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G = (V,E)

á-ñW�
G′ = (V ′, E′)

çtð­ê�ã6ò ãEá:ò |V | =
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p à¤èWèDîuª
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æ �

(f(u), f(v))
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∆G(A, 0) = {A} #∆G(A, 0) = 1
∆G(A, 1) = {B,C,D, F} #∆G(A, 1) = 4
∆G(A, 2) = {E,G,H, J} #∆G(A, 2) = 4
∆G(A, 3) = {I} #∆G(A, 3) = 1
∆G(A, i) = ∅ #∆G(A, i) = 0, ∀i ≥ 4
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f(v)
æÝñ
G′ ³ çIM²Mò ã6M<è-à�M�é¾½²´�ª�¿©ã6M�à�MÕî"è-à�M ¤ ò ã6MBñ­ð(é%¥²Mtà¬èDî)¢ZM�à�òÕæÕêFMtç¬èDî G ò ãEá:ò©á-à�M$á:ò©áj�-æÝçtò¡á-ñ@êFM¬èDî i îtàDè-é

u
æ¦ç�M�©"ð­á`L©òJè	ò ã6M�ñ­ð(é%¥�M�à�èDîj¢ZM�à�òÕæiê²Mtç�èDî

G′
òÕãEá:òBá-à�M�á}�-æÝçtò¡á-ñ@êFM�èDî

i
îtà¤è-é

f(u) ¤ ç"èò ãEá:ò
#∆G(u) = #∆G′(f(u))

ªlÀ�ç�á!ê<è-ñ­çuM�©"ð�M�ñ@êFM ¤ ò ã6M�çIM�ò¬è¤îoçIM�©"ð�M�ñ@êFMtç�èDî�òÕã6M�ò	£TèÞ-àDátâ+ãFç$á-à�MfM�©�ð­á`L`ç ¤ æ�ªBMOª ¤ #∆G = #∆G
ªA¿�ã6M�ñ ¤ î�è-à¯M<áFê�ã�çIM�©"ð�M�ñ@êFM s ∈ #∆G ¤ á-ñW�Kî�è-àM¤áFê�ã"¢ZM�à�ò+M�»

u ∈ V ¤ ò ã6M�ñ­ð(é%¥²M�àoèDî2¢ZM�à�òÕæiêFMtç�ò ãEá:ò�á-à�M�á:òTá"�-æ¦ç�òJá-ñ@êFM�èDî i îtà¤è-é u á-ñW�£Qã8æÕê�ã´çIM�©"ð�Mtñ�ê²M�æ¦ç
s
æÝç=M�©"ð­á`L�òJè¶òÕã6Moñ­ðEé�¥²M�à�èDît¢ZM�à�òÕæÕêFMtçoòÕãEá:ò�á-à�M�á:òBá"�-æÝçtò¡á-ñ@ê²M�èDî

iî1à¤è-é
f(u)
á-ñW�=£¨ã8æÕê�ã�çIM�©"ð�Mtñ�ê²MuæÝç�á`L ç"è

s ¤ á-ñW��òÕã6M�à�MÕî"è-à�M labelG(u) = labelG′(f(u))
ª

� �D� Á}�BVW
����X����>ÂY¼��
�QÃS�
W>Â�R�B�TC��X���B��Y
ìí2�È­03,<É"ÍC,¤,u0=4´.1AC0=,u,D25É�.<037F4´.10=Êq2�*-4CÈ�,DÆ@*�É"2�É"7:Ê§Æ­;32�ëE0z.10z25,$9¤25ÿ(ÍC039¤25È	.<7¢É�7FÊqÆ­ÍE.¤2o.<AC2
ÈC0b�@259¤254:.QÇ:*�;=ÍE25,¨034F.¤9<7(È­ÍCÉ�25È�0=4�!EÒ=õ:Ò�Ö$AE25,¤2BÉ�7FÊqÆ+;z2�ëC0y.10325,¨*�9¤2�ÌF0zÇ:254qË¦7:9¨*�4C7:4�ÈC039¤25Ét.<25È
É�7F4C4E25É�.<25È¢Ì-9t*fÆ+A

G = (V,E)
,¤ÍCÉtA§.<A+*f. |V | = n

*-4CÈ |E| = p
Ð�0y.1A

n−1 ≤ p < n2
Ò

δG(u, v)
� ü ;3;�ÈE2"ä+4C0y.1037F4C,�0=4:.<9¤7EÈCÍCÉ"25Èú0=4ú,D25É�.<037F4�!EÒ=õ´*�9¤2¶)+*-,D25Èú7:4úÈ­03,/.t*-4CÉ"25,�)@2�Ñ

.MÐB2"254!É�7FÍEÆ+;z25,¬7FË©Ç:259D.<0=É�25,5Ò ü ]B9¤2W*-È(.1A µ 039<,/.�&(2W*�9<É1AßÙ�] µ &CÛ�ó vf÷�Ë¦9<7:Ê±2W*-É1A´Ç:2"9¤.¤2"ë´7FË
Å 03,o4C2"25ÈE25È6.<7!É�7FÊqÆ+Í(.<2�.1AE2WÊ *-;3;�G

n
] µ &6*�9¤2q4C2"25ÈE25È©>�2W*-ÉtA67FË¨.1AE25Ê Æ@259<Ë¦7:9<Ê§0=4EÌ

O(p)
7:Æ@2"91*f.10z7F4­,">+,¤7§.1A­*f.�.1AE2�.103Ê§2�É"7:Ê§Æ­;32�ëE0z.MÏ�0=,�0=4 O(np)

Ò+Ö$AE2�,¤Æ+*-É�2�4E2525ÈE25È�.<7
,/.<7:9¤2�.1AE25,¤2�0=4CË¦7:9<Ê¶*W.1037F4C,$0=,$0=4 O(n2)

Ò



∆G(u, i) Ä #∆G(u, i)
��
�Q

#∆G(u)
� ü ;3;+.1AE2W,D2�Ç:*�;=ÍE25,$É5*-4¶)�2oÉ�7FÊqÆ­ÍE.¤2WÈ´0=4!*�4

034CÉ"9¤25Êq254F.t*-;©Ð$*"Ï!Ð�AC0=;z2�É"7FÊqÆ­Í(.10=4EÌ´,¤AC7:9D.<25,/.�Æ+*f.1AC,IG+2W*-É1A�.10=Êq2�*¶ÈC03,D.t*-4CÉ�2
δG(u, v)03,qÉ�7FÊqÆ+Í(.<25È�>�.1AE2´ÇF2"9D.<2�ë

u
ÙÕ9¤25,DÆ�Ò

v
Û�03,§*-ÈCÈE2WÈú.<76.1AE2!,D2�.

∆G(v, δG(u, v))
ÙÕ9¤25,¤Æ©Ò

∆G(u, δG(u, v))
Ût>-)@7-.1A

#∆G(u, δG(u, v))
*�4­È

#∆G(v, δG(u, v))
*�9¤2u034­É�9¤25Ê§254:.<25È©>

*�4­È .1AE2ß,¤25ÿ8ÍE2W4CÉ�25,
#∆G(u)

*-4CÈ
#∆G(v)

*�9¤2ßÍCÆ�È­*f.<25È )FÏ 034­É�9¤25Êq2W4:.1034CÌ .1AE25039

δG(u, v)
.1A É�7FÊqÆ@7F4C254:.WÒ ü ;=;�.1AE25,¤2�7:Æ@2"91*f.1037:4­,�É5*-46)�2qÈE7F4E2§0=4ºÉ�7F4­,/.t*-4:.�.103Ê§2:Ò�Ö$AC2

,DÆ+*-É�2�4E2"25ÈC25È	.<7¢,/.<7:9¤2�.1AE25,¤2�0=4CË¦7:9<Ê¢*f.1037F4C,$03,u0=4 O(n2)
Ò

labelG(u)
� Ö�7�É�7FÊqÆ­ÍE.¤2¢*-4CÈûÉ�7FÊ§Æ+*�9¤2q;¦*�)@25;3,o2"ø¢É"03254:.1;zÏF>�ÐB2qäC9<,D.�,D7:9D.o.<AC2§,D2�.o7FË

*�;=;­,¤25ÿ8ÍE2W4CÉ�25,5>F,D7o.1A­*f.B*oÍC4C0=ÿ8ÍC2�034F.¤25Ì:2"9T03,�*-,<,D7EÉ"0=*f.<25È�Ð�0z.1Aq2f*�ÉtA§È­0b�@259¤254:.B,D25ÿ(ÍE254CÉ"2:Ò
Ö$AC03,K03,KÈC7F4E2$0=4 O(n2.log(n))

7:Æ@2591*f.<037F4C,K*-,Q.<AC2"9¤2u03,T*f.TÊq7F,/.
n
ÈC0b��2"9¤254F.T,D25ÿ(ÍE254­É�25,5>

*�4­È6.1AE2§É�7FÊqÆ+*�9<0=,D7F4º7FËQ.MÐB7�,D2Wÿ8ÍE2W4CÉ�25,o0=,o0=4 O(n)
Ò�Ö$AE2W4�>@.1AC2qÉ�7FÊ§Æ­Í(.t*f.10z7F4º7FËT*-;=;

;=*�)@25;=,KÉ5*-4�)@2uÈE7F4C2$034 O(n2)
7-Æ�2"91*f.10z7F4C,uÙi*-,Q.1AE2"9¤2�*f9<2

n
;¦*f)�25;3,Q.<7�É�7FÊqÆ­ÍE.<2:>-2W*-É1Aq7:Ë

.<AC25Ê�É�7F4F.t*-034C0=4EÌ	*W.�Ê§7F,/.
n
È­0b�@2"9<254:.�.¤910zÆ­;325,1Ût>@*-4CÈ�9¤25ÿ(ÍC0z9¤2W, O(n2)

,DÆ@*�É"2:Ò µ 034­*-;=;yÏF>
.<AC2�É"7:Ê§Æ+*�9<0=,D7F4¶7FË�.MÐB7q;¦*�)@25;3,¬ÉW*�4´)@2oÈC7:4C2�0=4 O(n)

7:Æ@2"9t*W.1037F4C,">(Æ­9¤7WÇE0=ÈE25È¶.1A­*f.B.1AE2
,D2�.u7FË�.¤910zÆ­;325,

(i, s, k)
É"7F4:.t*-034C25È!0=4!2W*-É1A�;=*�)@2W;©03,u,D7:9D.<25È�Ò

ü ,B*�É�7F4C,¤25ÿ8ÍC254CÉ�2F>:.1AC2�É�7FÊqÆ+Í(.t*f.<037F4§7FË�*-;3;­Ç-*-;=ÍE25,B0=4:.<9¤7EÈCÍCÉ�2WÈ¶0=4¶,D2WÉt.10z7F4"!EÒ=õ�Ë¦7:9
*§Ì:91*�Æ­A

G = (V,E)
9¤25ÿ(ÍC0z9¤2W, O(|V |.|E| + |V |2.log(|V |)) 7:Æ@2"9t*W.1037F4C,�*-4­È O(|V |2),DÆ+*-É�2FÒ

Å ÆÇ,)(¡À98¯.�(qÃ�À�½¯3F¾E¿/.KÄ/½T¾U�<À�¿Ã� ¼��È3

ìí2�4E7WÐ�034F.¤9¤7EÈCÍ­É�2�*§4E2"Ð ÌF;z7:)+*-;�É�7F4C,D.¤9t*�0=4:.�ËÝ7-9u.1*-É1Ó(;=034EÌ!Å�Ô/×T,$2"ø¢É50z254F.1;yÏFÒ�&8ÏE4:.t*-ÉtÑ
.<0=É5*-;=;yÏF>E.1A­03,uÉ�7F4C,D.<91*-034:.�0=,$ÈC2"ä­4E2WÈ!)FÏ´.1AE2o9¤2W;=*f.10z7F4

gip(V,E, V ′, E′, L)
Ð�AE259¤2

q V
*-4­È

V ′
*f9<2�ô�,D2�.1,$7FË©Ç:*-;3ÍC25,u,¤ÍCÉtA´.1A+*W. |V | = |V ′| >

q E ⊆ V × V 0=,u*q,¤2�.u7FË�Æ@*-0z9<,$7FË©Ç:*-;3ÍC25,uË¦9¤7FÊ V >
q E′ ⊆ V ′ × V ′ 03,�*q,D2�.u7FË�Æ+*-0z9<,$7FË©Ç:*-;=ÍE25,uË¦9¤7FÊ V ′ >
q L
03,�*�,D2".�7FËBÉ�7FÍEÆ+;z25,�Ð�AC0=É1Aú*-,<,D7EÉ"0¦*W.<2W,o7F4E2¶È­0b�@259¤254:.�Ç:*�9<0=*�)+;z2¢7FËT.1AC2´?$&E× .<7
2W*-ÉtAßÈC0��@2"9¤254F.�Ç:*�;=ÍE2¢7FË

V
>�0iÒ 2FÒ3>

L
03,�*	,¤2�.�7:Ë |V | É"7:ÍCÆ­;z2W,o7FËK.1AE2¶Ë¦7:9<Ê (xu, u)Ð�AE259¤2

xu
0=,o*§Ç:*�9<0=*�)­;32�7FË�.1AE2¢?$&(× *-4­È

u
0=,o*§Ç:*-;3ÍE2�7FË

V
>�*-4CÈº,¤Í­É1A³.<A+*f.oË¦7:9

*-4:ÏúÆ@*-0z9q7FË$È­0b�@259¤254:.¢É�7FÍEÆ+;z25,
(xu, u)

*�4­È
(xv, v)

7FË
L
>�)@7-.1A

xu
*-4CÈ

xv
*�9¤2

ÈC0��@2"9¤2W4:.$Ç:*�9<0¦*f)+;z25,�*-4CÈ
u 6= v
Ò

&825Ê¢*-4F.103É5*-;=;yÏF>�.<AC2�ÌF;z7:)@*-;�É"7F4C,/.<91*-0=4:.
gip(V,E, V ′, E′, L)

0=,�É"7:4­,¤0=,/.<254F.o0=Ë�*-4CÈ67F4C;zÏ
03ËT.1AE259¤2¢2�ëE0=,/.1,�*-4í03,¤7FÊq7:9¤Æ­AC0=,¤ÊÚËÝÍC4CÉ�.<037F4

f : V → V ′
,<ÍCÉtAº.1A+*W.�Ë¦7:9�2W*-É1AíÉ�7FÍCÆ­;z2

(xu, u) ∈ L .1AE2"9¤2�2�ëE0=,/.1,�*�Ç-*-;=ÍE2 u′ ∈ D(xu)
,D7q.1A­*f.

u′ = f(u)
Ò

Ö$AC0=,¢ÌF;37:)+*-;�É�7F4C,D.¤9t*�0=4:.	0=,¶4E7-.	,¤25Ê¢*-4:.10=É5*-;3;zÏ¥ÌF;37:)+*-;�*-,¶0y.	ÉW*�4°)@269¤2"ÆC9¤25,¤254F.¤2WÈ
)FÏ³*¢,D25Ê¢*-4F.103É5*-;=;yÏ!25ÿ(ÍC0yÇ:*-;3254:.o,D2�.�7FË�)­0=4­*�9DÏ�É�7F4C,D.¤9t*�0=4:.1,�*-,uÈC25,¤É�910z)@25È³0=4³,D25Ét.1037F46ô(Ò
ùu7WÐ¬2�Ç:2595>C.<AC2

gip
É"7:4­,/.<91*-034F.�*-;3;37WÐ�,uÍC,$.<7¢2�ë(Æ+;z7F0y.�.<AC2�ÌF;z7:)+*-;�,¤25Ê¢*-4:.10=Éo7FË¨Å�Ô/×T,¬.<7

,D7F;yÇF2�.<AC25Ê�Êq7:9¤2�2"ø¢É50z254F.1;yÏFÒCìú2�4E7WÐµÈE25ä­4E2�*qÆ+*�9D.10=*-;�É�7F4C,<03,D.¤2W4CÉtÏF>@*-4CÈ6*-4³*-,¤,¤7(É"0zÑ
*W.<2WÈûä­;y.<2"91034EÌ6*-;zÌ:7:9<0z.1ACÊ ÙÕ,¤25Ét.1037:4x#­Ò=õfÛFÉ�ÐB2¢,¤A+*-;3;�.1AE2W4ßÈE25,<É�9<03)@2¢AE7WÐ .<7!ÆC9<7-Æ@*�ÌF*f.<2
É�7F4C,/.<91*-0=4:.1,�Ùi,¤25Ét.10z7F4±#­Ò`ô:ÛtÒ



¶l��� Ê)�6Ë����XÌ�S�
?
�YO�BYg����
�S`E���
�Q¦�B�6Ë��/�XÌ��A�X���T���	
�VÂ�+
��
gip

S�
W
�Yg�O�����	
���Y
Ö$AE2"7:9¤25Ê ô�25,/.t*�)­;=03,<AE25,$.1A­*f.�*-4�0=,D7FÊ§7-9<Æ­AC0=,¤Ê�ËÝÍC4­Ét.10z7F46*-;zÐ$*"ÏE,�Ê¢*�Æ­,$Ç:2"9¤.<0=É�25,$.1A­*f.
A­*"ÇF2ß0=ÈE254F.103É5*-;o;¦*�)@25;=,"Ò$ù�254CÉ"2:>BÐB2ßÉ5*-4 ÈE2"ä+4E2í*�Æ@*f9¤.<0¦*-;oÉ�7F4C,¤0=,/.<254­ÉtÏ Ë¦7:9	.1AE2

gipÉ�7F4C,/.<91*-0=4:.W>FÉ5*-;=;z25ÈzL3áT¥²MuLÍJDê1è-ñCçtæ¦ç�ò+M�ñ@êuc->f.1A­*f.T254­,¤ÍE9<25,¨.<A+*f.�Ë¦7:9K2f*-É1A¢É�7FÍEÆ­;32
(xi, v) ∈ L >2W*-É1A	Ç:*�;=ÍE2

u
0=4´.1AC2�ÈE7FÊ¢*-0=4	7FË

xi
A­*-,¬.<AC2�,<*-Ê§2�;=*�)@25;�.1A+*�4

v
Ò

P �T�A
R�X���B
?
¦Î?� Ö$AC2oÌF;z7:)@*�;©É"7F4C,/.<91*-0=4:.
gip(V,E, V ′, E′, L)

0=,$;¦*�)@25;zÑ¡É�7F4C,<03,D.¤2W4:.�0��

∀(xu, u) ∈ L, ∀u′ ∈ D(xu), label(V,E)(u) = label(V ′,E′)(u
′)

Ö�7§*-É1AC032�ÇF2�;¦*�)@25;yÑMÉ�7F4C,¤0=,/.<254­ÉtÏF>(7F4E2�Î/ÍC,D.¬A­*-,T.<7�É"7:Ê§Æ­Í(.<2�.1AE2�;=*�)@25;@7FË�2W*-É1A¢ÇF2"9D.<2�ë¶7FË
.<AC2u.MÐB7�Ì:91*�Æ­A­,">(*-,�ÈE25,¤É"9<0z)@2WÈ¶034¶,¤25Ét.1037F4%!EÒyô(>(*-4CÈ¢9¤25Ê§7WÇ:2�Ë¦9¤7FÊ .<AC2�ÈE7FÊ¢*-0=4§7FË�2W*-ÉtA
Ç-*�9<0¦*�)­;32

xu
*-,¤,D7EÉ"0¦*f.<25ÈûÐ�0y.1A�*	ÇF2"9D.<2�ë

u ∈ V 2�Ç:259DÏûÇ:*�;=ÍE2 u′ ∈ D(xu)
,¤ÍCÉtAû.1A­*f.

label(V,E)(u) 6= label(V ′,E′)(u
′)
Ò

Ö$AC0=,�;=*�)@2W;yÑJä­;z.<2"9<0=4EÌ�7FË=.<254�ÈE91*-,D.<0=É5*-;=;yÏ�9¤2WÈCÍCÉ�25,�Ç-*�9<0¦*�)­;z2¬ÈE7FÊ¢*-0=4C,"Ò�Ï©2".QÍC,�É�7F4C,<03ÈC2"9
Ë¦7:9�2�ë­*-ÊqÆ­;32�.1AE2�Ì:91*�Æ­A

G
7FË µ 0zÌ­Ò�õ:Ò�Ö$AE2�äC9<,D.�.1AC9¤2"2�.<9<03Æ­;325,qÙÕ,¤7:9D.<25È³)8Ï6034CÉ"9¤2W*-,¤0=4EÌ

ÈC03,D.t*�4­É�2:>�*-4CÈû.1AE254ß)FÏß0=4CÉ�9¤2f*�,<034CÌ³,D25ÿ(ÍE254CÉ"2¶48ÍCÊ�)@2"9tÛ�7FËT.<AC2¢;=*�)@2W;¨7FËT2W*-ÉtAºÇF2"9D.<2�ë
*f9<2`G

labelG(A) = {(0, < 1, 4, 4, 1 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 4, 1 >, 2), ...}
labelG(B) = {(0, < 1, 3, 4, 2 >, 1), (1, < 1, 3, 3, 3 >, 1), (1, < 1, 4, 4, 1 >, 2), ...}
labelG(C) = {(0, < 1, 3, 4, 2 >, 1), (1, < 1, 3, 4, 2 >, 1), (1, < 1, 4, 4, 1 >, 2), ...}
labelG(D) = {(0, < 1, 4, 4, 1 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 4, 1 >, 1), ...}
labelG(E) = {(0, < 1, 3, 4, 2 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 5, 0 >, 1), ...}
labelG(F ) = {(0, < 1, 4, 4, 1 >, 1), (1, < 1, 3, 3, 3 >, 1), (1, < 1, 3, 4, 2 >, 1), ...}
labelG(G) = {(0, < 1, 3, 4, 2 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 4, 1 >, 1), ...}
labelG(H) = {(0, < 1, 4, 5, 0 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 4, 1 >, 2), ...}
labelG(I) = {(0, < 1, 3, 4, 2 >, 1), (1, < 1, 3, 3, 3 >, 1), (1, < 1, 3, 4, 2 >, 1), ...}
labelG(J) = {(0, < 1, 3, 3, 3 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 4, 1 >, 1), ...}
ü Ét.1Í­*-;3;zÏF>�*-;3;¨ÇF2"9D.103É�2W,�7FË

G
A­*"ÇF2¶ÈC0��@2"9¤254F.�;=*�)@25;=,"Ò ü ,�*�É�7F4C,¤25ÿ8ÍC254CÉ�2F>�ËÝ7-9q*�4FÏ

gipÉ�7F4C,/.<91*-0=4:.u)@2�.MÐB2"2W4
G
*-4CÈ�*-4C7�.1AC2"9¬Ì:91*�Æ+A

G′
>C;¦*�)@25;yÑ¡ä­;y.<2"91034EÌ§Ð�03;=;©*-;=;z7WÐ 7F4C2o250y.1AC2"9

.¤7ßÈE2�.<25É�.¢*-4 034CÉ"7F4C,¤0=,/.<254CÉ�Ï Ùi0=Ë$,¤7FÊq2	;¦*�)@25;�7FË
G
0=,q4E7-.§0=4

G′
Ût>�7:9�.<7º9<25ÈCÍCÉ"2´.<AC2

ÈE7FÊ¢*-034º7FË¨2W*-ÉtA³Ç:*�9<0¦*�)­;z2�.<7�*´,¤0=4EÌF;z2".¤7F4û,D7´.1A­*f.oÌF;37-)@*-;QÉ�7F4C,¤0=,/.<254­ÉtÏ6ÉW*�4º)@2q2W*-,¤0=;yÏ
É1AE25É1Ó-2WÈ�Ò
s�4!.1AC0=,$2�ë­*-ÊqÆ­;32:>CÐB2�É5*-4�É"7:Ê§Æ+*�9¤2�;=*�)@2W;yÑ¡É"7:4­,¤0=,/.<254CÉ�Ï!7:Ë¨*

gip
É�7F4C,D.¤91*-0=4:.uÐ�0z.<A

*f91É!É�7F4C,<03,D.<254CÉtÏ 7FË$.1AE2º?$&(×ïÈC2"ä­4C25È¥0=4å,D25É�.<037F4°ô(Ò�Ï©2".¶ÍC,§ÈE25ä­4E26*-4E7-.1AE259§Ì:91*�Æ­A
G′ = (V ′, E′)

.<A+*f.�0=,�03,D7FÊ§7:9¤Æ­AC0=Éq.<7�.<AC2¢Ì:91*�Æ­A
G = (V,E)

7FË µ 0zÌ­Ò�õ:>�*-4CÈú,¤Í­É1A
.<A+*f.¬2W*-É1A¶Ç:2"9¤.¤2"ë

u ∈ V 03,B9¤254­*-Êq2WÈ´034F.<7 u′ 0=4 G′ Ò/Ï©2�.$ÍC,¬É�7F4C,<03ÈC2"9�.1AC2�?$&(×�Ð�AC0=É1AÊq7EÈE25;=0ba"2W,$.<AC2�Æ­9¤7:)­;325ÊØ7FË�ä­4­ÈC0=4EÌ	*�4³0=,D7FÊq7:9¤Æ+AC03,<ÊØ)@2".MÐB2"254!.1AE25,¤2�.MÐB7¢Ì:91*�Æ­AC,5>@*-,
ÈE2"ä­4C25È�0=4�,D25É�.<037F4§ô(Ò µ 7-9�.1AC03,T?$&(×�>W.1AE2¬ÈC7FÊ¢*-034

D(xu)
7FËC2W*-ÉtA�Ç:*�9<0¦*�)­;z2

xu
É"7F4:.t*-034C,

2�Ç:259DÏ	ÇF2"9D.<2�ë
u′ ∈ V ′ ,¤ÍCÉtA!.1A­*f. u *�4­È u′ A­*"Ç:2q*§,<*-Êq2�48Í­Ê�)@2"9�7FËQ034­É"03ÈC254:.�2WÈEÌ:25,">,D7q.1A­*f.=G

D(xA) = D(xD) = D(xF ) = D(xH) = {A′, D′, F ′, G′}
D(xB) = D(xC) = D(xE) = D(xG) = D(xI) = D(xJ) = {B′, C ′, E′, G′, I ′, J ′}



Ö$AC03,�?$&(× *-;z9¤2W*-ÈEÏº0=,�*�9<ÉqÉ�7F4C,<03,D.¤2W4:.�,D7	.<A+*f.�*-4 ü ?TÑJä+;y.<2"9<0=4EÌ	Ð�0=;3;¨4E7-.o9<25ÈCÍCÉ"2¢*-4:Ï
ÈE7FÊ¢*-034©Ò � 7-.<2q*-;3,¤7¢.1A+*W.W>+7F4³.<A­03,�2�ëC*-Ê§Æ­;z2F>�*-ÈCÈ­034CÌ	*-4¥á`LDL �oæ � É"7F4C,/.<91*-0=4:.oÈE7(25,�4E7-.
*�;=;z7fÐ .<7§ä­;y.<2"9�Êq7:9¤2�ÈE7FÊ¶*-034C,5Ò

¶l�D� hj��
��R�6VW�����	
�VkS�
W
�Yg�O�����	
���Y
Ï�*�)@25;zÑJä­;z.¤259<034CÌíÈE7(25,§4E7-.´*-;yÐ$*"ÏC,q9¤2WÈCÍCÉ�2�2�Ç:259DÏ ÈC7FÊ¢*-034�.<7ú*º,<034CÌ:;32�.<7F4¥,D7û.1A­*f.¶0y.
Ê¢*"Ï6)@2q4C25É�25,<,<*�9DÏ³.<7	2�ë(Æ+;z7:9¤2�.1AE2§,D2f*f91É1Aû,DÆ+*-É�2FÒ�Ï©2�.�Í­,�É�7F4­,¤03ÈC2"9�Ë¦7:9�2�ë­*-ÊqÆ­;32�.<AC2
Ì-9t*fÆ+AßÈC0=,DÆ+;=*"ÏF25Èí0=4 µ 0zÌ­Ò�ô(Ò�Ö$AC03,�Ì:91*�Æ­AíA­*-,�Ê¶*-4:Ïß,/ÏCÊq2�.<9<0325,¢Ùi0z.�03,�03,¤7FÊq7:9¤Æ­A­03É�.<7
*�4FÏ§Ì-9t*fÆ+A§7:)E.t*-034E2WÈ§)FÏ¶*oÉ50z9<É"Í­;=*�9TÆ@2"9<Ê�Í(.t*f.10z7F4§7FË�0z.1,¨Ç:2"9¤.<0=É�25,tÛt>F,¤7o.1A­*f.¬*-;3;CÇ:259D.103É�25,
*f9<2$*-,<,D7EÉ"0¦*W.<2WÈ�Ð�0z.1Aq*�,<*-Ê§2¬,D2Wÿ8ÍE254­É�2u*-4CÈ§*�,<*-Êq2$;=*�)@2W;ÕÒ-Ô/4�.1AC03,¨ÉW*-,D2:>-;¦*�)@25;zÑJä­;y.<2"91034EÌ
ÈE7(25,$4C7-.u4+*f9<9¤7WÐµ*�4FÏ!ÈE7FÊ¢*-0=4�Ò

11

44

66

55

22

33

ÐTÑOÒ�ÓFÔOÕ^Ö ×�Ó²Ò+Ø4Ó�Ù
u ∈ V Ú

#∆G(u) =< 1, 2, 2, 1 >
ÔOÛ�Ü

labelG(u) = { (0, < 1, 2, 2, 1 >, 1),
(1, < 1, 2, 2, 1 >, 2),
(2, < 1, 2, 2, 1 >, 2),
(3, < 1, 2, 2, 1 >, 1)}

Ý�ÞNßWàIá6à�â�Õ²ãÍÒ4Õ²ä�åbÔIÒ�æ�Ò4ÔIçTÖ
G = (V,E)

Ô�Û�Ü ×�Ó²Ò+Ø4Ó�Ù�è+ÓFéZä`ÓFÛTÕ�Ógè�ÔOÛ�ÜKåbÔIê/ÓFåëè

ì�í6îIï"ðNñ�òWîOðëó¨ô�ðëõ�îuö�÷Nï/øKù6úTîOûüï/úZõüö�îIù�ý6þgî¯õ²í/î2ù6ú�ÿ�ñZ÷�ï%ú���îOñZþFí��Zñ�ö²÷Nñ�ò�ð�î¯õ�úKñ û�÷Nï/ø�ðbîgó
õ�ú�ï��`ú�ï/îfí�ñZû�õ�újî��	��ð�ú`ö�î�õ²í/îfû^îOñ�ö�þFí¼û
��ñZþgî¯þuú`ÿ��Wú�û^îIù¼ú���ñZðNð��Wú�û�û�÷�ò�ð�îfñZû�û�÷�ø�ï6ÿKîOï`õ²û�ò�

þgú�ï6û4õ�ö�ý�þFõ²÷�ï/ø±ñ%û�îOñ�ö�þ²ízõ�ö�îIî����üõfîOñZþFí°ï6ú�ù6î ú��Rõ²í6÷Nûfû�îOñ�ö�þ²ízõ�ö�îuî���õ²í/î�ù/ú�ÿ%ñ�÷Nïzú��Aú�ï6î
�Zñ�ö�÷Xñ�ò�ð�î ÷Nû¯û���ð�÷bõ^õ�îOùz÷�ï�õ�ú"û�ÿ�ñZðNðbîIö��Wñ�ö�õ�û��WñZï6ù±õ²í6îIïiô�ðbõ�îuö�÷�ï6ø�õ�îIþ²í6ï�÷�þuû2ñ�ö�î�ñ�����ðN÷bîOù±õ�ú
ï�ñ�ö�ö�ú����Zñ�ö�÷Xñ�ò�ðbî¯ù/ú�ÿ�ñZ÷Nï6û��¯÷ëõ²íKö�îIû
�WîIþFõ�õ�ú=û^ú�ÿKî�ðbú/þIñZð6þuú�ï6û�÷Nû4õ�îIï6þI÷bîIû�����í6îIû^î�ô�ðbõ�îuö�÷�ï6ø
õ�îOþ²í6ï�÷�þuû�÷ëõ�îuöFñOõ²÷��`îOð�
Uý6û�îiþgú�ï6û^õ�ö²ñZ÷�ï`õ²û�õ�ú��6ö�ú���ñ�øTñ�õ�î}õ²í/îiù/ú�ÿ�ñZ÷Nï ö�îIù6ý�þFõ²÷bú�ï ú���ú�ï6î
�Zñ�ö�÷Xñ�ò�ð�î"õ�úÈúZõ²í/îuö��Zñ�ö�÷Xñ�ò�ð�î±ù/ú�ÿ�ñZ÷�ï�û�ý�ï`õ²÷�ðüîI÷bõ²í/îuö�ñ°ù/ú�ÿ%ñZ÷�ï�òWîIþgú�ÿKîOû îIÿ��/õ 
"!Bõ²í/î
ï/ú/ù/î"þIñZïÂòWî"þuý/õ$#%��ú`ö�ñiô&�/îIù�ó'�Wú�÷Nï`õK÷Nû=ö�îOñZþFí/îIù(!¨ñzû^ú�ð�ý/õ²÷bú�ïk÷Nû)�Xú�ý6ï�ùÂú`öjõ²í/î"ï6ú�ù6î
ÿ ý6û^õ�ò?îjû���ð�÷bõ^õ�îOù*#+�

��ú��6ö�ú,�Wñ�ø�ñ�õ�îfõ�í6î2ù6ú�ÿ�ñZ÷�ï"ö�îIù6ý�þFõ²÷bú�ï6û\÷Nÿ-��ð�÷�îIù"ò�
}ñ
gip

þgú�ï6û4õ�ö²ñZ÷Nï`õ��6ñ ô6ö�û4õ.�?ú`û^ó
û�÷bò�÷�ðN÷ëõ 
k÷Nûjõ�ú°ý�û^î�õ²í/î"û^îgõ ú��

Cedge
þgú�ï6û^õ�öFñ�÷Nï`õ²û�ñZû=ù6îuô�ï/îOùk÷�ïkû^îOþFõ²÷bú�ï0/	�21¯ú��üî$��îuö��

�üî�þIñZï°õFñ�3`î%ñ�ù&�`ñ�ï�õFñ�øZî¼ú��9ö�îIû�ý�ðëõ²ûtú`ò/õFñZ÷�ï6îIù4�¯í6÷�ð�î%ñZþ²í�÷bî$�6÷�ï6øiðXñ�òWîIðëó7þgú�ï6û�÷Nû4õ�îIï�þ+
°õ�ú
ù/îuô�ï6î65+õ²÷�ø�í`õ�îuö87jþgú�ï6û4õ�ö²ñZ÷Nï`õ²û���9:
"õ²÷bø�í�õ�îIö��	�\îjÿKî�ñ�ï"õ²í�ñ�õ�îOñZþFí±þgú�ï6û^õ�ö²ñZ÷�ï�õ�÷�û�ù/îIô�ï/îIù
ò�
±ñ û�ÿ�ñZðNðbîuö;!	ú`öüî�<Tý�ñZð=#)ïTý6ÿ òWîuö\ú���ñZð�ð�ú��üîIù±þgú�ý&��ðbîIû\ú��>�ZñZðNý/îIû�û^ú�õ²í�ñ�õ.��ö�ú���ñ�øTñ�õ�÷Nï/ø
õ�í6îIÿ ÿ�ñ�
}ï�ñ�ö�ö�ú���ù/ú�ÿ%ñZ÷�ï6û�ÿKú`ö�îjû4õ�ö�ú�ï6ø`ð�
��

��í/î2÷�ù6îOñ=÷Nû�õ�ú þuú�ï6û4õ�ö²ñZ÷Nï�îOñZþ²í?��ñZ÷�ö)ú��@�`ñ�ö�÷Nñ�ò�ðbîIû
(xu, xv)

ñZû�û^ú/þu÷Nñ�õ�îIù��¯÷bõ²í"ñ;��ñZ÷�ö
ú��A�`îuö�õ�÷NþgîIû

(u, v)
ú��)õ²í/î%ô6ö�û^õ ø`ö²ñ���í@õ�úiõFñ�3`î�õ²í/îI÷�ö;�`ñZðNý/îIûB�¯÷ëõ²í6÷Nï@õ²í/î"û�îgõ�ú��A�Wñ�÷�ö�û

ú��C��îuö^õ²÷�þgîOû
(u′, v′)

ú��Aõ²í6îKû^îOþgú�ï6ù°ø`ö²ñ���íÈû�ý�þ²ízõ²í�ñOõ2õ²í/î¼ù6÷Nû4õFñZï6þgîKòWîgõ �üîuîOï
u
ñZï6ù

v÷�ûKî�<Tý�ñZðüõ�úÈõ²í/îiù�÷�û^õ²ñZï6þuî±òWîgõ �üîIîIï
u′
ñZï6ù

v′
��D4ï6ù6îuîIù>�E��í/îIú`ö�îIÿGFH�6ö�ú��`îIûKõ²í�ñ�õ%ñ

ò�÷ I4îIþFõ²÷���î)�Dý6ï�þFõ²÷bú�ï±òWîuõ �üîuîIï}õ �\ú¼ø`ö²ñ���í6û�÷Nû¯ñZï±÷Nû^ú�ÿ¼úZöJ��í6÷Nû�ÿK�Bý6ï6þFõ²÷�ú�ïi÷L��ñZï6ù±ú�ï6ð�
±÷L�



.<A­03,QËÝÍC4­Ét.10z7F4�ÆC9¤2W,D2"9DÇF25,�.1AE2BÈC0=,/.t*-4CÉ�2W,�)@2".MÐB2"254�2�ÇF2"9DÏ�Æ+*-0z9Q7FË(ÇF2"9D.10=É�25,Q034�2W*-É1A�Ì:91*�Æ­A�Ò
Ö$AE2"9¤25ËÝ7:9¤2:>-.1AC2$ÌF;37:)+*-;­É�7F4­,/.<91*-034F.

gip(V,E, V ′, E′, L)
03,�,D25Ê¶*�4F.103É5*-;=;yÏ§25ÿ8Í­0yÇ:*-;z254F.T.<7

*�,D2�.B7FË�[/ÈC0=,/.t*-4CÉ�2F_�É"7:4­,/.<91*-034F.1,�ÈE25ä­4E25È	*-,�ËÝ7F;3;37WÐ�,uG(ËÝ7-9$*-;3;
((xu, u), (xv, v)) ∈ L×L,¤ÍCÉtA´.1A­*f.

u 6= v
>

Cdistance(xu, xv) = {(u′, v′) ∈ V ′ × V ′ | δ(V,E)(u, v) = δ(V ′,E′)(u
′, v′)}

s�4C2§É5*-4º2W*-,¤0=;yÏû,¤AE7WÐ .1A­*f.o2W*-É1Aº)­0=4­*�9DÏûÉ�7F4C,/.<91*-0=4:.
Cdistance(xu, xv)

03,�.10zÌFAF.¤259
.<A+*-4úÙÕ7:9�25ÿ(Í­*-;©.<7(Û�.1AC2�É�7:9¤9<25,DÆ@7F4CÈ­034CÌ¶)­034+*f9¤Ï³É�7F4C,D.¤9t*�0=4:.

Cedge(xu, xv)
ÈE2"ä+4E25È6034

,D25Ét.1037F4³ô�G

q 0=Ë+.1AC2$ÇF2"9D.103É�2W,T7:Ë G *-,¤,D7EÉ"0¦*f.¤2WÈqÐ�0z.1Aq.1AE2uÇ-*�9<0¦*�)­;z2W, xu *-4CÈ xv *�9¤2�É�7F4C4E2WÉt.<25È¢)FÏ*-4	2WÈEÌ:2�0=4
G
>E.<AC254

Cdistance(xu, xv) = Cedge(xu, xv) = E′
>

q 7-.1AE2"9DÐ�0=,D2F> Cdistance(xu, xv) ⊆ Cedge(xu, xv)
*-,

Cedge(xu, xv)
É�7F4F.1*-0=4C,û*-;3;

Æ+*-039<,�7FËFÇ:259D.103É�25,©7FË
G′
.1A­*f.�*�9¤2K4E7-.�É�7F4C4E2WÉt.<25Èo)FÏ�*-4�25ÈCÌ:2QÐ�AE2"9<2W*-,

Cdistance(xu, xv)7F4C;zÏqÉ�7F4F.t*-034C,¨.1AE2$Æ+*-039<,¨7FË­ÇF2"9D.103É"25,¨7FË
G′
,¤ÍCÉtA�.1A­*f.¨.1AC2uÈC0=,/.t*-4CÉ�2$)@2".MÐB2"254�.1AC25Ê

0=,¨2Wÿ8Í­*-;C.¤7�.<AC2�ÈC03,D.t*-4CÉ�2u)@2�.MÐB2"2W4q.1AE2¬ÇF2"9D.10=É�25,K7FË
G
*-,¤,¤7(É"0¦*f.<25È�Ð�0z.1A

xu
*-4CÈ

xv
Ò

ü ,�*	É�7F4C,¤25ÿ8ÍC254CÉ�2:>�ÆC9¤7:Æ@*fÌF0=4EÌ³*
Cdistance

É"7F4C,/.<91*-0=4:.�Ð�0=;3;K*-;yÐ$*"ÏC,�9¤25Ê§7WÇ:2¢*f.�;32W*-,/.
*�,�Ê¢*-4FÏûÇ:*�;=ÍE25,q*-,�ÆC9<7-Æ@*�ÌF034EÌ³.1AE2´É�7:9¤9¤25,¤Æ@7F4CÈC0=4EÌ

Cedge
É�7F4C,/.<91*-0=4:.W>�*-4CÈú034�,D7FÊq2

É5*-,D25,u0y.$Ð�0=;3;©9¤25Êq7WÇF2�Êq7:9¤2�Ç:*-;=ÍE25,5Ò
µ 7:9$2�ë­*�Ê§Æ­;32:>­;z2".�ÍC,uÉ�7F4C,<03ÈE259¬.1AE2�Ì:91*�Æ­A

G
7FË µ 03Ì­Ò@ôq*-4CÈ�;z2�.�ÍC,uÈE2"ä­4C2�*�4C7-.<AC2"9

Ì-9t*fÆ+A
G′ = (V ′, E′)

.1A­*f.�0=,o0=,D7FÊq7:9¤Æ+AC03É�.¤7
G
*-4CÈû,<ÍCÉtA6.1A­*f.�2W*-ÉtA6ÇF2"9D.<2�ë

u ∈ V03,o9¤2W4­*-Êq25Èß034F.<7
u′
0=4
G′
Ò�ìí2¢4E7-.<2

xu
.<AC2�Ç:*�9<0¦*�)­;z2´*-,¤,D7EÉ"0¦*f.<25È6Ð�0z.1Aû2W*-É1AºÇF2"9D.<2�ë

u ∈ V ÒCÖ$AE2�25ÈEÌ:2oÉ�7F4C,D.¤91*-0=4:.¬)@2".MÐB2"254 x1
*-4CÈ

x4
É�7F4:.t*-034­,�2"Ç:259DÏ¶Æ+*-039B7FË�Ç:259D.103É�25,¬7FË

G′
.1A­*f.�*�9¤2�4E7-.�É"7:4­4E25Ét.<25È!)8Ï�*�4!25ÈEÌ:2:>­0iÒ 2:Ò=>

Cedge(x1, x4) = { (1′, 3′), (1′, 4′), (1′, 5′), (2′, 4′), (2′, 5′), (2′, 6′),
(3′, 5′), (3′, 6′), (3′, 1′), (4′, 6′), (4′, 1′), (4′, 2′),
(5′, 1′), (5′, 2′), (5′, 3′), (6′, 2′), (6′, 3′), (6′, 4′)}

Ð�AE2"9¤2W*-,�.1AE2¬È­03,D.1*-4­É�2¬É�7F4C,D.<91*-034F.Q)@2�.MÐB25254
x1
*�4­È

x4
7F4C;zÏ�É�7F4:.t*-034­,�Æ+*-0z91,�7FËCÇ:259D.103É�25,

7:Ë
G′
.1A+*W.�*�9¤2�*f.�*§ÈC0=,/.t*-4CÉ�2�7FË

3
7F4E2�Ë¦9¤7FÊØ2W*-É1A�7-.<AC2"9�*-,¬.1AC2�ÈC0=,/.t*-4CÉ�2�)@2�.MÐB2"2W4

1*�4­È
4
0=,

3
>­0ÕÒ 2:Ò=>

Cdistance(x1, x4) = {(1′, 4′), (2′, 5′), (3′, 6′), (4′, 1′), (5′, 2′), (6′, 3′)}
ü ,¬.1AE2�È­03,D.1*-4­É�2�É�7F4­,/.<91*-034F.u)@2�.MÐB25254

x1
*-4CÈ

x4
03,¬.10zÌFAF.<2"9¬.1A­*-4´.1AC2�É�7:9¤9¤2W,DÆ@7F4CÈC0=4EÌ

25ÈEÌ:2oÉ�7F4­,/.<91*-034F.W>E0z.uÉ5*-4´ÆC9¤7:Æ+*�Ì8*f.<2oÊq7:9¤2oÈE7FÊ¢*-0=4´9¤25ÈCÍ­Ét.10z7F4C,5Ò µ 7:9¬2�ë­*�Ê§Æ­;32:>E0=Ë
x1
03,

*�,<,¤03ÌF4E25Èß.<7
1′
>�*�Ë¦7:9DÐ$*�9<ÈEÑ¡É1AE2WÉ<Ó(0=4EÌ6ÆC9¤7:Æ+*�Ì8*f.10z7F4í7FË

Cdistance(x1, x4)
9<25ÈCÍCÉ"25,o.1AC2

ÈE7FÊ¢*-034º7:Ë
x4
.¤7´.1AE2§,¤0=4EÌF;z2�.<7F4 {4′} >@Ð�AE2"9¤2W*-,�*¶ËÝ7-9¤Ð$*�9<È(Ñ¡ÉtAE25É<ÓE034CÌ	Æ­9¤7:Æ+*�Ì8*W.1037F467:Ë

Cedge(x1, x4)
7:4­;yÏå9¤25ÈCÍ­É�25,¢.<AC26ÈE7FÊ¢*-034å7FË

x4
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