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GLOBAL EXISTENCE FOR THE DEFOCUSING MASS-CRITICAL
NONLINEAR FOURTH-ORDER SCHRODINGER EQUATION BELOW THE
ENERGY SPACE

VAN DUONG DINH

ABSTRACT. In this paper, we consider the defocusing mass-critical nonlinear fourth-order Schrodinger
equation. Using the I-method combined with the interaction Morawetz estimate, we prove
that the problem is globally well-posed in HY(R%),5 < d < 7 with v(d) < v < 2, where
7(5) = §,7(6) = 3 and v(7) = 2.

1. INTRODUCTION

Consider the defocusing mass-critical nonlinear fourth-order Schrédinger equation, namely

{z’atuu,x)m?u(t,z) = —(luffu)(t,z), t=0,2€RY,

u(0,2) = up(x) € HI(RY), (NL4S)

where u(t, r) is a complex valued function in Rt x R

The fourth-order Schrodinger equation was introduced by Karpman [Kar96] and Karpman-
Shagalov [KS00] taking into account the role of small fourth-order dispersion terms in the prop-
agation of intense laser beams in a bulk medium with Kerr nonlinearity. The study of nonlinear
fourth-order Schrodinger equation has attracted a lot of interest in the past several years (see
[Paul], [Pau2], [HHWO06], [HHWO07], [HJ05], [MXZ09], [MXZ11], [MWZ15] and references therein).

It is known (see [Din1] or [Din2]) that (NL4S) is locally well-posed in H”(R¢) for v > 0 satisfying
for d #1,2,4,

fﬂ§1+2. (1.1)

Here [+] is the smallest integer greater than or equal to . This condition ensures the nonlinearity
to have enough regularity. The time of existence depends only on the H7-norm of initial data.
Moreover, the local solution enjoys mass conservation, i.e.

M (u(t)) = [[u()[Z2 @) = lluollZa gay

and H?2-solution has conserved energy, i.e.

E(u(t)) = /]Rd %|Au(t,$)|2 + 2d+8

The conservations of mass and energy together with the persistence of regularity (see [Din2]) yield
the global well-posedness for (NL4S) in H?(R%) with v > 2 satisfying for d # 1,2, 4, (1.1). We also
have (see [Dinl] or [Din2]) the local well-posedness for (NL4S) with initial data ug € L?(R?) but
the time of existence depends on the profile of ug instead of its HY-norm. The global existence
holds for small L?-norm initial data. For large L2-norm initial data, the conservation of mass

| 2d+48

4 dx = E(ug).

u(t, )
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2 V. D. DINH

does not immediately give the global well-posedness in L2(R9). For the global well-posedness with
large L?-norm initial data, we refer the reader to [PS10] where the authors established the global
well-posedness and scattering for (NL4S) in L2(R%),d > 5.

The main goal of this paper is to prove the global well-posedness for (NL4S) in a low regularity
space H7(R%),d > 5 with v < 2. Since we are working with low regularity data, the conservation
of energy does not hold. In order to overcome this problem, we make use of the I-method and the
interaction Morawetz inequality. Due to the high-order term A2u, we requires the nonlinearity to
have at least two orders of derivatives in order to successfully establish the almost conservation
law. We thus restrict ourself in spatial space of dimensions d = 5,6, 7.

Let us recall some known results about the global existence below the energy space for the
nonlinear fourth-order Schrédinger equation. To our knowledge, the first result to address this
problem belongs to Guo in [Guol0], where the author considered a more general fourth-order
Schrodinger equation, namely

i0su + ANAu + pA%u 4 vlu*™u = 0,

and established the global existence in H”(RY) for 1+ md=9ty 4m mddTPHIS ~v < 2 where m is
an integer satisfying 4 < md < 4m+2. The proof is based on the I method which is a modification
of the one invented by I-Team [CKSTT02] in the context of nonlinear Schrédinger equation. Later,
Miao-Wu-Zhang studied the defocusing cubic fourth-order Schrodinger equation, namely

i0pu + A%u + |ul?u = 0,

and proved the global well-posedness and scattering in H”(R?) with v(d) < v < 2 where v(5) =
45

18,4(6) = ¢ and v(7) = 2. The proof relies on the combination of I-method and a new
interaction Morawetz inequality. Recently, the author in [Din3] showed that the defocusing cubic
fourth-order Schrodinger equation is globally well-posed in H7(R*) Wlth < v < 2. The analysis
is carried out in Bourgain spaces X"+® which is similar to those in [CKSTTOZ]. Note that in the
above considerations, the nonlinearity is algebraic. This allows to write explicitly the commutator
between the I-operator and the nonlinearity by means of the Fourier transform, and then control it
by multi-linear analysis. When one considers the mass-critical nonlinear fourth-order Schrodinger
equation in dimensions d > 5, this method does not work. We thus rely purely on Strichartz and

interaction Morawetz estimates. The main result of this paper is the following:

Theorem 1.1. Let d = 5,6,7. The initial value problem (NLA4S) is globally well-posed in H” (R?),
Jor any v(d) <~ < 2, where v(5) = £,~(6) = 3 and 4(7) = 2.

The proof of the above theorem is based on the combination of the I-method and the inter-
action Morawetz inequality which is similar to those given in [DPST07]. The I-method was first
introduced by I-Team in [CKSTTO02] in order to treat the nonlinear Schrodinger equation at low
regularity. The idea is to replace the non-conserved energy E(u) when v < 2 by an “almost con-
served” variance E(Iu) with I a smoothing operator which is the identity at low frequency, and
behaves like a fractional integral operator of order 2 — v at high frequency. Since Iu is not a
solution of (NL4S), we may expect an energy increment. The key is to show that the modified
energy FE(Iu) is an “almost conserved” quantity in the sense that the time derivative of E(Iu)
decays with respect to a large parameter N (see Section 2 for the definition of I and N). To do so,
we need delicate estimates on the commutator between the I-operator and the nonlinearity. Note
that in our setting, the nonlinearity is not algebraic. Thus we can not apply the Fourier transform
technique. Fortunately, thanks to a special Strichartz estimate (2.4), we are able to apply the
technique given in [VZ09] to control the commutator. The interaction Morawetz inequality for
the nonlinear fourth-order Schréodinger equation was first introduced in [Pau2] for d > 7, and was
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extended for d > 5 in [MWZ15]. With this estimate, the interpolation argument and Sobolev
embedding give for any compact interval J,

d—4 _1_ d—4
lullarery = lull sws 20-o ST uollZs” lull 2 4. (1.2)
L d de—4 T Loe

t t x

As a byproduct of the Strichartz estimates and I-method, we show the almost conservation law
for the modified energy of (NL4S), that is if u € L>(J,.#(R%)) is a solution to (NL4S) on a time
interval J = [0,7], and satisfies |[Tuo|zz < 1 and if u satisfies in addition the a priori bound
lullar(sy < p for some small constant 1 > 0, then

sup |E(Iu(t)) — E(Tug)| < N~G=7+9),
te[0,T]

formax{?)—%,%} <’y<2and0<5<’y+%—3.
We now briefly outline the idea of the proof. Let u be a global in time solution to (NL4S).
Observe that for any A > 0,

up(t,z) = )fgu(/\%t, Al) (1.3)
is also a solution to (NL4S). By choosing
A~ N (1.4)

and using some harmonic analysis, we can make E(Iux(0)) < % by taking A sufficiently large
depending on |uo| gy and N. Fix an arbitrary large time 7. The main goal is to show

E(Tux(\'T)) < 1. (1.5)

With this bound, we can easily obtain the growth of ||u(T')| g7, and the global well-posedness in
H7(R?) follows immediately. In order to get (1.5), we claim that

d—4
lluxllar(oe) < Kt5@, vVt € [0, AT,

for some constant K. If it is not so, then there exists Ty € [0, AT such that

e
lunllaeqo,ony > KTp ™7, (1.6)

d—

4
lunllaro.m)y < 2KTg . (L.7)
Using (1.7), we can split [0, 7] into L subintervals Jy, k =1, ..., L so that
luallarery < pe
The number L must satisfy
d—4
L~T,". (1.8)
Thus we can apply the almost conservation law to get

sup E(Tux(t)) < E(Iuy(0)) + N~ [,

0,To

Since E(Iu(0)) < 1, in order to have E(Iuy(t)) <1 for all t € [0, Ty], we need

1
N-CH)[ « T (1.9)
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Combining (1.4), (1.8) and (1.9), we obtain the condition on . Next, using (1.2) together with
some harmonic analysis, we estimate

d—4

= e 3 1 _3 =
oo S 75 ol 57 s (ol 1 + Vs 01:)
L0

Since [[Tux(t)|| g2 S E(Tux(t)) <1 for all ¢ € [0, Tp], we get

d—4
luxllarqo oy < CTy ™,

for some constant C' > 0. This leads to a contradiction to (1.6) for an appropriate choice of K.
Thus we have the claim and also

E(Tuy(t)) <1, Vte[0,\'T).

For more details, we refer the reader to Section 4.

This paper is organized as follows. In Section 2, we introduce some notations and recall some
results related to our problem. In Section 3, we show the almost conservation law for the modified
energy. Finally, the proof of our main result is given in Section 4.

2. PRELIMINARIES

In the sequel, the notation A < B denotes an estimate of the form A < CB for some constant
C > 0. The notation A ~ B means that A < B and B < A. We write A < B if A < ¢B for some
small constant ¢ > 0. We also use (a) := 1+ |al.

2.1. Nonlinearity. Let F(z) := |z|72,d = 5,6,7 be the function that defines the nonlinearity in
(NL4S). The derivative F’(z) is defined as a real-linear operator acting on w € C by

F'(2) - w:=wd,F(z) + wo:F (),
where

2d+ 8, s 4 sz
0.5(:)= 22213, aop(e) = Ajai 2,

We shall identify F'(z) with the pair (0,F(z),0zF (%)), and define its norm by
|F(2)] = 0.F(2)| + |0=F(2)].
It is clear that |F'(z)| = O(|z|7). We also have the following chain rule
O F(u) = F'(u)Opu,
for k € {1,---,d}. In particular, we have
VF(u) = F'(u)Vu.
We next recall the fractional chain rule to estimate the nonlinearity.

Lemma 2.1. Suppose that G € C*(C,C), and o € (0,1). Then for 1 < q < g2 < 0o and
1 < q1 < oo satisfying % = q% + q%’
VG w)llzg S I (@)l o 1917 ull 2

We refer the reader to [CW91, Proposition 3.1] for the proof of the above estimate when 1 <
q1 < 00, and to [KPV93, Theorem A.6] for the proof when ¢; = oo.
When G is no longer C!, but Hélder continuous, we have the following fractional chain rule.
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Lemma 2.2. Suppose that G € C%#(C,C), € (0,1). Then for every 0 < a < 3,1 < q < oo, and
F<p<l
I1V1*G(u) g S Nul”= % Lo |\|V|”U||Lp%42,

. 1 _ 1 1 a
provided Tate and (1 — B—p) q > 1.
The reader can find the proof of this result in [Vis06, Proposition A.1].
2.2. Strichartz estimates. Let I C R and p,q € [1,0]. We define the mixed norm

1 1

lullzeey = (/I (/Rd e )

with a usual modification when either p or ¢ are infinity. When there is no risk of confusion, we
may write Ly LY instead of LY (I, L%). We also use L} , when p = q.

Definition 2.3. A pair (p,q) is said to be Schrodinger admissible, for short (p,q) € S, if

2 d _d
(p,q) € [2,00%,  (p,q,d) #(2,00,2), =+ - <.
p g2
We also denote for (p,q) € [1,00]?,
d d 4
’qu_ﬁ_g_;j' (2.1)

Definition 2.4. A pair (p,q) is called biharmonic admissible, for short (p,q) € B, if

(pa Q) €S, Yp,g = 0.

Proposition 2.5 (Strichartz estimate for fourth-order Schrédinger equation [Dinl]). Let v € R
and u be a (weak) solution to the linear fourth-order Schrodinger equation namely

¢
u(t) = ey, +/ ei(tfs)AQF(s)ds,
0

for some data ug, F'. Then for all (p,q) and (a,b) Schrédinger admissible with ¢ < oo and b < oo,
IV ull e @,pay S VI 0ugl|pa + [V 700700 "4F o pary. (2.2)
Here (a,a’) and (b,b') are conjugate pairs, and vp q, Ve i are defined as in (2.1).
Note that the estimate (2.2) is exactly the one given in [MZ07], [Paul] or [Pau2] where the
author considered (p, ¢) and (a,b) are either sharp Schrédinger admissible, i.e.
2 d d
p7q€ 270027 pand 7é 2700727 7+7:77
2.0 (a.d) # (2002, —+5 =5
or biharmonic admissible. We refer the reader to [Dinl, Proposition 2.1] for the proof of Proposition
2.5. The proof is based on the scaling technique instead of using a dedicate dispersive estimate of
[BKSO00] for the fundamental solution of the homogeneous fourth-order Schrodinger equation.
The following result is a direct consequence of (2.2).

Corollary 2.6. Let u be a (weak) solution to the linear fourth-order Schrédinger equation for
some data ug, F'. Then for all (p,q) and (a,b) biharmonic admissible satisfying ¢ < oo and b < oo,
lullze@,pay S luollzz + 1F o r oy (2.3)

and
1Ay ey S 1 Auollez +IVFI , - e - (2.4)

(R,LIT?)

s
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2.3. Littlewood-Paley decomposition. Let ¢ be a radial smooth bump function supported in
the ball |¢| < 2 and equal to 1 on the ball |¢| < 1. For M = 2* k € Z, we define the Littlewood-
Paley operators:

P (€) = o (M) f (&),

Poarf(€) = (1= (M) f().

Parf(€) = (p(M7'6) — p(2M 1)) J(©),

where * is the spatial Fourier transform. Similarly, we can define

Poy = P<yr — Py, Poari= Poy + P,
and for My, < Moy,

Py < <ry = P<m, — P<ary = E Py
My <M< Ms

We recall the following standard Bernstein inequalities (see e.g. [BCD11, Chapter 2] or [Tao06,
Appendix]):
Lemma 2.7 (Bernstein inequalities). Let v > 0 and 1 < p < g < oco. We have
[Pons flle S M7V Pons flize,
| P<at |V fllze S M7 ||P<asfllLes
1PAN =7 Lo ~ M| Pag |2,
d_d
[P<arfllps S M~ || P<as fll Lz,
d_d
[Prfllne S M>~ e[| Parfllpr.

2.4. I-operator. Let 0 <y < 2 and N > 1. We define the Fourier multiplier I by
Inf(€) == mn(&)f(€).

where my is a smooth, radially symmetric, non-increasing function such that

L 1 if || < N,
mw(6) = { (NE)? it [€] > 2N,

We shall drop the N from the notation and write I and m instead of Iy and my. We collect some
basic properties of the I-operator in the following lemma.

Lemma 2.8. Let 0 <o <~v<2and1l < q<oo. Then
Iz S If Mz, (2.5)
IIVI7Psn fllips S NT2|ALf|| g (2.6)
(V)7 flla S N(A)Y IS s, (2.7)
ey SN flaz S N2 fllazs (2.8)
1 fllz2 S N7 0 fll gy (2.9)

Proof. The estimate (2.5) is a direct consequence of the Hérmander-Mikhlin multiplier theorem.
To prove (2.6), we write

IIV17Pon fllzs = V|7 Pon(AD T ALF| s
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The desired estimate (2.6) follows again from the Hérmander-Mikhlin multiplier theorem. In order
to get (2.7), we estimate

V)7 fllps < I1P<n (V) flles + I1P>n flls + 1 P>nIVI7 fllzs-

Thanks to the fact that the I-operator is the identity at low frequency |[¢| < N, the multiplier
theorem and (2.6) imply

(V)7 fllee S N(A) Iflles + [ALf[] s
This proves (2.7). Finally, by the definition of the I-operator and (2.6), we have
1flley S NP<vfllay +11P>nfllz + IV Pon fllzz
SN PenIfllmy + N2 |ALf|lz + N2 ALf |2 S 1Sz

This shows the first inequality in (2.8). For the second inequality in (2.8), we estimate

11 Fllmz S 1P<n (V) Ifllzz + [Pon () Tf 122 S N*7711f 12z
Here we use the definition of I-operator to get

IP<nT(V)* " |lr2srz, [PsnI(V)* 77 [lraspe S N>77.

The estimate (2.9) is proved as for the second estimate in (2.8). The proof is complete. O

When the nonlinearity F'(u) is algebraic, one can use the Fourier transform to write the com-
mutator like F'(Iu) — I F(u) as a product of Fourier transforms of u and Iu, and then measure the
frequency interactions. However, in our setting, the nonlinearity is no longer algebraic, we thus
need the following rougher estimate which is a modified version of the Schrodinger context (see
[VZ09)).

Lemma 2.9. Let1 <y<2,0<déd<y—1andl<q,q,q < oo be such that%: qil—l—q%. Then

1(f9) = (If)gllzs S NI o | ()27 gl oo (2.10)

The proof is a slight modification of the one given in Lemma 2.5 of [VZ09]. We thus only give
a sketch of the proof.
Sketch of the proof. By the Littlewood-Paley decomposition, we write

I(fg) — (If)g = I(fP<1g) — (1f)P<ig+ Y [I(P<prfPrg) — (IP<arf)Pargl

M>1
+ > I(PsumfPug) — (IPsaf)Pug)
M>1
= I(PsnfP<19) — (IPsn f)P<ig+ Y [I(P<arfParg) — (IP<ar f)Porg
MZ>N
+ Y I(PsamfPug) — (IPsasf)Pug)
M>1

= Term; + Terms + Terms.
Here we use the definition of the I-operator to get

I(P«NfP<19) = (IP<«nf)P<19, 1(P<yfPumg) = (IP<p f)Pug,
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for all M < N.
For the second term, using Lemma 2.7 and Lemma 2.8, we estimate

||I(P5MfPMg) - (ngMf)PMQHLg S HpstHLgl ||PMQHL§% Mz N

M\ 2=
S(5) Sz 1Pl

SMON"CINIf|| o [V gl 22
Summing over all N < M € 2%, we get
I Terms|| g S N™CFINLf| Lo [[VI*7g]| oz
For the third term, we write

I(PsyfPug) — (IPsy f)Pug = Z [ (Parps fPrg) — (I Pokpr f) Prrg)
1<keN

= Y I(PyrrfPrg) — (IPyers f) Parg).
‘We note that
[(Pyxar fParg) — (I1Porpr f)Prrgl(€) = /5 - (ma (€1 + &) — ma(€1)) Poear £ (€1) Parg (£2).
=£1+&2

For |&| ~2¥M > N and |&| ~ M, the mean value theorem implies

Imn (&1 + &) —mu (&) S [Vmy (&)1 S 27F

The Coifman-Meyer multiplier theorem (see e.g. [CM75, CM91]) then yields

e

e 2FM 2
11 (Poxar fPrg) — (I Pokag f)Prrglla < 2 (T) | Porns fll par [ Pargll o2
S 27 M TN o [[[VP g e
By rewrite 27F M~ (2=7+9) = 2=k(v=1=9)(2k 1) =(2=7+9)  we sum over all k > 1 with y —1 > § and
N < 2FM to get
I Terms|| g S N™CFINLf| Lo [IVI*7 gl oz

Finally, we consider the first term. It is proved by the same argument as for the third term. We
estimate

|Termy [z S Y II(PoxfP<1g) — (IPyr f)P<agl| 2
kEN,2k>N

S Y 2Nl gl e

kEN,2k>N
S ]\/Y_IHIf”Lg1 gl a2 -

Note that the condition v — 1 > § ensures that N~' < N~(2=7+9)_ This completes the proof. [
As a direct consequence of Lemma 2.9 with the fact that

VF(u) = VuF'(u),

we have the following corollary. Note that the I-operator commutes with V.
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Corollary 2.10. Let 1 <y <2,0<d<y—1and 1< q,q1,q2 < oo be such that % = q% =+ q%
Then

IVIF(u) = (IVu)F' ()| 13 S N™CF |V Tul| || (V)77 F ()] 22 (2.11)

2.5. Interaction Morawetz inequality. We end this section by recalling the interaction Morawetz
inequality for the nonlinear fourth-order Schrédinger equation. This estimate was first established
by Pausader in [Pau2] for d > 7. Later, Miao-Wu-Zhang in [MWZ15] extended this interaction
Morawetz estimate to d > 5.

Proposition 2.11 (Interaction Morawetz inequality [Pau2], MWZ15]). Letd > 5, J be a compact
time interval and u a solution to (NL4S) on the spacetime slab J x R%. Then we have the following
a priori estimate:

N u||L4 BAZIRS ||u0||L2||uH2 (2.12)
L o2

By interpolating (2.12) and the trivial estimate

lull o a3y Sl g
P (LHZ) L (J,HE)
we obtain
# — —4
B < da—3 — a—3 d 3
Ry (T ey M e 2 L
Using Sobolev embedding in time, we get
d—4 1 da—-4
lullarey = llull sw-s  2a-s SIS ol lul 2y (2.13)
L, & (JL,4%) “ L (J,HZ)

Here (S(d%;?’), %) is a biharmonic admissible pair.

3. ALMOST CONSERVATION LAW

For any spacetime slab J x R?, we define

Zr(J) = sup | <A>[U||Lf(J,Lg)-
(p,q)€B

Note that in our consideration 5 < d < 7, the biharmonic admissible condition (p,q) € B ensures
q < oo. Let us start with the following commutator estimates.

Lemma 3.1. Let 5<d<7,1<v<2and0<d <~y—1. Then

—(2— 8
|VIF(u) — (IVU)F/(U)”Lz(JLﬁ?) < N-@Ev40) (z, (7)), (3.1)
—(2— 8
IVIFQI, e S Wl 2000+ NE 0z (), 32)

where ||ul|ar¢yy is given in (2.13). In particular,

[VIF(u) 20 S (Zr()*a. (3.3)
L2(JLJT?)

Proof. For simplifying the notation, we shall drop the dependence on the time interval J. We

apply (2.11) with ¢ = 2d(d—3

2d ) d(d—3)
a+r2> 91 = P_gd+22 and gz = 3(2d=7) to get

5
IVIF() = UV W], gy SN-C NI gugen 19T P gy

dZ-9d+22 2(2d—7)
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We then apply Hélder’s inequality to have
IVIF(u) = (IVu)F'(u )|| L S SNV aus 206-n [[(V)* F'(u)]| a@-3) ,

L, d—4 Ld —9d+22 Lf(d—3)L3(2d—7)

where « =2 —~+406 € (0,1) by our assumptions. For the first factor in the right hand side, we use
the Sobolev embedding to obtain
IVIul| sz RIS SIATul| s 20a-9 < Zr, (3.4)

- 2
Ltd 4 L,d L Td—4 Ld —7d416

where (2(d 43), %) is a biharmonic admissible pair. For the second factor, we estimate

1{V)* F' (u)]| a@-3 S || (u) a@-3 +[[[V[*F'(u)]| a(d—3) - (3.5)

Lf(d—B)L5(2d—7) Lf(d—B)Lf(2d—7) Lf(d—s)Lf(m—n

Since F'(u) = O(|u|7), we use (2.7) to have

8 8
1 (w)l] = S ull? s aw-s S 21 (3.6)
L 2(d— 3)L2(2d 7) Lt d Lz2d77
where (%{3), %) is biharmonic admissible. In order to treat the second term in (3.5), we
. d(d d(d— d(d—
apply Lemma 2.1 with g = 2((2d 37)) q = d%_énd?’_)% and ¢o = ;2_(3[;)2 to get
IIVI*F (u)| aa—s S [IF(w)] 2aa—n _|||V|%u]| 2d(d-3) -
Lf(d_ )L2(2d L?m_s)L?zﬂT L4(d—3)LEm
As F"(u) = O(Ju|a~1), we have
8_1 8_1
HFH(U)” s % S ||u||d4(8—d)(d—3) 2(8-d)(d=3) N Zf (3.7)
L, L, L, d L;d§+11d—26

d » —d?2+11d—26
harmonic admissible, we have from (2.7) that
[V]*ull 243 S Zr (3.8)
3d—

(d S)Ld

Here (4(87d)(d73) 28-d)(d=3) ) i3 hiharmonic admissible. Since (4(d - 3), ;Qd_(‘g;z) is also a bi-

Note that a < 1 < . Collecting (3.4), (3.6), (3.7) and (3.8), we prove (3.1).
We now prove (3.2). We have from (3.1) and the triangle inequality that

8
IVIF(W)| 20 S|(VIWF (0)]| 20 + N~ @0 z,77, (3.9)
L2Ld+? L2La+2
The Holder inequality gives
IVIWF W) | 20 SIVIu| 200 2000 [[F(u)]| ad=) .
L2L; L, d—5 Ld —9d+26 L773L§<d74)
We use the Sobolev embedding to estimate
||VIu|| 2(d—3) 2d(d 3) < HAIUH 2(d—3) _2d(d—3) < Zr. (3.10)
L, d—5 Lz L, d—5 Ld2 7d+20

Here (2(d 53), %df;o) is biharmonic admissible. Since F’(u) = O(|u|4), we have

8 8
IF @I, s S el sy s = el (3.11)

Ly "L, L, ¢4 L,
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Combining (3.9), (3.10) and (3.11), we obtain (3.2). The estimate (3.3) follows directly from (3.2)
and (2.7). Note that (S(d_g) M) is biharmonic admissible. The proof is complete. O

d ' d—4

We are now able to prove the almost conservation law for the modified energy functional E(Iu),

where
2d+8

1 d 2d+8
B(Iu(t)) = 5 |Hu(®)lF: + 57 Hu(®)|| faws -
2 T 2d+8 L d

Proposition 3.2. Let 5 < d < 7,max{3— %,%} <v<2and0<d < v+ % — 3. Assume
that u € L>=([0,T],.#(R%)) is a solution to (NL4S) on a time interval J = [0,T], and satisfies
[Tuol| gz < 1. Assume in addition that u satisfies the a priori bound

lullarery < ms
for some small constant u > 0. Then, for N sufficiently large,

sup |E(Tu(t)) — E(Tug)| < N~2=7+9), (3.12)
te[0,T]

Here the implicit constant depends only on the size fo E(Iuyg).

Proof. We again drop the notation J for simplicity. Our first step is to control the size of Z;.
Applying I, AT to (NL4S), and then using Strichartz estimates (2.3), (2.4), we have

Zr S |[Tuolm2 + HIF(U)HL?L;% + HVIF(U)HL?L;%- (3.13)
Using (3.2), we have
8 8 8
IVIF()| | g0 S lullf2Zr + NG90 2770 S i 7y 4 N-Cor40 7,70, (3.14)
LZLg
We next drop the I-operator and use Holder’s inequality to estimate
8
HHF@)| 20 S [[[ul <]l aa=a [lull gz 24—
r2rd+e d-3 B) [, @5 dZ-7d+20
@ . .
8
S ||u||d8(d—3) 2(d—3) ”uH 2(d—3) M
L, CI e L, d—5 La'f —7d+20
8
< Nl Zr S niZy. (3.15)

2(d—3)  2d(d—3)
d—5 " d?2—7d+20

The last inequality follows from (2.7) and the fact (
Collecting from (3.13) to (3.15), we obtain

) is biharmonic admissible.

8
Z1 S Lol gz + pd Zp + N~ @00 7,44,

By taking p sufficiently small and IV sufficiently large, the continuity argument gives
Next, we have from a direct computation that
O E(Iu(t)) =Re /I@tu(AZIu + F(Iu))dx.

By the Fundamental Theorem of Calculus,

E(Iu(t)) — E(Tuy) = /Ot 0sE(Iu(s))ds = Re /Ot /@(A%u + F(Iu))dxds.
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Using 10;u = iA%Tu + il F(u), we see that
E(Iu(t)) — E(Iug) = Re /0 /m(F(Iu) — IF(u))dzds
=1Im /0 /AQIU + IF(u)(F(Iu) — IF(u))dxds
=1Im /0 /AIUA(F(Iu) — IF(u))dxds
+Im /0 /IF(u)(F(Iu) — IF(u))dxds.
We next write
A(F(Iu) — ITF(u)) = (ATu)F'(Tu) + |V Iu*F" (Iu) — I(AF' (u)) — I(|Vu*F" (u))
(

ATu)(F'(Tu) — F'(u)) 4 |VIu|>(F"(ITu) — F"(u)) + VIu - (VIu — Vu)F" (u)
+(ATu)F'(u) — I(AuF' (u)) + (IVu) - VuF" (u) — I(Vu - VuF" (u)).

Therefore,
E(Iu(t)) — E(Tug) = Im /Ot/AIuAIu(F’(Iu) — F'(u))dxzds (3.17)
+Im /0 / ATulV Iu(F" (Iu) — F"(u))dads (3.18)
+Im /0 /AIUVIU~ (VIu— Vu)F" (u)dxds (3.19)
+Im /0 / ATul(ATu)F (u) — I(AuF (u))|dzds (3.20)

+Im /0 /AIU[(IVU) -VuF"(u) — I(Vu - VuF"(u))|dzds (3.21)

t
+Im / /IF(u)(F(Iu) — IF(u))dxds. (3.22)
0
Let us consider (3.17). By Holder’s inequality, we estimate
< 2 / I 2
[CRYPIS IINUHL?L%IIF(M) F(U)HL%?

T t

8 _
S Zilll T = wl(ITul + Jul) |

(3.23)

4

8
S Z3IPsvull gl
t z

By (2.6), we bound
1Povl 3, S N2IATUl 5 | SN2, (3.24)

where <176,4> is biharmonic admissible. Similarly, we have from (2.7) that

<7 (3.25)
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Combining (3.23) — (3.25), we get
(3.17)| < N~222%%, (3.26)
We next bound
(3.18) S IATull 2 [[[VIuf? L3y
rid

1" "
s |F"(ITu) — F (U)HL}GL;;%M
< 2 " 7
SNATU VT g o IF (00 = PP

8 _
S Z¢ (1w =l

4d
167 15—2d
rLer,]

N ZI||P>NU||

16(8 d) 4(8—d)

d 15—2d
L, L,

< N-2(31) 72+ (3.27)

Here we drop the I-operator and apply (2.7) with the fact 4 > 1 to get the third line. We also use
the fact that for 5 < d <7,

|F"(z) — F"(Q)| S |2 — ¢, vz, ¢ eC.

The last estimate uses (3.24). Note that (‘f— dS—dll) and (@, 41(58_72(2) are biharmonic admis-

sible. Similarly, we estimate
(G S ATu] | IVTull g
i g

vUII g s |7 (u)]
Lx

4d
11 16 7 15—2d
rLer]

Sj Z?||VP>NU||L%L4‘18E11 ”FN(U)”LHSL 1542124 :
t

x t x

We next use (2.6) to have
IVPsnul| 5 _sa S NTUATu|| g _sa SN 'Zp
L111 L;d—ll ~

L11 L4d

As F'"(u) = O(Ju|a~1), we use (2.7) to get

81
1@,y Tl e SZET (3.28)
L, & Lj°7%
We thus obtain
8
(3.19)| S N~1zta, (3.29)
By Holder’s inequality,
< / _ /
(320)] S IINUHL?LQ% [(ATu)F'(u) — I(AuF (U))IILM%-
We then apply Lemma 2.9 with ¢ = d%u Q= %df’m and ¢ = d(gz:?% to get
[(ATu)F'(u) = I(AuF" ()| 200 S N™[ATul| _zaw-s [[{V)* F'(u)l| aw-s
L, L52—7d+16 L3(2d—7)
where o« = 2 — v + §. The Holder inequality then implies
[(ATu)F'(u) = I(AuF ()] 20 S N™YALu]l 20s) 2aa-s [[(V)" F'(u)] aw@-3) .
L2pd+ L, 1 LFZ-Tare L?(d73)L5(2d—7)

We have from (3.5), (3.6), (3.7) and (3.8) that
(V)™ F'(w)]] a@-n S Z

Lf(dfe,)Lz(zdfﬂ

~ajo
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Thus

2+d

(3.20)| S N~ 77 (3.30)

Similarly, we bound

(321 S [ATull - 2a [[(IVu) - VuF"(u) — I(Vu - VuF"(u))|| 1 24 . (3.31)
LALd=? L]

3 L;f—%—?
Applying Lemma 2.9 with g = -2 = 4d877d11 and go = 8¢ and using Hélder inequality, we have

5.0 = 19
1(IVu) - VuF" (u) = I(Vu - VuF" (u))]| a (V)" (VuF"(u)) 5 sq.

2d <N aHIVUH 32

t% a+32 ;1 L5LY
(3.32)
The fractional chain rule implies
o a+1
1) (FuE" @)l 35 S 1wl 1P s
+||Vu|| o | (O P s (339)

By our assumptions on v and J, we see that & +1 < . By (2.7) (and dropping the I-operator if
necessary) and (3.28),

+1 21
IVl g5, e IV i OO0 ) e S 200 P, s, S 20
t x ¢t La
(3.34)
Here (%, 4d8_d11) is biharmonic admissible. It remains to bound || (V)® F” (u)|| _aa_. To do
oL 5
50, wWe use

1O F @I, ey SV i VPP @, e (339

t T t x

The first term in the right hand side is treated in (3.28). For the second term in the right hand
side, We make use of the fractional chain rule given in Lemma 2.2 with =5 -1, a =2 -+,

7= @ and qi, g2 satisfying

8 « « 48-d)
1= - =
(d p>Q1 p 2T 15— 2d”

and 525 < p < 1. Note that the choice of p is possible since a < % — 1 by our assumptions. With
d

(1- ng)ql = 154—d2d -

these choices, we have

for 5 < d < 7. Then,
1

,_1_, -2
I1V1F" )l ity S Il 19 Pl wnuild(g ey v,
Ly ’

By Holder’s inequality,

8 _1—«
a ol < d » p >
|Hv| F (U)HL,}GL;;’dM NHUHL(%_l_%)plL(%_l_%) |||v‘ UH 7p2L;qz

t x

8_1_«
= HUHdle(sz) as—a IV[7ul| 16(8—d) 4(8—d)

a T5—2d a T5—2d
L, L, L, L,

R
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provided
8 e a 16(8 — d)
f—l—f)p = —pyg=——"
(d P ! P 2 d
Since <w, ﬁ(::?dd)) is biharmonic admissible, we have from (2.7) with the fact 0 < p <1 <7
that
o 51
IVIF I S 707 (3.36)
Collecting from (3.31) to (3.36), we get
1(3.21)] S N—@-71+8) Z2+4 (3.37)

Finally, we consider (3.22). We bound

(G2 S NI P, 20 IV (P(T0) = TP e
SIVIF@I , e V() ~ TP, 2, (3.38)
By (3.3), i
IVIF@N,, 2 S 207

By the triangle inequality, we estimate

IVEIu) = 1) |, g, SIVIE Tu) = F@)I oz +1(VIF (@) = VIF@)] |,

x tHax tHx

s
We firstly use Holder’s inequality and estimate as in (3.23) to get

|(VIu)(E (Tu) ~ F'@)| | ae S IVIul| o |[F/(Tu) — F'(u)]
L2LS L L

12L2
81
< IATulge iz 1Pl sl
< N“2z1tE (3.39)
By (3.1),
I(VIWF (0) — VIF(W)| 20 < N-C-749 71 (3.40)
L2Lg+e
Combining (3.38) — (3.40), we get
(3.22)] < 2 (N-2Z0H 0§ No@or0) g1 (3.41)
The desired estimate (3.12) follows from (3.26), (3.27), (3.29), (3.30), (3.41) and (3.16). The proof
is complete. O

4. GLOBAL WELL-POSEDNESS

Let us now show the global existence given in Theorem 1.1. By density argument, we assume
that up € C5°(RY). Let u be a global solution to (NL4S) with initial data ug. In order to apply
the almost conservation law, we need the modified energy of initial data to be small. Since E(Iug)
is not necessarily small, we will use the scaling (1.3) to make E(Iu(0)) small. We have

2d+8
I Tur (O] s (4.1)
L. 4

™

1 d
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We use (2.9) to estimate
1 7ux(0)ll 72 S N* 7 lux(0)ll gy = N*77AJuoll ;.- (4.2)
In order to make |[Tux(0) 72 < &, we choose
2—~y
A~ N7 . (4.3)

We next bound |[Tu(0)]| 2015 . Note that we can easily estimate this norm by the Sobolev em-
L

bedding

x

1Tur(O)]] 20 S [ur(O)l] 2ars = A~ 75 [Jug|| sars S A7 |fuo| a7,

L, ? L, 1 L, 4 ’

but it requires vy > j—i.
(see also [MWZ15]). We firstly separate the frequency space into the domains

0= {eer?, |g\g§}, 0, = {cer, %SA&ISN}, Q= {¢ e RY, ¢ 2 N,

and then write

In order to remove this requirement, we use the technique of [CKSTT04]

[ux(0)](§) = (x1.(€) + x2(&) + x3(£)) [ur(0)](&),
for non-negative smooth functions x; supported in £;,5 = 1,2,3 respectively and satisfying
>-x;(§) =1. Thus

Tux (0) = x1(D)Iu(0) + x2(D)Tux(0) + x3(D)Iux(0).

We now use the Sobolev embedding to have
_2d_ 24
(D) ur(O)]] 2as S 119175 x1 (D) Tur (0) 22 S 11V 1757 x1 (D) 11|22 12 [|ua(0)] 2.

Thanks to the support of 1, the functional calculus gives

_2d_ 2d 24
VT X (D) L2 — 22 S HETF7 S X1 ()l e S AT T, (4.4)
provided 0 < o < dz—il. Similarly,
_2d_ 2d__
s (D) ur(O)] 2aps S NIV xs (D) ua(O)lzz S MIVIT"xs(D) 22— 22 [ua (0]l 3

z

A direct computation shows

lux(O)l gy = A~ llwoll g7 - (4.5)
Using the support of x3, the functional calculus again gives
24 2d _ _1ho— 2d_
V75 xs (D) || p2 -2 S NIETF 7 xs(E)(N]E[ )| S NTFTT7, (4.6)

To obtain this bound, we split into two cases.
When d2—f4 > ~, we simply bound

11T xa () (VIE T e S 1S NFFTT,
When v > %, we write
IIE1F 5 xa () (VIE 71?7 [l = NHTY (N1 7)™ # 0 xs () (N1 71>V [ S NI,
Combining (4.5) and (4.6), we get
Ixs(D)Iun(O)] 2aze S N2 o - (4.7)
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We treat the intermediate case as
2d _
IIXQ(D)IuA(O)IIdeﬁ S VT X2 (D) || 2 12 [[ux(0)[| g7 -

‘We have
V175X (D) (1222 S €T xa(8) -
When d+4 > 7y, we bound
1175 xa ()l e S NFFF 7.
When ~ > %, we write

2d__ 2d _ . _ _ 24
||€] 7+ ’YX2(§)||LOO = ||g]FF 7 ﬁ|§|BX2(§)||L°° < \Bt+v ez

provided d2+d4 < B< L - 4. These estimates together with (4.5) yield
N TN || £ if > 7,
o (D) Eur(O)] s < 4 N, A ol i = (48)
L, ¢ A d“HUOHH; if v > d+4
Collecting (4.4), (4.7), (4.8) and use (4.3), we obtain
[ur(O)] sags S (N7 F5 4 X7~ #5 4 AT |1 (4.9)

for some 0 < a < d+4 and d2+d4 v<B< + . Therefore, it follows from (4.1), (4.2), (4.3) and
(4.9) by taking A sufficiently large depending on ||ug|| gy and N (which will be chosen later and

depends only on [Jugl|z7) that
E(Tux(0)) <
Now let T' be arbitrarily large. We define

»-lkM—‘

X :={0<t < X'T | [Juallnr(o,) < Ktses b

with K a constant to be chosen later. Here M(J) is given in (2.13). We claim that X = [0, \T].
Assume by contradiction that it is not so. Since ||ux||ar([o,4) is a continuous function of time, there
exists Ty € [0, A\*T] such that

lunllar oz > KT, (4.10)

d—4
luallaro,z)y < 2KT5 . (4.11)
Using (4.11), we are able to split [0, Tp] into subintervals Jy, k = 1, ..., L in such a way that
luxllarryy < m,

where p is as in Proposition 3.2. The number L of possible subinterval must satisfy

d—4
QKTW M da
LN($ T (4.12)
I
Next, thanks to Proposition 3.2, we see that for 1 <y <2 and any 0 < 6 <~y — 1,
sup E(Tuy(t)) < E(Tux(0)) + N~ 40,

0,To

for max {3 — 2,8} <y <2and 0 <8 <~v+3—3. Since E(Iux(0)) < 1, we need

1
N=C [ « i (4.13)
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in order to guarantee

E(Tux(t) < (4.14)

for all t € [0,Ty]. As Ty < MT, we have from (4.12) and (4 13) ant the choice of A given in (4.3)
that

42— “r)(d 4) d—4

1
—@=y+0) Ny T < T (4.15)
or
42—-)(d—4)
vd
for max{3 d, d} <y<2and 0<é<y+ g 8 3. Since2—v+68< % — 1, the condition (4.16)
is possible if we have

<2— v+, (4.16)

i2-7d-1) _s

—1.
~yd d
This implies v > é i 8) Thus
8 8 8(d—4)
’y>max{3—d,d, 3d—3 }

Next, by (2.13),

d—4

" T8<d3) Uodsu)\ds
lunllarom < luollz"Wexll 2 o oyt

We use (2.6) and the definition of the I-operator to estimate
[us®l,3 < IPewvus®l] 3 + [Ponua(o)l, 3

i _3
< HPSNux\(t)”zi||PSNU>\(LL)H?_'I; + N7 [ Tux @)l g2

3 1 _3
S llwollzz [Tux@)I s + N2 [[Tua(®)l 72
Thus,

d—4 4 a-4

3 1 _3 d—3
luxllarqo.mpy S Tg' ™" ||U0||d * sup (IluOHngIuA(t)H;‘-,% +N 2||IUA(t)||Hg>

0,To

(4.17)

Since |[Tux(®)|l g2 S VE[ux(t)), we obtain from (4.14) and (4.17),

Hu/\HM([O,TO]) < CTQS((FB)v

for some constant C' > 0. This contradicts with (4.10) for an appropriate choice of K. We get
= [0, \*T] with T arbitrarily large and

E(Tuy(\*T)) < 1. (4.18)

Note that under the condition of -, we see from (4.15) that the choice of N makes sense for
arbitrarily large T. Now, by the conservation of mass and (4.18), we bound

(T ay S NIz + (Tl g S lluollzz + AV lua(NT)| 412
< lluollpz 4+ AV [Tua(X*T) | 12
<A< N2 < Ta(%d)7

where a(7,d) is a positive number that depends on « and d. This a priori bound gives the global
existence in HY. The proof is now complete.
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