The technical production structure will be characterized by substitution possi bilities ex ante, fixed factor proportions ex post. This means that in construc ting a factory which shall be able to produce a given maximal output level, one may choose whether this output level shall be produced by using much capital and little labour, or vice versa. Once a factory is established with a given capital equipment, we shall assume that an output smaller than the maximal output may be produced with a use of labour which is proportional to the out put.

We shall make a number of simplifying assumptions. All industries will be as sumed to be identical in the following sense. They will all be assumed to have the same given maximal output, measured in money terms, the same for small and large towns. Further, the set of corresponding quantities of labour and capital which can produce this maximal output (the isoquant) will also be the same in all industries. The demand for output of any industry is stochas tic, and with the same distribution function for all industries. The demands for outputs of the various industries are stochastically independent.

The size of a town, measured by the number of industries, is exogenously given.

Part of the reason for this may be that the space available for industrial plants at the locations of the towns is given. If we further assume that the size of each plant measured by maximal output is given, and that there is a unique relationship between maximal output and requirement for space, we ob tain an upper limit on the number of industries at each location. The assump tion of given maximal output level in each industry would be a reasonable ap proximation if average cost as a function of output had a clear minimum for a small range of output volumes, independent of the factor proportions used.

This assumption is, however, hardly very realistic. The assumptions of a given number of industries and a given maximal output level should be considered as assumptions made for the sake of convenience in deriving results concerning the optimal factor proportions -and not as assumptions which are considered to be very realistic.

The problems which will be discussed below have features in common with inven tory models : First, in both types of models demand is stochastic, and an op timal solution will in general imply a positive probability for not being able to satisfy demandThe problem of substitution between production factors is not, however, taken up in inventory models, as far as I know. A second simila rity is that in our model and in many inventory models, the probability of be ing able to satisfy demand is determined so as to maximize the value of an ob jective function of an egoistic type : possible losses for those who do not get their demand satisfied is ignored.

(1) cf. for example [START_REF] Hochstadter | Stochastische Lagerhaltungsmodelle[END_REF].

(2 ) applied to, for example, the supply of electricity . These models do also (3) determine inputs of production factors . But to my knowledge, the distinc tion between mobile and immobile production factors is not taken up. The ob jective function of the electricity producer will often differ from the one we shall use, as the electricity producer, at least for government agencies like Electricité de France, exists in order to benefit the country. An often used heuristic way of taking into account the interests of those who are supplied is to determine exogenously the probability that all demand shall be satis fied.

The problem which will be taken up below is the problem of a central planner of a country who shall decide on certain characteristics of a town. We shall describe the problem he faces and discuss properties of its solution. The pro blem of a possible decentralization of some decisions will not be taken up.

However, the knowledge of the properties of the optimal solutions found in this paper may serve as a starting point for further studies of how to implement an optimal town structure when demands for the outputs of the industries are sto chastic .

We Obviously, the fact we impose the condition that the choice of technique be the same in all industries reduces the interest of the paper. One may perhaps find it plausible that, for institutional reasons, equal industries should be treated equally. In that case the solution discussed below may be considered as a second-best solution.But even if one finds this farfet ched, it may be hoped that the discussion below will illustrate some ef fects which will also exist in less restricitive models.

The calculations which are carried out below can also be interpreted as a discussion of effects in the following model-world.

We shall establish a factory whose output demand is stochastic. The output capacity is given. The factory shall choose a) a labour stock N which is permanently paid a given salary, even when there is not work for all of them ; b) the ratio between capital and labour in use. This ratio is the same in all states of the world.

The results obtained below are relevant for the discussion of effects on the optimal choice of the factory of changes of the wage rate and of the varian ce of the demand for its output, given that the expected demand is kept cons tant .

THE MODEL. OPTIMALITY CONDITIONS

We introduce the following notation, usually omitting index for industry. We assume the following relationships.

( The second order condition D > O will not be satisfied if the isoquant K = f(L) is only weakly curved against the origin. This contrasts with the result from "usual1 1 production theory for a profit maximizing producer who is quantity adapter and shall produce a given output, using two production factors.An inte rior ooint satisfying the first order conditions for profit maximum will then be a local profit maximum if the isoquant is curved towards the origin at this point, no matter how weakly curved.

The system of equations ( 7) and ( 8 2) The variance of y decreases with k.

3) The range of values of y for which g(y;k) is positive is independent of k.

The lower limit is zmin, the upper limit is 1.

4) The density function g(y;k) will approach a normal distribution when k tends to infinity.

. 10. 

The forms of

It is clear that the sign of the parenthesis { } in (19

) can be negative. This will be the case if f" is very large, which means that the curve for -f 1 (l) in figure 1 is very steep. In this case we know that the solution given by ( 7) and (8) satisfies the second order conditions.

In order to show that the parenthesis { } is not always negative when the se cond order conditions (9) are satisfied, we shall make use of ( 11 clearly the value of l will be larger and the value of B/kL will be smaller the larger is k. Consequently, the value of K will be smaller the larger is k. Whether B/k will be smaller or larger depends on the elasticity of f ' (l ) .

If the curve -f 1 (L) is very steep, the effect of k on L and on K will be small, B/k will decrease, and the percentage effect on B/k will be larger than the percentage effect on K. This again implies that kK/B will increase when k increases. In the case that the curve -f1(L) is fairly flat, it is possible, however, that an increase of k will induce a larger relative decrea se of K than of B/k, in which case dR/dk is negative.

THE EFFECTS OF w

The effect of w on the values of B and l in an interior maximum of t t is gi ven by Figure 4 If we have more than one industry, and therefore a density function g(y;k) more similar to a normal distribution than on figures 3 and 4, one will find that dL/dw will be negative if B/kL is not so much smaller than the g central value z* that g (-; k) becomes "very small". And from figure 1 we may conclude that such solutions can only occur if f"(L) is very large.

Thus, the normal case seems to be that dL/dw is negative. We see that this derivative is positive -which is the sign one would ex pect -if f" (L) is "sufficiently" large , and therefore certainly positi ve if the interior solution is a very sharply determined local maximum of t t .

In order to find out whether the derivative is always positive in a local interior maximum of t t , we may use the same approach as in the discussion of dR/dk given by ( 19), cf (20). We obtain the following inequality 

.20.

*

For L > L , an increase of l will not reduce the required amount of capital, and f 1(L) is therefore zero.

If the isoquant approaches the axes asymptotically, if for example the pro duction function is of Cobb-Douglas type, the functions f(L) and -f'(L) will be as in figure 6. 

.21.

We shall now discuss what is the optimal solution under some alternative forms of the functions f (L) and f' ( l ) , for a given form of the function wh(L,k,w). We shall assume the form of the latter function to be of the form in figure 1, which is the form we get if g(y;k) is unimodal.

Case A . Suppose first that -f'(L) > wh(L,k,w) for all values of L smaller than Y/w. In this case t t will increase by increasing L for L < Y/w. For wB L > Y/w, the optimal value of -is 0 and tt will also increase by increa-RL sing L in this interval until we reach a value of L for which either f 1 (L)=0 or f (L) = 0. The optimal solution in this case is to have no population in the town, to produce nothing and to have K as small as possible. The optimal value of K is zero if we have isoquants as in figure 5 or if we have iso quants which go asymptotically towards the L-axis, as in figure 6. The op timal value of K is positive if we have an isoquant as in figure 7. The ar tificial character of this solution is due to our assumptions : we require that we shall install enough capital to be able to produce the quantity Y, but we make no requirement about actual production. 1) An interior solution with B > 0, 0 < L < Y/w, K > 0. This is the solu tion determined by t t = t t = 0 (equations ( 7) and ( 8)) .

2) A corner solution with L>0, K>0, B = 0.

In this case B > Y/w, f 1 (L) = 0, t t < 0, t t = 0.

3) A corner solution with B=L=0, K>0.

In this case both t t and t t become 0/0. But for all positive values of L, B L no matter how small, t t is negative if t t = 0. .29.

In studies of this type, two types of capital/labour ratios may be of interest. 

One has to do with the choice of technique in a plant
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  shall impose the condition that the choice of production technique, defined by the value of the capital equipment of an industry, is the same for all in dustries. One might perhaps think that this condition would automatically be satisfied in a first-best solution, since all industries are identical as con cerns their exogenously given characteristics, production function, capacity output and demand distribution. And this would indeed be the case if the demand for output in the industries were non-stochastic, under usual conditions. It can be shown, however, that it is better to let industries with identical exo genous characteristics have different capital/labour ratios -provided that both capital and labour is used. If there are two industries, one industry should have more capital and use less labour for a given production volume than the other (cf. appendix). I shall not try to give any intuitive explanation of this result, but the ef fect can be demonstrated in simple examples. One may consider it as being due to a kind of economies of scale, which is, however, quite different from the kind of economics of scale due to the law of large numbers when the number of production units is increased (4). (2) There are numerous references in Drèze (1964) (3) cf. Massé : Les investissements électriques in Morlat and Bessières (1971) (4) This effect is mentioned in Essay 4 in Arrow (1974). Comments on the inter pretation of this type of economies of scale are given in Guesnerie and Montbrial (1974).

Y

  output value (endogenous) k = member of industries (exogenous) w = production value of any person not included in B (exogenous).

  the probability that the statement in the parenthesis is true. The summation is taken over all industries. G(y;k) is thus the probability that the demand for output, as an average per industry, does not exceed Y~ y. Assuming that the density function for G(y,k) exists for all values of yfull mobility of labour between industries in the town. The sum is the employment which is necessary if all output demand shall be satisfied. This equals actual employment if this demand for employ ment does not exceed the available manpower in the town. g(y;k) .The first expression in (5) is the weighted integral of output va lues over all values of Ez V k for which there is excess supply of labour. The weights are the probability densities for the different values of Ez./k. B B When there is excess demand for labour, actual outout is k Y . -= Y -. kL L The probability that this occurs is given by the second integral in (5) . Let us now consider the problem of a central planner who wants to maximize total expected output in the country to which a town belongs. The planner takes the number of industries in the town as given and has the total popula tion B of the town and the capital/labour ratio of the industries in the town, represented by L , as his policy variables. He seeks the values of B

  ) is non-linear in the two endogenous va riables B and L. In addition to the question whether a set of values of B and l satisfying (7) and (8) yields a maximum of tt, one may also raise the question of uniqueness of the solutions of the equations. For given values of L, k and w, (7) will yield a unique positive solution for B provided that w is positive and so small that Y -wL is positive. The re quirement that Y > wL implies that production yields a surplus after paying for labour when labour is fully employed. The uniqueness of B follows from the fact that when B is so small that B/kL < zmin, tt = Y /L-w which was as-B sumed to be positive. When B increases so that B/kL > z , tt will decrease B since ttb b < 0 for z ' < B/kL < 1. For B/kL > 1, tt = -w. (7) can also be considered as determining B/kL as a function of L,k and w. In the remainder of this section, we shall discuss the determination of the endogenous variables B and L following from (7) and (8) by determining B/k.L as a function of L in the two equations. Let h(L,k,w) be B/k.L as a function of .L,k and w determined by (7) . Inserting this in (7) and differentiating with respect to L, we obtain The result that h (L,k,w) is negative is explained intuitively in the following i_i " way. If it is given that we shall use a very capital intensive technique, i.e. that L is small and K is large, then it costs relatively little, for a given wage level, to have so large work force in the town that one is almost sure that the supply of labour shall not limit the production possibilities. In this case B/kL will be close to 1. If on the other hand we use a production techni que which is so labour intensive that there is almost no surplus in production after paying the "wage" w for the labour actually used, i.e. if w.L is almost as then one ought to have so low population that one is almost sure that there will be no unemployment due to lack of demand for the products. In the case when w l = Y , the optimal value of B/kL is any value between zero and zmin. By convention we shall assume that it is zmin. For wL > Y , the optimal value of B/kL is zero. The value of the function wh(L,k,w) for alternative values of l and given va lues of k and w is the S-shaped line in figure 1. Its form is explained in the following way. We have already found that for L = 0 , h(L',k,w) = 1 and that for L = Y /w, h(L,k,w) = zmln. For the intervening values of Lr the form of the curve is determined by the form of the function g(y;k). About this function we know the following 1) The expected value of y is independent of k.

  the density function g(y;k) for one smaller and one larger value of k are sketched in figure 2. From the above properties of g(y;k) it follows that at least for large vai lues of k, the absolute value of h (L,k,w) cf. figure 1, will be large when L is close to 0 or to Y /w. The curve for wh(Lfk,w), in figure 1 will be relatively flat for central values of l , for which B/kL is close to the value for which g(B/kL;k) has its maximum. In figure 1, wh(L,k,w) is drawn for only one value of k. From figure 2 and (12) we may conclude that a cur ve for a higher value of k will be steeper close to L = o and L = Y /w,but flatter for central values of L . Having found how B/kL depends on L when (7) is satisfied, we may use this in formation together with (8) to find the value (values) of L which satisfies (satisfy) both equations.By inserting from (7) in the expression for t t _ in (8) , we obtain the derivasuch a way that t t is maximized with respect to B for any value of L.Let 7i(L)be Tr/k as a function of L when B/kL = h(L,k,w). We can then write the derivative of tt(l) as.11.

  that an increase in L will increase (decrease) profit. For the three values of L for which the two curves intersects will be unchan ged as a first approximation when L is increased. From figure1, we now see that the central one of the three values of L for which the curves intersect yields a local maximum of i t with respect to L when B/kL is given by (7) . The two other intersections yield local minima for t t . By taking the second deri vative of tt(L), we will find that the condition D > 0 in (9) is satisfied in the central intersection in figure 1, and that the condition D > 0 can be gi ven an interpretation in terms of the slopes of the two curves in the figu re : the curve for wh(L,k,w) should intersect the curve for -f'(L) from below in a local maximum for tt. From this result we easily see, what follows from (11), that we can never have an interior maximum of t t if f 1 (L) is a constant. For in this case, dL/dk is therefore the opposite of the sign of the second integral in (15). Concerning the value of this integral, we shall, cf. figure 2, assume that the interval for y from zmin to 1 can be divided into three subintervals : I a lower and an upper interval in which g^(y;k) is negative, and a central interval in which g2 (y;k) is positive. I have not, however, been able to pro ve that this property is a necessary consequence of the way in which the func tion g(y;k) is constructed -no matter what is the density function gthat the integral over g^iy;^:) in (15) is positive if B/kL is between zmin and a central value z*,negative if B/kL is between z* and one. For B/kL equal to zmin, z* and 1, the integral is zero. The central value z* equals the expected value and the median value of y if the common density function g(y?l) for all z is symmetric. In this case, and assuming the second order conditions (9) to be satisfied, the conclusion ob tainable from (15) can be stated in the following way :The optimal capital/labour ratio K/L -which we shall call micro capital/ labour ratio -for an industry producing at full capacity will decrease (in crease) with increasing size of the town in which it is located if the proba bility of having surplus demand for labour is between zero and 0,5 (between 0,5 and one) when the town population is optimally determined. The optimal micro capital /labour ratio is independent of the size of the town if the pro bability of having surplus demand for labour is either zero, 0.5 or one.5. INTERIOR SOLUTION. EFFECT OF k ON kK/BIn our model world, two types of capital/labour ratios may be relevant. One is the micro capital/labour ratio in the sense K/L of a plant which is produ cing at full capacity. This has to do with the choice of technique of the in dividual plants. The other capital/labour ratio -which we shall call macro capital/labour ratio -is the ratio between the value of the total capital stock in the town and the total town population.In the previous section, we found a relatively simple rule concerning the way the number of industries influenced the optimal micro capital/labour ratio K/L. We shall now discuss the effect on kK/B of increasing the number of plants. zero, the macro capital/labour ratio will be unchanged if k is gi ven a small change. This corresponds to the result we obtained concerning the effect of k on k/L above. But in order to determine the sign of the derivati ve dR/dk when the integral over g^(y;k) is not zero, we have to determine the sign of the parenthesis { } in (19). We shall see that the sign of the coeffi cient of the integral over g^iyfk) in (19) is ambiguous -in contrast to what was the case for the coefficient of that integral in (15).

  figure 1 at the intersection do not differ much.

  increasing w on total work force in the town, B, is unambiguous and negative, as one should expect. The effect on L is less obvious. Let us discuss the sign of dL/dw using figures 3 and 4. Figure 3 is of the same type as figure 1. In figure 3 we have, for the sake of simplicity, assumed that there is only one industry in the town ; that gLet us now interprete the expression for dL/dw, using figure 4. The value of the square bracket equals the difference between the right shadowed area and the left shadowed area in the figure. This difference is certainly negative if B/L is close to l.If zmin < l-z*11111, it will be positive for so me value of B/L close to zmin. Thus it seems likely that L will increase by increasing w in the solution given by the line I in figure 3, l will decrea se by increasing w in the solution given by the line II. (This conclusion can be confirmed by a graphic analysis based on figure 3).

  Since K = f(L) with f'(L)< o, we have obtained the somewhat surprising con clusion that the optimal micro capital/labour ratio of the plants, k /L, may decrease with increasing cost of labour, w. The normal case is, howe ver, that k /L will increase when labour becomes more expensive,
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  Figure 1 is consistent with the isoquant in figure 5, but not with those in figures 6 and 7.

  Figure 8

  : the ratio between the value of the capital stock and the number of workers employed when the plant produces at full capacity. Assuming fixed production coefficients ex post this ratio also equals the ratio between capital in use and employment in the plant at any point of time. This ratio is called the micro capital/labour ratio. The second type of capital/labour ratio is the ratio between the total stock of production capital in a town and the total work force. This ratio is called the macro capital/labour ratio. Even if the optimal micro capital/ labour ratio is the same in all industries, it will usually not equal the macro ratio. The macro capital/labour ratio should in this case be larger than the common micro ratio since it is usually not optimal to have a labour force in the town which is so large that one can simultaneously produce at full capacity in all industries -the probability being very small that de mand conditions should permit production at full capacity in all industries at the same time.One question which arises naturally in a modelof this type is this : Since the two production factors capital and labour enter unsymmetrically in the assumptions, will there be a tendency towards using systematically more of one in relation to the other in larger than in smaller towns ? The answer to this question turns out ot be negative, no matter which of the two types of capital/labour ratios one considers. A result which at first sight may seem surprising is that in the "normal"case, the two types of capital/labour ratio change in opposite direction when the size of a town increases : if the micro ratio increases, the macro ratio decreases, and vice versa. The only type of asymmetry in the way town size affects the use of capital and labour may occur if the substitution possibilities between labour and capital are so important that production either with use only of labour or only of capital is possible and economically feasible. In this case it may happen that it is optimal to choose a production technique in plants which uses only capital in a small town, a technique which uses only labour in a larger town. The opposite sequence cannot occur. A second general type of questions one may ask is this : do the conclusions obtained differ from those one should expect by analogy with deterministic models. This is, of course, a very unprecise question. But one may perhaps mention two conclusions which may apply in small towns and which differ from what one may call corresponding conclusions in deterministic models. The first conclusion is that even if the isoquant of each industry is curved towards the origin (but not too much) , local optima in which both production factors are used may not exist, no matter what is the ratio between the pri ces of the production factors. The second conclusion which is different from what one would expect from de terministic models is that an increase of the price of labour in relation to capital may decrease the optimal micro as well as macro capital/labour ratio. It should be noted, however, that these "perverse" results may not occur in large towns. It is clear that this paper no more than touches the surface of the problems connected with the creation of optimal towns when demand for output of the various industries is stochastic. Problems which have not been discussed in the present paper and whose answers do not seem obvious to me are the follo wing -just to give a few examples.It has been asserted above that the optimal capital/labour ratios should not be the same in two industries whose exogenously given characteristics are identical. Suppose now that tnere are more than two industries. Should then all of these have different capital/labour ratios, or would there be some kind of "clustering". And would the range of optimal capital/labour ratios be larger in smaller or in bigger towns ?The number of questions of this kind which one may ask will of course in crease if one admits differences between industries in exogenously given characteristics, such as the form of production functions, if one admits stochastic dependence between demand for products in various industries etc. A second type of problems which has not been discussed in the present paper concerns the possibility for decentralizing decisions about choice of tech nique. The very fact that the optimal capital/labour ratios differ in indus tries with identical exogenous characteristics indicate that the degree of decentralization cannot be as high as in markets with non-stochastic demand for output -if one shall obtain a first-best solution. On the other hand, it is obvious that in the real world some degree of decentralization has to take place. By assuming different ways of decentralizing some decisions, while letting other decisions be taken by a central authority, so-called second-best problems may be discussed which may be relevant for the capacity, form of demand density function g(z^) and ca pacity output value Y. Let us assume that L^ < L^. Assuming constant produc tion coefficients ex post, output value per person employed in industry 1 is Y /l^ which is greater than output value per person employed in industry 2, Y/L . This means that industry 1 ought to be given priority over indus try 2 when allocating labour to industries in states of the world with sur plus demand for labour. In order to simplify the interpretation of the expression for expected out put value when industry 1 is given priority, let us consider figure Al.

w and wzmin, while the opposite applies for central values of wh(L,k,w) .

From the above also follows that the integrals under the two curves I and II from L = 0 to L = Y /w is the same ; which again implies that the sum of the areas 2,3 and 5 in figure 8 Let us consider each of these separately.

The first function is drawn in figure A2. We note that it is symmetric 'Xj around the point (0,B/2L). We may therefore conclude that the difference (L,L) -X2 (L,L) in (A5) is negative, and that, therefore, a solution with equal capital/output ratio in the two industries cannot be optimal.