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Uniqueness and Continuous Dependence on
Data for One-Dimensional Impact Problems

M. SCHATZMAN
UMR CNRS 5585, Analyse Numérique, Université Claude-Bernard Lyon 1
69622 Villeurbanne Cedex, France
schatz@lanl.univ-lyonl.fr

Abstract—One dimensional dynamics with impact are described by the data of a closed inter-
val K, a function f of time, position, and velocity, and a restitution coefficient e € [0,1). When u
is in the interior of K, it satisfies the ordinary differential equation & = f(t,u,%). When it hits the
end points of K, the velocity is reversed and multiplied by e. If f is analytic with respect to its three
arguments, it is proved that uniqueness holds for the forward Cauchy problem. (© 1998 Elsevier
Science Ltd. All rights reserved.
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1. INTRODUCTION

In this article, we study the uniqueness and continuous dependence on data of solutions to a
differential system with impact. We use the mathematical formulation we gave in [1] and we
recall the description and the main results given there, specialized to the one-dimensional case:
a continuous function f from [T, 7] x R x R is given; it is assumed to be Lipschitz continuous
with respect to its last two arguments; a convex closed set K is also given that is not a singleton.
We let C°([T, T"]; K) be the set of continuous functions from [T, T”] to R which take their values
in K. We seek a function u € C%([T,T'};R) whose derivative is of bounded variation, and a real
measure p on [T, T'] which satisfy the following set of relations:

u € C°([T, T'); K), (1.1)
i = f(-,u,u) + g, in the sense of distributions, (1.2)
(w,v—u) <0, WoveCYT,T;K). (1.3)

Observe that 4 must have discontinuities at the boundary K of K: when u(t) = 0 with strictly
negative velocity u(t — 0), the velocity after impact has to be nonnegative, and the second
derivative of u must have a Dirac mass at ¢5. Condition (1.3) is equivalent to

supp(u) C {t: u(t) € 8K}, p>0on{t:u(t)=minK}, p<O0on {t: u(t) = max K}.

In the language of subdifferentials as described by Rockafellar in [2,3], (1.1)-(1.3) is equivalent
to

U+ awK(u) E f('au’ ’(1),

where ¥ is the indicator function of K.
Let us describe now the admissible Cauchy data: the tangent cone at a to K is given by

Tk(a) =R if a € int(K), Tk(a) =R~ ifa =maxK, Tk(a)=R" ifa=minkK.



The set of admissible Cauchy data for (1.1)—(1.3) is the subset Cx of R? given by
Ck ={(a,b):a € K, be Tk(a)}.

We are given Cauchy data (ug,u1) € Ck and an initial time ¢y € [T,T’]. The solution has to
satisfy the initial conditions

u(to) = U, ’l'l,o(to) = uj. (1.4)

We will say that we solve a forward (respectively, backward) Cauchy problem if we seek a solution
of (1.1)~(1.4) on [to, T'] (respectively, [T\ to)).

Conditions (1.1)—(1.4) do not suffice to define interesting solutions: in the very simple case
N =1, f=0, and K = R*, with initial data u(0) = up > 0 and %(0) = u; < 0, it is easy to see
that the solution is defined uniquely up to time t; = —up/u; by u(t) = uo —u;t. Conditions (1.1)
to (1.3) imply that u(¢; + 0) > 0. It can be checked that all solutions of (1.1)—(1.3) with these
initial data are given by

ug — uit, for0<t<t,
u(t) =< 0, for t; <t <ty
uj(t —t2), fort >ty

where u] is any positive number and ¢; is any number larger than ¢;; we can even take ¢; infinite.
In this case, the third line in the above formula has to be suppressed.

Therefore, the variational formulation (1.1)-(1.3) lacks a constitutive law for the impacts; we
choose to use the classical model of Newton: given a restitution coefficient e € [0, 1], we require
that at an impact the normal component of the velocity be reversed and multiplied by e. Since
we consider a one-dimensional problem, we must have

u(t) € OK = u(t + 0) = —eu(t — 0). (1.5)

It has been proved in [1] that under the above assumptions, the problem (1.1)—(1.5) possesses
a solution.

However, the solution of (1.1)—(1.5) is not unique in general.

Let us check that e > 1 precludes forward uniqueness, even in the simplest case. Let f = —1,
up = 41 = 0. Choose to > 0 and vp > 0 such that

2’Uo

to > .
0 1-e

We define the sequences {v,} and {t,}, for all n € Z, by

vy = e "vp, th1 — tn = 2" "0p.

As n tends to +o00, ¢, tends to te = to — 2v9/(1 — €). On (tn,tn-1), we let

(t — tn)?

u(t) = vt — tp) — 5

This defines u on (teo, +00); we extend u by 0 for t < ty. Therefore, we obtained a solution
of (1.1)-(1.5).

An example of forward nonuniqueness has been given in [4] when e =1, K = R*, and fis a
C® function depending only on ¢. Such an example can be constructed only if the function f has
a flat point, i.e., a point ¢y at which f vanishes as well as all its derivatives; moreover, f should
not vanish identically in any right neighborhood [tg, ¢1] of to.

Percivale gave some sufficient conditions for uniqueness in [5]. His setting is Hamiltonian:
u takes its values in a Riemannian manifold, bounces on a smooth submanifold of this manifold



with restitution coefficient e = 1, and the Hamiltonian is the sum of kinetic energy and potential
energy which may depend on time. In particular, in dimension N = 1 when f is an analytic
function of time only, uniqueness holds.

In this article, the following theorem is proved.

THEOREM 4.1. Assume that f is a real analytic function of (t,a,b) on a domain O, satisfying
the geometric property (3.16). If (tp,up,u;) belongs to O N (R x Ck), there exists at most one
forward local solution of (1.1)—(1.5).

In fact, I conjecture that if K is a closed subset of R with analytic boundary, e € [0, 1], and f
is a real analytic function of (t,a,b) on a domain O of R x R¥ x R¥, the solution of the forward
Cauchy problem is unique for the N-dimensional generalization of (1.1)-(1.5).

This theorem assumes that we have a reasonable notion of a local solution of (1.1)-(1.5). In
order to build such a notion, we define a phase space in Section 2 by a gluing process. If e > 0,
the gluing process produces a C* manifold, provided that we remove the points (a,0) and (b,0).
If e = 0, this gluing process produces a badly behaved object, which is to be expected. However,
even in the case e > 0, there is no smooth metric which would serve the analysis of the dynamical
system of interest; therefore, we use a nonsmooth metric which is obtained explicitly. The phase
space equipped with this metric is denoted V. To apply Ascoli-Arzeld’s theorem, we show that V,
is complete, and we characterize the compact subsets of V.

Let U(t) be the projection in the phase space V, of the solution (u(t),%(t + 0)); in Section 3,
we give some local estimates on U; in particular, we show that U is Lipschitz continuous, and
we estimate its Lipschitz constant. Moreover, we can define a local solution when f is defined
only on an open subset of R3 and is only locally Lipschitz continuous with respect to its last two
arguments. Then we estimate the minimal time of existence.

In Section 4, we prove the uniqueness of the local solution.

Finally, we prove in Section 5 that the local solutions depend continuously on the data, provided
that we measure distances in the metric of V,; more precisely, if the sequence f,, converges
uniformly on compact sets to an analytic function f, and if the initial data (ton,uon,%1,n)
converge to (to, ug, 1), then the inferior limit of the existence time of the solution u, is greater
than or equal to the existence time of the solution u; moreover, U,, converges to U uniformly on
compact sets.

2. THE PHASE SPACE

It is convenient to work with K = R*; the general case is easy to construct from this particular
case.
A first and naive definition of the phase space starts from the reflection condition: let

A_={0}xR", V =R* xR,
and define a relation R, on V by

§=m,
§Ren iff S ore A, n=—¢,
orne A_, £ = —en.

This is clearly an equivalence relation; the class of £ € V is denoted £®, and the projection & — £°
is denoted m. Unfortunately, R, is not an open equivalence relation, and the quotient topology
is not interesting: if e > 0 and O is an open set of (0,00) X R intersecting A_, then #(O NV)
does not contain any point 7(§) such that £; > 0 and & > 0, though it contains the points of
m(—eONAL). A correct concept of gluing should preclude this situation.
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There are two ways to correct this situation. The first one consists in adding flaps to V, i.e.,
we let, when e > 0,

F, = {(u,v):v >0, jul < g}, F_ = {(u,v) : v <0, |yl < —v}.

Consider
V:VUF+UF—\{(090)}’

and define a linear transformation H by its matrix

-1 0
H= ( . _e> .
We extend the relation R, to all of V by

§=1,
ERen iff { or &€ F_, n=HE,
orne F_, £ = Hp.

Then it is clear that R, is a regular equivalence relation, so that V/R,. is endowed with a
structure of C* manifold. If R, is extended to V simply by taking its closure R, in V x V,
we still obtain an open and closed equivalence relation: however, the quotient space cannot be
smooth in the neighborhood of (0,0). The manifold V/R, is homeomorphic to a plane.

However, a distance on V/R. cannot be simultaneously smooth and convenient for the study
of the dynamical properties; in particular, whenever 7=(z) = {¢} and 7~ }(y) = {n}, £ and 7
are close enough, we would like this distance to be the norm of £ — 7, so as to work as in ordinary
space; this is clearly impossible if e < 1. Moreover, the status of the point (0,0) is unpleasant
and the case e = 0 is left out altogether.

The second way to remedy the situation is more simple-minded and explicit: it consists of
constructing explicitly a distance function d. on V/R, which defines a coarser topology than the
quotient topology. We proceed as follows: let £ = (£1,£2) be an element of R?, and let its norm
be

€] = (€] + |&2]-
For all x and y in V/R,, we let
6(z,y) = min{|{ ~ 9| : £ € 2, n € y}. (21)

The function § is symmetric, nonnegative, and it vanishes if and only if z = y. However, § is not
a distance if e € [0,1): it suffices to take a > 0, z = (a,-2)°, y = (0, -2)*, z = (0,—1)°. Then

§(z,2) =a+1, 6(z,y) = a, 5y, 2) =e.

Thus,
8(z,y) > 6(z,y) + 6(y, 2),

whenever e < 1. We define
N-~1 o
de(z,y) = inf Z 6(z?,z’t"):NeN, zp=z, sy =y} . (2:2)
j=0

LEMMA 2.1. The function d. is a distance over V/R.. The metric topology defined by d. on
V/R,. is coarser than the quotient topology. For all§ and nin V,

d.(&°,n°) < |€— 1l (2.3)



The distance d. is given explicitly by

de(€°,1°) = min[|€; ~ m| + |2 — ma2|, & + m + [Wel€2) — Ye(m2)]] (2.4)
where
g = { —et, ift<0, 25)
velt) = t,  ift>0. '

PROOF. It is immediate that (2.2) defines a distance on V/R,. This distance is maximal among
all the distances on V. which are estimated by 4, indeed, let d’ be any distance on V/R, which
satisfies for all z and y

d'(z,y) < 8(z,y).

For all sequence (z7)o<;j<n such that z° = z and 2V = y, we have
N-1 . N-1
d'(z,y) < Z d (z7,2911) < z & (7,29,
s rd
Therefore,

d'(z,y) < de(z,y)-

Therefore, we will have proved (2.4) if we can establish that its right-hand side is a distance
on V/R,. which is situated between d. and 8. For z = (£1,42)°* € V/R., we define = (0, £)°,
and similarly for y = (n1,72)°, § = (0,72)°, and we let

d'(z,y) = min(é(z,y), 6(z, Z) + 6(2,9) + 6(8,v)).

According to (2.2), and the definition of d,

de(z,y) < d'(z,y) < é(z,y).

We will show now that d’ is a distance on V/R,; first we obtain an explicit expression for d': let
x = {¢}; if e > 0, this means that £, > 0; if e = 0, this means that §; > 0 or {2 > 0, and similarly
for y = {n}. A straightforward calculation gives

6(573:‘7) = lwe(€2) - 1/Je(772)|- (2.6)
Therefore,
d'(z,y) = min(|€ — [, & + M + [Ye(§2) — Ye(m))- (27

The function & is continuous on (V/R.)x(V/R.), since (§,1) — 8(£°*,7°) is continuous on V' xV,
as can be seen by a simple observation. In the same way, the mapping = +— Z is continuous from
V/R, to itself: it suffices to check that £ — §~' is continuous, but this is so since this mapping
can be decomposed as

(51’62) — (51,0) g (51,0)',

which is obviously continuous. Therefore, by continuity, (2.7) holds for all z and y in V/R,.
By continuity, it is enough to prove the triangle inequality

d'(:r,y) < d,(x‘ z) + d’(z’y)’

when & # %, y # §, and z # Z, because the set of x such that z # % is dense in V/R, for the
quotient topology. We have to consider several cases. Assume first that

d'(z,y) = 8(z,y),
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ie.,
6(z,y) < 6(z,Z) + 6(2,9) + 6(5,y)-

On the one hand, we have
6(z,y) < 6(z,2) + 68(2,y).

If d'(z, z) = 6(z, z) and d'(z,y) = 6(2,y), we are done. On the other hand,

thanks to (2.6). Therefore, if d'(z, z) < é(z, z), and d'(z,y) < é(z,y), we have
d'(z,y) < 6(z,%) +6(2,9) + 6(§,y) < 8(x, &) + 6(2,2) + 8(2,9) + 6(3, v),

and the inequality holds. If d'(z, 2) = é(z, z) and d'(z,y) < §(z,y), our inequality will hold if we
show that
6(z, ) + 6(Z,9) + 6(,y) < b(z,2) + 8(2, 2) + 6(2,9) + 65, y)- (2.8)

More explicitly, if y = {n} and z = {(}, (2.8) can be rewritten as

€1 +m + [Ye(&2) ~ Ye(n2)| < |€1 — (1] + €2 — G| + C1 + [We($2) — Ye(n2)] + m2.

This relation holds because 1. is a contraction.
The case d'(z,y) < §(z,y) is treated analogously, and the details are left to the reader.
Therefore, we have proved that d’ given by (2.7) is identical to d., i.e., we have proved (2.4).
The fact that the topology of V/R,, equipped with the distance function d,, is coarser than the
quotient topology follows from the observation that the mapping (€, ) — d.(€*,7°®) is continuous
from V x V to R*. ]

From now on, we will denote by V. the quotient space V/R, equipped with the distance d,.
The mapping ¢ is the composition of 7 and the injection V/R, — V,. It is continuous since the
topology of V, is coarser than the topology of V/R,.

The spaces V/R, can be identified to V, if e > 0. This fact is not needed in the sequel, and
its proof is left to the reader.

The closed ball of center Uy € V. and radius p will be denoted B, (Us, p):

Be(UO’p) = {iL‘ eVe: de(x) UO) < p}
If B(¢, p) is the closed ball of R? of center £ and radius p, we have that

B(£,p) NV C ¢71B.(¢(€), p).

If ¢ > 0, the inverse images ¢~!B.(z, p) are compact; if e = 0, some of these inverse images
are not compact; if ¢(A_) is included in Be(z, p), then ¢ 1B, (z, p) will contain the unbounded
equivalence class A_.

Figures 1-4 depict some pictures of balls in V.

The essential topological properties of V, are summarized in the next lemma.

LEMMA 2.2. The metric space V, is complete, and all the bounded closed sets of V, are compact
ife > 0; if e = 0, the compact sets are the bounded closed sets C of V. for which there exists
a > 0 such that C is included in ¢(R* x [—a, +00)).

PROOF. Let (zn)n be a Cauchy sequence of elements of V.. Let &, = (£1,n,&2,n) € V be an
element of z,. Assume first that there is a subsequence (7,), of (é»)n such that

liminfn, , > 0. (2.9)
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Figure 1. Balls in V. for e = 1/2. Figure 2. Balls in V, for e = 1/2.

Y

Figure 3. Balls in V. fore = 0. Figure 4. Balls in V, for e = 0.



Then, relation (2.4) implies that (1), is a Cauchy sequence in the closed subset V of R%, whose
limit will be denoted 7. We infer from (2.3) that (n;), converges to 7g,.
Assume now that the subsequence (7),) satisfies

Jm 7 =0, (2.10)
and
M2,p 2 0. (211)

Then, (2.3) implies that (n2,), is a Cauchy sequence whose limit will be denoted 72, and if
Noo = (0,72,00), then (75), converges to 73,. If instead of (2.11), we have

772,p S 0, (212)

we have to consider separately the case e > 0 and the case e = 0. In the case e > 0, we conclude as
above that 7, , is a Cauchy sequence whose limit is 72,00 and (7;), converges to n3,. If e vanishes,
(12,p) is not a Cauchy sequence, but (73), converges to (0,0)° as we can see immediately.

It remains to join together all these results. Observe first that if we have a subsequence (7,),
of (&n)n which satisfies (2.9) and a subsequence (), of (£,) which satisfies (2.10), we have a
contradiction if we apply (2.10) to the distance between 7, and ;. Observe now that if (n,),
satisfies (2.10) and (2.11) and ((;), satisfies (2.10) and (2.12), then, in the case e > 0, (2.4)
implies that 72,00 = —€{2,00; in the case e = 0, (2.4) implies that 72, = 0.

Therefore, in all the possible cases, we have established that (£,), has a limit in V.

We characterize the compact sets of V; in a very straightforward manner: if e > 0, and (z,)n
is a bounded sequence in V., we can find a bounded sequence (£,), in V such that z, = &,
thanks to (2.4), and the remainder of the argument is clear. If e = 0, and (z,) is a bounded
sequence, we find £, € z,, and we can make sure that (£,)» is bounded, only if we know that
&2,n cannot tend to —oo; this is ensured by the extra condition of the statement of our lemma in
the case e = 0. |

3. LOCAL ESTIMATES AND LOCAL EXISTENCE

Let us assume first that f is a continuous function on R? which is uniformly Lipschitz continuous
with respect to its last two arguments. For all (Zp, @, @) in R x Ck and for all p > 0, we define
the compact subsets D(Zy, @, i1, p) of R® by

[=p, p] X ¢ Be((it0, 11)*, p), ife € (0,1],
D(t_Oa "101 ﬂ'l)p) = [_pv p] X (¢—IBO((’a’0vﬁl).ap) (31)
N{(a,b) :a +b> 8o+ a1 —2p}), ife=0.
According to [1], for all initial data (to, uo,u1) in R3, and for all T' > tg, there exists a solution
of (1.1)~(1.5) on [to,T). This solution is such that at to, u and % are continuous from the
right. If we take (to, uo,u1) in D(%o, T, %1, p/2), there exists 7 > to such that for all ¢ € [to, 7],

(t,u(t), 4(t £ 0)) belongs to D(to, @g, &1, p). Our purpose in the beginning of this section is to
give an estimate from below on 7 — to. To this end, we let

M= max{[f(t, a, b)‘ : (tvav b) € D(t_o,’&o, ﬁl;ﬁ)}y (32)

we denote U(t) = (u(t),(t = 0))*, and we prove an estimate on d.(U(t), U(to)).
LEMMA 3.1. For allt € [to,7) and all t’ € [t, 7], the following estimate holds:

de(U(E), U()) < M(' — t) + %(t’ _ 82 4 Jt + O)|( — 2). (3.3)



PRrROOF. Define
U={teto,7]:u(t)>0} and F={te€[to,]:u(t)=0}

When (¢,t') is included in U, u satisfies the ordinary differential equation @ = f(-,u,u); hence,
we infer the estimates

la(t') — u(t)] < M(t' - 1), (3.4)

(' —t)?
2 ]

lu(t’) —u(t)] < (' = t)u(t+0)| + M (3.5)

which yield (3.3) immediately.
Assume now that (¢,t') contains exactly one point ¢; of F, then the triangle inequality and the
previous case imply that

de(U(t),U(t) < Mt —t) + o (t1 — B2 + [t +0)l(ts — &) + M(' ~ 1) )
(36
+ 5 (- t2)? + Juts + 0)| (' — t1).

But
la(ty + 0)| < |aty — 0)] < |u(t +0)] + M(¢; —¢t).

If we insert this inequality into (3.6), we obtain (3.3).
Assume that (t,t') contains p > 2 points of F, t; < t3 < --- < tp; the sign conditions
u(tj—1 +0) >0, u(t; — 0) <0, and (3.4) imply

la(t; — 0) — u(tj—1 + 0)] = |u(t; — 0)} + [(tj—1 + 0)| < M(t; — tj-1)- 3.7
Thus,

P
de(U(tp), U(t1)) < Y de(U(t;), U(t5-1)) < M(tp — t1)-
=2

Moreover, if we apply (3.3) to the interval (t,,t') and if we observe that (3.7) gives |u(t, + 0)| <
M(t, —tp—1), we can see that

de (U, U(tp)) < M (' —t,) + % @t = tp) + M (t, — tp_1) (' —tp).

Therefore,

AU, UE)) < Mty — 1) + T3 = 1 + e+ 0l(t2 - 1)
(3.8)
+Mtp—t1)+ M@ —tp) + % @ —t,,)2+M(t,, —tp1) (' —tp).

We observe that
(tr — 1) + (£ = tp)? +2(tp — tp-1)(t' = tp) S (' = 1),

and gathering the terms on the right-hand side of (3.8), we infer that (3.3) holds.
Let us assume now that (t,t) contains an infinite number of points of F. Let F° denote the
set of nonisolated points of F and let

s=inf(FN(tt')) and s =sup(F*Nn(t,t)).



At s, (s + 0) or (s — 0) vanish; if e > 0, both vanish; if e = 0, at least %(s + 0) vanishes; the
same observations hold at s’. If s > ¢, for all € > 0, the interval (¢, s —€) contains at most a finite
number of points of F; therefore, for all o € (¢, s),

d(U(),U(0)) < M(c —t) + %

(0 = t)% + |u(t + 0)|)(c — t). (3.9)

We pass to the limit in (3.9) as o tends to s, which is permissible, thanks to (2.3) and the
continuity on the right of u(¢) and u(c — 0). Therefore,

M
de(U(t),U(s)) < M(s - t) + o (s - t)2 + |a(t + 0)|(s — t). (3.10)
The same argument proves that if s’ < t/, then

d.(U(s),U{t")) < M(t' - s') + —A;-(t’ — 82 4 (s’ + 0)|(t' - §).

But we have seen that 4(s’ + 0) vanishes, thus
d(U(s), U(t') < M(t' - &) + 424;@' _ &), (3.11)
Of course, (3.10) and (3.11) hold also if t = sort’ = s'; as d.(U(s), U(s’)) vanishes, we obtain (3.3)

with the help of the triangle inequality. ]

In the case e = 0, the definition of D(to, ug,u1,p) is more complicated. The following lemma
enables us to deal with the supplementary condition.

LEMMA 3.2. Ife =0, then for all t € [ty, 7], the following inequality holds:
. M 2
u(t) + Iu(t + O)I Zug+up — M(t —tg) + —2—(t — to) + |u1|(t — to) . (3.12)

PROOF. If U contains an interval (¢o,¢1), (3.4) and (3.5) imply that
. M 2
[u(t) — uo| + |a(t) — u1| < M(t —to) + 7(t —t9)* + |u1(t — to), (3.13)
and (3.12) is obvious. If [to,t] N F is not empty, let s = inf . On (to, 5), (3.13) implies
. M 2
la(s — 0) — uy| + |uo] < M(s —to) + —2—(3 —to)* + |ual(s — to)-
Thanks to the sign conditions %(s — 0) < 0, this relation implies
M 2
U +ug < M(s—to)+ —2—(s—t0) + |u1|(s — to)- (3.14)
Let s’ = sup(F N [to, ]). If s’ < ¢, (3.3) gives
, 1 M AV
fu(t)| + Jit ~ 0)] < M(t ~ ) + (¢ = 82,
which implies
M
u(t) + 4(t+0) > ult) +u(t - 0) > — |M(E-s)+ -5-(t - 31)2] . (3.15)
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If we subtract (3.14) from (3.15), we obtain

u(t) + u(t £0) > ug +uy — [M(t ~s)+ %(t — 82 + M(s — to) + %I-(s —10)2 + |ua|(s — to)]

M
2 ug+up — [M(t —to) + —-2—(t—t0)2 + |U1|(t —to)] ,

and our conclusion holds. |

We are able now to estimate from below the length of the largest time interval [tg, 7] during
which (¢, u(t), @(t10)) remains in D(ty, up, u1, p}, provided that (to, up, u1) belongs to D(tg, ug, us,
p/2).

THEOREM 3.3. Let p be a strictly positive number, let (fo,%o,%;) be an element of R x Ck,
let M be as in (3.2), and let (tq, ug, u1) belong to D(ty, uq,u1, p/2). Let o be the strictly positive
root of the equation

M , P P _
M0+—2-a +(|u1|+§)a—§—0,

and let ¢ = min(o, p/2). Then, (t,u(t), u(t £ 0)) belongs to D(tg, ug,us,p) for all t € [to,tp + ).

PROOF. Let 7 > tg be the largest time such that (¢, u(t), ¢(¢t + 0)) belongs to D(te, ug, u;, p) for
to <t <7 Ife>0,(3.3) holds on [tg, 7]; if 7 — to < &, (3.3) implies

- M .
de (U(to + 6),00) < g + M(7 = to) + (1 = ta)? + in(r — to) < p.

Therefore, there exists a nonempty time interval {7, 7 + €] on which (¢, u(t), &(t + 0)) still belongs
to D(to, up, u1, p), which contradicts the definition of 7.
If e = 0, we use also (3.12), and then the same argument leads to the same conclusion. ]

We are able now to prove the existence of local solutions of (1.1)-(1.5): let O be an open
bounded subset of R® which has the following property:

O N (R x Ck) is not empty;

3.16
V(t,a,b) € ON (R x V), 3p > 0 such that D(t,a,b, p} is included in O. (3.16)

Condition (3.16) means that if e is strictly positive, (¢,0, b) belongs to O if and only if (¢,0, — min
(b,0)e — max(b,0)/e) belongs to O; if e vanishes, it means that (¢,0, ) belongs to O if and only
if {t} x {0} x [b, max(b,0)] belongs to O.

Assume that the continuous function f is locally Lipschitz continuous with respect to its
last two arguments on @. Choose an arbitrary triplet (to,uo,u1) in O, and p > 0 such that
D(to,uo,u1, p) is included in O. It is possible to find a continuous function g on R?® which is
uniformly Lipschitz continuous with respect to its last two arguments, and which coincides with
f on D(to,ug,u1,p). Thus, we have a solution of (1.1)-(1.5) on [tg, +00), with f replaced by
g. Theorem 3.3 implies that there exists & such that (¢, u(t), (¢t £ 0)) remains in D(to, ug, u1, p)
for all t € [to,to + &]. Therefore, on [to,tp + &), we have a solution of (1.1)-(1.5). As in the
classical theory of ordinary differential equations, a local solution of (1.1)—(1.5) will be defined
by giving an interval I whose left end is to and a function u € C°(I;R) whose derivative is of
locally bounded variation, with u satisfying (1.1)-(1.5) on every compact subinterval of I. It is
then possible to speak as in the classical theory of a maximal solution.

4. UNIQUENESS

We assume in this section that @ is a domain of R® which possesses the property (3.16)
and that f is a real analytic function on O. Therefore, as stated in Section 3, for all data
(to, uo,u1) € O, there exists a local solution of (1.1)-(1.5) on some time interval starting at to.
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THEOREM 4.1. Under the above assumptions, if (to, uo, u1) belongs to ON(R x Ck), there exists
at most one solution of (1.1)-(1.5) on any interval [to, t})].

PROOF. In this proof, we assume K = R*. When K is not of this form, local arguments and
elementary geometric transformations enable us to reach the same conclusion.
Assume that there exist two distinct solutions u and v of (1.1)-(1.5) on [to,t5), with initial
data up and u;. Let
T =inf{t > to : u(t) # v(t)}.

We can see that © = v on [tg, 7]; the nonuniqueness assumption implies that 7 < ¢5. By definition
of the solutions, u(r) = v(r) > 0. Moreover, if u(t) = v(r) = 0, then 4(r — 0) = o(r — 0) < 0.
Condition (1.5) implies then that

w(r +0) = 0(r + 0) = —eu(r — 0).

This means that the Cauchy conditions for u and v coincide at 7. Therefore, without loss of
generality, we may assume that

to = inf{t > o : u(t) # v(t)}. (4.1)

Let us first observe that if there exists a nonempty interval (¢o, 7), on which u and v are strictly
positive, we have a contradiction: on (to,7), v and v satisfy the classical ordinary differential
equation

w=f ('7 w, 11)),

with the same initial data at to; therefore, u = v on [to, 7] which implies that inf{t > ¢ : u(t) #
v(t)} > 7 > to, which contradicts (4.1).

In particular, these remarks preclude the situations where uy > 0, or where ug = 0 and u; > 0:
in this case, we could find by continuity a nonempty interval (¢p,7) on which % and v would be
strictly positive.

Hence, from now on, we may assume that

Ug = U1 = 0. (4.2)

Moreover, we must have f(t9,0,0) < 0. If this condition is not satisfied, then by continuity
of u and by continuity on the right of 4 at 0, there exists a time interval (tp,7) on which
f(t,u(t),u(t)) > 0. Relation (1.3) implies that u is a nonnegative measure; we infer from (1.1)
and (1.2) that u > 0 on (o, t1). The same argument applies to v, and thus we have a contradiction.

From now on, we assume that

f(t,0,0) <0. (4.3)

The previous analysis shows that one of the two functions v or v has to vanish at times
arbitrarily close to to. Let us assume, for instance, that u vanishes for times arbitrarily close
to tp. We will show that there must exist an interval [to,t2], with t2 > ¢p such that u vanishes
identically on [to, t2].

If such an interval does not exist, it means that the set

U={te (to,t}) : ult) > 0} (4.4)

has g in its closure. Therefore, there exists an infinite sequence of nonempty intervals (ay, bn)
which are connected components of U such that for alln > 1,

bn+1 S an < bn, (45)

and a,, tends to to as n tends to infinity.
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We recall some classical results in the theory of complex ordinary differential equations: if P
is an open connected region of C x C* x C?, and F is an analytic mapping from P to C", the
ordinary differential system

w = F(z,w,}),

with initial condition
W(Zo) = Wy,

possesses a local unique solution for each (29, wp, A). If the value of this solution at z is denoted
by W (z, 20, Wo, A), it is locally an analytic function of all its arguments. More precisely, one can

find for all (Zp, Wo, Ag) € P a number p > 0 such that W is well defined and analytic on a set
containing the multicylinder of C2+n+P,

— 3| < - 35 < ;= Wo.al < - < .
{lz — %] < p} x {|20 Zol_P}X{l%?gnlwa Wo,JI_P}X{lfélf%(pl)\k /\0,k|_P}

We apply this result first to the problem
W= f(t,w,w), w(T) = a, w(r) = 6.
There exists p > 0 such that its solution w = W (¢, T, o, §} is defined and analytic on an open set

containing {to — p,to + o] x [—p, 0%, and (t, W(t,7,a, B), 01 W (t, T, a, B)) belongs to O.
Let us define

A = 10,0), folt,a) = LD IGO0 =gy o gy SE2H ZJE0D)

o B

and

A= (Tv a;ﬁ)v ma = (ta)‘) = f2(t7W(t’T7 a’ﬂ))a
m3(t, /\) = f3(th(thvaaﬁ)1aIW(tha Q, :3))

Let E be the solution of
B2E(t,s,\) = ma(t, \)B, E(t, s) + ma(t, \) E(t, 8), (4.6)

with initial conditions
E(s,s,A) =0, & E(s,s,A) =1.

There exists o € (0, p) such that E is well defined and analytic on an open set containing
A, = [to — 0,tp + 0]® x [-0,0]%.

In fact, since (4.6) is linear, it is even possible to take o = p.
In particular, there exists a constant C such that

1BYE(t, s, )| < C,  Y(t,s,)) € A,.
This implies that
Y
Y(t,s,A) € Ag, |E(t,s,A) —t+s| < —CL(-t—zi, and 4.7
Y(t,s,A) € 4,, 101E(t,8,A) — 1| < C(t — s). (4.8)
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If we choose o small enough, we may conclude from (4.7) that
E(t,5,\)(t—38) >0 (4.9)

and from (4.8) that
O1E(t,s,)) >0, (4.10)

for all (t,s,A) € A,.
On (ay,,bn), we may write

i(t) = fu(t) + fat, u(®))ult) + f3(t, u(t), w(t))u(t).
Using the previously introduced notations and
An = (an, 0, 4(t, + 0)),

we may write, with the help of a Duhamel’s formula, that
t
u(t) = E(t, an, Ap)t{a, +0) +/ E(t,8,An)f1(8) ds. (4.11)
Gn

As f is analytic at tg, there exists ¢; such that either f1(t) < 0 on (tp,%1) or fi(t) > 0 on
(0,%1). Let us assume first that

fi(t) 20,  Vte (to,t1).

By construction, %(a, + 0) > 0; if b, < t; is small enough, (4.9) implies that E(t,a,) is strictly
positive on (ayn,b,), and u(t) > 0 on (an,bn); we can also see that u(b,) vanishes only if
@(a, + 0) and the restriction of f; to (@n,b,) vanish, then u vanishes identically on (an,by)
which contradicts the definition of (ay,b,). Therefore, f; < 0 on (tg, ;).

If 4(an + 0) vanishes, then (4.11) implies that u(t) < 0 on (an,b,). This also contradicts the
definition of (ay,b,). Therefore, @(a, + 0) > 0.

Thus, if e = 0, we have proved that t; cannot be in the closure of U.

From now on, in the proof, we assume that e € (0,1]. The previous considerations show that
we may find a strictly decreasing sequence (7i)x such that (7, 7x—1) is a connected component
of U. The limit of this sequence as & tends to infinity is 7o, > tg. We may choose sequence (7 )k,
so that 7, is arbitrarily close to 0. We denote

wy = U7k + 0).

Let us first assume that
f($0,0,0) <0. (4.12)

By continuity, there exists 7 such that for ¢ € [to, 7],

£(t,u(8), 40) < 5£(00,0,0).

Let
Y = inf [—f(t’ u(t)’ u(t))]’ and '7k = sup )[—f(t’ u(t)’ﬂ'(t))]'

te(Tr Th-1) tE(Th T -1

On (7k, Tk—1), we have the two inequalities

(t — 7)?

(t —7)?
5 \LAmiL 7y

< u(t) < wi(t— Tk) - Y& n (4.13)

wk(t - Tk) - 'yk
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Hence,

2wy 2
Tho1 — Tk € [# —‘—"5} . (4.14)
Y Yk

An inequality similar to (4.13) yields

cos-0e a1 2)m (-22)]

= 27k /v - 1)
Both sequences (x)x and (v*)x tend to —f(to,0,0) as k tends to infinity; thus, if e € (0,1), we

can take k so large that
24k
el ——-1] <1
Yk

This implies that for k large, wy increases faster than a diverging geometric sequence, a contra~
diction.

Let us take now the case e = 1. We need another estimate to reach our conclusion: on the
relatively compact set {(¢, u(t),w(t +0)) : t € [0,7]}, f is Lipschitz continuous with respect to its
arguments; therefore, there exists a constant C such that

This implies that
(4.15)

(T2 Tk—1)

¥y <C [ max  u(t) + max(wg, We—1) + Tk—1 — Tk] .

We infer from (4.13) that for t € (7%, Tk—1),

i
ut) < (2%)

From this relation, (4.15), and (4.14), we infer that there exist C’ such that
# = < Co, (4.16)

for k large enough. Assume that (4.16) holds for k > m; relation (4.15) implies that

k
Wk _ Wk Wk-1 Wmyl H 1
Wm  Weoy We—2  Wmo el 299/ -1

We know that wy tends to zero as k tends to infinity, then the theory of infinite products implies
that
e J
Z (-7— - 1) = 4+00.
jom N

Now (4.16) and (4.12) imply that
o o)
> =0,
j=m

and therefore, thanks to (4.14),

o

Z(Tk_l — Tk) = 400,

j=m

a contradiction. Therefore, we have proved that ty cannot belong to the closure of U.
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Assume now that
f(t0,0,0) = 0. (4.17)

We also let e = 7,1 — 7% and
/\;: = (Tk,o,wk).

Relation (4.11) implies that

1 +
E
Wi = —€k / (Tk + ks Th ¥ €4S, Ak)fl(fk +€k8) ds. (4.18)
0

E(Tk + &g, Tk,A:)

If we define
- (0 2).

we can write the analogous relation

We_ .o L E(7 — €x418, Tk, AF)
— = —€k+ =
e B(Tk — €k+1,Thy AR)

f1(7k — €k418) ds. (4.19)

Define a function
E(t+e,t+es,A)

E(t+e,t)

The function ® can be rewritten using Taylor’s formula as

®(t,e,8,A) =

1 1 -1
o(t,e,5,2) = (1 —s) ] E(s+es+t'e(l —s),t+es, A)dt (/ O E(s+¢et' t,A) dt')
0 0

Then, relation (4.10) implies that ® is well defined and analytical on an open set containing the

set
B, = {(t,&,8,X) : (t +¢,t,A) € As, s €[0,1]}.

Observe that
®(t,£,0,A) =1, o(t,e,1,A) =1
Let Bt 6,5, A
B,(t,e,80) = —-(-115_’—?.

By Taylor’s expansion, it is clear that ®; remains strictly positive on A,. It is immediate that
Ql(t, 8,0,)\) = 1,

so that
8;®4(t,£,0,)) = 0.

Therefore, there exists an analytic function ®2 on an open set containing B, such that
8. ®8(t,e,5,2) = s(1 — 5)Pa(t, e, 5, 2).
Let us define now .
P(t, e, X) = —/ b(t, e, 8 N f1(t + es)ds.
0

We show that v is strictly increasing with respect to € if e > —¢,t > 0, and A, ¢, and ¢ are small
enough: we differentiate 1 with respect to € and obtain

Bo(t, e, N) = — / l s(1— 8)fi(t + €5)®1(t,e, 5, 7) [1 4 it es)@alt,e, s’”] ds.
0

f{(t + ES)@l(t, €, 8, /\)
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The elementary properties of the analytic function f; show that 824 is strictly positive if t > 0
and € > —t and ¢, t, and A are sufficiently small.

Let us show now that ex) > € for all k large enough. Suppose to the contrary that ex4+1 < €k;
the monotonicity properties of 1, relations (4.18) and (4.19), and the fact that

Q/J(Tkyow\:) = w(Tk:OvA;) = _fl(Tk))

imply that
wy, = k¥ (ex) > eps1¥(Err1) > YrlEk) = Wiser

which is a contradiction. Therefore, for k large enough, €; 2> ex4+1 which precludes the conver-
gence of the series of general term &;. Hence, in the case (4.17) too, ty cannot be in the closure
of .

Next, if we assume that the two solutions v and v vanish on (¢o,t1), we obtain a contradiction
0 (4.1). Finally assume that v > 0 and u = 0 on (to,%1). According to (1.1), f(¢,0,0) < 0 on
[to, t1]; therefore, if A9 = (to,0,0), we have, according to (4.11),

o(t) = / E(t, 5, M) fu(s) ds.

This implies immediately that v is strictly negative on (tg,tp + o); therefore, we have a contra-
diction. Our proof of uniqueness is complete. 1

5. CONTINUOUS DEPENDENCE OF SOLUTIONS

The continuous dependence of the solution of (1.1)-(1.5) on the data under these assumptions
is given here for the sake of completeness. We make the following assumptions: O is a domain
of R3 which has property (3.16), f and the f,, n € N are real analytic functions on O, (to, o, u;)
and (ton, ¥on, ¥1n), n € N are given in (R x Cx) N O, and u, is the solution of (1.1)-(1.5) with
ton, Uon, Uin, and f, instead of (to,ug, u1, f). We assume that u and the u,, n € N are maximal
solutions, with respective intervals of existence [tg, 7] and [ton, Tn].

THEOREM 5.1. Assume that (fn)nen converges uniformly to f on the compact subsets of O,
and that the sequence (ton, Uon, Uin)nen converges to (to,ug,u1) in Ck. Then, the sequence of
maximal solutions ([ton, Tn), un) converges to the maximal solution ([to,7),u) in the following
sense:

linn_l.%,réf Tp 2T, (5.1)
un, converges uniformly to u on compact subsets of [tg, ), (5.2)
Un converges to i almost everywhere and in LY _ for all finite p, (5.3)
Uy, converges weak™ to u, (5.4)
U, converges uniformly to U on compact subsets of [to, T). (5.5)

PROOF. For all T € (to,7), the set S = {(t,u(t),u(t — 0)); t € (to,T)} U {(t,u(t),u(t + 0)) :
t € [to,T)} is compact; it is covered by the open sets int D(t, u(t), 4(t + 0), p) which are included
in O. We cover S by a finite union of these open sets, i.e., we can find p > 1, p; > 0, ¢; € [to,0],
1 < j < p such that

14
S c | int D(t;, ult;), u(t; 0), p;).
i=1

Without loss of generality, we may assume that the first of the t;’s is ty. Let

p
L = | D(t;, u(t;), u(t; £0), p5),

=1

17



M = sup {sup (lf(t, a, b)|,sn;p|fn(t, a, b)l) 1 (t,a,b) € L}.

Theorem 3.3 implies that if (ton, uon, ¥1n) € D(to, ug, 1, po/2), then the maximal interval [to,, s5]
on which u, belongs to L contains [ty,,to, + 6], where & is a strictly positive number which
depends only on pg and M. Therefore

liminf 7, > liminf s, >ty + 4.
n—0 n—o0
Let us assume that
liminf s, = s, < 0.

Let a be some strictly positive number such that o < 4. The functions u, and (1,(t £ 0)) are
bounded on I(n) = [ton, Soc — @] uniformly in n for n large enough. Moreover, if u,, is the measure
associated to u,, we have

) dpin < [6(500 — @)] + |ti1n] + M(se0 — @ — ton),
I(n

i.e., the measures u, are uniformly bounded. This suffices to extract a subsequence which has
the convergence properties described at {5.1), thanks to the uniqueness theorem. Of course,
this means that all the sequence converges to u. Let D(Soo, u(S00), %(Sc0 + 0),0’) be included
in O; let 3’ be determined as in Theorem 3.3; choose & > so, — ¢’/2, and n sufficiently large for
(500 — @, Un (800 — @), Un(Soo — @+ 0)) to belong to D(Seo, u(800), 4800 + 0), p'/2). Then, Theo-
rem 3.3 implies that (Soo — @, Un{Scc —@), tn (S —+0)) belongs to D(Seo, U(Soo); %S00 +0), p'/2)
for t € [Soo — @, 800 — @ + 6']. We infer that in fact

liminf s, > o.

The last statement follows from the observation that the sequence (Uy), is equicontinuous from
[to, o] to Ve, thanks to Lemmas 3.1 and 3.2, and each of the sets {Un(z) : n € N} is relatively
compact in V. Therefore, we may apply Ascoli-Arzeld’s theorem, and our conclusion holds. @

REMARK 5.2. The analyticity of f,, has not been used in the proof of the theorem. When the
fa's are only locally Lipschitz continuous on O and have the convergence property described
above, the conclusion still holds.
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