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Introduction

This paper describes a dynamic model for an urban system. The subject might not seem very up-to-date, nor appealing to £ conomists.

Indeed the overall structure of our model parallels quite clo sely the traditional one proposed by [START_REF] Lowry | A M o d e l of M e t r o p o l i s , R M -4 0 3 5 -R C , R a n d C o r p o r a tion, S a n t a Monica[END_REF] 

Outline of the accounting framework

The detailed equations for the time-accounting of the model will be given in a later section. Here we will limit ourselves to give the general principles which guided the model-building. (

Two alternatives have been

) 12 
The distribution for the highest bid^price in zone j is thus given by: n n 

Asymptotic approximations

Let us now introduce some additional assumptions which will greatly simplify the equations given in section 3. A general result will be required. Its proof is found in [START_REF] Leonardi | Asymptotic Approximations of the Assignment Model with Stochastic Heterogeneity in the Matching Utilities[END_REF],but it will repeated here for clarity.

Theorem 1. Let F(x), R(x) and D(x) be distributions satisfying the properties: --------= Therefore, substituting ( 22) and ( 23) in ( 3), ( 4) an<l ( 7) one has:
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The above approximations applied to equation (5) easily yield for the choice probabilities: --: -----------i = 0,., . ,n (31) Proof. Let us first observe that the inequality:
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. ----------- Some additional assumptions need to be introduced in order to de rive equations for the revenues of the firms. It has been said a l ready that only endogenous (i.e. market oriented, or non-basic)econo mic acti v i t i e s are considered in this version of the model. This amounts to focus our attention on the service sector, and indeed to a s sume that our urban area has only service activities. This is by far the most interesting sector from the point of view of the urban)* structure and dynamics, and in many instances it is also the pr e v a i ling one. However it should not be forgotten that a basic industrial sector, whose production is not oriented towards the local consump tion, is still important in most cities. We leave this as a subject for future generalizations, which can be easily introduced without a l t ering the structure of the model. Eq ua tion (75) is not an arithmetic mean, but an inclusive v a l u e , in the sense d e fined by Domencich andMcFadden (1975) andWilliams(1977). a Let us interpret the term A, (t) as a production fun tion of services in zone j , i.e.; a A is the total production of service units in zone j at time j t, a > 0, j = l,...,n.
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Then arguments similar to those used for the housing and labour mar k ets lead to the following market-clearing equations for the service p rices x (t): j

F . (t) = a A. (t) 3 3 -0,(t)
1 -e 3 j=l,...,n

where:

F (t) = F (t)
is the total demand for services in j at time t, j j i ' s j -= 1,. . . ,n. 0 (t) = e gXj(t) F (t)/a a "(t ) , j = l ,...,n. j 3 3 and the q u an tity 0_.(t) is d e fin e d a s:

Outline of a continuous-time model

In order to build a continuous-time version of the difference £ quations ( 49) and (50) we simply take their limit as A-K). Ass u m e the following limiting transition rates exist:

Then equ a t i o n s ( 49) and ( 50) tend to the following differential equa tions:
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The limiting transition rates do actually exist, and from equations (58) to (63) they are given by: q 1 (t) = X W (t) e 6 » i 3 < t >kj j 
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8-Concluding remarks

The aim of this paper was to give an example of how an integrated model based on different, b u t complementary approaches could be built.

It is not necessarily the be s t one, and several a l t ernative options are available for each step in it.

The model can be improved in many ways, most of which have alrea. 

  in his celebrated, but non-economic, A Model of Metropolis. In his pioniering work Lo wry captured what we still consider as the main interactions deter mining the urban structure, among housing, labour and services (or, more generally, non-basic activities). However, his model was la cking several features we would consider as standards to be met and it does not use bid-price theory to gene rate market signals. The way we treat dynamics and price-formation are therefore the two main original features in our contribution.

  . The overall result is that prices and wa ges clear the market at every point in time, but quantities do not. This assumption, although admittedly simplistic, is widely used in modelling such phenomena in the urban economic literature. Referen ce can be made to Anas (1984a,b) for a recent account on the power of the method. In the continuous-time version, differential equations repla ce the difference equations typical of discrete time. The state va riables counting quantities are computed according to a non-homoge neous Markov process or, according to the terminology introduced by Weidlich and Haag (1983), to a master equation. The economic signa ls cannot be assumed to be in local equilibrium in this case, and Walras-type equations are derived for them. It should be underlined they are derived, and not assumed: a micro-economic theory is deve loped, consistent with the behavioural assumptions about demand and supply, which leads to them as an aggregate result. The theoretical approach we use is quite new in the economic literature,

  that the distribution Fix) for the random utiljL ty terms satisfies property (15). Since a change in the origin of the utility scale does not affect demand behaviour, we can arbitra rily subtract the constant a", define«? by (17)# from the terms v. ..

  and (25) define the arrays r and u as average pri. ces and utilities, although they are exponential, rather than arith metic averages, in this section we will shqw that the array r sol ving equations (32) and (33) is a vector of majrket^clearing prices, that a vacant dwelling in j is sold (or rented) within the period, j = 1 ,... ,n and the term on the right-hand side of (38) is the expected number of dwellings sold in j, i.e. it is the expected supply. The term on the left-hand side of (38) is the expected number of moves from all zones to vacant dwellings in zone j, i.e. it is the expected demand. Equations (38) are therefore market-clearing conditions,equating de mand and supply in each zone. They are completely equivalent to equations (32) and (33), and can be solved for the market-clearing pri_ ces r, provided a solution exists and is unique. For the proof, consider the functions: to the market-clearing conditions (38).The fol lowing result shows that (40) has a unique fixed point. Theorem 2. The mapping f defined by (40) is a contraction.

  befpre, the accounting framework for population mobi lity is made consistent with the master equations approach (Haag in Bertuglia, Leonardi and Wilson, eds., 1986, Chapters 4., 8. and 14.). This will be more clear in the section on the continuous time ver sion, where the master equations for the means appear in their stan dard form. Here we shall develop a discrete-time version of the equa_ tions for the means, that is difference equations that later on will be shown to tend to the standard differential equations in the limit. The difference equations proposed here have the same structure of tho se of a discrete-time Markov chain, a model widely used in multista te demography (Rogers, 1975). However, unlike in conventional multi state population models, we assume the process is non-homogeneous, Here A is a sufficiently small time interval (e.g.: a year), used as a unit for discrete time.Although no generality would be lost by set.ting conventionally A = 1, we prefer to keep the more general notation, in order to make the passage to the limit easier for as in the definition given above, but also as the number of workplaces in zone i occupied by workers living in zone j. probability that an unemployed living in zone k at time t moves to a dwelling in zone j in (t, t+A), k,j=l,...the economic activities are assumed to be endogenous, i.e. non-

  precisely, they are assumed to be given by Logit models. Such models are by now well established and accepted in urban econo mic applications, due to their combination of theoretical rigor and ease of computation. The derivation of Logit models from classic ran, dom utility theory can be found in Domencich and McFadden (1975).The ir extensive use in urban economics has been thoroughly explored X and 3 are non-negative parameters. The term XA Wj(t) is the number of vacant dwellings in zone j known to each demand unit in a time interval (t, t + A) . Equation (51) therefore implies the assum ption that moves can be made only to vacant dwellings; moreover, it implies that not all the choice set is known to demand units, but on ly a fraction XA of it, and this fraction is smaller the smaller the interval length A. The parameter X is therefore a rate of diffusion of information about vacant dwellings available.Similarly, for the choice of a worker, we assume demand (which in this case is a firm, not a household) tends to maximize total pro fit, which neglecting other costs is given by the difference between revenue and wage paid to the worker. We assume each worker is subje ct to a budget constraint, so that he would not be willing to accept a wage which does not cover his expenditures. The part of the wage which is left after expenditures are deduced is by definition the di sposable income, therefore the wage a workplace in zone i assumption implicit in equation (52) is that only unem ployed can be hired, and for an already occupied workplace the previous worker remains unemployed. Firing can also occur without any turnover, and with no profit for the firm, when the workplace is clo^ sed down. This is reflected in the additional unit term combine the two processes. Due to the assumption that each individual can undergo at most one change in (t, t + A),the si multaneous occurrence of housing and job changes is excluded. There fore the probability of moving given by (51) can only by applied to those who kept their workplace in (t, t + A). Similarly the probabi lity of being fired (or of hiring a new worker, from the firm'

  , rather than a two-actors, decision. Namely, the unemployed have no firm (no job) associated with them, and they can only make re sidential changes. Similarly, the new jobs have no worker associated with them,and they can only make labour changes (ia t i o n s (58) to (63) s p e c i f y all the t r a n s i t i o n p r o b a b i l i t i e s r e q u i r e d in t h e d i f f e r e n c e e q u a t i o n s (49) a n d (50). It is e a s i l y c h e c k e d f r o m t h e i r d e f i n i t i o n s t h a t the y ar e c o n s i s t e n t p r o b a b i l i t i e s , a t i o n s (64) to (66) state the c o n s e r v a t i o n p r o p e r t i e s of the sy stem. T h e t o t a l p r o b a b i l i t y of a c h a n g e of state in (t , t + A), for a n y i n i t i a l state, is less than 1. Its c o m p l e m e n t to u n i t y is of c o u £ se t h e p r o b a b i l i t y of m a k i n g no change, t h a t is of r e m a i n i n g in the i n i t i a l state.6 . 3 T h e f o r m a t i o n of prices, i n c o m e s a n d r e v e n u e sIn s e c t i o n 6.2. seve ral e n d o g e n o u s t i m e -v a r y i n g s i g n a l s h a v e be en i n t r o d u c e d , w h i c h e n t e r in the d e f i n i t i o n of the u t i l i t y functions u s e d in t h e t r a n s i t i o n p r o b a b i l i t i e s . T h e y a r e the d w e l l i n g prices, t he d i s p o s a b l e incomes, the u n i t r e v e n u e s for f irms a n d the a v e r a g e p e r -c a p i t a e x p e n d i t u r e s in services. In t h i s s e c t i o n m o d e l s ar e p r o v i d e d to c o m p u t e th e s e variables. In the d i s c r e t e -t i m e v e r s i o n of the m o d e l , it is a s s u m e d t h a t a l l t he m a r k e t s u n d e r c o n s i d e r a t i o n (hou sing, la b o u r , services) are c l e a r e d w i t h i n o n e p e r i o d . T h a t is, the p r i c e s a t the e n d of ea c h p e r i o d (say a t t i m e t + A) a re c o m p u t e d in s u c h a w a y a s to b a l a n c e d e m a n d a n d s u p p l y a s d e t e r m i n e d b y the c o n d i t i o n s a t t h e b e g i n n i n g o f the p e r i o d (say at tim e t) . D u r i n g the t i m e i n t e r v a l (t, t + A) d e m a n d -s u p p l y i n t e r a c t i o n s t a k e p l ace; h o w e v e r A is a s s u m e d large e n o u g h f o r the i n t e r a c t i o n s to set t l e down a t p a r t i a l e q u i l i b r i u m at the end. The u n d e r l y i n g a s s u m p t i o n b e h i n d thi s a p p r o a c h is t h a t the pri_ ce a d j u s t m e n t p r o c e s s is f a s t e n o u g h c o m p a r e d to c h a n g e s in q u a n t it ies ( p o p ulation a n d stocks) , so th a t its d y n a m i c s is v e r y short-term. T h i s a s s u m p t i o n m i g h t n o t b e f u l l y j u s t i f i e d in some cases, a n d i n d e e d it w i l l b e abandoned in the continuous-time version, w h i c h d o e s n o t r e q u i r e it (on t he c o n t r a r y , it w o u l d n ot w o r k w i t h it). H o w e v e r , in di_ s c r e t e t i m e this is the m o s t p r a c t i c a l w a y to k e e p c o n s i s t e n c y in the a c c o u n t i n g f r a m e w o r k a n d e n s u r e feas i b l e t r a j e c t o r i e s for t h e q u a n t i ties. T he a p p r o a c h of p e r i o d m a r k e t c l e a r i n g is e x t e n s i v e l y u s e d b y A n a s (1982, 1984b), u n d e r t h e a s s u m p t i o n tha t b o t h d e m a n d a n d s u p p l y b e h a v e a c c o r d i n g to a L o g i t model. H e r e a s l i g h t l y d i f f e r e n t a p p r o a c h w i l l b e used, b a s e d o n the t h eory of s e c t i o n s 3.,4. a n d 5.. W h i l e the d e m a n d b e h a v i o u r is s ti l l d e s c r i b e d by L o g i t m o d e l s (the t r a n s i t i o n p r o b a b i l i t i e s in s e c t i o n 6.2.), the s u p p l y b e h a v i o u r is a s s u m e d to b e b i d -p r i c e m a x i m i z i n g , as d e s c r i b e d in t h e g e n e r a l t h e o r y o f s t o c h a s t i c e x t r e m a l p r o c e s s e s (Leonardi in B e r t u g l i a , L e o n a r d i a n d W i l s o n , eds., 1986, C h a p t e r 5.). F o r t he h o u s i n g market, let: H .(t,A) b e the t o t a l d e m a n d for h o u s i n g in zone j in (t, t + A ) , t h a t D is t he p e o p l e l o o k i n g for a d w e l l i n g in z o n e j in (t, t + A), U s i n g e q u a t i o n s (58) a n d (62), this is g i v e n by: H. (t,A) = I o r d i n g to t he b i d -p r i c e m a x i m i z i n g a s s u m p t i o n , a l a n d l o r d o w n i n g a v a c a n t d w e l l i n g is w i l l i n g to sell it if h e h a s r e c e i v e d at least o n e n o n -n e g a t i v e bid. F r o m the t h e o r y in s e c t i o n 4. the p r o b a b i l i t y t h a t t h i s e v e n t o c c u r s in (t, t + A) is: w h e r e $.(t,A) is d e f i n e d as: fir ( t ) . (t,A) = e D H . ( t , A ) / A W i ( t ) , j = l,...,n. H e n c e th e t o t a l supply of h o u s i n g in zone j in (t,t + A) is g i v e n by: t he m a r k e t -c l e a r i n g e q u a t i o n s for the h o u s i n g p r i c e s r^(t) are: i l a r a r g u m e n t s a p p l i e d to the l a b o u r m a r k e t l e a d to the f o l l o w i n g m a r k e t -c l e a r i n g e q u a t i o n s for t he d i s p o s a b l e in c o m e s y ( t a l d e m a n d f or wo r k e r s l i v i n g in z o n e j in(t , t + A ) , j = 1 , . . . ,n, a n d u s i n g e q u a t i o n s (59) a n d (63) this is g i v e n by: the q u a n t i t y ip (t,A) is d e f i n e d as: j <P . (t, A) = e 8 y 3 (t) L . (t, A) /A P".(t), j = l, ... ,n. o u l d b e n o t e d t h a t in ou r labour m a r k e t m o d e l t he a v e r a g e d i s p o s a b l e i n c o m e p l a y s the rol e of the e q u i l i b r a t i n g p r i c e . T h i s is b e c a u s e a p p l i c a n t s to o f f e r e d jobs are a s s u m e d to b e d i s p o s a b l e -i n c o m e m a x i m i z e r s : t h e y e v a l u a t e a l t e r n a t i v e jobs a c c o r d i n g to t h e d i s p o s a ble in c o m e t h e y p r o v i d e , o n c e f i x e d c o n s u m p t i o n s a r e d e d u c e d , a n d p i c k u p the o ne p r o v i d i n g the h i g h e s t d i s p o s a b l e income, if it is n o n n e g a t i v e (the n o n -n e g a t i v i t y c o n d i t i o n b e i n g i m p l i e d b y t h e a s s u m p ti o n of a b u d g e t c o n s t r a i n t for the hous e h o l d s ) . If not, t h e y r a t h e r r e m a i n u n e m p l o y e d a n d d o n o t c o n t r i b u t e to the l a b o u r supply.

A

  s a second simplification, we do not disaggregate services by sectors. Such a disaggregation could also be easily introduced wi thout disr u p t i n g the structure of the model, bu t it would require a c u mbersome notation, which would obscure the basic structure of the m o d e l . As a third assumption, demand for services is considered in eq u i l i b r i u m at every instant in time. In other words, demand adjusts to changes in service location in a time span negligible compared to other changes in the process (like housing and labour m o b i l i t y ) . A s f o r the d e m a n d for s e r v i c e s a m o d i f i e d H a r r i s a n d W i l s o n (1978) m o d e l h a s b e e n used, of t he form: A°( t ) e-8 [<=ij * * j< ' >] F. .(t) = G. (t) --------------------------------, i,j = l , . . . , n (73) I a V ) e-6[ciJ + x i (t)] j as well as the average per-capita expenditure in service consumption (including transport costs) for people living in zone i, c (t

  o n s (79) to (83) d e s e r v e a remark. A l t h o u g h th e f u n c t i o n a l form of the t r a n s i t i o n p r o b a b i l i t i e s in the d i s c r e t e -t i m e m o d e l l o o k s qui_ te d i f f e r e n t , th e c o r r e s p o n d i n g t r a n s i t i o n r a t e s in t he c o n t i n u o u s t i m e m o d e l h a v e a f o r m w h i c h is i d e n tical to the o n e p r o p o s e d in the m a s t e r e q u a t i o n s a p p r o a c h b y W e i d l i c h a n d H a a g (1983) a n d H a a g in Ber tuglia, L e o n a r d i a n d W i l s o n (eds.) (1986, C h a p t e r s 4., 5., 11. a n d 14.), a l t h o u g h t h e y h a v e b e e n d e r i v e d f r o m d i f f e r e n t a s s u m p t i o n s . In o r d e r to f i n d the d y n a m i c e q u a t i o n s for p r i c e s a n d incomes, d e f i n e t h e f o l l o w i n g limits: n f r o m the t h e o r y d e v e l o p e d b y L e o n a r d i in B e r t u g l i a , L e o n a r d i and W i l s o n (eds.) (1986, C h a p t e r s 5., 9. a n d 15.) one h a s t he f o l l o w i n g d i f f e r e n t i a l e q u a t i o n s for the h o u s i n g p r i c e s a n d d i s p o s a b l e incomes: v * » ■ t i - * .< t ) e-6r j ( t > : m i l a r e q u a t i o n h o l d s for the s e r v i c e prices: non-negative parameter. Leonardi shows in Bertuglia, Leonardi and Wilson (eds.) (1986, C h a p ter 9. and 15.) that equations of the form (84) to (86) can be in-terpreted in Walrasian terms, relating the rate of change in prices to the difference between demand and supply.

  dy been mentioned, like introducing a more realistic description of the population demographic structure and change, a model for invest ments in the housing stock,a disaggregation of the h o u s i n g market in_ to different submarkets, a disaggregation of the service sector, the introduction of the basic industries.It is our belief that all the above improvements w o u l d make the model more "realistic", b u t they would add little to the u n d e r s t a n ding of the basic structure whose dynamics we are trying to capture.The model is already too complicated as it is, and a more useful goal for future research, as well as a suggestion to the reader w h o se interest we hope to stimulate with our exercise, is to try and develop alternative, but structuraly simpler, versions of ou r model, without loosing consistency with the proposed unif y i n g framework. A n a s A. (1982) R e s i d e n t i a l L o c a t i o n M a r k e t s a n d U r b a n Transportation: E c o n o m i c Theory, E c o n o m e t r i c s a n d P o l i c y A n a l y s i s w i t h D i s c r e t e C h o i c e M o d e l s , A c a d e m i c Press, N e w York. A n a s A. (1984a) D i s c r e t e C h o i c e T h e o r y a n d the G e n e r a l Eqilibrium of E m p l o y m e n t , H o u s i n g a n d T r a v e l N e t w o r k s in a L o w r y -T y p e M o d e l of the U r b a n E c o n o m y , E n v i r o n m e n t a n d P l a n n i n g A , 1 6 , 1489-1502. A n a s A. (1984b) D y n a m i c F o r e c a s t i n g of T r a v e l Demand, R e s i d e n t i a l Lo^ c a t i o n a n d L a n d D e v e l opment: P o l i c y S i m u l a t i o n s w i t h the C h i c a g o A r e a T r a n s p o r t a t i o n / L a n d U s e A n a l y s i s System, S i s t e m i Urbani, 6^, 37-70. B a n a c h S. (1922) Sur les O p é r a t i o n s d a n s les E n s e m b l e s A b s t r a i t s et l e u r A p p l i c a t i o n s aux E q u a t i o n s I ntégrales, F u n d a m e n t a Ma t h e m a t i cae, 3, 133-181. B e c k m a n n M.J. (1973) E q u i l i b r i u m M o d e l s of R e s i d e n t i a l Lo c a t i o n , R e g i o n a l a n d U r b a n Economics, 3_, 361-368. B e r t u g l i a C. S., L e o n a r d i G., W i l s o n A.G. (eds.) (1986) U r b a n Systems D e s i g n s for an I n t e g r a t e d D y n a m i c M o d e l , C r o o m Helm, London. D o m e n c i c h T . , M c F a d d e n D. (1975) U r b a n T r a v e l D e m a n d A B e h a v i o u r a l An a l y s i s , A m s t e r d a m , N o r t h -H o l l a n d . E l l i c k s o n B. (1981) A n A l t e r n a t i v e T e s t of the H e d o n i c T h e o r y of H ou s i n g M a r k e t s , J o u r n a l o f U r b a n E c o n o m i c s , 9», 56-79. G a l a m b o s J. (1978) T h e A s y m p t o t i c T h e o r y of E x t r e m e O r d e r S t a t i c s ,Wi l e y , N e w Y o r k

Combining all the state variables, transition probabilities and exogenous quantities defined above, and considering all the changes of state which can occur in the interval (t, t + A), we obtain the following difference equations for the employed and unemployed popu lation , respectively:
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It is easy to check that equations (49) and (50) imply the conserva tion of the total population, by summing them over all zones, i.e. if one defines:

  

	n	n	
	P(t) = I	Z P	(t)

the total population in the whole area at ti^ i=0 j=l ±j me t, then summation of equations (49) and (50) yields with some rearrange ments

  

: P(t + A) = P(t)

for all t.

= 1 j

w h e r e : F. (t) is the flow of customers from zone i to services in zone i ID at time t, i, j = 1 , . x_.(t) is the average price for an average unit of service red in zone j, j = l,...,n, is a non-negative parameter.

F r o m equation ( 73) the revenues nt (t ) can be computed:

Having just one sector, a unit of service here can only be in terpreted as an average bundle of goods and services consumed per unit time.