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The Cahn—Hilliard—Hele-Shaw System
with Singular Potential

ANDREA GIORGINI? MAURIZIO GRASSELLIl Hao Wu?

June 16, 2017

Abstract

The Cahn—Hilliard—Hele—Shaw system is a fundamental diffuse-interface model for
an incompressible binary fluid confined in a Hele-Shaw cell. It consists of a convective
Cahn—Hilliard equation in which the velocity w is subject to a Korteweg force through
Darcy’s equation. In this paper, we aim to investigate the system with a physically
relevant potential (i.e., of logarithmic type). This choice ensures that the (relative)
concentration difference ¢ takes values within the admissible range. To the best of our
knowledge, essentially all the available contributions in the literature are concerned
with a regular approximation of the singular potential. We first prove the existence of
a global weak solution with finite energy that satisfies an energy dissipative property.
Then, in dimension two, we further obtain the uniqueness and regularity of global weak
solutions. In particular, we show that any two-dimensional weak solution satisfies the
so-called strict separation property, namely, if ¢ is not a pure state at some initial time,
then it stays instantaneously away from the pure states. When the spatial dimension
is three, we prove the existence of a unique global strong solution, provided that the
initial datum is regular enough and sufficiently close to any local minimizer of the
free energy. This also yields the local Lyapunov stability of the local minimizer itself.
Finally, we prove that under suitable assumptions any global solution converges to a
single equilibrium as time goes to infinity.

Keywords: Cahn—Hilliard equation, Darcy’s equation, singular potential, well-posedness,
long-time behavior.

MSC2010: 35B40, 35B41, 35Q35, 76D27.

1 Introduction

Topological transitions of interfaces between macroscopically immiscible fluids are es-
sential phenomena in fluid dynamics. Typical examples of such changes in the multi-
component fluid topology are pinch-off and reconnection (see, e.g., [25]). Through the
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diffuse-interface method, such phenomena occurring in a fluid mixture confined in a Hele—
Shaw cell are described by the so-called Cahn—Hilliard—Hele—Shaw system. This model has
been proposed in [25] as a simplification of the well-known “model H” in which the Navier—
Stokes system is coupled with the convective Cahn-Hilliard equation (see, e.g., [22]). In
the Boussinesq limit, taking the density to be a constant (the case of matched densities)
and neglecting gravity, the resulting system takes the following form

u=—-VP+ uVp,

div u =0,
v in Q% (0,7). (1.1)
o +u-Vo=Au,

p=—Ap+ V' (p),

Throughout this paper, we assume that @ C R¢, d = 2,3, is a bounded domain with
smooth boundary 9. System (1.1) is usually subject to the following natural boundary
and initial conditions

{u.n:anuzamp:o, on 99 x (0,T), (12)

90(70) = 0, in Q.

where n is the unit outward normal vector to the boundary 0. In (1.1), w is the averaged
fluid velocity, P is the pressure, the order parameter (or phase field) ¢ stands for the
relative concentration difference (i.e., the difference in volume fractions) and p is the
chemical potential for ¢. Physical parameters in (1.1) have been scaled to be one, since
they do not play a role in the subsequent analysis.

The total free energy of system (1.1) is of Ginzburg-Landau type

)= [ (31962 + 0(0)) an (1)

which accounts for interfacial energy and unmixing tendencies of the binary mixture. The
potential function ¥ is given by (see [7])

U(s) = % [(1+4 s)log(l+s)+ (1 —s)log(l—ys)]— %52, s € [-1,1], (1.4)

in which © denotes the absolute temperature of the mixture, while ©q is the critical
temperature such that if 0 < ©® < Oy then the phase separation process takes place. We
recall that, in the literature, the potential stated in (1.4) whose first derivative W/(s) is
singular at 41, is very often approximated by a fourth—order polynomial, namely

Wy (s) = %( 2_1)2, seR, (1.5)

where k > 0 is a constant related to ©g. This regular approximation is justified whenever
O is close to ©g. Nonetheless, if ¥ is replaced with the regular potential Wq then it is
impossible to ensure that ¢ takes value in the physically admissible interval [—1, 1], since
the fourth-order Cahn—Hilliard equation does not enjoy a maximum principle.

In spite of its apparent simplicity, system (1.1) is quite challenging from the theoretical
point of view. Most of the available papers are rather recent and only treat the regular



potential case (1.5). In the periodic setting, existence and uniqueness of global classical
solutions in dimension two and the existence of local strong solutions along with certain
blow-up criteria in dimension three were proven in [35]. In the same setting, the long-time
behavior of global solutions and the stability of local energy minimizers in both two and
three dimensions were analyzed in [34]. System (1.1) endowed with boundary conditions
(1.2) in a special domain (a box or a rectangle) was considered in [26], where existence,
uniqueness and regularity of global two-dimensional (or local three-dimensional) strong
solutions were established. In addition, the authors proved the (local) exponential stability
of a constant state (i.e., the average of total mass for the initial datum) outside the spinodal
region under suitable smallness assumptions either on the initial data or the domain size.
The sharp-interface limit of (1.1) and its variant was investigated quite recently in [13,27].
Besides, relationship between the original system (1.1) and the Cahn-Hilliard—Brinkman
model (namely, with a regularizing term —Aw on the left-hand side of the first equation
in (1.1)) was investigated in [5]. We also refer to [12] for nonlocal versions of Cahn—
Hilliard-Brinkman/Cahn-Hilliard-Hele-Shaw models with regular potential (1.5) and to
[9] for the Cahn-Hilliard-Brinkman model with singular potential (1.4) and nonconstant
viscosity. It is also worth mentioning that, in the recent paper [23], the authors analyze a
variant of (1.1) with regular potential (1.5) and div u = S, where S is a given space-time
dependent mass source that also appears as a forcing term in the Cahn—Hilliard equation.
The existence of global weak solutions and local strong solutions is proven. In addition,
the authors investigate the long-time behavior in dimension two. More precisely, they
demonstrate the existence of a pullback attractor and the convergence of any global weak
solution to a single equilibrium as ¢ — +o00. Another recent contribution is concerned with
the case of unmatched densities (see [11]). The authors demonstrate the existence of a weak
solution, discuss the sharp interface limit and present several numerical computations.
Regarding the latter issue see also [14, 36].

The goal of this paper is to provide a fairly complete analysis of the initial boundary
value problem (1.1)—(1.2) when ¥ is singular (e.g., ¥ satisfies the physically relevant case
(1.4)). First, we establish the existence of a global weak solution with finite energy in
both two and three dimensions (see Theorem 2.1). Then we show that any finite energy
solution satisfies a dissipative energy inequality (see Theorem 2.2), which provides a base
to study the long-time behavior of the system.

In two dimensions, further results can be obtained. First of all, we demonstrate the
uniqueness (up to a constant) of global weak solutions (u, P, ¢) with finite energy along
with a continuous dependence estimate (see Theorem 2.3). This result is somewhat sur-
prising, since the same problem remains an open issue for the case with regular potentials
like (1.5) (see, e.g., [23]). The goal can be achieved mainly due to the singular nature
of the potential ¥, which yields a L*-estimate on ¢ as well as the additional regularity
¢ € L*0,T; H*(Q)) within the class of global weak solutions. Then we show that every
global weak solution regularizes in finite time and, in particular, we prove the validity of
the so-called strict separation property for ¢ (see Theorem 2.4). This means that any
global weak solution stays instantaneously away from the pure states +1 provided that it
is not a pure state at ¢ = 0, which is ensured by the assumption |Q|~! [, podz € (=1,1)
(see also [9,17,19,28] for other models). In particular, the obtained estimates are uni-



form with respect to bounds on the initial energy and the spatial average. (see Theorem
2.4). Moreover, a similar argument easily yields the existence of a unique global strong
solution to (1.1)—(1.2) for arbitrary regular initial datum ¢g. Low regularity of the fluid
velocity u that satisfies a Darcy’s equation brings us several extra difficulties in the proof.
This complexity seems a hard task to overcome in three dimensions (cf. [23, 26, 34, 35])
unless some restrictions are imposed. For instance, we are able to show that if the initial
datum is regular and sufficiently close to a local energy minimizer of the total energy £
(see (1.3)), then the system admits a unique (up to a constant) global strong solution
(u, P, ) such that ¢ stays in a small neighborhood of that minimizer for all ¢ > 0 (see
Theorem 2.5). This immediately yields a local Lyapunov stability property for any local
energy minimizer of £. One of the main difficulties in the proof is that we require ¢ to be
strictly separate from the pure state £1 uniformly in time. This issue is nontrivial due to
the loss of maximum principle for Cahn-Hilliard type equations and the argument for the
two dimensional case in Theorem 2.4 does not apply. Combining the Lojasiewicz—Simon
approach (see, e.g., [32]) with suitable interpolation inequalities, we overcome this obsta-
cle and achieve our goal near local minimizers of £, where the “drop” of total energy is
ensured to be small during the whole evolution.

The convergence to a single equilibrium of global solutions to Cahn—Hilliard equation
is nontrivial, since the topology of the set of equilibria can be rather complicated in high
dimensional case and it may form a continuum (see e.g., [31]). Employing a Lojasiewicz—
Simon type inequality (see Lemma 6.2), we prove that under suitable assumption on
the singular potential (i.e., the real analyticity in (—1,1)), any global strong solution
to problem (1.1)—(1.2) does converge to a single equilibrium as ¢ — 4o0o (see Theorem
2.6). In dimension two, this is also true for any global weak solution, owing to the strong
separation property given in Theorem 2.4. Finally, we give a result on the exponential
stability of the averaged initial mass @, provided that this constant state is assumed to be
outside the spinodal region for ¥ (see Theorem 6.2). This follows from the same argument
devised in [26] for a regular potential (1.5).

The plan of this paper goes as follows. In the next section, we introduce function
spaces and interpolation inequalities that will be used in our subsequent analysis, as well
as a summary of our main mathematical results. In Section 3, we establish the existence of
global weak solutions in two and three dimensions. Section 4 is devoted to the uniqueness
of weak solutions in dimension two, while high-order regularity and the strict separation
property are proved in Section 5. In the final Section 6, we first prove the existence of
a unique global strong solution near any local energy minimizer as well as its Lyapunov
stability in dimension three. Then we show the convergence to a single equilibrium for any
bounded regular solution as ¢ — +o00. This result applies to the strong solutions close to
the local minimizers but, in two dimensions, it applies to any weak solution. Some useful

lemmas on an elliptic equation with a monotone singular term are reported in Appendix.



2 Mathematical Setting and Main Results

2.1 Notation and function spaces

Let X be a (real) Banach or Hilbert space, whose norm is denoted by | - |x. X’
indicates the dual space of X and (-,-) denotes the corresponding duality product. The
boldface letter X stands for the vectorial space X¢ endowed with the product structure
(d is the spatial dimension). We denote by LP(2) and W*P(Q), k € N and p € [1, +o0],
the usual Lebesgue spaces and Sobolev spaces of real measurable functions on the domain
Q. We indicate by H¥(Q) the Hilbert spaces W*?2(Q2) with respect to the scalar product
(w, V) = D)¢1<k Jo DSu(z)DSv(z) dz (( = ({1, ..., Ca) being a multi-index) and the induced
norm [|ul| grqy = \/(u, u)g. Given an interval I of R*, we introduce the function space
LP(I; X) with p € [1,4o00], which consists of Bochner measurable p-integrable functions
with values in the Banach space X.

We set H = L?(Q). Its inner product and the associate norm are denoted by (-, ) and
| |I, respectively. Then we set V = H'(2) endowed with the norm || f||3 = ||V f|* + | f]1.
For every f € V' = (H'(Q)), we denote by f the average of function f over  such that

1

Then we recall the following Poincaré’s inequality
If = FI<CpIIVII YfeV, (2.1)
where Cp is a constant depending only on d and 2. We introduce the linear spaces
Vo={ueV:a=0}, L) ={ucH:u=0}, Vj={ucV': =0},

and we consider the linear operator A € L(V, V') defined by
(Au,v) = / Vu-Vvdx, VYu,veV.
Q

The restriction of A from Vj onto Vj is an isomorphism. In particular, A is positively
defined on V; and self-adjoint. We denote its inverse map by N' = A~!: VJ — V. Note
that for every f € Vj, u =N f € V is the unique weak solution of the Neumann problem

{—Au =f, inQ,

Oat =0,  on O

Besides, we have
(AL Nf) = (u, f), YueV, VfeV, (2.2)
(1 No) = W) = [ YD) YW de, ¥ Fig € Vi (2.3)

For any f € Vj, we set || flly; = [[VNf|. It is well-known that f — | flly; and f —

(f - THZO/ + [f|2)2 are equivalent norms on Vg and V', respectively. Besides, according

5



to Poincaré’s inequality (2.1), we have that f — (|Vf||?> + m?)% is an equivalent norm
on V. We also report the following standard Hilbert interpolation inequality and elliptic
estimates for the Neumann problem

1 1
A< WA AV A Y F e Vo, (2.4)
IVN flar@y < Cllif 1), Y f e HHQ)NLHQ), k=12 (2.5)

Next, for the velocity vector field u, we introduce the solenoidal Hilbert space
H, ={vcLl?Q):divu=0inQ, u-n=0ond0N},

endowed with the usual norm || - [2(q). Let II be the orthogonal Leray projection in
H = L%(Q) on H,. It is well known that every vector field w € H can be uniquely

represented as
u=v+ VP,

where v = Ilu € H, and P € V. We recall that I is a bounded operator from WP ()
(1 <p<oo, k>0) into itself (cf. [18, Lemma 3.3]), namely

ITellwro < Cllullwrr, ¥ue WHP(Q), (2.6)

where the constant C is independent of w. On the other hand, if u € W"P(Q), with
1 < p < oo, then from VP = u — IIu we see that P can be the unique solution of the
Neumann problem

—AP =div u, in £,
(2.7)

OnP = u - n, on 0f2,

satisfying P = 0. Hence, it follows that P € W*+1P(Q) by the classical elliptic regularity
results for the Neumann problem. In addition, solenoidal vector fields in V = H! (1)
satisfy the following inequality (see e.g., [20, Theorem 3.8])

lollv < C(IV x| +[lol)), ¥VveVNH,, (2.8)

for some constant C' independent of u. Below we will also use the higher-order soleinodal
Hilbert space
Vo={ueV:divu=0inQ, uw=0ondN}

equipped with inner product and norm
(u,v)v, = (Vu, Vo), |ullv, =[[Vul.

For the reader’s convenience, we recall here some well-known interpolation inequalities
in Sobolev spaces which can be found in classical literature (see e.g. [6,33]):

o Ladyzhenskaya’s inequality

1 1 .
[fllza) < ClIFIZIfIN, VeV, ifd=2. (2.9)



¢ Agmon’s inequality
1lemi@) < IR By, ¥ € H(Q), iTd =2, (2.10)
|l < CUFIEN 2y VF € HAQ), it d=3. (2.11)
¢ Gagliardo—Nirenberg inequality
107 Loy < Iy | iy V5 € W (@) A L),

where j,m are arbitrary integers satisfying 0 < j < m and % <a<1l and 1<

q,r < 400 such that
1 m 1
= - — — 1—a)-.
a(r d>+( a)q

is a nonnegative integer, then the above inequality

1

p
fl<r<+4ocoand m—j—
holds only for £ <a < 1.

513 .

Also, we recall the following standard results on the differentiation of a product in Sobolev
spaces (d = 2,3):

Ifelv < C(1fWIglzm@ + IFlm@liglv), YigeVAL®@,  (212)
1follv < C(Iflwra@llollza@ + 1 fl~@lglv), ¥FeW (@), gev, (213)

1f9ll2) < C<||f”H2(Q)HgHL°°(Q) + HfHLw(Q)HgHH?(Q))a VfgeHY Q). (2.14)
Throughout the paper, if it is not otherwise stated, we indicate by C' a generic positive
constant depending only on the domain and on structural quantities. The constant C
may vary from line to line and even within the same line. Any further dependence will be
explicitly pointed out if necessary.

2.2 Main results

Our assumptions on the singular potential ¥ are the following:

(H) ¥ can be decomposed into the form
©
U(s)=S5(s) — 7052, Vs e [-1,1], (2.15)

where the function S : [~1,1] — R satisfies S € C([-1,1]) N C%(—1,1),

lim S'(s) = —o00, lim S'(s) = +oo,

s——1+ s—1—

S"(s)>O >0, Vse(-1,1),
with the constants ©g, © satisfying
O)—0:=a>0.

In addition, there exists x € (0, 1) such that S” is non-decreasing in [1—k, 1) and non-
increasing in (—1,—1 + «]. Without loss of generality, we assume S(0) = S’(0) = 0.
Finally, we make the extension that

S(s) = +oo, forall |s| > 1.



Remark 2.1. Assumption (H) is satisfied in the case of the logarithmic double-well po-
tential (1.4) with

S(s)=—=[(14+s)log(l+s)+ (1 —s)log(l—s)], Vsel-1,1]. (2.16)

| @

The case ©g — O < 0 is easier, since in this case the potential ¥ is already convex and we
can simply consider ¥ without the decomposition (2.15).

Next, we introduce the notion of finite energy weak solution to the initial boundary
value problem (1.1)—(1.2).

Definition 2.1. Let pg € V' be such that S(pg) € L*(Q) and g, € (—1,1). For T > 0,
a triple (w, P, ) is a weak solution with finite energy to problem (1.1)—(1.2) on the time
interval [0, T, if

we L20,T;H,), PeL5(0,T;:V),

@ € L>(0,T; V)N LY0,T; H*(Q)) n H'(0,T; V'),

p € L2 x (0,T)) with |p(x,t)] <1 ae. (x,t) €Qx(0,T),

U(p) € L2(0,T; L(Q), W(p) € L*(0,T; H),

pe L*0,T;V),
and
(pr,v) + (u-Vo,v) + (Vu, Vo) =0, YoveV, ae te(0,T), (2.17)
where
p=—-0p+V'(p), u=-VP+uVey ae (x,t)€Qx(0,T). (2.18)

Moreover, Opp = 0 and ¢(0,) = ¢ almost everywhere on 9 x (0,T) and in Q, respec-
tively.

Remark 2.2. According to the Darcy’s equation for u, the above Definition 2.1 for weak
solutions is equivalent to the following weak formulation

/u"vdx:/quo-vdx,
Q Q

/VP-Vzﬂdx—/thp-dex,
Q Q

for almost every t € (0,T) and for any v € H,, v € HY(Q). Thus, the pressure P is
recovered by the second equation. In addition, in light of the boundary conditions and the
identity

1 .
Ve = V(51Vel + W(p)) - div(Ve © Vo),

we can rewrite the weak formulation of Darcy’s equation as
/ u~'vda::/ eV -vder = —/ div(Ve ® Vo) - vdz. (2.19)
Q Q Q

We can now state the main results of this paper. The first result concerns the existence
of global weak solutions, in both two and three dimensions.



Theorem 2.1 (Global weak solutions with finite energy). Let d = 2,3. Assume that (H)
is satisfied and po € V with S(¢o) € LY(Q) and [py| < 1. Then, for any T > 0, there
exists at least one global weak solution with finite energy (u, P, @) to problem (1.1)—(1.2)
on [0,T] in the sense of Definition 2.1 such that, in addition,

we L*(0,T; V), PeLi0,T;H*Q)),
¢ €C([0,T],V)NL*(0,T; W?P(92)),
U (p) € L*(0,T; LP(Q)),

wheres:g ifd=3 orse [1,%) z'fd:2;q:§isd:3 0r1§q<gifd:2;p:6
ifd=3 or2 <p<ooifd=2. Moreover, every global weak solution satisfies the energy
identity

d

a5(90@)) + |u®)|]* + |Ve@)||? =0, for ae. te(0,T), (2.20)

as well as the mass conservation
/ o(t)de = / podz, Vtel0,T]. (2.21)
Q Q

Remark 2.3. Assumption [@y| < 1 indicates that the initial datum is not allowed to be
a pure state (i.e. £1). On the other hand, we observe that if the initial datum is a pure
state then no separation process will take place because we now have a single fluid. We
recall that a similar result was obtained as a by-product in [10] by assuming a homogeneous
Dirichlet boundary condition for .

Next, we show that any global weak solution is dissipative, namely,

Theorem 2.2 (Dissipativity). Let the assumptions of Theorem 2.1 hold. Then, any global
weak solution with finite energy (u, P, p) satisfies the following dissipative estimate

t+1
)+ [ (I +[9p()F) dr < Celgo)e™ + €. Ve= 0

where w and C' are positive constants independent of the initial datum. Moreover, we have
forallt >0

i 4 2 2 2

/t (e ()2 + 1) B2y + 1S (0 uiey ) d < (CER0)e™ +C),

where p =6 if d =3 or p € [2,+00) if d = 2. Here, the positive constant C depends on
Do € (—1,1) and the parameter p, but is independent of other norms of the initial datum.

Uniqueness of weak solutions for the Cahn-Hilliard-Hele-Shaw system (1.1) turns out
to be a rather hard task, due to the low regularity of the velocity field w (cf. [23,34] for
the case of regular potentials, where the uniqueness remains an open question even in two
dimensions). However, for a class of free energy densities that contains, in particular, the
physical relevant singular potential ¥ in (1.4), we are able to prove the following continuous
dependence result on initial data in a lower-order function space (i.e., V{j) when d = 2.



Theorem 2.3 (Uniqueness of global finite energy weak solutions in d = 2). Let d = 2
and (H) be satisfied. Assume that po; € V with S(pe;) € LY(Q), i = 1,2, and Py, =
Doo =m € (—1,1). Then, any pair of global weak solutions (w1, Pi,¢1) and (ua, Pa, @2) to
problem (1.1)=(1.2) on [0, T'| with initial data po1 and @o2, respectively, fulfills the following
estimate

t
o () — pa(t) 12 + /0 lor(r) = ea()I} dr < Cllon — wuallly,  (2:22)

for every t € [0,T]. Here, the positive constant C' depends on T as well as on the initial
energy E(po;i), 1 = 1,2. In particular, the global weak solution with finite energy to problem
(1.1)~(1.2) is unique.

The uniqueness of weak solutions is strictly connected with their regularity properties.
Indeed, we can show that global weak solutions with finite energy become more regular
instantaneously for ¢ > 0 when the spatial space dimension is two. Furthermore, we are
able to prove the validity of the strict separation property on the time interval [0, co) with
arbitrary ¢ > 0. More precisely, we have

Theorem 2.4 (Regularity of finite energy weak solutions in d = 2). Let d =2 and (H) be
satisfied. Assume that the initial datum g has finite energy E(vo) < R for some R > 0
and By = m € (—1,1). Then, for every o > 0 and p > 1, there exists a positive constant
C = C(o,p,m, R) such that

[l oo (0,00:v) F 1P| L0 (6,005 112 (02)) + 10]] Lo% (0,00, 072:0(02)) < C-.

In addition, suppose that the second derivative S” is convexr and satisfies the following
inequality
15" (s)| < eCIS"GIHC vy g e (—1,1), (2.23)

for some positive constant C. Then, for every o > 0, there exists 6 = §(o,m,R) € (0,1)
such that
lo(®) ey <16, Vit > 20, (2.24)

and

ull oo 20,:812(00)) + 1Pl oo 20,1513 (02)) + 10l Lov (20,52 2)) < €5 Vit 2 20, (2.25)
where C' = C(o,t,m, R) > 0.

Remark 2.4. [t is easy to verify that the additional assumption (2.23) is satisfied in the
case of the logarithmic potential S given by (2.16).

Theorem 2.4 easily implies the existence of a unique global strong solution to problem
(1.1)=(1.2) in two dimensions, provided that the initial datum ¢ is more regular, e.g.,
w(0) = —=Apo+ ¥ (pg) € V with dnpo = 0 on 9Q. However, when the spatial dimensional
is three, the existence of a unique global strong solution with an arbitrary large regular
initial datum ¢ is not expected (cf. [34] for the case with regularity potential). Never-
theless, if the initial datum is regular enough and sufficiently close to any local energy
minimizer of the total energy &£, we are able to prove the existence of a unique solution
within a suitable regularity class. To this end, we recall the following definition

10



Definition 2.2. Set
Z = {90 eV :lplio@ <1, =me (-1, 1)}. (2.26)

Any ) € Z,, is called a local energy minimizer of the total energy € defined in (1.3), if there
exists a constant x > 0 such that E(1p) < E(p) for all p € Z,, satisfying || —Y|lv < x. If
X = 400, then v is called a global energy minimizer of £.

Besides, the following additional assumptions on the function S will be necessary for
global strong well-posedness in three dimensions, which are still valid for the logarithmic
potential given by (2.16):

(H1) S € C([-1,1])NC*(—1,1) and there exists x € (0,1) such that

S@)(s)s>0 and SW(s) >0, Vse(—1,—-14+kU[l—k,1).

Then we can prove

Theorem 2.5 (Global strong solution and Lyapunov stability in d = 3). Let d = 3.
Suppose that the assumptions (H) and (H1) hold. In addition, assume that S is real
analytic in (=1,1) and ¢ € Z,, is a local energy minimizer of the total energy £. Then,
for any € > 0, there exists a constant n € (0,1) such that for an arbitrary initial datum
o € H3(Q) satisfying Onpo = 0 on 9Q, By = ¥ = m and ||po — Y| gz < 1, problem
(1.1)«(1.2) admits a unique global strong solution (u, P, ) such that

u € C([0,400), Hy) N L, (0, +00; H*(2)),
P e C([0,+00), V) N L. (0, 003 H (),
p € C([0,+00), H*(2)) N Hyp,o (0, 400; V) N L, (0, +o0; H>(R2)),
1€ C([0,400), V)N HL (0, +00; V') N LE (0, +00; H3()).

Moreover, the phase field ¢ always stays close to the minimizer ¥ such that

lp(t) = Yllaz@) <€ VE>0.
Namely, any local energy minimizer of £ is locally Lyapunov stable.

Remark 2.5. The conclusions of Theorem 2.5 (in particular, the Lyapunov stability for
local energy minimizers) are still valid in two dimensions, with only minor modifications
in the proof mainly due to Sobolev embedding theorems.

Remark 2.6. Actually the solution given by Theorem 2.5 is stronger than the usual notion
of strong solution (i.e., a solution which satisfies the equations and the initial and boundary
conditions almost everywhere).

Concerning the long-time behavior of problem (1.1)—(1.2), we have
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Theorem 2.6 (Long-time behavior). Assume that S is real analytic in (—1,1). If d = 2,
let (u, P,p) be a global weak solution to problem (1.1)—(1.2) that satisfies Theorem 2.4.
If d = 3, let (u, P,¢) be a global strong solution given by Theorem 2.5. Then for both
cases, there exists g, € H3(Q) which is a strong solution to the stationary Cahn—Hilliard
equation

—Avso + V' (poo) = V(peo), in Q
Onso = 0, on 01,
@oo = @07
such that (u(t), p(t)) converges to (0, pso) ast — 400 with the following convergence rate

0

Ju®)]| + le(t) — pocllma@) < C(L+1) T2, Vi1

Here, C' > 0 is a constant depending on ||po|lv (if d = 2), |[¢ollgs) (if d = 3), [[pocllm3(0)
and U, while 0 € (0, 3) is a constant depending only on ¢e (cf. Lemma 6.2).

Remark 2.7. Theorem 2.6 implies that, for any global strong solution (u, P, @) obtained
in Theorem 2.5, ¢ will not only stay close to that local energy minimizer ¥, but also
converge to a certain equilibrium @ that is also near 1. Furthermore, if 1 is an isolated
minimazer, then it follows that weo = 1, namely, ¥ s locally asymptotically stable.

2.3 The infinite dimensional dynamical system

Before ending this section, we briefly comment on the infinite dimensional dynamical
system associated to (1.1)—(1.2). For any m € (—1,1), consider the phase space Z,, (see
(2.26)) with the metric

d(e1,92) = [[V(e1 — p2)]-

It is well-known that Z,, is a complete metric space. The following result can be proven:

Theorem 2.7 (Generalized semiflow and its global attractor). Let m € (—1,1). Assume
that (H) is satisfied. Denote by G, the family of all global weak solutions to problem (1.1)—
(1.2) with initial condition pg € Z,,. Then Gy, defines a generalized semiflow on Z,, in
the sense of [4] and it admits a unique global attractor.

Thanks to the validity of Theorems 2.1 and 2.2, in particular, the energy identity (2.20)
for global weak solutions, the proof of Corollary 2.7 can be carried out by a standard
argument (see e.g., [15]) with some minor modifications and thus we leave the details to
the interested readers.

Next, when the spatial dimension is two, thanks to the uniqueness result Theorem
2.3 and Theorem 2.4, we have a strongly continuous semigroup acting on the phase space
Z,, defined via the rule S(t)po = p(t) (see [19][Section 6]). Moreover, Theorem 2.4 also
entails that the global attractor is bounded in the more regular space H*(2). Therefore, on
account of known results for infinite dimensional dynamical systems, the global attractor
obtained in Theorem 2.7 consists of a time-section of complete (i.e., defined on the whole R)
strong solutions. Exploiting the separation property (2.24), one can proceed to establish
the following result through the general approach described in [29].
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Theorem 2.8 (Exponential attractors in d = 2). Let d = 2 and m € (—1,1). Assume
that (H) and (2.23) are satisfied. The dynamical system (Z,,,S(t)) has an exponential
attractor that is bounded in H*(Q)). This further implies, in particular, the global attractor
for problem (1.1)—(1.2) has finite fractal dimension.

3 Global Weak Solutions

The strategy to prove Theorem 2.1 is based on a standard approximation procedure.
First, we introduce a family of regular potentials {U.} that suitably approximates the
singular potential ¥. Then we establish an existence result to the approximating problem
with the regular potential ¥., by means of the Galerkin method. Finally, for the approx-
imate solutions (uc, P:, ¢:) related to the family of regular potentials {W.}, we recover
compactness by means of uniform energy estimates with respect to the approximation
parameter ¢ and we show that as € — 0 the limit triple (u, P, ) is indeed a global weak
solution with finite energy to problem (1.1)—(1.2).

3.1 The approximating problem

For ¢ € (0,k) with k being the constant given in (H), we introduce a family of regular
potentials {W.} that approximates the original singular potential ¥ by setting

V. (s) = Sc(s) — %52, Vs eR, (3.1)
where
21 . .
Y 5V —e)s—(1-9), Vs>1—c¢,
=07’
Se(s) = S(s), Vse[-1+¢1—¢], (3.2)
2
1 . .
Zﬁs(”(—l%—e) [s — (=1+¢), Vs < —1+e.
\j=0""

By the above construction of ¥., we obtain the following properties that will be useful in
the proof of Theorem 2.1.

Lemma 3.1. Assume that (H) is satisfied. Then, there exists & € (0, k] such that for any
e € (0,R), the approximating function V. given by (3.1) satisfies

(AH) ¥, € C*(R) and
—a<WU(s), —a<V/(s)<L, VseR,

where & is a positive constant independent of €, the constant « is given in (H) and
L is a positive constant that may depend on ¢.
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For every ¢ € (0,%) and ¥, being the regular potential constructed in (3.1), we consider
the approximating problem (AP1):

U, = —VF. + pu:Voe,

div u. =0,
v in Q x (0,7T), (3.3)
Orpe + ue - Ve = A,

He = *AQDE + \Ills((ps)’

subject to the initial and boundary conditions

{us-nzﬁnugzangpg =0, ondQx(0,7T), (3.4)

ws('70) = o, in Q
Then we have

Proposition 3.1 (Global weak solutions to approximating problem). Let d = 2,3 and
e € (0,K). Suppose that g € V with ¥(pg) € LY(Q) and [gy] < 1. Then the following
facts hold:

(1) For every T > 0, there exists at least one global finite energy solution (ue, P-, pe) to
the approzimating problem (AP1) on [0,T] such that

u. € L2(0,T;H,), P. e L5(0,T;Vp),
pe € L¥(0,T; V) N L*(0,T; H(Q)) N1 W3 (0,5 V),
pe € L2(0,T; V).

Such a solution satisfies the weak formulation
(Oppe,v) + (e - Vipe,v) + (Vue, Vo) =0, Yo eV, ae te(0,T), (3.5)
where

U = ~VP+ pVoe, e = —Dp: + V() ae (2,1) €Qx(0,T). (3.6)
(2) The total mass is conserved
/ e(t)da = / podx, Vtel0,T].
Q Q
(8) The pair (u., pe) satisfies the energy inequality

51960 + [ Feloel)de < GVl + [ Wele)de (3D

for almost every t € (0,T), and

' 2+ |V 2) dr < LIVl U, (po)dz +C 3.8
| (@B 4195l dar < G106l + [ wenyderc 39

where C' is a constant depending on & (cf. Lemma 3.1), but is independent of the
parameter €.
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The existence of a global finite energy weak solution to the approximating problem
(AP1) on [0, 7] can be easily proven by employing a Galerkin approximation scheme (see,
e.g., [23, Section 3| and [26]). Indeed, according to the property (AH) in Lemma 3.1, for
any ¢ € (0,&|, the approximating potential ¥, has a quadratic growth as |s| — +oo and
U’ is globally Lipschitz on R.

Remark 3.1. We note that it is sufficient to assume o € V to reach the conclusions
of Proposition 3.1. Indeed, the additional assumptions such that ¥(po) € L'Y(Q) and
|Po| < 1 will be necessary to derive uniform estimates with respect to € in the subsequent
section. Moreover, the estimates for P. and Opp. when d = 2 can be improved by arguing
as in [21, Section 3.4]. Nonetheless, the regularity properties stated above are enough to
pass to the limit as € — 0T,

3.2 e-independent a priori estimates

In order to pass to the limit as € — 07, it is necessary to obtain suitable uniform estimates
for the approximating solutions (uc, P:, @) that are independent of € € (0,7].

First, we report the following lemma which turns out to be useful in the sequel (see,
e.g., [15] for a proof).

Lemma 3.2. Suppose that (H) is satisfied. For e € (0,%|, the approzimating function V.
given by (3.1) satisfies the following properties:

[WL(s)] < [W'(s)], Vs e(-1,1),
U (s) < U(s), Vse[-1,1].

Now, we are in a position to derive uniform estimates with respect to the approximate
parameter .

First estimate. According to (H), since W(¢g) € L*(£2), it holds |l¢o|[feo() < 1.
Then it follows from Lemma 3.2 and the energy inequality (3.7) that, for almost every
te(0,7),

519001 + [ Wleu®)do < 51Vl + [ Wn)do =) (39

Similarly, we infer from (3.8) that

T
| TP+ 19l ar < o) + (310)
Second estimate. Testing the fourth equation in (3.3) by —Ay., we obtain

1A@e]|* = (PLpe), Ape) = — (e, Age).-

Exploiting the integration by parts and the homogeneous Neumann boundary condition
for ., we get

HA(P€H2 + (‘I//E/((P5>V905,thg) = (vﬂevapa)-
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Hence, we deduce from (AH) that
1Ap:[” < al| Ve | + Ve [V el

Taking the square of both sides and integrating in time, we have

T
tAHA%UMﬂhSCO+EM1+&%»? (3.11)

Third estimate. We provide an uniform estimate for 0;p.. By comparison, we easily
obtain

10epellvr < IV hell + [lucllllpell oo (o) -
Applying the Holder and Agmon inequalities (d = 3), we infer from (3.9)—(3.11) that

T 8
| ool ar
T N T . s
<C [ IvumF ar+C [ ul o) o
T 8 T 8 4 4
<C [ 1@ ar+0 [ @ e e g o

T
<c /0 (1 4+ [Vpe()?) dr

1

A T , 5 /T \ 3
+ el ([ NuciPar)” ([ ool ar)

8
5

< O+ T)(1+ E(p))5. (3.12)

Fourth estimate. We derive an uniform estimate for ||uc[y. On account of the
Poincaré-Wirtinger inequality

el < Cr([Viell + [7) (3.13)

and in light of (3.10), it is sufficient to estimate the mean value fiz. On the other hand,

/,ugdx:/\ll;(apg)dx,
Q Q

it remains to find an uniform control of W’ (y.) in L'(2). To this aim, we recall the

since

well-known inequality for approximating functions of singular potentials satisfying the
assumption (H) (see, e.g., [15], [24] and [28] for the proof)

156 ()l o) < C/Q(sos — o) (Se(we) — Sl(pe)) da + C, (3.14)
where C' may depend on @, and ¥ but is independent of €. Then, testing the fourth

equation in (3.3) by - —@, and using the integration by parts together with the boundary
condition on ¢, and Poincaré’s inequality (2.1), we find
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IVel? + /Q (e — Bo)S.(e) da
- /ﬂ e (- — 7o) da + O /Q oe(ipe — o) da

- /Q (e — 2) (e — 7o) de + CI|Vige |

<C (HVMEHHV%H + Hv@aHZ) . (3'15)

Hence, collecting (3.14) and (3.15), and using (3.9) and (3.10), after an integration in time
we get

T T
/0 1S (pe (T)|71q A7 < C/O IV u(DIPIV e (P + Ve (m)[|F) dr
<CL+T)(1+E(go))?, (3.16)

which together with (3.9) yields

T T
/0 7=(r)? dr < 2!QI_2/0 (I1S2(pe(NIZ1 () + Oflle (T 171 o)) AT
< C+T)(1+E(vo))*.

The above estimate together with (3.10) and (3.13) implies

T
/0 e (DT dr < C(1+T)(1 + E(v0))*. (3.17)

Fifth estimate. We aim to derive a uniform estimate for the pressure P.. It follows
from the Darcy’s equation for u., the Gagliardo—Nirenberg inequality (d = 3) and the
estimates (3.9), (3.10), (3.11) and (3.17) that

T 8
| 1vp@ar
0
T 8 8 8
<C / (N (DI + 102 () 30 12 (T) oy ) A
T 4 T 4 8
<C [ (@ utn)) ar + ClleeOlmryy [ e aliel o
T
<C [+ fur)P)ar
0

2 T 4 % T 2
+ Cllpel oo zan /0 loe()ltaen ar) /0 l1ae (7)1} ar)
<C(L+T)(1+E(p0)) 5 -

4
5

(3.18)

Collecting all the above estimates, we conclude that

el Lo 0.7y < C, (3.19)
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el 40,112 (02)) < € (3.20)
19k2el g o iy < © (3.21)
|wellz20.71,) < €, (3.22)
kel 220,75y < C, (3.23)
el 5 oy < © (3.24)

where the constant C' > 0 depends on the initial energy &(pq), the form of ¥,  and
coefficients of the system, but is independent of ¢.

3.3 Proof of Theorem 2.1

We are now in a position to prove Theorem 2.1. The proof consists of several steps.

Step 1. Preliminary convergence results. Thanks to the uniform estimates
(3.19)—(3.24), letting £ — 0T, the following weak convergence results hold (up to a subse-

quence):
Ve — P, weakly star in L>°(0,T; V), (3.25)
Ve — o, weakly in L*(0,T; H*(Q)), (3.26)
Orpe — Op, weakly in L%(O, V'), (3.27)
Ue — [1, weakly in L2(0,T;V), (3.28)
Ue — u, weakly in L2(0,T;H,), (3.29)
P. ~ P, weakly in L5 (0,7 V), (3.30)
Besides, on account of the Aubin—Lions compactness lemma, we have
@: — @, strongly in C([0,T], H) N L*(0,T; W (Q)), (3.31)

for r € [1,6) when d = 3 and r € [1,+00) when d = 2, which also implies the pointwise
convergence

v = p, ae. in Qx(0,7T). (3.32)

Step 2. L*-estimate for ¢. On account of the singular potential ¥, we shall prove
that the limit function ¢ fulfills

e LY x(0,7)) and |p(z,t)] <1 ae. inQx(0,7). (3.33)
It follows from (3.16) that

1S2(@e) L1 (x 0,1)) < C, (3.34)

with C' independent of . By the definition of S; and the assumption (H), there exists a
constant ¢ € (0,%) such that for all e € (0, g], SL(s) > 1 for s € [1—p, +00) and S.(s) < —1
for s € (—oo, —1 + p] and S.(s) is monotone increasing for s € R. Then we introduce the
sets

Ey ={(z,t) € 2% (0,T): |pe(z, )] >1—¢}, e€(0,0],
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Ey={(z,t) Q% (0,T): [p(x,t)] > 1— o}
From the pointwise convergence of . and Fatou’s Lemma, we infer that for any fixed p,
meas(E,) < liggci)gf meas (L)
At the same time, when € € (0, |, we deduce from (3.34) that
min{S'(1 — ), =5"(—1 + o)} meas(E;) < ||SL(¢:) |11 (x(0,1)) < C

where the constant C' does not depend on g and . Therefore, we have

C
measle) S (S = 0, -5 -1+ 2}

Passing to the limit as ¢ — 0%, we deduce that
meas({(z,1) € 2 x (0,T) : [¢(w, )] > 1}) =0,

which yields the conclusion (3.33).

We can further conclude that ¢ € L>(0,7T; L>(£2)). Indeed, since ¢ € L*(0,T; H%(Q)),
by the Sobolev embedding theorem H?(Q)) — L>®(1), it follows that the function ¢ is
measurable on [0, 7] with values in L>°(2).

Step 3. Passage to the limit as ¢ — 07. The L>-estimate (3.33) together with the
pointwise convergence of ¢, and the uniform convergence of W, to ¥’ on every compact
set in (—1,1) entails that

Ul(pe) = V' (p) ae. (x,t) € Qx(0,T),

as ¢ — 0T. Besides, by comparison in the equation for . (see (3.6)) and owing to the
estimates (3.20) and (3.23), we have

192 (el 20y < C,

uniformly in €. Hence, up to a subsequence, it holds

U (p.) = W' (p), weakly in L*(0,T; H). (3.35)
On the other hand, it follows from (3.28), (3.29) and (3.31) with r = 4 that

4

uVo. = uVe, weakly in L3 (2 x (0,7)). (3.36)

In a similar manner, we have
u: - Vo, = u -V, weakly in L%(Q x (0,7)). (3.37)

On account of (3.25)—(3.30) and (3.35)—(3.37), we are able to pass to the limit as ¢ — 0T
(up to a subsequence) in the weak formulation (3.5)—(3.6) for (ue, P:, ¢-) and the limit
triple (u, P, ) fulfills (2.17)—(2.18).
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Step 4. Further regularity properties. We establish some further regularity
results for the global weak solution with finite energy (u, P, ¢) by making use of the
estimates (3.20) and (3.33). First, it follows from (3.29) and (3.33) that

u- Ve L20,T;V'). (3.38)
Then by comparison in (2.17), we immediately see that
o1 € L2(0,T;V"). (3.39)

Next, an application of Lemma 7.4 with f = y + Ogp gives
r 2 T 2
!
| 16 ey ar+ [ 18 @Iy ar

T
< [ (1+1n@IR + el )ar < . (3.40)

where p =6 if d = 3 and 2 < p < o0 if d = 2. We recall that by the Gagliardo—Nirenberg
inequality

C||g0HL;(8 Hg0||51<;2 ,} (@) ford=2, r>2, (3.41)

[VellLe@ <
C”SOHLOO H()OHWQ,G(Q); for d = 37

and by interpolation between LP-spaces

2(r—3)

1Aplzs@) < Cllel s el Ty, for v > 3. (3.42)

Applying the curl operator to the Darcy’s equation for w and exploiting the particular
form of the Korteweg force, we deduce that

IV xull = [V x Vol < ClIVullIVellLe ), (3.43)

Then by (3.33) and (3.41), we find

IV x w32 2 < OV | = H(p”%;;(m < CIVul? + Cliglliyarqy — ford=2, r>2,
6 6 3
IV x ullf < CIVAIEIPI 2o < CIVAIE + Cllolasy, for d=3.
Besides, according to the Neumann problem (2.7) with u = uVp, we have
[AP[ = |V - (uVe)|| < CIVulll[Vellue@) + Cliullzs@) lAel 23 o)- (3.44)

Hence, we get

€ 37‘(97‘)( 2) 0y 6(r—2) 4(r—3) 2r
T T 5r—9 57‘ 9 5r—9
JAP| 5= < Cl[Vul| =5 el + Cllully™ el g el

< Ol +cusouwgr<m +0||¢HH2(Q) el for = 2 >3,

g 4 4
|AP|? < C[[Vul|7 HSOHW% ) + Cllully el @) llell )
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< Cllall? + Cllplney + Cllolliay + €. for d=3,
The above estimates together with (3.19), (3.23), (3.40) and the inequality (2.8) yield that
lwllzso,rvy < C, NPllpaorm2(0) < C, (3.45)

Wheres:%ifd:3and1§8<%ifd:2,q:%isd:3and1§q<%ifd:2.

Step 5. Mass conservation and energy identity. For every global weak solution,
taking v = 1 in (2.17), we have

d

dt QSD x <s0t7 > 07

which implies the mass conservation (2.21).

Next, due to the regularity properties of the finite energy weak solution (see (3.29),
(3.38), (3.39) and (3.45)), for a.e. t € (0,T) we are able to test the Darcy’s equation by
and to take v = p in (2.18) to get

full = [ (a7 wda, (3.46)
(pros) + [ (w- Viluda + [Val? = 0. (3.47)
Adding (3.46) and (3.47) together, we get
(e, 1) + ||ul> + |[Vul|? =0, forae. tc (0,T). (3.48)
On the other hand, we consider the functional
S(u) = %”wuz 4 /Q S(u) da
defined on V. It is well-known that § is proper, lower-semicontinuous, convex with domain
dom(S) ={u eV :u(z) € [-1,1] ae. z € Q}.

Being the subgradient of S equal to dS(u) = —Au+.5’(u), and on account of the regularity
—Ap+S8'(p) € L2(0,T; V) and ¢; € L%(0,T; V') of a finite energy weak solution, we learn
from [30, Lemma 4.1] that

Ceot) = T8o(1) — T2 p(t)P
= (ou(t), ~ (1) + §'(2(1)) ~ Bofer(t), (1)
= (p(t), u(t)), for ae. t e (0,7).

Here, we have also used the standard chain rule in H'(0,7; V') N L?(0,T;V). As a conse-
quence, the required energy identity (2.20) holds, which yields that £(p(t)) is absolutely
continuous on [0, 7] and fulfills

5(@(t))+/0 Hu(T)HQdT+/O IVi(r)|?dT = E(o), Vit =0. (3.49)
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Lastly, we see from (3.25) and (3.27) that ¢ € C,,([0,7],V) as well as ¢ € C([0,T], H). At
the same time, thanks to the continuity of S(¢(t)) and the convexity of S, we obtain that
t — ||[Ve(t)||? is continuous (cf. [1, Theorem 6]). As a result, this gives ¢ € C([0,T], V).
The proof of Theorem 2.1 is complete.

Remark 3.2. It is worth pointing out that the hypothesis on the growth of S” assumed
in (H) can be removed by working with an approzimation family of singular potentials
proposed in [17].

3.4 Proof of Theorem 2.2

We conclude this section by deducing the dissipative estimates stated in Theorem 2.2.
Testing the equation for p in (2.18) by ¢ —®, and using the mass conservation (2.21),
we get

HVﬁF+L@%@@—¢wm:3éw—uxw—%wm. (3.50)

Recalling the basic inequality for a singular potential satisfying (H)

U(s) < U(w) + P'(s)(s —w) + %(s —w)?, Vs,we (-1,1),

and exploiting the regularity |¢(x,t)| < 1 for almost every (z,t) € Q x (0, +00), we find
_ — « _
[ ¥@e-s0de> [ v de-v@oI01- Sle— %ol

zAw@M—a

where C' > 0 depends on €2 but is independent of yg. Inserting the above inequality into
(3.50) and applying the Poincaré inequality (2.1), we infer that

1

519612+ [ ¥(p)do < CIVu +C (3.51)
Hence, in light of the energy identity (2.20), we obtain

SE(9) +wE() + Il + I Val < C.

where w, C are positive constants independent of ¢g. An application of the Gronwall
lemma yields, for all ¢ > 0,

o)+ [ (G + IVut)) ar < Oe(un g0l +C, 352
In particular, this gives
lo®) |13 < CE(ug, wo)e @t +C, Vit >0. (3.53)
Next, by Lemma 7.3 with f = 1+ O, we learn from (3.52), (3.53) that

t+1 9
/ [Ap(T)||*dr < (CE(uo,goo)e*wt + C) . Vt>0.
t
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Then, by repeating the same argument exploited in the proof of Theorem 2.1 to get an
uniform control of p in V' (cf. (3.17)), we obtain
2

t+1
/ |u(T)||F dr < (C’E(ug, wo)e v + C) vVt >0.
t

Here, the constant C' depends on the total mass of the initial datum. Therefore, by Lemma
7.4 with the same choice of f = u + Ogp, we find

t+1 2
/t (le() B2y + 18" @)y ) dr < (CE(uo, p0)e™ +C) ", iz 0.

where p = 6 if d = 3 and for any p > 2 if d = 2.
The proof of Theorem 2.2 is complete.

4 Uniqueness of Global Weak Solutions in Two Dimensions

In this section, we prove the uniqueness of global weak solutions with finite energy to
problem (1.1)—(1.2) when the spatial dimension is two.

Proof of Theorem 2.3. Let (w1, P1,p1) and (ug, P2, p2) be two global finite energy solu-
tions to problem (1.1)—(1.2) on [0,7] with initial data o1 and @2, respectively. Their
difference denoted by (¢, P, u) = (w1 — w2, Pi — P2, 1 — p2) solves

(pt,v) — (w10, VV) — (w2, Vv) + (Vu, Vo) =0, VYo eV, (4.1)

for almost every t € (0,7"), where (cf. Remark 2.2)

{'u, = —II(div(Ve1 ® Vi) + div(Ve @ Vi), (4.2)

= —=Ap+ (V(p1) — ¥'(p2)).

Thanks to the mass conservation and ©@y; = Pyq, we observe that = 0 for all ¢t > 0. By
Theorem 2.1, we also know that

s )lv + ll0i ()]l Loy < C, YVt [0,T], i=1,2. (4.3)

Taking v = Ny in (4.1), and using (2.2), we get
1d

5 Il + (1, 0) = (16, VN @) + (w2, VN ). (4.4)

Using integration by parts and the homogeneous Neumann boundary condition for ¢, and
making use of (H) and (2.4), we have

(1, 0) = [[Vel* + (¥ (1) — V' (2), ©)
> [|[Vell? — allell?

1 2 2
> iHVWH - C”SD||V0'~
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Then, the differential equality (4.4) turns into

1d

1
5 < lel; + S IVl < Clply + 1+ 7 (45)

where

I =(u19,VNp) and J = (ups, VN).
Firstly, by (2.1), (2.4), (2.5) and (2.9), we control I as follows
I < Juallllellza) IVN @l
1 1 1 1
< Clludllielz el VNl VNl

i 1
< Clludlielly ol Vel
< Clludllielvg Vel

1
< gHVwHQ +ClwlllellF-
Next, we take care of J. To this aim, by means of (4.2), J can be rewritten as

J = —(I(div(Ver @ Vi) + div(Ve @ V), paVNp)
—(div(Vepr © Vi) + div(Vp ® V), (VN ).

A further integration by parts together with the homogeneous Neumann boundary condi-
tion for ¢ entails

—(div(Ver ® Vi), (92 V)
= (Vi1 ® Vo, VII(p2VN)) / (Vo @ Vo1 )Il(p2aVN @) - ndo

= (Vi1 ® Vo, VII(92VN @)

\

n) (Vi - I(p2VNp)) do
= (V1 @ Vo, VII(pa2VNp)) :=
Similarly, we infer that
—(div(Vg& ® Vpa), H(‘PQVNQO))
= (Vo @ Vo, VI VNY)) = | (Vi - m)(Ve- T2 VNp)) do
= (Vo ® Voo, VII(02VN)) := Jo.
We now estimate J; and Jo. Exploiting (2.6), (2.9) and (4.3), we obtain
J1 < ClIVe1 Lo Vel VI VN @) L o)
< OV IV IVl VI VA )3 VT2 VN [
< Cllgul 2y I VA2 VN QI L2V N D)

1 1 1
< Cllr Iy IVellllp2 VNl o2 VN ¢l 2 . (4.6)
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It follows from (2.4), (2.5), (2.10), (2.12) and (4.3), that

le2VNollv < Cllpallv VN @l @) + Cllgzll L@ VN ellv
< Cl[VNollLe ) + ClIIVNellv

1 1
< CIVNGIF VNl ) + Cliel
i 1
< Cllgli, Vel
On the other hand, by (2.5), (2.10), (2.14) and (4.3), we deduce that
lp2VNollaza) < Clle2llm2@) I VN @l ) + Cllezll @) VN ollazo)
1 1
< Cllgallimey VNI IVA Gl 0 + CIVN Gz
1 1
< Cllpall 2@ llelly, IVell> + ClIVell
Thus, from (4.6) we obtain
1 1 1 3 1 1 7
1 < Cllorl ey o2l a2l IV + Cllol 2yl IVl
= R1 + Rs.

Using Young’s inequality, the reminder terms R; and Ry can be controlled as follows
1 1 1 3
By = Clloallfaggy o2l o lellZ Vol
1 2 2 2 2
< ﬁHV‘P” + Cllerll gz @) lle2llzz o el
and
1 1 7
Ry = Cllgil By llly 1V
1 2 4 2
< 196l + Clloallp el

Collecting the above estimates and using again Young’s inequality, we end up with

1 2 4 4 2
I < oIVl + C (1 + llerlitae + el ) Il

Repeating the same calculations for J, line by line, we get

1
Jo < IVl + C (1 + etz ) Il

Finally, combining (4.5) with the above controls of I, J; and Jo, we find the differential

inequality

1d 1
5@”80”%/0' + 1||V90H2 < C(l + llwal? + o1l 520 + ||902||%12(Q)) el (4.7)

On the other hand, thanks to Theorem 2.1, we have
T
/0 (I + 1z + o2 gy ) d7 < C. (4.8)

Thus an application of the Gronwall lemma together with (4.7) and (4.8) gives (2.22).
The proof of Theorem 2.3 is complete.
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5 Regularity and Phase Separation in Two Dimensions

In this section, we prove Theorem 2.4, which provides further regularity and the phase
separation property of global finite energy weak solutions in two dimensions for ¢ > 0.
The goal will be achieved by obtaining some higher-order estimates for the finite energy
weak solutions that only depend on an up bound for the initial energy £(¢p) and on the
average of total mass . In particular, these estimates will be independent of any other
norm of ¢g. To this end, given arbitrary but fixed numbers R > 0 and m € (—1,1), we
consider global finite energy solutions (u, P, ¢) departing from ¢y with

E(po) <R and  FH=m.

Consequently, in this section the generic constant C' > 0 depends on R, m and possibly
on €.

Our first regularity result is the following regularity estimate for (;:

Lemma 5.1. Let the assumptions of Theorem 2.4 hold. For any o > 0, there exists a
positive constant C' = C(o, R,m) such that

el oo oy + et 2150y < €, VE>o. (5.1)
Proof. We first note that, by virtue of Theorem 2.2,
le@llv + ez < C, YVt =0. (5.2)

Given h > 0, let us introduce the difference quotient of a function by

1

ohf = E(f(t—i—h) —f(t)), Vit > 0.

Owing to Definition 2.1, the difference quotient of a finite energy weak solution satisfies

<(8£l<70)ta U> + ('U,(t + h) ' Va;lgpﬂj) + (a{lu ! V@(t)v U) + (V@f,u, V’U) = 03 Vo e Va

for almost every ¢ € (0,400), where

o =200+ (V(elt + 1)~ V(p(1) (53)
and
Ol = —H<div(V<p(t + 1) @ Volp) + div(Voly ® w(t))). (5.4)

We observe from the mass conservation that
oo =0/% =0.
Taking v = NOl'¢ in the above weak formulation, and exploiting (2.2), we have

1d
5&”@?@”%/0' + (O, Op)

= —(u(t +h) - Vo, Nop) — (9w Ve(t), Nt p). (5.5)
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By the definition of 9}y in (5.3) and making use of the homogeneous Neumann boundary
condition for 9'¢ together with (H) and (2.4), we get

1
(0f'n, Ofp) = || VO ||* + (V' (ip(t + b)) — U'(p(t)), 0fp)
> |[VO)el? — al|of¢|?

1
> Vol - Cllafely.

Setting
Ky = (u(t+h)0pe, VNOp) and Ky = (0 up(t), VNIp),

we find the differential inequality from (5.5) such that

d 1
S S lOF el + S IVl < Cllof el + Ka + Ko, (56)

In order to control K; and Ko, we argue similarly to the proof of Theorem 2.3. By (2.1),
(2.4), (2.5) and (2.9), we estimate K as follows

K1 < ut + W00l o) VNP llns o)
< Cllu(t + W10k ]3 |9k lI2 [Nl [VA DL |13
< Cllu(t + W8 lZ, ool Valel
< Cllu(t + b1 ¢l IVl el
< SIVOll? + Clutt + )20kl
Regarding K, in light of (5.4) we obtain

—(TI(div(Ve(t + h) ® V), p(t) VNI )
— (I(div(Vl'e @ V(t))), p(t) VN )
—(div(Ve(t + h) @ V), TI(p(t) VN L))
— (div(Vare ® Ve(t)), T(p(t) VNI p))

= (Vo(t + h) @ Vo, VII(p(t)VNOIp))

+ (V3o @ V(t), VII(p(t) VNp))
=71+ Zs.

Let us proceed to estimate Z; and Z. By (2.6), (2.9) and (5.2), we deduce that
7y < C|Ve(t + 1)l IV O @l VIL (8 VAL ) [l o)
< OVt + W)t + 1)l o | VO NI () TN O D) oy
< Ollp(t + W12 IVl ()TN B0l (O VA DLl .-
A further application of (2.4), (2.6), (2.10), (2.12), (2.14) and (5.2) yields

le(t) VN pllv < Cllo@®)llvIIVNO¢llL= @) + Clled)l @) VNI ollv
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1 1
< CIVNOLo|2 VNt ol gz o) + CllOT el
L 1
< Clloyelly, IVorellz,
and

I (t) VN O @Iz (o)
< ClleM 2@l VN O @llne (o) + Cllio®) | oo @) VN ¢z

1 1

< Clle 2@ IVN Ol VNl o ) + CIVN O o2 0
1 1

< Cllw(t)\lm(mIIG?SDHQ;IIV@%H2 +C|Varell.

Therefore, we learn that

1 1 1 3
20 < Ot + W) gy o) ooy 190113, [ V0
1 1 7
+ Cllgplt + )3y 19011 1 V00
=Y +Y5.

By Young’s inequality, we infer that

1 1 L 3
i = Cllglt + B g O 100l [V 0001
1
< @HV@}L@W + Clle(t + )20 e Ol 20 ”8{LSD||%/(;,
and

1 1 7
Y = Cllp(t + ) oy 100 ell 3 [ VOL o

1
< SS90l + Clliott + ) gz o 0P 01

Hence, combining the above estimates together, we end up with

1
Z < EHV@%HQ + C<1 + et + 1) 52y + ||<P(t)\|%12(n)> 16713

Arguing in the same way for Z,, we also find

1
2> < 3GVl + O (1 + o) ) 08l

Then, collecting the estimates of K1 and Ko, from (5.6) we deduce the following differential
inequality

1d

2dt

< O(1+ flult + B+ (e + W)lFraqey + o0y ) 0PI,

1
02 eIl + 71V oy el

On account of

||6£1‘P||L2(t,t+1;vo’) < leellzeesrvyy, Vi =0,
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and the dissipative estimate (cf. Theorem 2.2)

t+1
| (1l + 190 + u@)IP + eI ar < €. vezo, (50

an application of the uniform Gronwall lemma entails the uniform bounds
h h
||8t QOHLOO(U,t;VO’) + ||at QOHLQ(t,t+1;V) <C, Vt>o.

Here, C is a positive constant which depends on o > 0 but is independent of h. A final
passage to the limit as h — 0™ completes the proof. O

Thanks to Lemma 5.1, we derive a preliminary higher-order estimate for ¢ with respect
to the spatial variable.

Lemma 5.2. Let the assumptions of Theorem 2.4 hold. For any o > 0, there exists a
positive constant C' = C(o, R,m) such that

el oo (1 um2(0)) < € VE> o (5.8)
Proof. By [3, Theorem 1.1], we have for arbitrary T' > o
HY(0,T;V) N L*(0,T; H*(Q)) < C([o, T), WH-4(Q)).
Hence, in light of Theorem 2.1 and Lemma 5.1, we infer that
¢ € C([o, +00), WHH(Q)).
In order to get a uniform-in-time estimate, we recall that (cf. Theorem 2.2)
el e @ rrvy + el 2@ irm2) <G Vi >0,
where C' is independent of ¢t. Then, by the above result, we have
le@llwra@) <C, Vit e lo,o+1].
By the same argument replacing ¢(-) with ¢(- + n), for any n € N, we have
ot +n)llwiaq) <C, Vtelo,o+1] and VneN,
where C' is independent of n. This in turn gives the uniform estimate
le(Ollwra@) < C, V>0, (5.9)
Next, taking v = M (p — fz) in the weak formulation (2.17), we get
(ot N(pp = 11)) = (w, VN (1 = 1) + (. p — ) = 0.
We note that

(=) = |ln— 7l
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Besides, by (2.5), (2.6), (2.13) and (5.9), we control the other two terms as follows
(oo, N1 = 1)) < lleellvg IV (= 1) llvy
< Clledlvllm =l
1 _
< Jln =72l + Cliedlt,

and

(up, VN (p — 1)) = —(T(div(Ve @ V), 9VN (1 — 1))
= —(div(Ve @ Vo), I(¢VN (1 — 7))
= (Vo @ Vo, VII(eVN (1 — 1))
< OVl eV (1 —m)llv
< CleVN(u—n)llv

< COllellwra@ IVN (1 — 1) s ) + Cllel e @) IVN (1 — 1) || v
<Clp— gl

1 _
< Slln—al*+C.
Collecting the above estimates and using Lemma 5.1, we find
”:U’ - ﬁ”L‘x’(U,t;H) <C, Vizo. (510)
Applying Lemma 7.1 with f = u 4+ Ogp, the above estimate entails
1A@[| Loy < O, VE =0

Finally, due to classical elliptic regularity results for the Neumann problem, we conclude
that (5.8) holds. The proof is complete. ]

Now we can improve the regularity properties of global finite energy weak solutions
(u, P, ) on the time interval [0, +00) for any o > 0.

Lemma 5.3. Let the assumptions of Theorem 2.4 hold. For any p > 2, there exists a
positive constant C = C(o,p, R, m) such that

el Lo ot + @l oo o sw2r()) S C Vi >0,
lwll oo (o65v) + 1Pl oe (o320 < C5 ViE>o0.

Proof. First, we observe that
u=—-VP" —ApVyp, ae. (z,t)€Qx(0,+00),

where P* is the modified pressure given by P* = P 4+ U(p) (cf. Remark 2.2). Thus, we
have u = II(—ApVy) and by (2.6) together with the uniform estimates in Lemma 5.2, it
follows that

[l 3 )SCWAwV¢H

Lo (0t L2 (Q) LM(U,t;L% ()
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< Cllell oo (ot 12 () 101 Loo (0,616 (02))
<c (5.11)

Next, we prove a uniform bound for the V-norm of p arguing as in the proof of Theorem
2.1. As customary, we need to control its average value over §2. To this end, we recall that
the singular potential ¥ satisfies

1 () < C /Q (0~ Bo)(V'(p) — W(p)) dz + C,

where C' depends on m (cf. (3.14)). Testing p by ¢ — @, integrating by parts and using
(2.1) and (5.2), we easily get (cf. (3.15))

| (e =)W (e) =TT da < €1+ [l

Combining the above inequalities, we are led to the inequality

19 ()1 () < C A+ Vall), (5.12)
which together with (3.13) gives

ully < CA+[[Vul]). (5.13)

Now, taking v = p in (2.17), we have

IVuI? = —{pe, 1) — (u - Vi, ).
By (5.1), (5.8), (5.11) and (5.13), we get

IVRll® < lleelvllally + Nl g g IV@lusllilew)

< lgellvellly + llwl g o eyl
< C(1+ [ Vul).

Hence, we infer from the above estimate, Young’s inequality and (5.13) that
el oo (o) < C, VE> 0. (5.14)

Keeping (5.14) in mind, we can apply Lemma 7.4 again with f = u + ©gp. As a conse-
quence, for any p > 2, there exists C' > 0 such that

HSOHL‘X’(U,t;W?’P(Q)) <C, Vt>o. (5.15)

Therefore, combining (3.43), (3.44), (5.14), (5.15) and using the Gagliardo—Nirenberg
inequality (3.41) for d = 2, we have

wll Lo vy + 1Pl oo (o, m200)) < €5 Vi >0

The proof is complete. O
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Remark 5.1. Thanks to the regularity achieved in Lemma 5.3, it is easily seen that
(2.17) holds almost everywhere in  x (o,+00) and, in particular, p satisfies Opp = 0
almost everywhere on 9 X (o,+00). Since o > 0 is arbitrary, we infer that any global
weak solution with finite energy to problem (1.1)—(1.2) becomes a global strong solution
instantaneously when t > 0.

We now have the necessary ingredients to prove the validity of the strict separation
property. The main task is to show that S’(¢) is essentially bounded in time and space. For
this purpose, we adapt the strategy devised in [19]. In particular, higher-order estimates
will be derived assuming further conditions on the singular potentials, which are still
satisfied, e.g., by the logarithmic potential (1.4).

Lemma 5.4. Let the assumptions of Theorem 2.4 hold. Assume, in addition, that S” is

conver and satisfies
15" (s)] < eCIFEIHC vy e (—1,1), (5.16)

where C is a positive constant. Then, for any o > 0, there exists C = C(o, R,m) > 0
such that

@t oo 20,0y + 1l Loo (20,1200 < C5 Vi > 20

and there exists 6 > 0 such that
Iz <1 -0, Vit=>20. (5.17)
Moreover,
1wl oo 20,t882()) + 1Pl Lo 20,313 (02)) + €1 Lo (20,:m0(0)) < €5 VE > 20 (5.18)

Proof. Under the assumption (5.16), we can apply Lemma 7.4 with f = p+ Og¢. Hence,
for any p > 2, using the estimate obtained in Lemma 5.3, there exists C' = C(p) such that

15" (D)L (o510 )) < C; YVt >0 (5.19)
We recall that the finite difference 9f'¢ solves
(0@}, v) + (w(t + h) - VL, v) + (0w - Vip(t),v) + (VO p, Vo) =0, VeV,

where 9/ and Of'u are given by (5.3) and (5.4), respectively. Taking v = 9'p, we get

1d
5 10l + (VO 1, Vo) = Hy + Ha, (5.20)
having set

Hy = —(u(t+h)- Ve, 0lp), Hy=—(0u-Ve(t),dp).

By integration by parts and making use of the homogeneous Neumann boundary conditions
for O¢ and O, we find

(Vath:uv VU) = _(81?!% Aa{lgo)
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1
= A0 ¢lI* = ©0[[ VO e* = (5-(S'((t + h) = S'((1)), AD;')-
By the convexity of S”, we argue as in [19] to obtain

1
7S el 1) = 5ot < [ "rpte+ )+ (1= r)ote)) ol o

< (8"(p(t +h)) + " (1)) 10} ),

and as a consequence, it follows that
1
|G (8ot + 1)) = S'(p(0)), Adl)|
1
< §||Af9f90H2 +C(I1S" (@t + ) 7a 0y + 15" ()1 Fs0) 10111 75 (-

By (2.1) and the boundary conditions, we infer from Poincaré’s inequality and integration
by parts that
h h h h
1872l 76 () < CIVOL@l® < Cllarel | AdE¢ll.

Therefore, we easily derive from (5.20) the differential inequality

1d 1
gl + Aol

< C+ 15" (pt + W)l Lagy + IS (@O s IOkl + Hy + Hae  (5.21)
Regarding the term Hj, by Lemma 5.3, the Sobolev embedding V' — LP(2) for any p > 1,
and the elliptic estimate for the Neumann problem, we get
Hy < |lu(t + h)l|lLso) I VOrellLs @107 ¢ll
< C”athSOHH2(Q)||a?SDH

1
< s 18dtel® + Clogell”.

On the other hand, by the Darcy’s equation (cf. Remark 2.2), Lemma 5.3, (2.13) and
Poincaré’s inequality, we infer that
Hy = (T(div(Ve(t + h) @ Voo + Ve @ Ve(t)), Ve(t)d)'e)

= (Vo(t +h) @ Voo + Ve @ Ve(t), VIL(Ve(t)0/e))

< (va(t + 1)L (o) + HV@(t)HLoo(Q)) IVl VIV (H)of o) |

< C|IVarllVe(t)dyellv

< CIVOel () lwase 19l s + CIVe® @IVl )

< O||Vorel?

1
< I8¢l + Clotell”.

Collecting the above estimates for H; and Hs, we end up with

1d

1
5 <00l + SlAdk el < Wilobel?
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where
W(t) = C(1+[IS"(p(t + h) a0y + 15" () 73(0))-
On account of the estimate (5.19) we have

t+1
W(r)dr<C, Vt>o.
t

Thus an application of the uniform Gronwall lemma implies that
Ha;l‘P”LOO(QU,t;H) + HAa;L‘PHL?(t,tJrl;H) <C, Vt2>2o,
where the constant C' is independent of h. Passing to the limit as h — 0T, we obtain
ol oo (20,61) < €, V> 20, (5.22)

Now, using Lemma 5.3 and (5.22), we deduce by comparison that

1l Loo (20,52 (2)) < €5 V> 20 (5.23)
Therefore, Lemma 7.2 together with the Sobolev embedding theorem yields

15" (@) Lo 2020 (2)) < C, Vit > 20,

Due to the singularity of S at the pure states 41, the above estimate implies the conclusion
(5.17).
Thus, it is readily seen from (5.23) and the separation property (5.17) that

el oo (20, 20)) < O, V> 20. (5.24)
Finally, by (2.14), (5.23) and (5.24), we arrive at
[Vl oo 20 6m2(0)) < C; Vi > 20,
which gives (5.18) thanks to (2.6). The proof of is complete. O
In summary, we have

Proof of Theorem 2.4. Combining the results obtained in Lemma 5.3 and Lemma 5.4, we
immediately arrive at our conclusions in Theorem 2.4. O

Remark 5.2. The validity of the separation property (5.17) is crucial, since it entails
further regularity of weak finite energy solutions to problem (1.1)—(1.2). If (5.17) holds
along the trajectory of solution ¢(t), then the singular potential S(p(t)) is confined to an
interval that does not contain the pure states +1 and thus it is smooth.
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6 Lyapunov Stability and Long-time Behavior

As mentioned in the Introduction, when the spatial dimensional is three, the existence
of a unique global strong solution to problem (1.1)—(1.2) with arbitrary large regular
initial datum ¢ can not be expected (cf. [34] for the case with regularity potential). In
this section, we first prove the existence of a unique local strong solution (u, P, ¢). Then
we show that if the initial datum ¢q is sufficiently close to a local minimizer of the energy
functional &, then the local strong solution is indeed a global one and ¢ will stay close
to that minimizer for all ¢ > 0. Finally, we investigate the long-time behavior of global
bounded solutions and show the uniqueness of asymptotic limit as t — +o0.

6.1 Local strong solutions in three dimensions

Theorem 6.1 (Local strong solutions). Let d = 3. Assume that (H)-(H1) are satisfied
and o € H3(Q) satisfying HQDOHC@) < 1—dg, for an arbitrary but fized 5y € (0,1), and
One = 0 on 0. Then, there exists a unique local strong solution (w, P,p) to problem
(1.1)~(1.2) such that

u € C([0,T%], Hy,) N L2(0, T*; H3(Q)),
P € C([0,T*], V)N L*(0,T*; HY(Q)),
¢ €C([0,T*], H*(Q)) N H'(0, T V) N L*(0, T*; H*()),
p € C([0,T*, V)N HY0,T* V') N L*(0,T*; H3(Q)),

and

1 *
le@llom <1- 50, Yte T, (6.1)

for some T* € (0,+00) depending on ||| s ) and do. In particular, the strong solution
satisfies (1.1) for almost every (x,t) € Q x (0,T7*) and the boundary conditions 0, P =
Onpt =0 on 002 x (0,T7).

Proof. For any € € (0,1), we introduce a regular approximating potential U, € C*(R),

namely,
V. (s) = S.(s) — %52 Vs R, (6.2)
where
¢ 4 1 ‘
Z—'S()(l—a)[s—(l—s)]J, Vs>1—g¢,
Se(s) = ¢ S(s), Vse|[-14¢e,1—¢, (6.3)
4
1 .
Zﬁsm(q +e)[s—(=1+e), Vs < —1+e.
j=0""
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Then we consider the following approximating problem (AP2)

u: = —VFP: + pVe,

div u. =0,

Ve in Q% (0,T), (6.4)
Ope +ue - Vo = Ape,

pe = —Ap. + (I\’/s(@s)a

subject to the initial and boundary conditions (1.2) (with ¢, x being replaced by . and
L, respectively).

For any given 0y € (0, 1), by (H1) we can choose a sufficiently small € € (0, min{x, 350 }]
such that U, € C4(R) satisfies

U.(s)>vst—C, VseR,

for some positive constants v and C depending on . Local well-posedness of the approx-
imating problem (AP2) easily follows from a standard Galerkin method as in [26,34]. In
particular, by means of a differential inequality involving the H?3(2)-norm of ¢ (see [34]),
it follows that there exists 7. € (0, +00) depending on ||¢ol| g3(q), € and Q such that prob-
lem (AP2) admits a unique local strong solution (u., P-, ¢:) on [0,7:]. Then, in light of
ve € C([0,T*], H3()) and the Sobolev embedding H3(2) — C(Q), the continuity in time
of . implies that there exists T* € (0, T:] such that

1 *
HSDE(t)Hc(ﬁ) <1- §5Oa Viel[0,T7]. (6.5)

Noting that, by the choice of ¢ and the definition of \Tls, it holds \TJ€|[_1+%5071_%50] = V.
Hence, (ue, P:, ) actually coincides with the strong solution (u, P, ¢) to the original
problem (1.1)—(1.2) on [0, T*], which is unique and satisfies the separation property (6.1).
The proof is complete. O

Next, we derive a higher-order differential inequality for (local) strong solutions.

Lemma 6.1. Let d = 3 and let the assumptions of Theorem 6.1 hold. Assume that
(u, P, ) is a strong solution to problem (1.1)=(1.2) on [0,T]. Define the functional

At) = [Vu@)|? + ).

Then, we have

%A(t) <c (1+am). (6.6)

for almost every t € (0,T"). Here, the constant Cy only depends on 2, a, m and E(po).

Proof. By the regularity properties of a strong solution (see Theorem 6.1), we infer that
u -V € L2(0,T; V). Thus, we test the third equation of (1.1) by g such that

1d

ST+ 1P + [ ¥l de == [ (- Vohude, acin 1), (©7)
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Next, in light of Remark 2.2, for any v € V,, we have
(ug,v) = /(—VP + pVe) - vde
Q
= —2/ div(Ve ® V) - vdx
Q

—2/(V¢®Vg0t):Vvdx
Q

< 2|Vl @ Vedlivllv,
< Cllelus @ IVedliviv,,

which entails that u; € L(0,T; V). Thus, differentiating the first equation of (1.1) with
respect to time and testing the resulting equation by u, we get

thIIUHQZ/,utV<p~ud:L"—|—/,uV<pt~ud:n, a.e. in (0,7). (6.8)
Q Q

Noting that, by (H) and (2.4), we have

/Q W (0)lerf2 dz > —allgely [V
1
> =5 [Veul® = Clieelyy-

Then adding (6.7) to (6.8), we infer that

d
GA+ IVl < Cllaly +2 [ 19 uds, (6.9)

We deduce from (1.1) and the Holder inequality that

letllvg < llwll+ IV all. (6.10)

On the other hand, by the Gagliardo—Nirenberg inequality, we obtain

/qupt'udx:—/wtu-Vudw
Q Q

< lulllletl s @)1V illLe )
1 1
< Cllulllgell 1Vl (1Al + )

1 3
< Cllulled, I9eel® (el + 1w - Tl + )
=W+ Ws + Wg. (6.11)

The reminder terms W;, ¢ = 1,3 can be controlled by (2.1), (2.4) and (6.10) as follows
1 3
Wi = Cllulllledlly, IV erl =l
3 5
< llwllllelly, 1V eels

1 8
< EHW%II2 +Cllulls el
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1

< —[[Ver|? + CAS,

(=)

and
Ws = Cllullledl Vel ¥l
< Clullleull, IVl (1940 + 7))
< Cllullledy 19l (1)1 + 1V
< §Ivel? + o1+ 43).

Here, we have used the estimates (5.12) and Young’s inequality. Concerning Wy, by the
Gagliardo—Nirenberg inequality (3.41), Young’s inequality and Lemma 7.4, we get

: 3
Wo = Cllullledly Vet lu - Vel
3 3
< CllulPledly, Vel 1Vl
Lo Clal ool ol
< Vo™ + Cllull= ey lloll 2 @) 102000
1
< sVl + C(1+A%).
Collecting the above estimates together, we deduce (6.6). The proof is complete. O

Remark 6.1. It is worth mentioning that inequality (6.6) has been obtained without using
the separation property (6.1) but only the regularity of strong solutions to problem (1.1)—
(1.2).

6.2 The stationary points

Keeping the evolution problem (1.1)—(1.2) in mind and setting m = @, its correspond-
ing stationary problem reads as follows

—AY+¥(y) =¥'(), inQ
O =0, on 01, (6.12)
P =m.

For any given m € (—1,1), we introduce the set of stationary points
Sm ={y € H*(Q), E(¥) < +00 : ¢ solves (6.12)}. (6.13)
The following result has been proven in [2, Section 6] (cf. Lemma 7.2).

Proposition 6.1. The set S, is nonempty. Every element ¥ € Sy, is a critical point of
E. Moreover, for each v € Sy, there is a constant & € (0,1) such that

W) <1-¢ Ve (6.14)
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Next, on account of Proposition 6.1 and arguing as in [2, Proposition 6.3] (or [1, Propo-
sition 3]), the following gradient inequality of Lojasiewicz—Simon type can be established.
This inequality will be crucial in the study of stability and long-time behavior of problem
(1.1)-(1.2).

Lemma 6.2 (Lojasiewicz—Simon inequality). Let d = 2,3. Assume that VU satisfies (H)
and ¥ is real analytic on the open interval (—1,1). For any m € (=1,1), let ¥ € Sy,.
Then, there exist constants 6 € (0, %) and B > 0 such that

E(0) = @) < ||-Ap + ¥(9) - T()

) , (6.15)

whenever ¢ € H?(Y) satisfying ||¢ — V2@ < B, P =m and Onp =0 on 0.

Finally, we provide a characterization on local energy minimizers of the functional £
(cf. Definition 2.2).

Lemma 6.3. Let ¢ € Z,, be a local energy minimizer of £. Then ¢ € S,,, and it satisfies
the separation property (6.14).

Proof. We consider the single Cahn—Hilliard equation with singular potential

o1 = Ap, in Q2 x (0, +00),
=—-Ap+ V' (p), in © x (0,400),
I ¢+ V'(p) in £ x (0, +00) (6.16)
Onjt = Onp = 0, on 9N x (0,400),
©(+,0) = oo, in Q.

It has been proved in [2, Section 6] that for both d = 2,3 and any ¢ € V with ¥(yg) €
LY(Q), oy = m € (—1,1), problem (6.16) admits a unique solution ¢(t), which defines
a family of operators {G(t)}+>0 such that G(t) € C([0,400); Zp,), G(t)po = ¢(t), for all
t > 0. Besides, ¢(t) regularizes instantaneously for positive time, e.g., G(t)po € H?(2)
for every t > 0. Then {G(t) }+>0 is a dynamical system on Z,, in the sense of [8, Definition
9.1.1] and the energy functional £(yp) : Z,, — R is a strict Lyapunov function for {G(¢) }+>0
(due to an energy identity similar to (2.20) with w = 0).

Therefore, every local energy minimizer ¢y € Z,, must be a stationary point of the
evolution problem (6.16), i.e., G(t)y = 1 for all ¢ > 0. On the other hand, due to the
instantaneous regularity property of problem (6.16), it has been shown in [2, Section 6]
that the set of all stationary points is characterized by S,,,. As a consequence, we conclude
that ¢ € S, and ¢ fulfills (6.14) for some £ € (0, 1). O

6.3 Proof of Theorem 2.5

The following relations will be used in the subsequent proof.

Lemma 6.4. Let d = 3 and let the assumptions of Theorem 6.1 hold. Suppose that
(u, P, ) is a strong solution to problem (1.1)~(1.2) on [0,T]. Then, we have

lul < IVel,  IVel < lellrs@) + 127 (@)@ Vel
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el < CIVAI+ I @)@ el + llellv ).

where the positive constant C' only depends on ().

Proof. The first two conclusions are obvious. Next, by elliptic regularity, we have

el < CUACl + llellrz@)
< C(IIVell + " (@)l L@ I Vel + ||90HH2(Q))

1 1
< c(uwu @) zmllely) + CllelE el i

< gllellasy + C(IVull+ 12 @l e llelly +Ielv),

~ N

where C only depends on {2. O

Proof of Theorem 2.5. The proof mainly follows the idea in [34], where problem (1.1)—
(1.2) with the regular potential (1.5) was considered. However, here we meet an extra
difficulty due the singular potential ¥. One essential step is to prove a strict separation
property away from the pure states +1 uniformly for ¢ > 0 along the trajectory of ¢(t).

For any given m € (—1,1), let ¢» € S,;;, be an arbitrary local energy minimizer of the
free energy &£ such that (cf. Definition 2.2 and Lemma 6.3)

[Wlle <1—¢ and E(@) > E@W) forallp€ Zy: o —dlv <x.  (6.17)

We note that the constants £ € (0,1) and x > 0 are fixed once 9 is given. Since V¥ is
assumed to be real analytic on (—1,1), then by the separation property (6.14) and the
classical elliptic regularity theorem, we have ¢ € H*(Q) (k € N) provided that Q is a

domain of class C*.
Due to the Sobolev embedding theorem H?(Q2) < C(Q2) (d = 3), it holds

lelle@) < Csllellmz@) (6.18)

meanwhile, by the Poincaré’s inequality (3.13), we have
1121y < Calll Vel + [72), (6.19)

where Cg and Cq are positive constants that only depend on 2.

Step 1. Bounds for the initial datum. We consider any initial datum g € H3(Q)
with Onp = 0 on OS2 that satisfies

leollms) < M, @y = (6.20)
lpo — ¢HH2(Q) <, (6.21)

where n € (0,1) will be determined later and M > 0 is given by (6.28) below. The fact
n < 1 implies that

leolla2() < Il H2@) + 1. (6.22)
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Moreover, if we further require

O<n<min{1, 3(53'5}7 (6.23)
it follows from (6.18) that
2€
ooy < leqay + llvo — Pl < 1- = (6.24)
We define the constants
K, = max  |¥"(s)], Ky = max |¥(s)]. (6.25)
se[-1+5,1-5] s€[-1,1]
Hence, it holds (cf. (6.24))
1
E(o) < 5[IVipoll* + 10| max |(s)|
s€[—1,1]
1
< §(||¢||H1(Q) +1)% + QK>
=, (6.26)

where 71 > 0 only depends on |9 g1(qy, €2, ¥, but is independent of ¢g. Next, denote

[N

1
Y2 = C3 (271 + Oo|Q] + 1) 2. (6.27)

Then we take the constant M in (6.20) to be a sufficiently large but fixed number such
that

M > C[(Ky+ 1)y +2], (6.28)

where the constant C is given in Lemma 6.4.

In the sequel we denote by C, C; those constants that only depend on 2, the averaged
mass m, norms of the local minimizer v, the function ¥ and parameters like &, x. Specific
dependence will be pointed out explicitly.

Step 2. Strong solution on a finite interval. On account of the assumptions
(6.20), (6.23) and (6.28), it follows from Theorem 6.1 that there exists a unique local
strong solution (u, P, ) to problem (1.1)—(1.2) on [0, 73] such that

§

-3 Vtel0.T], (6.29)

le(®)llea <1

where 77 depends, in particular, on M and . We infer from (6.20) and Lemma 6.4 that
2

A(0) = [[VO)|” + [[w(0)|? < 2| M + Ki([|v[lv + 1)} = M. (6.30)

It follows from the higher-order inequality Lemma 6.1 and (6.26) that there exists Ty €
(0,T1] depending on M, «, €2, m and ||¢||y such that

A(t) <2M,, Vte [O,TQ] (631)
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Besides, we set

. min{l, Ml}TQ

5 ; (6.32)

which is a number that characterizes the energy drop along the trajectory ¢(t) (cf. (6.42)).
By the energy identity (2.20), it holds £(¢(t)) < E(gpo) for t > 0. On the other hand, we
infer from (6.29) that

1 ©
E(p(t)) > 5 IVe)® = 101, Ve[0T
Then, we deduce from Poincaré’s inequality (6.19), (6.26) and (6.27) that

le@® < CalllVe(t)|* +m?)
< Ca(2E(po) + B0l + 1)
< (12)% Vte[0,Ty, (6.33)

which together with Lemma 6.4, (6.29) and (6.31) yields

o ()13 (0 < 6[\/21\41 + (K + 1)72] = M,, Vte|0,Th]. (6.34)

Step 3. Refined estimates. Our aim is to find a sufficiently small n > 0 such that
the local strong solution satisfies a uniform bound that is independent of the existence
interval. If this is true, then we can extend the unique local strong solution obtained in
Step 1 to be a global one on [0, +00).

It follows from (1.3), (6.29) and (6.33) that

E(¢0) — E(o(1) < LIV (0(t) + o)V (2t) — 20)]

+  max [¥(s)|lle(t) - pollLiq)
se[-1+5,1-§]

< Msllo(t) — wollv, Viel[0,Ta, (6.35)

where the constant M3 depends on 7o, |||y, ¥, £ and Q.
For any € > 0, let us now set

. £ 2F
w mln{ , € X, B, 305" 300, | (6.36)

where > 0 is determined by Lemma 6.2 and Ej is given in (6.32). We define
Ty = inf{t > 0: [p(t) — ¢l g2 > w} forn e (o, g}

By (6.20) and continuity of the strong solution ¢(t) in H?(f2), it follows that T, > 0.
Next, we claim that there exists at least a value of n such that T; > T5. Indeed, by
contradiction, we have that T, < T5 for all n € (0, §]. As a consequence, we apply Lemma
6.2 to derive the following energy inequality on the interval [0,7;,] C [0, T3]

2ol — EW)? = ~0lE( (1) ~ EWN T £ (o()
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S OUVRIP + [lu]?)
N IVul]

(lull + [Vl = Cilledlvg (6.37)

>

NGRS

where the constant C7 depends on 6 and €.

Here and after, we shall always exclude the trivial case such that there is a to € [0, T;)]
such that E(p(to)) = E(¢). In that case, [|u(t)|| = |[Vu(t)|| = 0 for all t > to by virtue of
the energy identity (2.20) and the evolution stops. Thus, using (6.37) and recalling that
E(p(t)) is nonincreasing and, by the choice of w, £(p(t)) > £(v) on [0,T;] (cf. Definition
2.2), we infer that (cf. (6.35))

T77
| el dr < €€ - £0)° < Calln vl

where Cy depends on C1, |[¢||v, ¥, £ and Q. As a consequence, we obtain

lo(Ty) = Plla2) < llvo — Pllaz) + lo(Th) — vollr2()

3 1
< llpo = Yllm2@) + Calle(Ty) = @ollgrs o 19 (Ty) = <P0H{4/(;

3 Ty 4
< llpo = lleey + Ca(M + Ma)?} ( /0 Il dT>

s 1 0
< [lpo = ¥l m2@) + C3(M + M2)1C5 |0 — Pl 2 q) -

Choosing now

D

w

1
405 C3(M + My)i

: (6.38)

. w
=min{ —
n 5

we have |p(T};) — ¥|| gz < 2w < w, which yields a contradiction with the definition of T},.
As a consequence, for the above choice of 7, it holds T}, > T5> and we learn that

lo(t) =Vl g2 Sw, Vitel0, Ty (6.39)

In turn, by (6.36) and (6.39) we obtain, for all ¢ € [0, T3],
2¢

oy < Il + Cslle) — ey <1 o, (6.40)
E
l(t) = woll a2y < o) — Ylla2) + llpo — Yl H2@) < ﬁi' (6.41)
Then we infer from the energy identity (2.20), (6.35) and (6.41) that
Ts
| A ar = (o) - (o() < Eo. (6.42)
0

Step 4. Iteration argument. Due to the nonnegativity of the function A and (6.42),
there exists t* € [37T5, Tb] such that

A(t*) < min{1, M ). (6.43)
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Then it follows from Lemma 6.4, (6.28) and (6.33) that
e ) a3 @) < 6[ min{l, M} + (K1 + 1)y < M. (6.44)

Now we easily see that ¢(t*) satisfies the same bounds as for ¢ (compare (6.20) , (6.24)
with (6.40), (6.44)). Moreover, by (6.39) and the choice of w, ¢(t*) satisfies (6.21) where
the up bound for n that was used in Step 2 (i.e., (6.23)) is satisfied. Thus, we can take
(t*) as the new initial datum and solve the problem (1.1)—(1.2) as in Step 1 and Step 2 on
[t*,t*+T»]. Thanks to the uniqueness of strong solutions, this yields a local strong solution
defined on the extended interval [0,¢* + T5]. After that we repeat the argument in Step
3 on [0,37%] C [0,t* + T3] to derive the same refined estimates (6.39)-(6.42) on [0, 375]
under exactly the same choice of 1 (i.e., (6.38)). Again, there exists ¢** € [T%, 3T5] such
that A(t**) < min{1, M;}. Then we can take t** as the initial time to repeat the above
procedure and extend the unique local strong solution to the extended interval [0,27%]
with uniform estimates (6.34) and (6.39) on [0, 275].

By iteration, we easily arrive at the conclusion of Theorem 2.5. O

6.4 Proof of Theorem 2.6

First, we show the following preliminary convergence result (a similar situation on the
Cahn-Hilliard-Navier-Stokes system with singular potential can be found in [1]):

Proposition 6.2. Let d = 2,3 and let the assumptions of Theorem 6.1 hold. Assume that
the initial averaged mass satisfies oy = m € (—1,1) and S is real analytic in (—1,1). If
(u, P, p) is a global strong solution to problem (1.1)—(1.2) such that there exist M > 0 and
5 €(0,1)

~

le@llms@) <M, @l <1-96, VE=0. (6.45)

Then (u(t), (t)) converges to a certain equilibrium (0, ¢s,) as t — +oo with the following
convergence rate

0
1—

Ju()]] + 1) = ¢oollgs@) < C(L+1) 120, ¥V >0. (6.46)

Here, ¢oo € Smu N H3(Q) is a solution to the stationary Cahn—Hilliard equation (6.12),
C > 0 is a constant depending on M, |¢co| g3y, 0, ¥ and 2, 6 € (0, 3) is a constant
depending only on @Y.

Proof. We observe that due to the assumption (6.45), U(¢(t)) is confined on [—-1+4, 1 —J]
along the trajectory ¢(t) for t > 0 so that Lemma 6.2 can apply. Then the conclusion
follows from the same argument as in [34] for the problem (1.1)—(1.2) with the regular
potential (1.5). O

We can now proceed to prove Theorem 2.6:

Proof of Theorem 2.6. In light of Theorem 2.4 for any global weak finite energy solution
(u, P, ¢) in two dimensions, since we are discussing its long-time behavior, we can consider
our solution from a certain positive time on to deal with a (global) strong solution. By
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Theorem 2.4 (resp. Theorem 2.5, with e sufficiently small, cf. (6.40)) for global strong
solutions in two (resp. three) dimensions, we see that the assumptions made in Proposition
6.2 are fulfilled. As an immediate consequence, the conclusion in Theorem 2.6 holds. [

6.5 Remark on the exponential stability of the averaged mass

Finally, we present a result on the conditional exponential stability of the averaged
mass @, for problem (1.1)—(1.2). The same property has been obtain in [26] for the case
with a regular potential given by (1.5). To this end, it follows from the assumptions
(H)—(H1) that there exists a constant p € (1 — &, 1) such that

\I/”(S) > 07 Vse (_17 —P] U [:01 1)7 (647)
namely, ¥ is convex on the corresponding interval. Based on this observation, we have

Theorem 6.2 (Exponential stability of constant states). Let d = 2,3. Assume that
(H)-(H1) are satisfied and that the initial datum @o € H?(SY) satisfies Onpo = 0 on 99.
Besides, suppose that the initial averaged mass ©q lies outside the so—called spinodal region,
namely, o = m € (—1,—p) U (p,1). There exists § € (0,1) sufficiently small such that
if lpo — @olla2() < 6, then problem (1.1)~(1.2) admits a unique global strong solution
(u, P, p) such that

lo(t) = Bollv < Ce ™!, Vit >0, (6.48)
for some constants C,( > 0 independent of time.

Proof. Since |m| € (p,1), we take the interval
. 1 .
I, =[m—1l,m+l], with 0<l<§mm{\m|—p,1—\ml},

such that ¥”(s) > 0 for all s € I,,,. One can easily construct a function F € C3(R) such
that F(m) = 0, F'(m) = 0, F"(s) = ¥"(s) on I,,, F"(s) > 0 for s € R\ I,,, and F®) is
bounded in R. After this construction, the conclusion of Theorem 6.2 can be obtained by
using exactly the same argument as in [26, Section 9]. In brief, we first solve the original
problem (1.1)—(1.2) with ¥ replaced by the regular potential F' and with the same initial
data, obtaining the exponential stability result (6.48). Then the key observation is that
one can find a sufficiently small § such that the global strong solution to the modified
problem will stay close enough to the constant state %, in H?(2) for ¢t > 0 (thus, in C()
by the Sobolev embedding theorem). Hence, this global solution is confined in I, so that,
by the definition of F', it actually coincides with the global strong solution to the original
problem (1.1)—(1.2). O

Remark 6.2. Theorem 6.2 indicates that constant solutions are locally asymptotically
stable when they are outside the spinodal region. However, inside the spinodal region, the
dynamics is much more complicated and similar results on exponential stability cannot be
expected. Our previous results Theorem 2.5 and Theorem 2.6 provide a first step towards

a more comprehensive understanding of the longtime behavior of single solutions.
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7 Appendix

We consider the following homogeneous Neumann elliptic problem with a singular
nonlinear term

{—Au+ S'u)=f, inQ 1)

Onu = 0, on 0f).

Here, S is defined in Subsection 2.2 and satisfies the assumptions stated therein. We now
report some elliptic estimates satisfied by the solution to problem (7.1). In particular, we
assume that u € H2() with S'(u) € H and satisfies (7.1) for almost every x € Q. The
proofs of the following results can be found in [1,19].

Lemma 7.1. Let f € L?(Q). Then, we have
[Aul| < 2 f = Il
Lemma 7.2. Let f € L>(Q2). Then, we have
15" (W) oo () < NIl Loec)-
Lemma 7.3. Let f € H (). Given R > 0, assume that |Vu|| < R. Then, we have
| Aull < R2 ||V 1.
Lemma 7.4. Let f € H'(2). Then, there exists a positive constant C = C(p) such that

el + 18" @) o) < (14 1£1v),

where p =6 if d = 3 and for any p > 2 if d = 2. In addition, assume that d = 2 and S
satisfies
15" ()] < IO ys e (—1,1),

for some positive constant C'. Then, for any p > 1, there exists a positive constant
C = C(p) such that
15" (W)l ey < C(l + eC”fll?/)
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