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A stable Langevin model with diffusive-reflective boundary
conditions

J.-F. Jabir* and C. Profeta'®
June 21, 2017

Abstract

In this note, we consider the construction of a one-dimensional stable Langevin type process con-
fined in the upper half-plane and submitted to reflective-diffusive boundary conditions whenever the
particle position hits 0. We show that two main different regimes appear according to the values
of the chosen parameters. We then use this study to construct the law of a (free) stable Langevin
process conditioned to stay positive, thus extending earlier works on integrated Brownian motion.
This construction further allows to obtain the exact asymptotics of the persistence probability of the
integrated stable Lévy process. In addition, the paper is concluded by solving the associated trace
problem in the symmetric case.

1 Introduction

Let (L¢, t > 0) be a strictly a-stable Lévy process, defined on some filtered probability space (Q, F, (Fz, t >
0),P), with scaling parameter « € (0, 2] and positivity parameter p. Its characteristic exponent is chosen
as

U(A) = log(E[e™1]) = —(iA)e mrsen) - N eR,
where the positivity parameter p is given via the usual asymmetric parameter 5 € [—1, 1] by
1 1
p=P(Ly>0)= 3 + — arctan(f tan(mra/2)).

We assume that |L| is not a subordinator, i.e. p € (0,1). For 6, c two (strictly) positive constants, we
consider the SDE :

t
&:&+/m@,
0

Ut = Uo + Lt + Z ((1 - ﬂn)(enMn - UT;) - ﬂn(l + C)UT ) ]I{Tngt}v

n>1 !
where (7,, n € N) are the successive hitting times of (X, t > 0) at the boundary x = 0; namely

T = inf{t > 7,—1; X; = 0}, 70 =0,
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with

I 1ifr, <t,
sty = 0 otherwise,

and where the sequences (8, n > 1) and (M,,, n > 1) are independent random variables, also independent
from (Xo,Up) and (L, t > 0), such that

1. the random variables (8,, n > 1) are i.i.d. Bernoulli r.v.’s with parameter p := P(3; = 1),

2. the random variables (M, n > 1) are i.i.d., non-negative and such that P(M; = 0) = 0. We further
assume that they admit moment of order at least a.

The model (1) describes a type of Langevin model where, at each time t, the components X; and Uy
represent respectively the position and the velocity of some fluid particle, interacting with a physical wall
located at the axis # = 0. The particle positions are confined within the upper-half space [0, 00), the
velocity paths are cadlag, governed by the Lévy process (L, ¢ > 0) when X, is in the interior (0, c0) and,
whenever the particle hits the frontier x = 0, the velocity component is submitted to either a partially
absorbing boundary condition or a diffusive boundary condition, respectively quantified by ¢ and 0™ M,,.
More precisely, for all n, the left-hand limit U- = lim  U; describes the outgoing velocity of the

t—=Tp,t<Tn
particle and the reflective-diffusive interaction between the particle and the confinement frontier implies
that the velocity U, = . lim U, immediately after the impact is given by :

— T, t>Th

—cU, - if B, =1,
Ur, = AUy, +U, - = (2)
0" M, if B, = 0.

As U_- is necessarily non-positive, the particle either re-emerges in (0,00) or remains stuck to the axis
"
2 =0, and, in any cases, remains confined within [0, o).

The (partially) absorbing case (p = 1, i.e. 3, = 1 a.s.) was previously introduced and intensively
investigated in Bertoin [2, 3] (in the case of a totally absorbing wall, ¢ = 0) and Jacob [14, 15] when
L = B is a one dimensional Brownian motion. Jacob [14] exhibited the critical level c.i; = exp(—7/+/3)
separating sticky and non-sticky situations; whenever ¢ > ceit, lim, 7, = 00 a.s., whereas if ¢ < cepit,
lim,, 7, < oo a.s. In the situation where L = B is a standard Brownian motion, the corresponding zeroes
of the integrated Brownian motion (x + tu + f(f Bgds, t > 0) has been the subject of a long history of
studies starting from the early work of McKean [19] and the numerous works of Aimé Lachal (see [18]
among others). In the case of a stable Lévy process, few results on the distribution of the zeroes of
an integrated Lévy process are known. Nevertheless the necessary and sufficient conditions ensuring the
non-accumulation of (7,,, n > 1) in finite time will be exhibited in Section 2.

The totally diffusive situation (p = 0, i.e. S, = 0 a.s.) models the particular case of Maxwell
boundary conditions introduced in the kinetic theory of gases (see e.g. Chapter 8 in Cercignani, Illner
and Pulvirenti [7]). The particular situation where § = 1 and (M,,,n > 1) is distributed according to a
Maxwellian distribution of the form:

v |v]? .

—exps ——— 1 , with © > 0,

B p{ 20 } {v20}
corresponds to the situation where a (gas) particle interacts with a surface in thermodynamical equilib-
rium at temperature ©, and where the particle re-emerges from the wall with a velocity M, after each



impact. (1) allow slightly more general diffusive phenomenons where the magnitude of the re-emerging
velocity M, is further controlled by the parameter 8", allowing situations where the diffusive velocity
progressively vanishes at n — co. Let us also point out that the connection between transport equation
endowing diffusive-reflective boundary conditions and Langevin models driven by a Poisson process has
been studied in Costantini and Kurtz [9] and Costantini [8]. The link between (1) and kinetic equations
will be further discussed in Section 4.

Our aim in this paper is to study the limit behaviour of the sequence (7,, n > 1), according to the
parameters # and c. Such results then allow to discuss some related problems for the construction of a
conditioned stable Langevin process, as well as some relations to kinetic equations.

a) In the next Section 2, we describe the asymptotic behaviour of the sequence (,,, n > 1) in the
case where (Xo,Up) belongs to the semi-finite line {0} x (0, 00), showing necessary and sufficient
conditions on the parameters ¢ and 6 to characterize sticky situations (see Theorem 2.1.1) in the case
of an absorbing wall (p = 1), of a diffusive wall (p = 0) and mixed boundary condition (0 < p < 1).
When the lifetime of the process is infinite, we further give some a.s. asymptotics for the behavior
of (7, n > 1) (see Theorem 2.2.1).

b) Section 3 is dedicated to the construction of an integrated stable Lévy process conditioned to never
hit 0, thus extending the previous results obtained in Jacob [15] and in Groeneboom, Jongbloed
and Wellner [12] for Brownian motion. As a by product, we deduce the asymptotic behavior of the
upper tail distribution of 71 (Corollary 3.2.2), improving the result in Profeta and Simon [22].

¢) Section 4 is dedicated to the link between (1) and trace problems for kinetic equations. Such link
was previously studied in Bossy and Jabir [5] for Langevin model driven by a Brownian motion and
singular nonlinear (in the sense of McKean-Vlasov) drift component. We show the existence of trace
functions under appropriate assumptions on ¢, 8 and the distribution of (Xg, Up).

2 Estimation on the asymptotic behavior of (7,,, n € N) starting
from {0} x (0, +00)

We start by decomposing the paths of X into a sum of excursions. To simplify the expressions, we shall
assume that a.s. Xo =0 and Uy > 0.
For n > 1, we define the restarting velocity after the n*® passage time at the boundary :

Vo =U,, = (1= 3,)0"M, + Bnc |UT;| and Vo =Up. (3)
Observe that by the scaling property of L, for n > 1 :

d
(Tna U‘r;) (:) (Tnfl + Vna—lgla anlgl) (4)

where the pair (£1,¢1) is independent from V;,_; and is distributed as (71, UT;) when the process (X, U)
is started from (0, 1). Although the law of the pair (&1, ¢1) is not explicitly known, we have the following
estimates from [22]: for A > 0,

1—p
E[¢} E[|61|** A
€] < 40— [[61]%Y] < 40— <1+ap, (5)
as well as the Mellin’s transform,
L Y sin(myv)
Efl2]"~"] = B IU, - [*~1) = — ) __ (6)

sin (mv(1 — 7))



where 7 is given by

N = O‘(l_P)- (7)

1+«
By defining
gn =sup{k <n—1; B =0} and My = Uy,

we deduce by iteration from (3) and (4) that

(Vi n2 1)@ | (1= 806" M, + B0 M, [[ cltal, n>1 8)

1=gn+1

where (¢,,,n > 1) are i.i.d. random variables with the same law that of U.- when (X,U) starts from
(0,1). Note that the r.v.’s (V;,,n > 1) are of course not independent, except if p = 0.

The same scaling and the independent increments properties further allow to decompose the passage time
Tp s :

- Tk — Tk—1 o (d) a - 1o}
Tn :leLZTVk_l = §1UO +Z§ka_1 (9)
k=2 - k=2

where (&, k > 1) are i.i.d. r.v.’s with the same law as 7, when (X, U) is started from (0,1). Furthermore,

for every fixed n > 1, & is independent from Vj_;.

In the following, we shall be interested in the study of

Too = lim 7, =inf{t > 0; (X¢,U;) = (0,0)}.

n—-+o0o

2.1 Absorption in finite time

We start by looking at the conditions under which the particle is absorbed at the boundary in finite time,
that is 750 < o0 a.s.

Theorem 2.1.1. Assume that Xo = 0 and Uy > 0 with U integrable. Then we have the following
situations:

1. If p=1, then
Too <00 P—a.s. <= ¢<Cerit

where
Cerit = €xp (—m cot (17)) .

In particular, for A > 0,

E[ry] < 400 <= {c<cemr and ™ E [|61]*Y] < 1}.

2. If p=0, then
Too <00 P—as <+— 60<I1.

In particular, for A > 0,

1—
E[ry] < 400 = {9<1and/\< p}
14+ ap

4



3. If0<p<1, then
Too <00 P—as <— 60<I1.

In particular, for A > 0,

B[] <400 <= {0 <1and c™E[|0|*]p<1}.

The proof of this theorem will rely on the following lemma, which is a special case of Kolmogorov’s
three-series theorem (see e.g. Durrett [10, p.64]).

Lemma 2.1.2. Let (X,,n > 0) be i.i.d. and positive random variables. We assume that there exists
A € (0,1) such that 0 < E[X{)] < +o0. Then, fora >0 :

—+oo
ZXna" < 400 a.s. — a < 1.
n=1
Proof. If a < 1,
_ B [X{]

00 A 00
’ (Z X) I e
n=1 n=1

which implies that the series converges a.s. If a > 1, we deduce from the monotone convergence theorem,
for all A > 0,

N
E lexp ()\ Z Xna”>] < E[exp (-AX1)]Y —— 0

N—~+oc0
which concludes the proof. O

Remark 2.1.3. Note that we cannot totally remove the assumption on the moments in the previous
lemma. Indeed, consider for instance a sequence of positive i.i.d. random variables with distribution :

In(2)
P(X; € dr) = ——2T(,>0da.
(X1 € dr) oI (z) 122 T

Then, integrating by parts,

“+o0 +o0
Efexp(-aXia™)] = [ edane B2 g mmar e [ e @)
2
2 xIn*(x) 5 )

Taking a < 1, we deduce by the Tauberian theorem that :

LBl (X))

hence
N N
E lexp <)\7;Xna )] = 7:ll;[ll[*][exp (=AX1a")] o 0
—+o0
which proves that Z Xpa" =400 a.s. for any a > 0 in this case.
n=1



Proof. We shall now prove Theorem 2.1.1 and deal with the three cases separately.

1. Assume first that p = 1. We follow the ideas of Jacob [14, Corollary 1]. According to (8), we have the
decomposition

Vi @ U T el
i=1
Therefore, from (9),

“+o0 n—1
(d) a a a(n— o
Too = fon +U0 anc (n—1) H |€z| :

n=2 i=1
Next, from Profeta and Simon [23], the law of large numbers implies that :

n—1

% ; In(|¢;]) %) E [In(]41])] = 7 cot (my) = — In(cerit)

hence, for any fixed € > 0, we have for n large enough
n—1
car " < [T 1) < i (10)
i=1

and the finiteness of 7o, follows from (5) and Lemma 2.1.2 when ¢ < ¢eit. When ¢ = c¢qit, observe that
the random walk Z,, = > | In(|¢;]) + In(ceit) is recurrent, hence the restarting velocity V,, = Uy exp(Z,)
does not converge to 0, which implies that 7., = 0o a.s.

To get the condition on the moments, we then notice that 7, is solution of a renewal equation :

d
Too @ EUS(L = ca]) + U§ 2™ 2] + ¢ (1] * .

From Goldie [11, Theorem 4.1], we deduce that there exists a constant x > 0 such that :

K

Plree > 1), v 7@

where 7(c) > 0 is such that R [|€1|°”7(C)} = 1. Point 1. then follows from the fact that for ¢ < cgit,
the function A — ¢®*E [|€1]*}] is convex with a negative derivative at 0 given by a(In(c) — In(ceit)) < 0.

2. Assume now that p = 0. Then, the particle will always restart afresh when hitting the zero axis, namely
V,, = 0™ M, for n > 1. Hence

—+oo
d E - @
Too (:) €1U€ + é—nea(n 1)Mn71

n=2
and from Lemma 2.1.2, this series converges if and only if § < 1, in which case the moments of 7, are
finite if and only if those of &; are (since U§ and My are assumed to be integrable).

3. Assume finally that 0 < p < 1. Observe first that since the r.v.’s (8, k > 1) only take the values 0 or
1 and all the terms are positive, 7, may be decomposed, after a change of indices, as :

[e3

n—1 n—1 k
d
2 &Ug + g 1 (1 — Br) (0" My)* + E Eet1Pi | 09" My, ]._.[ cltil
k=1 k=1 i=grt1



with the convention that My = Uy. Since in this case the r.v.’s (8g, k > 1) take infinitely many often the
value 0, we first observe by Lemma 2.1.2 that 7., = oo as soon as § > 1. Taking 0 < A < 1 small enough,
we then have :

A
n—1 n—1 k
Blr] < B0+ DB [(1-By) (610 M0) | + DB |8 ooty T e
k=1 k=1 i=gr+1
A A MO — oA A = A raA : A A
B (B3] + (- e i ) g (] B [eargd [T el
k=1 i=gr+1
We shall compute the remaining sum in the following Lemma.
Lemma 2.1.4. Forn>2,0#1 and 0 < A < —£ 1+ap
ZE eagkkMa)\ H Cak'g |a)\
i=gr+1
AT AT 1 = Ni AE i1 A A A0 —1
]E[Ua ] G [|£1|a ] pni +an '‘E [|£1|a } p17 (E[an ]+ (1 7p)9a E[Mla ]W> .
i=1

In particular, for X small enough such that ¢c® E [|€1|0‘)‘] p < 1, there exist two constants Ay, B indepen-
dent of n such that

E [72] < A\0**™ + Bi.

Proof. The law of gj is given by :

Plgr=1)=1—p)p"""forie{l,....k—1} and P(gy = 0) = p*~ L. (11)
We decompose the expectation according to gr. When g =0 :
k
E eagk/\M;;:\ H Ca/\|€i|a)\]1{gk:0} _ E[Ua)\] MR [|€1|a/\]kpkfl. (12)
1=gr+1

When gi > 0, similar computations yield :

k k—1 k
E oagk/\M;k)\ H Ca/\|£i|a)\ﬂ{gk>0} _ ZE eozl)\Mloz/\ H Caz\|£i|a)\ (1 7p)pk—l—1
i=gr+1 =1 i=l4+1

k-1 _
_ (1 o p)E[Mla)\] Z o (k—i) LaXip [|€1|a/\}1pzfl. (13)

Applying Fubini-Tonelli’s theorem, we deduce that

n k—1 ) n—1 . n
Z Z Hak(k—i) ca)\iE [|€1 |o¢)\]1 pi—l — Z G—QMC&ME [Mﬂak} lpz—l Z eka)\ (14)
k=2 i=1 i=1 k=i+1
n—1 .
) i 1= ea)\(n—z)
_ paX Qi aX i—1
=0 ;c E (|6 0 g
which concludes the proof of Lemma 2.1.4. O



Now, letting n — 400 in Lemma 2.1.4 and using the fact that # < 1, we deduce on the one hand that
E[r2] < 400 as soon as A is small enough so that ¢®*E [|¢1|**] p < 1. In particular, 7o < +00 a.s. for
any ¢ > 0. On the other hand, we have :

+o00 k o
E[r}] > E (U(?kaJrlﬂk (H C|£i|> ]I{gk—o}>

k=1 i=1

A

Observe now that the random variable appearing on the right-hand side of the previous equation, say Xoo,
is a solution of the following renewal equation :

Xoo = §2B1UG 01| g, =0y + c*[€1]* T 5, =1} Xoo-

The proof is then concluded using the asymptotics given by Goldie [11, Theorem 4.1] as in Point 1., since

E (™6™ 135, 2y | = B [J6]*] p.

2.2 Asymptotics of (7,,n > 1)

We now study the rate of divergence of 7,, when 7, —+> ~+00.
n—-+0oo

Theorem 2.2.1. Assume now that 7o = +00 a.s. We have the following asymptotics :

1. Whenp=1:

(a) If ¢ > cerit -

ln(gn) Zj—igj a (7 cot () + In(c)) .

(b) If c = cepig : for any 0 < A < 2,
1n(7-n) a.s.
—— 0.

nl//\ n—-+oo

2. Whenp=20:
(a) If 0 > 1 :
]‘ n a.s.
() _as ).
n n—-+o0o
(b) If@:l,-forany0<)\<1lJ;fP, _
n a.s. 0-

nl//\ n—-+oo
3. When0<p<1:
(a) If 6> 1 :
ln(Tn) a.s.

n n—-+o0o

(b) If 0 =1 : for any A > 0 such that ¢**E [|(1]** p <1 :

aln(6).

Tn a.s.

0.

nl//\ n—-+oo



Before proving Theorem 2.2.1, we state a short lemma regarding the negative moments of &;.
Lemma 2.2.2.
1. If0<a<?2, then for A\ >0 :
E¢ < +o0 <= Aelo,1).

2. If a =2, then for any A > 0, we have E[{f)‘] < 400

Proof. We denote by (A; = fot L, du, t > 0) the (free) integrated stable Lévy process, and by P, ) the
law of (A, L) when started from (z,y). Applying the Markov property, we have for p >0 :

+oo
/0 €_Mt]P)(071) (At < 0) dt =FE |:€_M£1 /0

Recall then that A; @ t11++1(/; Ly under Pq q). Therefore, since 1 < 0 a.s., we deduce that

+oo

6_“751?)(0141) (4: <0) dﬁ:| .

1> P (4 <0) =P (Ll <1+ a)fl/agl) >1-p,

hence

—+00 “+o0
u/ e M P 1y (A < 0)dt <E[e "] < IL e MPo,1) (A < 0)dt.
0 —PJo
Integrating against u*~1 on (0, 4+00) with A > 0, we obtain :
+oo A t+oo
)\/ t_/\_lp(o,l) (A <0)dt <E [51_/\} < 15 f_’\_lp(o,l) (A; <0)dt.
0 —PJo

The result now follows from the asymptotics of the stable laws, i.e. for 0 < a < 2,
P(Ly < —t7Y) ~ Kkt
t—0

for some x > 0. In the Brownian case o = 2, this asymptotics is well-known to be exponential.

Proof. We now come back to the proof of Theorem 2.2.1.

1.(a) The proof of Point 1.(a) is a direct adaptation of Profeta-Simon [23, Theorem A], using the decom-
position :

=1

p—1 2a
(d
Top — Top—1 () L., X7 X <H c|€i|> .

Note that due to the reflection, there is no need to use the dual process —L here.

1.(b) Let € > 0. Using the Markov property :

P <1n(7'n> Z €> S eignl/xfl/zE[T’i/ﬁ]

/A

k=2

<o (E €05+ 3 B 6007 [t H)

< e PR [EU)YT] (1+ (0 - D [(canelta)*/ V7] ")



since, from Jensen’s inequality,

-

Next, using the explicit Mellin transform (6) and Taylor expansions, we may compute the limit :

E [(ccrit|£1|)a/\/ﬂ > exp ( E[ln(]¢1]) + ln(ccm)]) = 1.

n

sin(my(1 + %)) 1202
- (w(l 0+ %)) P (T(l - 2’Y)> .

E [(Ccmw”)a/\/ﬁ}" — o Vnamcot(my)

The a.s. convergence then follows from the usual application of the Borel-Cantelli’s lemma.

2.(a) and 3.(a) Both cases may be dealt with in the same way, by taking p € [0,1[. We start with the
Markov’s inequality :

7

Using Lemma 2.1.4 with A small enough, the first term may be bounded by

In(,)

— aln(@)‘ > 5) <ehen (IE [T,Q\H_M"] +E [T;”\GM"])

E [r207"] < Ay + BA0~** < Ay + By < 400

since 6 > 1. Similarly, since (3,, only takes the values 0 or 1, the second term may be bounded by :

-
n

E [TEAQO‘M] <ONE || Lugr (1 — B,)0°" MY + En+18n0°9" M H ||
1=gn+1
—a
<0 | (1=p)0 "B [¢ M7 + pEIGE | | 09 M, [] cltil
1=gn+1

Observe next that, decomposing the expectation with respect to the law of g, (see (11)), we obtain

—al
0NE | | 09 M,, ] eltil
1=gn+1
n—1
— ea)\nE[UO—a)\]EHCEl|7a)\]npn71 + (1 _p)E[Ml—a)\] Z ea)\kEﬂceﬂfa)\]kpkfl.
k=1

This term may be bounded by a constant independent of n as soon as A is small enough so that
O°E[|cly |~ p < 1.
The result then follows again from the Borel-Cantelli’s lemma.
2.(b) and 3.(b) are consequences of the following result by Petrov [21], which we adapt here to our set-up.

Assume that (X, k > 1) are positive r.v.’s such that E[X}/] for some positive » < 1 and all £ > 1.

If A, =Y, E[X/] o T then for any 0 < A <wv, >0, Xj = O(A}L/A) a.s.
n—-+0o0

10



We therefore apply the aforementioned result with Xy = 7%, — 7x—1. When p = 0 and 0 = 1, we

“ P This yields :
+ ap

choose v <

—+0o0

Y Bl —m-1)] = D E(&M{_y)"] ~ E[&M7)]n
= k=1

When p € (0,1) and 8 = 1, we choose v > 0 such that ¢*®E[|¢1]*”] p < 1. This yields :

av

n n k—1
D Elm —7e-1)’] = (1= p)E(G M) ) (n=2) +pE[EH] Y B | | My, [ et
k=2 k=2 1=gr—1+1

Passing to the limit in Lemma 2.1.4 as 6§ — 1, we further deduce that

av

n k—1
E E || Mg, H clt; L
k=2 i=gr-1+1

for some constant x > 0. Points 2.(b) and 3.(b) thus follow directly from Petrov’s result.

3 Langevin processes conditioned of not hitting (0, 0)

We shall construct in this section the law of an integrated a-stable Lévy process conditioned to stay
positive, thus extending some earlier results by Groeneboom, Jongbloed and Wellner [12] on integrated
Brownian motion. Note that a direct construction seems difficult as we do not have the exact asymptotic
of P(z,)(71 > t) but only lower and upper bounds, see [22, Theorem A]. We assume in this section that
p=1,and ¢ < ceit 50 that 7o < +00 a.s. We now denote by P(¢) the law of the solution of (1), i.e. of the
integrated a-stable Langevin process reflected on a partially elastic boundary, and, to simplify P = P(®).
The general idea of this section is to first condition the process (X, U) under P(®) to not hit the boundary
(0,0), which is done using a renewal result, and then to let ¢ — 0.

We start by recalling that the law of UT; (which is the same under P(©) for any ¢ > 0) is given, for
€ (0,1) via the Mellin transform (see [23, Formula (2.1)]):

// A (= (1 e ) £ ) e e
2 (v/(1+a)l(1 —v)sin(mv(l — 7))

where ¢ is the stable density whose Fourier transform is given by :

: ! 1 _
iz dz =E )\/ L.d _ B i) —imapsgn(A) )
/Re q(z)dz exp | 7 ; s exp o (i\)%e

Integrating by parts in A to remove the term I'(1 — v), we obtain

E(z,u) |:|UT;|V_1:| = (1+a) ~Tra

IE(z,u) |:|U7—f |U71:|

t2+2/a
2 (v/(1+a)T(2—v)sin(mv(l — 7))

7r/ Al‘”/ Wg'( (142X 4 utd) 717 ) dt da
0 0

= (1+a) T (15)
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which is valid for v € (0 1 )

N
Remark 3.0.1. In the following, to avoid complicated notations in conditional expectations, we shall
systematically remove the superscript (©) when taking the expectation of Fr, -measurable random variables.

3.1 The case 0 < ¢ < Cerit
We follow Jacob [15, Section 3]. Let 7(c) > 0 be the unique solution of the equation

sin (3 (an(c) + 1)

TR “UT{FU(C)} =1 — e sin (7(1 — v)(an(c) + 1)) =1 (16)
Looking at Formula (6), we see that n(c) is a decreasing function of ¢, and is such that
ii_%n(c) - 11—ljcvpp =
We define the harmonic function ¢ for {z > 0 and v € R} or {x =0 and v > 0} by
he(a,u) = "B U, -|*7)] (17)
Note that h¢ enjoys the following scaling property :
he (2, u) = 55 he(1, ug— Y/ (@+D), (18)

In particular, for z > 0 and u > 0, we have

an(e)

Re(0,u) = u"®) and he(xz,0) = z T+« h(1,0).

To simplify the expressions, we set a_ = max(—a,0) and
(-n(e)a
. m(1+a)
ap 1 c)a . :
2(HE9NT(1 - n(c)a) sin (ry(1 + 7(c)a))

Integrating by parts (15) with ¥ = 1 4+ an(c), and using several changes of variables, we obtain :

. . oo e 1 1+ 2AMTY + uth 11/a
h (x,u)om(c)na,p//o A—on(e) 1<q<m) Q<W)>t =g dt

( ) Too + Dt(nl(i)ojl) ‘ Dt(nl(i)afl)
= IR e / E / Lyds —E x—l—ut—i—/ Lds dt
1 + « P 0 0 _ 0 —

which proves that i is increasing in both variables  and u. Note that h¢ also enjoys the following scaling
property :

he (2, u) = 55 he(1, ug~ Y/ (@+D), (19)

Proposition 3.1.1. For 0 < ¢ < c¢pt, there exists a probability peT on (Q, Fso) such that

("E7u)

VA, € F., lim P

t—4o00 (z,y)

(Aslroe > 1) = BT (A,).

(z,u

]P(C)T

(z,u)

(¢)

may be described by an h-transform with respect to ]P’(z uy @5 follows :

(@1 _ b @ c
VA, € Fs, IED(z,u)(AS) - h0($7u) E(I,u) []IAsh (Xs’ US)H{S<T°°}] :

12



Proof. From Goldie [11, Theorem 4.1], there exists x > 0 such that:

e

Pl (oo > 1)

tstoo L $1(©)

where n(c) is the solution of the equation (16). Applying the Markov property at the time 71, we then
deduce that
P(C)

(I7u)

(Too > t) = Ez ) |:PE(C)?CUT)(TOO >t—11)
1

To apply the dominated convergence theorem, let us fix some deterministic A > 0 such that, for any

t > A, we have t"(C)IPES?l)(TOO > t) < 2k. Then, by scaling and since 0 < n(c) <1 :

¢)mle)
10 )P(076|U7;|)(TOO >t—11)

c t— c
< (t- 71)"(0)]?20?1) <Too > ) + T{]( )

CQ|UT;|Q

t—71 <A

CQ‘U 7‘@
1

< A ()| |om(0)]1{ } + 2k |U |a77(6)]1{ 4
1 1 t—7 >A}

U _ @<
1

< (A 4 Qﬁ)can(C)Wf jom(e) 4 T{?(C)
1

which is integrable since 1(c) < 7. The dominated convergence theorem then yields :

PO (ro > 1) h(z, u)

(,u) oo (o)

Next, applying the Markov property at time s, we deduce that

(¢) he(Xs, Us)
Pl (oo > 11Fs) T2 5y Hrens)
and the result (i.e. the L' convergence) will follow from Scheffé’s lemma, once we have proven that

E(C)

(z,u)

[hC(XSv US)I[{TOO>S}} = hc(xv u)

Observe that by definition of n(c):

(c) an(c)) _ me) an(c
E(m,u)[|UT;| "t )] - IE(m,u) |:E(010U,_n1|) |:|U7'f| g ):|:|

=E{, (U, "By [|U, 79| =B, 10, o),
By iteration, we deduce that
By u) = R, (U, |*7)
— MOE® {|UT; |0”7(C)]I{Tn§5}} +ES ) [1(Xa Udr, 5] - (20)

13



It remains to prove that the first term converges towards 0 as n — +oo. By the Markov property :

() an(c
=B, (1017, <]
=E?, [lU O, < I |s1}} +EZ, []Ew,cw,l) {l S A (SRS zl}H :

In Kn

Observe first that by dominated convergence, .J,, —+> 0. Next, by scaling, the second term K,, may
n—-+oo

be written
Kn = EE;),u) |:(C|U‘rn1 |)a77(C)E(071) |:|U7_1 |°‘"(C)H{rlca\UT;1 |Q+Tn71§s}H{C‘UT;71 HUT; 21}:|:| .

Applying the inequality Tj, <o) < I{a<s)lfp<s) which is valid for positive a and b, we obtain

Ky <E§;)u) [|U |m7( s, 1<s1E01) [(C|U |a"(c)ﬂ{ncaw |a<s}]l{c\U, - |>1}”

Then, since
Ireopu  je<ailew i 1213 < Lmyiu _jo<s)

we deduce that

Ko< B (U 9L, <y] e [<c|U () T a<s}]_

where we have set r = Eq 1) |:(C|UTI |)°‘"(C)H{n/\U _ a<s}] € (0,1). By iteration, we obtain for n > 2,
7'1 -

n—2
In S Z Jn—k rk + Ilrn71
k=0

and the result follows by letting n — 400 and using dominated convergence.

3.2 The case ¢c=0

We are now interested in letting ¢ — 0, in order to obtain the law of a (free) stable Langevin process
conditioned on not hitting 0. In this case, notice from (16) that :

lim h%(z,u) = lim M

E U _ v—1 .
c—0 l/—)l-‘ran Sin(ﬂ"yy) (z,u)“ Ty | ]

Passing to the limit in h® we deduce that
+o0 I4a
1 14z + ut
0 _ 0 —an—1 _ _ —1-1/
hO (@, u) = omna,p//o Ao <q< t1+1/a) q< PRy >) i ed .
Corollary 3.2.1. The law of an integrated c-stable Lévy process conditioned to stay positive is given by

1
VA, € F,, P!

(x, u)(A ) = hO(LL' U)E(I,u) [HAShO(Xs,US)H{S<Tl}}
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Proof. To show that this definition makes sense, we shall prove that PT may be obtained by a penalization
procedure, i.e. that :

Plo.u) (A5|UT; > t) —— P, (A).

t—+o0 (m,u

Indeed, observe first that :
(P 4 (UT; > t|]-‘s) — B, ({UT; >tn{n < s}|]-'s) 9P, ) ({UT; >t {n > s}|]-"s)

= tCWH{{U7_7 >t}n{r<s}} + ta”]I{Tl>S}P(X57US) (U"'f > t)
1

——— Iy, 5B (X, Us)

t—+o00
hence, as before, the L!-convergence will follow from Scheffé’s lemma once we have proven that
E(ou) [°(Xs, U)jscr,y] = h0(z,u).
Going back to Formula (20) with n = 1, we obtain that :
he(w,u) = MR, ) {|Ln|a"(c)ﬂ{ngs}} +Eq oy [P X5 Us)lir, 4] - (21)
Now, from Joulin [17], for any 0 < ¢ < «:

E(e,u) ([ Lr |z <6}] = B,y [ Lsar |* 7] = B [|Ls|* ™ Ts<ry]

<Eqw [Oiug ILrl‘“} + B [|Ls|*7F] < 400

hence, since na < « :

lim CMI(C)E(JC,U) |:|L7'1 |an(C)H{‘r1§s}:| =0.

c—0

Next, fix 0 < § < cerit- Since (¢, u) — h°(1,u) is continuous on [0,d] X R and u — h°(1,u) is increasing

and such that h¢(1, u) ~ 1) we deduce that we may find two constants As and Bs, such that, for
uU—r+00

any ¢ € [0, d], we have :
Be(Lu) < A + By (Ju A1)

By the scaling property of h¢, we then obtain :
he(x,u) < Ay (x A1)T+a + Bs (Ju] A 1)

The result finally follows by passing to the limit in (21) and using the dominated convergence, since X
and L, admits moments of order o — ¢ under P.
O

Corollary 3.2.2. Assume that {x =0 and u > 0} or {x > 0 and u > 0}. Then, there exists a constant
Kk > 0 such that :

hO(x, u)
]P)(m,u)(Tl > t) t%fioon p .

Proof. Using Corollary 3.2.1, we first have :

1
RO (z, w)E!

—— | =P t).
(z,u) [hO(Xt,Ut)] (m,u)(’f'l > t)
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By the scaling property of h° and (X;, U;), we deduce that :

hO(x, u)
]P)(m,u)(Tl > t) = s EE

1
e ) {hO(Xl,Ul)} '

Looking at this expression, it only remains to prove that the function

1
w(t) =K' {7}
© (757 ) LhO(X4, Un)

admits a finite limit as ¢ — +oo. Observe first that, since = and u are positive and A is increasing in
both variables, the monotony (with respect to the initial conditions) of (X, U) under PT implies that V¥ is
increasing. The result then follows from [22, Theorem A], in which it is proven that there exists a constant
K > 0 such that :

limsup ¥(¢t) < k

t——+o0

O

Remark 3.2.3. In the case of integrated Brownian motion, (i.e. « =2 and p = 1/2) we obtain with our
1

normalization U = /2B :
+00 -3 t -3
\/7/ [( \/_Bds) ]—]E (x+ut+/\/§Bsds) ]dt.
0 _

We briefly check that this expression agrees with the one of [12], that is,

~ A\NYC /14 248
h(ac,u):x_l/ﬁu (§> U(6’§;§%)’ for z,u >0

where Ul(a,b; z) denote the usual confluent hypergeometric function, see [1, Chapter 13]. Let B be a
standard Brownian motion and define

t
P (m + ut —|—/ Byds € dy, u+ B; € dv) = qt(x, u; y,v)dydo.
0
Writing h® in terms of g, we obtain :

ROz, u 1/4\/>/ / / <qt (0,0; 2,v) — (%%zv)) dt dz dv.

Denote by D, ) the generator of B and its integral :

102 0
D) = ~ o 4+ u,
(@u) = 9 52 + Yor

Since q; s a solution of the Kolmogorov backward equation, we obtain that :

—1/4
0 _ . —
Dz,u)h (ﬁz,\/_u = \/7/ / / \/_atqt x,u;z,v) dtdz dv = 0.
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Using the scaling of h®, we deduce that the function u — ho(\/§7 \/ﬁu) is a solution of the ODE

() = 20g'(u) ~ suglw).

Since h°(v/2,v/2u) ~ 214 /u, we finally conclude, as in [12] that :
uU—r+00
~ 1
h(z,u) = Who(\/ix, V2u).
Using the explicit Gaussian density and the complement formula for the Gamma function, we may also

check that /6
L o (9 ra/3) .~
qah’(V2.0) = <2> (1/6) i, L)

4 Link with kinetic equations and a probabilistic approach for
related trace problems

In this section, we apply the results of Section 2 in order to exhibit the link between (1) and the trace
problems related to kinetic equations endowing Maxwellian boundary condition (see e.g. [7], Mischler
[20]).

4.1 The Brownian case

The link between the sequence of zero times of the integrated Brownian motion, the modeling of boundary
condition for Langevin dynamics and trace problems for kinetic equations was previously exploited in
Bossy and Jabir [5] (see also [6] for the multi-dimensional case) in order to show the well-posedness
of some Lagrangian Stochastic model related to wall-bounded fluid flows. The trace problem related
to Langevin models driven by a one-dimensional Brownian diffusion (L = \/§B) and endowing purely
reflective boundary conditions (p = ¢ = 1) concerns the existence, in an appropriate sense, of a solution
to the boundary value problem:

Drp(t,,w) + udop(t,w,u) — 2p(t,z,u) = 0, (t,a,u) € (0,00) x (0,00) x R, (22a)

p(t,0,u) = p(t,0,—u), (t,u) € (0,00) xR, (22b)

where p(t) represents the probability density function of (X, U;). In a rigorous way, the variational
formulation of (22a)-(22b) consists in the existence of p and the existence of a pair of trace functions
vt (p) and v~ (p) defining the value of p(t,0,u) along the respective boundary sets

YT ={(t,u) € (0,00) x R|u < 0} and ¥~ = {(t,u) € (0,00) x R|u > 0}
and such that: for all 0 < T < oo and for all f € C2°((0,T") x [0,00) x R),

T
/ // (8tf(t,z,u) +ud. f(t, z,u) +8Zf(t,x,u)) p(t, z,u) dt dx du
0 (0,00) xR (23)

= — //E+ uy T (p)(t,0,u)f(t,0, U)]I{Ogth} dt du — //7 uy~ (p)(¢,0,u) f(¢, Ovu)ﬂ{ogth} dt du

From a PDE point of view, the existence of trace functions can be handled in a classical sense by showing
the continuity of  — p(t,2,u) up to the axis & = 0 or in a weak sense by showing some appropriate
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Sobolev estimates for p. As noticed in [5], the trace functions 4y and v~ have also a natural probabilistic
interpretation as density functions related to Y. -, Po (7,,U,, )" for the solution of the SDE :

t
X, = X +/ Ucds, Up=Ug+V2B—2> U I <y,
0

n>1
o = inf{t > 7,_1; Xy =0}, 70 = 0.

4.2 The stable Langevin case

In the more general case of a stable Langevin model (1) and assuming for simplicity that § = 1, the
probabilistic interpretation of the trace functions ¥* in terms of the SDE

t
Xt:X0+/ U, ds,
0

U=U+Le+ Y. ((1 — Ba)(My —U, ) — (14 c)ﬂnUT;) Tir <ty (24)

n>1
Tn = inf{t > 7,15 Xi = 0}, 79 = 0,

proceeds as follows. For all C*([0,T) x [0,00) x R)-scalar function f, It6’s formula yields that
T
0= // £0, z,u)po(de, du) + / // (Orf(t,z,u) + udp f(t, z,u) + 05 f(t, x,u)) e (dex, du) dt
0
+E S (F X L) = f(6 X, L= ) + Y (f(m X7 Ups) = f (s X, UT;>) Lr<ry | -
0<t<T, AL#0 n>1

where ¢ (dz, du) = P(X; € dz, U € du) and where 0% is the fractional Laplace operator:

fly+x) = f(x) —yf (2)y <1y dy
|y|a+1 !

02 f(x) = C(a) /{ Y

Assume now that
P(M; € du) = um(u) du, (25)

and that the following properties hold true :

(P1) Vn>1,Po(r, UT;)*1 is absolutely continuous w.r.t. the measure (H{ogth}dt) ® (uﬂ{ugo}du) ,
(P2) Y P(rn<T)< oo

n>1
Therefore there exists a non-negative integrable Borel function v+ defined on ¥ 1 such that
B |3 XU Miem | == [[ b0, fe0,0) dea, (26)
n>1 " - (0,T) xR~
and since

Un, =U,- + AU, = U, - + (1= )My —U,-) = (1+6)BaU, - = (1~ Bn) My — U, -,
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this implies that Po (7, U,, ) ™! is also absolutely continuous w.r.t. (]I{ogth} dt) ® (ul{ugo}du). Denoting
the related density by v~, we observe that, for all f € C.((0,T) x (0,00)),

E | S £ X, Un s <1y | = / / wry (,0,u) £ (£, 0, ) dt du
(0,T) xR+

n>1

Z E {f(Tna X (1 - ﬂn>Mn - /BHCUT; )H{‘rngT}:|

n>1
=p Y E[f(r, Xr,, M)l cry] + (1 =) Y_E {f(fn, Xoo U, Moty | -
n>1 n>1

Then, since, for any n, the r.v.’s 7, and M, are independent, we obtain, with m the distribution of Mj,

+oo
Z E [f(Tan'rn;Mn)]I{TngT}} = Z (/0 ulE [f(Tn; X'rnvu>H{‘rn§T}] m(u) du>

n>1 n>1

:/0 n ZE[f(Tn,XTn,u)]I{THST}] m(u) du

n>1

= / ul| — // f(t,0,u)vyT(,0,v)dtdv | m(u) du,
0 (0,T) xR~
which implies, using (26),

0
- _ _ +
//(O,T)x]R* uy” (¢,0,u)f(¢,0,u) dt du = p (//(0,T)xR+ um(u) ( /_OO vy ™ (¢, 0, U)dv) f(t,0,u)dt du)

1— _
+ ( 2p) // uy™ (t,O,—u) f(t,0,u) dt du.
¢ (0,T)xR+ c
(27)

Combining (23) and (27), we deduce that the time marginal distribution (s, 0 < ¢ < T') satisfies the
variational equation: for all f € C°([0,T) x [0,00) X R),

T
/ / / (Ouf (¢ ) + ud (£, ) + O F (1,2, u)) (e, du)
0 (0,00) xR
_ / / F(0, 2w (de, dus) du — / / Wy (1,0,0) £ (2,0, ) [go< rzydicu (28)
(0,00) xR s+
= [ w00 s 0wk dtdu

with the boundary condition

1— _
Y (8,0,u) = — 2t (t,O, —u) +pm(u) </ vy *(t,0,0) dv) :
¢ ¢ {v<0}

The trace problem related to (28) is then reduced to the verification that (P;) and (Ps) hold true.

Theorem 4.2.1. Assume that (Ly, 0 < t < T) is symmetric, that (Xo,Uy) is distributed according to a
probability measure po defined on (0,00) x R, that (25) hold true, 6 =1 and
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e cither 0 <p<1

e orp=1 and ¢ > cerir and there exists 0 < v < 1 such that, for any § € (0,v),

//E(LU) {|UT;|*5} po(dz, du) < oo.

Then (P1) and (Py) hold true.
As a preliminary result for the proof of Theorem 4.2.1, let us show that

Lemma 4.2.2. Po (7, UTf)_1 is absolutely continuous with respect to the measure ullg, <oydu ® dt.
Proof of Lemma 4.2.2. The idea of the proof relies on showing that (24) in the case of a purely reflecting
wall (p = 1, ¢ = 1) admits trace functions (in a classical sense) and to deduce from (26) that, for all n,
Po (74, UT;)_1 is absolutely continuous with respect to ull,<oydu @ dt.
First, let us consider the distribution M{ of the (free) Langevin processes
t
V,=Uy+L; and Yt:Xo+/ V. ds.
0

For allt > 0, \,w € R, we have :

il (w,)) = E [eti,,Jriw,,] _ // i (@tut)+idug {eiw S Ls ds+iXLy 1o (dzz, du)
RxR
_ // eiw(erut)Jri/\ueft f01|twr+/\|"‘dr‘u0(dz, du)
RxR

Then, the successive changes of variables A = \/w, @* = w® fol [tr 4+ X|* dr yields

J[ s
RxR
1 @ 1 g ~ o
< // et o ltwr+ X% dr gy q., — / dX (/ ||t d(l)) < 00,
RxR R R

(fol }rt + S\‘Q dr)

hence, for all 0 < ¢ < T, the Fourier transform ﬁ{ is integrable on R x R. This implies (see e.g. Jacob and
Protter [16], Theorem 13.1) that the distribution z of (Y;, ;) admits a bounded continuous Lebesgue
density pf(t) on R x R given by

1 . . ] . 1 a
pf(t, y,v) = — // e WY—iAv (// el (@tut)+iu —t Jo ltwr+A drﬂo(dw, du)) d)\ dw.
(27T) RxR RxR

Additionally, for all k,I > 1, by applying the same change of variables as above,

|050% 0 (t,y,0)| < // [ F|A|let Jo Tt 217 dr g\ gy
RxR

Xl Ing -~ _ ~ o -~
< / | | — dX (/ |w|k+l+1e t|@| dw) < 00,
R o R

(fol rt + M@ dr)

QN
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from which we deduce that, for all t > 0, p/(t) is C*° on R x R.

Next, define
X[ =i, U/ =V;sign(Y)], t>0,

where (sign(Y);, t > 0) is the cadlag modification of (sign(Y;), t > 0). Since, for any n, 11 = inf{t >
Cn, Yy = 0} (with o = 0) is a predictable stopping time, ¢t — L; never jumps a.s. at ¢, (see e.g. Blumenthal
[4], Theorem 5.1). 1t6’s formula then yields that

t
X;:X0+/ U?! ds,
0

t
U/ = U0+/ sign(Y); dLs + Z stAsign(Y);]I{Asign(Y)gio} + Z ALsNsign(Y);
0

0<s<t 0<s<t

t
= Uy +/ sign(Y);dL, — 2 Z Ul_Iiaxr 20}
0

0<s<t

Thanks to the symmetric property of (L, t > 0) and the fact the L and sign(Y’) a.s. do not jump at the
same time, (fot sign(Y); dLs, t > 0) is also a symmetric a-stable Lévy process, and ((X{, V"), t > 0) is
a weak solution to the Langevin model (1) with purely elastic reflection. Therefore P (X, € dx, U] € du)
admits a smooth density function p” given by

P (X, € dz,U] € du) = (pf(t, z,u) 4 pf (t, —, —u)) Liz>o0y do du.

Owing to the smoothness of utf and replicating the arguments of [5, Theorem 2.3], we deduce that the
natural trace functions satisfying (28) in the purely reflective case are given by

’7i (pT)(ta 0? ’LL) = (pf (ta 0? ’LL) + pf (ta _Oa _u)) ]I{IZO,:I:u<O}'
According to (26), this is enough to ensure that
Po (77, U:,)f1 =Po (r,Uy + errl
1
admits a density with respect to (]I{ogth} dt) ® (ul{ugo}du). O

Proof of Theorem 4.2.1. For (P1), applying Lemma 4.2.2 and using (25) and the Markov property, we
immediately deduce that for all n € N

P(rn, €dt, U - € du)

admits a density with respect to the measure ulf,<gydu ® dt, and that (Py) is satisfied.
For (P,), assuming that 0 < p < 1, by the Markov property, we have

E[e™ ] =E[e " Equ,,) []] =E [T (1= p)E@um) [T +PEo—cw ) [e7])]
<E[e™]E[((1-pEwm [e] +1)].

Therefore, setting ¢ := E [(1 — p)E(o,as,) [e”™] + p| which is strictly smaller than 1,

E [677"“] < o"E [efﬁ} .
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For any given 0 < T' < +00, choosing ¢z > 0 such that [,<7) < cre™, it follows that

Z]P’Tn<T <CTZE <CTE Zg < 00.

n>1 n>1 n>0

In the case where p =1 and ¢ > cei4, we first write, for n > 2 :

ZP(TnST) < ZP(Tn+1—Tn <T).

n>1 n>1

Then, using the Markov’s inequality with § > 0 and the decomposition (9),

P(Tn-i—l —Tn < T) = // ]P)(:n,u) (Tn-l—l —Tn < T) /LQ(d,ﬁC,dU) < // IE(:c,u)
(0,00)xR (0,00) xR

-5
<TE[)E || [] letsl” / / E(z,0) [|UT; |—5} po(dw, du)
=1 (0,00) xR

T6

5] po(dx, du)

(TnJrl — Tn

< 1B [7°] ([l ) // B [IU,- 7] po(dir, du).

According to Lemma 2.2.2, taking § < v immediately ensures that E [51_6] is finite. Next, since f(J) =
E Wﬂ*““} is such that £(0) = 1 and

f'(0) = (E [exp (—a51n|cﬂ1|)])15:0 = —aE[In|cl|] < —a(In(ceit) + E[ln|é1]]) =0,

f is decreasing near 0. Hence, choosing § > 0 small enough, o = E [|c€1|70‘5} < 1, and we get
P (11— < T) < Co™ with o < 1. This enables to conclude (P). O
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