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ON MORI CONE OF BOTT TOWERS

B. NARASIMHA CHARY

ABSTRACT. A Bott tower of height r is a sequence of projective bundles
X, I X, 2= B X =P TS X = {pt),

where X; = P(Ox,_, @ L;—1) for a line bundle £;_; over X;_; for all 1 <4 < r and
P(—) denotes the projectivization. These are smooth projective toric varieties and we
refer to the top object X, also as a Bott tower. In this article, we study the Mori cone
and numerically effective (nef) cone of Bott towers, and we classify Fano, weak Fano and
log Fano Bott towers. We prove some vanishing theorems for the cohomology of tangent
bundle of Bott towers. We give some applications to Bott-Samelson-Demazure-Hansen
(BSDH) varieties, by using the degeneration of a BSDH variety to a Bott tower. We also
recover the results in [PK16|, by toric methods.

Keywords: Bott towers, Bott-Samelson-Demazure-Hansen varieties, Mori cone, prim-
itive relations and toric varieties.

1. INTRODUCTION

In [BS58], R. Bott and H. Samelson introduced a family of (smooth differentiable)
manifolds which may be viewed as the total spaces of iterated P!-bundles over a point
{pt}, where each P!-bundle is the projectivization of a rank 2 decomposable vector bundle.
In [GK94], M. Grossberg and Y. Karshon proved (in complex geometry setting) that these
manifolds have a natural action of a compact torus and also obtained some applications
to representation theory and symplectic geometry. In [Civ05], Y. Civan proved that these
are smooth projective toric varieties. These are called Bott towers, we denote them by
{(Xi,m) 1 <i<r}, where

X, ™ X T I X =P T {pt),

X; = P(Ox,_, ® L£;—1) for a line bundle £, over X; ; for all 1 < i < r and r is
the dimension of X,.. In [CS11], [CMS10] and [Ish12], the authors studied “cohomological
rigidity” properties of Bott towers. These also play an important role in algebraic topology
and K-theory (see [CRO5], [DJ91] and references therein). In this article we refer to X,
also as a Bott tower (it is also called Bott manifold).

On the other hand, Bott-Samelson-Demazure-Hansen (for short, BSDH) varieties are
also iterated projective line bundles, but where each projective bundle is the projec-
tivization of certain rank 2 vector bundle (not necessarily decomposable). The BSDH
varieties were algebraically constructed by M. Demazure and H.C. Hansen independently
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2 B. NARASIMHA CHARY

by adapting a differential geometric approach from the paper of R. Bott and H. Samel-
son (see [BS58|, [Dem74] and [Han73]). These are natural desingularizations of Schubert
varieties by factoring the Schubert variety using Bruhat decomposition, and these are de-
pendent on the given expression of the Weyl group element corresponding to the Schubert
variety (see for instance [CKP15, Page 32]). We also see in this paper some properties of
these varieties which depend on the given expression.

In [GK94], M. Grossberg and Y. Karshon constructed degenerations of BSDH varieties
to Bott towers, by complex geometric methods. In [Pas10] B. Pasquier and in [PK16] A.J.
Parameswaran and P. Karuppuchamy constructed these toric degenerations algebraically.
B. Pasquier used these degenerations to study the cohomology of line bundles on BSDH
varieties (see [Pasl0]). In [PKI6], the authors studied the limiting toric variety for a
simple simply connected algebraic group by geometric methods.

In this paper we study the geometry of Bott towers in more detail by methods of toric
geometry and we prove some applications to BSDH varieties. We also recover the results
in [PK16] and extend them to the Kac-Moody setting.

We work over the field C of complex numbers. We study the Mori cone of X, and
prove that the class of curves corresponding to ‘primitive relations r(P;)’ forms a basis
of the real vector space of numerical classes of one-cycles in X, (see Theorem and
Corollary . An extremal ray R in the Mori cone is called Mori ray if R- Kx, < 0,
where K, is the canonical divisor in X,. We describe extremal rays and Mori rays of
the Mori cone of X, (see Theorem [0.1)). We characterize the ampleness and numerically
effectiveness of line bundles on X, (see Lemma and describe the generators of the nef
cone of X, (see Theorem [6.7).

Recall that a smooth projective variety X is called Fano (respectively, weak Fano)
if its anti-canonical divisor —Kx is ample (respectively, nef and big). Following [AS14],
we say that a pair (X, D) of a normal projective variety X and an effective Q-divisor D
is log Fano if it is Kawamata log terminal and —(Kx + D) is ample (see Section [§ for
more details). We study the Fano, weak Fano and the log Fano (of the pair (X,, D) for a
suitably chosen divisor D in X,) properties of the Bott tower X,..

To describe these results we need some notation. It is known that a Bott tower
{(Xi,m) : 1 < i < r} is uniquely determined by an upper triangular matrix M, with
integer entries, defined via the first Chern class of the line bundles £; ; on X;_;, where
X, =P(Ox,_,® L) for 1 <i <r (see [GK9Y4, Section 2.3], [Civ05] and [VT15, Section
7.8]). For more details see Section [2| Let

1 512 613 ﬁlr

0 1 B23 52r
MT = O 0 1 “ e 637- ,
0 ... ... 1

TXT

where (3;;’s are integers. Define for 1 <1 <,
nt={r>j5>i:p6; >0}

and
n; ={r>j>i:06; <0}
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If || = 1 (vespectively, |n;f| = 2), then let n = {m} (respectively, n;" = {m,my}). If
;| = 1 (respectively, |n; | = 2), then set n; = {l} (respectively, n,; = {l1,l2}).

The following can be viewed as a condition on i*® row of the matrix M,

e N/ is the condition that |n;"| = 0 and |n; | = 0.
e N? is the condition that
(i) Inf| =0, In;| <1, and if [p; | = 1 then 8y = —1; or
(ii) |n; | =0, |nf] < 1, and if |n;| = 1 then B, = 1 and B, = 0 for all k > m.
e N} is the condition that
Case 1: Assume that |n;"| = 0. Then |n; | < 2, and if |; | = 1(respectively, 2)
then B; = —1 or —2 (respectively, By, = —1 = By,).
Case 2: If |n; | = 1 = |nf| and | < m, then B; = —1, B, = 1 and B, = 0 for
all & > m.
Case 3: Assume that || = 1. Then B, = 1 and either it satisfies
(i) Case 2; or
(ii) |n; | = 0 and B = 0 for all k& > m; or
(iii) there exists unique r > s > m such that
Bms — Bis = 1 and B — B = 0 for all k > s, or
6ms - ﬂis = —1 and 51‘3 - ﬁms - ﬁsk =0 for all k& > s.

Definition 1.1. We say X, satisfies condition I, condition II or condition I[II if N},
N2 or N? holds for all 1 < i <r respectively.

Remark 1.2.

o Let 1 <i<r. Wehave N} = N? = N} .
o [f X, satisfies condition I, then it also satisfies conditions II and I11.
o [f X, satisfies condition I, then it also satisfies condition I11.

1.1. Results for Bott towers. We prove,
Theorem (See Theorem [7.2)).

(1) X, is Fano if and only if it satisfies I1.
(2) X, is weak Fano if and only if it satisfies I11.

As a consequence we get some vanishing results for the cohomology of tangent bundle
of Bott towers and hence local rigidity results. Let Tk, denote the tangent bundle of X,.

Corollary (see Corollaryand Corollary. If X, satisfies I, then H'(X,,Tx,) =0
for all i > 1. In particular, X, is locally rigid.

For 1 <1 < r, we define some constants k; which again depend on the given matrix M,
corresponding to the Bott tower X, (for more details see Section . We prove,

Theorem (see Theorem [8.1)). The pair (X,, D) is log Fano if and only if k; < 0 for all
1< <r.

1.2. Results for BSDH varieties. Let G be a Kac-Moody group (for the definition see
[Kum12]). Let B be a Borel subgroup containing a fixed maximal torus 7". Let W be the
Weyl group corresponding to the pair (G, B,T) and let w € W. Let @ := sg, - - - 55, be an
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expression (possibly non-reduced) of w in simple reflections and let Z(w) be the BSDH
variety corresponding to w (see Section 2). Let Xz be the toric limit of Z(w) constructed
as in [Pasl0] and [PK16] (see Section [3| do not confuse with the notation, X, does NOT
denote a Schubert variety). Note that X is a Bott tower (see Corollary . We prove
that the ample cone Amp(Xyz) of X can be identified with a subcone of the ample cone

Amp(Z(w)) of Z(w) (see Corollary [10.1]).

When G is a simple algebraic group and the expression w is reduced, Fanoness and
weak Fanoness of the BSDH variety Z(w) are considered in |[Chal7]. Here we have the
following results: Let @ = sg, --- 53,8, -+ 55, be an expression (remember that 3;’s

are simple roots). Let f;; = (5;, B;) , where f3; is the co-root of 3;. We use the same
terminology for BSDH varieties as in Bott tower case above.

Corollary (See Corollary [10.2]).

(1) If Z(w) satisfies 11, then Z(w) is Fano.
(2) If Z(w) satisfies 111, then Z(w) is weak Fano.

In [AS14], D. Anderson and A. Stapledon studied the log Fanoness of Schubert varieties,
and in [And14], log Fanoness of BSDH varieties is studied for chosen divisors. Let D' be
a divisor in Z(w) with support in the boundary. For 1 <i <, we define some constants
fi which depend on the given expression @ (for more details see Section .

Theorem (see Theorem [10.5). The pair (Z(w), D') is log Fano if f; > 0 for all1 <i <r.

When G is a simple algebraic group in [CKP15] and [CK17], we obtained some vanishing
results of the cohomology of tangent bundle of Z(w) when w is reduced, and in [CKP]
the case w is non-reduced was considered. Here we get some vanishing results for Z(w)
in our case and hence some rigidity results, by using its toric limit as a Bott tower. Let
Tz denote the tangent bundle of Z(w).

Corollary (see Corollary [10.6). If Z(w) satisfies 11, then H'(Z(w), Tzw)) = 0 for all
i > 1. In particular, Z(w) is locally rigid.

The paper is organized as follows:

In Section 2| we discuss preliminaries on Bott towers, BSDH varieties and toric varieties.
In Section [3| we recall the algebraic construction of toric degeneration of BSDH variety.
We describe the limiting toric variety as an iterated P!-bundle, a Bott tower. In Section
[], we discuss the Picard group of the Bott tower and compute the relative tangent bundle.

Section 5| contains detailed study of primitive collections and primitive relations of the
Bott tower and we also describe the Mori cone. In Section [ we describe ample and nef
line bundles on the Bott tower, and we also find the generators of the nef cone.

In Section [7] and [§, we study Fano, weak Fano and log Fan properties for Bott towers.
We observe that these properties depend on the given matrix corresponding to the Bott
tower and we also see some vanishing results. In Section [9) we describe extremal rays
and Mori rays for the Bott tower and we see some applications. Section [L0| contains some
applications to the BSDH-varieties and their toric limits. In Section [11], we give another
proof of the results in [PK16] by toric methods.
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2. PRELIMINARIES

In this section we recall toric varieties (see [CLSII]), Bott towers (see [Civ05] and
[VT15]) and Bott-Samelson-Demazure-Hansen varieties (see [Kum12]). We work through-
out the article over the field C of complex numbers. We expect that the proofs work for
algebraically closed fields of arbitrary characteristic, but did not find appropriate refer-
ences in that generality.

2.1. Toric varieties. We briefly recall the structure of toric varieties from [CLS11] (see
also [Ful93] and [Oda&8]).

Definition 2.1. A normal variety X is called a toric variety (of dimension n) if it
contains an n-dimensional torus T (i.e. T = (C*)") as a Zariski open subset such that
the action of the torus on itself by multiplication extends to an action of the torus on X.

Toric varieties are completely described by the combinatorics of the corresponding fans.
We briefly recall here, let NV be the lattice of one-parameter subgroups of 7" and let M
be the lattice of characters of T. Let Mr := M ® R and Nr := N ® R. Then we have a
natural bilinear pairing

<—,—>ZMRXNR—>R.

A fan ¥ in Ny is a collection of convex polyhedral cones that is closed under intersections
and cone faces. Let & be the dual cone of ¢ € ¥ in Mi. For ¢ € X, the semigroup
algebra C[g N M] is a normal domain and finitely generated C-algebra. Then the scheme
Spec(Cl[og N M]) is called the affine toric variety corresponding to o. For a given fan ¥,
we can define a toric variety Xy by gluing the affine toric varieties Spec(Clg N M]) as o
varies in X. For all 1 < s <n,

Y(s) :={o € X :dim(o) = s}.
For each p € 3(1), we denote u,, the generator of pN N. For ¢ € %,
o(1):=3(1)No.

There is a bijective correspondence between the cones in ¥ and the T-orbits in Xs.
For each o € X, the dimension dim(O(c0)) of the T-orbit O(o) corresponding to o is
n — dim(c). Let 7,0 € ¥, then 7 is a face of ¢ if and only if O(¢) C O(7), where O(o)
is the closure of T-orbit O(c). We denote V(o) = O(o) and it is a toric variety with the
corresponding fan being Star(o), the star of o which is the set of cones in 3 which have
o as a face. Let D, = O(p) be the torus-invariant prime divisor in Xy, corresponding to
p € X(1). The group T Div(Xs) of T-invariant divisors in Xy, is given by

TDiv(Xs) = €P ZD,.
peEX(1)

For each m € M, the character x" of T is a rational function on Xy and the corresponding
divisor is given by

div(x™) = Z (m, u,) D,

pEX(1)
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2.2. Bott towers. In this section we recall some basic definitions and results on Bott
towers. Let Ly be a trivial line bundle over a single point X, := {pt}, and let X; :=
P(Ox, ® Ly), where P(—) denotes the projectivization. Let £4 be a line bundle on Xj,
then define X, := P(Ox, ®L;), which is a P-bundle over X;. Repeat this process r-times,
so that each X; is a P!-bundle over X;_; for 1 <1i < r. We get the following:

X, = IP)((I)Xr—l ® ‘CT*I)
Xr—l = P(OX,_Z 5% Er—?)

Lo
I

X1 =P(Ox, @ Lo)
Im
Xo = {pt}
For each 1 < i < r, X; is a smooth projective toric variety (see [Civ05, Theorem 22]).
Consider the points [1 : 0] and [0 : 1] in P!, we call them the south pole and the north pole
respectively. The zero section of £; 1 gives a section s? : X;_1 — X, , the south pole

section; similarly, the north pole section s} : X; ; — X; by letting the first coordinate
in P(Ox,_, ® L£;_1) to vanish.

Let 1 <17 <r. Since m; : X; — X,_1 is a projective bundle, by a standard result on
the cohomology ring of projective bundles we have the following (see [Har77, Page 429]
for instance):

Theorem 2.2. The cohomology ring H*(X;,7) of X; is a free module over H*(X;_1,7Z)
on generators 1 and u;, which have degree O and 2 respectively, that is

H*(X“ Z) = H*(Xi—b Z)l D H*(Xi_l, Z)Ul
The ring structure is determined by the single relation
Ulz = c1(Lio1)ui,

where c1(—) denotes the first Chern class and the restriction of u; to the fibre P! C X, is
the first Chern class of the canonical line bundle over P. Hence we have

HY(X,,Z) = H* (X, 0, D)),
where J; is the ideal generated by u? — c1(L;_1)u;.
Consider the exponential sequence (see [Har77, Page 446)):
0—7Z— Ox,_, — Ok, , —0.

Then we get the following exact sequence:
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0 — HY(Xi1,Z) — HY(Xi.1,0x,_,) — H'(X,, 0% ) 5 B2(X, ,,7) —
HQ(Xi—la OXifl) —

Since X;_; is toric, we have H?(X; 1,0x,_,) = 0 for all j > 0 (see [Oda88, Corollary
2.8]). As H'(X;_1,0%,_|) = Pic(Xi—1), we get c1(—) : Pic(X;—1) — H*(X;_1,Z). Then
we have the following:

Theorem 2.3. Each line bundle L;_1 on X;_1 is determined (up to algebraic isomorphis-
m) by its first Chern class, which can be written as a linear combination

i1
ci(Li1) = — Zﬁkiuk € H*(X;1,7Z),
k=1
where By, ’s are integers for 1 < k <i— 1.
Then by Theorem [2.2] and [2.3] by iteration, we get the following:
Corollary 2.4. We have
HY(X,,Z) = Z[ur, .. ., ]/,

where J is the ideal generated by {uf + Yici Bijuiug 2 1 < j < r} and the integers Bi;’s
are as in Theorem [2.3.

Write {f;; : 1 <i < j <r}, the collection of r(r — 1)/2 integers, as an upper triangular
r X r matrix

I Bio Pz ... Bir
0 1 Baz ... [

M, := [0 0 1 ... pBs (2.1)
0 ... ... 1

TXT

Then we get the following result (see for instance |[GK94, Lemma 2.15] and also [Civ05,
Section 3]).

Corollary 2.5. There is a bijective correspondence between { Bott towers of height r} and
{r x r upper triangular matrices with integer entries as in }

Two Bott towers {(X;,m;) : 1 < ¢ < r} and {(X/,7}) : 1 < i < r} are isomorphic
if there exists a collection of isomorphisms {¢; : X; — X/ : 1 < i < r} such that the
following diagram is commutative:

r—1 2 1

X, X, = X, Xo

l/ or l $r—1 l 1 l o)
7! ! / /

r—1 Ty T
- X! X!
1 0

/ T /
Xr r—1
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2.2.1. Toric structure on Bott tower. Let {e],...,e}} be the standard basis of the lattice
Z". Define, for all i € {1,...,r},

e; = —ef — Zﬁije;r; (2.2)
j>i
where f;;’s are integers as above. Then we have the following theorem (see [Civ05], Section
3 and Theorem 22| and for algebraic topology setting see [VT15, Theorem 7.8.7]):

Theorem 2.6. The Bott tower {(X;,m;) : 1 <i <r} corresponding to a matriz M, as in
is isomorphic to {(Xx,,ms,) : 1 < i < r}, the collection of smooth projective toric
varieties corresponding to the fan 3; with the 2* maximal cones generated by the set of
vectors

{ef:1<j<iandec{+ —}},
and where 7y, : Xx, — Xy, , is the toric morphism induced by the projection s, : Z' —
Z7Y forall1 <i<r.

Note that by Theorem [2.6 ¥; has 2i one-dimensional cones generated by the vectors
{ef,ej 1< <i},
and by 1) we can see that the divisors D+ corresponding to e for 1 < j < form a
basis of the Picard group of X; (see Section {4| for more details).

2.3. BSDH varieties. Let A = (a;j)1<ij<n be a generalized Cartan matrix. Let G be
the Kac-Moody group associated to A (see [Kuml2, Chapter IV]). Fix a maximal torus
T and a Borel subgroup B containing 7. Let S := {a1,...,a,} be the set of all simple
roots of (G, B,T). We denote s,, the simple reflection corresponding to «a;. Note that
the Weyl group W of G is generated by

{Sa, : 1 <i<n}.

Let w € W, an expression @ of w is a sequence (sg,,...,Ss,) of simple reflections
Sgy,-..,5p, such that w = sg, ---s3.. An expression w of w is said to be reduced if the
number r of simple reflections is minimal. In such case we call r the length of w. By
abuse of notation, we also denote the expression w by W = sg, ---s3,. For a € S, we
denote P,, the minimal parabolic subgroup of G generated by B and a representative of
Sa-

Definition 2.7. Letw € W and @ := sg, - - - S5, be an expression (not necessarily reduced)
of w. The Bott-Samelson-Demazure-Hansen (for short, BSDH) variety corresponding to
w 18

Z(UNJ) = Pﬁl X oo X PBT/BT,
where the action of B" on P, X -+ X Pg_ s defined by

(p1y--ypr) - (b1, .., b)) = (p1by, bl_lpgbg, . ,b;_llprbr) for all p; € Pg,,b; € B.

These are smooth projective varieties of dimension r. There is a natural morphism
¢g : Z(w) — G/B defined by

[(ph'"apr)] = D1 pTB
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If @ is reduced, the BSDH variety Z(w) is a natural desingularization of the Schubert
variety, the B-orbit closure of wB/B in G/B (see [Dem74], [Han73] and [Kum12, Chapter
VIII)).

We can also construct the BSDH variety by iterated P'-bundles. Let @' := sg, - - - 55, ,.
Let f: G/B — G/Pj3, be the map given by gB + gPs, and let p : Z(@') — G/ P3, be
the map given by [(p1,...,pr—1)] = p1---pr—1P3.. Then we have the following cartesian
diagram (see [BKO7, Page 66] and [Kuml2, Chapter VII]):

Z(W) = Z(i') xayp, GJB—2= G/B

jfm lf

Z(w') G/ P,

p

Note that fz is a P!-fibration and the relative tangent bundle T}, of fg is ¢%(Lpg, ), where
L, is the homogeneous line bundle on G/ B corresponding to f3,. Using the cohomology of
the relative tangent bundle Ty, we studied the cohomology of the tangent bundle of Z(w),
when G is finite dimensional and @ is a reduced expression (see |[CKP15] and [CK17]).
In Section [3, we compute the relative tangent bundle of the corresponding toric limits, in
the more general setting of Bott towers. The fibration fz comes with a natural section
o : Z(w') — Z(w) induced by the projection

PglX~"XP5T—>P51X-HXPBT‘71.

For the toric limits we get two natural sections, as will be explained in Section [3| For all
ie{l,...,r}, we denote Z;, the divisor in Z(w) defined by

{{(p1,-..,p)] € Z(0) : p; € B},

In [LT04], N. Lauritzen and J.F. Thomsen proved that Z/s forms a basis of the Picard
group of Z(w) and they also proved that if @ is a reduced expression these form a basis
of the monoid of effective divisors (see [LT04, Proposition 3.5]). Recently, the effective
divisors of Z(w) for w non-reduced case have been considered in [And14].

3. TORIC DEGENERATION OF A BSDH VARIETY

In [GK94], toric degenerations of BSDH varieties to Bott towers, were constructed
by complex geometric methods. In [Pasl0] and |[PK16] they have given an algebraic
construction for toric degeneration of a BSDH variety. We recall the algebraic construction
here.

Note that the simple roots are linearly independent elements in the character group of
G. We can choose a positive integer g and a injective morphism A : G,,, — T (i.e. A€ N
and A is injective) such that for all 1 <i <nand u € G,,, a;(A(u)) = u? (see [Pasl(, Page
2836]). When G is finite dimensional, for each one-parameter subgroup A € N, define

P(\) == {g € G : lim,_o\u)g\(u) " exists in G}.
The set P()) is a parabolic subgroup and the unipotent radical R,(P())) of P(\) is given
by
R,(P(\) ={g € G : lim,_oA(u)gA(u)~" is identity in G}.
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Any parabolic subgroup of G is of this form (see [Spri0, Proposition 8.4.5]). Choose a
one-parameter subgroup A € N such that the corresponding parabolic subgroup is B.

Let us define an endomorphism of G for all u € G,, by
U, :G =G, g Mu)gh(u)™
Let B be the set of all endomorphisms of B. Now define a morphism
v:G, — B byuH‘ifu‘B.

This map can be extended to 0 and for all x € U, ¥, |p(z) goes to identity when u goes
to zero. Let A! := SpecC[t] be the affine line over C. We denote for all u € A', ¥, the
image of u in B. Note that ¥, is the identity on T" and W is the projection from B to T.

Let w = sg, - - - s, be an expression.
Definition 3.1.
(i) Let X be the variety defined by
X:=A'"x P, x---x Pg /B,
where the action of B" on A' x Pg x -+ x Pg,_is given by

(uapla s 7p7") ' (blu s 7b7“) = (u7p1b17 \Ilu(bl)_lp2b27 tt \I/u(br—l)_lprbr>'
(i1) For alli € {1,...,r}, we denote Z; the divisor in X defined by

{<u7p17"'apr> S sz (S B}

Note that X and Zs are integral. Let m : X — A! be the projection onto the first
factor. Then we have the following theorem (see [Pasl(, Proposition 1.3 and 1.4] and
[PK16, Theorem 9] ).

Theorem 3.2.

(1) 7: X — Al is a smooth projective morphism.

(2) For all uw € A"\ {0}, the fiber 7=(u) is isomorphic to the BSDH variety Z(w)
such that 7= (u) N Z; corresponds to the divisor Z; in Z(w0).

(3) ©=1(0) is a smooth projective toric variety.

Now onwards, we denote X, := 7 '(u) for v € A! and the limiting toric variety
Xy = 7 1(0) by X (do not confuse with the Schubert variety).

Recall that {ef,...,ef} is the standard basis of the lattice Z". Define, for all i €
{1,...,7},

¢; = —ef — Zﬁije;—a (3.1)

j>i
here we take §;; :== (5;, Bl> The following proposition will give the description of the fan
of the toric variety Xz (see [Pas10l Proposition 1.4]).

Proposition 3.3.
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(1) The fan 3 of the smooth toric variety Xy consists of the cones generated by subsets
of
{ef,...,efel,...,e }
and containing no subset of the form {ef e; }.
(2) Foralli € {1,...,r}, 22 is the irreducible (C*)"-stable divisor in X corresponding
to the one-dimensional cone of ¥ generated by ef and these form a basis of the
divisor class group of Xgz.

Note that the maximal cones of 3 are generated by {ef: 1 <i<r,eec {+,—}}.

In [Pas10], B. Pasquier used the combinatorics of the toric variety Xz to obtain van-
ishing theorems for the cohomology of line bundles on BSDH variety Z ().

Now we describe the toric limit X; as an iterated P'-bundle. Let @' := sg, -+~ s5,_,.
Then we get a toric morphism
fri Xo — Xy
induced by the lattice map
fo 7 =7
the projection onto the first » — 1 coordinates.
We prove,

Lemma 3.4.

(1) f,: Xo — Xg is a toric P -fibration with two disjoint toric sections.
(2) Xg ~P(Ox,, © L) for some unique line bundle £ on Xy .

Proof. Let Y be the fan corresponding to the toric variety Xz . From the above proposi-
tion, we can see that ¥ has a splitting by ¥’ and {e;,0,e, }. Then by [CLS11, Theorem
3.3.19],

f,«  Xg — X
is a locally trivial fibration with the fan ¥ of the fiber being {e;,0, e, }. Since ¥ is the
fan of the projective line P!, we conclude f, is a toric P!-fibration. As toric sections of the

toric fibration correspond to the maximal cones in g, we get two disjoint toric sections
for f.. This proves (1).

Proof of (2): Since f, : X3 — Xg is Pl-fibration with a section, we see Xz is a
projective bundle P(&) over Xz corresponding to a rank 2 vector bundle & on Xz (see
for example [Har77, Chapter V, Proposition 2.2, page 370]).

Recall that the sections of projective bundle X; = P(&) correspond to the quotient
line bundles of & (see [Har77, Proposition 7.12]). Since Xz = P(&) is projective line
bundle on X with two disjoint sections, we see & is decomposable as a direct sum of
line bundles on Xg.

As
P(&) ~P(ZL @ &)
for any line bundle .2 on Xz (see [Har77, Lemma 7.9]), we can assume without loss of

generality
&=0x,®L
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for some unique line bundle .2 on Xy . Hence Xy ~ P(Ox_, ® £) and this completes
the proof of the lemma. O

Then by definition of Bott tower we get:
Corollary 3.5. The toric limit Xz is a Bott tower.

We have the following situation:

P! P!
| J
Z(W) ~mmnnnny X

ar )

Z(1') ~emnnennes X

4. ON PICARD GROUP OF A BOTT TOWER

Now we describe a basis of the Picard group Pic(X,) of X,.

Let € € {+,—} and for 1 < i < r, let p§ be the one-dimensional cone generated
by e; . For all 1 < i < r, we define D, to be the toric divisor corresponding to the
one-dimensional cone p5.

We prove,
Lemma 4.1. The set {D,e : 1 <i <r and ¢ € {4+, —}} forms a basis of Pic(X,).

Proof. By Theorem using the description of the one-dimensional cones we have the
following decomposition of ¥(1):

Y1) ={pf:1<i<r}u{p; :1<i<r}. (4.1)

Again by Theorem , {D,+ : 1 <i<r}forms a basis of the Picard group Pic(X,) of
X,. Since
0~ dw(Xe;r> = Z (up, €7) D,
pex(1)
by we can see that {Dpi_ : 1 <i <r} also forms a basis of Pic(X,).
In general, let 0 € ¥ be the maximal cone generated by {ef : 1 < i < r}. Take the
torus-fixed point z¢ in X, corresponding to the maximal cone o. Let U be the torus-

invariant open affine neighbourhood of ¢ in X,.. Then U is an affine space of dimension
r; in particular, Pic(U) = 0. Therefore, we get

and Pic(X,) is generated by
{Dpe:1<i<r}
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(see [Har70, Chapter II, Proposition 3.1, page 66]). Since {D,e : 1 < < 7} is linearly
independent and the rank of Pic(X,) is r, this set {D, : 1 < i < r} forms a basis of
Pic(X,). O

Remark 4.2. In Sectz’on Jor 1 <i<r, we express D - in terms of D+ 1<ji<r).
7 J

Let 1 < i <r. We prove the following.

Lemma 4.3. The relative tangent bundle T, of m; : X; — X;_1 is given by
i-1
Tr, ~ Ox,(D,: + D, ) =~ Ox,() BiD,- +2D,-).

j=1

Proof. By definition of Bott tower, ; is a P!-fibration. Then the relative canonical bundle
K, is given by

Kﬂ'i = OXi(KXi) ® ﬂ-’zk(OXi—l(_KXi—l))
(see [Kle80, Corollary 24, page 56]). By [CLS11, Theorem 8.2.3] (see also [Ful93, Page

74]), we have
Ky,=—- Y. D,
peEX(1)
Then
Km = OXi<_ Z DP) ®7Tz>‘k(OXi71( Z Dp’)) )
peX(1) pex(1)
where Y is the fan of X; ;. Since X; ; smooth, any divisor of the form D =
> pexi) Gp Dy with ay € Z, in X; 4 is Cartier. Hence the pullback m7(D) is defined
and given by
T (D) = m( Z ayDy) = Z —op(Ti(up)) Dy,
plex(1) peX(1)
where ¢p is the support function corresponding to the divisor D (see [CLS1I, Theorem
4.2.12] for the correspondence between support functions and Cartier divisors).

Since the lattice map 7; : Z" — Z'~! is the projection onto the first i — 1 factors (see
page 8), by definition of u, and e; (see (2.2), for € € {+, —} we have

g = {0 ST
if j =1.

Hence

ar fl1<j<i—1.
Pj

0 if j =1.

i ( Z Dy) = Z D,.

prex(1) PR\ 07 }

Thus we have,

Therefore, we see that
Ky =Ox,(—=D+ — D,-). (4.2)



14 B. NARASIMHA CHARY

By (2.2), we note that

i—1
. et
0~ div(x“) =D, — D, — > BiiD,- (4.3)
j=1

Since f(m = det Ty, we get Iv(m. = T, as m; is a P!-fibration. Therefore, the result

follows from (4.2)) and (4.3)). O

The following is well known and proved here for completeness.

Lemma 4.4. Let X and Y be smooth varieties. Let f : X — Y be a fibration with a
section o and denote by o(Y') its image in X. Then the restriction of the relative tangent
bundle Ty to o(Y) is isomorphic to the normal bundle N,y x of o(Y) in X.

Proof. Consider the normal bundle short exact sequence

0— Ta(y) — TX|U(y) — Ng(y)/){ — 0, (44)

where T,y and Tx are the tangent bundles of o(Y) and X respectively.
Also consider the following short exact sequence
0 —=Ty —Tx — ffTy — 0. (4.5)

By restricting (4.5) to o(Y), since o is a section of f, we get the following short exact
sequence

0 — Ttlory)y — Txloty) — Toyy — 0. (4.6)
By using (4.4)) and (4.6)), we see T|s(yy is isomorphic to Nyy),x. This completes the
proof. 0

We prove,

Lemma 4.5. Let 1 <1 <r. The normal bundle ./\/’XZ./XZ.71 of X;_1 in X; 1is 92”;_1, where
Z._1 1s as in the definition of Bott tower and %1 is denotes the dual of Z,_1.

Proof. Fix 1 <i <r and let £ := Z,_1. Recall that P(&) is by definition Proj(S(&)),
S(&) is symmetric algebra of & (see [Har77, Page 162]). Let V(%) = Spec(S(Z)), the
geometric vector bundle associated to the locally free sheaf (line bundle) .Z (see [Har77,
Exercise 5.18, Page 128]). Then, V(%) is an open subvariety in P(&’) and we have the
following commutative diagram

V() - » P(&) = X;

orn Xi—l

Also note that the the section sY(X;_1) of m; corresponding to the projection & — Oy,
is same as the zero section o, (X;_1) of 7.
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Now consider the following short exact sequence

0 — T — Tyy) — mTx,_, — 0. (4.7)

Since the restriction Ty, (x, ,) of T to o(X,—1) is %, by Lemma and by above
short exact sequence (4.7]) we see that

Nowxinviz) = 2.

Hence we conclude that
NXi—l/Xi ~Z
(here we are identifying X;_; with the section corresponding to the projection
éa:OXi,l@g_}OXi,l )

This completes the proof of the lemma. ([

Let 1 <17 <r. We prove,
Lemma 4.6.

(1) The toric sections of m; are given by Dy, e € {+,—}.
(2) The normal bundle Nx, ,/x, of Xi—1 in X; is given by

NXi_l/Xi = D%—l - OXZ<DP;'—)7
where the line bundle £,_1 is as in the definition of the Bott tower X;.

Proof. Proof of (1): Recall that 7; is a P!-fibration induced by the projection 7; : Z" —
Z;_1. For each cone o € Y of dimension 1 (which is a maximal cone in 3r), the subvariety
V(o) is an invariant section of m;, which is an invariant divisor in X;. Hence we get two
invariant divisors V(p;") = D+ and V(p; ) = D-.

Proof of (2): By Lemma we have Nqu/Xi — %, and the section X;_; is given
by the projection & = Ox, , & .Z;—1 — Ox,_,. Hence (2) follows from (1). O

5. PRIMITIVE RELATIONS OF THE BOTT TOWER

5.1. Primitive collections and primitive relations. First recall the notion of primi-
tive collections and primitive relations of a fan >, which are basic tools for the classification
of Fano toric varieties due to Batyrev (see [Bat91]).

Definition 5.1. We say P C X(1) is a primitive collection if P is not contained in
o(1) for some o € 3 but any proper subset is. Note that if ¥ is simplicial, primitive
collection means that P does not generate a cone in ¥ but every proper subset does.

Definition 5.2. Let P = {p1,...,pr} be a primitive collection in a complete simplicial

fan . Recall u, be the primitive vector of the ray p € ¥. Then Zle Uy, s in the relative
interior of a cone yp in X with a unique expression

k
E Uy, = 5 Colly, Cp € Qsp.
i=1

pEvp(1)
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Hence

Zum — Z Cottp) = 0. (5.1)

pEvp(1)

Then we call the primitive relation of Xx corresponding to P.

Recall that T'Div(Xs) denote the group of torus-invariant divisors in Xy (see Page 8).
Since the fan ¥ of X, is full dimensional, we have the following short exact sequence
0 — M 5 TDiv(X,) = @ ZD, % Pic(X,) — 0, (5.2)
peEX(1)

where the maps are given by ¢ : m — div(x™) and ¢y : D — Ox,. (D) (see [CLSTI]
Theorem 4.2.1]).

Now we recall some standard notations: Let X be a smooth projective variety, we define
N (X)z :=A{ Z a;C; : a; € Z,C; irreducible curve in X}/ =
finite

where = is the numerical equivalence, i.e. Z = Z’ if and only if D - Z = D - Z’ for all
divisors D in X. We denote by [C] the class of C' in N1(X)z. Let N1(X) := N1(X)z ®@R.
It is a well known fact that N;(X) is a finite dimensional real vector space (see [Kle60,
Proposition 4, §1, Chapter IV]). In the case where X is a (smooth projective) toric variety,
Ni(X)z is dual to Pic(X) via the natural pairing (see [CLS11, Proposition 6.3.15]).

In our case X = X,, there are dual exact sequences:

0 — M 25 750 22 Pic(X,) — 0

and
0 — Ni(X,)z 25 250 F N g, (5.3)
where
©05([C]) = (D, - C)pex(1) C' is an irreducible complete curve in X,
and
©i(e,) = uy, e, is a standard basis vector of R*()

(see |[CLSII) Proposition 6.4.1]).
Let P be a primitive collection in ¥. Note that since X, is smooth projective,
PNyp(l) =10

and
¢, € L~ for all p € yp(1) (5.4)
(see [CLS11l, Proposition 7.3.6]).

As an element in Z=W | we write 7(P) = (r,)ex(1), where
1 ifpeP

rp =194 —¢ ifpeyp(l) (5.5)
0 otherwise
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Then by (5.1) we see that
Z rou, = 0.
pe>(1)
Hence by the exact sequence (5.3) and by (b.4)), we observe that r(P) gives an element in
Ni1(X,)z (see [CLS11l, Page 305]).
We prove,
Lemma 5.3. Let P, :={p/,p; }, 1 <i<r. Then
{P,:1<i<r}
1s the set of all primitive collections of the fan 3 of X,.

Proof. By Theorem [2.6] the cones in the fan ¥ of X, are generated by subsets of

{eT,....ef er,...,e}

and containing no subset of the form {e;,e; }. Then by Definition [5.1] it is clear that
P, = {p;, p; } is a primitive collection for all 7. Also note that again by description of the
cones in X, any primitive collection must contain a P; for some 1 <17 < r.

Fix 1 < i < r. Let @ be a collection of one-dimensional cones such that it properly
contains P, i.e. there exists 1 < j < r and j # i such that pS € Q@ D P, e € {+,—}.
Assume that @ is a primitive collection. Then by Definition {pi, p;} C Q generates
a cone in Y. This is a contradiction to the description of the cones in Y. Therefore, we
conclude that

{P,:1<i<r}
is the set of all primitive collections. U

Now we define the Contractible classes from [Cas03]: Let X be a smooth projective
toric variety. We define NE(X)z in N1(X) by

NE(X)z =1 Z a;C; : a; € Z>o and C; irreducible curve in X }.
finite
Let v € NE(X)z be primitive (i.e. the generator of Z>¢y) and such that there exists
some irreducible curve in X having numerical class in Q>¢y. Then

Definition 5.4. (see [Cas03|, Definition 2.3]) The above class v is called contractible if
there exists a toric variety X, and an equivariant morphism ¢, : X — X, surjective with
connected fibers, such that for every irreducible curve C' in X,

¢,(C) = {pt} if and only if [C] € Q07

Remark 5.5. Note that any contractible class is always a class of some invariant curve
and also a primitive relation (see [Cas03, Theorem 2.2] and [Sca09, Page 74]).

Recall the following result from [Cas03l Proposition 3.4].
Proposition 5.6. Let P = {p1,...,pr} be a primitive collection in 3, with the primitive

relation r(P):
k
Zum — Z cpu, = 0.
i=1

pEvp(1)
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Then r(P) is contractible if and only if for every primitive collection Q) of ¥ such that
PN@Q#0 and P # Q, the set (Q\ P)U~p(l) contains a primitive collection.

5.2. Mori cone. We use the notation as above. Let X be a smooth projective variety. We
define NE(X) the real convex cone in N;(X) generated by classes of irreducible curves.
The Mori cone NE(X) is the closure of NE(X) in Ny(X) and it is a strongly convex
cone of maximal dimension.

If X is a (smooth projective) toric variety, it is known that NE(X)z is generated by
the finitely many torus-invariant irreducible curves in X and hence NFE(X)z is a finitely
generated monoid. Hence the cone NE(X) = NE(X) is a rational polyhedral cone and
we have

NE(X)= )  Ru[V(r)]
TEX(r—1)
where r = dim(X) and [V (7)] € N;(X)z is the class of the toric curve V(7). This is called
the Toric Cone Theorem (see [CLS11, Theorem 6.3.20]). Let 7 € X(r—1) be a wall, that is
T = oNo’ for some 0,0’ € X(r). Let o (respectively, ') is generated by {u,,, up,, ..., u,, }
(respectively, by {u,,...,up,,,}) and let 7 be generated by {u,,,...,u,, }. Then we get
a linear relation,

Upy + Z biupi + Upp11 = 0 (56)
=2
The relation (5.6)) called wall relation and we have

b, ifp=p andie{2,3,...,1}
D, V(r)=4q1 ifp=p;andie{l,r+1}
0  otherwise
(see [CLS11) Proposition 6.4.4 and eq. (6.4.6) page 303]).
Now we describe the Mori cone NE(X,.) of X, in terms of the primitive relations of

X
Theorem 5.7. NE(X,)z =Y., Zsor(P,).

Proof. We have
NE(X,) =) _ Ryor(P) |

Pew
where & is the set of all primitive collections in X, (see [CLS11, Theorem 6.4.11]). By
Lemma 5.3 {P;: 1 <i <r} is the set of all primitive collections of X,. Therefore, we get

NE(X) = Y Reor(P)

By [Cas03, Theorem 4.1], we have
W(XT)Z - ZZZO'%

YEE

where € is the set of all contractible classes in X,..



ON MORI CONE OF BOTT TOWERS 19

By Proposition , we can see that the primitive relations r(F;) are contractible classes
for 1 <4 < r. Since any contractible class is a primitive relation, we get

€ ={r(P):1<i<r}.
Hence we conclude that .
NE(X,)z =Y Zsor(P).
i=1
This completes the proof of the theorem. O

We have
Corollary 5.8. The set {r(P;) : 1 <i <r} forms a basis of N1(X,)z.

Proof. By Theorem , {r(P;) : 1 <i < r} generates the monoid NE(X,)z and the cone
NE(X,) is of dimension 7. So r(P;) for 1 < i < r are linearly independent. Also the
group N (X,)z is generated by NE(X,)z, hence by r(P;) for 1 < i < r. Hence these form
a basis of N;(X,)z. O

Next we describe the primitive relation r(P;) explicitly by finding the cone ~p, in (5.1
for 1 <7 < r. We also observe that these cones depend on the given matrix corresponding
to the Bott tower. We need some notation to state the result.

Recall the matrix M, corresponding to the Bott tower X, is
1 Sz bz ... B

0 1 fag ... for
M'r: 0 0 1 Bgr
0 ... ... 1

TXT

(see Section [2)).
Fix 1 < ¢ < r. Define:
(1) Let » > j > j1 =4 > 1 and define a; ; := B;,;.
(2) Let r > jo > ji be the least integer such that a; ; > 0, then define for j > js
a2, = BijoBjaj — Bij-
(3) Let k£ > 2 and let r > j; > jx_1 be the least integer such that az_;; < 0, then
inductively, define for j > ji

Agj = =13, Bjj T Qr—1,5-
(4) For j <4, b :== 0, and for j > i define
b= ay; if ji1 > § > Gl > 1. (5.7)
Note that we have
0 for j <

bj: <0 fOI'jG{jfﬂa'-'ajm}
>0 otherwise .

(5) Let Iz = {jl; PN ,jm}
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Example 5.9. Let

11 -1 -1 2 —1 27
01 0 2 -1 2 -1
00 1 0 -1 -1 -1

M;=10 0 0 1 -1 2 -1
00 0 0 1 -1 2
00 0 0 0 1 -1
o0 0 0 0 0 1],

Let G = SL(5,C) and let

W= 88, """ S8, = SasSaiSazSarSasSarSas-
Note that the matriz corresponding to the toric limit Xg is M;.

Let 1 =1 then 53, =1 and
(1) a1 9 = P2 = (BQ,BQ = (o, @) = —1 ;

(2) a3 = Pis = (B, 1) = (g, Go) = —1 ;
(3) ara = Bra = (Bs, fr) = (e, Go) = 1
(4) a5 = Pis = (Bs, 1) = {az, d) = 2 ;

(5) a6 = Bis = (B, 1) = {an, o) = =1 ;

(6) arr = Bir = (Br, /1) = (g, Ga) =2 .
Then jo =5 and

(1) ass = BrsPse — Pis = (Bs, B1){Bs, Bs) — (Bs, Br) = (a1, da) = —1 ;

(2) ag7 = PisfBsr — Pir = (@, Gg) =2 .
Then j3 =6 and

(1) as7 = —ag,6067 + a7

= —((Bs, B5)) ({Br, Be)) + ({Br, B5))

Therefore, I, = {1,5,6} .

Let 1 <i<r. Letxz/i::{egj:lgjﬁr,bj%()and

{+ for j ¢ I,
Ej:

- fOI'jEIi
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Remark 5.10. Note that as b; = 0 for j <1, we can take 1 < j < r in the definition of
;.

Now we prove,

Proposition 5.11. Let 1 < i < r. The cone vp, in the primitive relation of X, corre-
sponding to P; is generated by <7;.

Before going to the proof we see an example.

Example 5.12. We use same setting as in Example [5.9. By Lemma we have P; =
{pf p} foralll1 <i<T.

By definition of e; (see ), we have
(i) el +ef =e5 +e5 +ef —2ef +ef —2ef.
(ii) e5 +e3 = —2e; +ef —2ed +ef.

(iii) e; +e5 =ed +ef.

(iv) e; +ef =ef —2ef +ef
(v) e5 +ed =ef —2ef

(vi) eg +ed =ed.

(vil) e7 +ef =0.

Now we describe the cone yp,.
Observe that in (i) coefficient of es is megative. By (v), we can see
e] +ef =e5 +e5 +ef +2(es —eq +2ed) +ef — 2ed.
Then
e] +ef =ef +ed +ef + 2 —ef + 2ed.
By (vi),
e; +ef =ed +ed +ef + 2 +eg +er. (5.8)
In this case, I, = {1,5,6} (see Ezample and the cone vp, is generated by

+ oot o m o ot
{62 1€3,€4,65,€6,C€7 }
Now we prove Proposition [5.11}

Proof. By (12.2)), for all 1 <i < r, we have

e el = _Zﬁije;r : (5.9)

j>t
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If for all 7 >4, 8;; <0, then the cone vp, is generated by
{ej 15 >1,B; <0},

If not, choose the least integer j, > 4 such that 3;;, > 0. Now write

e +ef ==Y Bye)) + Bun(—ef) — O Bie)).

J2>j>t J>J2

Again by using (5.9)), we have

e, + ej = —( Z szej) + Bijg(ej‘; + Zﬁjzj€j> - (Z 6236J+)
Go>5>i J>J2 J>J2
Then
e, + ef = —( Z 62‘3’6;_) + ﬁz‘jzej_z + Z(/Bz’hﬁjza‘ - ﬁii)ej)'

J2>j>i J>Jj2
By definition Qg5 = /Bijzﬁ]éj — 51'3', then we have
e +ef ==( Y Bye)) + Bies, + (D aze)).
Ja2>j>i J>j2
If ay; > 0 for all j > jo, then 7p, is generated by

{ 1 j > 1,65 = +VY] # jo, and €; = — for j = jo}.

Otherwise, choose the least integer js > js such that asj, < 0. By substituting —e;;
from (5.9)), we get

er tef =—( ) agel)+Bies+( Y avgel) —av(en+ > Biel)+ (O azel).

J2>j>i J3>3>J2 J>Js J>Js
Then,
Cre = (Y age) + Bnen + (Y asgel 3¢
e; e =—( a1,5€; )+ Bzyzejz + ( a2,5€; ) — 2,5, €5, + —ag,jsBjs + a2,3) )
J2>j>i J3>j>j2 J>Js
By definition of a3 ; = —as ;,3;, + az2,j, then we have
e; te =—( E al,j€j>+2€j2+( E agje]) 2,j3€j, T § :ai‘w ;
J2>j>1 J3>j>j2 J>j3
By repeating this process, we get the cone vp, as we required. 0

Let 1 <i<7r. Recall I; ={i = 71,...,jm} as in page 19. Define for 1 < j <r,

L {_bj if j € I; \ {j1, J2}
Cj =

b; otherwise

Set vp, (1) :=={71,...,7}. Then we have
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Corollary 5.13. For 1 < i <, the primitive relation rv(P;)(= (r,),ex(1)) of X, given by

1 forp=pf orp;
rp=19—¢ forp=-;€yp(l)
0 otherwise

Example 5.14. We use Example . The following can be seen easily from (@
(1) v, (1) ={p3, 035 P5 P65, 07 } -
(2) The primitive relation r(Py) = (7)) pex1) 15 given by

1 forp=pf orp;

—1 forp=p,k€{2,3,4,7} and p = pg
—2 forp=rp;

0 otherwise

T, =

Now we describe the primitive relations r(F;) in terms of intersection of two maximal
cones in the fan of X,.. Let 1 <1i <r. Let €/ := {e;j 1< j<rand

— ifjel

E:{+ EING)

Let € := {e? :1<j<rand
¢l
€ = oo }
— lf] c Iz
Example 5.15. We use Ezample[5.19, for i = 1, we have I = {1,5,6}. Then

AN (P R N I e " _ - ,+ + + - - _+
Cgl_{61a62763764765766767}andcgl_{61762763764a65a66’67}‘

We prove the following by using wall relation (see page 16).

Proposition 5.16. Fiz 1 <i <r. The class of curve r(P;) is given by
r(P) =[V(m)],

where 7, = o N o’ and o (respectively, ') is the cone generated by €, (respectively, by

Cgi”)-

Proof. From Corollary |5.13, we have the following.
el +e; — Z cje] =0, (5.10)
j>i
where ¢; is as in the statement.

First we show that the set @ := {p € £(1) : D,-V(7;) > 0} is not contained in o(1) for
any o € Y. (we adapt the arguments of [CLS1I, Proof of Theorem 6.4.11, page 306], here
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we are not assuming the curve V(7;) is extremal). Indeed, suppose @ C o(1) for some
o € X. Let D be an ample divisor in X,. Then, we can assume that D is of the form
D = Z a,D, , a, =0 for all p € o(1) and a, > 0 for all p ¢ o(1)
peEX(1)
(see [CLS11), (6.4.10), page 306]). Then we can see
D-V(r)= > a,D, V(n).
pEa(1)

As @ C o(1), by definition of @, D,-V(7;) <0 for p ¢ o(1). Since a, > 0 for p ¢ o(1), we
get D -V (7;) <0, which is a contradiction as D is ample. Therefore, @) is not contained
in o(1) for any o € X.

Hence to prove the proposition it is enough to prove
Pi=Q(={pex1): D, V() > 0})
(see again [CLS11) Proof of Theorem 6.4.11, page 306]).
From and by using wall relation, we can see that
1 if p=pf or p;.
D, -V(r) =4 —c; ifp=p/andjel;\{j}
0 otherwise.

Since ¢;’s are all positive integers (see (5.4)), by Lemma we conclude that
and hence r(P;) = [V (7;)]. This completes the proof of the proposition. O

Example 5.17. In Example the curve r(Py) = [V (1)] with 1y = o N o’ where o is
the cone generated by

Cgll = {6?,63,6;,61,65,66;,6?}
and o' is the cone generated by

"= o+ A A = = A+
€] ={e1,e5,¢63,€5,¢5,¢5,¢7 }.

6. AMPLE AND nef LINE BUNDLES ON THE BOTT TOWER

Let X be a smooth projective variety. Recall N*(X) is the real finite dimensional vector
space of numerical classes of real divisors in X (see [KIe66, §1, Chapter IV]). In N'(X),
we define the nef cone Nef(X) to be the cone generated by classes of numerically effective
divisors and it is a strongly convex closed cone in N!(X). The ample cone Amp(X) of X
is the cone in N'(X) generated by classes of ample divisors. Note that the ample cone
Amp(X) is interior of the nef cone Nef(X) (see [Kle66, Theorem 1, §2, Chapter 1V]).
Recall that the nef cone Nef(X) and the Mori cone N E(X) are closed convex cones and
are dual to each other (see [Kle66l, §2, Chapter IV] ) .

In our case, we have Pic(X,)r = N'(X,), as the numerical equivalence and linear
equivalence coincide (see [CLS11l, Proposition 6.3.15]).
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In this section, we characterize the ampleness and numerically effectiveness of line
bundles on X, and we study the generators of the nef cone of X,. We use the notation
as in Section . Let D =) a,D, be a toric divisor in X, and for 1 < ¢ <, define

d; == (ap;r +a, — Z Cjay,).
vi€ve; (1)
Then we prove,

Lemma 6.1.

(1) The divisor D is ample if and only if d; > 0 for all 1 <1i <r.
(2) The divisor D is numerically effective (nef) if and only if d; > 0 for all1 < i <r.

Proof. Proof of (2): Recall that the primitive relation r(P;) is given by
r(F;) = (Tp)pEE(l)
(see page 15). First observe that we have the following

D-r(P) = Z ap(D, - r(P)) = Z apTp

pPEX(1) pPEX(1)

(see [CLS11) Proposition 6.4.1, page 299]).
Then by (5.5, we get

D -r(P) = Zap — Z 5.

pEP; pEYP; (1)

By Lemma , we have P; = {p;", p; }. Then by Corollary m, we get

D-r(P) =(a+ +a, — Z cja.,) =: d;. (6.1)

v €vp; (1)

Since the nef cone Nef(X,) and the Mori cone NE(X,) are dual to each other, the
divisor D is nefif and only if D -C > 0 for all torus-invariant irreducible curves C' in X,.

By Theorem [5.7, we have
NE(X,) =) Rsr(P).
i=1

Hence D is nef if and only if D - r(P;) > 0 for all 1 < i < r. Therefore, by (6.1)), we
conclude that the divisor D is nef if and only if d; > 0 for all 1 < i < r. This completes
the proof of (2).

Proof of (1): Recall that the divisor D is ample if and only if its class in Pic(X, )r lies
in the interior of the nef cone Nef(X,). Hence by using similar arguments as in the proof
of (2) and the toric Kleiman criterion for ampleness [CLS11, Theorem 6.3.13], we can see
that D is ample if and only if d; > 0 for all 1 <7 <. O

Next we describe the generators of the nef cone Nef(X,) of X,.
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Example 6.2. Let G = SL(3,C) and @ = Su,54,- Note that the corresponding matriz
for the Bott tower Xg is
1 -1
=]
0 1 2x2

Then Xg = P(Op @ Opi (1)), the Hirzebruch surface 74 and the rays (pf, pL, p3 and p3 )
of the fan (shown below) of Xz are generated by

Foom — ot 4ot ot +
el,e; = —e] +e;5,e5 and —ey.

— +

P1 P2

A

~

~

P2

Figure. Fan of Hirzebruck surface 7.
The primitive relations r(Py) and r(Py) are given by
r(P) : el +ef =ey and r(P) : ey +e; =0.
By wall relation, we observe that

(1) Dys -r(P) =1 and D - 7(P,) = 0.
(2) D,--r(P) =0 and D, -r7(P,) = 1.

Then the dual basis of {r(P1) , r(P2)} is {D,+ , D,}. Hence the generators of the
nef cone Nef(74) are D, and D . Note that by Lemma Pic(s4) is generated by
{D,+,D,-}. Let D =aD,+ +bD,- € Pic(H#). Then

D is ample if and only if a >0 and b > 0
(this gives back [CLS11, Example (6.1.16), page 273]).

Now we prove the similar results for X,. For 1 < m < r, define
Jw = {1 < i <m: {oh} N e (1) # 0).
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Remark 6.3. Note that the set Jy, is the collection of indices i < m for which u,: appear
in the vp, part of the expression (ﬂ) for the primitive relation r(P;).

We set Dy :== D ot and for m > 1 define inductively

b D, if J, =10
m = (Zkej c”Pka)Jer; if J,, # 0,

is the coefficient of e in the primitive relation r(P).

Example 6.4. In Example D, = Dp1+, Jy = {1} and Dy = Dy + Dp;. By using

, we see that

VP
where —c .*
P

0 ~ div(x* ) D+—D_
and
0 ~ div(x° ) ~Dy =D, +D,

Hence Dy = Dy + Dp; = Dp;'
Example 6.5. In Exzample
(1) Recall by (5.8), we have
e; +ef =ed +ed +ef + 2 +e5 +er.
Then , vp,(1) = {p3, 03, P, P56 > 7 }-

(2) v (1) = {ps: 5. 065 P7 } (since e3 + ey =2ey +e5 +eg +e7) .
(3) e, (1) = {p5, 07} (since e +e5 =e5 +e7) .
(4) e, (1) = {p3 P57} (since ef + ey =e5 +2¢e5 +e7 ).
(5) e, (1) = {pg, p7 } (since eg +e5 = eg +2e7 ).
(6) vr,(1) = {p7} (since eg +e5 = ey ).
(7) vp.(1) = 0. (since eX + e =0 ).

Then

(1) If m =1, then Dy = D .

(2) If m =2, then Jy = {1} and cvp1 1. Hence Dy = D1+ D+
(3) If m =3, then J3 = {1} and cw1 = 1. Hence D3 = Dy + ngr.
(4) If m =4, then Jy = {1} and cw1 1. Hence Dy = D1+ D+

m = 5, then J; = an c ence
(5) If 5, then J; = {3,4} and ¢'® =1 ; ”34 =1. H
D5 == D3 +D4+Dp;
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(6) If m =6, then Js = {2,5} and CZ? =1; cZi‘” = 1. Hence
6 6

D6:D2+D5—|—ng.
(7) If m =7, then J; = {1,2,3,6} and

VP VP VP VP
cl=1;c?2=1;c¢c*=1; andc®*=1. Hence
Pr P P Pr7

D7 =Dy + Dy + Ds+ D+ D,

We prove,
Proposition 6.6. The set {D; : 1 <i <r} is dual basis of {r(P;) : 1 <i<r}.

Proof. Fix 1 < ¢ < r. By Proposition [5.16] the class of curve corresponding to the
primitive relation r(F;) is given by
r(F) = [V(7i)]

(where 7; is described as in Proposition |5.16]). From Corollary |5.13] the primitive relation
r(F)(=[V(n)]) is

el +e — Z cje] =0, (6.2)

§>i

where €; is as in Proposition Note that this is the wall relation for the torus-invariant
curve V(7;). We prove

1 ifi=m.
Dm-TGﬂZZDm-V@ﬂ:={O i %m. (6.3)
By and by wall relation, we have
1 for m =1
D, - V(m) = OWP form < . (6.4)
pm _ij: form>iand i€ J,
0 for m > i and i ¢ J,,

Hence by definition of D,,, it is clear that

1 form=1

6.5
0 form<i (6.5)

Now we claim D,, - V(1;) = 0 for all m > i. Assume that m > i and write m =i + j,
where 1 < 7 < r —i. We prove the claim by induction on j. If j =1, then D,, = D; ;.

Case 1: If J;41 =0, then D; | = ngrH. By 1} we see that
Diy1 - V(i) =0.
Case 2: Assume that J;,1 # 0.

Subcase 1: If i ¢ J;11, then by (6.4)) and (6.5]), we can see that
Di-l—l . V(TZ) = 0.



ON MORI CONE OF BOTT TOWERS 29

Subcase 2: If i € J;;1, then by (6.5)), we have
Dip1-V(m) =0 + (D,z,, - V(7).

= C +
Pit1

By 1’ D ot V(n) = —ch and hence D,y - V(7;) = 0. This proves the claim for
j=1 v
Now assume that j > 1.

Case 1: If J,, = 0, then by (6.4) and (6.5)), we see that

Case 2: Assume that J,, # 0.
Subcase 1: If i ¢ J,,, then by (6.4) and (6.5]), we can see that
Dy V() =(( Y D) V() + (D, - V(n)):

k€Jm,k>i

By induction on j, Dy -V (7;) =0 for all i < k < m. By (6.4), as m > i and m ¢ J,, , we
have

Hence we conclude that

This completes the proof of the proposition. 0
We have,

Theorem 6.7.

(1) The nef cone Nef(X,) of X, is generated by {D; : 1 < i <r}.
(2) The dwisor D =Y. a;D; is ample if and only if a; > 0 for all 1 <i <r.

Proof. Since the nef cone Nef(X,) is dual of the Mori cone NE(X,), (1) follows from
Proposition [6.6]

Proof of (2): This follows from (1) as the ample cone Amp(X,) is interior of the nef
cone Nef(X,). O

7. FANONESS AND WEAK FANONESS OF BOTT TOWER

In this section we describe the matrices M, such that the corresponding to Bott tower
X, is Fano or weak Fano. First recall the litaka dimension of a Cartier divisor D in a
normal projective variety X. Let

N(D) :={m >0: H*(X, Z(mD)) # 0},

where £ (mD) is the line bundle associated to mD. For m € N (D), we have a rational
map

G 1 X ——» P(HY(X, Z(mD))*).
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If N(D) is empty we define the [itaka dimension k(D) of D as —oo. Otherwise we define

R(D) = nax {dim(¢m(X))}-

Observe that k(D) € {—00,0,1,...,dim(X)}. We say D is big if k(D) = dim(X) (see
[Laz04l, Section 2.2, page 139]). Note that an ample divisor is big .

Lemma 7.1. Let X be a smooth projective variety, let U be an open affine subset of X.
Let D be an effective divisor with support X \ U. Then D is big.

Proof. 1t suffices to show that there exists an effective divisor £ with support X \ U such
that E is big. Indeed, we then have mD = E + F for some m > 0 and for some effective
divisor F'. Then E + F'is big and hence so is D.

There exists f1,..., fn € Ox(U) algebraically independent over C, where n = dim(X).
View fi,..., f, as rational functions on X, then fi,..., f, € H°(X,Ox(F)) for some
effective divisor £ with support X \ U (since div(f;) is an effective divisor with support
in X \ U for 1 <i <r). Thus, the monomials in fi,..., f, of any degree m are linearly
independent elements of H°(X, Ox(mFE)). So dim(H°(X,Ox(mE))) grows like m™ as
m — oo. Hence E is big (see [Laz04, Corollary 2.1.38 and Lemma 2.2.3]) and this
completes the proof. O

We get the following as a variant of Lemma [7.1]

Let X be a smooth projective variety and D be an effective divisor. Let supp(D)
denotes the support of D. If X \ supp(D) is affine, then D is big.

A smooth projective variety X is called Fano (respectively, weak Fano) if its anti-
canonical line bundle —Kx is ample (respectively, nef and big). To describe our results
we use the notation and terminology from Section [1| (see page 3).

We prove,
Theorem 7.2.
(1) X, is Fano if and only if it satisfies I1.
(2) X, is weak Fano if and only if it satisfies I11.

Proof. Proof of (2): We have
Kx,=- Y D, (7.1)
)

peX(1
(see [CLS11l Theorem 8.2.3] or [Ful93, Page 74]). The anti-canonical line bundle of any
projective toric variety is big, since we have

supp(—Kx,) = X, \ (C7)',
(C*)" is an affine open subset of X,, by Lemma —Kx, is big.
By using Lemma [6.1], we prove that — K, is nefif and only if X, satisfies I71.
Let D = —Kx,. By and by definition of d; for D (see Lemma , we have

dZIZ— Z Cj.

vi€ve; (1)
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Then by Lemma (2), — K, is nef if and only if > cj<2forall1<i<r.

vi€vp; (1)
First assume that — Ky, is nef. Fix 1 <i <r. By above discussion, we have

Y <2 (7.2)

vi€vp; (1)

Since ¢;’s are positive integers (see ), we get the following situation:
[vp, ()] = 0 or [yp,(1)] = 1, or [yp(1)] = 2.
Case 1: If |yp,(1)] = 0, then by definition of vp, (see Proposition [5.11)), we have
r(P) : ef +e =0.
Hence we see X, satisfies the condition N}.

Case 2: If |yp,(1)| = 1, then there exists unique r > j > 4, such that v; € vp,(1) and
the primitive relation is either

r(P) : ef +e =cjef (7.3)
or
r(P) :ef +e; = cje; (7.4)

By (7.2), we get ¢; =1 or 2.
Subcase (i): Assume that ¢; = 1. If the primitive relation is (7.3), then we can see that
In7| =0 and ¢; = —3;; = 1. Then f;; = —1 and hence X, satisfies the condition N?.

If the primitive relation is (7.4)), then by (2.2) |n; | = 0 and |n;"| = 1. Hence ¢; = §;; = 1
and B = 0 for all & > j.

Subcase (ii): Assume that ¢; = 2. If the primitive relation r(F;) is , then || =0
and |n; | = 1. So by , we have ¢; = —f3;;. If the primitive relation () is , then
07| =1, In;| =0 and Bj;, = 0 for all k > j. Again by (2.2), we have ¢; = f3;; Thus,

either 3;; = =2 or 3;; = 2.
Hence X, satisfies the condition N?.

Case 3: If |yp,(1)| = 2, then there exists 7 > s; > so > @ with 7s,,7s, € vp,(1) such
that the primitive relation r(F;) is

r(P) : ef + e =cy €5 + cge (7.5)

52
Subcase (i): If the primitive relation is r(P) : : e/ +e; = csef, +cg,ef,, by (2.2) we see
Inf|=0and |n;| =2 . By (7.2) and (5.4) (c;’s are positive integers), we get
¢, =1, ¢5, =1 and fi5, = Bis, = —1.
Hence X, satisfies the condition N7.
Subcase (ii): If the primitive relation is 7(F;) : e +e; = c5ef +cye,, by (2.2) we
see || =1=|n;|. Then Bis;, = —1, Bis, = 1 and By, = 0 for all k > s,.

Subcase (iii): If the primitive relation is 7(F;) : e +e; = cy €5, +cgel, by (2.2) we

EDRS

see |[n| =1 and B, = 1. Then By,s, — Bis, = 1 and Bs,x — Bir = 0 for all k > sy.
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Subcase (iv): If the primitive relation is 7(P;) : ef +e; = ¢, €, + cy,€y,, by 1’ we
see |n | =1 and B, = 1. Then By, — Bis, = —1 and Bis, — Bsys, — Bsor = 0 for all k > so.

Hence X, satisfies the condition N?. Therefore, we conclude that if X, is weak Fano
then X, satisfies the condition /71. Similarly, we can prove by using Lemma [6.1)(2), if X,
satisfies 111 then X, is weak Fano. This completes the proof of (2).

Proof of (1): This follows by using similar arguments as in the proof of (2) and Lemma

6.1(1). 0

7.1. Local rigidity of Bott towers. Now we prove some vanishing results for the co-
homology of tangent bundle of the Bott tower X, and we get some local rigidity results.
Let T, denotes the tangent bundle of X,. Then we have

Corollary 7.3. If Xy satisfies I1, then H (X4, Tx,) =0 for all i > 1.

Proof. 1f X, satisfies 11, then by Theorem , X, is Fano variety. By [BB96, Proposition
4.2], since X, is a smooth Fano toric variety, we get H'(X,,T,) = 0 for all 7 > 1. O

It is well known that by Kodaira-Spencer theory, the vanishing of H'(X,Ty) implies
that X is locally rigid, i.e. admits no local deformations (see [Huy06, Proposition 6.2.10,
page 272]).

Then by above result we have

Corollary 7.4. The Bott tower X, s locally rigid if it satisfies I1.

8. LoG FANONESS OF BOTT TOWERS

Recall that a pair (X, D) of a normal projective variety X and an effective Q-divisor D
is Kawamata log terminal (klt) if Kx + D is Q-Cartier, and for all proper birational
maps f : Y — X, the pull back f*(Kx + D) = Ky + D’ satisfies f,Ky = Kx and
| D'| <0, where | Y. a;D;| =) ;|a;]D;, |z] is the greatest integer < x.

The pair (X, D) is called log Fano if it is klt and —(Kx + D) is ample.

We recall here, a condition for the anti-canonical line bundle to be big (see [CG13]).
Let X be a Q- Gorenstein projective normal variety over C. If X admits a divisor D
with the pair (X, D) being log Fano then —Kx is big (In [CG13] there is a necessary and
sufficient condition that X is log Fano (or “Fano type ”) variety, see [CG13, Theorem 1.1]
for more details on this ).

If X is smooth and D is a normal crossing divisor, the pair (X, D) is log Fano if and
only if |D] = 0 and —(Kx + D) is ample (see [KMO8, Lemma 2.30, Corollary 2.31
and Definition 2.34]). In case of toric variety X see also [CLS11) Definition 11.4.23 and
Proposition 11.4.24, page 558]. We use notation as in Lemma Let D = Zpez(l) a,D,

be a toric divisor in X, with a,s in Q¢ and [D] = 0. For 1 <i <r, define
ki = dZ -2 + Z Cj.
v €vp; (1)

Then we prove,
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Theorem 8.1. The pair (X, D) is log Fano if and only if k; < 0 for all 1 <i <.

Proof. From the above discussion by the condition on D, the pair (X,., D) is log Fano if

and only if —(Ky, + D) is ample. Note that as —Kx, =} .y Dy, we get
(x4 D)= Y (1-a,)D,
peEX(1)
By Lemma —(Kx, + D) is ample if and only if
(I—a)+(1—a,)— Y ¢ll—ay))>0foralll<i<r (8.1)

vi€ve; (1)
Recall the definition of d; for D,
d; = Gy + Q- — Z CjQy, -
vi€vp; (1)
Then we have

(I=ap)+(P—a )= D> gll-a))=—(di-2+ Y ¢

l v;€vp; (1) vj€vp; (1)
Hence in ({8.1))
(1l-a+)+(1—a,-)— Z cj(l1—a,,)) =~k foralll1 <i<r

Pi P
vj€vp, (1)
and we conclude that —(Kx, + D) is ample if and only if k; < 0 for all 1 < i < r. This
completes the proof of the theorem. O

9. EXTREMAL RAYS AND MORI RAYS OF THE BOTT TOWER

In this section we study the extremal rays and Mori rays of Mori cone of X,. First
we recall some definitions. Let V' be a finite dimensional vector space over R and let K
be a (closed) cone in V. A subcone @ in K is called extremal if u,v € K,u+v € @
then u,v € ). A face of K is an extremal subcone. A one-dimensional face is called an
extremal ray. Note that an extremal ray is contained in the boundary of K.

Let X be a smooth projective variety. An extremal ray R in NE(X) C N@ is called
Mori if R - Kx < 0, where Kx is the canonical divisor in X. Recall that NE(X,) is a
strongly convex rational polyhedral cone of maximal dimension in Ni(X,).

We prove,
Theorem 9.1.

(1) The class of curves r(P;) for 1 < i < r are all extremal rays in the Mori cone
NE(X,) of X,.

(2) Fiz1 <i <, the class of curve r(P;) is Mori ray if and only if either |yp,(1)| = 0,
or |yp,(1)| =1 with ¢; =1 for v; € vp,(1).
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Proof. Proof of (1): This follows from Theorem and Corollary [5.8|

Proof of (2): By (1), r(P) 1 < i < r are all extremal rays in NE(X,). Hence for
1 <i<r r(P)is Mori if Kx, -r(FP;) < 0. Since Kx, = _ZpGE Dy, we can see by
Corollary and by similar arguments as in the proof of Lemma ﬁ

Kx, -r(P)=-2+ Z ¢ (9.1)

v €vp; (1)

Thus if Kx, -r(P;) <0, then
Z ¢ < 2.
vi€ve; (1)
As ¢; are all positive integers ( see 5.4), we get either |yp,(1)] = 0, or |yp,(1)] = 1 and
c; =1 for v; € yp,(1).

Similarly, by using (9.1) we can prove the converse. This completes the proof of the
theorem. ]

Now we prove a general result for smooth projective toric varieties,

Lemma 9.2. Let X be a smooth projective toric variety of dimension r. Then X is Fano
if and only if every extremal ray is Mori.

Proof. By |[CLS11, Theorem 6.3.20](Toric Cone Theorem), we have
NEX)= > [V(7)] (9.2)

T€X(r—1)

If X is Fano, then by definition, — Ky is ample. By toric Kleiman criterion for ampleness
[CLS11 Theorem 6.3.13], we can see that —Kx - V(7) > 0 for all 7 € ¥(r —1). Then
Kx -V(r) <0 forall T € ¥(r — 1). In particular, every extremal ray is Mori.

Conversely, let Rso[V(7)] be an extremal ray, by assumption it is a Mori ray. Then
by definition of a Mori ray, we have Kx - V(7) < 0. This implies —Kx - V(7) > 0.
By (9.2), NE(X) is a polyhedral cone and hence the extremal rays generate the cone
NE(X). Hence we see that —Ky - C > 0 for all classes of curves [C] in NE(X). Again

by toric Kleiman criterion for ampleness, we conclude that — Ky is ample and hence X
is Fano. 0

Then we have the following:

Corollary 9.3. The Bott tower X, is Fano if and only if every extremal ray in N E(X,)
18 Morsi.
10. APPLICATIONS TO BSDH VARIETIES AND ITS TORIC LIMITS

In this section we see some applications to BSDH-varieties, by using their toric degen-
eration as a Bott tower.
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10.1. Ample cone of the toric limit of BSDH variety. In [LT04], the ampleness of
line bundles on BSDH variety Z(w) is studied. Now we compare the ample cone of the
toric limit X with that of the BSDH-variety Z(w) as a consequence of Theorem [3.2]

Corollary 10.1. The ample cone Amp(Xz) of Xy can be identified with a subcone of the
ample cone Amp(Z(w)) of Z(w).

Proof. By Theorem [3.2], 7 : X — A! is a smooth projective morphism with X, = X4 and
X, = Z(w) for u # 0.

Let £L = {L, : v € A'} be a line bundle on 7 : X — A' with £ is an ample line
bundle on X;;. Note that the ampleness of line bundle is an open condition for the proper
morphism 7, i.e. there exists an open subset U in A' containing 0 such that £, is ample
line bundle on X, for all u € U (see [Laz04, Theorem 1.2.17]). Hence we can identity
Amp(X ) with a subcone of Amp(Z(w)). O

10.2. Fano and weak Fano properties. In this section, we observe that Fano and weak
Fano properties for BSDH variety Z(w) depend on the given expression .

When G is finite dimensional and the expression w is reduced, the classification of the
expressions w for which Z(w) is Fano or weak Fano is considered in [Chal7]. Here we get
similar results when G is a Kac-Moody group.

First we discuss the conditions I, I1 and I1] with some examples. We use the ordering
of simple roots as in [Hum72, Page 58].

The condition [:

This condition means that the expression w is fully commutative without repeating the
simple reflections. For example if G = SL(n,C) and @ = S4,505**Sa,, 1 <7 <n—1
and r is odd, then || = 0 and |n; | = 0 for all 7.

o X, (or Z(w)) satisfies the condition I and also observe that in this case we have
Xo = Z(0) ~P' x--- xP*  (dim(Z(w)) times ).

The condition [1:
Let G = SL(n,C) and fix 1 < j <r <n— 1 such that j is even and r is odd.

Let @ = Sa;Sas "+ Sa;_3Sa;_150;Sa, 115045 " " Sa

s

Note that s,; appears only once in the expression w and |n| = 0 for all i. Let p be the
‘position of s,,” in the expression @, then |, | = 0 for alli # p,p—1 and [, | =1 = |n;|
with ,_1, = =1 = Bppt1-

e X (or Z(w)) satisfies condition I7 but not I.

The condition [11:
Again, let G = SL(n,C) and fix 1 < j <r <n — 1 such that j is even and r is odd.

Let W = S4,8a; " Saj_35a;5a;_1 50415545 " Sar (observe that we interchanged Sa, and
Sa,_, in the example of condition I7). Then |n;| = 0 and || < 2 for all 4. Let p be
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the ‘position of s,,” in the expression w, then |n; | = 0 for all i # p and [n, | = 2 with
Bppr1 = —1 = Bppi-

o X (or Z(w)) satisfies the condition /11 but not I and I1.
Let W = Sa,Sa55q,- Then || =1 with 813 =2, and |n; | =|ny | =n,|=0.
o X, (or Z(wy)) satisfies 111 but not I and I1.

Observe that the condition |n; | = 1 and f; = —2, happens only in non-simply laced
cases. Let G = SO(5,k) (i.e. G is of type By), let W = 4,84, and Wy = S, Sa,. Recall
that we have (ay,a2) = —2 and (ag, ;) = —1. Then

o X, (or Z(wy)) satisfies I11 but not [ and 17 .
o Xy, (or Z(wy)) satisfies I1 but not I.

Let G be of type Go (with (a1, as) = —1 and (ag, ;) = —3). Let W0 = $4,54, and
Wg = Sq,Sa,- Lhen

e Xy, (or Z(w)) satisfies I1 but not I .
e Xz, (or Z(w3)) does not satisfy any of the conditions I, IT or I11.

Recall that the canonical line bundle Oz (Kzw)) of Z(w) is given by
Oz(w)(Kz(u})) = Oz(ﬁ,)(—aZ(ID)) & E(—é),

where 0Z(w) is the boundary divisor of Z(w) and § € N such that (§,&) = 1 for all
a € S, where & is the co-root of o (see [Kuml2, Proposition 8.1.2] and also [Ram85,
Proposition 2|). Note that if G is finite dimensional, ¢ is half sum of the positive roots.

Recall that by Lemmal3.5] the toric limit X is a Bott tower. Now we have the following
result:

Corollary 10.2.

(1) If Z(w) satisfies 11, then Z(w) is Fano.
(2) If Z(w) satisfies 11, then Z(w) is weak Fano.

Proof. By Theorem , ¢ : X — A'is a smooth projective morphism with X, = X and
X, = Z(w) foru € A' | u #,0.

Proof of (1): By [Laz04, Theorem 1.2.17], if —Ky, is ample then —Ky, is ample for
u # 0. By Theorem [7.2, — K, is ample if and only if X satisfies I1. Hence we conclude
that if Z(w) satisfies I1, then Z(w) is Fano.

Proof of (2): First we prove —K () is big. Let
Zo = Z(w) \ 0Z ().
Note that Z, is an open affine subset of Z(w). Then by Lemma [7.1 0Z(w) is big. Since
O(=Kz@w)) = O(0Z(w)) © L(9)

and L(0) is nef, we conclude —Ky ) is big, as tensor product of a big and a nef line
bundles is again a big line bundle.
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By [Laz04, Theorem 1.4.14] and X, = Z(w) for u # 0, we can see that if —Ky, is nef
then — K, is also nef for u # 0. Therefore, (2) follows from Theorem [7.2(2). O

There exists expressions @ such that the BSDH variety Z(w) Fano (respectively, weak
Fano) but the toric limit Xz is not Fano (respectively, not weak Fano).

Example 10.3. Let G = SL(4,C).

(1) Let @ = S4,8a,- Then Z(w) ~ P! x P!, which is Fano. The toric limit X4 =~
P(Op @ Opi(2)). Since Xy does not satisfy 11, then by Theorem 7.4, Xg is not
Fano.

(2) Let @ = S4,Say8a,- Then it can be seen Z(w) is Fano (see [Chal7, Example 5.3]).
By Theorem 7.3, the toric limit X4 is weak Fano but not Fano.

Example 10.4. Let G = SO(5,k), i.e. G is of type By. Let W = Sa,SaySa,- By Theorem
the toric limit Xg is not weak Fano. Also we can see Z(W) is weak Fano but not
Fano (see [Chal7, Theorem 5.2]).

10.3. Log Fano BSDH varieties and its toric limits. In [And14] and [AS14] log
Fanoness of Schubert varieties and BSDH varieties were studied respectively. Now we

characterize the (suitably chosen) Q-divisors D in Xz (respectively, D' in Z(w)) for
which (X, D) (respectively, (Z(w), D') is log Fano.

Let v; = sg, -+ - 53,,,(B;) for 1 <@ < r. Then,
i=1

by = (6, %) = ht(), (10.1)
where ¢ is as in Section [10.2] (see page 36), £(d) is the homogeneous line bundle on
Z(w) corresponding to ¢ and ht(f) for a root f = Y . | n;q;, is the height defined by
ht(B) = > ¢, n; (see MR85, Proof of Proposition 10]). When  is reduced, ; is a positive
root and we can see the relation from the Chevalley formula for intersection of
Schubert variety by a divisor (see [AS14, Page 410] or [Che94]). It is known that

T

— Ky = Y (i +1)Z (10.2)

i=1
(see [MRS85], Proposition 4]). Let D' = "', a,Z; be a effective Q-divisor in Z(w), with
| D'] = 0. Then by (10.2)), we get

—~(Kz@y + D) =Y (bi+1+a)Z;.
i=1
For 1 <17 <r, define
fi= Wit l+a)— D ¢lbj+1+ay),
yjevp; (1)t
where yp,(1)" :=vp (1) N{p : 1 <1 <r}.
We prove,
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Theorem 10.5. The pair (Z(w), D') is log Fano if f; >0 for all 1 <i <r.

Proof. By definition of D', the pair (Z(w),D’) is log Fano if and only if —(Kz) + D)
is ample. Now we prove —(Kzg + D’) is ample if f; > 0 for all 1 <14 < r. Recall that
Zi={l(p1,-..,pr)] € Z(w) : p; € B} isadivisor in Z(w), D+ is the divisor corresponding
to p € X(1) and ZF =7 (z) N Z; for z € k (see Section and Section [3).

By Theorem [3.2] we have

Zr=Z; forx#0 and Z) = D ;. (10.3)

Assume that f; > 0 for all 1 < < r. By ((10.3) and by [Laz04, Theorem 1.2.7] to prove
(Z(w), D') is log Fano it is enough to prove

r

Z(bi +1+ a,-)Dpj is ample .

i=1

By Lemma we see that » 7, (b + 1+ a;) D+ is ample if and only if

fi=(bi+1+a)— Z cj(bj+1+a;))>0forall<i<r.

Vi €vp; (DT

Hence we conclude that (Z(w), D') is log Fano. O

10.4. Local rigidity of BSDH varieties and its toric limits. In this section we
obtain some vanishing results for the cohomology of tangent bundle of the toric limit X

and Z(w).

In [CKP15] and [CK17], we have obtained some vanishing results for the cohomology
of tangent bundle of Z(w), when G is finite dimensional and @ is reduced (see [CKP15|
Section 3] and [CK17, Theorem 8.1] ). The case @ is non-reduced is considered in [CKP].

Now we prove some vanishing results for the cohomology of tangent bundle of BSDH
variety Z(w) when G is Kac-Moody group and @ not necessarily reduced. Let Ty denotes
the tangent bundle of X, where X = X or Z(w). Then we have

Corollary 10.6.
(1) If X satisfies I1, then H (X4, Tx,) =0 for alli > 1. In particular, X is locally
rigid.
(2) If Z(w) satisfies 11, then H'(Z (W), Tz@)) = 0 for all i > 1. In particular, Z(w)
18 locally rigid.

Proof. Proof of (1): This follows from Corollary as X is a Bott tower.

Proof of (2): From Theorem , 7 : X — A! is a smooth projective morphism with
Xo=Xgand X, = Z(w) foru € A' | u # 0. Hence (2) follows from (1) by semi-continuity
theorem (see [Har77, Theorem 12.8]). O
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11. AJP AND PK RESULTS USING TORIC GEOMETRY

In this section we are going to recover the results of [PK16] by using methods of toric
geometry. In [PKI6], they have assumed that G is a simple algebraic group . In our
situation G is a Kac-Moody group.

Recall the following:
(1) W = s, -+~ 55, and @' = sg, -~ 55,_,.
(2) The toric morphism
fr X — X
induced by the lattice map
AR/
the projection onto the first » — 1 coordinates.
As we discussed in Section [3] there are two disjoint toric sections for the P!'-fibration
fr . Xu”] — X,J]/
(see Lemma [3.4)).
Definition 11.1.
(1) Schubert and non-Schubert sections: We call the section corresponding to

the mazimal cone pl (respectively, p, ) in Yp (the fan of the fiber of f.) by
‘Schubert section o°_, " (respectively, ‘non-Schubert section o} )’ ).

(2) Schubert point: Let o € ¥ be the maximal cone generated by
{ef,...,e}.

We call the point in Xz corresponding to the maximal cone o by ‘Schubert point’.

(3) Schubert line: We call the fiber of f, over the Schubert point by ‘Schubert line
L,

Note that these definitions agree with that of in [PK16].

Now onwards we denote w = (1,...,r) (respectively, @' = (1,...,7 — 1)) for the
expression W = Sg, - - - S, (respectively, W' = sg, --- 55, ).

Let I;; = (i1,...,im) be a subsequence of w. Inductively we define the curve Ly,
corresponding to [;;. Let L; be the curve in Xy corresponding to the subsequence
1

I = (i1,...,im-1) of I;; . Then define
Ly, = Ui—1(LI;1)-
and
02—1([/1{1) = ngl-
We have the following result:

Lemma 11.2. The classes of Schubert lines L;, 1 < j <r form a basis of N1(Xg).
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Proof. Proof is by induction on 7. Assume that the result is true for r — 1. Since Xy is a
projective bundle over X (see Lemma [3.4)), then by [Bar71, Lemma 1.1],

L, and oY | (L;) for 1<j<r

(the image of L; by the Schubert section in Xz) form a basis of Ny(Xz). By definition of
Ly, we have

o) (Lj)=L;jfor1<j<r-—1

r

and hence the result follows. O

Let 1 <5 <.

Let Z :={¢' : 1<l <rand =+ forall l}.

Let Z;:={ef' : 1 <I<rand g=+foralll#1le=—}.
Lemma 11.3. Fiz 1 < j <r. Then the Schubert line L; is given by

Ly =V(r;) , with 7; = o0 N o},
intersection of the mazimal cones in X, where o (respectively, 0;.) 1s generated by 9
(respectively, ;).
Proof. Let us consider the expression w; = sg, -+ sg, for 1 < j <r. Let ¥; be the fan of
the toric variety X;,. By Lemma[3.4]
fj : ij — Xﬁ;j,1

is a P'-fibration induced by f; : Z7 — Z/~' the projection onto the first j — 1 factors.
Also note that the Schubert point in X, , corresponds to the maximal cone generated
by

—1

{ef 11<i<j—1}

and the fan of the fiber is given by {e],0,e;}. Let o; (respectively, o) be the cone
generated by

{ef :1<1<5}
(respectively,
{ef 11<1<j—1 u{e} ).
Then by definition of Schubert line L;, we can see that L; is the curve in X, given by

Lj = V(Tj), where T S Ej and Tj =0y N 0';.

Since the Schubert section of f for (j < k < r) corresponds to e}, we see

Mo ool (Ly),

by abuse of notation we also denote it again by L; in Xy, is given by
Lj = V(r;) with 7 = 0 N0},

where ¢ and O';- are as described in the statement. This completes the proof of the

lemma. O
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Let 2 :=={e;' : 1 <1 <rand

[ otign }
T - iflelr, '

Let 2" .= {e' : 1 <1 <7 and
+ iflé¢l;
€ = X ¢ ! }
— ifl € Iil
Proposition 11.4. The curve Ly, is given by

Ly

where o;, (respectively, o; ) is the cone generated by & (respectively, ;" ).

P . y . P . /
., = V() with 7, = 0y, N oy,

Proof. As in the proof of Lemma we start with j = 4; and L;, is the Schubert line
in Xz, . By Lemma , we have

Ly, = V() with 7, = 03, N oy,
By definition of L;, we have

0 0 _ : N
041090 Ji1+1(Li1) - Li1 m szgfl

and

1 0 0 _ 3 .
Uiz o O-iz—l O---0 0'7;1_’_1(_[/1'1) = L{il,iz} m Xwi2.

By repeating the process we conclude that

Ly, =V(r,) with 7, = 03, N oy,
where 0;, and oj are as described in the statement. This completes the proof of the
proposition. [

Fix 1 <¢<r7r. Let
Li={i=j1,J2,- -, jm}
as in Proposition 5.11}

Theorem 11.5. The class of curve Ly, is r(F;) in Ni(Xy)z.
Proof. This follows from Proposition [5.16| and Proposition [11.4 OJ

Now we get [PK16, Theorem 22] as a corollary.

Corollary 11.6. The set {L;, : 1 < i < r} of classes of curves forms a basis of N1(Xg)
and every torus invariant curve in N1(Xg) lie in the cone generated by {Lj, : 1 <1i <r}.

Proof. First assertion follows from Corollary and Theorem [11.5] Second assertion
follows from Theorem [5.7. O

We have the following result (see [PK16, Theorem 30])

Corollary 11.7. The extremal rays of the toric limit Xy are precisely the curves Ly, for
1< <r.
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Proof. This follows from Theorem [9.1] and Theorem [T1.5] O

We prove the following:

Proposition 11.8. Let 1 < j <r and let L; be the Schubert curve in Xg. Then,

Ky, Lj=-2-Y B

k>j

Proof. By definition of e}, we have

el ey + > Buel =0. (11.1)

k>j
By Lemmal|l1.3| we have L; = V(7), with 7 = cNo’ where o (respectively, 0’) is generated
by
{ej' 11 <1<reg=+foralll}
(respectively,
{e) tg=+for 1 <l <randl#je=—} ).
Hence (11.1)) is the wall relation for the curve L;. Then by wall relation, we see that

1 ifp:p;rorpj’.

Dp'Lj: Bkj 1fp:p2andk>]

0 otherwise.

Since Kx, = —_ cx) Dp: We get

k>j

This completes the proof of the proposition. (]

Similarly, the results [PK16, Theorem 35] and [PK16l Corollary 36] follow from Theorem
and Corollary [9.3

Remark 11.9.

(1) In Theorem we have seen the vanishing results of the tangent bundle of Bott
tower X, for some special cases. It is an interesting problem to study the cohomol-
ogy of tangent bundle of X,., which gives local rigidity results for X,, and hence
for the BSDH variety Z(0).

(2) It also interesting to find the automorphism group of the Bott tower X,.

We are working in this direction.

Aknowledgements: I would like to thank Michel Brion for valuable discussions, many
critical comments and for encouragement throughout the preparation of this article.
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12. APPENDIX

By Lemma , the set {D + : 1 < i < r} forms a basis of Pic(X,). Now we describe
D, in terms of D +’s (1 <j <r).

Let 1 <17 <r, define hi_l = —fi;—1 and
0 for 5 > 1.
hi =41 for j =i.
Z sz( 7) for j <.
Then we prove,

Lemma 12.1. Let 1 < i <r. The coefficient of D+ in D - is hf
7 7

Proof. Proof is by induction on ¢ and by using

0 ~ div(x% ) = Z (u,,e;)D,. (12.1)

peX(1)
Recall the equation ({2.2]),
e; = —ef — Zﬁijej for all i .

>
If i =1, by (12.1)), we see
0~ div(x") = D,+ — D,-.

Then
D_~D 4. (12.2)

P1 P1
If i =2, by (12.1)) and (2.2)), we see
ONdZU( ) D+—D7—621D7

By (12.2), we get

D, NDpi_ﬁmDPif:th@th%Dpf'

By induction assume that

D,-~ ) D, forall k <i.

j=1

Again by (12.1)) and ([2.2)), we see

0~ div(x% ) = D, =D, = BuD, .

k<i
Then
-~D oy ZBZ/{)D -

l
k<i
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Hence

k<i 7=1

Since hi =0 for k < j, we get

D, ~ Dy — > il Zh?;Dp;)

k<i
Then
i—1
Dy~ Dy 4 S-S )
J=1 k=j
Therefore, we conclude that D - ~ D + + Z; 11 h{D - This completes the proof of the
lemma. O

Let € € {+, —}. Define
YD) ={p;:1<i<r}.

D—ZapD— ZaPD—FZaP

peEX(1) peX(1 peX(1)—

Then

For1 <i<r,let

—a++Za hZ

Then we have
Corollary 12.2.

D= > a,D,~> gD,

pEX(1) i=1

Proof. We have

T

D= aD,=) a +D+—|—Za D,

peX(1) i=1

By Lemma we can see that
J
>0, Dy ~ S, (350D,
i=1 i=1 j=1

Then

ZamDZ NZ Zapj hl

=1 j=i
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Hence we have
D~ Z(am—* T Zapj_h;)Dpf‘
i=1 j=i
Thus, D ~ i, g;D,+ and this completes the proof. O

In [Pas10]), B. Pasquier obtained vanishing theorems for the cohomology of certain line
bundles on BSDH varieties, by using cohomology of line bundles on the toric limit and
by semi-continuity theorem (see [Pasl0, Theorem 0.1]). By Corollary [12.2] we can also
see some vanishing results for the cohomology of certain line bundles on BSDH varieties.
For example the following result:

Let D =3"._, g;Z; be a divisor in BSDH variety Z(w), where g; is as above for 1 <7 <.
We use the notation as in Section [6l

Corollary 12.3. Ifd; > 0 for all 1 < i <7, then H(Z(w),D) =0 for all j > 0.

Proof. Since d; > 0 for all 1 < ¢ <r, by Lemma , Zpezu) a,D, is a nef divisor in X.
Then we have
HY(Xg, Y a,D,)=0forallj>0
pEX(1)
(see [CLS11, Theorem 9.2.3, page 410] or [Oda88, Theorem 2.7, page 77]). Recall that by
Theorem [3.2] we have

Zr=7; forO£xz ek and 2] = D ;.

Hence by Theorem Corollary and by semi-continuity theorem (see [Har77, The-
orem 12.8]), we get

H(Z(w),D) =0 for all j > 0.
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