instance
Ott-Sudan [30]). It is thus quite natural to complete the NLS equation by
a non local dissipative term in order to take into account some dissipation
phenomena.

In this this paper we complete the L?-critical NLS equation (1.2) with a
fractional laplacian of order 2s, s > 0, and study the influence of this term
on the blow-up phenomena for this equation. The fractional laplacian is
commonly used to model fractal (anomalous) diffusion related to the Lévy

Key words and phrases. Damped Nonlinear Schrédinger Equation, Blow-up, Global
existence.
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2 MOHAMAD DARWICH AND LUC MOLINET.

flights (see e.g. Stroock [35], Bardos and all [3], Hanyga [18]). It also appears
in the physical literature to model attenuation phenomena of acoustic waves
in irregular porous random media (cf. Blackstock [4], Gaul [17], Chen-
Holm [7]).

Finally, note that the case of a nonlinear damping of the type ia|u|Pu,
has been studied by Antonelli-Sparber and Antonelli-Carles-Sparber (cf. [1]
and [2]). In this case the origin of the nonlinear damping term is multiphoton
absorption.

Recall that the Cauchy problem for the L2-critical focussing nonlinear
Schrodinger equation (a = 0):

iut—l—Au+\u|§u:0 (1.2)
u(0) = up € H"(R?) ‘

has been studied by a lot of authors (see for instance [19], [8], [6]) and it
is known that the problem is locally well-posed in H"(R%) for r > 0 : For
any ug € H"(R?), with » > 0, there exist T > 0 and a unique solution
u of (1.2) with u(0) = ug such that u € C([0,T]); H"(R?)). Moreover, if
the maximal existence time T of the solution w in H"(RY) is finite then
4126 g gy =

Let us mention that in the case a > 0 the same results on the local Cauchy
problem for (1.1) can be established in exactly the same way as in the case
a = 0, since the same Strichartz estimates hold (see for instance [29]).

For ug € H'(R?), a sharp criterion for global existence for (1.2) has been
exhibited by Weinstein [37]: Let @ be the unique radial positive solution (
see [5], [21]) to

AQ +QIQ|1 = Q. (1.3)

If |uollzz < ||Q|lz2 then the solution of (1.2) is global in H'(R?). This
follows from the conservation of the energy and the L? norm and the sharp
Gagliardo-Nirenberg inequality which ensures that

Vue H', B(u) = 5 /yv 2 (1— f’g';)i). (1.4)

Actually, it was recently proven that any solution of (1.2) emanating from
an initial datum ug € L2(R?%) with |lug||z2 < ||@||z2 is global and scatters,
i.e. u behaves like the linear evolution of an L? function for large time,
u(t) ~ ey (cf. [11]).

On the other hand, NLS has unique minimal mass blow-up solution in
H' up to the symmetries of the equation ( see [23]) that blow up at some
time 7 > 0 with a H' norm that grows as ﬁ
In the series of papers [24] , [25], [26], [27], Merle and Raphael studied the
blowup for (1.2) with ||Q| 12 < ||uol/z2 < ||@Q|lr2z + I, 6 small and proved the
existence of the blowup regime corresponding to the log-log law:

mmmmm@~<“”%”’”§? L5)
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Recall that the evolution of (1.2) admits the following conservation laws
in the energy space H':

[2norm : m(u) = ull 2 = (/\u(x)\2dm>

449
Energy : E(u) = 3| Vul2, — ﬁdZdHuHZ%H'

1/2

Kinetic momentum : P(u) = Im( [ Vu(x)u(z)) dx.

Now, for (1.1) with a > 0, there does not exist conserved quantities anymore.
However, it is easy to prove that if u is a smooth solution of (1.1) on [0, 77,
then for all ¢t € [0, 7] it holds

(11

ullz> = [luollZ: - (1.6)

lu@)2s +a /0 I(-A)

GE@®) = ~a [ 10 Fu®P +afm [((-a)u)luto) Fate). (1.7
%%P(u(t)) = alm / (A u()Vu(t). (1.8)

In [10], the first author studied the case s = 0. He proved the global existence
in H! for ||ugl/z2 < ||Q||.2, and showed that the log-log regime is stable by
such perturbations (i.e. there exist solutions that blowup in finite time with
the log-log law).

In [32], Passot, Sulem and Sulem proved that the solutions are global in
H'(R?) for s = 1. However, their method does not seem to apply for any
other values of d.

Our aim in this paper is to establish some results, for s > 0, on the global
existence or the existence of finite time blowup dynamics with the log-log
blow-up speed for ||Vu/ 2.

Let us now state our results:

Theorem 1.1. Let d=1,2,3,4 and 0 < s < 1 then there exists dg > 0 such
that Ya > 0 and V6 €]0,8[, there exists ug € H with |luo|z2 = [|Qllz2 + 7,
such that the solution of (1.1) blows up in finite time in the log-log regime.

Theorem 1.2. Let d € N*, s > 1 and r > 0. Then the Cauchy problem
(1.1) is globally well-posed in H™(R?).

Theorem 1.3. Letd e N*, 0 <s <1 anda > 0.

(1) There ezists a real number 0 < v = y(d) < ||Q||2 such that for any
indtial datum ug € HY(RY) with |luol|;2 < 7, the emanating solution
u is global in H' with an energy that is non increasing.

(2) There does not exists any initial datum ug, with ||ugl|z2 < ||Q| 12,
such that the solution u of (1.1) blows up at finite time T and
satisfies

1 1

B S IVu®)llzmey S (T — 1)

— VOo<T -tk 1
T —t <5

for some pair («, B) satisfying 0 < 5 < i and f(14+s)—1/2 < a < S.
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Remark 1.1. It is natural to expect that v = ||Q||r2. Indeed, for uy €
HY(RY) satisfying ||uol| 2 < 1Q| L2 (ray, (1.6) ensures that [[u(t)||2 < [|Q|l L2(ra)
as soon as t > 0 and the solutions of the critical NLS equation with such
initial data are global.

However, in contrary to the case s = 0, we do not succeed to prove this
fact here since the constant Cg appearing in the estimate on the energy
(see subsection 2.3) seems not to be directly related to Q. Assertion (2) of
Theorem 1.8 is a partial result in this direction since it ensures that we do
not have any blowup in the log-log regime, for any 0 < s < 1, and in the
regime %, forany0 < s < %, for initial data with critical or subcritical mass.

Acknowledgments : The first author thanks the L.M.P.T. for his kind
hospitality during the development of this work. Moreover, he would like
to thank AUF for supporting this project. The authors would like to thank
the anonymous Referee for valuable remarks and comments.

2. LOCAL AND GLOBAL EXISTENCE RESULTS

In this section, we prove Theorem 1.2 and part (1) of Theorem 1.3. The-
orem 1.2 will follow from an a priori estimate on the critical Strichartz norm
whereas part (1) of Theorem 1.3 follows from a monotonicity of the energy.

2.1. Local existence result. Recall that the main tools to prove the local
existence results for (1.2) are the Strichartz estimates for the associated
linear propagator e*2f. These Strichartz estimates read

HeiAt¢HLfL’“(Rd) S 19l L2 ey

for any pair (g, r) satisfying % + g = % and 2 < ¢ < oo. Such ordered pair
is called an admissible pair .
For a > 0 and s > 0 we denote by S, s the linear semi-group associated with
(1.1), i.e. Sus(t) = 222t Tt is worth noticing that S, , is irreversible.
The following lemma ensures that the linear semi-group S, s enjoys the same
Strichartz estimates as e*®.

Lemma 2.1. Let ¢ € L*(R?) and s > 0. Then for every admissible pair
(g,7) it holds

1Sa,s(ellLa_ rrwey S 9l L2 (ma) -

t>0
Proof. Setting, for any t > 0, G s(t,z) = /e_ixée_“tlﬂ%d{, it holds

Sas()p = Gas(t, ) eitASDa vVt >0.
Noticing that for s > 0, |G s(t,.)||r = ||G1,s(1,.)||,r and that, according
to Lemma 2.1 in [29], G14(1,.) € LY(RY) for s > 0, we get
1Sa,s(®)O) | e La(ray = 1Ga,s(t, -)*eitA(¢>HLf>oLq(Rd) S |’eitA¢HLqu(Rd) Slollze -
O
With Lemma 2.1 in hand, it is not too hard to check that the local

existence results for equation (1.2) (see for instance [8] and [6] for the local
existence and [20] for the continuity with respect to initial data) also holds
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for (1.1) with @ > 0 and s > 0. More precisely, we have the following
statement:

Proposition 2.1. Let a >0, s > 0, r > 0 and up € H"(R?) with d € N*.

There exists T > 0 and a unique solution w € C([0,T]; H") N L§+2L%+2 to
(1.1) emanating from ug. In addition, there exists a neighborhood V,, (1) of
ug in H"(R?) such that the associated solution map is continuous from Vy,
into C([0, T]; H") N La+2(]0, T[xRY).
Finally, let T* be the mazimal time of existence of the solution u in H™(R?),
then

T < oo = ||u|’L§f2L%+2 = +o00. (2.1)

2.2. Proof of Theorem 1.2. Let u € C([0,T]; L?(R?) be the solution ema-
nating from some initial datum ug € L*(R?). We have the following a priori
estimates:

Lemma 2.2. Let u € C([0,T]; L3(R%)) be the solution of (1.1) emanating
from ug € L2(R%). Then

[ull Lgere < lluollr2 and [[(=A)2ul[pz 2 < (2.2)

1
— ||uol| 2.
= \/%H OHL2
Proof. Assume first that ug € H*(R?). Then (1.6) ensures that the mass
is decreasing as soon as u is not the null solution and (1.6) leads to

T
s 1 1
/O I(=2)2u(®)72 dt = = - (lw(T)72 = uollz2) < 5-lluollza-

~ 2a
This proves (2.2) for smooth solutions. The result for ug € L?(R?) follows
by approximating uo in L? by a smooth sequence (ug,,) C H>(R%). O

Note that the first estimate in (2.2) implies that Hu||L2TL2 < TY2||ug)| 12
and thus by interpolation:
< Sulls -1 < pla-d
HVU’HL%L2 ~ ”(_A)2UHL%L2”U’HL2TL2 NT2 ° (23)
Interpolating now between (2.3) and the first estimate of (2.2) we get

lull app 20 STZOD)
L% H4+2d

and the embedding H %(Rd) < Lit? (R9) ensures that

1 1
< < z(1=5)
Il g g Sl gin 2g, STHO7.

Denoting by T the maximal time of existence of u in L?(R%) and letting T
tends to T*, this contradicts (2.1) whenever T™* is finite. This proves that
the solutions are global in H"(R%).
Moreover, for s = 1 we have |ju| 4., , < 1 for any T > 0 which
Ld " pat?

ensures that
<
HUHL%+2(R1XR‘1) ~ 1

(W1t is worth noticing that for » = 0, the neighborhood V., does not depend only on
|luo|| - but on the Fourier profile of ug (see for instance [20])
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2.3. Proof of Assertion 1 of Theorem 1.3. Note that the global ex-
istence for any ug € L?*(R%) with ||ug|/;2 small enough can be proven, as
for the critical NLS equation, directly by a fixed point argument thanks to
Lemma 2.1. This ensures the global existence in H"(R?), r > 0, under the
same smallness condition on ||ug||z2. We will not invoke this fact here and
we will directly prove Assertion 1 of Theorem 1.3 by combining (1.4) and
a monotony result on ¢t — E(u(t)). To do this, we will work with smooth
solutions and then get the result for H'-solutions by continuity with respect
initial data.

So, let u € C([0, T]; H®(R%)) be a solution to (1.1) emanating from uy €
H>(R?). Then it holds

4 Bt :_a/| |%Hum/‘ ) lu(t)|4ul?)

and Holder inequalities in physical space and in Fourier space lead to

4+
) lu|dT| < u ul| ¢
(8wt < o)l i

with

I(=A)ull 2 < [[(-4)"2 UHLz

Let us recall the following Gagliardo-Nirenberg inequality (2)
8
ull 73"

el I

d+2

8_o
< Cf IVl gallullf,

This estimate together with Cauchy—Schwarz inequality (in Fourier space)

V|22 < [|(-A)%F HL;H Hs“
lead to , ) ” i
241 441 s+1 =
H’uH]‘jg+ <CFNEA) 2wl lall g ull 8

Combining the above estimates we eventually obtain

s+1

L Bu(t) < all(~A) FulZ a4 - 1)

dt
which together with (2.2) implies that E(u(t)) is not increasing for ||ug||z2 <
1+4
c, t.

3. PROOF OF ASSERTION 2 OF THEOREM 1.3

Special solutions play a fundamental role for the description of the dynam-
ics of (NLS). They are the solitary waves of the form wu(¢, x) = exp(it)Q(x),
where ) the unique positive radial solution to

AQ+QIQ|4 = Q. (3.1)

The pseudo-conformal transformation applied to the “stationary” solution
e®Q(x) yields an explicit solution for (NLS)

(3)e”

S(t,z) = y
\t\2 t

@1 s proven in [37] that the constant Cy is related for d = 1,2,3 to the L*-norm of
the ground state solution of 2Ay — (% -y + d)%“ =0.
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which blows up at T* = 0.

Note that

1
IS@)llz2 = |Qll 2 and [VS(@)llL2 ~ - (3-2)

It turns out that S(t) is the unique minimal mass blow-up solution in H!
up to the symmetries of the equation ( see [23]).
A known lower bound ( see [8] and [6]) on the blow-up rate for (NLS) is

C(uo)
VT —t
Note that this blow-up rate is strictly lower than the one of S(t) given by
(3.2) and of the log-log law given by (1.5).

To prove assertion 2 of Theorem 1.3, we will need the following result (
see [16]) :

IVu(t)|| g2 > (3.3)

Theorem 3.1. Let (vy)n be a bounded family of H'(R?), such that:

limsup || Vg p2ge) < M and  limsup [, L2 2T (3.4)

n—-+o0o n—-+o00o
Then, there exists (z,), C R? such that:

Up(-+xp) =V weakly,

don g1
with [V ,2(gay = (d+4)4mng+ 1@l 2 ay-

Suppose that there exist an initial data ug with ||ugl/z2 < ||Q|z2 , such
that the corresponding solution u(t) blows up at time 7" > 0 with the fol-
lowing behavior:

1

1
— S < -
T =10 ~ [Vu®)llp2@ay S TP vt e [0,T], (3.5)

where 8 > 0 and o > 3 satisfies a > f(1+s) — 1/2).
Recalling that

E(u(t)) = E(u —a/ K(u(r))dr, tel0,T] (3.6)

with K (u /\ b u|2 Im/ ]u|du we obtain that

)< < at
E(u(t)) S B(uo +\ \uldudx( E(uo) H A)ullga [l
This last estimate together with

+ —d

lalls 0 S HVUHLleuoIIL and  [|(=A)°(u)llz2 < [Vull72ull 2% S IVl 7
yield

E(u(t)) < E(uo) + / IVl 732 (7) dr (3.7)
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Note that assumption (3.5) ensures that

/ ||V’LL ||2+28
< (T —¢) 280441420 0 a5t AT, (3.8)
IV a(®) 2z
Now, let
IVQI 2 (ra)

p(t) = and wv(t,z) = p%u(t,pa})

IVu(®)ll 2 ga)

and let (t;)r be a sequence of positive times such that t; ~ T. We set
pr = p(tx) and vy, = v(tg,.). The family (vg)x satisfies

[0kl L2 may = lu(trs L2 ray < luoll2mey < NQlp2@ey  and  [[Voglp2gey = IVQIl L2 (a) -
(R) (R%) (

The above estimate on |lvg||;2 and (3.7) lead to

v 2 tr
< 5[ 19uP) (1= ¢ L)) < Blow = R BG(0) S AE G+t [ IVurE dr

J1QP
which, together with (3.8), ensures that lim FE(v;) = 0. This forces
k—+o00
449 d —I— 2 d —|— 2
lowll® 3 = —5— IV k|2 rey = IVQIIZz (gay (3.9)

and thus the family (vg ) satisfies the hypotheses of Theorem 3.1 with

4 d+2
mit? = —Z||[VQ||T2gay and M = [VQ| 2 (ga) -

Hence, there exists a farmly (z1)r € R and a profile V. e HY(R) with
IVl r2®ay 2 [|Ql 2 (ray, such that,

d
pEulty, pi - +a) =V € H weakly. (3.10)
Using (3.10), VA >0

liminf/ Pt u(tn, pnt + ) |*dx > / |V [Pda.
B(0,A) B(0,4)

n—+400

But, since lim p, =0, p,A <1 for n large enough and thus
n—-+0o0o

hmlnfsup/ |u(tn, z)|*dz > hmlnf/ lu(tn, z)|?dzx 2/ \V|?dzx.
= He0 yeR Jiz—y|<1 0 Jlg—zn|<pn A |z|<A

Since this it is true for all A > 0 we obtain that

o3 > lim nf sup / () 2dz > ||QI2
=10 yeR J|z—y|<1

which contradicts the assumption ||ug||z2 < ||Q|lz2 and the desired result is
proven.
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4. BLOW UP SOLUTION.

In this section, we prove the existence of the explosive solutions in the
case 0 < s < 1.

Theorem 4.1. Let 0 < s < 1 and 1 < d < 4. There exist a set of initial
data Q in H', such that for any 0 < a < ag with ag = ag(s) small enough,
the emanating solution u(t) to (1.1) blows up in finite time in the log-log
regime.

The set of initial data € is the set described in [24], in order to initialize
the log-log regime. It is open in H'. Using the continuity with regard to
the initial data and the parameters, we easily obtain the following corollary:

Corollary 4.1. Let 0 < s < 1,1 < d < 4 and ug € H! be an initial
data such that the corresponding solution u(t) of (1.2) blows up in the loglog
regime. There exist o > 0 and ag > 0 such that if vo = uo+ho, ||holl ;1 < Bo
and a < ag, the solution v(t) for (1.1) with the initial data vy blows up in
finite time.

Now to prove Theorem 4.1, we look for a solution of (1.1) such that for ¢
close enough to blowup time, we shall have the following decomposition:

1 x — x(t)

u(t,x) = Quey +6)(t, ————=
(t,x) )\g(t)( b(t) T €)( NG
for some geometrical parameters (b(t), A\(t), z(t),v(t)) € (0,00) x (0, 00) x
RY x R, A(t) ~ m b~ —% where % = /\21( 5y The profiles @ are

)i, (4.1)

suitable deformations of @) related to some extra degeneracy of the problem,
in fact these profile @y are a reguralization of the exact self similar solutions
to (1.2) which satisfy the nonlinear elliptic equation:

AQy— Q-+ D(5Q + 1.9 Q) + QuIQuE =0, (4.2

Note that our proof is very close to the case of s = 0 (see Darwich [10]).
Actually, as noticed in [33], we only need to prove that in the log-log regime
the L? norm does not grow, and the growth of the energy( resp the mo-
mentum) is below /\(IW (resp ﬁ) . In this paper, we will prove that in the
log-log regime, the growths of the energy and the momentum are bounded
by:

E(u(t)) S logAE)AE) ™2, Plu(t)) S log(AE)A(H) T,

Let us recall that a fonction u :[0,T] — H' follows the log-log regime if
the following uniform controls on the decomposition (4.1) hold on [0, T7:
e Control of b(t)
b(t) >0, b(t) < 10b(0). (4.3)
e Control of A: ﬂ
A(t) < eme "W

and the monotonicity of A:

(4.4)

3
Alt2) < GAM), V0 <ty <o < T (4.5)
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Let ko < k4 be integers and T € [0, 7] such that

1 1
+
ok < A0) < ko1’ 9kt SNTT) < oy 1 (4.6)
and for kg < k < k4, let t; be a time such that
1
Aty) = oF (4.7)
then we assume the control of the doubling time interval:
el — tre < kA2 (1) (4.8)
e control of the excess of mass:
1 x
/ Ve(t)? + / )P e W < T, where Ty~ e (49)
Rd R

The main point is to establish that (4.3)-(4.9) determine a trapping region
for the flow. Actually, after the decomposition (4.1) of u, the log-log regime
corresponds to the following asymptotic controls

A

by ~ Ce™ b, —7‘9 ~b (4.10)
and
/ IVel? S e s, (4.11)
Rd
where we have introduced the rescaled time % = 1

dt — AZ°
In fact, (4.11) is partly a consequence of the preliminary estimate:

/ IVel> < e + A2(8)E(t). (4.12)
Rd

One then observes that in the log-log regime, the integration of the laws
(4.10) yields

Are ™ < eTh b(t) =0, t—T. (4.13)
Hence, the term involving the conserved Hamiltonian is asymptotically neg-
ligible with respect to the leading order term e~ % which drives the decay
(4.12) of b. This was a central observation made by Planchon and Raphael
in [33]. In fact, any growth of the Hamiltonian algebraically below /\%(t)
would be enough. In this paper, we will prove that in the log-log regime,

the growth of the energy is estimated by:

E(u(t)) S (log (M#)))A"2(2). (4.14)

It then follows from (4.12) that:
/ Vel> Ses. (4.15)

R4

An important feature of this estimate of H' flavor is that it relies on a flux
computation in L? . This allows one to recover the asymptotic laws for the
geometrical parameters (4.10) and to close the bootstrap estimates of the
log-log regime.

Remark 4.1. Actually, one also needs the bound on the momentum to con-
trol the geometrical parameters (see Lemma 7.2 in [10]).
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4.1. Control of the energy and the kinetic momentum. Let us recall
that we say that an ordered pair (g, r) is admissible whenever %4—% = % and
2 < q < co. We define the Strichartz norm of functions u : [0, 7] x R? — C
by:

lull soqo,ryxray = suplull g 0,7 xme) (4.16)
(g,r)admissible

and

lullsiorixrey = sup IVullggpy o myxme) (4.17)
(g,r)admissible

We will sometimes abbreviate S*([0,T] x R?) with Si or S0, 7], i = 1,2.
Now we will derive an estimate on the energy, to check that it remains small
with respect to A\72:

Proposition 4.1. Assuming that (4.4)-(4.9) hold, then the energy and ki-
netic momentum are controlled on [0,T7] by:

[E(u(t)] < (log (A1) A~ (1), (4.18)

—2s
|P(u(t)] < (log ()\(t))))\sH (t). (4.19)
To prove Proposition 4.1, we will need the two following lemmas.

Lemma 4.1. Let u € C([0,T]; H'(R?)) be a solution of (1.1). Then we
have the following estimation:
s+1

[Vullzeerz +[[(A) 2

4
ullzzrz S [Vuollrz + lful<Vull gy 12

Proof. Multiply Equation 1.1 by Aw, integrate and take the imaginary part,
to obtain :

1d .
sl Vel a [T < | [ uffusa =| [ V(alinval
By integrating in time, we get

s+1

1
SVl 2 +all (-2) 3

1 4
ulZs 12 < Vol + 19l )y 2 1Vl

Dividing by \/éHVu\%%JLz + CLH(—A)%UH%2 ;2 We obtain:
T x

s+1

IVullpgerz +11(A)

4
ullzzrz S IVuollpz + [[lulVullLy 2
(]

Lemma 4.2. There exists a real number 0 < a < 1 such that the following
holds: Let w € C([0,T]; H'(R?)) be the solution of (1.1) emanating from
d

4

ug € H'. For a fized t €]0,T] we set At = « Hu0||L? Hu(t)”;ﬁ Then
u € O([t,t + At]; HY(R?)) and we have the following controls

lullgops s < 2 luoll

and
s+1

lullsrperng + 1(=2) = ullL2ge v amrz < 2[[u@)]] g (ray
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Proof. We first assume that At > 0 is such that t+At < T'. Then, according
to Lemma 2.1, it holds

”/ot Sas(t = T)|u(r)|au(r)dr

Using the Holder inequality we obtain:

(/|ur3 Vul?)? < (

Integrating in time and applying again Holder inequality we get:

2(4-+d) _2 4+d e
< (/(/|u]dda:)4+d 4 dt)
L1)t,t+At]) L2 (R%)
2(44d) _d _4+4d ﬁid
X (/(/]Vu\ @ dg) 20D d dt) .

Thus:
4 i
AV ‘ < \Y
H]u| u L Qb A LA (R = ||U|\L4§d (et AL (R ” u|| & (a7 )

But (444, 8£24) ig admissible, thus we have:

d
< Jlull?, d4d 8+2d a HuHSl[t,t—l—At}'

S et vl

S1[t,t+At] LY(Jtt+At[) L2

4+d 2(4+d

4
H\u|E Vu’

4
d
L1([t,t+At]) L2 (R%) L™d ([tt+At)L (R

By Sobolev inequalities we have:

it

<
] e eray 8124 (RD) ™ HUHL%([tH-At]) dfd(Rd)

< (A7 ||u o
Loo([t,t+At))H d+4 (R4)

Now by interpolation we obtain for d = 1,2, 3, 4:

4—d 2d
d+4 d+4
HUHL% ((tt+Ag) L= M (r) = < (Af)T i HUHL"O ([tt+A8) L2 (R4) ||UHL°°(tt+At])H1(Rd)

which, according to (1.6), leads to

4—d 2d
ludVul gy z < (AOT5 Juol ey I3t o g [0l srppeng - (4:20)

Since by Lemma 4.1 it holds

s+1 4
1wl oo qeatae e HI(A) 2 ull 2 qearagrz S Nu@) g+ uldVul g ea e

we finally get

s+l
[l erag + 1(=8) = ull2geeragpre S llu@)l g + (At) g HUOHE“W) [ H;f; HM
In view of (2.1) and a contmulty argument it follows that v € C([t,t +
At]; HY(R?)) for some At ~ Huo||L2 Hu( )||Hl (RY) and

s+1
”uusl[t,t—f—At} +[[(=A) 2 U||L2(]t,t+At[)L2 < 2|ug|| g1 -

In the same way
—d

lullsois ag S ()]l 2y + (A)35 HuoHﬁide lll 6Ty ag Nullsogevan
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which ensures that

||“H50[t,t+At] <2 ||UO||L2(]Rd)
O

Proof of Proposition 4.1 Accordmg to (4.8), each interval [tx,tg41], can

be divided into k intervals [Tg,Tk 1 of length less than A(t). From (1.7),
we have

|E(u(r]™)) - DS w) [u|iadz | .

For notation convenience we set © ]Tg, TlgH[XRd. By Plancherel formula

and Holder inequality, it holds

Tk s 4 s
| /R ) fuftde dt < 1(~)5 ulul D] sz N8Pl e

(©)
and, by interpolation, we have

—A)zu)? < ||Vul|? ul|?7
(=A) ”L”Tz‘i(e) [Vl . [l 4+2d(9

Noticing that the fractional Leibniz rule (see [20]) leads to

s 4 s 4 s
—A)2 d < I(=A)2 d < I(=A)2
I=A)2 (Tl axaa S N(=A)2ull ara llud ]| sspa S I(=A)2ul] asza fJull

~

€(0)
we finally obtain

[Bu(ri ™) = B(u(m))] S lull*, 2-2s

-2d ||Vu| S HU| [ A2
©

(©)
Since (4 +2, 3 +2) is an admissible pair, Lemma 4.2 yields
[Bu(rf ™) = Blu(m))] S Atr) ™
and summing over j we get
|E(u(tisn) — Eulty))] S kA(t) ™
Finally, taking T = T and summing from kg to &, we obtain:
|B(u(T)) = Blug)l S kTAT#(TF) S log(MT))A™*(T

Note that the growth of the energy is small with to respect
s < 1.
Let us now proceed with the momentum. According to (1.8) we have :

4
d
L

% because

|P(u(rith) — P(H(T,ﬁ))]ﬁ/? [ Vuay.
T; R4

But

Nl

Vu (=A)u

L
with

s

s_1 s, 1
[(=A)2 4VU||L2(1Rd) = H(_A)2+4UHL2(R‘1)

_ ‘/Rd((—A) Fu)(—A)8 V| < ))(=8)F Ful o 1~

A)z~

o~ Al

1
1

4+2d )
d (O

VUHLQ(Rd
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and, by interpolation,

s 1
(=) "] Zogay < [I(=A )it au)|%, @yl Tz

where 0 < § = 25tL < 1. Therefore we get

2542

L2(R4)

P(r™) = P S (s = ) ol 22200, | (~A)5 5l 2

and Lemma 4.2 ensures that

P(u(r] ™)) = Plu(rf))] § A 2N = \2740 = \FT

Summing over j we obtain that:

|P(u(ri) — P(u(ry))] S kAT

and summing from kg to kT, we finally get

P(u(T)) = P(ug))] S log(A(T)AT) 51 .

Note that the growth of the momentum is small with respect % since 1 —
. +1 > 0.
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