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Abstract

The famous results of Komlds, Major and Tusnady (see [15] and [17]) state that it is possible to
approximate almost surely the partial sums of size n of i.i.d. centered random variables in L? (p > 2) by
a Wiener process with an error term of order o(n'/?). Very recently, Berkes, Liu and Wu [3] extended
this famous result to partial sums associated with functions of an i.i.d. sequence, provided a condition
on a functional dependence measure in L, is satisfied. In this paper, we adapt the method of Berkes, Liu
and Wu to partial sums of functions of random iterates. Taking advantage of the Markovian setting, we
shall give new dependent conditions, expressed in terms of a natural coupling (in L>° or in L'), under
which the strong approximation result holds with rate o(n'/P). As we shall see our conditions are well
adapted to a large variety of models, including left random walks on GL4(R), contracting iterated random
functions, autoregressive Lipschitz processes, and some ergodic Markov chains. We also provide some
examples showing that our LL!-coupling condition is in some sense optimal.

1 Introduction

In this paper we shall adapt the approach of Berkes-Liu-Wu [3] to certain classes of Markov
chains. To motivate this work, let us describe in detail the example of the left random walk on
GL4(R), d > 2 (the group of invertible d-dimensional real matrices).

Let (ep)n>1 be independent random matrices taking values in G = GL4(R), with common
distribution p. Let || - || be the euclidean norm on RY. We shall say that p has a moment of
order p > 1 if

/G(log N(g))Pu(dg) < oo, (1)

where N(g) := max(||g]l, [lg~"[])-
Let Ag = Id and for every n > 1, A,, = &, ---€1. Recall that if 4 admits a moment of order
1 then

.1
Jl)n;oﬁlog |An|| = Ay P-ass., (2)
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where A\, = lim, 1o n 'E(log|le,, - -€1]]) is the so-called first Lyapunov exponent (see for
instance [14]). For any 2 € S9!, we want to describe as precisely as possible the asymptotic
behavior of the quantity

log | Anz| - (3)

The left random walk of law p started at « € S4 ! is the Markov chain defined by Woue =2
and Wy, , = €,Wp_1, for n > 1. As usual, to handle the quantity (3), we consider the partial
sums associated with the random variables (X, ;)n>1 given by

Xn,m = h(en,anl,m) ,n=>1,

where for every g € G and every y € R? — {0},

h(g,y) = log <H‘(|]|ﬁ”> :

By definition of h, and since X,, ; = h(ep, Apn—17), we easily see that, for any x € ga=1

Snae =Y Xpo =log|Anz]|. (4)
k=1

Hence, the asymptotic behavior of (3) can be deduced from the asymptotic behavior of partial
sums of functions of the Markov chain W, ,.

This problem can be tackled under some assumptions on p (strong irreducibility and prox-
imality, see subsection 3.1 for more details) which implies that the chain (W),),>0 admits an
unique invariant measure v defined on the projective space X := P;_1(RY) of R? — {0}. Un-
der these assumptions on y, and assuming moreover that p has a moment of order p € (2,4),
Cuny-Dedecker-Jan [7] proved the following strong approximation result: there exists o2 > 0
such that, for every (fixed) z € S9!, one can redefine (log ||A,z|),>1 without changing its
distribution on a (richer) probability space on which there exist iid random variables (N;)i>1
with common distribution A/(0,0?), such that,

log || Apz|| — nA, — Z N; = o(n'/?\/logn) a.s. (5)
i=1

If 4 has a moment of order p = 4, the same authors showed that this strong approximation
holds with a rate of order O(n'/%y/log(n)(loglog n)'/4).

To prove (5), Cuny-Dedecker-Jan used a martingale approximation (as described for instance
in Cuny-Merlevede [9]), together with some appropriate upper bounds on the quantities

sup E (|Xk,ar - Xk,y|) : (6)
ll=]|=1,llyl|=1

The main drawback of this approach is that it cannot give a better rate than n'/4
based on the Skorokhod representation theorem for martingales.

On another hand, since the stationary Markov chain W, is a function of the starting point Wy
and of the “innovations” e1,--- ,&,, one can also apply the approximation results by Berkes-Liu-
Wu (in fact, this is not completely immediate because it does not fit exactly into the framework
described by these authors, and some extra work is required there). Doing so, one can reach a

, because it is



rate of order n'/? for any p > 2, but only by assuming that x has a moment of order q(p) > p.
More precisely, their functional measure of dependence in L, say dj,, can be bounded by
SUP||z|=1,|yl=1 I Xkz — Xkyllp- Hence, applying Proposition 3 in [7], one can see that condition
(2.3) in [3] is satisfied provided p has at least a moment of order (5p/2) — 1. This is somewhat
surprising: on the one hand, one can go beyond the rate of order n'/4, and on the other hand we
need stronger assumptions than in Cuny-Dedecker-Jan [7] to get the rate n'/? when p € (2,4).

This gave us a strong motivation to understand completely the proof by Berkes-Liu-Wu [3],
and to see whether it is possible to take advantage of the Markovian setting to get the rate n'/?
in (5) under a moment of order p, for any p > 2. As we shall see in this paper, the answer is
positive.

As already mentioned, in the case of the left random walk on GL4(R), one can get a control
on the quantities defined in (6). However, in many other cases of random iterates, such a control
is not possible, while one can get some upper bounds on

[ B~ Xy vidoptay), ™)

where v is the invariant distribution of the chain (W,,),>1.

Consequently, we shall establish two distinct results, with different range of applicability. In
Theorem 1, we give a strong approximation result under conditions involving some quantities
similar to (6). In Theorem 2 the conditions are expressed in terms of the quantities (7). The
second Theorem applies to a large variety of examples, including some well known examples
of irreducible and aperiodic Markov Chains with countable or continuous state space. These
examples of ergodic Markov chains will allow us to prove that the conditions given in Theorem
2 are in some sense optimal.

In all the paper, we shall use the notation a,, < by, which means that there exists a positive
constant C' not depending on n such that a,, < Cb,, for all positive integers n.

2 Main results

Let (£2,.A,P) be a probability space, and let (¢;);>1 be iid random variables defined on §2, with
values in a measurable space G and with common distribution p. Let Wy be a random variable
defined on 2 with values in a measurable space X, independent of (&);>1, and let F' be a
measurable function from G x X to X. For any n > 1, define

Wn = F(5n7 Wn—l) ’

and assume that (W,,n > 1) has a stationary distribution v. Let now h be a measurable
function from G x X to R and define, for any n > 1,

Xp = h(en, Wn-1). (8)

Then (X,,),>1 forms a stationary sequence with stationary distribution, say . Let (G;)icz be
the non-decreasing filtration defined as follows: for any i < 0, G; = {0, Q}, Go = o(Wp) and for
any i > 1, G, = o(eg,...,e1, Wy). It follows that for any n > 1, X,, is G,-measurable.

Our first result proves that the strong approximation result holds with rate n'/? when the
stationary distribution 7 has a moment of order p > 2 and we impose that the sequence of cou-
pling coefficients (do0(n))n>1 defined in (10) decreases arithmetically to zero plus the condition



(12). As we shall see in Section 3, these conditions are satisfied for instance for the left random
walk on GLg4(R).

Let Wy and W{ be random variables with law v, and such that W{ is independent of
(Wo, (€4)i>1). For any n > 1, let

X, =h(en,W,_) with Wy = F(e,, W, _;). 9)
Define then
doo(n) = [[E(| Xy — X5 [ |(Wo, Wo)) oo sm > 1, (10)

where, above and in all the rest of the paper, the infinite norm is the usual essential supremum
norm.

Theorem 1 Let (X,,n > 1) be the stationary sequence defined by (8) and assume that its
stationary distribution ™ has moment of order p > 2. Assume in addition that there exists a
positive constant ¢ such that for anyn > 1,

doo(n) < en™® with ¢ > (p—1)/2, (11)
where (0oo(n))n>1 is defined in (10), and that
o [E(X21G 1) < - 12

Let Sp = Y7 Xi. Then n 'E((S,—nE(X1))?) = 02 asn — oo and one can redefine (Xp)n>1
without changing its distribution on a (richer) probability space on which there exist iid random
variables (N;);>1 with common distribution N'(0,0?), such that,

Sp —nE(X7) — ZN—O ) P-a.s. (13)

In the rest of this section, we shall give conditions expressed in terms of the quantities
| X5 — Xi|]1 for the strong approximation (13) to hold. Before stating the result, we need to
introduce some notations:

For any n > 0, let us define the sequence (6(n))n>0 as follows

0(0) =0(1) =E(|X1]) and 6(n) = o1 ksup | Xk — Xilli, n>2.
>n—1

These quantities are finite if 7 has a moment of order 1.

For any = > 0, denote by

and, for any u € [0, E(|X])], let
6 u) =inf{geN : §(q) <u} = Zlu<5(n .

n>0

Denote also by @ the quantile function associated with | X | where X is a random variable with law
m: it is then the generalized inverse of the tail function ¢ r—) IP’(]X | > t) = m((—o0, —t[)+m(]t, 0)).
Let H be the function from [0,1] to R* defined by H fo u)du. We Shall assume the
following condition

an 2/ QP o H M (u)du < oo. (14)

n>1



Theorem 2 Let (X,,n > 1) be a stationary sequence defined by (8) and assume that its sta-
tionary distribution © has a moment of order p > 2. Assume in addition that condition (14)
holds. Let S, =Y p_ Xi. Then n 'E((S, — nE(X1))?) — 02 as n — oo and one can redefine
(Xn)n>1 without changing its distribution on a (richer) probability space on which there exist iid
random variables (N;);>1 with common distribution N (0,02), such that,

Sp —nE(X1) — ZNZ- = o(n'/?) P-a.s.
=1
Remark 3 If we define
y(z) = HY(8([x])) for any >0 and v (u) = 61 o H(u) for any u € [0,1], (15)
then condition (14) can be rewritten as
v(k)
anQ/ QP (u)du < o0, (16)
n>1 0

which also reads as

1
/0 RPN (u)Q(u)du < oo where R(u) =~y (u)Q(u), (17)

Remark 4 Sufficient conditions for (14) to hold in terms of moments (or weak moments) of ™
can be given by using Lemma 2 in Dedecker and Doukhan [10]. For instance, if

| X1l for some r > p, and Zn(pr_2r+1)/(7"—p)5(n) < o0, (18)

n>1

then condition (14) is satisfied. Note that in the case where || X1|0 < 00, condition (14) is
equivalent to Y, - nP~?8(n) < oo.

If we define the following meeting time
T" =inf{k e N : W, =W;}, (19)

it follows that, for any n > 2,

Pugw(T*2n)
d(n) < /0 Q(u)du .

Therefore the following corollary holds.

Corollary 5 Let (X,,n > 1) be the stationary sequence defined by (8) and assume that its
stationary distribution w has a moment of order p > 2. Assume in addition that

]P,,@,,(T*Zn)
D (n+1)p? / QP (u)du < 0. (20)
0

n>0

Then the conclusions of Theorem 2 hold.



According to the computations given in Annex C of Rio [23], if

| X1, for some r > p, and Zn(pr_2r+p)/(r_p)IP’V®V(T* >n) < oo, (21)
n>1

then condition (20) is satisfied. In the case where || X1 |l < 00, condition (20) is equivalent to

an_QIP’V@V(T* >n) < o0. (22)

n>1

Propositions 15 and 18 in Section 3.3 will show that condition (22) is optimal in some sense.

3 Applications

3.1 Left random walk on GL4(R)

As in the introduction, let (e,),>1 be independent random matrices taking values in G =
GL4(R), d > 2, with common distribution p. let Ay = Id and for every n > 1, A, =, -+ -€1.

Let | - || be the euclidean norm on R?. Recall that u has a moment of order p > 1 if (1)
holds. Recall also that if ;1 admits a moment of order 1 then (2) holds, and the quantity A, is
well defined.

Let X := P;_1(R%) be the projective space of R? — {0} and write Z as the projection of
r € R* — {0} to X. We assume that s is strongly irreducible (i.e. that no proper finite union
of subspaces of R? are invariant by I',,, the closed semi-group generated by the support of 1)
and proximal (i.e. that there exists a matrix in I';, admitting a unique (with multiplicity one)
eigenvalue with maximum modulus). Under those assumptions (see e.g. Bougerol-Lacroix [4]
or Benoist-Quint [2]) it is well-known that there exists a unique invariant measure v on B(X),
meaning that for any continuous and bounded function f from X to R,

/X f(@)v(dz) = /G /X F(g - )u(dg)v(dz)

The left random walk of law u is the process defined by Wy := ¢¢ and W, = ¢, W,,_1 for n > 1
where we assume that &g is independent of (e5,)p>1. As explained in the introduction, our aim
is to study the partial sums associated with the random sequence (X,)n>1 given by

Xy = h(en,anl)a n>1,

where for every g € G’ and every = € X,

h(g,z) = log <Hg’l’xﬁ€”) )

As usual, we shall denote by X, z the random variable for which Wy = . We then define
Snz =Y p_1 Xnz and recall that the identity (4) holds: for any z € g1,

n
Sz =Y _ Xz =log|Anz.
k=1

Applying Theorem 1, the following strong approximation with rate holds.



Corollary 6 Let u be a prozimal and strongly irreducible probability measure on B(G). Assume
that p has a moment of order p > 2. Then n_lEy((Sn — n)\H)Q) — 02 as n — oo and for
every (fized) T € X, one can redefine (Syz)n>1 without changing its distribution on a (richer)
probability space on which there exist id random variables (N;)i>1 with common distribution

N(0,02), such that,
Sng — Ny — Z N; = o(n'/?) a.s.
i=1

Remark 7 It follows from item c) of Theorem 4.11 of Benoist-Quint [2] that o > 0 if p is
strongly irreducible and the image of 'y, in PGL4(R) is unbounded.

Proof of Corollary 6. Using the same arguments as in Cuny-Dedecker-Jan [7] (see the proof
of their Theorem 1), we infer that it suffices to prove the result on stationary regime. More
precisely, it suffices to prove that one can redefine (S),),>1 without changing its distribution
on a (richer) probability space on which there exist iid random variables (N;);>1 with common
distribution N(0,0?), such that,

Sn—nA, — Z N; = o(n'/?) P,-as. (23)
i=1

Note also that the fact that n™'E, ((Sn — n\,)?) = 02 as n — 0o comes from Theorem 2 (ii) in
[7]. Now the strong invariance principle (23) is a direct application of Theorem 1. To see this,
note first that the following estimate is valid (see Proposition 3 in [7]):

ka—z sup E(|ka —ng‘) < 0.
=1 z,5eX

Since (sup@gex E(‘ka — ng‘)k>1 Is non increasing, supz jecx E(|ka - Xk,y‘) < k=1,

Hence condition (11) holds with ¢ = p — 1. To end the proof it suffices to notice that condition
(12) also holds since, for any k > 1,

IECEIGh)| < /G (log N (g))21u(dg) < o

3.2 Contracting iterated random functions
3.2.1 Uniform contraction

Assume that there is a distance d on X, and that there exist x > 0 and p € (0,1) such that, for
any n > 1,
[E(d(Wn, W) [(Wo, W5)lloo < K™, (24)

where W is defined in (9). Note that condition (24) holds if the chain is “one step contracting”
in the following sense

ld(Wo, Wi)lleo < 00 and E(d(W1 4, Wh,)) < pd(x,y) for any (z,y) € X x X .



Let us now define a class of observables from G x X to R for which one can easily compute
the coefficient do(n). Let  be a measurable function from G to RT such that E(n(eg)) < oo,
and let ¢ be a concave non-decreasing function from R* to RT such that ¢(0) = 0.

One says that h: G x X — R belongs to the class £(n, ¢) if,

|h(z,x) — h(z,y)| < n(z)c(d(z,y)) for any (z,y,2z) € X x X X G.

Lemma 8 Assume that the stationary Markov chain (W,)n>0 satisfies the contraction condition
(24), and let (X,,)n>1 be defined by (8) for some h € L(n,c). Then, there exists a constant A > 0
such that, for any n > 1,

0oo(n) < Ac(kp™1).

Proof. Let A =E(n(eg)). Since h belongs to L(n, ¢), and since ¢ is concave,
E(|[Xn+1.0 = Xnt1yl) < AR(c(d(Wh e, Why))) < Ac(E(d(Wn,e, Way))) -
Hence, since c is non-decreasing and (W,,),>¢ satisfies (24),

IE(Xnt1 = Xppa | [(Wo, W) lloo < Ac([E(d(Wn, W) [(Wo, Wy))lloo) < Ac(rp™) .

Applying Theorem 1, the following result holds:

Corollary 9 Assume that the stationary Markov chain (Wy)n>0 satisfies the contraction con-
dition (24), and let (X,)n>1 be defined by (8) for some h € L(n,c). Assume moreover that
E(n(e1)?) < oo for some p > 2, and that there exists xo € X such that ||c(d(Wo, zo))|lcc < 00
and E(|h(e1,x0)|P) < oco. If e(kp™) = O(n™%) for some q > (p — 1)/2, then the conclusion of
Theorem 1 holds.

Remark 10 Note that Corollary 9 applies to a large class of continuous observales (as functions
of z), including all Holder observables (case where c(x) = z% for some a € (0,1)). More precisely
it applies to any concave non-decreasing function ¢ such that c(x) < C|In(z)|~7 in a neighborhood
of 0, for some v > (p—1)/2.

Proof of Corollary 9. Applying Lemma 8, we infer that do(n) = O(n~?) for some q >
(p — 1)/2. Hence, if one can prove that

sup [E(|Xn["|Gn—1)lloc < M, (25)
n>1

for some finite constant M, the result will follow directly from Theorem 1. To prove (25), we
note that

E(|h(en, Wa-1)P|Gn-1) < 227 E(lh(en, Wi-1) = h(en, 20)P|Gn-1) + 2P 'E(|h(e1, 20)P) . (26)
For the first term on the right-hand side of (26), we use the fact that h € £(n, c), which gives
E(|h(en, Wa-1) = h(en, 20)[P|Gn-1) < E(n(e1)?)|e(d(Wo, z0)) |5 - (27)

Under the assumptions of Corollary 9, it follows from (26) and (27) that the upper bound (25)
holds. O



3.2.2 L!-contraction

Assume that there is a distance d on X, and that there exist £ > 0 and p € (0, 1) such that, for
any n > 1,
AW, Wo)ll1 < kp" (28)

where W' is defined in (9). Note that condition (28) holds if the chain is “one step contracting”
in the following sense:
E(d(zo, F(e1,0)) < oo for some xzg € X

and
E(d(Wi 4, Wh,y)) < pd(x,y) for any (z,y) € X x X .

Note also that, under the two conditions above, there exists an unique stationary distribution v
(see Theorem 2 of [25]).

Let us now define a class of observables from G x X to R for which one can easily compute
the coefficients §(n). Let ¢ be a concave non-decreasing function from Rt to Rt such that
c(0) = 0.

One says that h : G x X — R belongs to the class L(c) if,

E(|h(e1,x) — h(e1,y)]) < c(d(z,y)) for any (z,y) € X x X .

Lemma 11 Assume that the stationary Markov chain (W,),>0 satisfies the contraction condi-
tion (28), and let (Xy,)n>1 be defined by (8) for some h € L(c). Then, forn > 2,

5(n) <27 e(kp™?).
Proof. Let k > n > 2. Since h belongs to £(c), and since ¢ is concave,
Xk = Xl < lle(dWi—, Wi )l < e (ld(We—r, Wi 1)) -

Hence, since ¢ is non-decreasing and (W,,),>¢ satisfies (28),
1% = Xilh < e (rp") .

The result follows from the definition of §(n) and the fact that ¢ is non-decreasing. O

Recall that the function @ and H related to the tail function ¢t — P(|X1| > t) have been
defined in Section 2. Combining Theorem 2 and Lemma 11, the following result holds:

Corollary 12 Assume that the stationary Markov chain (W,)n>0 satisfies the contraction con-
dition (28), and let (Xy)n>1 be defined by (8) for some h € L(c). Assume moreover that

c(rp™)

Z np_2/0 QP o H Y (u)du < 0. (29)

Then the conclusion of Theorem 2 holds.
Remark 13 From Remark 4, it follows that (29) holds as soon as
I X1l for some r > p, and Zn(pr_%ﬂ)/(r_p)c(/{p") < 00. (30)

n>1

The condition (30) is equivalent to the following integral condition on the function c

1/2
/0 %c(t)| In(8)] P2 0/0p) gy < oo



3.3 Ergodic Markov chains
3.3.1 A discrete ergodic Markov chain example

Let (g;)iez be a sequence of iid real-valued random variables distributed as e with
P(e = k) =pi, k € N,
Let Wy be a random variable with values in N independent of (g;);ez, and define for any k& > 1,

Wi = (Wi—1 = 1)1lw, 20+ (e — 1)1w,_,=0. (31)

Hence (Wy, k € N) is a Markov chain with state space N, initial distribution £(Wy) and transition
probabilities satisfying
P 1=1and Py; 1=p;,1>1.

Assume that p; > 0 and p,,; > 0 along n; — oo. Then the chain {Wj;k > 0} is irreducible and
aperiodic. Moreover, the stationary distribution exists if and only if E(¢) < co and is given by

o
vy =1/E(e) and vj =1y Z pi, j€N*.
i=j+1
Corollary 14 Let p > 2 and f be a function from N to R such that v(|f|") < oo with r > p.
Assume that
p(r—1)
Zn TP Dp < 0. (32)

n>1

Then condition (21) is satisfied and the conclusions of Theorem 2 hold for X, = f(W,,) where
(Wh)n>0 is the Markov chain defined by (31) with L(Wy) = v.

For bounded observables (case r = o0), condition (32) reads as ), -, n’p, < 0o. As we
shall see in the proof of the next proposition (see (39)), > o;nPp, < oo is equivalent to
> o1 MP2Pugy (T* > n) < oo, where T is the meeting time defined in (19). The next propo-
sition shows that this latter condition is in some sense optimal.

Proposition 15 Let p > 2 and (Wy)k>o0 be the Markov chain described above with py :=
1/(Cp + DRPTY), k€ N*, where ((p+1) = X5, k™ P, Then

an_QIP’V@,,(T* > n) = o0, and for any € > 0, Zn”_Q(log n)" P, (T* > n) < .
n>1 n>2
(33)
Moreover, for any stationary and Gaussian centered sequence (gi)rez with convergent series of
covariances,

n—o0

lim sup (n log n)fl/p‘ Z(I{Wk:(]} — 1) — Z gk‘ > 0 almost surely. (34)
k=1 k=1

Proof of Corollary 14. Define

Ty = inf{k e N : W, = W} = 0}.

10



By definition, T < Tjj. Hence for any n € N,
Poou(T* > n) <Pug(Ty > n). (35)
Next, it is easy to see that for any n € N,
Puow(Ty = n) = Pugu(Ty = n) (36)
with
T} =inf{k >0 : Wy = W[ =0},

where (W], k € N) is the Markov chain defined as follows: Let (&}, )rez be an independent copy
of (¢x)kez and independent of Wy. Let W be independent of (W, (ex)rez, (€}, )kez) and, for any
k>1, set

Wi = (Wi_1 — Dlw;_ 20 +eilwy_ —o-
According to Lindvall [16], if E,(¢)(7)) < oo where 7 = inf{k > 1 : W}, = 0} and ® is a non-
decreasing function from N to [2, 00[ such that ((log(¢(n))/n), is non-increasing and converges
to 0, then E, g, (¢(T})) < co. Note now that

Zyg Z pj+2yg<2 Z v+ Z P - (37)

(=0  j>n—t >n £>[n/2] J=[n/2]+1

Hence under (32), E, (1,,(7)) < oo with ¢, ,(z) = 2"®~D/=P) Tt follows that E, (1, (T})) <
oo which in turn implies that E, (¢, (1)) < oo by taking into account (35) and (36). Therefore
condition (21) is satisfied and Corollary 5 applies. O

Proof of Proposition 15. Note first that the following coupling inequality holds: for any
n>1,

8(n) =5 [ 18P = vllv(do) < Puoy(T° 2 1), (38)

where ||u]], denotes the total variation norm of a signed measure p and P is the transition
function of the Markov chain (Wy)ken. But for any n > 1, (n) > 2a(n) where (a(n)),>1 is the
sequence of strong mixing coefficients of the chain which starts from the stationary distribution.
As quoted in Chapter 30 of Bradley [6],

n) > [B,(Wo > n+1,W, =0) —P,(Wo > n+1)P 0)| =w Z Vk -
k>n+1
It follows that for any s > 0,
Zns Z v =00 = ZnSIP’l@,,(T* >n) =
n>1  k>ntl n>1

which together with the arguments developed in the proof of Corollary 14 show that

> np, <o = Y P, (TF > n) < 0. (39)

n>1 n>1

This proves the first part of (33). To prove its second part, it suffices to use again the arguments
developed in the proof of Corollary 14 and to notice that, for py := 1/({(p + 1)kP*!), k € N*,
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the upper bound (37) entails that E, (¢,(7)) < oo with ¢, (z) ar L

= W where € > 0. This
ends the proof of (33).

To prove the second part of the proposition, we shall use similar arguments as those developed
in the proof of Theorem 2.2 in Dedecker-Merlevede-Rio [11] and adopt the following notations:
the regeneration times (1} )x>0 of the Markov chain (W )x>o are defined by induction as follows:
Ry =inf{n >0 : W,, =0} and Ry = inf{n > Rx_1 : W,, = 0}. Let 7, = Rg+1 — Ry for k > 0.
Note that (7%)k>0 are iid and that their common law is the law of Ry when the chain starts at
zero. Note that

P(rp > (EInk)'/P) ~ ¢, /(klog k).

Since the regeneration times 73 are independent, by the converse Borel-Cantelli lemma, it follows
that
P(r > (klog k)Y infinitely often ) = 1.

Now we take
f(z) :== 10 and g(z) := f(z) — vo.
f is obviously a bounded function and v(g) = 0. Note that, for any ¢ > 0,

Rg+m

Z (vo/2 — f(Wg)) = mup/2 for any 1 <m < 7.
k=Ry+1

Since R, /n converges to E(7p) almost surely, it follows that, for some positive constant ¢ de-
pending on E(7p),

n+lc(nlogn)l/?)
lim sup Z (vo/2 — f(W;)) > 0 almost surely. (40)
" i=n+1

Consider now a stationary and Gaussian centered sequence (gi)rez with convergent series of
covariances. If follows from both the Borel-Cantelli lemma and the usual tail inequality for
Gaussian random variables that, for any positive 6,

n+le(nlogn)'/?]
lim inf Z (gi +6) > 0 almost surely.

n
i=n+1
Taking 6 = /4 in the above inequality and using (40), we then infer that

1 n+[c(nlogn)t/P]

hTILn n SUp Te(nlog n)e] i;l (gi +vo— f (W¢)> > vp/4 almost surely,
which implies (34). O

12



3.3.2 An example of ergodic Markov chain with continuous state space

In this section, we consider an homogenous Markov chain with state space [0, 1] and transition
probability kernel P(zx,-) given by

Pz, A) = (1 - 2)0(A) + zm(A), (41)
where §, denotes the Dirac measure at point x and
m(dzx) = (a + 1)z*dz with a > 1.

Note that the chain is irreducible and aperiodic and admits a unique invariant probability
measure v given by
v(dr) = az® dx.

As in Section 9.3 in Rio [23], we now construct a stationary Markov chain (W, ),en with initial
law v and transition probability measure P(z,-). Let £ be a random variable with law v. We
assume that the underlying probability space is rich enough to contain a sequence (g;);ez =
(U;, Vi)iez of independent random variables with uniform law over [0, 1]?, and that this random
sequence is independent of &y. The stationary Markov chain (W, ),en is then constructed via
the following recursive equation: Wy = &y and, for any k& > 1,

Wi = Weailusw,_, + B (Vi) lo,<w,_, (42)

where F-! is the inverse of the cumulative function of 7. It is easy to see that (W), ),en is a
Markov chain with initial distribution v and transition probability kernel given by (41).

Corollary 16 Let p > 2 and (Wi)ren be the stationary Markov chain defined by (42) with a >
p — 1. Then condition (22) is satisfied and the conclusions of Theorem 2 hold for X,, = f(W,),
for any bounded function f defined on [0,1].

The proof of this corollary is a direct application of Corollary 5 by taking into account the
following lemma whose proof is postponed to the Appendix (see Section 5.2).

Lemma 17 For any a > 1 there exist positive constants c(a) and C(a) depending only on a
such that for anyn > 1,
c(a) C(a)

ne ne
where T™* is the meeting time defined in (19).

S PV@W(T* > ’I’L) S

: (43)

In addition, this lemma together with Theorem 2.2 in Dedecker-Merlevede-Rio [11] proves the
sharpness of condition (22) also in case of Markov chains with continuous state space. This is
summarized in the next proposition.

Proposition 18 Let p > 2 and (Wy)ken be the stationary Markov chain defined by (42) with
a =p—1. Then condition (22) fails. In addition, for any map f from [0,1] to R with continuous
and strictly positive derivative f' on [0,1], and any stationary and Gaussian centered sequence
(9K ) kez, with convergent series of covariances,

n—oo

n 1 n
lim sup (n log n)fl/p‘ Z U n/ ft)dt — ng‘ > 0 almost surely. (44)
k=1 0 k=1

13



3.4 Lipschitz autoregressive models

We consider the autoregressive Lipschitz model as in Dedecker-Rio [13]. Let 7 € [0,1), C € (0, 1]
and f : R — R a 1-Lipschitz function such that

C
f(O) =0 and ‘f/(t)’ S 1— W for almost every t.

Let (&;)i>1 be iid real-valued random valued with common law ;1 and define for any n > 1
Wy = f(Wh-1) + €, with Wy independent of (€;);>1. (45)

Let S, (h) = > 5_; h(W;) for any measurable function h.

The model above corresponds to the previously considered situation with G = R and F' :
R xR — R given by F(z,y) =z + f(y), for every z,y € R.

Let S > 1 and assume that p admits a moment of order S. It follows from Dedecker-Rio
[13] that there exists a unique invariant probability v on R, such that

/ |25~ (dx) < . (46)
R

The following strong approximation with rates holds.

Corollary 19 Let 7 € (0,1) and assume that p admits a moment of order S = p+ Tp for some
p > 2. Let (Wy)n>0 be defined by (45) with L(Wy) = v. Then, for any Lipschitz function h
such that v(h) = 0, n=1Var(S,(h)) — o%(h) as n — oo and one can redefine (Wp)n>o without
changing its distribution on a (richer) probability space on which there exist iid random variables
(N;)i>1 with common distribution N'(0,02(h)), such that,

Sn(h) — ZNZ- = o(n'/?) P-a.s.
1=1

Proof. The result comes from an application of Theorem 2 by taking into account Remark 4.
As already mentionned, v admits a moment of order S —7 = p+ (p — 1)7. Hence, one can prove
that condition (18) holds with » = p + 7(p — 1), by using the last statement of the following
lemma (taking v = (pr —2r+1)/(r —p) = -2+ (S —1)/7).

Lemma 20 Lety > —1 and t > 0. Assume that S >t + (y+2)7. Then

Zn“’ //E|Wn1x — Wh—1y|'v(dz)v(dy) < 0.

n>1
In particular, for any Lipschitz function h, if S > 1+ (v +2)7 then 3, -, n7d(n) < oo.

The proof of the lemma above is postponed to the Appendix (see Section 5.3).
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4 Proofs of Theorems 1 and 2

The proofs of Theorems 1 and 2 follow the scheme of proof of Theorem 2.1 in Berkes-Liu-Wu
[3] by applying the following general Proposition 21, which comes from a careful analysis of the
proof of their strong approximation result. To state this general proposition several preliminary
notations are needed.

A Preliminary result. For Proposition 21 below, we consider (Xj)r>1 a strictly stationary
sequence of real-valued random variables in L” (p > 2) and (g;);>0 a sequence of iid random
variables. Let (Mjy)r>1 be a sequence of positive real numbers and define

pr(z) = (A My) V (—Mj) and gg(z) = 2 — px(2) . (47)
Then, define
£43k=1
Xkj = or(X;) — Epr(X;) and Wy = Z Xioi - (48)
i=1+3k-1

Let now (my)i>1 be a non-decreasing sequence of positive integers such that my = 0(3k)7 as
k — oo, and define

+3k1
X =E(pr(X))lej65-15 -1 €j—my) — Epr(X;) for any j > my, and Wy, = Z X -
i=1+43k-1
(49)
Finally set ko := inf{k > 1 : m; < 27'3¥72} and define
v = i {BOWE ) + 2B W (Whom, = Wi, )} (50)

The general proposition coming from a careful analysis of the proof of Theorem 2.1 in Berkes-Liu-
Wu [3] reads as follows

Proposition 21 (Berkes-Liu-Wu [3]) Let p > 2. Assume that we can find a sequence of
positive real numbers (My)>1 a non-decreasing sequence of positive integers (my)y>1 such that
mg = 0(3219/1;]{;—1)’ as k — oo, in such a way that the following conditions are satisfied:

> " 3HPDIPE(|g(Xy)]) < o0, (51)
k>1
there exists o« > 1 such that
3—6“’“/PH Wie— W, H < 52
Z 1<e<3hogh 1‘ ke = Wil o (52)

k>ko

and there exists r €]2,00] such that

3k
g 7E< max ‘W/M‘ ) < 00. (53)
k
= 3kr/pmy \ 1<0<3my,
Assume in addition that
the series o = Var(X;) + 2 g Cov(X1, Xi+1) converge, (54)
i>1
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and
1/2

3Fw — o)t = o(3%/P(logk)™), as k — oo. (55)

Then, one can redefine (X, )n>1 without changing its distribution on a (richer) probability space
on which there exist iid random variables (N;)i>1 with common distribution N'(0,0?), such that,

S, —nE(X)) — ZN—O (n'/?) P-a.s. (56)
=1

Note that (54) implies that n~1Var(S,,) converges to o2 (which is therefore non-negative). Let
us now briefly explain how the proposition follows from the work of Berkes-Liu-Wu [3].

Condition (51) together with condition (52) prove that it is enough to show (56) with

hp—1
— Z Wk73k73k—1 —|— Whn,n73hn_1
k=1
instead of S,, — nE(X;), where, for n > 2, h, := [(logn)/(log3)] (so that h, is the unique
integer such that 3"~ < n < 3"). Next, condition (53) allows first to show that the proof of
the proposition is reduced to prove (56) with S replacing S,, — nE(X;) where

hn—1 qi 3hn—1

Z ZBkﬂ+ZBhn1’ where 7, = VL;TM] -2,

kKojl

with By ; = 0 if k < kg and for k£ > ko,

3(j+1)my+371

By, = > Xpir i =12 qp=[2%x32/my] — 2.
i=143jmy+3k—1

A careful analysis of the steps 3.2 and 3.3 of the proof of Theorem 2.1 in Berkes-Liu-Wu [3]
reveals that condition (53) is also sufficient to apply Theorem 1 in Sakhanenko [24] (at different
steps of their proof) and this leads to the following strong approximation result: one can redefine
(Xn)n>1 without changing its distribution on a (richer) probability space on which there exists
a standard Brownian motion B = {B(t),t € R} such that,

nr1<ax|5<> B(o})| = o(n'/?) P-a.s.

where
hn—1

= g 3MEqrVE + 3Mer, TnVh,, -
k=ko

The last step 3.4 of their proof then consists in showing that one can construct another standard
Brownian motion W = {W (t),t € R™} (depending on B) such that

B(02) — oW (n) = o(n'/?) P-as.

This step is achieved provided that we can prove that v, — o2, my, = 0(32k/pk:_1), as k — oo,
and condition (55) holds.
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Some preliminary considerations. The following considerations allowing to extend the stationary
sequence (X ),>1 defined by (8) to a stationary sequence on Z will be useful.

For any n > 1, let V,, = (ep, Wy—1). Hence (X,,),>1 is a functional of the Markov chain
(Vi)n>1 with state space G x X and stationary distribution p ® v. The Markov chain (V},)n>1
being stationary, by Kolmogorov’s theorem, there exists a probability P on the measurable space
(Q,F) = (G x X)2,(B(G) x B(X))%) invariant by the shift 7 on  and such that the law of
the coordinate process (V;, = (£n, Wy_1))nez (with values in G x X) under P is the same as
the one of (V;,),>1 under P,. Hence, if we define for any integer n, X,, := h(Vp) o ", it follows
that (Xn)neZ forms a stationary sequence with stationary distribution 7w, whose law under P
is the same as the one of (X, ),>1 under P,. To prove the theorem, it suffices then to prove
that it holds for the extended sequence (Xn)nEZ which is a stationary sequence adapted to the
stationary filtration (ﬁn)nez where ‘Z?” = J(Vk, k <n) To avoid additional notations, in the rest
of the pI“OOf we write (Xn)neZ for (Xn)neZa (Vn)nEZ for (Vn)nEZ and (fn)nGZ for (]:n)nEZ-

4.1 Proof of Theorem 1

By the reverse martingale convergence theorem and stationarity, ||E(X,|Fy) — E(X,)||2 is de-
creasing to |E(Xo|F_oc) — E(X0)|l2, as n — oco. Hence, by condition (11), E(Xo|F-o) = E(Xp)
a.s. Applying Lemma 22 of the Appendix and taking into account condition (11), we get (since
q>1/2),

2
S 1Cov(X1, Xin)| < (D (k+ 1) V2E(Xk| Vo) — B(Xp)]l2) < o0
E>1 k>0

This proves that the series 02 = Var(X;) + 2 ;51 Cov(X1, Xit1) converge absolutely and
condition (54) of Proposition 21 holds.

Assume first that o2 = 0. To prove that S, — nE(X;) = o(n'/P) a.s., we shall use Theorem
4.7 in Cuny-Merlevede [8]. Hence, it suffices to prove that

1+1/p
n>1 n

With this aim, we start by noticing that by condition (11),

Vo) — KE(XD)l, _
k1+1/p

E(S
Zk_l/pHE(Xk\VO) — E(X%)|p < oo and therefore Z JE S|
k>1 k>1

Theorem 2.3 in [8] then asserts that there exists a stationary sequence (Dy)rez of martingale
differences in LP, adapted to (F)rez and such that n='/2||S,, — nE(X1) — Sp_, Dillp — 0, as
n — oo. Together with the fact that lim,, ., n~'Var(S,) = ¢ = 0, it follows that Dj = 0 a.s,
for any k. Therefore, the upper bound (4) in [8] and condition (11) entail that

[1Sn — nE(X1)lp [E(SkVo) — KE(X1)|lp
Z nl+1l/p <<Z nl+1l/p Z k1+1/p

n>1 n>1 k>[nr/2]

1 1
< 3 v V) ~ Xl < 3 o e B ~ BCOl < 3 e
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which proves (57) since ¢ +2/p* —1 > (2p*) " (p® = 3p> +4) = (20*) ' (p—2)*(p+1) > 0. The
theorem is then proved in the case where o2 = 0.

Assume from now that o2 > 0. We choose

-11
M, = 3%/P and my, = [32179%/P] with 0 < £ < min <1 - p—, —) ,

Note that the sequence (my)r>o satisfies my = 0(3%/Pk=1), as k — co. We prove below that
conditions (51), (52), (53) and (55) of Proposition 21 are satisfied with the above choices of
(Mp)k=0 and (mg)x=o-

Since the X;’s are in ILP, it is easy to see that with the choice of My, condition (51) is satisfied

(it suffices to write that E(|gr(X1)|) < E(|X1[1jx,|>n,) and to use Fubini’s Theorem). Next,
for k > ko, Lemma 24 of the Appendix combined with condition (11) implies that

3k:
= C3k
H max 1Wk,e—Wk,z\H < Y Xk = Xealh < —7-
1<e<3k—_3k—1 1 - m
i=143k-1
Therefore,
3k(p—1)/p
—k/p _
S5 [P = el < 3 iy <o

k>ko

since 2¢(1 —e) > p — 1. Condition (52) is then satisfied with o = 1. We prove now that we can
find a real number r €]2, oo[ such that (53) holds. Let r > 2,

Yii = Xpiyse-1, Ok = Gigge1 = 0(Eiq36-1,...,61,Wo),

and
dii = Yii — E(Y5ilGri-1) -

With these notations, we have

e

5 dk: K
, 1<0<3my

<]

I ma
1<0<3my,

1<0<3my,

(Yk,dgk,zq)‘ HT . (58)

By Rosenthal’s inequality for martingales,

¢
D di
i=1

3my,

- 3my r/
"< (B G D) + 3 il
i=1

H max
1<4<3my,

Note that

E(di,i|gk,i—1) < E(E* (0 (Xyp36—1)[Hpi)Grio1) < E(E(Xi2+3k—1 |Hki)|Gk,i-1)

where Hy; = 0(g;436-1,- -+ ,€;436-1_,, ). Here, recall the following well known fact: if Y is an
integrable random variable, and G; and G, are two o-algebras such that o(Y ')V G, is independent
of Go, then

E(Y]Ql V gg) = E(Y\Ql) a.s. (59)
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Applying (59) with Gy = o(€;436-1_1, -+, €361, )> G2 = Ghjimmy—1 and Y = E(X? ik [Hk,i),
we get

E(d} ;|Gk,i—1) S E(XZ gia|o(eget 1, Eipgiotm,)) -
Hence, by assumption (12),
IE(d}, i1Gri— 1)l j2 < IB(XZ 55-11Gki—1)lrj2 < NE(XZ 55-11Gk,i—1)lls0 < c-
On another hand, by stationarity,
lldk,illr < llor(Xo)llr < [ X0 xq1<as Iy + MEP(|Xo| > Mg).

So, overall,

dez

| amax "<l g (| XL <an I+ MEP(Xol > M) . (60)

We handle now the second term in the right-hand side of (58). We apply Proposition 23 of the
Appendix with o = r, 7 = rj, where 7, is the unique positive integer such that 2"+~1 < 3my, < 27*,

Zi =0 for ¢ < 0 5 ZZ = Zk,i = E(Yk,i|gk7,~_1) for 7 > 1

and
.7:2‘ = {@,Q} for 4 <0 s .7:2 :O'(ei,1+3k71,...,61,W0) :g]m_l for 4 >1.

We then get

ZZ:E(Yk,ilgm—l)H’r
=1

H max
1<0<3my, —
3Imy re—1 2"k —¢ 1/2
< (S IEGRlGs )+ X (X BT~ Ty ) 2) 1 (6)
j=1 {=0 m=1

where Ty = Zle E(Y%,i|Gki—1). By fact (59), we note that, for any ¢ > 1,

\\E(Yk,i’gk,ifl)”oo = ”E(Xk,wrsk*l ‘U(€i+3’“*1—17 e 7€i+3’“*1—mk))”00
< 2Y[E(pk (X 36-1)1Grki-1)lloo < 2ME(0F (Xipar-1)|Gri1) 127 -

Therefore, by condition (12),
E(Ye,ilGri—1)lloo < 2Ve. (62)
Next, since F; = {0, Q} for i < 0 and the Z;’s are centered , for any ¢ > 0,
[E(Toe | F_ge 1)l = 0.
Moreover, for any m > 2 and any £ > 0,

m2¢

BTzt = Ton—y2t | Fm-ze)llr < D IE(Kpiai-1 Gk, m—2)20) 1 -
i=(m—1)2¢+1
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But, for any m > 2, any £ > 0 and any i > (m — 1)2° 4 1,
E(X i 351Gk (m—2y20) I
= [|E(E(pr(X;pg6-1) €54 80-15 - -+ 5 Ei 361 i )Gk (m—2)2¢) — E(r(Xipzr—1))lr -
Hence, if 2¢ > my,, 3
B (X i 35110 (m—2)2¢)llr = 0,
and if 2¢ < my, — 1, by using (59),
E(X i 351Gk (m-2)20) lr < IB(X 4361 1Gr (m—2)26) oo -

But, by using stationarity, the Markov property and the fact that ¢y is 1-Lipschitz,

HE(Xk,iqLB’“—l’gk,(mf2)2f)”oo < 51612 ‘E((pk(Xif((mfm?Z,x)) - /E((Pk(Xi((m2)24,y))dy(y)‘

< 225/ B0k (X (m-2)2¢ &) — B9k (Xi— ((m—2)2¢ ) |V (y) -

Hence, for any m > 2, any £ > 0 and any i > (m — 1)2¢ +1,

1
(i — (m—2)20)4°

HE(Xk,iJrB’“—l|gk,(mf2)2“)”7’ < E(X g i486-11Gk, (m—2)2¢ )l oo <

Since ¢ > 1/2, the above considerations imply that

re—1 2rE—¢ re—1

1/2 . B 1/9
D (X B @ = Ty Fimozpe )IE) T < 272 Y 22070 2.
{=0 m=1 {=0

Combined with (61) and (62), the upper bound above implies that

¢

> E(iilei)| | < mi/®. (64)
1=1

H max
1<0<3my,

Hence, starting from (58) and taking into account (60) and (64), we get that for any r > 2,

ey 2
| max  |Wifl [} < mp/® + (1 X1 peopcar, I+ MEP(Xo| > My))
1<0<3my,

This implies that (53) holds with r > max {2,e7!(p — 2(1 —¢)) }.
To end the proof it remains to prove condition (55). Note first that since o2 is assumed to
be strictly positive, we have

w? ol =00l — ol <o w* o) — ol = oM - 7,

and therefore condition (55) reads as

3F (v, — 0%)% = 0(3%/P(log k)7), as k — oo. (65)
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To verify condition (65), let us define, for i > 0,
&k = coV(Xpmpt1, Xnitmyr1) and é; = cov(Xy 0, Xgi) -

Using stationarity, we have

mkl

E(ng,mk) MpCro + 2 Z my — 0o and E(Wim, W ome — Wi, ) = Zfék,e-

Therefore
my

vk = o+ 2) e (66)
=1
We first prove that
‘I/k — (ék,O + 2 Z ékj)‘ < 3k/(2p)m;q/2 + (mlzl/Q(log mk) =1+t my, Q+1/2
>1

q<1) . (67)

With this aim we use the arguments developed in [3] to get their inequality (3.56). Hence, we
start by noting that since ¢y, is 1-Lipschitz, (|[E(px(Xn)|Fo) — E(gpk(Xn)Hg))n>0 is a decreasing
sequence such that ||E(¢r(X,)|Fo) — E(or(Xn)|l2 < dso(n). Hence, by the same arguments as
those developed in the first lines of the proof of Theorem 1, we infer that, under condition
(11), there exists a constant C' not depending on k such that } ,.,|é ¢ < C. Therefore,
limjﬁmj_lE(Wg’j) = (ko0 +2) y>1 Che- On another hand, the following convergence clearly

holds: limjﬁooj_lE(Wk%j) = vi. In addition, for all j > 1,
IE(WZ ;) —EWZ )| < Wiy = Wil Wes + Wallz-

The above considerations imply

‘Vk — (Cko + 22 Chy) ‘ < limsupj~ YWy — W13+ 2\/51imsupj*1/2Hvak,j — Wijll2. (68)

To take care of ||Wk7j — Wy jll2, we apply Proposition 23 of the Appendix with, this time, o = 2,
r = rj where r; is the unique positive integer such that il < j < 2,

Zi=0fori <0, Z;:=Zjp = Xy j1g6-1 — Xk’i+3k—l fori>1,

and
Fi=A{0,Q} fori <0, Fy =o0(gjpze-1,...,61,Wo) =G for i > 1.

Hence

_ J 3 1/2
1Wes = Wisll < (D0 1Kz = Kiiawemt )
=1
k:_l TR — —¢

/
#3 ( BCT ~ T el FnapesI3) . (69)

=0
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where T) = Zle(Xk.ﬂ'_i_gkfl — Xk7i+3k71). Lemma 24 of the Appendix combined with condition
(11) implies that

jH3kt

y ; 2 K ; 3t/

Z [ Xpipae-1 — Xpipae-tllz < 2 x 357 Z [ Xk = Xills < ———. (70)

i=1 i=143k—1
Next, since F; = {0, Q} for ¢ <0, for any £ > 0,

[B(Toe | F—ge1)ll2 = [E(T5e)| = 0.
Moreover, by (63), we infer that for any m > 2, any £ > 0 and any i > (m — 1)2¢ +1,
HE(Xk,HBk—l - Xk:,i+3k_1 |gk,(m—2)2‘3+1)||2
% —¢
< ||E(Xk,z‘+3k—1 - Xk,i+3k—1|gk,(mf2)25+1)”oo < = (m— 2)2£)q <27,

On another hand, Lemma 24 of the Appendix combined with condition (11) implies that
[E(Xp 01 — Xk,i+3k—1’gk,(m72)2‘+1)H1 < X igzer — Xk,i+3’“—1H1 <m 9.
Hence, for any m > 2, any £ > 0 and any i > (m — 1)2¢ + 1, we also have
IE(X) iy35-1 — Xpigae-1]Gr (mo2)ae)ll3 < 279my 7.
The considerations above imply that, for any m > 2, any £ > 0 and any i > (m — 1)2¢ 4 1,
IE(X), iy35-1 — Xpinae-1]Gr m-2)ae11)ll2 < 2714/2 min (2712, m;qﬂ) :
Hence, since ¢ > 1/2,

rj—1 ori=* ) rj—1
/2 _
> (D0 BTt = Ty Py )IE) < 29723 22071002 min (27072, 9/2)
< j1/? (m,;q/21q>1 + m;1/2(10g my)lg=1 + m,;q+1/21q<1) . (71

Starting from (69) and considering the upper bounds (70) and (71), we get
TV Wi — Waglle < 37@m 2 4 (m 2 (logmp) 1oy +m P 1,00) . (72)

Hence starting from (68) and taking into account (72) together with the fact that 3%/ (2p)m,;q/ ? <
24/2 the upper bound (67) follows.
Let now ¢; = Cov (X, X;) and note that (see Relation (3.54) in [3], where the same truncation
level is used)
sup |é; — ci| = o(37FP=2/P)
i>0
Let
0y, = [3FP=2/CP) (10g k) ~1/?] .
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Since 0% = o + 23,5, ¢, it follows that

0% = (Cro+2)  eri)| < o(lp3FETAPY £ 2N " o — gy (73)

i>1 >0

But
lei — kil = | Cov(Xo — ¢r(Xo), Xi) + Cov(pr(Xo), Xi — or(Xi))] -

Set gr(x) = x — ¢r(x) and note that, by the reverse martingale convergence theorem and
condition (11), E(gx(X0)|F-0c) = E(g9x(X0)) a.s. and E(Xp|F_o) = E(Xp) a.s. Hence, applying
Lemma 22 of the Appendix and taking into account condition (11), we get

> [Cov(Xo — ¢r(Xo), Xi)| < Z 1Polgr(XDllz Y- i PIEX:|Vo)ll2
>0y, 22[2‘1(€k+j)}+1

<<ZHP0 (96X la (b + )27

where Py(-) = E(-|F9) — E(:|]F-1). But, by Lemma 22 of the Appendix,

ZHPO g (X))l + V1 < 0/* ‘JZHPO g (XDl + > 3 Polgi(X) 12
j=0 J>l

Ly
<4/ > G+ D TAE(G(X5)[V0) — E(ge (X)) 2 + > 77 Poge(X;)l2 -
§=0 J>L

Note now that, since g > 1/2,

>R (Xl = 3 32 P (96(X)) 2 (5 121)

J>L 72l m=1

=3 > i Py(g(X))ll2

m2>1 j>max(m, Zk)

<81 S IR CIE) "+ X mo (X IR )IE)

>0 m>Ly, jzm
< 4B (gr(Xe, )1 Vo) = E(ge(Xe))llz + D m ™ IE(gr(Xin)[Vo) = E(g(Xin))ll2 - (74)
m>/,

So, overall,

Ly
S 1 Cov(Xo — @r(Xo), X)| < 62713 (G + 1)V E(gr(X))1Vo) — Egr(X;))ll2
>4 7=0

+ 6, [ E(gr(Xe) Vo) = E(ge(Xe))ll2 + Ym0 IE(gk(Xim) Vo) — E(g(Xom)) |2

m>Ly
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Next, we note that
IE(gx(X0)| Vo) — E(gk(Xo))ll2 < o(3FF~2/C0),
and that, for j > 1, by condition (11),
(g1 (X;)[Vo) — E(gr (X;))l2 < min (579, j~9/237Hp= /). (75)

Hence, since ¢ > 1/2, we infer that

Z | Cov(Xo — or(Xo), X;)| < €]1€/2—q37k(p72)/(2p) + gi—2q1q>1 + kelzl/??)fk(pfl)/(?p) 14—
P>l

+ (k37HE-1/Cp) 4 gl=39/23-Kp=1)/2p) 4 gH1-20)p-D/(G0))1,_, . (76)

We handle now the series
> | Cov(pr(Xo), Xs — wr(Xi))] -

>0

Applying again Lemma 22 of the Appendix, we first write that

> | Cov(er(Xo), X — or(X3))|

P>l
<Y Roler(Xe)llz D i VPIE(gr(X0)|Fo) — E(gr(Xi)l2
£=0 i>[27 10 ] +1
By condition (11) and since ¢ > 1/2,
Y IPo(er(Xe))llz < Y (6 + 1)V E(@r(X))IV) = E(pr(X;)]l2 < C.
>0 >0
So, taking into account (75) and the fact that ¢ > 1/2,
> | Cov(pr(Xo), Xi — or(X3))]
>l
< 3*k(p71)/(2p)gl(€1*‘1)/21q>1 43R D)Re-D/Cra)y g 31/ o (77)
Considering the upper bounds (73), (76) and (77), we then derive
‘02_(@]6704_2 Z 5]“)‘ < O(gkg—k(p—2)/p)+gi/2*q3—k(p—2)/(2p)+(gi*24+3—k(p—l)/(2p)g](;*@/?) 11
i>1
+ E3TRE-D/CR) ) 4 (k3R gllg—3‘1/23fk(pfl)/(2p) + 37 k-1 Ra-1)/Cra)) 1

q<l,

which combined with (67) gives

v — 02‘ < o(€p37Re=D/py 4 gllc/z—qgfk(p%)/(?p) + (gllc—Qq + 3*’?(?*1)/(21’)61(:_‘1)/2)1q>1

+ k3R D/CR)y ) (k 3—k(p=1)/(2p) gllﬁ*3Q/23fk(p71)/(2p) + 3*1’6(1%1)(2q71)/(2pq))1q<1

+ 38 @ 2 (P (log ma) 1gmy +my TP 1000) L (78)
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Let us verify that (65) holds, namely:
3kP=2/C) (1, — 62) = o((log k)~/?).

The choice of ¢}, implies that £,3~%P=2)/P = 3-k(P=2)/(2P) (log k)~1/2 and El/z_q = o((log k)~1/?)
(since ¢ > 1/2). Moreover, when ¢ > 1, we clearly have 3%~ 2)/(2p)€1 u'_ = o((log k)~1/2) and
3k(p—2)/(2p) 3—k(p— 1)/(2p)g§€1 0/ _ = o((log k)~1/2). Tt is also clear that 3k(p 2)/(2p) .3—k(p—1)/(2p) —
o((log k)~1/2). Next, since ¢ > (p — 1)/2,

gk(p—2)/(2p) g—k(p—1)(29—1)/(2pq) 1,1 < 3k(p=2)/(2p) 3=k(p—1)(r—2)/(2p) |
proving (since p > 2) that 3k(p_2)/(2p)3_k(p_1)(2q_1)/(2pq)1q<1 = o((log k)~/?). Also, since p > 2,

3/~ﬂ(1r2—2)/(21r2)gi;ffq/?3—/’6(1)—1)/(21))1(10_1)/2<q<1 < 3k(p—2)/(2p)gi/‘*g—k(p—l)/(?p)12<p<3,

which proves that 3’“(”*2)/(27’)6,1_3‘1/23*’“(”*1)/(27’)1(p,1)/2<q<1 = o((log k)~1/2). Next, we note
that

3k/(2p)

q/2
my,

3k(p—2)/(2p) = 3kp=D/@p)3=ak(1=2)/p — o((log k)~1/?),

since € < 1 — p2—_ql.

Now, if ¢ = 1 then p < 3 (since ¢ > (p — 1)/2). Hence since ¢ < 1/2, we get that
3k(p_2)/(2p)m,;1/2(logmk)lqzl = o((log k)~'/?). Finally, using again that ¢ > (p — 1)/2 and
that € < 1/2, we derive that 3k(p*2)/(2p)m;q+1/21q<1 = o((log k)~'/2). This ends the proof of

(65) and then of the theorem. O

4.2 Proof of Theorem 2
By Remark 3, we know that condition (14) is equivalent to (17), namely:

/ R ) Qudu < oo

0

where, for any u € [0,1], v 1(u) = 51 o H(u) and R(u) = v 1 (u)Q(u).
Notice first that, by Proposition 1 in Dedecker-Doukhan [10],

Z|Cov Xo, X |<2Z/

i>1 i>1

27 H[E(X: Vo) —E(X3)la

1
Qo H Y (u)du < / R(u)Q(u)du < oo,
0

by condition (17). Hence the series 02 = Var(X;) + 2 >_i>1 Cov(X1, Xit1) converge absolutely
and condition (54) of Proposition 21 holds.

Assume first that o> > 0. To prove the theorem, we shall verify that the other conditions
of Proposition 21 are satisfied and with this aim we need to define suitable sequences (my) and
(My). Since we have Var(S,,)/n — o2 > 0, it follows that Var(S,) — co. Hence P(|X1| > 0) > 0
since otherwise we would have X; = 0 a.s. and then S,, = 0 a.s. for all n > 1, contradicting the
fact that Var(S,) — oco. Let u; = (1/2)P(]X1| > 0) (hence u; > 0) and define

Ko =inf{k e N : R(uj) < 3"/P} .
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Obviously Ko < oo since u; > 0 which implies that Q(u1) < oo and v~ !(u;) < oo. Next, for
any k > Ky, let

vp = inf{u € [0,u1] : R(u) < 3¥/PY .= R7Y(3F/P) | My, = Q(up),

and My =1 for 0 < k < Ky. Since u; < P(|X;| > 0), it follows that Q(u;) > 0 and therefore
since @ is non-increasing and vy < uy, My > Q(u1) > 0, for k > Kj. Let now, for any k > K,

my = inf{n >0 : y(n) < v},

and my = 1 for any 1 < k < K. Since vy, is assumed to be strictly less than 1 (since vy < up <
1/2), my > 1 (indeed v(0) = H~(E(|X1])) = 1). In addition, since R is right continuous and
non-increasing, v < R~!(z) <= R(u) > z. Hence, R(R™!(u)) < u for all u € [0,1], implying
that

mkMk < R(Uk) < 3k/p .

Therefore, for any k > Ky, since My > Q(u1) > 0,
mi < (Q(u)) " mg M. < 387,

which proves that my, = o(3%*/Pk~1), as k — oo.
To prove now that the conditions (51), (52), (53) and (55) of Proposition 21 are satisfied,
we first notice the following useful facts:

Q‘¢k(Xj)|(x) = Qp(u) = Q(x Vwg) and Q|gk(X].)|(u) = Qk(u) = Q(z)1y<y, - (79)

Let us start by proving that condition (51) holds. By using (79), we get

> 3VRE(|gp (X)) = ) 3P 1/p/ Qlguxy ()du = 3 35 1)/”/ Q) lucy, du.

E>1 k>1 k>1
But

Z3kp 1/p/ Qu u<vkdu_/ Q(u Z?’kp 1/pll'%(u)>:),k/P <</ R (u)Q(u)du < oo,
k>1 k>1

(80)
by condition (17) (which is equivalent to condition (14)). Hence condition (51) is satisfied. Next
we note that by Lemma 24 of the Appendix,

3k
max W, —W H< Xii— Xpalll <2 x 355(my,) .
H 1<¢<3k —3k—1 ‘ k.t kvd 1= ' 1%1 H ki kﬂul —= ( k‘)
1=

Therefore, by using (80),

3—k/pH W, —W H <9 3k(p-1)/pg
; 1§g£]§i{3k71‘ k.t k,£| 1= Z (mg)

<2 3Fe=/P H(y(my,) <223’”’1/1’/ Qu)du < 0o. (81)

k>1 k>1
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Hence, condition (52) is satisfied with « = 1. We prove now that we can find a real number
r €]2,00[ such that (53) holds. With this aim we start by noticing that, for any » > 1, by
Lemma 24 of the Appendix,

3mk+3k71
Wioe—W H Xy — Xo
H1<Z<3mk‘ kit “‘ Z_;H | Xkq kil
3my+3k~1
S ¢ T (r=1)/r Ve
< (2My) S X = Kl < mi MY (8
i=3k—141

Hence, since my,M;, < 3¥/P, for any r > 1,

3k M r—1
Z 7[5( max ‘Wkg — Wi g‘ ) Z %&an < Z 3k(p*1)/p5(mk)’

kr/p 1<0<3
E>lo 3Py, M k>0 k>0

which is finite by taking into account (81). Hence to prove that condition (53) holds, it suffices
to prove that we can find a real number r €]2, oo[ such that

ZLIE( max ‘WH‘ ) < o00. (82)
k>

- 3kr/Pmy,  \ 1<0<3m;
Z%0

To prove (82), we apply the Rosenthal inequality for 7-dependent sequences as given in Corol-
lary 1 in Dedecker-Prieur [12]. Let us first recall the definition of the 7-dependence coefficients:
for any random variable Y with values in R and any o-algebra F,

sup | [ 1(a)Prevr(do) — [ 1) Py (a)

hEA1(]R)

7'(]:, Y)= sup
fEAL(RY)

where, for any integer £ > 1, A;(R?) is the set of 1-Lipschitz function from R to R with respect
to the norm |z — y|; < Zf;:l |z; — y;|. Taking F, = o(X;,7 < p), the coefficients 7(i) of the
sequence (¢x(X;))iez are then defined by: for any i > 0,

1

T(Z)_i‘i%’f?f‘fuzsup{ T(Fps (01( K1)+ 0(X5,))) s p+i < gt <o < e

In the stationary case, Corollary 1 in Dedecker-Prieur [12] implies that, for any r > 2,

r/2

llor (X1l 1 .
E( 1<I?<%}fn {WM‘ ) (mk/o ((r/2)7 () A mk)Q‘*Dk(Xl)' ° HI@k(Xl)\(u)du>

el R »
+mk/o ((7/2)7 () Ami)™™ Qg (x1)) © B ey (Wl

where 771 is the generalized inverse of the function 7 defined by 7(x) = 7([z]).

To compare the coefficients 7(i) with the coefficients §(i), we consider (Wg, (¢);>1) an in-
dependent copy of (Wo, (¢5);>1) and define W = F(e}, W) and W,, = F(epm, W _,) for any
m > 2. Note that for any j > 2, by using the relation (97) of the Appendix, we have

Xj = h(e’:‘j,W] 1) = h(e’:‘],Fj 2(&‘] IR ,EQ,Wl)) = gj_g(z’:“j,e’:‘j_l,... ,EQ,Wl) . (83)
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Define now, for any j > 2,
X]/ = h(&j, Wj{—l) = h(&j, Fj,2(6]’,1, ..., 89, Wll)) = gj,g(ej,sj,l, e, E9, Wll) . (84)

Clearly for any 2 < ji < ... <jo, (pr(X},), ..., pr(X],)) is distributed as (o (Xjy), - - - 0x(X5,))
and is independent of (g, W_1). Hence, by stationarity and Lemma 3 in Dedecker-Prieur [12],

7(Fo, (r(Xj0)s -+ 0(X5,)))

< sup [ f(er(XG) s 0 (XG,)) = Fler(XG,)s - on(X5, ) 1
feAL(R?)

14 J4 14
<X, - Xl = Z//E|va1,:v — Xj,—1yldv(z)dv(y) <2 6(),
v=1 v=1 v=1

where the second inequality comes from the fact that f € Aj(RY) and ¢y, is 1-Lipschitz. There-
fore, since § is non-increasing, for any ¢ > 2,

(i) < 26(i) .

Moreover, for any i € {0,1}, we obviously get that 7(i) < 2E(|X1|) = 2§(0). It follows that for
any x > 0,
7(x) == 7([z]) < 20(x).

Therefore, since both 7 and § are non-increasing,
(7/2) 7 (u) <671 (w).
In addition, since ¢y, is 1-Lipschitz and such that ¢ (0) = 0,

H),, (x,))(*) < H(r) and then Hl(u) < H‘;i(x)‘(u), (85)

since H is non-decreasing. Therefore, using additionally the fact that u < v <= Q) , (xy)| (v) <
Q|gpk(X1)\(u)’ we get

r/2

. IXulhe .
E(lglglg%}izk {Wk,g‘ ) < (mk/o (07 (u) Amp) Qg (xy) 0 H (u)du)

X1l
+ mk/o (67 (u) Amyg) LJ_:(XM o H Yu)du,

and then, since v~ 1(u) = 6! o H(u),

E(, max W) < (m / 7w A Qg (@)

1<0<3my,
1
e[GO Ame QL (Qd.

Recall now that mj, = v~ !(vy), therefore since 4~

is non-increasing,
—1 -1
v (w) Amg = mglycy, +7 (W) Ly, -
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Using also the fact that Q. (x,)(*) = Q(z V vi), we get

B (W) < (m@ =) [ 27 @@ (i)

1<0<3my,
1 1
+m (mQ(vg )" / Q(u)Lu<, du + my, / R (u)Q(u) Luz v, du
0 0
=1V + 1P 4 19

Using the fact that m,Q(vi) < 3%/P and (80), we get that, for any r > 2,

1
S eI 11D < 3 g / Q) Lycy, du < oo.
0

k>4o k>Lo

On another hand, for any r > p,

1
37 3He /ey 1) < N g/ / R (w)Q(u) Lyzv, du
0

k>£o k>Lo
1 1
:/ Z3k(p_7")/pRr_1(u)13k/p>R(u)Q(u)du<</ RPQ(u)du < oo,
0 k>0 - 0

by condition (17) (which is equivalent to condition (14)). Finally using again that m;Q(vg) <
3k/P we derive that, for any 7 > 2(p — 1),

1 r
§ 3k(pfr)/pmlglllgl) S} :3k(pr)/p((ka(vk))l—Q/T/ ,yfl(u)Q1+2/r(u)du>
0

k>£o k>Lo

/2

1 T
< Z 3k(p—r)/p3k(7"—2)/(2p)</ 7_1(u)Q1+2/r(u)du> /2,
0

k>t

since condition (17) obviously implies that fol 7N (w) Q2" (u)du < co. So, overall, (82) holds
provided we select r > 2(p — 1).

To end the proof it remains to show that condition (55) holds. With this aim, we start by
recalling the equation (66), namely:

mg

Uk = Cro + QZ@M’
=1

where, for i > 0,
ki = COV( Xk my+1 Xk itmyt+1) and ¢ = cov(Xp 0, Xii) -

But, by using Lemma 24 of the Appendix, we have, for any i > 0,

|Cri — Cr| = ‘COV(Xk,karl — Xpmpt 15 Xk itmpt1) + V(X mp 1, Xkitmy+1 — Xissitmp+1)|
< Q(Uk)HXhmk-i-l - Xk,mk+1\|1 + Q(Uk)HXk,i-i-mk-i-l - Xk7i+mk+1H1

y(mi) Vg
<4 x Q(ug)d(my) <4 x Q(vk)/o Q(u)du < 4 x Q(vk)/o Q(u)du .
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Hence, since mQ(vy) < 3%/,

g, 1 1
Vi — Cro — 2 Zék,g‘ < 8 x ka(vk)/O Q(u)lycp, du < 8 X 3k/p/0 Q(u)lR(u)>3k/pdu
/=1

1
<8x 3k/p3k(p1)/p/ RP1Q(u)du < 37HP=2)/p | (86)
0

by condition (17) (which is equivalent to condition (14)). Taking into account (86) together
with the fact that o2 =}, ., cov(Xo, Xj), we get

mg

vk — 0°| <2 ek — cov(Xo, Xi)| +2 D Jeov(Xo, X;)| + 3 HP2/P (87)

i=0 i>my+1

Next, by using Proposition 1 in Dedecker-Doukhan [10], we derive

5(9) 2 (i)
cov Il < o H Y (u)du = 2(w)du .
> oo Xl <2 Y [T Qonwan=2 Y [T @t

i>my, i>my, 1>my

But, since my, = 77! (vy), note that

1 1 1
/0 R(u)Q(u)lu@kdu:/O 'yl(u)QQ(u)lu@kdu:Z/o QQ(u)lu@klu@/(i)du

>0

1 1
:mk/o QZ(u)1u<vkdu+ Z/O QQ(u)1u<v(i)du. (88)

Hence

1 1
S Jeov(Xo, Xi)| < 2 /0 R(u)Q(u) ey, dut = 2 /0 R(u)Qu)1 s e du

i>my,

1
<2x 3k(p2)/p/ Rpil(u)Q(U)lR(u)>3k/pdu < 37k(p72)/p’ (89)
0

by condition (17). On another hand, by using inequality (1.11a) in [23] and (79), we derive that,
for any ¢ > 0,

|6, — cov(Xo, X;)| = |cov (X0 — Xo, Xpi) + cov(Xo, Xii — X)|
1/2 1/2 L
<2 ; Q)i ()] () Q) gy, (x| (W) dut + 2 ; Qx| (W) Qyg, () (w)du < 4/0 Q7 (u)Lucy, du.

Hence, by taking into account (88),

mp

1 1
S Jés — cov(Xo, Xi)| < A(my + 1) / Q2 () Lyen, du < 8 / R(u)Q(u) ey, du
i=0 0 0
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So, by the computations in (89),
k
> [ — cov(Xo, Xi)| < 37KE=2/r. (90)

Hence, starting from (87) and taking into account (89) and (90), it follows that
g — 0% < 37HP=2/p

implying, since p > 2, that

3 (v, — 02)% < 3PP = o(32%/P(log k)1, as k — 0.
This proves that (65) holds and then that (55) is satisfied since o2 > 0. The proof is complete
for the case o2 > 0.

Assume now that 02 = 0. Let M be a positive real number. According to inequality (5.42)
in Merlevede-Rio [21], for any positive integer n, any real number A, and any positive integer
q < n and such that gM < A, we have

Var(S,,) 1
P(lgll?x 1Sy, — KE(X1)| > 5)\) S T 2A ZE@M )l
+A7! Z IE(pn (X3)|Vieg) — E(om (Xi))[l1 - (91)
i=1
Choose now u = R71(\), ¢ = v }(u) An and M = Q(u). Since R is right continuous, we have
R(u) < A, hence qM < R( ) )\ Note also that
Elgn (Xk) ]<n/ Qx d90<n/ Q(z)1R()>adz . (92)
k=
In addition,
7(9)
[E(par (Xi)[Vieg) — E(pnr (Xi))[l1 < 26(q) =2 ; Q(x)dx

Since v(q) < u, it follows that

1
Z [E(om (Xi)[Vieg) — E(nm (Xi))[1 < 2“/0 Q)1 p(z)>adz .

Starting from (91) and taking into account the considerations above, we get that, for any A > 0,

Var (S,
P( 1r<nkax |Sk - kE(X1)| > 5)\) 22 / Q lR(:v >)\d$

Hence, for any € > 0, selecting A = en'/?, we derive

Z’I’L 1]P)( max |Sk; — kE(X1)| > 5€n1/p>

1<k<
n>1
Var(S -1 1
Z n1+2/p Z /P/ Q 1R(x)>6n1/1’dx

n>1 n>1
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The second series in the right-hand side is finite under condition condition (17) (which is equiv-
alent to condition (14)). Hence, if we can prove that

Z Var(Sy,) < 0. (93)

1+2/p
n
n>1

then we will get that, for any € > 0,

Zn_lﬂ”(lrgngn |Sk — KE(X7)| > anl/p) < 00

n>1

which will imply S,, — nE(X;) = o(n'/P) a.s. and therefore the proof of the theorem will be
complete. In the case where p > 3, (93) is almost immediate. To see this, we first note that
condition (17) implies .~ ¢|Cov(Xp, X;)| < co. Indeed, by Proposition 1 in Dedecker-Doukhan
[10], B

27 |E(X: [ Vo) —E(Xi) |11

Qo HY(u)du < /O R2(w)Q(u)du,

S Cov(Xo, Xy)| < 221/0

i>1 i>1

which is finite under condition (17). Therefore, by Lemma 1 in Bradley [5], Var(.S,) is bounded
which obviously entails (93). To handle the case where p €]2, 3], we first note that, by inequality
(4.84) in [19],

[E(X% Vo) —E(X)ll1
/ Qo H ' (u)du.

IE(X% Vo) — E(Xk)[13 < E|Xk(E(Xk|Vo) — E(Xk))| < 3 ;

But, [E(X,[Vh) — E(Xp) |1 < 26(k). Hence
(k)
IE(X4 Vo) —EXOIZ<6 [ Qo H '(u)du.
0

Hence condition (14) entails
IE(Xk[Vo) — E(Xp)ll2 < k@172,
which implies (since p > 2) that

) — KE(X1)
k3/2

E(S,|V
Zk—l/QHE(Xk]VO) — E(Xk)|l2 < oo and therefore Z IE(Se Vo I <oo. (94)

k>1 k>1

We use now the same arguments as developed at the beginning of the proof of Theorem 1. The
fact that the series in (94) converge implies that there exists a stationary sequence (Dy)iez of
martingale differences in L2, adapted to (Fk)kez and such that

lim 02|\, — nE(X1) = " Dif = 0.
im n nE(X1) ; 5y
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Together with the fact that lim, o, n~'Var(S,) = o? = 0, it follows that D) = 0 a.s, for any
k. Hence, using the upper bound (4) in Cuny-Merlevede [8] (see also Proposition 1 in [18]), it
follows that, for any p €]2, 3],

Var($,) < n kz HE<SkI%;€3—/2kE<X1>H2>2

1 & |E(Xk|Vo) —E(X1)ll2\2 s
<<n<%kzl||E(Xk|VO)— (X0)|l2 +k§>: e ) <ntr.

Therefore, for any p €]2, 3],

Var(Sy,) 1
Z nl+2/p < Z np+2/p—2"
n>1 n>1

which is finite since p+2/p —3 = p~'(p — 1)(p — 2) > 0. This ends the proof of the theorem. [J

5 Appendix

5.1 Some technical results

In this section, we collect some technical results that are useful for the proofs of Theorems 1
and 2.

Lemma 22 Let (Yy)kez be a stationary sequence of real-valued random variables adapted to an
increasing and stationary filtration (Fi)rez. Let f and g be two functions in L2(R, Py,) such
that E(f(Y0)|F-o) = E(f(Y0)) a.s. and E(g(Y0)|F-x) = E(9(Ys)) a.s. Then, for any positive
integer L,

> leov( (o), 9(¥))| < 3v2 ZHPO Ole( Y EIEGOIF) — Bg()]:)
i>L k>[(L+€)/2]+1
and

ZHPO N2 < \fz k+ 1) V2 E(g(Ya)| Fo) — E(g(Yi)) Iz,

k=0
where P;(-) = E(-|F;) — E(:|Fj-1).

Proof. Since E(f(Y0)|F-oc) = E(f(Y0)) a.s. and E(g(Yp)|F-o) = E(g9(Yp)) a.s., we first write

o0 o0

f(¥o) - Zp—z ) and g(Yi) — E(g(Y:) = 3 Py(g(¥i) as.

{=—1

Hence, by orthogonality, for any ¢ > 0,

lcov(f(Yo), g(¥i))| < D [E(Pe(£(Y0) Poe(g(Y)))],
/=0
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and then, by Cauchy-Schwarz’s inequality and stationarity,

D leov(f(Yo), gDl < D IR (f(YD)ll2 D I1Po(g(¥))ll2- (95)

i>L £=0 i>L+0

But, for any m > 1, by Cauchy-Schwarz’s inequality,

Do IBolg¥)llz =i Pl Y= D i I Palg(¥))l2

i>m i>m k=1 k>1i>max(m,k)
=Y > i MPg)lla+ D Y i IPo(g(Ya))lle
k=1i>m k>m i>k
<vam(Y HPo(g(Yi))H%)l/ CvEY (S IR E) L o6
i>m k>m i>k
giving
> IR (g(¥))ll2 < V2m|E(g(Yin)[Fo) = E(g(Ym))ll2 + V2 Y k™2 E(g(Ye) [ Fo) — E(g(Y)) 2
i>m k>m

Since ([[E(g(Yx)|Fo) — E(g(Yx))|l2)k>0 is non-increasing, we get that for any m > 1,
D lPolg¥i)llz <3v2 D ETVAE(9(Ye) [ Fo) — E(g(Ya))ll2
i>m k>[m/2]4+1

which combined with (95) gives the first inequality of the lemma. To prove the second one,
it suffices to write that S°F | Po(g(Ye)|l2 = Sk o(i + DY P (g(¥i)ll2 (5, 1) and to use
Cauchy-Schwarz’s inequality as in (96). O

The following proposition is a non stationary version of the Peligrad-Utev-Wu [22] inequality.
As in [22], the proof can be done by induction (a complete proof appears in Section 3.2.1 of
[20]).

Proposition 23 Let o > 2 and (Zy)kez be a sequence of real-valued random variables in L*
and adapted to a non-decreasing filtration (Fi)kez. Then, for anyn > 1,

" /
< e+ D)(X1212) "
j=1

H 1<k<n Zi
=1

r—1 2r=¢

1/2

+ V20200 + 1) Y (D0 1B mar = Syt Fomozpes)IE)
0 m=1

~
I

where Sy, = Zle Zi, Coq =
that 271 <n < 2.

W if a > 2, co =1 and r is the unique positive integer such

Lemma 24 For any q € [1,p), for any k > 1 and any j > my + 1,

Xk s — X2 < / / E(| X 1.0 — Xomy 11,40 (d)(dy)

where Xy, ; and Xy ; are defined in (48) and (49) respectively.
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Proof. Let (W, (¢});>1) be an independent copy of (Wo, (¢5);>1) and define W} = F(e’, W;_,),
j > 1. For £ > 1, let F; be the function from G* x X to X defined in an iterative way as follows

Fy = F and Fy(xy,22,...,2041) = Fro(z1, 22, .. w1, F(ag, 2044)), £ 2 2.
Note that for any integer £ such that 1 < /£ <j—1,
Wj,1 = Fg(6j71,6j72,...,6j_g,Wj_g_1). (97)
Hence, for any j > m; + 1,
E(or(Xj)lejs €j-1, - - €j—my)

— E(ka(h(gj, ka (8]'_1, ey Ejmmgs Wj_mk_l)))‘&‘j,&‘j_l, L an—mk)
= E((pk(h(z’fj, ka (8]'_1, e an—mk7 W]{_mk_l)))‘&‘j,&‘j_l, o581, Wo) .

On another hand, for any j > 1,
ka(XJ) = E(ka(Xj)L?jaejfl, <€, WO)
= E(gpk(h(ej, ka (ejfl, e ,6j,mk, Wj,mkfl))”ej, 5]'71’ o5 €1, Wo) .
Hence, for any j > my + 1,
Xk = Xijllg

< lor(hleg, Fay (€515 Ejmmps Wimmy—1))) =i (W5, Fony, (€55 €515 - 5 Ej—mis Wi —1)))lg
< |Nhlejy Fony (€515 -+ 1 €j—mp Wimp—1)) — hej, Foy (€51, - -5 €j—mps Wi —1) g »

where the second inequality comes from the fact that ¢y, is 1-Lipschitz. By stationarity, it follows
that

HXk,j - Xk,j”q < Hh(gkarl’ ka (6mk’ s €1, WO)) - h(ekarl’ ka (6mk’ EERIS T Wé))Hq :
Hence, if we define (X),>1 by
X, = h(en, W,_;) where W) = F(e,, W,;_1),

with W independent of (Wy, (e;)x>1) and such that W =L Wy, we get that for any j > my+1,

15— Keillg < Xt — Xl (98)
But,
Xt = Xl = [ [ B X = X, a71W0 = 2,5 = y)o(dn)oay)
— [ B %10 = Xyttt
which combined with (98) gives the lemma. O
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5.2 Proof of Lemma 17

The first inequality in (43) comes from the coupling inequality (38) and the fact that lim inf,,_, . n*5(n) >
0 (see Theorem 9.4 in Rio [23]). We prove now the second inequality in (43).
Let W, ; be the chain starting at . Note first that for any any z,y € [0,1],

Px,y(T* > n) = Pa:,y (T* >n, {Wn,x =z U Wn,y = y}) + Par,y (T* >n, {Wn,a: 7é €, Wn,y 7é y})
<A =)'+ (1= y)" + Py (T" > 0, {Who # 7, Way # }) -

But
]P):B,y(T* > TL, {Wn,m ?é ﬂj, Wn,y # y})

_Z Z Poy(T* > n, Wi o = E; N V), Way = E1(V)))
1=1 j=1,j#i

For j > i, define W ; := i:i{Wk@ # Wiyt & j(x) = i:i{kaﬂﬁ = F-1(V;)}, and note that

Px,y(T* > n, Wn,x = F_l(vi),me - F7T_1(VJ))

™

= (a+1)? //0 . Py (lei_l,&vn(m),W ii—1,€ !F =u, F. (V) = v)u“v“dudv

(a+1) // Py WU, {U; < Wi_12}, ﬂ {Ug > u}, ﬂ {Uk>u\/v}) vedudv
[0,1)2

k=i+1 k=j+1

J n
< (a+1)? // Py (T* > i, Wiy = F;l(Vi))IP’< N W zu), ) U2 u\/v})u“v“dudv.
0.1]2

k=i+1 k=j+1

So, overall, setting w;(x,y) := Py, (T* > i, W, , = FY(V})),

1
Poou(T* > n) < 2a/ (1—2)"z% tdx

+2(a+1) ZZu@ w//

0,1]2

ﬂ {U > u}, ﬂ {Up > u\/v}) vedudv .

i=1 j=i+1 k=i+1 k=j+1
Using the fact that for any b > —1,
1 k
/ (1 — z)kabde < k=D / e ?abde < k~OHID(b+ 1), (99)
0 0

we get that

Puow (T > n) < 2al'(a)n™*+2(a+1) ZV@I/ w;) Z // (1—u) " (1—uVo)" T uv dudy .
J=t+1
(100)
By easy computations (that are left to the reader), we infer that Lemma 17 will hold provided
one can prove that:
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Lemma 25 For any a > 1, there exists a positive constant k(a) depending only on a such that
for anyn > 1,

v @ vwy) < Y (101)

Obviously, inequality (101) holds for any positive integer n < x(a). It is then enough to prove
it for n > k(a). Let us do it by recurrence. Hence we assume that for any & < n — 1,
v@v(wg) < k(a)k™® and we want to prove it at step n. With this aim, we argue as above and
infer that

wp(z,y) < (1 — (a+1) Z w;i(y, z / (1 — )" u’du.

[0,1]
Hence,
n—1 '
v@v(w,) <allla)n ™+ (a+1) Z v v(w;) / (1 —u)""udu.

Using the recurrence assumption, it follows that

n—1 [n/2]
y®ywi/ "Z“du< / — "iu“du
; ( ) [0,1]( Z 01]
—[logn]
LA Z / n i wdu
([’I’L/2 i=[n/2]+1 0,1]

K(a) n—i, a
+(n—[10gn]+1) Z /01] —u)""udu.

i=n—[logn|+1
Then, taking into account (99), we infer that

n—1

a+1 v r(w; L —u)" " du
(+);®( )/[071]( )
< 2%(a+ 1)% + +2%a + 1)% _1(n— [lzéavz] +1)e

So, overall, since n > k(a), we get
v ® v(wn) < s(a)p(a)n™,

where

p(a) = (CL + 2“(& + 1)) aF(a) 2a(a + 1) + -1 (1 . 10g /ﬁ;(a)>fa

r(a) — [logrk(a))® r(a)

So choosing x(a) large enough so that p(a) < 1 (which is always possible since a=! < 1),
inequality (101) is proved at step n which ends the recurrence. O
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5.3 Proof of Lemma 20

We start by recalling the inequality line 5 page 27 of Dedecker-Rio [13], which holds for every
z,y € R, every n > 1 and any ¢t > 0:

’Wn,x - Wn,y‘t < O‘nt(‘x’ + ‘y’ + En—l) ‘.%' - y’t7 (102)
__C_
(1+U)T7
Denote v := E(|e1|) and let 0 < n < 1/7 — 1. Notice that « is non-decreasing and bounded

by 1. Hence, for any n > 1, using that n < nY/7", we get

where a(u) =1 for every u >0, X9 =0 and X,, = |e1| + - - |ey|, for every n > 1.

o™ (fel + Iyl + Zn-1) < Lz, sopmtsrny + " @+ 00Tt ol
+ o™ (2(|z] + Y1) 1101/ 71 <o)y} -
By Theorems 3 and 4 in Baum and Katz [1], since u has a moment of order S,
Zn“’IP’(En_l >nv+nt77) < oo, (103)
n>1

provided that v < S(1/7—n)—2. Since S/7—2 > t/7++, the latter holds as soon as n < t/(ST).
Hence, we choose 7 = min(¢/(S7),1/7 — 1). On another hand,

C nt

Zrﬂam(?(l +0)nt/7) = Zrﬂ 1- — < 00. (104)

et = < (1 +2(1 + v)nt/7—n) )

Finally,

C nt

nYa™(2(|z| + |y)111e = n’(1-— 1,

n%:l (1l + [y gat+iyi>1) n; ( (1+2(|x|+|y|))T> Ual+lyl>1}
< vae—Cnt/(?’(\ley\))T < D(|z["0FD 4 |y|7O+D)Y | (105)
n>1

where D is a constant depending on ~, ¢ and C. Starting from (102) and taking into account
(103), (104) and (105) together with the fact that, by (46), v has a moment of order S — 7 and
that S —7 > 7(y+ 1) + ¢, we get the first part of the lemma.

To prove the last statement, it suffices to notice that for any Lipschitz function h with
Lipschitz coefficient equal to C, we have, for any n > 2,

§(n) <271C sup //E|Wk,x — Wi ylv(dz)v(dy) .

k>n—1

Next simple arguments entail that, for any n > 2,

o(n) < C//E|Wn1,x — W1 ylv(de)v(dy) .
U
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