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Abstract

Using martingale methods, we obtain some Fuk-Nagaev type in-
equalities for suprema of unbounded empirical processes associated
with independent and identically distributed random variables. We
then derive weak and strong moment inequalities. Next, we apply our
results to suprema of empirical processes which satisfy a power-type
tail condition.

1 Introduction

Let us consider a sequence X1, Xo, ... of independent random variables valued
in some measurable space (X, F). Let P, denote for every integer n the
empirical probability measure P, := n~'(dx, + ... + dx,). Let .Z be a
countable class of measurable functions from X into R such that E[f(X})] =0
forall fin.Z# andall k = 1,...,n. We assume that .# has a square integrable
envelope function ®, that is

|f] < ® for any f € F, and ® € L. (1.1)

As in Boucheron, Lugosi and Massart [4], we define the wimpy variance o>

and the weak variance X2 by

o? ;= sup E zn:E[fQ(Xk)], and % := E[sup 1 Zn: fQ(Xk)} (1.2)

feF n k=1 fez n k=1
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Let us also define

Ey :=Esup P,(f) forany k € {1...,n}. (1.3)
fez

The purpose of this paper is to provide concentration inequalities around its
mean for the random variable

Z :=sup{nP,(f): f e F}, (1.4)

involving 02, and under the additional assumption of identically distributed
data. Our approach is based on a decomposition of Z into a sum of two
martingales. Then, we control each martingale separately by Fuk-Nagaev
type inequalities : in a first part, by one found by Courbot [7], which allows
us to derive a strong moment inequality (following Petrov [I4]), and in a
second part, by one found recently by Rio [I7], which allows us to derive a
weak moment inequality. We stress out that we only require that the envelope
function ® has an fth weak or strong moment, while classical concentration
inequalities for suprema of empirical processes assume uniform boundedness
of % . Let us recall a main result in this direction : the following Bennett type
inequality obtained by Bousquet [5], which is an improvement of Theorem
1.1 in Rio [16] :

Theorem 1.1 ([4], Theorem 12.5). Let Xi,...,X, be a sequence of inde-
pendent random variables with values in X and distributed according to P.
Assume that P(f) =0 and f <1 for all f € F. Let Z be defined by
and set v, == no®+2E[Z], where o* is defined in (1.2)). Let h be the function
defined, for any u > —1, by h(u) := (1 + u)log(l + u) — u. Then, for all
£>0,

t
P(Z —E[Z] > t) <exp ( — Uy h()) (Bousquet’s inequality)
Uy,
t t
< exp ( ~ 5 log <1 + v>> (Rio’s inequality)

We refer the reader to Section 12 of [4] for an overview of the bounded
case. Here we are interested in unbounded functions. Few results in the
literature concern concentration inequalities for suprema of unbounded em-
pirical processes. Let us first mention the considerable work of Boucheron,
Bousquet, Lugosi and Massart [3], concerning moment inequalities for gen-
eral functions of independent random variables. Their methods are based on
an extension of the entropy method proposed by Ledoux [I1]. In particular,
they establish the following generalized moment inequality for suprema of
(possibly unbounded) empirical processes involving o2 and 2 :
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Theorem 1.2 (4], Theorems 15.14 and 15.5). Let Xy, ..., X, be a sequence
of independent random variables with values in X . Assume that B[f(X})] =0
forall f € F and all k=1,...,n. Let Z be defined by

z": f(Xk)

k=1

Z = sup
fer

Let M := maxy_;__, (X), where ® is defined in (1.1). Then, for all ¢ > 2,

1(Z = E[Z2]) 4 lle < e = 1)(E + o) + s = D[ M]| + sup 1F(X0)ll2),

k=1,....,mn

where o2, ¥ are defined in (1.2) and k= \/e/(y/e —1).

For several reasons (see, for instance, discussion after Theorem 3 in [I])
one would like to express the variance factor in terms of o2 rather than 2.
First, observe that ¥2 is greater than 2. In the bounded case, an application
of the contraction principle gives n¥? < no? + 16 E[Z], when |f| < 1 for any
f € Z (see Corollary 15 in [13]). However, in the unbounded case, %% is
more difficult to compare to o2. In the setting of Theorem one can only
prove the much less efficient inequality

nY¥? < no? + 32¢/E[M2|E[Z] + 8 E[M?],

(see Theorem 11.17 and Section 15 in [4]). Similarly to the bounded case, the
bounds that we will obtain in this paper will involve o2, and the expectations
Ej, rather than the weak variance Y. Furthermore, we shall prove in a
particular case that our bounds provide a much more accurate estimate of
the variance.

Einmahl and Li [§] prove a Fuk-Nagaev type inequality for suprema of
empirical processes involving o2 and the /th strong moment of the envelope
function. They use an improvement of Bousquet’s inequality for suprema of
bounded empirical processes to nonnecessarily identically distributed random
variables obtained by Klein and Rio [9], a truncation argument and the so-
called Hoffman-Jgrgensen inequality. Using similar techniques, Adamczak [I]
provides a concentration inequality for suprema of empirical processes under
a semi-exponential tail condition on the envelope function ® of % :

Theorem 1.3 ([I], Theorem 4). Let X1,..., X, be a sequence of independent
random variables with values in X. Assume that E[f(Xy)] =0 for all f € F
and allk =1,...,n. For all « €]0, 1], let ¥, be the function defined, for any



x>0, by Yo(x) := exp(x®) — 1 and let ||.||y, denote the associated Orlicz
norm, which is defined by

|1 X |, == 1Inf{X > 0 : E[t)o(|X]/N)] < 1}, for all random variable X.

Assume now that for some a €]0,1], [|(Xk)|y, < oo forall k =1,.
where ® is defined in . Let Z be defined by Z := sup;cx | Xj— 1f(Xk)]
Then, for all 0 < n < 1 and d > 0, there exists a constant C = C(«,n,0),
such that, for all t > 0,

?

P(Z — (1+n)E[Z] > t)
t2

= eXp(‘ 2(1—|—5)n<72> +3eXp<_ (CHman ; : (Xk)\]%)a)'

,,,,,

Let us point out that the upper bound in the mequahty above (and also
in [8]) do not involve E[Z] or the entropy of the class .#. The price to be paid
is the additional factor 1 + 7 in front of E[Z] and the non explicit constant
C(a,n,d). More recently, van de Geer and Lederer [1§] introduce a new Orlicz
norm (called Bernstein-Orlicz norm), and under some Bernstein conditions
satisfied by the envelope function ®, they derive exponential inequalities.
Their upper bounds involve the constant K in the Bernstein conditions and
E[Z] (which is bounded up in terms of complexity of .# and K). Next, the
same authors in [10], require only that the envelope function ® has an (th
strong moment and obtained deviation and moment inequalities involving o.
However, it concerns the deviation of Z around (14n)E[Z]. Finally, Marchina
[12] provides deviation inequalities around E[Z] for suprema of randomized
unbounded empirical processes involving only the envelope function ®, see
for example the following Proposition :

Proposition 1.4 ([12], Proposition 7.14). Let Xi,..., X, be a sequence of
independent random variables with values in X. Let Yy, ...,Y, be a sequence
of independent real-valued symmetric random variables such that the two se-
quences are independent. Let % be a countable class of measurable functions
f X = R such that —G < f < H for all f € %, where G and H are
nonnegative functions. Define Z = sup;c z >y Yif(Xy). Let

= E[Y?|E[H?*(X) + G*(Xy)] and s* Z s
Then, for any 2 < { <4,

I(Z - Bz i E IVl (H () + G“(X0)] + 5 sl

[\D\r—l

where g is a standard Gaussian random variable.
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The results of [I2] are based on martingale techniques. The purpose of
the present paper is to introduce the wimpy variance in the concentration
inequalities derived from the martingale approach. We shall give deviation
inequalities around E[Z], without extra centering term nE[Z] and with ex-
plicit constants.

The paper is organized as follows : we first recall some definitions and
notations in Section [2 In Section [3| we state Fuk-Nagaev type inequalities
for Z — E[Z] and the resulting corollaries concerning the weak and strong
moments of order ¢ > 2. We shall also apply the Fuk-Nagaev inequalities to
bound up the generalized moment E[(Z — E[Z] — t);]. Finally, in Section
we apply the main results to the special case Z = sup,cq >5—; Y 9(X3)
where Y}, satisfies a power-type tail condition and ¢ is a class of bounded
functions.

2 Definitions and notations

In this section, we give the notations and definitions which we will use all
along the paper. Let us start with the classical notations x, := max(0, x)
and z9 := (x4)® for all real  and a. Next, we define the tail function, the
quantile function and the Conditional Value-at-Risk.

Definition 2.1. Let X be a real-valued random variable.

(i) The distribution function of X is denoted by Fx and the caglad inverse
of Fx is denoted by Fy'.

(7i) The quantile function of X, which is the cidlag inverse of the tail function
t—1— Fx(t), is denoted by Qx.

(iii) Assume that X is integrable. The integrated quantile function Qx of X,
which is also known as the Conditional Value-at-Risk (CVaR for short), is

defined by Qx (u) :=u~" [ Qx(s)ds.

We recall the following elementary properties of these quantities, which
are given and proved by Pinelis [I5].

Proposition 2.2. Let X and Y be real-valued and integrable random vari-
ables. Then, for any u €]0, 1],

(i) P(X > Qx(u)) < u,

(i) @x(u) < Qx(u), .
(iii) Qx+y(u) < Qx(u) + Qv (u).

Let us now define the following class of distribution functions.



Notation 2.3. Let ¢ € [0,1]. Let ¢ be a nonnegative random variable and
set by, == F~1(1 —q). We denote by F,, the distribution function defined
by

Fyqg(x) = (1 — @) Lo<acr,,, + Fp(2) Loz, - (2.1)

These distribution functions will be used to bound up the generalized mo-
ments of nonnegative random variables which are dominated by . Precisely,
let X be a nonnegative random variable stochastically dominated by 1, that
is P(X > x) <P(¢ > x) for all x > 0. Let (y, be a random variable with
distribution function Fy, ;, where ¢ is such that E[X] = E[(, ,]. Then Lemma
1 of Bentkus [2] (see also Lemma 2.1 of Marchina [I2]) ensures that for any
function ¢ € HY, E[p(X)] < E[p((p,4q)], where HL is the class of numerical
functions ¢ defined by

HL = {go . is convex, differentiable, and xEr_noo o(x) = 0}. (2.2)
Now, we recall the definitions of strong and weak norms of a real-valued
random variable X. For all » > 1, let " be the space of real-valued random

variables with a finite absolute moment of order r and we denote by ||X]|,
the L"-norm of X. Let

AF(X) :=supt (P(X > 1))V, (2.3)

t>0

We say that X have a weak moment of order r if Af(]X]) is finite. Define
also

AX(X) = sup u/M1 /Ou Qx(s)ds. (2.4)

r
u€l0,1]

From the definition of Q)x, we have

AF(X) = sup w7 Qx (u). (2.5)
u€]0,1]
Hence, we get that
A0 < A0 < (7259) A7 (). (2.6)

Furthermore, from Proposition (i11), AF(.) is sub-additive.

3 Statement of results

Let us first recall the assumptions we work with. Let Xi,..., X, be a se-
quence of independent and identically random variables distributed according
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to P with values in X. Let .%# be a countable class of measurable functions
f: X = Rsuch that P(f) =0 for all f € %, and we suppose that .# has a
square integrable envelope function ¢ defined in . In this situation, the
wimpy variance is 0 = sup ez P(f?). We consider the random variable

Z = sup if(Xk) (3.1)

fex k=1

Throughout the rest of the paper, (, denotes a random variable with distri-
bution function Fhe(x,),q, defined in (2.1)) where g is the real in [0, 1] such
that E[(x] = Ex (E) is defined in (1.3)). We also set

Vi, = zi:E[g,i]. (3.2)

Remark 3.1. If the class ¥ satisfies the uniform law of large numbers,
that is sup ez |Po(f)| converge to 0 in probability, then E, decreases to 0
(see, for instance, Section 2.4 of van der Vaart and Wellner [19]). Now,
from the integrability of ®* and , the convergence of E,, to 0 implies the
convergence of E[C?] to 0, which ensures that V,,/n tends to 0. More precise
estimates of V;, will be proved for particular cases in Section [{)

We first derive a Fuk-Nagaev type inequality for Z — E[Z] from one ob-
tained by Courbot [7] concerning martingales.

Theorem 3.2. Let x > 0. For any s > 0, we have
2

P((Z — E[Z]), > z) < (1 N 8502>s/2 . (1 . i)S/z

+ 2nIP’<<I>(X1) > ;)

S

Next, under weak moment conditions, we derive from a Fuk-Nagaev type
inequality for martingales with efficient constants obtained recently by Rio
[17], an other Fuk-Nagaev type inequality for Z — E[Z].

Theorem 3.3. Let { > 2. Assume that ®(X;) have a weak moment of order
0. Then for any u €]0, 1],

Qz-5(2)(u) < Qz-x(7)(u) (a)
< \2l0g(1/u) (ov/n +/Va) + 30 e AL (@(X))u ", (0)
where iy := 2 + max(4/3,0/3). Consequently,

P(Z — E[Z] > \/2log(1/u) (ov/n + \/Vi) + 30 g AF (B(X1))u ) <
(c)



In the two following results, we derive from Theorems [3.2] and [3.3], strong
and weak moment inequalities for Z — E[Z].

Corollary 3.4. Let { > 2. Assume that ®(X,) is L'-integrable. Then

(Z —E[Z])+|le < V'VE+ 1 (oy/n+ V) + 2" 0+ 1) | 2(X0) e
Remark 3.5. Note that (/¢ < el/e ~ 1.4447.

Remark 3.6. By analyzing the proofs of Theorem[3.4 and Corollary[3.4], we
can slightly improve the constant 21+Y/¢ to (1 + 2°)1/°.

Corollary 3.7. Let { > 2. Assume that ®(X;) have a weak moment of order
0. Then

N (Z —E[Z)) < A (Z ~ E[Z)) (@)
< \(t/e) (ovn+VV) + 30 p AT (2(X)), (D)

where iy := 2 + max(4/3,0/3).

3.1 Bound of generalized moment of Z — E[Z]
In this section, we apply Theorem to bound up E[(Z — E[Z] — t),] for

every t > 0. We emphasize that it is of interest to obtain such bounds
in various situations coming from statistical applications, such the study of
rates of convergence for estimators (see, for instance, Comte and Lacour [6]).

Proposition 3.8. Let Z, o, V,, be defined as in Section[3 Let ¢ > 2 and
pe = 2+ max(4/3,0/3). Set also

5 = o/ A Vi, and g = 30V g AF (D(X)).
Then, for anyt > 0,

6_%(1+t2/5%)
E(Z -E[Z] - t)+] < sn

a 1+12/s2
\/7

Proof. Let us start by recalling the variational expression of E[(X — t) ]
involving Qx. Since x < Qx(u) if and only if 1 — Fx(z) > u, we get for any
real t,

+ by e

E[(X — )] = sup u(@x(u) - 1). (3.3)

u€]0,1]



Now, Inequality (3.3) and Theorem (b) imply

E[(Z —E[Z] —t)4] < sup u(sm/QIOg(l/u) + b pu M — t)

u€]0,1]
< sup u(sn\/QIOg(l/u) — t> + b g, (3.4)
u€]0,1]

since u!~/¢ < 1. With the change of variables y = \/2log(1/u) € [0, 0],
clearly, the supremum is achieved at

SR P (3.5)
o= 452° '

Then, the supremum in (3.4) is equal to s, e ¥%/2/y,. Observing now that

Yo > /1 +12/s2, we finally get the desired inequality which concludes the
proof. O]

Remark 3.9. As starting point of the proof, in place of (3.3)), we can use the

equality 7 — E[Z] 2 Qz-xw7(U), where U is a random variable distributed
uniformly on [0,1]. However, contrary to the above proof, we then need to
integrate Inequality (b) of Theorem|3.5, which shows the interest of the CVaR.

3.2 Proofs of the main results

Our method is based on a martingale decomposition of Z which we now
recall. We suppose that .7 is a finite class of functions, that is # = {f; :i €
{1,...,m}}. The results in the countable case are derived from the finite case
using the monotone convergence theorem. Set Fy := {@, 2} and for all k =
L...,n, Fp=0(Xy,....,Xp) and F* .= o(X1, ..., Xp1, Xpy1, -, Xp). Let
E;, (respectively EF) denotes the conditional expectation operator associated
with F (resp. FF). Set also

7" = sup{nP(f) - f(Xy) : f € T},

The sequence (Zy) is an (Fy)-adapted martingale (the Doob martingale as-
sociated with Z — E[Z]) and

7 — E[Z] = Z Ak, where Ak = Zk — Zkfl. (38)
k=1



Define now the stopping times 7 and 7, respectively F,-measurable and
FF-measurable, by

r:=inf{i € {1,...,m} :nP,(f;) = Z}, (3.9)
o= inf{i € {1,...,m} : nP.(f;) — fi(Xy) = Z®}. (3.10)
Notice first that
ZW 4 [ (Xy) < Z < ZW + f(X).
From this, conditioning by Fj gives
Ex[fr, (X)) < Z — Bx[ZW] < Bi[f(X0)). (3.11)
Set now & := Ei[fr, (Xk)] and let e, > r, > 0 be random variables such that
S+re =2, —E[ZW]  and & + e = B[ f(X5)).
Thus becomes
§ < &k 1 < Skt ek (3.12)

Since the stopping time 73, is F*-measurable, we have by the centering as-
sumption on the elements of .7,

]Ei[ka<Xk>] = P(f‘l‘k) = 07 (313)

which ensures that Ej_1[¢] = 0. Moreover, Ez[Z®)] is F_;-measurable.
Hence we get

Ay = Zy, — Ei|Zy] — Exa[Zk — Ex[Zy]] = &k + 16 — B [1i),

which, combined with ({3.8)), yields the decomposition of Z — E[Z] in a sum
of two martingales :

n

Z—E[7] = <kif’“) + (Z(rk - Ek_l[rk])) (3.14)

k=1
Before proving the results, we provide bounds for their quadratic variations
which will be needed in the proofs.
(i) Bound of 37, By [€2].
Notice that the same argument as (3.13) yields E}[f2 (X;)] = P(f2). It
follows from the conditional Jensen inequality that >-7_; Ex_1[&7] < no?.
(ll) Bound of ZZ:I Ek—l[(rk — Ek_l[rk])2].
First, we observe that Ej_[r]| is bounded by a deterministic constant. This
is given by the following lemma of exchangeability of variables.

10



Lemma 3.10. For any integer j > k, Ex_1[f(Xi)] = Ex_1[fr(X;)].

Proof. By the definition of the stopping time 7, for every permutation on n
elements o, 7(X1,...,X,) = T700(Xy,...,X,) almost surely. Applying now
this fact to 0 = (k) (the transposition which exchanges k and j), it suffices
to use Fubini’s theorem (recalling that j > k) to complete the proof. O

Hence,

Ekfl[gk] = ]Ekfl[fr(Xk)]
< Epy §gg{f(Xk) +o (X)) (n—k+1) = Ep g (3.15)
Since 0 < 1y, < &, we thus get that 0 < Eg_q[r] < E,_gya-

Moreover, implies that 0 < 7, < 2®(X}). Then Lemma 1 of
Bentkus [2] ensures that for any function ¢ € HL, E[p(rg)] < E[p(()], where
Hi is defined in . Notice that z — xi belongs to 'Hi and 1y = 1,
whence,

n

> B[ — Ex-1[r])? Z Er_1 7"1<;+ <) E|
k=1 bt =

We are now in a position to prove the main results.

Proof of Theorem[3.4 The key result is the following Fuk-Nagaev inequality
for martingales obtained by Courbot :

Theorem 3.11 ([7], Theorem 1). Let M, := >, Xy be a martingale in
IL? with respect to a nondecreasing filtration (Fy,), such that My = 0 and
IE[X? | Fi_1]lleo < 00. Define

=Y E[X} | Fr1].
k=1

Then, for any x,s,v > 0,
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We apply the above result to the two martingales in (3.14]). The lower
bound h(z) > xzlog(l + x)/2 gives us the two first terms of the desired
inequality. It then remains us to bound up the tail functions P((£) > ) and
P((ry —Ex_1[rx])+ > x), which is simply done using the fact that & < ®(Xy)
and 0 < rp < 2®(Xy). Moreover, observe that

P(®(Xy) > z/s) + P2 P(X;) > x/s) <2P(P(X,) > x/2s),
which completes the proof. O]

Proof of Theorem[3.3. First observe that (a) is the property (ii) of Propo-
sition and that (c¢) follows immediately from (b) by the point (i) of the
same Proposition Let us now prove (b). Recalling the decomposition

(3.14)), the property (iii) of Proposition [2.2] imply
Qz-riz1(u) < Qyr ¢ (W) + Q5 (g (W). (3.16)

Next, to control the terms in the right-hand side, the key result is the fol-
lowing new Fuk-Nagaev inequality obtained by Rio :

Theorem 3.12 ([I7], Theorem 4.1). Let M, := >3_, Xi be a martingale in
IL? with respect to a nondecreasing filtration (Fy,), such that My = 0 and for
some constant r > 2,

IE[X? | Frillloo < 00 and H sup (tr P(Xgr >t ]:k_l))Hoo < 00.
>0

Define

1/2

> B[XE | Fi]
k=1 o0

1/r
g =

and C*(M) =

sup <tr Z P(Xk+> t ‘ fkl))
k=1

t>0 00

Then for any u €]0, 1],

Qur, (u) < o/21og(1/u) + C (M) w7,
where 1, :== 2+ max(4/3,r/3).

As in the proof of Theorem , we bound up & and ryp — Eg_;[rg] respec-
tively by ®(Xj) and 2 ®(X}) to get

Cf<§§k> 4 C;”(Zi: re — Bg1[re )) <3nVAF(O(X)). (3.17)

Recalling the bounds of the quadratic variations of the two martingales that
we found previously, we conclude then the proof by combining (3.16[), Theo-

rem and . ]
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Proof of Corollary[3.4. First, we have (see Petrov [14], p.61-62 and Exercice
2.26) that for any ¢ > 1,

E[(Z - E[2))"] = z/m P((Z — E[Z]), > o)a'Yda. (3.18)
0
Hence, using Theorem we get

E[(Z - E[Z))"] < 556/23(#, g)((n o) 2 4 (V,)?)

+one /O T HUR@(X) > 2/28)de, (3.19)

where B(z,y) = [, t*~1(1 —t)¥~'dt is the usual Beta function. See now that
for £ > 2 and s := /¢ + 1, we have

Lyt (v D
2 2 72 2 T((t+1)/2)

Finally, we conclude the proof by the change of variables z/2s = y in the
integral term in (3.19) and the subadditivity of the function x — x'/¢. O

Proof of Corollary[3.7. First, observe that (a) follows directly from (2.6
Let us now prove (b). We proceed exactly as in Rio [I7, Theorem 5.1]. Both

and Theorem (b) imply
AHZ—EIZ)) < (0w V) sup (u/"/210g(1/w) +3 0" AF (B(X0).

u€]0,1]
(3.20)
Next, observe that 1!/ \/2 log(1/u) < \/(ﬁ/e), which concludes the proof. [

4 Application to power-type tail

Let Y7,...,Y, be a finite sequence of nonnegative, independent and identi-
cally distributed random variables and Xj,..., X, a finite sequence of in-
dependent and identically distributed random variables with values in some
measurable space (X, F) such that the two sequences are independent. Let
P denote the common distribution of the Xj,. Let ¢ be a countable class of
measurable functions from X into [—1,1] such that for all g € ¢,

P(g)=0 and P(g*) < &* for some § €]0,1]. (4.1)
Let G be a measurable envelope function of ¢ that is

lg| < G for any g € 4, and G(z) < 1 for all z € R. (4.2)
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We suppose furthermore that for any positive ¢,

P(Y; >t) <t™? for some p > 2. (4.3)
Define now .
Z :=sup »_ Yy g(Xy). (4.4)
9€9 k=1

Setting X := (Xk, Yy) and .Z the class of functions from & x Ry into R
which verified that for any f € % there exists a unique g € ¢ such that
f(z,y) = yg(x), we then have Z = sup;cz > i_; f(Xy). Hence, this allows
us to apply results of the previous section. The envelope function of .# is
defined by F(z,y) := y G(z). Moreover, we can obtain a more precise bound
for V,,. Indeed, we will use an upper bound for the mean of the suprema
of empirical processes, expressed in terms of the uniform entropy integral,
proved by van der Vaart and Wellner [20]. Let us first recall some classical
definitions.

Definition 4.1 (Covering number and uniform entropy integral). The cov-
ering number N(e,%9) is the minimal number of balls of radius € in L*(Q)
needed to cover the set . The uniform entropy integral is defined by

1)
J(5,9) = sgp/o \/1 +log N(el|Gllga. %) de.

Here, the supremum is taken over all finitely discrete probability distributions
Q on (X, F) and ||f|lgz2 denotes the norm of a function f in L*(Q).

Throughout this section, K denotes an universal constant which may
change from line to line.

Theorem 4.2. Let Z be defined by (4.4). Under conditions (4.1)) — (4.3)),
the following results hold :

(i) If Yy is LP-integrable, then
1(Z = E[Z])+ 1,

<o T (i 2 (6 () )

+ 2 e (4 1) Vil G e (a)

(ii) Moreover,

Ay (Z —E[Z))

s [ o 252

+3 nl/pl/% (0)
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where ¢ = p/(p — 1) and p, = 2+ max(4/3,p/3).

We now compare Inequality (a) above with results in the literature. Set
C, := p'/P\/p+ 1. Consider first the bounded case : Y; < 1. Integrating the
Rio inequality recalled in Theorem and bounding up E[Z] by Proposition
on next page, one obtains

(2 - E{Z]). ] < G (ov/+ K\/Z (/36,9 + v ZE2)),
(4.5)

Remark 4.3. Note that when p tends to infinity, q tends to 1. This allows
us to see (a) as an extension of (4.5)) to the unbounded case.

Remark 4.4. In the unbounded case, Theorem[1.9 (of Boucheron & al. [3])
gives that

I(Z = E[Z])+]lp < Byov/n+ o(v/n), (4.6)
where B, := 2 (1 — e Y2)~V2,/p—T1. Remark that the constant C, is always
better than the constant B,. For instance, for p = 4, By >~ 5.5225 and

Cy ~ 3.1623. Furthermore, when p tends to infinity, B, is equivalent to
3.1884 \/p while C, is equivalent to /p.

Proof of Theorem[[.3 First, we bound up the term V,, = Y7, E[¢?]. We
recall that ¢ is a random variable with distribution function Fby,c(x,).q
(defined in ([2.1])) and g is such that E[(;] = Ej. Let ¢ be a random variable
with tail function defined by P(¢) > ) = t? for all t > 1 and let {; be a

random variable with distribution function Fy, 5 where g, is the real in [0, 1]
such that E[(;] = Ej. Clearly,

Fyvic(xi),a.(2) 2 Fpg,(x) for any z € R.

Then Lemma 1 of Bentkus [2] ensures that for any ¢ € HL, Ep((r)] <
E[p((r)]. In particulary, this implies E[¢?] < E[(?]. Therefore, an elementary
calculation yields
po(p—1\iT &L e
V, < 2—<1—1/P>()” BT 4.7
() s 7
Next we show how we can obtain a bound for Ej, in terms of uniform entropy
integral.

Proposition 4.5. There exists a universal constant K such that for any
integer k > 1,

- 2 1-1/
Zng(Xj)‘ < K% <1€_1/2J(5,€4) +pk(1/1’>—1<‘](5’g)> p).

1
z Esup 52

9€9 " j=1
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Proof of Proposition[4.5. Let Uy,..., U be k independent copies of a random
variable U distributed uniformly on [0, 1] and let @ be the quantile function
of 1. Therefore Q(u) = u~/? for any u €]0,1[. Note that implies
Ry < Q. Let also k € R such that

k 62
"= — 4.8
70.9) 4
Let us now define for every j =1,..., [k],

Li:={me{l,.. ..k} :U,€]277 2"},
Joo={me{l,... k}: U, <27},

Here, |.] and [.] denote the classical floor and ceiling functions. We recall
the basic property of the quantile function Qx of a random variable X :
Qx(U) has the same distribution as X for any random variable U with the
uniform distribution over [0, 1]. Then,

k
Esup| > Vig(X;)| < By + By, (4.9)
geY j=1
where
[K]
E, =Y Esup| > Q(U)g(X:)| and By :=Esup| > Q(U;)g(X;)].
j=1 9€9 iEIj = Jj€Jk

Let us bound up E,. Since G < 1, a straightforward calculation gives

o—Ix]
E, < k/ Qu) du < k L 9=x(-1/p) (4.10)

0 p—1
To bound up E;, we first notice that, since () is decreasing, for any m € I,
1Y,,9(X)| < Q(277). We can then apply Theorem 2.1 of Van der Vaart and
Wellner [20] which leads to

] 1 o W
B < k(J69) Bl e + TG S 0e). @

By the definition of [}, it is easy to see that

E||L|] = ifL(’;) (279)i(1 =27 = k27,

=1
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Then, Jensen’s inequality yields E[\[jﬁ] < Vk277. Now, recalling that
Qu) = u~'/?,

[K] 21/p71/2 9 p

2792Q(279) < < . 4.12
j§:1 QEY) < 1 —2Yp=1/2 = log(2) p — 2 (4.12)
Likewise,
[x] |k]—1
ZQ(Q*J') _ QLHJ/p(Ql/p + Z ij/p)
j=1 Jj=0
< olkl/p(91/p N AL & 413
- ( +1—21/p)_log(2)p—2' (4.13)
Hence, we derive from (4.11)) — (4.13)),
p 26, 9)
Finally, both (4.9), (4.14), (4.10) and the definition of x imply Proposition
O

Let us continue the proof of Theorem [4.2] Using the subadditivity of the
functions = — z® for 0 < a < 1, from (4.7) and Proposition we obtain

that
JVu <K Z)Q(nq/‘l«/{](é,%) + \/g‘onl/P<‘]((i’5g>)l/q>. (4.15)

p_

Injecting this bound into Corollary gives (a). Similarly, injecting this
bound in Inequality (b) of Corollary [3.7, we conclude the proof of (b) since
AF(Y1G(X1)) < Af(¥) = 1. This ends the proof of Theorem O
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