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Decision making under uncertainty requires not only measures of the 

uncertainty of situations that we try to recognize , but also an estimate of the 

imprecision from which they are determined.

Tnis imprecision can be the result either of a lack of exactness in the 

measure of the elements which are necessary to the determination of the states of 

nature or the purely subjective interpretation of these states.

Through a subjective measure of the non-measurable imprecision, the 

purpose of the fuzzy expected utility, which is investigated, is to translate 

with a great accuracy the imprecise behaviour of the decision-maker in an uncertain 

world. Consequently we propose to introduce first the probability of a fuzzy 

subset, or fuzzy event, to the theory of fuzzy utility, also called "fuzzy sto

chastic utility".

On the other hand the uncertainty can correspond to an information state 

where a decision can lead to alternative results from which the probability may 

be unknown. Moreover most of the information of the decision-maker is often 

imprecise, incomplete and may be inaccessible on an exact number form. For these 

reasons, it is difficult for an individual to define a probability law of a fuzzy 

subset, so that we shall use later on a weaker structure than the one of probabi

lities, where we no longer study what can happen but what could happen. The change 

form probabilities to possibilities allows the decision-maker to choose what he 

does prefer from what is possible. We will speak in this case of "fuzzy possibi- 

1istic utility". Using a set of well defined axioms (such as the existence of a 

fuzzy complete preordered structure on the set of actions ; the continuity of pre

ferences ; the existence of a mixing operation on the set of actions...) it is 

possible first to determine a function of fuzzy expected utility. More exactly, 

according the information available, the decision-maker can assign a probability 

or a possibility to a given event, and define an additive fuzzy utility on actions. 

We shall see later that tne choice* behaviour in uncertainty will thus be 

rationalized by a fuzzy expected function, which is continuous in the intrinsic 

topology.

1 - INTRODUCTION
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In order to determine the axiomatic of a fuzzy decision problem in 

uncertainty, we will apply Bernoulli 's utility theory to a fuzzy case.

Let these be the following four elements :

< S, D, P(S k), U(Hj, S k) >

represents the set of states of nature also called world states. This 

set gives a full specification of the different stochastic factors of environment.

-  = ( -  1* -  2* * ’ ’' -  k*“** -  m]'

^  k subset of S is called an event.  ̂ c s.

The data belonging to have an empty intersection and their union is S .

P(Ŝ  k) is the probability of k event.

j) represents the set of all actions possible a priori.

D = jo p  £  2’ -  j .... -  r]

An act is a mapping from the states of nature to the set of results

denoted: X =|x_ X_ ,,»•••» A  n"j

u (Hi> S J  is a fuzzy utility function. This represents the utility of
J ^

selecting a fuzzy H. in an imprecise context, when S. event appears. Unlike the
J —K

usual case, the axiomatic of the fuzzy expected utility theory does not rest on

a$>Borel‘s field, but on a weak $  Borel’s field. Indeed, we will admit that

for a given fuzzy decision problem, an economic agent can determine a weak if

Borel’s field of events including all the information he has at his disposal.

Consider a referential denoted by ¿ a n d  a family of subsets denoted by <$ .

fcfc L- ; in general we represent I by a lattice or by an [0, 1] interval.

cfis called a weak ¿f Borel1s field, if it verifies the following 

properties :

a) 0 e c f . h i f

b) (Ac if , Be A rt B e $

c) , Â  »•••» A.j, . . . )  U A| f ^

2 - THE PROBLEM
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3 - FUZZY STOCHASTIC UTILITY

Consider j) = D̂ 1 .We introduce the weak $  Borel's field.

=Îh1 , H2,..., H.,..., H i  Hj C # .

We can associate a function d from Ŝ to _X with every fuzzy act d e H.,
J

H. c j), such that
J

d : s — — ^ d(s)

This function characterizes the decision of the individual, so that we 

can also write H. c jj =
vJ

Confronted by a risky environment, the consequence of a fuzzy decision is 

the image on )( of P probability law by d mapping.

We obtain : d'^H.) e ¡5 V H. e
J J

The measure P* defined on (D,tf) structure by P*(H.) = P(d ^(H.)), is
J J

a probability law of a fuzzy decision on D.

P* is called image by d of P law.

P*(Hj) is the probability that the consequence of the fuzzy decision belongs

to X.

The comparison between decisions will finally amount to that between the 

associated P*, so we can eventually compare directly between them the probability 

laws on the structure of (j), ¡$ ). The fuzzy expected utility of a decision H . is
J

thus defined by the following formula : 
m

V(V  = Ï U(Hj, Sk) . P(Sk) = P(Hj).

This equals the sum of fuzzy utilities to the conditional decisions H.,,
J

weighted by the probability of these events. It also corresponds to the probabi

lity of a fuzzy subset H.. This latter is expressed by the fuzzy utility of a
J

fuzzy decision .

3.1 - System of Axioms for the fuzzy expected utility and Interpretation.

The choice criterion of the decision-maker is explained by the preference 

concept relative to the various actions. We express this preference or indiffe

rence by a binary relation denoted by St defined on D.

Vd-^ e j), Vd,, e D we read,

di ^ d ^  by "d^ is preferred to d^", and

d ^ d ^  by "the action d^ is indifferent to the d2 action".
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Let H be the set of acts made possible for technical reasons.

AXIOM 1 : A fuzzy complete preorder exists on the set of actions hi c 0.

The set has a fuzzy complete preordered structure if the fuzzy relation 

is reflexive and Max-Min Transitive.

a) the relation Stis reflexive :

V (d1, d j)e H2, n ^ (d p d j )  = 1

b) the relation SI is A V  transitive * :

Vldj, d3)e H2.

M (d 1 > d3) >  V ^ dl ’d2̂  A ^ d2’ d3 ^  
d^

In the imprecise context, the preference or indifference structure denoted by 

(H, Si) has the property of completeness. In classical theory this latter condi

tion requires that the economic agent should always be able to compare two actions 

according to his preferences.

More precisely :

V dj, d^ e H2, m ^  ( d2 ) or

Nevertheless we have d^) = 0 if (d^, d£) = 0 (being a consequence

of the fuzzy measure definition). This in fact,is the non comparability assumption. 

(PONSARD 1979). Unlike the usual theory which requires the complementary concept, 

this latter is not constraining.

Axiom 1 states that the choice behaviour of an individual can be rationa

lized by a completefuzzy preorder denoted (ĵ , ^  ) in a fuzzy context.

A fuzzy utility U defined on a preference space (H, »  is called fuzzy 

expected utility if the following definition holds.

Definition 3.1 : For any fuzzy decision H^, and for any cue [0,i], the fuzzy 

expected utility is defined by :

U[<«. + (!-<*) A*ĥ (s)J = u( l*\\ (s)) + (1 - <*) u ( M H (S))

The second part of the above formula represents the fuzzy mathematical

expectation of the fuzzy utility. So the definition of the fuzzy expected utility

has a meaning only if the composition (s ) + (1 - #) (s ) is introduced in 

the set H CD. 1 2

* where V  denotes the maximum of the membership functions and A  denotes 
the minimum of the membership functions.
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As in the usual theory, this composition is described by an imprecise 

lottery which admits H1 or H2 as a possible outcome with a and (1 - a) respec

tive probabilities.

To obtain it we propose the following axiom :

AXIOM 2 : The set c Cl is called a fuzzy mixture operation towards ¿P ( 3  is a 

weak Borel's field). Consider a set jH c £  and [o, lj interval, a fuzzy mixture 

operation, denoted by M' on if is a binary operation on jH such that :

e [ 0 ,l] H c H 

H x H ----- > H

dl’ ^2~~---^ a  dl + (1 " 01 ) d2" We have :

1) V dx, d2 e H2, a = 1 

i d^ + (i - 1) d2 = dj.

2) the property of Commutativity :

V d d2 e H2, cte(o,l]

« dj + (1 - «) d2 = (1 - a) d2 + « d̂

3) the property of distributivity :

Vdj, d2 e H2, V  ̂ e (0, if

(}(a d^ + (1 - a) d2) + (1 - ,3) d2 = 0 <x d^ + (I -$&)

A convex non-empty part of Rn is a mixture set if the general expression 

* d^ + (i - of) d2 is also convex. We say that we have the same result for a non 

empty set of probability measures which are all defined on a Borel‘s field. For 

the economist M‘ is both a mixture set and a fuzzy complete preordered set. I he 

mixture operation in this case becomes a "probabilized mixture operation".

We also note that property (3) aggrees with VON NEUMANN and MORGENSTERN's 

principle (1953) of composed probability.

Axiom 2 establishes all possible acts described from events included in 

¥  weak Borel1s field. Moreover, the acts are generally conditioned by events.

I hi s conditioning of acts allows us to define how the information is integrated 

in the decision-maker's choice.

Given an act d, d e h, H C H , we call fuzzy conditional decision to

event, cS ,  the restriction d denoted b y d ^  to event.
-k
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Hy<. represents the decision set conditional to S^. 
k

We have : V ( d x,d2) e H2, Sk c S

di/sk U d2/Sk e M

HI set is closed to a mixture of conditionnai act which is build from 

the event.

AXIOM 3 : Indépendance axiom.

V S_k e , &  is a Borel ' s field.

V d ls d2 e H , 3 d 3 e H / d ^ ^ U  d ^  ^  dî /Sk ̂

= )  V d* 3 e H, d17^  U  d ‘̂  ^  d2/^  \J d‘̂

When axiom III is verified in the preordered structure ( H , ^  ), we say that 

it is independent from ̂  .

We can interpret this axiom in the following way :

"If two acts conditional to the same event are combined with a third act 

conditional to the complementary event, then the direction of preferences remains 

the same."

Ihe following lemma is an immediate consequence of the independence

axiom.

Lemma 3.1.: If (_H,^ ) is a fuzzy complete preordered structure and if we have

axiom 1 and Z then VS^ 6 S, is a fuzzy complete preorderea structure.
~k

AXIOM 4 : Continuity axiom.

Consider any three acts d ^  d2, d3 e H , if d2^* d3 , then tnere

exists a number oc;0 <  1 such that ®cd^ + (1 -oc) d ^ o j d ^

More specifically, we can say that a lottery ticket exists. This one asso

ciates the two extreme acts respectively with the probabilities «  and (1 - <*. ) 

and it is equivalent to the intermediate act. These last two axioms are necessary 

to build a fuzzy utility function of a fuzzy decision, so that any available in

formation is taken into account.
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3.2 - Preference structure and uncertainty in a fuzzy context.

1 he decision-maker sets up a comparison between two fuzzy actions at a 

more or less strong level of preference or indifference. This level expresses 

the imprecision of his decision.

Hence a fuzzy binary relation denoted between the elements of ¡H2 

is defined by :

dl ^  °2 = {(dl’d2)’ » V d l e il» V d2 e H, ^ ^ ( d 1,d2) e M J

where / « ^ ( d ^ ^ )  denotes the level of preference and indifference between the 

two actions and M is a complete preordered membership set. In other words, to 

each given preference or indifference system, a fuzzy subset denoted H is asso

ciated.
o

H is an element of the set of applications from H to M on the following 

pattern :

— -  ̂^1 ,d2  ̂’ ,UH ’ ^ ̂ 1 ^ d2 e  ̂dI ,d2  ̂ e

(,H6t) ts called an imprecisp individual preference or indifference struc

ture. It is compounded by two structures denoted respectively (H, >  )»(H.~ ) 

according to whether the relation §{, is a strict fuzzy preference relation or a 

fuzzy indifference relation.

d2 if :

The decision-maker prefers more or less an action d^ to another action

?■ " a t , < v di>-

K l ( di’dz) is called the degree of strong preference for action d^ relative

to action d^.

^g^(d2,d^) is called the degree of weak preference for act d^ relative 

to act d^.

The determination process of a fuzzy utility function is similar to the 

one explained by PONSARU (1979-1984), we will build however a fuzzy utility func

tion, where the preference structure is imprecise in the choice of an act condi

tional to an event.

The uncertainty can be found in the description of a fuzzy act.

3.3 - Existence and continuity of the fuzzy utility function.

Given the(Hy^ ) structure, the fuzzy utility is the numerical trans

lation of the qualitative description of the conditional choice which is contained
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in the definition of imprecise preference structure.

We call fuzzy utility denoted U : any homomorphism from (H/c. ) to 
r n —/ —k

i [ 0 ,1], > ) .

i.e. any application :

u : H -----? [ 0 ,i]

d1 : ------> u(dx)

V  (dpd^) e H2 » dl/sk ^ d2/Sk<̂ ==^ U^dÎ  ^  U^d2^

If a fuzzy utility function exists for ) structure we also check

that
-k

V (dr d2) e H2 , d: < d 2 4= ^ u ( d 1) <  u(d2)

dl ^  d2 4-—^  u(^i) = u(°*2)

If U is a fuzzy utility on fuzzy conditional acts on a (Hy<- , ^  ) 

structure, it remains the same for the 0 composed function (in the^usual meaning), 

u = f 0 g ; where t is an increasing homomorphism for ([^0,1 J , ^  ) to({jJ,l^ )

Vdj, d2 e H2, dj < d ; /--- .̂uid^ -s u(d2)

î f [ g ( d 1) ] <  f [g (Az )\

This function is defined on (Ĥ <- , ^  ) up to an increasing monotonic 

transformation. ^

Theorem 3.1 : If the imprecise structure (H/c. , is a complete preordered set,/ j>k
there exists a fuzzy utility function.

Definition 3.2 : A fuzzy utility function is a real-valued function such that if : 

U(dj) - u<dj/s1> + u(dj/s2> + ••• + U(dj/Sm )

= U • + U • + . . . + u.
J 1 2 Jm
m

= 2 u 
k=l Jk

m m
Then d . Ĉ̂ d-. A .i u . ^  2 u*.

J ^  k=l Jt k=l 'k

4 = }  U(dj) <U(d,)
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From the above theorem and definition, we can deduce the following theorem :

Theorem 3.2 : If the imprecise preference or indifference structure ) is

a complete preordered set, then there exists a fuzzy utility function — k additive 

on conditional acts.

AXIOM 4 : Allows us to prove the continuity of the fuzzy utility function.

V d ^  d^ e the fuzzy subsets :

H* = | V  H / „ H(d2) < „„(djlj

H^ = ¿2 e _H / M h ^ 2  ̂>  ^ H^dl̂  

are pseudo closed into H.

The topological space (_H,^ , ) is an imprecise preference structure ; 

the preferences are continuous fortS if and only if V d ^ e  H* e €  » e tS-

Using Uzawa's theorem (1960) we can also prove that the (H/(- , ‘g )
—k

space is a complete preordered topological space. We can then define an additive 

fuzzy utility function on the conditional acts as being any continuous homomorphism 

from (H, ^  ^  ) i----^ ( [ 0 ,1] , where ^ a n d  «4/* are the respective in

trinsic topologies. Thus, given axioms 1 to 4, we can rationalize a choice beha

viour in uncertainty by a fuzzy utility on (H/c , ).
~ - k

This fu^zy utility is continuous in its intrinsic topology, it is defined 

this way :

U(d) = 2 u(d/s ) 
k= 1 7-k

3.4 - Utility of fuzzy decision using fuzzy numbers.

We can further introduce a second type of imprecision in the fuzzy utility. 

Indeed, to our imprecise preference structure we associate a fuzzy numerical trans

lation of a qualitative description of the decision-maker's choice. In this way, 

tie utility of a fuzzy decision is no longer expressed by a precise number but by a 

fuzzy number. Therefore :

when H = (R

J(s is the fuzzy numbers set.

The fuzzy utility of a fuzzy decision d./c; will be defined by :



The memberships functions of fuzzy numbers satisfy the properties of conti

nuity, normalization, and quasi convexity.

However, in order that the fuzzy utility functions should retain the same 

characteristics, we show easily that the additivity of fuzzy numbers always 

possesses the same properties as those.

3.5 - Existence and continuity of a fuzzy stochastic utility.

The last two theorems allow us to define a choice behaviour in uncertain

ty. This latter is rationalized by our axioms. At this level, we introduce the 

probability of an event S^, Sj,e

lhis probaDility is considered as a behaviour coefficient, and it is defined 
on a 8b Borel1s field.

Theorem 3.3 : Existence of a fuzzy stochastic utility function.

Given a choice behaviour under uncertainty, when axioms 1 to 4 are satis

fied, we show that, for an event c there exists a fuzzy expected utility 

which is continuous in its intrinsic topology such that :

This theorem is a consequence of the previous theorems, where we have 

demonstrated the existence and continuity of a fuzzy utility function which is 

additive on the conditional acts.

4 - FUZZY POSSIBILISTIC UTILITY.

A fuzzy decision problem in uncertainty is defined by using the possibility 

of an event S^.

Let the following four elements :

<  b, V 7T (bk), UiH., Sk) >

The axiomatic of the fuzzy possibilistic utility also rests on a weak Of 

Borel1s field.

7T (S^) is the possibility of event.

As in the usual theory, the possibility is defined on a $  Borel's field.

U(H., S ) is the fuzzy expected utility function.
J K
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The fuzzy possibilistic utility of fuzzy decision is :

V(Hj> = n<V " < ["h- ^  A ' (5k)J
—k ^

■ s|< L u ‘ HJ- ^ > A ’I <5k)]

- V k L u (xjk) A M S , ) ]

with Max * (S.,) = 1
S
-k

n (U. ) is the possibility of a fuzzy decision H.. Knowing the event,
k

this latter is expressed by a fuzzy utility.

li (U. ) also corresponas to the possibility of fuzzy subsets.
JK

Consider again the axioms system :

Aa IOM 1 : A fuzzy complete preorder exists on the set of actions H, H c  D_.

H is the set of actions made possible for technical reasons.

AXIOM 2 : The set jl c D is called fuzzy VA mixture operation towards^ .

Condition H c JD. We call fuzzy VA mixture operation (denoted M") towards 
the following convex arrangement.

Consider the three H^, fuzzy subsets.

^  -k -  ^ ( H ^  H2 ,jl)(\) = Sk) . y s k) + [ l  - H2(Sk)J

This latter is also denoted by :

(H1, H2, J l )  = J lH 1 + J lH z

and we have the following properties :

a)In the particular case wherec/L = 1 we have :

JlH1 + cJIh1 = H1

b) The property of Commutativity.

>̂2. H.̂ + = JlH2 + JlH1

c) The property of distributivity.

X  is a fuzzy subset.
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Axioms 3 and 4, respectively about absolute preference and continuity, 

are the same as those which are defined in the theory of fuzzy stochastic utili

ty. The interpretation of these axioms are of course identical. The fuzzy possi-

with Max tt(S. )= 1
S
-k

Knowing events, we demonstrate the existence and continuity of such a 

fuzzy utility function of a fuzzy decision. This is done in the same way as the 

axiomatic of the fuzzy stochastic utility.

However the exitence and continuity proof of the fuzzy possibilistic 

utility is different.

Indeed, the mathematical expectation of the fuzzy utility corresponds 

with the possibility of a fuzzy event, also called possibility of a sensation by 

KAUFMANN (1977). This sensation represents the conditional utility of a fuzzy 

decision.

When S =fR, n{S^) is called density of possibility.

When ^  is finite, it(S^) is called possibility.

We write also the fuzzy possibilistic utility as :

We prove the existence and the continuity of such a function with the 

possibility subsets.

Indeed : JI(U. ) = Sup M S . )

k Sk e U i - k Jk

n(U. ) is a fuzzy measure. So a fuzzy integral in SUGENO's meaning (1974) 
Jk

exists.

IUU- ) = J c  U, dn 
Jk - Jk

Let the U utility be a fuzzy variable denoted by X, we have then

X : S --- ^(R is a fuzzy variable.

bilistic utility expectation of H. fuzzy decision is :
vJ
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Its density of possibility is v : (R --- >[0,lj and f(x) = Poss|x = xj

Consider the F fuzzy subset of (R. We have :

Poss | X = F j = Sup ^Min (F(x)), $ (x) j

and Poss j X = ij = Sup </>(x).

More precisely, this latter expression means that we have maximized 

on the fuzzy constraint F . Moreover for any A CfR, if ll Y(A) = Sup 'P(x) is the 

possibility measure of v . x

Then, we can write :

Poss | X = F ̂  = / R F d n x 

where J ̂  Fd II = Sup [Min ( a, ' F >  u j) J

Hence if <p is continuous, F is superlatively half continuous, strictly 

convexe ; and Sup F is compact.

Then Poss j X = Fj = Poss X e A where VtfejjD.lj

A = | x 6 |R : F(x) >  uQj.

This result is proved with the SUGENO's theorem (1974) which is applied 

to fuzzy subsets :

If Fa = Vf £ f is continuous, Vf is a fuzzy measure of fuzzy subsets,

then there exists «g ^  0 such as / A f dv̂ s = v^| f > c •

5 - CONCLUSION

The fuzzy expected utility gives first a precise measure of the preferences 

of an individual by taking into account his satisfaction curve, and translate a 

set of decision rules.

However the introduction of fuzzy subsets weakens the rational critaria 

of decision, so that these latters are considered as reasonable and gives a good 

representation of the decision-maker's psychology.

More precisely the real behaviour of an individual is expressed by a more 

or less thick, convex or concave curve. This latter translates respectively the 

more or less strong preference or dislike for the risk. This thick curves express 

the imprecision which characterises individual behaviour, sensitive to the vague

ness and the dispersion of utility values.
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They gives a generalization of the usual theories. In particular, we find 

once more the single linear curve, which is representative of the indifference 

behaviour of the decision-maker.

On the other hand, the uncertainty is translated through the description 

of actions, thus the fuzzy stochastic and possibilistic subsets enlarge the view 

of uncertainty .

We note again that the axiomatic structure of possibility is weaker than 

the probability structure. Therefore the former can take into account unforesee

able factors, and is well defined for the domain of uncertainty.

It is indeed more realistic and easier to evaluate what can happen than 

what must happen.
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